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The decay rates of the XYZ exotics discovered in the heavy quarkonium sector are crucial observables
for identifying the nature of these states. Based on the framework of nonrelativistic effective field theories,
we calculate the rates of semi-inclusive decays of heavy quarkonium hybrids into conventional heavy
quarkonia. We compute them at leading and subleading power in the inverse of the heavy-quark mass,
extending and updating previous results. We compare our predictions with experimental data of inclusive
decay rates for candidates of heavy quarkonium hybrids.
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I. INTRODUCTION

Hadrons, as bound states of quarks and gluons, have long
been a major arena for testing our understanding of the strong
interactions. Traditionally, in the quark model [1,2], the
hadrons were classified into mesons, which are bound states
of a quark-antiquark pair, or baryons, which are bound states
of three quarks. The meson-baryon paradigm classifies
successfully all hadrons discovered before 2003. Besides
the conventional hadrons, the quark model also predicted the
possibilities of tetraquarks (four-quark states) and penta-
quarks (five-quark states). With the advent of quantum
chromodynamics (QCD), the color degrees of freedom
opened up even more possibilities such as hybrids, which
are hadrons with gluonic excitations, and glueballs, which
are bound states of gluons. Hadrons that fall outside the
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meson-baryon paradigm are known as exotic hadrons. The
so-called X YZ states' are candidates for exotic hadrons in the
heavy quarkonium sector, containing a heavy quark and
antiquark pair. They are exotic because either their masses do
not fit the usual heavy quarkonium spectra, or have unex-
pected decay modes if interpreted as conventional quarkonia,
or have exotic quantum numbers such as the charged Z,. and
Z,, states. In 2003, the Belle experiment observed the first
exotic state X(3872) [5]. Since then, dozens of new XYZ
states have been observed by different experimental groups:
B-factories (BABAR, Belle, and CLEOQO), z-charm facilities
(CLEO-c and BESIII), and also proton-(anti)proton colliders
(CDF, DO, LHCb, ATLAS, and CMS) [see Refs. [3,6] for
details on experimental observations].

Many interpretations have been proposed for the nature
of the XYZ states: quarkonium hybrids, compact tetra-
quarks, diquark-diquarks, heavy meson molecules, and

'"These states have been termed XYZ in the discovery
publications, without any special criterion, apart from Y being
used for exotics with vector quantum numbers J7€ = 17",
Meanwhile the Particle Data Group (PDG) proposed a new
naming scheme that extends the one used for ordinary quarkonia,
in which the new names carry information on the J*¢ quantum
numbers, see [3] and the PDG [4] for more information. Since the
situation is still in evolution, in this paper we use both naming
schemes.

Published by the American Physical Society
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hadroquarkonia (see e.g., Refs. [3,6,7] for some compre-
hensive reviews). However, no single interpretation can
explain the entire spectrum of the XYZ states. Since some
of the new exotic states were discovered from their decays
into traditional quarkonia, theoretical studies of these decay
modes could potentially provide a mean to unveil the nature
of the XYZ states.

For heavy hybrids, an effective field theory description
called the Born-Oppenheimer effective field theory
(BOEFT) has been proposed [8—11]. A heavy hybrid state
consists of a heavy-quark-antiquark pair in a color-octet
configuration bound with gluons. The nonrelativistic
motion of the heavy quark and antiquark evolves with a
timescale that is much larger than the typical timescale of
the nonperturbative gluon dynamics, 1/Aqcp. This leads to
a scenario that resembles the Born-Oppenheimer approxi-
mation in diatomic molecules [12—-17]. The BOEFT takes
advantage of this scale separation to construct a systematic
description of the heavy hybrid multiplet spectra [8] to be
compared eventually with the masses and the quantum
numbers of the observed neutral exotic states. Effects of
the spin have been introduced in the BOEFT through spin-
dependent potentials finding a contribution already at order
1/mg [9,18-20], where m,, is the heavy-quark mass, which
is at variance with the spin structure of the potential in
heavy quarkonium, where spin-dependent effects start at
order 1/ m2Q This hints to a possible stronger breaking of
the heavy-quark spin symmetry in observables like spin
multiplets and decays.

In this work, we use the BOEFT to compute hybrid
decay rates. In particular, our objective is to study the
inclusive transition rate of a heavy quarkonium hybrid H,,
to a quarkonium Q,, i.e., H,, — Q, + X, where X denotes
any final state made of light particles, under the assumption
that the energy gap between the hybrid and the quarkonium
state is much larger than Agcp. Some of these decays
have been addressed in Refs. [9,21]. We adopt a similar
approach, emphasizing the various assumptions entering
the computation, and extending and updating the analysis
to states that respect the hierarchy of energy scales that lies
at the basis of the whole effective field theory (EFT)
construction. We obtain decay rates in the charmonium and
bottomonium hybrid sector and compare with existing
experimental data. As we only calculate decays to quarko-
nium, our results provide lower bounds for the total widths
of heavy hybrids.

The paper is organized as follows. In Sec. II, we fix the
quarkonium potential on the quarkonium energy levels and
the hybrid potentials on lattice QCD data. We also write for
hybrid states the coupled Schrodinger equations that follow
from the BOEFT. In Sec. III, we compute the imaginary
parts of the hybrid potentials and the hybrid-to-quarkonium
decay rates. In Sec. IV, we present an updated comparison
of the obtained hybrid multiplets with experimental can-
didates, report our results for the hybrid-to-quarkonium

decay rates, and compare with experimental data. In Sec. V,
we summarize and conclude.

II. SPECTRA

The QCD static energies associated to a QQ pair
(quarkonium) and to a QQ pair bound to gluons (hybrid)
can be classified according to the quantum numbers of the
cylindrical symmetry group D, similarly to what happens
for a diatomic molecule in QED. A remarkable feature is
that in the short-distance region the static energies can be
organized in quasidegenerate multiplets corresponding to
the gluelump spectrum that bears the spherical symmetry
0(3) ® C [22,23].

The static energies are nonperturbative matrix elements
defined by some generalized Wilson loops, which have
been calculated on the lattice for the case of the pure SU(3)
gauge theory [13,24-27]. A tower of states can be asso-
ciated to each of these energies by solving the correspond-
ing Schrodinger equation(s). In what follows, concerning
the hybrids, we focus only on the two lowest static energies
I1, and X;, that are degenerate at short distance. We ignore
mixing with states built out of higher static energies; these
are separated by a gap of at least 400 MeV, which is of the
order of Agcp, from the static energies II, and ;.

The relevant energy scales to describe quarkonium and
hybrid states made of heavy (nonrelativistic) quarks are the
scale m,, the scale mgv, which is the typical momentum
transfer between the heavy quarks, where v < 1 is the
velocity of the heavy quark in the bound state, the
scale vaz, which is the typical heavy-quark-antiquark
binding energy, and Aqcp, which is the scale of non-
perturbative physics. Such scales are hierarchically
ordered, mo > mov > vaz, and allow us to introduce
a hierarchy of nonrelativistic effective field theories [28]
that turn out to be instrumental to computing observables.

Nonrelativistic QCD (NRQCD) follows from QCD by
integrating out modes associated with the bottom or the
charm quark mass [29-31]. For quarkonium, integrating
out the scale of the momentum transfer mgv leads either to
weakly coupled potential NRQCD (pNRQCD) [23,32] if
mov 3> Aqgcp, or strongly coupled pNRQCD [23,33,34] if
mov ~ Agcp. Contributions from gluons of energy and
momentum of order mgyv are encoded in the pNRQCD
potentials. Hybrids are rather extended objects. For this
reason we assume that gluons responsible for their binding
satisfy the strongly coupled hierarchy mgyv 2 Agcp. The
assumption also guarantees that mg 1 < Aqcp, which
prevents, at least parametrically, mixing between hybrid
states separated by a gap of order Agcp and enables the
Born-Oppenheimer approximation to work. We look at
hybrid states that are excitations of the lowest-lying static
energies I1,, and Z;,. We need to consider both because they
are degenerate in the short-distance limit, which breaks the
condition mg 1 < Aqep for the associated hybrid states.
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The hybrid states associated to the static energies I1,, and
X, mix and the corresponding equations of motion are a set
of coupled Schrodinger equations [8]. Higher static ener-
gies are separated by a gap of order Agcp from the static
energies I1, and X, and their modes are integrated out
when integrating out gluons of energy or momentum of
order Agcp. Integrating out gluons of energy or momentum
of order Agcp or larger from NRQCD and keeping
quarkonium and hybrid states associated to the static

|
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where the trace is over the spin indices. The fields ¥ and
Y., denote the quarkonium and the hybrid fields, respec-
tively. They are functions of the relative coordinate
r=x;—x,, and the center of mass coordinate R =
(x, +x,)/2 of the QQ pair, where x; and x, are the space
locations of the quark and antiquark. The label k = K¢ (K
is the angular momentum) denotes the quantum numbers
of the light degrees of freedom (LDF). The projection
vectors Pfo1 (i is the vector or spin index) project to an
eigenstate of K -7 with eigenvalue 1 = -K,...,0, ..., K,
fixing the D, quantum numbers. The quarkonium and the
hybrid potentials denoted in Egs. (2.2) and (2.3) by Vy and
Var, respectively, can be organized as expansions in

l/mQ,

(1
v
Vo= VO + Y20 (2.5)
Mo
Vi (r) = Pgl li%i(”)P,{y
M
Voo
=V (6w e g
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where V\(I(,])(r) and V,g)(r) are the quarkonium and
the hybrid static potentials. They are independent of the
heavy quark spins and may be identified with the static

energies computed in lattice QCD: V\(ﬁ)(r) = Esi (r),

Vg%)(r) = Ey-(r), and V(l(;zl(r) = Ep (r). The effective
potentials may also contain imaginary parts accounting
for the quarkonium and hybrid decays and transitions. The

energies I, and X; as degrees of freedom leads to an
EFT that may be understood as an extension of strongly
coupled pNRQCD to quarkonium hybrids. This EFT is
BOEFT, whose Lagrangian reads [8—11]

Lpogrr = Ly + Ly, + Luixing: (2.1)

with

2

I

imaginary parts affecting V,;; and coming from hybrid to
quarkonium transitions will be determined in Sec. III. The
hybrid-quarkonium mixing potential ij‘/f" in Eq. (2.4) is of
order 1/m and depends on the spin of the heavy quark and
the heavy antiquark. In the current work, we ignore the
effect from mixing, and therefore set ij}fx = 0 (see Ref. [9]
for details on the mixing).

For quarkonium, the quantum numbers of the LDF are
xk = 0"", which implies a trivial form of the projection
vector, Py, = 1. For low-lying hybrid states that are
excitations of the static energies I1, and X, the quantum
numbers of the LDF are k = 17~. The projection vectors
Pl = P}, read

i A
Py =7,

where #, 0, and g?) are the spherical unit vectors.

In the following, Secs. I A and II B, we compute the
quarkonium and hybrid spectra from the static quarkonium
and hybrid potentials. This allows us to determine the
quarkonium and hybrid wave functions and masses. They
will be necessary in Sec. III where we compute the
imaginary part of the hybrid potential coming from hybrid
to quarkonium transitions and the corresponding transi-
tion rates.

