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Momentum sum rule and factorization of double parton distributions
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We show that the momentum sum rule is a necessary condition for factorization of double parton
distributions into a product of two single parton distributions for small values of the parton momentum

fractions x and large enough values of the evolution scale Q2. This is a somewhat surprising result since the
momentum sum rule involves integration over all values of the momentum fraction. In essence, the
momentum sum rule provides a proper relation between the double and single parton distributions, which is

necessary for the small x factorization at large Q.
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I. INTRODUCTION

Multiparton interactions play an important role in high
energy scattering of hadrons [1-60]. In particular, the
double parton scattering (DPS) in which two pairs of
partons from colliding hadrons take part in a hard scattering
process is of special importance. The DPS processes were
first observed at the Tevatron [61-64] and are presently
studied at the Large Hadron Collider by the ATLAS
[65-70], CMS [71-74], and LHCb [75-78] collaborations.

The computation of DPS cross sections within the
collinear framework makes use of the double parton
distribution functions (DPDFs) which obey QCD evolution
equations [1-3,10-12,14,30], similar to the Dokshitzer-
Gribov-Lipatov-Altarelli-Parisi (DGLAP) evolution equa-
tions for the single parton distribution functions (PDFs);
see also [23] for a pedagogical presentation and [48] for
an overview. The evolution equations for DPDFs conserve
sum rules which relate the double and single parton
distribution functions. It means that once these rules are
imposed on initial conditions for the evolution equations at
an initial scale Q3, they are also obeyed by evolved
distributions at the scale Q* > Q3.

All the attempts to construct conditions which exactly
satisfy the new sum rules were rather unsuccessful
until now; see, e.g., Refs. [11,16,29] with an exception
of the analysis [26] for valence quarks only. Also in a
pure gluonic case, the double gluon distribution D, was
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proposed in Ref. [38] which obeys the momentum sum rule
relating D, and the single gluon distribution D,. This was
achieved due to a particular form of D, used in global fits
to hard scattering data as an initial condition for the
DGLAP evolution equations. The parameters of D, fully
determined the parameters of the initial D, such that the
momentum sum rule is fulfilled.

In most practical applications of DPDFs it is usually
assumed that for small parton momentum fractions, xi,
X, < 1, the DPDFs factorize into a product of single PDFs,
e.g., D, (x1,x, Q%) ~D,(x;,0%)D,(x,, 0*). However,
the example of the initial condition for D, from [38]
shows that the small x factorization can be strongly violated
at the initial scale Q3 =1 GeV? but is restored after the
evolution to a sufficiently large Q7.

Therefore, it is a main goal of this paper to elucidate the
issue of the small x factorization in the framework of the
QCD evolution equations for DPDFs. In particular, we will
show that the momentum sum rule, which in principle
must be imposed on the initial distributions for the QCD
evolution equations, is a necessary condition for the small x
factorization, i.e., without the momentum sum rule the
small x factorization is violated. This result has important
phenomenological consequences for the current prescrip-
tions for the initial conditions for DPDFs which use the
information on the single PDFs. Such parton distributions
usually fulfill the momentum sum rule only approximately
and must be used with some care in precise studies based
on the QCD evolution equations.

It should be mentioned that the issue of the small x
factorization is studied here for the DPDFs with transverse
momentum q = 0, when the momentum sum rule is valid.
However, there are strong indications that for q # O there is
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no factorization at all due to correlations between partons
in the impact parameter space with the variable b being
Fourier conjugate to q [27,42,56]. Nevertheless, our studies
are important since the form of the DPDFs at q = 0 is
essential for the generalization to the q # O case.

The paper is organized as follows. In Sec. II we present
main information about the DPDFs, their QCD evolution
equations, and sum rules. In Sec. III we restrict ourselves to
the pure gluon case with the double gluon distribution D,
for a detailed numerical analysis presented in the next
sections. In Sec. IV, based on a simple ansatz for the single
and double gluon distributions, we present two numerical
examples showing that the small x factorization of D, is
conserved or restored in the