A. Quarkonium
Quarkonium states (QQ) are color-singlet bound states
of a QQ pair with static potential Es:(r). The leading order

equation of motion for the field ¥(r, R = 0) that follows
from Eq. (2.2) is the Schrodinger equation:
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VZ _ _ _
(_ Y. Ez_ﬂr)) 822(r) = E202%(r),  (28)

mo

where E,?Q is the quarkonium energy and d>(Qn)Q (r) denotes
the quarkonium wave function, which is related to the field
operator ¥(r, R = 0) by

®2%(r) = (0]¥(r,R = 0)|Q,),

oc (2.9)

where |Q,,) is the quarkonium state with quantum numbers
n={n, j,m;,1,s}.Including the spin and angular depend-
ence, the complete quarkonium wave function is given by

00 () — p20
(I)<n) (r) = (I)(n,j,m/-,l,s) (I‘)
jm; Rnl(r) m
= Z Cim;sms r Yl I(H’ ¢))(xm.s . <2'1O)
my,ng

If we call Ly, the QQ pair orbital angular momentum,
S =8, +8, the QQ pair total spin, and J = Lyp + S the
total angular momentum, the quantum numbers are as
follows: n is the principal quantum number, /(! 4 1) is the
eigenvalue of L2Q o Jj(j +1) and m; are the eigenvalues of

J? and J3, respectively, and s(s + 1) is the eigenvalue of
S2. The functions Xsm, are the spin wave functions and

e
Imysmy
functions R,,;(r)/r are the radial wave functions.
The shape of the static potential EE;(r) computed in

lattice QCD is well described by a Cornell potential:

are suitable Clebsch-Gordan coefficients. The

K
Exg(r):—Tg—l—agr—i—EgQ. (2.11)

The parameters «, and the string tension o, fitted to the
lattice data give [25]:
kg, = 0.489, o, = 0.187 GeV?. (2.12)
For computing the quarkonium spectrum, we use the
renormalon subtracted (RS) charm and bottom masses
[24,35] defined at the renormalon subtraction scale
vy =1GeV: mf = 1477 GeV and m§® = 4.863 GeV,
which are the values used in Ref. [8]. Following Ref. [9],
once the quark masses have been assigned, the values of the
offset EgQ in Eq. (2.11) are tuned separately for charmonium
and bottomonium states to best agree with the experimental
spin-average masses [4]:
E; = —0.254 GeV, Ef]’ =—0.195 GeV. (2.13)
The numerical solutions of the Schrodinger equation (2.8)
for some S-wave and P-wave charmonia and bottomonia

TABLE I. Spin-averaged masses (in MeV) of S- and P-wave
charmonium and bottomonium states below threshold computed
using the static potential in Eq. (2.11). The quarkonium mass is
given by M,y = 2mg + ESC with Q = ¢, b. We use the charm
and bottom masses: mRS = 1.477 GeV and m}> = 4.863 GeV.
E., denotes the spin-averaged experimental masses [4]. We
show only states relevant for this work.

nL MCE Eexp Mbi? Eexp
IN 3068 3068 9442 9445
28 3678 3674 10009 10017
38 10356 10355
1P 3494 3525 9908 9900
2P 10265 10260
3P 10554

below threshold are shown in Table I. The corresponding
radial wave functions R,;(r) are shown in Appendix A.

B. Hybrids

Hybrids (QQg) are exotic hadrons that are color-singlet
bound states of a color-octet QQ pair coupled to gluons.
We focus here on the lowest-lying hybrid states that can be
built from the X, and IT, static energies corresponding to
LDF with quantum numbers x = 1*7~; from now on we
drop the subscript k« = 17~ if not necessary. For x = 17~
three values of 4 (0 and £1) are possible; for each value of 1
we can define a wave function in terms of the field operator
¥,(r,R = 0) acting on a hybrid state |H,,) with quantum
numbers m = {m, j,m;, [, s}:

¥ (r) = (0¥, (r.R=0)[H,).  (2.14)

Hence, we can write in the hybrid rest frame
H) = [ @ iR =0)0).  (215)
2

The quantum numbers are defined in the following way: m
is the principle quantum number, [(/ + 1) is the eigenvalue
of L2, where L = LQQ + K is the sum of the orbital angular
momentum of the QQ pair and the angular momentum of
the LDF, s(s + 1) is the eigenvalue of S, where S =
S| + S, is the spin of the QQ pair, and j(j + 1) and m; are
the eigenvalues of J? and J5 respectively, where J = L + S
is the total angular momentum.

The wave functions ‘Pﬁm) are eigenfunctions of K - 7* but

not of parity. The eigenfunctions of parity are called ‘Pg’”

and W) and are linear combinations of ¥\"). The wave

(m)

function Wy’ transforms as the spherical harmonics under

parity, whereas ‘PE'F"[)I transform with the same or with the
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opposite parity of ‘I’(Em). The parity eigenfunctions can be

- 2
written as

W) = Yt " (e, (216)
mp,mg
r_nzml.\
W) = 3 =75 (vl £ o P (o,
mp,mg
(2.17)

where the functions y,, are the spin wave functions and

CTn[z’:llv are suitable Clebsch-Gordan coefficients. The angu-
1

Lm;
harmonics for systems with cylindrical symmetry [36].
Note that the hybrid wave functions in Egs. (2.16) and

(2.17) are vector wave functions. The functions 1//;'") and

y/;mH) are radial wave functions. Their equations may be
derived from the equations of motion of the BOEFT
Lagrangian (2.3). Since the static energies Ey- and Ep
mix in the short distance, the equations are a set of coupled
Schrodinger equations. Ignoring all corrections to the

potentials but the static energies Ey- and Eyy , they read [8]

lar eigenfunctions v7, are generalizations of the spherical

{ 1 0020+ 1 (l(l+1)+2 zw/l(l+1)>
- P70y
mor’ mor* \2\/II+1) I(I+1)
EZ; 0 ‘//(zm) 00y ‘//(zm)
Lo E m ) = Em (m) )’
I, Von Vin
I(1+1)

1 -
2 (m) _ +-00g, (m)
{_mgrza’r ot mor? +EH“}W+H_Em -

(2.18)

where E29 is the hybrid energy.

The set of Schrodinger equations (2.18) has no spin
dependence, so all the different spin configurations appear
as degenerate multiplets. The J°¢ quantum numbers are
{FE (1= 1)*F, FF,(1+ 1)*F}, where the first entry
corresponds to the spin-0 combination and the next three
entries to the spin-1 combinations. For / = 0, there is only
one spin-1 combination as well as only one parity or charge
conjugation state. In Table II, we show the first five

degenerate multiplets. The wave functions ‘I’;’"_)H (r)

describe the hybrid multiplets H;, H;, and H,, while

the wave function ‘P(fg (r) describes the hybrid multiplets

H, and Hs.
We split the static energies Ey-y; appearing in (2.18)
into a short-distance part and a long-distance part [8]:

*Recall that 7, and 7 project on states with definite K - 7; see

Eq. (2.7). Hence, ‘Pg") is also an eigenfunction of K -7 with
eigenvalue 4 = 0.

TABLE II. The low-lying hybrid multiplets coming from the
¥~ and I, hybrid static energies with J¢ quantum numbers
(I £2). The multiplets are ordered by increasing value of the
orbital angular momentum. In Ref. [9], the multiplets H,, H,, H3,
Hy, and Hs are named (s/d),, pi, po,» (p/f),, and d,
respectively.

Hybrid multiplet [ JPC(s=0) JFC(s=1) K-7
H, I 1— 0.1.2~* =z 1,
H, 1 1 0,1.2)+ T,
H, 0 0+ 1= s,
H, 2 2+ (1,2,3) =7, 1,
Hs 2 2 (1.2.3)* T,

( ) . { VES (I/f) +ARS(Uf> + bz’nrz, r<< 025 fm
BT Ve n(r), r>025fm’
(2.19)

For the short-distance part (r < 0.25 fm), we use the RS
octet potential VRS (r) up to order a2 in perturbation theory”
and the RS gluelump mass Agg = 0.87 GeV at the renor-
malon subtraction scale vy = 1 GeV [24,35,37]. For the
long-distance part Vs i(r) (r > 0.25 fm), we use [8]

o0
1 / sn ST, =T
Vsn(r) = - +/ay" P 4 ay +ayt,

which smoothly interpolates between the 1/r short-distance
behavior and the linear long-distance behavior. The para-
meters by in Eq. (2.19), and ", &3, a5 and a3" in
Eq. (2.20) depend on the quantum numbers Z;, and I1,,. They
are determined by performing a fit to the lattice data of
Refs. [24,25] and demanding that the short-range and the
long-range pieces in Eq. (2.19) are continuous up to the first
derivatives (see Ref. [8] for details). One obtains

(2.20)

o = 0.000 GeV fin,
% =0.599 GeV?,

ol = 0.023 GeV fm,
all = 11.091 GeV?,
by = 1.246 GeV /fm?,

& = 1.543 GeV?/fm?,
X =0.154 GeV,

all =2.716 GeV?/fm?,

all = —2.536 GeV,

by =0.000 GeV/fm?.  (2.21)

We use for the charm and bottom masses the same RS masses
used in Sec. IT A. The results for the hybrid spectrum are
shown in Table IIl and the wave functions are shown in
Appendix B. The masses for the lowest multiplets have been
computed first in [8]; our results agree with and extend those.

The expression of the RS potential can be found in
Appendix B of Ref. [8].
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TABLE III. Masses of charmonium and bottomonium hybrid
states (in MeV) computed using the static potential in Eq. (2.19).
The hybrid mass is given by Mg, = 2mg + E5%’ with Q = c,
b. We use the charm, bottom and 17~ gluelump masses
mBS = 1.477 GeV, m}S = 4.863 GeV, and Agg = 0.87 GeV,
respectively. For the multiplets H,;, H,, and H;, the states with
a prime and a double prime correspond to first and second excited
states.

Multiplet Jre Mz, M,
H, 4155 10786
H, {177,(0,1,2)~"} 4507 10976
H' 4812 11172
H, 4286 10846
H, {1++,(0,1,2)*"} 4667 11060
HY 5035 11270
H, 4590 11065
H,, {0t+, 177} 5054 11352
HY 5473 11616
H, {2++,(1,2,3)*7} 4367 10897
Hs {2—,(1,2,3)"*} 4476 10948

III. HYBRID-TO-QUARKONIUM WIDTHS

Our aim is to compute the semi-inclusive decay rates
of a quarkonium hybrid H,, decaying into a quarkonium
state Q,: H,, = O, + X, where X denotes light hadrons.
The energy transfer in the transition H,, —» Q, + X is

AE = E%Qg — E,?Q, i.e., the mass difference between the
hybrid and the quarkonium. In the BOEFT, we are
integrating out scales up to and including Agcp, which
means that also gluons of energy and momentum AFE
should be integrated out. This leads to an imaginary
contribution to the hybrid potential, which is related to
the semi-inclusive decay width of a hybrid H,, decaying
into any quarkonium Q, by [9]:

> I(H, - Q,) = -2Im(H,|V|H,);  (3.1)

n

ImV is the imaginary part of the hybrid potential defined in
(2.3). The exclusive decay widths I'(H,, - Q,) may be
computed by selecting a suitable decay channel in the right-
hand side of Eq. (3.1).

We neglect in this study mixing with quarkonium;
mixing could however play an important role in the
phenomenology of quarkonium hybrids whose transition
channels are sensibly enhanced or suppressed through the
quarkonium component of the physical state [9]. We restrict
to quarkonium states far below the open-flavor threshold.
Furthermore, we restrict to quarkonium and hybrid states
for which

AE > AQCD . (3 2)

Finally, we require that the emitted gluon cannot resolve the
quark-antiquark pair distance, i.e., that the matrix element
of the heavy quark-antiquark distance r between the hybrid
state and the quarkonium state is smaller than 1/ AE}

[(Q,|r|H,,)|AE < 1. (3.3)
These conditions, if fulfilled, allow for a treatment of the
transition H,, — Q, in weakly coupled pNRQCD, since
the gluon at the scale AE is perturbative [condition (3.2)]
and can be multipole expanded [condition (3.3)]. The
explicit computation of the transition H,, - Q, in the
framework of weakly -coupled pNRQCD is the subject of
the remaining of the section.

A. Weakly coupled pNRQCD

We consider a hybrid decaying into a low-lying quarko-
nium through the emission of a gluon whose energy
satisfies the condition (3.2). The gluon has enough energy
to resolve the heavy quark-antiquark pair in the hybrid and
in the quarkonium, and its color configuration. Therefore
the heavy-quark degrees of freedom at the scale AE are
quark-antiquark fields, which can be conveniently cast
into a color-singlet field S and a color-octet field O. They
are normalized in color space as S = 81./\/N, and
O = 0°T*/\/Ty, where N. = 3 is the number of colors
and Ty = 1/2 is the normalization of the color matrices.
The quark-antiquark color-singlet and octet fields depend,
in general, on the time ¢, the relative distance r, and the
center of mass coordinate R of the heavy quark-antiquark
pair. In the short-distance limit, » — 0, and at leading order
in the nonrelativistic expansion, the singlet and octet fields
are related to the quarkonium field ¥ and the hybrid field
Y., in Egs. (2.2) and (2.3) by

S(r.R.1) » Z*(r)¥(r.R. 1), (3.4)

PIO“(r,R, 1)G“(R, 1) » Z\*(W(r.R,1),  (3.5)
where Zy and Z, are normalization factors, and G are
gluonic fields that match the quantum numbers of the
hybrid field on the right-hand side of (3.5). For low-lying
hybrids, the LDF quantum numbers are x = 177; a gluon
field with the same quantum numbers would be the
chromomagnetic field B = —e;;G/*/2 where G*“ is
the gluon field strength tensor. The propagators of
weakly interacting quark-antiquark pairs in a color-singlet
and color-octet configuration read in coordinate space
at leading order in the nonrelativistic and coupling
expansions [23]

4The”matrix element |(Q,|r|H,,)| is defined as
with 7% given in Eq. (3.27).

Tl (Tij)’r
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(0|S(r,R,1)ST(r,R',1)|0)

=0(t—1)e M= - (R -R'),  (3.6)
(0|0%(r,R,1)O" (¥ ,R',")|0)
=0(t—1)e M=) (¢, )& (r—r')*(R—R'),  (3.7)
where ¢ (¢, ") is the adjoint static Wilson line,
1 .
¢(t,¢) =Pexp [—ig/ dt AS(R, t)}, (3.8)
t/

P stands for path ordering of the color matrices, and /4, and
h, are the singlet and octet Hamiltonians, respectively,

V2
hs:__+vs(r)’ hO:——r+V0(r),
Mo mo

(3.9)
Vi(r) = —=Cra,/r and V,(r) = as/(6N..) are the leading-
order Coulomb potentials for a color-singlet and a color-
octet state, and Crp = (N2 —1)/(2N,) = 4/3 the Casimir
of the SU(3) fundamental representation. The potentials
Vy(r) and V,(r) are related to the quarkonium and the
hybrid static energies, Ez;, Es-, and Ey , in the short-
distance limit, » — 0, by

E2+(r) - Vs<r) +b2;r2—|- ey

Ty
M
=i
—

~
S—

I

Vo(r)+ A+ bspr® + ..., (3.10)
where the mass dimension one constant A is called the
gluelump mass and it is related to the correlator of the
suitably normalized gluonic field G’i‘i, in the large time T
limit by

(0G4 (R, T/2)¢™(T/2,~T/2)Gy"- (R, ~T/2)|0)
= §'e~IM. (3.11)

The mass dimension three coefficients bz; and by are

nonperturbative constants to be determined by fitting the
lattice data of the static energies (for the hybrid case see
Sec. II B). Equation (3.10) makes manifest that the static
potentials X; and II, are degenerate at short distances.
We further assume that the gluon emitted in the
H, — Q, transition is not energetic enough to resolve
the heavy quark-antiquark distance; see condition (3.3).
Under this assumption the gluon field may be multipole
expanded in r and it is just a function of # and R. The
leading-order chromoelectric-dipole and chromomagnetic-
dipole couplings of the gluon with the quark-antiquark pair
are encoded in the Lagrangian Lg; and Ly, respectively,

LEl _ /d3R / d3rTr(STr . gEO + Ofr. gES), (3.12)

LM] —/d3R

« / PrEE T[S (S, - S,)-gBO+O'(S, —S,) - gBS].

mo

(3.13)

The trace is over the spin and the color indices, and c is a
matching coefficient inherited from NRQCD that is 1 at
leading order in a,. The field E = G is the chromo-
electric field. S; and S, are the spins of the heavy quark and
heavy antiquark respectively.

The suitable EFT to describe a multipole expanded gluon
field interacting with weakly coupled quark-antiquark
pairs, either through chromoelectric or chromomagnetic
dipole vertices, is weakly coupled pNRQCD [23,28,32,38].
The cut diagram contributing to the H,, — Q, transition
width at one loop in weakly coupled pNRQCD is shown in
Fig. 1; the gluon carries energy AE.

B. Matching and transition rates

In order to compute the imaginary part of the hybrid
potential defined in the BOEFT Lagrangian (2.3), we match
the imaginary part of the one-loop two-body Green’s
function of pPNRQCD shown in Fig. 1 with the corresponding
amplitude in the BOEFT. When considering two chromo-
electric-dipole vertices from the Lagrangian (3.12) we obtain
an O(r?) contribution to the potential responsible for spin-
conserving hybrid-to-quarkonium transitions, whereas when
considering two chromomagnetic-dipole vertices from the
Lagrangian (3.13) we obtain an O(1/mg) contribution
responsible for spin-flipping hybrid-to-quarkonium transi-
tions. The relative importance of the two processes for
hybrid-to-quarkonium transitions, H,, = Q,, depends on
the relative magnitude of the matrix element |(Q,,|r|H,,)|?
withrespect to [(Q, |H,,)|*/m7, and on the size of the energy
gap AE between the hybrid state and the quarkonium state
that enters the widths with the third power.

N N

FIG. 1. One-loop self-energy diagram in pNRQCD. The gray
blobs represent the hybrid state H,,, and the single and double
lines represent the QQ pair in the singlet and octet states,
respectively. The curly line stands for the gluon field and the
black dots for pPNRQCD vertices. The gluonic degrees of freedom
that are part of the hybrid are treated as spectator and are not
displayed here. The vertical line is the cut.
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On the weakly coupled pNRQCD side of the matching,
we consider in the large time, 7, limit the gauge-invariant
two-point Green’s function in coordinate space

Ly(r,R.7,R") = (0|P{'G*(R,T/2)0%(r,R,T/2)

x 0% (r',R',~T/2)P},G/*(R',~T/2)|0),

(3.14)

where P! are the projection operators given in Eq. (2.7),
and the gluonic operators G*(R, t) have been introduced in
Sec. III A; we have dropped again the subscript ¥ as we
restrict uniquely to k = 11~ states. Repeated color indices
a, b and spin indices i, j are summed. The two-point
Green’s function may be expanded in powers of r (multi-
pole expansion) or 1/mg (nonrelativistic expansion):

M,(rRr R)+ 1% RY.R)+ -,

IM/(I‘ R r R/) =1 ¥V
(3.15)

where 123,) is the leading-order (LO) two-point Green’s

function and 7 @)

oy 1s the next-to—leading—order (NLO) two-
point Green’s function shown in Fig.

. The Green’s
function IE » develops an imaginary part that is responsible
for spin-conserving transitions if the vertices are chromo-
electric-dipole vertices, and for spin-flipping transitions if
they are chromomagnetic-dipole vertices.

On the BOEFT side of the matching, the two-point
Green’s function is given by the large time limit of

IM’ (r,R,r’,R')

_ZI/Z( ) i(Vyu(r)= P/l n{Pﬂ) '['1/2( )‘]]53(r r/)ég(R Rl)

(3.16)

where 1 is the identity matrix in the spin space of the

QQ pair.

1. Spin-conserving decay rates

From Egs. (3.7? and (3.11) it follows that the LO two-
point function 7}, is given in the large time 7" limit by

()(rRr R') =

1) Pile=ih+NT Pl 153 (r — 1) 5* (R — R').

(3.17)
The NLO two-point function If,) that involves two inser-

tions of the chromoelectric-dipole vertices from the
Lagrangian (3.12) is given in the large time 7 limit by

12)(r.RP R =—g _/T/2dt/T/2 dt' Pt}

< |:e—ih(,(T/2—t) K o=y (1=) pl p=ih, (! +T/2) | pJ

< (0]G*(T/2)p** (T /2.1) E* (1)
X E' (14 (' ,~T/2)G/4(~T/2)

x|0)18*(r—r)8*(R-R'), (3.18)
where we have dropped the space coordinates of the fields.

In order to evaluate the two-point function in Eq. (3.18),
we consider the case of energy and momentum flowing into
the chromoelectric fields to be much larger than Agep,
the typical energy and momentum carried by gluon
fields G'“. In this situation, we approximate the corre-
lator (0|G™(T/2)¢p**(T /2, t)EF(t)E'(¢) (¢, =T /2) x
G/4(~T/2)|0) according to Eq. (C1) of Appendix C. The
evaluation simplifies considerably by taking into account
the large time limit. In the large time limit, we can write

/m dt/t dz’e—iho(T/Z—t)(. . .)e—ih(,(ﬂ+T/2)
-T/2 T/2

T+21, =21
(/ tl/ l2+/ dtl/ dt2>
/2

zh(,(T/z tH— 12/2( . ) —ih,(t,—1,/24T/2)

~ Te—ihoT /°° dtyeihonl2 (.. )eihinal2, (3.19)
0

where t; = (1+1)/2, t, =t—1¢ and in last line, after

using the Baker-Hausdorff lemma, we have retained only

the linear term in the large 7 limit, up to the exponent factor

=T The sum of I</1,) and I/(u? gives

Ly(r.RP.R) = 1)(r, RV, R) + 1) (r.R, 7R
= Pl e ANT (1 — iTAV + ...)

x PL18Yr—r)8R - R), (3.20)

where the dots stand for terms that are not linear in 7 and

. 2T
AV(r):—%N—F

X / LK i
(27)*

Considering the definition of /4, given in (3.9), by equating
Egs. (3.16) and (3.20) we obtain the matching condition

] .
dteth,,t/Z k _lh:lrkelh /2

(3.21)

= P{'V,Pi, + A + P/ AV P

L (322)

Vou(r)

where the sum over the repeated spin index i is implicit.
The form of V,, agrees with the expression given in
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Egs. (2.6) and (3.10), if we identify AV as a contribution of
O(r?) in the multipole expansion.

Using Eq. (2.15), we can write the spin-conserving
decay rate of the hybrid state |H,,) as

I = —2Im(H,,|AV|H,,)
2g-T
:i—FR /d3 / dreil (
ih(,t/2 k g—ihgt yk ih,t/2 —ilk|t | i
X [e rke /(2;1)3 |k|e ]‘I’<m>(r),
(3.23)

where we have defined

24T i . i &’k . .
:i_FR / &r / dr { HW‘*’/Zrke—tﬁwrke*’“"ﬁ’/z/ (27)° |k|e-”"}1‘ém><r>.
T

The equation’s right-hand side makes manifest that the
typical momentum |k| in the integral is of the order of the
energy gap between the hybrid and the quarkonium, which
is the large energy scale AE. In the case of energy and
momentum flowing into the chromoelectric fields of order
Agcp, we would obtain a contribution to the hybrid
potential still of O(r?) in the multipole expansion but
suppressed by (Aqcp/AE)? relative to AV. After using the
completeness relation for the quarkonium eigenfunctions

QD(Qn)Q we obtain the semi-inclusive decay rate of the process

H,, — Q, + X for each intermediate quarkonium state Q,,

da (AEYT ;... ..
I(H, = 0,) = 7%(31\] ) ETii(Tiy AE3,  (3.26)
where AE = E,%Qg - E,?Q is the energy difference and

Ti = / &Irl () oll(r). (3.27)

We have also made explicit that the natural scale of « is
AE.

The decay rate in Eq. (3.26) has been also derived in
Refs. [9,39]. However, in Ref. [9] only the diagonal matrix
elements T'" were included in the decay rate in Eq. (3.26). If
we decompose T/ as

T =To6 +TY +TY, (3.28)

with

‘Pﬁm) _ Pihpi

(m)> (3.24)

= ZPQ‘I’E{")
7

i is the vector or spin index. At this point, if we match the
short-distance potentials into the long distance ones,
according to the short-distance expansion of Eq. (3.10),
we may promote the singlet and octet Hamiltonians,
h, and h,, to the LO BOEFT quarkonium Hamiltonian
Hy = ~V?/mg + Ey: (r) and hybrid Hamiltonian Hy , =
—=V?/mgy + Es-q,(r), respectively [9,39], and the decay
rate becomes

(3.25)
T ElT” TY El(T’/—T/’)
0 3 ’ 1 2
ij 1 .. .. 5 11
Ty = i(TU + 77" — ?T , (3.29)
then, we see that
o 1
TU(T)* 3T”(T”) —&—T”( ”)T —|—T (T”) (3.30)
The result in Ref. [9] is equivalent to setting T’ij = T;j =0

and multiplying the term 7% (T7)"/3 by 3; this leads to a
selection rule that hybrids with L = L4 do not decay. We
will see that by accounting for the full tensor structure of
the matrix element 7%/ in Eq. (3.26), also decays of hybrids
with L = Ly turn out to be possible.

In spin-conserving decays, the spin of the QQ pair in the
hybrid and in the final state are the same: the nonvanishing
of the matrix element (3.27) constrains spin-0 hybrids to
decay into spin-0 final states and spin-1 hybrids to decay
into spin-1 final states. For the spin-1 hybrid states, the
spin-conserving rate in Eq. (3.26) is multiplied by a factor 3
corresponding to the three polarizations of the spin-triplet
final quarkonium state.

2. Spin-flipping decay rates

The chromomagnetic-dipole interaction in the
Lagrangian (3.13) is responsible for spin-flipping decays
of hybrids to quarkonia (spin-0 hybrids decaying to spin-1
quarkonia and vice versa). Spin-flipping transition widths
are, in principle, suppressed by powers of the heavy-quark
mass due to the heavy-quark spin symmetry; however, as
we already remarked, if they turn out to be actually smaller
than spin-conserving transition widths depends on the
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relative size of [(Q,|H,,)|/m¢ with respect to [(Q, |r|H )/,
which are not related by power counting in an obvious
manner, and on the size of the energy gap between hybrid
state and quarkonium state. The matching of the imaginary
part of the hybrid BOEFT potential goes exactly in the
same way as in the previous section, with the chromo-
electric-dipole term r - E replaced by the chromomagnetic
one (S, —S,)-B/ mQ.5 The spin-flipping transition rate is
given by Eq. (3.26) with T now

L ,. . .
o= | [ @, 0080 s - shixo)

(3.31)

where S; and S, are the spin vectors of the heavy quark and
heavy antiquark and |yy) and |y,) denote the hybrid and
quarkonium spin states, respectively. The spin-matrix
elements are computed in Appendix D. The expression
for the spin-flipping transition rate agrees with the one
found in Ref. [39].

In the spin-flipping decays, the spin of the QQ pair in the
hybrid and in the final state are different: the nonvanishing
of the matrix element (3.31) constrains spin-0 hybrids to
decay into spin-1 final states and spin-1 hybrids to decay
into spin-0 final states. For the spin-O hybrid states, the
spin-flipping rate in Eq. (3.26) is multiplied by a factor 3
corresponding to the three polarizations of the spin-triplet
final quarkonium state.

IV. RESULTS AND COMPARISON
WITH EXPERIMENTS

A. Exotic XYZ states and hybrids

The heavy-quark hybrid states are isoscalar neutral mes-
ons. The list of XYZ exotic states that are potential candidates
for heavy-quark hybrids are the neutral heavy-quark mesons
above the open-flavor threshold. An updated list of such
states can be found in Table IV [4]. Several of the exotic states
in Table IV have quantum numbers 17~ and 0" or 2+ as
they are generally observed in the production channels of
eTe™ or yy annihilation. After matching the quantum
numbers J7C of the hybrids in Table III with the XYZ states
in Table IV, potential XYZ candidates for charmonium and
bottomonium hybrids are shown in Figs. 2 and 3, respec-
tively. The bands in Figs. 2 and 3 represent only the
uncertainty in the mass of the hybrids due to the uncertainty
in the gluelump mass, Agg = 0.87 £ 0.15 GeV.

In the charmonium sector, the first exotic y state, the
w(4260) [also know as Y(4260)], was observed by the
BABAR experiment in the process ete™ — xta~J/y [46].
Later, precise measurements of the ete™ — zta J/y

SAt tree level it holds that

(0B (1)B*(1')|0).

OlE“ (N E*(¢)[0) =

cross sections by the BESIII experiment reported that
the y(4260) state actually has a lower mass that is more
consistent with the state w(4230) [47]. Additionally, the
BESIII experiment also reported a new resonance with a
mass of around 4.32 GeV that is observed as a distinct
shoulder on the high-mass side of the y(4260) peak. This
new resonance was named (4320) [also known as
Y(4320)]. Since, both mass and width of the (4320)
are consistent with those of the w(4360) resonance
observed in ete” — 72Tz 7y (2S) by BABAR and Belle
[48,49], they could be the same state. So, there are only four
confirmed states’ with quantum numbers JFC€ =17":
w(4230), w(4360), w(4390), and w(4660) [3,4,40,41].
The quantum numbers JP¢ = 17" correspond to the
spin-singlet members 17~ of the hybrid H; multiplet.
The w(4230) state falls in the range of masses for the
charmonium hybrids belonging to the H; multiplet, while
the states y(4360), y(4390), and y(4660) have a mass that
is compatible with the excited spin-singlet states belonging
to the H| multiplet after including the uncertainties in the
gluelump mass. From Table IV, we see that the states
w(4230) and y(4390) decay both to the spin-singlet
charmonium, %.(1P), and to the spin-triplet charmonium,
J/w. This could be consistent with hybrid spin-conserving
and spin-flipping decays, respectively. Instead, the states
w(4360) and y(4660) have only been observed to decay to
spin-triplet charmonium states, J/w and y(2S5). Recently,
the BESIII Collaboration has suggested the existence of
two possible new states with quantum numbers J*¢ = 17,
Y(4500) and Y(4710), from resonance structures in the
ete™ —» K*K~J/y and ete” — KYK%J /y cross sections,
respectively [43,45]. The masses and the quantum numbers
of these states are compatible with the excited spin singlet
H and H' hybrid multiplets after including the uncertain-
ties from the gluelump mass.

The quantum numbers J”¢ = 17F and the mass of the
xc1(4140) and . (4274) suggest that they could be
candidates for the spin-singlet 1*" member of the H,
hybrid multiplet within uncertainties. For the spin-singlet
member of the H, multiplet, a spin-conserving decay leads
to a spin-singlet 77.(1S) quarkonium in the final state and a
spin-flipping decay leads to a spin-triplet y.(1P) quarko-
nium in the final state. The states y ., (4140) and y.,(4274),
however, have been observed to decay only to ¢J /. It has
been suggested that these states could be isospin-O char-
monium tetraquark states [16,51]. The JP¢ quantum
numbers of the X(4160) have not yet been determined.
A positive charge conjugation and the mass could make it a
candidate for the spin-triplet (0, 1,2)™" member of the H,
multiplet or the spin-singlet 17" member of the H,
multiplet. Recently, the LHCb Collaboration reported
two new exotic states, X(4630) and y.(4685), with

%The exotic state Y(4008) has not been confirmed by other
experiments such as BESIII and BABAR [47,50].
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TABLEIV. The isoscalar neutral meson states ordered by mass above the open-flavor thresholds in the ¢ and bb
regions. Following Refs. [3,4,40,41], we have only included states that are possible candidates for hybrid states. The
second column reports the old names still used in the literature. The data in the table are from Ref. [4].

State (PDG) State (Former) M (MeV) ' MeV) Jre Decay modes
y
2e1(4140) X(4140) 41465+ 3.0 197 1+t Iy
X(4160) 415313 13675 7 #J v, D*D*
4230 Y (4230 42227426 49 + 8 1 7Ty, wyeo(1P),

w( Vs WY o

Y (4260) atx~h.(1P)
2e1(4274) Y (4274) 428678 51+7 1+ Iy
X(4350) 43506747 13548 (0/2)** ¢J |y
w (4360) Y (4360) 437249 115+ 13 1 Ty,

Y (4320) ztamy(28)
w(4390)* Y (4390) 4390 + 6 13938 1 n )y, xtah.(1P)
Ze0(4500) X(4500) 4474+ 4 77+12 o+t oI Jw
Y (4500)° 44847 +27.5 111 +34 1=
X(4630)° 462613, 1747137 s oy
w(4660) Y (4660) 4630+ 6 7213 1-- mtaw(2S), AFA;,

X (4660) Dy D,,(2536)
e1(4685)° 4684713 126740 1+ oIy
Xc0(4700) X(4700) 469417 87118 0+ PJ |y
Y(4710) 4704 + 87 183 + 146 1—
T(10753) 10752.753% 3615 1 ax’Y(18S,28,3S)
T(10860) T(55) 10885.217¢ 37+ 4 1 zY(15,28,3S),

atx~h,(1P,2P),
nY(1S,28), nta~Y(1D)
(see PDG listings)

T(11020) T(65) 11000 + 4 2418 1— 7Y (18,25, 3S),

ata~h,(1P,2P),
(see PDG listings)

*This state is not listed in [4]. Its existence has been suggested in the BESIII analysis of Ref. [42]. For a critical

review see Ref. [3].

"State recently observed by the BESIII Collaboration [43].
“State recently observed by the LHCb Collaboration [44].
IState recently observed by the LHCb Collaboration [44].
“State recently observed by the BESIII Collaboration [45].

quantum numbers J©¢ = 2’ and JF€ = 1"+ in the B* —
J/wpK* decay [44]. The favored quantum numbers for
X(4630) are JF€ = (1or2)~" [4,44]. Based on the quan-
tum numbers and mass, the X(4630) state could be a
candidate for the excited spin-triplet (0, 1,2)~" member of
the H; multiplet or the spin-triplet (1,2,3)”" member of
the Hs multiplet after including the uncertainties from the
gluelump mass. The quantum numbers 17+ and the mass of
X1(4685) are compatible with the spin-singlet state of the
excited H’, multiplet after accounting for the uncertainties
from the gluelump mass. For the X(4630) and y.,(4685),
only the decay to ¢J/w has been seen until now.

The quantum numbers of X(4350) are J¥€ = (0or2)*+
[52]. The mass of the X(4350) suggests that it could be a
candidate for the spin-singlet 2** member of the H,
multiplet. The quantum numbers JF€ = 0" and the
masses of the y.,(4500) and y.,(4700) suggest that they
could be candidates for the spin-singlet 0" member
of the H; hybrid multiplet within uncertainties. For the

spin-singlet member of the H5 and H, multiplets, the spin-
conserving transitions lead to the spin-singlet 7.(1S)
quarkonium in the final state and the spin-flipping tran-
sitions lead to the spin-triplet y.(1P) quarkonium in the
final state. However, the states X(4350), y.0(4500), and
¥c0(4700) have been observed to decay only to ¢J/y.
In the bottomonium sector, there are only three exotic
candidates for the hybrid states with quantum numbers
JPC =177: T(10753), YT(10860), and Y(11020). The
quantum number 17~ corresponds to the spin-singlet
member 17~ of the bottomonium hybrid H; multiplet or
its excitation. The mass of the Y(10753) and Y(11020)
states suggests that they could be identified with states in
the H,; or H' multiplets, respectively. The mass of the
T(10860), besides being consistent with a conventional
T(5S) bottomonium state, is compatible with both H; and
H bottomonium hybrid multiplets within uncertainties.
From Table IV, we notice that the states Y(10860) and
Y (11020) decay both to the spin-singlet bottomonium state
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FIG. 2. Comparison of the mass spectrum of the neutral exotic charmonium-like states shown in Table IV with results for hybrids
obtained by solving the coupled Schrodinger equations (2.18). The experimental states are represented by horizontal solid blue lines
with vertical error bars. Our results for the multiplets H,, H}, H, H,, H}, H3, Hy, and Hs are plotted with error bands corresponding to
a gluelump mass uncertainty of +0.15 GeV. Figure updated from Ref. [3].

h,(1P) and to the spin-triplet bottomonium states Y'(nS).
The decay to h;,(1P) could correspond to a spin-conserving
transition and the decay to Y(nS) could correspond to a
spin-flipping transition. The state Y(10753) has been
observed to decay only to spin-triplet Y(nS) bottomo-
nium states. Recent studies have suggested that some of
these states could be conventional quarkonium or tetra-
quark states [51,53-59].

1M.2r
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FIG. 3. Comparison of the mass spectrum of the neutral exotic

bottomoniumlike states shown in Table IV with results for
hybrids obtained by solving the coupled Schrodinger equa-
tions (2.18). The experimental states are represented by solid
blue lines with vertical error bars. Our results for the multiplets
H; and H are plotted with error bands corresponding to the
gluelump mass uncertainty of £0.15 GeV. We only show the
multiplets H; and H as there are only three exotic states with
matching quantum numbers (see Table IV).

B. Results for the decay rates

The exotic XYZ states in the charmonium sector shown
in Fig. 2 have mostly quantum numbers J©¢ = 17—, 1+,
0** and 2** that correspond to the J©¢ quantum numbers
of the spin-singlet members of the hybrid multiplets
H[177], Hy[17F], H3[07"], Hy[2""] and their excitations.
The exotic state X (4630) could have J¥¢ quantum numbers
17" or 27F, and be a spin-triplet member of the hybrid
multiplets H,[(0,1,2)""] or Hs[(1,2,3)""]. The exotic
XYZ states in the bottomonium sector shown in Fig. 3 have
quantum numbers JP¢ = 17~ that correspond to the J*¢
quantum numbers of the spin-singlet members of the
hybrid multiplet H,[17~] and its excitations. In the follow-
ing, we focus solely on these hybrid states and compute the
semi-inclusive spin-conserving and spin-flipping transition
rates to quarkonia. The spin-conserving decays of hybrids
to quarkonia, H,, — Q,+ X, where X denotes light
hadrons, are induced by the chromoelectric-dipole vertex
(3.12); the expression for the decay rate is given in
Egs. (3.26) and (3.27). The spin of the QQ pair is the
same in the initial hybrid and the final quarkonium states:
spin-0 hybrids decay to spin-0 quarkonia and spin-1
hybrids decay to spin-1 quarkonia. For several charmonium
and bottomonium spin-O hybrid states, members of the
hybrid multiplets H[177], H,[11"], H3[0""] and their
excitations, the values of the spin-conserving decay rates
are shown in Table V. The spin-conserving decay rates of
the spin-1 hybrid states, members of the hybrid multiplets
H,[(0,1,2)~"], Hy[(0,1,2)""], H3[17~] and their excita-
tions, are, at the precision we are working (LO in the
nonrelativistic expansion), three times the corresponding
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TABLE V. Spin-conserving semi-inclusive decay rates of hy-
brids decaying to quarkonia below threshold, due to the chromo-
electric-dipole interaction (3.12). The decay rates are computed
from Egs. (3.26) and (3.27). The hybrid states are denoted by
H,,[JPC](mass), where J is the total angular momentum quantum
number including the spin, and the masses are in MeV. The
quarkonium states are denoted by the physical states. For the
quarkonium states, we use the spin-averaged masses given in
Table 1. The first error comes from varying the scale of g from
AE/2 to 2AE, and the second one from the gluelump mass
uncertainty of +0.15 GeV. We only show decay rates for which
AE = 0.8 GeV, a,(AE) < 0.4 and |(Q,|r|H,,)|AE < 0.8. For this
last condition see Table VL

H,,[J7¢](Mass) — Q,[JFC] ' MeV)
Charmonium hybrid
Hy[177](4667) — 1,(18)[0~] 65171 1%
H,[17](5035) — 5.(18)[0~"] 3151 5
H,[177](5035) — .(28)[0~"] 45150 18
H3[077](5054) — 5.(18)[07"] 45750 15!
H;[077])(5473) — n.(15)[0~"] 187913
H;3[077](5473) — 1.(28)[077] 26f§° ig
Bottomonium hybrid
H,[177)(10976) — h,(1P)[1+"] 1575 %]
H [177](11172) = hy(2P)[1+7] 22ig4 i913
H,[177](10846) — 1, (18)[077] 2017 10
H,[177](11060) — 1,,(15)[0~] 28515
H[177](11060) — 1,(28)[0~"] 022732 1031
Hy[17H](11270) — ,(18)[0] 2273 18
H,[177](11270) — 1,,(28)[0~] 632
H,[177](11270) — 1,,(38)[077] 352 i
H3[0+](11065) — 11,,(18)[0] 69175 1
H;3[077](11352) — ,,(15)[077] 3425
H;[077](11352) — 1, (28)[077] 4240 1S
H;[07+](11616) — 5,(15)[0~+] 1919 44
H;3[077](11616) — 1,,(28)[077] 2015 18

spin-conserving decay rates of the spin-0 hybrid states as
the final state may assume three different polarizations; see
Appendix D.

In Table V, we list the spin-conserving transitions to
below threshold quarkonia for which the decay rates can be
reliably estimated in weakly coupled pNRQCD. These are
the transitions that satisfy the conditions (3.2) and (3.3).
In practice, we require AE = ES9 _ £99 > 0.8 GeV,
as(AE) < 0.4 and [(Q,|r|H,,)|AE < 0.8 (for this last con-
dition see Table VI). The strong coupling a,(AE) is
evaluated at the scale AE with one-loop running [60].
We note that for the hybrid states H,[17"] it holds that
L = Lp; in the charmonium case the width to #.(1S) may
be as large as 65 MeV for H,[177](4667) and in the
bottomonium case the width to 7, (1S) may be as large as
29 MeV for H,[177](10846).

TABLE VI. The values of the matrix element [(Q,|r|H )| and

the energy difference AE = Ej; 909 _
computed in Table V.

Q for the transition widths

[(Qulr[H )]
H,,[J7¢](Mass) — Q,,[J7€] (GeVh E (GeV)
Charmonium hybrid
H,[117](4667) — n.(1S)[0~"] 0.500 1.599
H,[177](5035) — n.(1S)[0~"] 0.262 1.967
H,[177](5035) — .(2S)[0~"] 0.506 1.358
H;3[077](5054) — n.(1S)[0~"] 0.310 1.986
H;3[07%](5473) — n.(1S)[0~"] 0.150 2.405
H3[077](5473) - 5.(25)[077] 0.270 1.795
Bottomonium hybrid

H,[177](10976) — hy,(1P)[177] 0.393 1.068
H[177](11172) - h,(2P)[177] 0.594 0.907
H,[171](10846) — 1, (1S)[0~] 0.393 1.404
H,[17F](11060) — 1, (1S)[0~*] 0.321 1.617

H,[17F](11060) — 1,(2S)[0~"] 0.049 1.050

H,[177](11270) — 1, (18)[0~] 0.240 1.828
H,[17F](11270) — 1, (2S)[07] 0.196 1.261
H,[117](11270) - 1, (35)[0~7] 0.214 0.914
H;3[0T](11065) — 1, (185)[0~7] 0.497 1.622
H;3[0TF](11352) — 1, (1S)[07] 0.284 1.909
H3[01](11352) — 7, (28)[0~7] 0.499 1.342
H;3[0TF](11616) — 1, (1S)[0~] 0.179 2.174
H;3[0TF](11616) — 1,(2S)[0~"] 0.270 1.607

The spin-flipping decays of hybrids to below threshold
quarkonia, H,, — Q, + X, where X denotes light hadrons,
are induced by the chromomagnetic-dipole vertex (3.13);
the expression for the decay rate is given in Egs. (3.26) and
(3.31). The spin of the heavy quark-antiquark pair (QQ) is
different in the initial state hybrid and the final state
quarkonium: spin-0 hybrids decay to spin-1 quarkonia
and spin-1 hybrids decay to spin-0 quarkonia. For several
charmonium and bottomonium spin-0 hybrid states, mem-
bers of the hybrid multiplets H,[17~], H,[11"], H3[0""],
H,[2"*] and their excitations, the values of the spin-
flipping decay rates are shown in Table VII. The spin-
flipping decay rates of the spin-1 hybrid states, members of
the hybrid multiplets H,[(0,1,2)" "], H,[(0,1,2)*7],
H;[177], Hy[(1,2,3)"7] and their excitations, are, at LO
in the nonrelativistic expansion, 1/3 the corresponding
spin-flipping decay rates of the spin-O hybrid states.

In Table VII, we list spin-flipping transitions to below
threshold quarkonia for which the decay rates can be
reliably estimated in weakly coupled pNRQCD. These
are the transitions that satisfy the condition (3.2). In
practice, we require AE = 0.8 GeV and o (AE) <0.4.
We note that, although there is no obvious hierarchy
between spin-conserving and spin-flipping transition
widths, nevertheless, the spin-flipping transitions tend to
be smaller than the spin-conserving ones. This is particu-
larly true for bottomonium hybrids.
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TABLE VII. Spin-flipping semi-inclusive decay rates of hy-
brids decaying to quarkonia below threshold, due to the chro-
momagnetic-dipole interaction (3.13). The decay rates are
computed from Egs. (3.26) and (3.31). The hybrid states are
denoted by H,,[J7¢](mass), where J is the total angular mo-
mentum quantum number including the spin, and the masses are
in MeV. The quarkonium states are denoted by the physical
states. For the quarkonium states, we use the spin-averaged
masses given in Table I. The first error comes from varying the
scale of a, from AE/2 to 2AE, and the second one from the
gluelump mass uncertainty of £0.15 GeV. We only show decay
rates for which AE > 0.8 GeV and o,(AE) <0.4.

H,[J"¢](Mass) - 0,[J"] ' (MeV)
Charmonium hybrid decay
H,[177](4155) — J /w(18)[177] 104753 %3
H\[177)(4507) — J [y (18)[17] 4617 119
H,[177](4507) — J /w(28)[177] 2040+
H[177](4812) — J/y(1S)[177] 0.6°07 “07
H,[177](4812) = J/w(2S)[177] 2013012
H,[177](4286) — x.(1P)[(0,1,2)*7] 5577 o6
H,[177](4667) — x.(1P)[(0,1,2)*7] 157347
H,[11+](5035) = x.(1P)[(0,1,2)*7] 6312
H3[077](4590) — x.(1P)[(0,1,2)"7] 13747 *23
H3[077](5054) — x.(1P)[(0,1,2)"7] 551
H3[07%](5473) = x.(1P)[(0,1,2)*7] 2404505
H,[277](4367) — x(1P)[(0,1,2)"7] 651 139
H,[(0,1,2)77](4155) - 5.(15)[077] 355° 113
H,[(0,1,2)7%](4507) — n.(15)[0] 15iZ i
H,[(0,1,2)7%](4507) — n.(25)[0] 10518
H,[(0,1,2)77](4812) — 5(18)[0~] 0.22334 X5
H,[(0,1,2)~](4812) — 5,(25)[0~"] 755
H,[(0,1,2)77](4286) = h (1P)[1+7] 18133 53
H[(0,1,2)*7](4667) — h(1P)[177] st? 3
H,[(0,1,2)*7](5035) — h (1P)[1*7] 25,4
H;[177](4590) — h,(1P)[177] 46121 12
H;3[177](5054) - h.(1P)[177] 2i014 Toa
H;[177](5473) = h (1P)[1%7] 0.7107 02
H,[(1,2,3)%7](4367) — h.(1P)[177] 201413
Bottomonium hybrid decay
H,[177](10786) — T(1S)[177] 931
H,[177](10976) — T(18)[177] 855
H,[177](10976) — Y(25)[177] 03507 707
H[177](11172) - Y(18)[177] 35
H[177](11172) = Y (28)[177] 0.3501 0
Hy[177](11172) = T(3S)[177] 04787 782
H,[171](10846) — y,(1P)[(0,1,2)*] 655
H,[17%](11060) = x,,(1P)[(0, 1,2)*] 3+2 H
H,[177](11060) = y,(2P)[(0,1,2)*%] 235 o

(Table continued)

TABLE VII. (Continued)

H,,[J7€](Mass) — Q,[J"] ' (MeV)
H,[17F](11270) — ,(1P)[(0,1,2)++] PARP
H,[1+4](11270) = y,(2P)[(0.1,2)*] 2t
H3[077](11065) = y,,(1P)[(0,1,2)"] 131919
H3[07%](11352) - y,,(1P)[(0,1,2)*] 2H H
H3[077](11352) = x,(2P)[(0, 1,2)"7] 97313

3[0++](11616) - xp(1P)[(0,1,2)"7] 1185 103

H;[0t4](11616) = y,(2P)[(0.1,2)*] 27,4

H3[07*](11616) — x,(3P)[(0,1,2)"] 93+

H,[(0,1,2)7%](10786) — 1,(1S)[0~"] 34

H,[(0,1,2)7%](10976) — 1, (1S)[0"] 3

H,[(0,1,2)77](10976) — 1,,(25)[(0~] 013002 2004

H,[(0,1,2)7*](11172) — 5, (15)[0+] 1505 103

H,[(0,1,2)"t](11172) = 1,(28)[07 ] 0.15003 To08

H,[(0,1,2)7](11172) — 1,(35)[0~] 0.1250; 1956

H,[(0,1,2)77](10846) — h;,(1P)[1+] 2551

H,[(0,1,2)77](11060) — hy,(1P)[1+7] 150,502

H,[(0,1,2)77](11060) — hy,(2P)[117] 0.5103 104

H,[(0,1,2)*7](11270) — hy(1P)[177] 1297 203

H,[(0,1,2)*7](11270) — hy(2P)[177] 1295 503

H[117](11065) = h,(1P)[1%7] 4212

H3[177](11352) — hy(1P)[177] 1505 103

H5[177](11352) — hy,(2P)[117] 312+

H3[177](11616) — hy, (1P)[177] 03501 01

H3[177](11616) — hy(2P)[177] 1507 03

H5[177](11616) — h,(3P)[117] 32+

In Figs. 4 and 5 we compare the measured total decay
widths of the neutral exotic charmonium states from
Table IV with the hybrid-to-quarkonium transition widths
computed in this work and listed in the Tables V and VII,
according to the assignments made in Figs. 2 and 3. The
total decay width is the sum of all exclusive decay widths;
therefore, the hybrid-to-quarkonium transition widths
computed in this work can only provide a lower bound
for the hybrid total decay width. Moreover, for the
charmonium hybrid states H;(4155), H,(4507),
H,(4812), H,(4286), H5(4590), H4(4367) and the bot-
tomonium hybrid state H;(10786) we cannot reliably
estimate the spin-conserving transition widths due to
violation of the condition (3.3). Hence, for these states
we show in Figs. 4 and 5 only the sum of the spin-flipping
transition widths listed in Table VII. For the charmonium
hybrid H,(4667) and the bottomonium hybrid
H,(10976), both the spin-conserving and spin-flipping
transition widths could be computed (see Tables V and
VII) and their sum is shown in Figs. 4 and 5. Based on

054034-14



HEAVY HYBRID DECAYS TO QUARKONIA

PHYS. REV. D 107, 054034 (2023)

20r B H3(4590)

B H,(4367)

O PDG

W H;(4155)
W H(4286) M Hy(4667)
W Hy(4507) W H(4812)

280

160 -

I (MeV)

120 -

80 -

40+

or L L L L L L

[ I

1 1 1 1 1 1 1

P(4230)  X(4160)  x1(4140) xo;(4274) $(4360) P(4390) ¥(4500) 1(4660)
1] | [1+] 1] 1] [177]

"] 1

X(4630) Xc0(4500) xco(4700)  X(4350)  yx.,(4685)

¥(4710)
[171] (- [0 [0+ [(0/2)**] 1" 1]

FIG. 4. Comparison of the total decay widths of the neutral exotic charmonium states from Table IV with the hybrid-to-quarkonium
transition widths computed in this work according to the assignments in Fig. 2. For H,(4667) (represented by triangles), the transition
width is the sum of the spin-conserving transition width in Table V and the spin-flipping transition width in Table VII. For all other
hybrid states (represented by squares), the transition widths are just given by the spin-flipping transition widths in Table VII as the spin-

conserving transitions violate the condition (3.3).

Figs. 4 and 5, we can make the following observations for
each state.’

(i) w(4230) [also known as Y(4260)]: The mass and
quantum numbers of this state are compatible with
the hybrid state H,[177|(4155) within uncertainties.
The experimental determination of the inclusive
decay width of y(4230) is 50 £9 MeV [4]. Our
estimate for the lower bound on the total decay
width of H,[177](4155) is 1047]¢ MeV, which is
almost twice the experimental value. This disfavors
the interpretation of y(4230) as a pure hybrid state.
It should be mentioned, however, that our estimate
could be consistent within errors with the recent
measure of 73 + 32 MeV for the inclusive decay
width of y(4230) by the BESIII experiment [43].
w(4360): The mass and quantum numbers of this
state are compatible with the hybrid state
H/[177](4507) within uncertainties. The experimen-
tal determination of the inclusive decay width of
w(4360) is 115+ 13 MeV [4]. Our estimate for
the lower bound on the total decay width of
H,[177](4507) is 7573 MeV, which is lower,
although overlapping within errors, with the exper-
imental determination. Within present uncertainties,

(i)

"We have computed masses and transition widths assuming
that the states are either pure quarkonium or pure hybrid states.
We are aware, however, that mixing between quarkonium and
hybrid states may influence the phenomenology of the physical
states [9], eventually affecting some of their interpretations.

the state could therefore have a H,[177](4507)
hybrid component.

(iii) w(4390): The mass and quantum numbers of
this state are compatible with the hybrid state
H,[177](4507) within uncertainties. The experimen-
tal determination of the inclusive decay width of

50+

i

30-

O PDG
W H(10786)
A Hy(10976)

T (MeV)

20+

or L L L

Y(10753) Y(10860) Y(11020)
1] [177] 1]

FIG. 5. Comparison of the total decay widths of the neutral
exotic bottomonium states from Table IV with the hybrid-to-
quarkonium transition widths computed in this work according to
the assignments in Fig. 3. For H,(10976) (represented by
triangles), the transition width is the sum of the spin-conserving
transition width in Table V and the spin-flipping transition widths
in Table VII. For all other hybrid states (represented by squares),
the transition widths are just given by the spin-flipping transition
widths in Table VII as the spin-conserving transitions violate the
condition (3.3).
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(iv)

)

(vi)

(vii)

w(4390) is 139718 MeV [4]. Our estimate for the
lower bound on the total decay width of
H,[177](4507) is 7575 MeV, which is below the
experimental determination. If the state is experi-
mentally confirmed, it could have a significant
H{[177](4507) hybrid component.

Y(4500): The mass and quantum numbers of this
state recently seen by the BESIII experiment [43] in
a resonance structure in the ete™ —» KTK~J/y
cross section are compatible with the hybrid state
H,[177](4507) within uncertainties. The experimen-
tal determination of the inclusive decay width of
Y(4500)is 111 £ 34 MeV [43]. Our estimate for the
lower bound on the total decay width of
H,[177](4507) is 75731 MeV, which is consistent
within errors with the experimental determination.
Within present uncertainties, the state could have a
H,[177](4507) hybrid component.

w(4660): The mass and quantum numbers of this
state are compatible with the hybrid state
H/[177](4507) within uncertainties. The experimen-
tal determination of the inclusive decay width of
w(4660) is 72713 MeV [4]. Our estimate for the
lower bound on the total decay width of
H,[177](4507) is 7573 MeV, which overlaps
within errors with the experimental determination.
Decays of y(4660) through open-flavor channels
have been detected and may eventually contribute to
a large portion of the decay width.

Y(4710): The mass and quantum numbers of this
state recently seen by the BESIII experiment [45] in
aresonance structure in the e e~ — K3K%J /y cross
section are compatible with the hybrid state
H/[177](4812) within uncertainties. The experimen-
tal determination of the inclusive decay width of
Y(4710) is 183 + 146 MeV [45]. Our estimate for
the lower bound on the total decay width of
H,[177](4812) is 21f913 MeV, which is much lower
than the central value of the experimental determi-
nation; the experimental uncertainty is however
large. This suggests that Y(4710) could have a
significant H,[177|(4812) hybrid state component.
X(4160): The mass and a likely positive charge
conjugation (the assignment JP¢ =2"" is cur-
rently favored) of this state could make it compatible
with the hybrid states H,[(0,1,2)""](4155) or
H,[177](4286) within uncertainties. The experi-
mental determination of the inclusive decay width
of X(4160) is 13672 MeV [4]. Our estimate
for the lower bound on the total decay width
of H,[(0,1,2)"*](4155) is 3577 MeV and of
H,[177](4286) is 5573 MeV. The central values
of both estimates are much lower than the exper-
imental determination, which may indicate that

(viii)

(ix)

)

(xi)

(xii)
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X(4160) has a large hybrid state component, in
particular if it is the H,[(0, 1,2)""](4155).
¥c1(4140): The mass and quantum numbers of this
state are compatible with the hybrid state
H,[177](4286) within uncertainties. The experimen-
tal determination of the inclusive decay width of
2c1(4140) is 1977 MeV [4]. Our estimate for the
lower bound on the total decay width of
H,[177](4286) is 5513 MeV. The central value is
around three times the experimental value of the total
width, and only marginally compatible within errors;
this disfavors a large hybrid component for the state.
Xc1(4274): The mass and quantum numbers of
this state are compatible with the hybrid state
H,[171](4286) within uncertainties. The experi-
mental determination of the inclusive decay width
of y.1(4274) is 51 +£7 MeV [4]. Our estimate for
the lower bound on the total decay width of
H,[177](4286) is 5573} MeV, which overlaps
within errors with the experimental value.
X0(4500): The mass and quantum numbers of this
state are compatible with the hybrid state
H;[07"](4590) within uncertainties. The experi-
mental determination of the inclusive decay width
of 1.0(4500) is 77112 MeV [4]. Our estimate for the
lower bound on the total decay width of
H3[07%](4590) is 137198 MeV. The central value
is roughly twice the experimental value of the total
width, moreover it comes from the spin-flipping
decay to y.(1P) that has not been observed; this
disfavors a large hybrid component for the state.
Xc0(4700): The mass and quantum numbers of this
state are compatible with the hybrid state
H;3[071](4590) within uncertainties. The experi-
mental determination of the inclusive decay width
of y.(4700) is 87J_r1'§ MeV [4]. Our estimate for the
lower bound on the total decay width of
H3[07%](4590) is 13775 MeV. For this state, it
holds what we have written for the y.1(4500) state:
our lower bound has a central value that is larger
than the central value of the measured width, more-
over it comes from the spin-flipping decay to y.(1P)
that has not been observed. A large hybrid compo-
nent for the state appears therefore disfavored.

X (4350): The mass and assuming quantum numbers
27 for this state (also 0T is possible, see Ref. [52])
are compatible with the hybrid state H,4[277](4367)
within uncertainties. The experimental determina-
tion of the inclusive decay width of X(4350) is
13718 MeV [4]. Our estimate for the lower bound
on the total decay width of H,[271](4367) is
6537 MeV, which is almost 4 times the experimen-
tal value of the total width. This disfavors the
interpretation of the X(4350) as a pure hybrid state.
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(xiii) y.;(4685): The mass and quantum numbers of
this state are compatible with the hybrid state
H,[177](4667) within uncertainties. The experi-
mental determination of the inclusive decay width
of y.1(4685) is 1267} MeV [4]. Our estimate
for the hybrid-to-quarkonium decay width of
H,[177](4667) is 80733 MeV, which is compatible
with the experimental value of the total width.
This suggests that . (4685) could have a
H,[171](4667) hybrid state component, although
only decays to ¢J/y have been seen.

(xiv) X(4630): The mass and the quantum numbers
JPC = (lor2)~* of this state are compatible with
the hybrid states H,[(0,1,2)""](4507) or
Hs[(1,2,3)77](4476) within uncertainties. The ex-
perimental determination of the inclusive decay
width of X(4630) is 1741137 MeV [4]. Our estimate
for the lower bound on the total decay width of
H,[(0, 1,2)7*](4507) is 2577% MeV which is much
lower than the experimental determination. This
may indicate that the X(4630) state has a large
hybrid state component, in particular, if it is
the H,[(0,1,2)~*](4507).}

(xv) Y(10753): The mass and quantum numbers of
this state are compatible with the hybrid state
H{[177](10786) within uncertainties. The experi-
mental determination of the inclusive decay width
of T(10753) is 3613 MeV [4]. Our estimate for the
width of H,[177](10786) to Y(1S) is 91 MeV,
which is well in agreement with the determination
9.7 4+ 3.8 MeV in Ref. [21]. The fact that the com-
puted width to Y(1S) is much smaller than the
experimental value of the total width is consistent
with T (10753) having a large H[177](10786) hy-
brid state component.

(xvi) Y(10860): The mass and quantum numbers of
this state are compatible with the hybrid states
H[177](10786) or H,[17~](10976) within uncer-
tainties. The experimental determination of the in-
clusive decay width of Y'(10860) is 37 + 4 MeV [4].
If we subtract from it the fraction, 76.6%, of decays
into open bottom mesons, we obtain 8.87>% MeV.
Our estimate for the lower bound on the total decay
width of H,[177](10786) is 973 MeV, which is in
good agreement with this latter value, whereas our
estimate for the hybrid-to-quarkonium decay width
of H,[177](10976) is 23%;' MeV, which is larger
than 8.8J_r12"g MeV. This leaves open the possibility

$For Hs|[(1,2.3)""](4476), we cannot estimate the hybrid-to-
quarkonium decay width because the spin-conserving transition
widths violate the condition (3.3) and the spin-flipping transitions
are to D-wave charmonium states, which are either above the
lowest DD threshold or have not been experimentally observed.

that Y(10860) is made of a conventional Y(5S)
quarkonium state mixed with a significant
H{[177](10786) hybrid state component.

(xvii) T(11020): The mass and quantum numbers of
this state are compatible with the hybrid state
H,[177](10976) within uncertainties. The experi-
mental determination of the inclusive decay width of
Y(11020) is 242 MeV [4]. For the H,[177](10976)
state, we could compute the spin-conserving tran-
sition width to /,(1P), 15%¢! MeV, and the spin-
flipping transition widths to T(1S), 8" MeV, and
1(29), 0.3f8.'13 MeV. Our results compare well with
the spin-conserving and spin-flipping transitions
computed in Ref. [21], where the authors get 20 +
9 MeV for the transition to A;,(1P), 7.3 £2.5 MeV
for the transition to Y(1S) and 1.1 £ 0.5 MeV for
the transition to Y(2S). Summing up all the three
contributions, our estimate for the hybrid-to-
quarkonium decay width of H[177](10976) is
23f71l MeV, which is of the same size as the
experimental value of the total width. The latter,
however, includes also decays to open bottom
hadrons.

V. CONCLUSIONS

In this work, we have computed semi-inclusive
decay rates of low-lying quarkonium hybrids, H,,, into
conventional quarkonia below threshold, Q,, using the
Born-Oppenheimer EFT framework [8-11]. We require
the decay channels to satisfy the hierarchy of scales
1/(Qulr|H )| > AE > Agcp > mov?, where AE s
the mass difference between the decaying hybrid and the
final-state quarkonium. The first inequality allows multi-
pole expanding the gluon emitted in the transition: we work
at NLO in the multipole expansion. The second inequality
allows us to treat the emitted gluon in weakly coupled
perturbation theory. The last inequality permits us to
neglect quarkonium hybrids of higher-lying gluonic exci-
tations, where mgv* are the typical energy splittings for a
nonrelativistic bound state in a given potential. At NLO in
the multipole expansion and at order 1/m in the non-
relativistic expansion, two hybrid-to-quarkonium decay
channels are possible: a spin-conserving one induced by
the chromoelectric-dipole interaction (3.12), whose width
is given by Egs. (3.26) and (3.27), and a spin-flipping one
induced by the chromomagnetic-dipole interaction (3.13),
whose width is given by Eqs. (3.26) and (3.31). The relative
size of the corresponding two decay widths is dictated
by the energy difference between the hybrid and
quarkonium state, and by the dimensionless quantity
myl(Q,|r|H,,)|/|{Q,|H,,)|, Which is not necessarily large,
in particular, in the charmonium hybrid sector. Spin-
flipping transitions may, therefore, compete under some
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circumstances with spin-conserving ones. The situation is
somewhat different from what happens in common quar-
konium-to-quarkonium transitions, where spin-conserving
transitions are enhanced with respect to spin-flipping
nonhindered (chromo)magnetic transitions by the matrix
element, (my|(Q,|r|Q,,)|)* ~1/v* > 1, and by the large
energy gap between the initial and final state quarkonium.

The results for the hybrid-to-quarkonium decay widths
are listed in Tables V and VII. They supersede, confirm, or
add to previously obtained results in a similar framework
[9,21]. We may relate hybrid states with some of the XYZ
states discovered in the last decades in the charmonium and
bottomonium sector by comparing masses and quantum
numbers. This is done in Figs. 2 and 3, which update
similar figures in Refs. [3,8]. After assigning a hybrid to the
physical states, the hybrid-to-quarkonium widths in the
Tables V and VII provide lower bounds on the widths of the
physical states, if interpreted as pure hybrid states. The
comparison of these lower bounds with the measured
widths of the XYZ states is made in Figs. 4 and 5.

Figures 4 and 5 show that hybrid-to-quarkonium widths
constrain the hybrid interpretation of the XYZ states much
more strongly than just quantum numbers and masses. In
particular our calculations disfavor the interpretation of
w(4230), y.1(4140), x.0(4500), x.0(4700), and X(4350)
as pure hybrid states, while they favor a significant hybrid
component H[27 "] in X(4160), H[177] in w(4390), if the
state is experimentally confirmed, H[(1,2)"*] or
Hs[(1,2)""] in X(4630), H,[177] in Y(4710), and, in
the bottomonium sector, a large hybrid component H; [177]
in T(10753) and in Y(10860). For the other states no
definite conclusions can be drawn. A more detailed dis-
cussion can be found at the end of Sec. IV B.

The study presented in this work can be improved both
theoretically and phenomenologically in several ways. On
the theoretical side, the framework may require a more
systematic implementation of nonperturbative effects,
responsible for the binding, and weakly coupled effects
responsible for the decays to quarkonia, for instance, to

S-wave charmonium radial wf: R(r) / r
T T T

— 1S, mass: 3.068 GeV
0.5f 28, mass: 3.678 GeV

0.0

R(r)/r

—05}

r [GeV"]

better justify promoting color-octet and color-singlet
weakly coupled Hamiltonians to hybrid and quarkonium
Hamiltonians, or using the spectator gluon approximation
to evaluate four-field correlators. Also desirable is the
enlargement of the EFT degrees of freedom to encompass
open heavy-flavor states, which may have a large impact on
the physics of states above the open-flavor threshold [61].
On the phenomenological side, accounting for the mixing
of hybrid and quarkonium pure states may have an
important effect on some states, and eventually alter the
interpretation of some of the XYZ exotics. The mixing
potential between hybrid and quarkonium has been con-
strained in the long and short ranges in Ref. [9]. Ideally it
should be determined in lattice QCD, but such a compu-
tation is not available yet.
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APPENDIX A: QUARKONIUM
WAVE FUNCTIONS

We show in Figs. 6 and 7 charmonium and bottomonium
S- and P-wave radial wave functions, obtained from the
Schrodinger equation discussed in Sec. IT A.

P-wave charmonium radial wf: R(r) / r
0.3 T T T

02p — 1P, mass: 3.494 GeV

01

0.0

R(r)/r

r [GeV"]

FIG. 6. S-wave and P-wave charmonium radial wave functions obtained according to Sec. IL A.
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R /r
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FIG. 7. S-wave and P-wave bottomonium radial wave functions obtained according to Sec. IL A.

APPENDIX B: HYBRID WAVE FUNCTIONS the right-hand side picture shows bottomonium hybrid

We show in Figs. 8 and 9 the H; multiplet radial
wave functions of charmonium and bottomonium hybrids,
respectively. Similarly, in Fig. 10 for the H, multiplet and
in Fig. 11 for the H; multiplet; in both figures, the left-hand

wave functions. Finally, in Fig. 12 we show the H,
multiplet radial wave functions of charmonium hybrids.
The wave functions have been obtained according
to the coupled Schrodinger equations discussed in

side picture shows charmonium hybrid wave functions and Sec
H, charmonium hybrid radial wave function ws(r) Hq charmonium hybrid radial wave function y_n(r)
0.05 T T T T T 0.4 T T T T T
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I
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€ onof ] E‘
3 / s o01f B
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FIG. 8. H; charmonium hybrid radial wave functions for Wy and W_p. For details see Sec. II B.

H, bottomonium hybrid radial wave function ys(r) H, bottomonium hybrid radial wave function _n(r)
0.05 T T T T T 0.5 T T T T T
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FIG. 9. H, bottomonium hybrid radial wave functions for Wy and W_p;. For details see Sec. II B.
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H, charmonium hybrid radial wave function w,n(r) H, bottomonium hybrid radial wave function g,n(r)
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FIG. 10. H, charmonium and bottomonium hybrid radial wave functions. For details see Sec. II B.

Hj; charmonium hybrid radial wave function ws(r) Hs bottomonium hybrid radial wave function ws(r)
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FIG. 11. H; charmonium and bottomonium hybrid radial wave functions. For details see Sec. II B.

Hy charmonium hybrid radial wave function ys(r) H, charmonium hybrid radial wave function y_n(r)
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FIG. 12. H, charmonium hybrid radial wave functions for Wy and W_p. For details see Sec. II B.

energy gluon fields G that constitute the hybrid and the

APPENDIX C: GLUONIC CORRELATOR high energy gluon fields E* that carry energy AE > Aqcp-

We approximate the correlator (0|G“(T/2)¢*(T/  This leads to factorization of the correlator into a low

2, )EF (1) El () (¢, —T/2)G/4(=T/2)|0), appearing  energy two field correlator and a high energy two field

in Sec. IIIB 1, with the spectator gluon approximation  correlator computed in perturbation theory. At leading
that consists in neglecting the interaction between the low  order and in the large time 7' limit, we get
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(01G™(T/2)¢p** (T /2. E** (1) E* (¢ )gp(¢',

~ (01G*(T/2)¢*(T/2,~T/2)G" (-

5kl

~ i —iAT/ K| e—ilkl(—)
3¢ (2n )3| le

~T/2)G"(-T/2)|0)

kl
0% [

k| ekl

APPENDIX D: SPIN-MATRIX ELEMENTS

The spin part of the wave function is y** = £%”, where the two-component spinors & and # transform as & — UE,
n — U*n under SO(3), and y transforms as UyU'. The spin operators for & and 7 are S} =o' /2 and S) = —6' /2,

respectively. For example, the expectation value of SiS? is

£18i g Sin = __g*a( i Yab gy (1T Yedyd — g*a( b gbyd (e e = —%TTD(TG’JO‘Q- (DI1)

We can calculate the spin part of (Q,[(S} — S5)|H,,) as
R A R e P e 02)

Therefore, we have

(Sg, = 0[(S] = 85)ISk, = 0) =0, (D3)
(So, = 01(S} ~ $5)IS, = 1) = €y (D4)
(S, = 1[(S} = $3)ISy, = 0) = €. (Ds)
(Sg, = 1I(S} = $5)ISy, = 1) =0, (D6)

where €5 and €, are the polarization vectors for the spin-1 hybrid and quarkonium states respectively. The nonzero

averaged squared spin matrix elements are

1

211 Z<5Qn = 0[(S} = 85)ISu, = 1,mg, }(Su, = 1.ms, |(S]—55)|Sp, =0) =1, (D7)
St
1 i i i i
2041 > (Sg, = 1.ms, (S} = $5)|S, = 0)(S, = O0|(S} - 85)[Sg, = 1.ms, ) =3. (D8)

S0n

[1] M. Gell-Mann, A schematic model of baryons and mesons,
Phys. Lett. 8, 214 (1964).

[2] G. Zweig, Developments in the quark theory of hadrons,
CERN Report No. 8182/TH.401 and CERN Report
No. 8419/TH.412, 1964.

[3] N. Brambilla, S. Eidelman, C. Hanhart, A. Nefediev, C.-P.
Shen, C. E. Thomas, A. Vairo, and C.-Z. Yuan, The XYZ

states: Experimental and theoretical status and perspectives,
Phys. Rep. 873, 1 (2020).

[4] R.L. Workman et al. (Particle Data Group), Review of
particle physics, Prog. Theor. Exp. Phys. 2022, 083CO01
(2022).

[5] S.K. Choi er al. (Belle Collaboration), Observation
of a Narrow Charmonium-Like State in Exclusive

054034-21


https://doi.org/10.1016/S0031-9163(64)92001-3
https://doi.org/10.1016/j.physrep.2020.05.001
https://doi.org/10.1093/ptep/ptac097
https://doi.org/10.1093/ptep/ptac097

BRAMBILLA, LAI, MOHAPATRA, and VAIRO

PHYS. REV. D 107, 054034 (2023)

B* — K*#xt7~J/y Decays, Phys. Rev. Lett. 91, 262001
(2003).

[6] S.L. Olsen, A new hadron spectroscopy, Front. Phys.
(Beijing) 10, 121 (2015).

[7] A. Ali, L. Maiani, and A.D. Polosa, Multiquark Hadrons
(Cambridge University Press, Cambridge, England, 2019).

[8] M. Berwein, N. Brambilla, J. Tarris Castella, and A. Vairo,
Quarkonium hybrids with nonrelativistic effective field
theories, Phys. Rev. D 92, 114019 (2015).

[9] R. Oncala and J. Soto, Heavy quarkonium hybrids: Spec-
trum, decay and mixing, Phys. Rev. D 96, 014004 (2017).

[10] N. Brambilla, G. a. Krein, J. Tarris Castella, and A. Vairo,
Born-Oppenheimer approximation in an effective field
theory language, Phys. Rev. D 97, 016016 (2018).

[11] J. Soto and J. Tarrds Castella, Nonrelativistic effective field
theory for heavy exotic hadrons, Phys. Rev. D 102, 014012
(2020).

[12] L. A. Griffiths, C. Michael, and P. E.L. Rakow, Mesons
with excited glue, Phys. Lett. 129B, 351 (1983).

[13] K.J. Juge, J. Kuti, and C. J. Morningstar, Gluon excitations
of the static quark potential and the hybrid quarkonium
spectrum, Nucl. Phys. B, Proc. Suppl. 63, 326 (1998).

[14] E. Braaten, How the Z.(3900) Reveals the Spectra of
Quarkonium Hybrid and Tetraquark Mesons, Phys. Rev.
Lett. 111, 162003 (2013).

[15] E. Braaten, C. Langmack, and D. H. Smith, Selection Rules
for Hadronic Transitions of XYZ Mesons, Phys. Rev. Lett.
112, 222001 (2014).

[16] E. Braaten, C. Langmack, and D.H. Smith, Born-
Oppenheimer approximation for the XYZ mesons, Phys.
Rev. D 90, 014044 (2014).

[17] C. A. Meyer and E. S. Swanson, Hybrid mesons, Prog. Part.
Nucl. Phys. 82, 21 (2015).

[18] J. Soto, Heavy quarkonium hybrids, Nucl. Part. Phys. Proc.
294-296, 87 (2018).

[19] N. Brambilla, W. K. Lai, J. Segovia, J. Tarrds Castella, and
A. Vairo, Spin structure of heavy-quark hybrids, Phys.
Rev. D 99, 014017 (2019); 101, 099902(E) (2020).

[20] N. Brambilla, W. K. Lai, J. Segovia, and J. Tarrds Castella,
QCD spin effects in the heavy hybrid potentials and spectra,
Phys. Rev. D 101, 054040 (2020).

[21] J. Tarris Castella and E. Passemar, Exotic to standard
bottomonium transitions, Phys. Rev. D 104, 034019 (2021).

[22] M. Foster and C. Michael (UKQCD Collaboration),
Hadrons with a heavy color adjoint particle, Phys. Rev. D
59, 094509 (1999).

[23] N. Brambilla, A. Pineda, J. Soto, and A. Vairo, Potential
NRQCD: An effective theory for heavy quarkonium, Nucl.
Phys. B566, 275 (2000).

[24] G.S. Bali and A. Pineda, QCD phenomenology of static
sources and gluonic excitations at short distances, Phys.
Rev. D 69, 094001 (2004).

[25] K.J. Juge, J. Kuti, and C. Morningstar, Fine Structure of the
QCD String Spectrum, Phys. Rev. Lett. 90, 161601 (2003).

[26] C. Schlosser and M. Wagner, Hybrid static potentials in
SU(3) lattice gauge theory at small quark-antiquark sepa-
rations, Phys. Rev. D 105, 054503 (2022).

[27] S. Capitani, O. Philipsen, C. Reisinger, C. Riehl, and M.
Wagner, Precision computation of hybrid static potentials

in SU(3) lattice gauge theory, Phys. Rev. D 99, 034502
(2019).

[28] N. Brambilla, A. Pineda, J. Soto, and A. Vairo, Effective
field theories for heavy quarkonium, Rev. Mod. Phys. 77,
1423 (2005).

[29] W.E. Caswell and G. P. Lepage, Effective Lagrangians for
bound state problems in QED, QCD, and other field
theories, Phys. Lett. 167B, 437 (1986).

[30] G.T. Bodwin, E. Braaten, and G. P. Lepage, Rigorous QCD
analysis of inclusive annihilation and production of heavy
quarkonium, Phys. Rev. D 51, 1125 (1995); 55, 5853(E)
(1997).

[31] A. V. Manohar, Heavy quark effective theory and non-
relativistic QCD Lagrangian to order a/m?, Phys. Rev. D
56, 230 (1997).

[32] A. Pineda and J. Soto, Effective field theory for ultrasoft
momenta in NRQCD and NRQED, Nucl. Phys. B, Proc.
Suppl. 64, 428 (1998).

[33] N. Brambilla, A. Pineda, J. Soto, and A. Vairo, The QCD
potential at O(1/m), Phys. Rev. D 63, 014023 (2001).

[34] A. Pineda and A. Vairo, The QCD potential at O(1/m?):
Complete spin dependent and spin independent result, Phys.
Rev. D 63, 054007 (2001); 64, 039902(E) (2001).

[35] A.Pineda, Determination of the bottom quark mass from the
T(1S) system, J. High Energy Phys. 06 (2001) 022.

[36] L. D. Landau and E. M. Lifshits, Quantum Mechanics: Non-
Relativistic Theory, Course of Theoretical Physics Vol. 3
(Butterworth-Heinemann, Oxford, 1991).

[37] A. Pineda, The static potential: Lattice versus perturbation
theory in a renormalon based approach, J. Phys. G 29, 371
(2003).

[38] A. Pineda, Review of heavy quarkonium at weak coupling,
Prog. Part. Nucl. Phys. 67, 735 (2012).

[39] J. T. Castella and E. Passemar, Exotic to standard bottomo-
nium transitions, Phys. Rev. D 104, 034019 (2021).

[40] S.L. Olsen, T. Skwarnicki, and D. Zieminska, Nonstandard
heavy mesons and baryons: Experimental evidence, Rev.
Mod. Phys. 90, 015003 (2018).

[41] C.-Z. Yuan, Charmonium and charmoniumlike states at the
BESIII experiment, Natl. Sci. Rev. 8, nwab182 (2021).

[42] M. Ablikim et al. (BESIII Collaboration), Evidence of Two
Resonant Structures in ete™ — n7 7~ h,, Phys. Rev. Lett.
118, 092002 (2017).

[43] M. Ablikim et al. (BESIII Collaboration), Observation of
the Y(4230) and a new structure in ete™ - KTK~J/y,
Chin. Phys. C 46, 111002 (2022).

[44] R. Aaij et al. (LHCb Collaboration), Observation of New
Resonances Decaying to J/wK™ and J/y¢, Phys. Rev.
Lett. 127, 082001 (2021).

[45] M. Ablikim et al. (BESIII Collaboration), Observation of
the ¥(4230) and evidence for a new vector charmonium-like
state ¥(4710) in e"e” — KOK9J /y, arXiv:2211.08561.

[46] B. Aubert et al. (BABAR Collaboration), Observation of a
Broad Structure in the z*z~J/y Mass Spectrum Around
4.26-GeV/c?, Phys. Rev. Lett. 95, 142001 (2005).

[47] M. Ablikim et al. (BESIII Collaboration), Precise Meas-
urement of the e*e™ — n" 7z~ J/y Cross Section at Center-
of-Mass Energies from 3.77 to 4.60 GeV, Phys. Rev. Lett.
118, 092001 (2017).

054034-22


https://doi.org/10.1103/PhysRevLett.91.262001
https://doi.org/10.1103/PhysRevLett.91.262001
https://doi.org/10.1007/s11467-014-0449-6
https://doi.org/10.1007/s11467-014-0449-6
https://doi.org/10.1103/PhysRevD.92.114019
https://doi.org/10.1103/PhysRevD.96.014004
https://doi.org/10.1103/PhysRevD.97.016016
https://doi.org/10.1103/PhysRevD.102.014012
https://doi.org/10.1103/PhysRevD.102.014012
https://doi.org/10.1016/0370-2693(83)90680-9
https://doi.org/10.1016/S0920-5632(97)00759-7
https://doi.org/10.1103/PhysRevLett.111.162003
https://doi.org/10.1103/PhysRevLett.111.162003
https://doi.org/10.1103/PhysRevLett.112.222001
https://doi.org/10.1103/PhysRevLett.112.222001
https://doi.org/10.1103/PhysRevD.90.014044
https://doi.org/10.1103/PhysRevD.90.014044
https://doi.org/10.1016/j.ppnp.2015.03.001
https://doi.org/10.1016/j.ppnp.2015.03.001
https://doi.org/10.1103/PhysRevD.99.014017
https://doi.org/10.1103/PhysRevD.99.014017
https://doi.org/10.1103/PhysRevD.101.099902
https://doi.org/10.1103/PhysRevD.101.054040
https://doi.org/10.1103/PhysRevD.104.034019
https://doi.org/10.1103/PhysRevD.59.094509
https://doi.org/10.1103/PhysRevD.59.094509
https://doi.org/10.1016/S0550-3213(99)00693-8
https://doi.org/10.1016/S0550-3213(99)00693-8
https://doi.org/10.1103/PhysRevD.69.094001
https://doi.org/10.1103/PhysRevD.69.094001
https://doi.org/10.1103/PhysRevLett.90.161601
https://doi.org/10.1103/PhysRevD.105.054503
https://doi.org/10.1103/PhysRevD.99.034502
https://doi.org/10.1103/PhysRevD.99.034502
https://doi.org/10.1103/RevModPhys.77.1423
https://doi.org/10.1103/RevModPhys.77.1423
https://doi.org/10.1016/0370-2693(86)91297-9
https://doi.org/10.1103/PhysRevD.51.1125
https://doi.org/10.1103/PhysRevD.55.5853
https://doi.org/10.1103/PhysRevD.55.5853
https://doi.org/10.1103/PhysRevD.56.230
https://doi.org/10.1103/PhysRevD.56.230
https://doi.org/10.1016/S0920-5632(97)01102-X
https://doi.org/10.1016/S0920-5632(97)01102-X
https://doi.org/10.1103/PhysRevD.63.014023
https://doi.org/10.1103/PhysRevD.63.054007
https://doi.org/10.1103/PhysRevD.63.054007
https://doi.org/10.1103/PhysRevD.64.039902
https://doi.org/10.1088/1126-6708/2001/06/022
https://doi.org/10.1088/0954-3899/29/2/313
https://doi.org/10.1088/0954-3899/29/2/313
https://doi.org/10.1016/j.ppnp.2012.01.038
https://doi.org/10.1103/PhysRevD.104.034019
https://doi.org/10.1103/RevModPhys.90.015003
https://doi.org/10.1103/RevModPhys.90.015003
https://doi.org/10.1093/nsr/nwab182
https://doi.org/10.1103/PhysRevLett.118.092002
https://doi.org/10.1103/PhysRevLett.118.092002
https://doi.org/10.1088/1674-1137/ac945c
https://doi.org/10.1103/PhysRevLett.127.082001
https://doi.org/10.1103/PhysRevLett.127.082001
https://arXiv.org/abs/2211.08561
https://doi.org/10.1103/PhysRevLett.95.142001
https://doi.org/10.1103/PhysRevLett.118.092001
https://doi.org/10.1103/PhysRevLett.118.092001

HEAVY HYBRID DECAYS TO QUARKONIA

PHYS. REV. D 107, 054034 (2023)

[48] J.P. Lees et al. (BABAR Collaboration), Study of the
reaction ete” — w(2S8)z~x~ via initial-state radiation at
BABAR, Phys. Rev. D 89, 111103 (2014).

[49] X.L. Wang et al. (Belle Collaboration), Measurement of
ete” - nx w(2S) via initial state radiation at Belle,
Phys. Rev. D 91, 112007 (2015).

[50] J.P. Lees et al. (BABAR Collaboration), Study of the
reaction eTe” — J/wyxta~ via initial-state radiation at
BABAR, Phys. Rev. D 86, 051102 (2012).

[51] J.F. Giron and R. F. Lebed, Spectrum of the hidden-bottom
and the hidden-charm-strange exotics in the dynamical
diquark model, Phys. Rev. D 102, 014036 (2020).

[52] C.P. Shen et al. (Belle Collaboration), Evidence for a New
Resonance and Search for the ¥(4140) in the yy — ¢J/w
Process, Phys. Rev. Lett. 104, 112004 (2010).

[53] R. Bruschini and P. Gonzélez, A plausible explanation of
T(10860), Phys. Lett. B 791, 409 (2019).

[54] P. Bicudo, N. Cardoso, L. Miiller, and M. Wagner,
Computation of the quarkonium and meson-meson compo-
sition of the Y'(nS) states and of the new Y (10753) Belle
resonance from lattice QCD static potentials, Phys. Rev. D
103, 074507 (2021).

[55] W.-H. Liang, N. Ikeno, and E. Oset, T(nl) decay into
B® B Phys. Lett. B 803, 135340 (2020).

[56] Q. Li, M.-S. Liu, Q.-F. Lii, L.-C. Gui, and X.-H. Zhong,
Canonical interpretation of ¥(10750) and Y (10860) in the
T family, Eur. Phys. J. C 80, 59 (2020).

[57] Z.-G. Wang, Vector hidden-bottom tetraquark candidate:
Y(10750), Chin. Phys. C 43, 123102 (2019).

[58] B. Chen, A. Zhang, and J. He, Bottomonium spectrum in the
relativistic flux tube model, Phys. Rev. D 101, 014020
(2020).

[59] A. Ali, L. Maiani, A.Y. Parkhomenko, and W. Wang,
Interpretation of Y,(10753) as a tetraquark and its
production mechanism, Phys. Lett. B 802, 135217
(2020).

[60] K.G. Chetyrkin, J. H. Kuhn, and M. Steinhauser, RunDec:
A Mathematica package for running and decoupling of
the strong coupling and quark masses, Comput. Phys.
Commun. 133, 43 (2000).

[61] J. Tarrds Castella, Heavy meson thresholds in Born-
Oppenheimer effective field theory, Phys. Rev. D 106,
094020 (2022).

054034-23


https://doi.org/10.1103/PhysRevD.89.111103
https://doi.org/10.1103/PhysRevD.91.112007
https://doi.org/10.1103/PhysRevD.86.051102
https://doi.org/10.1103/PhysRevD.102.014036
https://doi.org/10.1103/PhysRevLett.104.112004
https://doi.org/10.1016/j.physletb.2019.03.017
https://doi.org/10.1103/PhysRevD.103.074507
https://doi.org/10.1103/PhysRevD.103.074507
https://doi.org/10.1016/j.physletb.2020.135340
https://doi.org/10.1140/epjc/s10052-020-7626-2
https://doi.org/10.1088/1674-1137/43/12/123102
https://doi.org/10.1103/PhysRevD.101.014020
https://doi.org/10.1103/PhysRevD.101.014020
https://doi.org/10.1016/j.physletb.2020.135217
https://doi.org/10.1016/j.physletb.2020.135217
https://doi.org/10.1016/S0010-4655(00)00155-7
https://doi.org/10.1016/S0010-4655(00)00155-7
https://doi.org/10.1103/PhysRevD.106.094020
https://doi.org/10.1103/PhysRevD.106.094020

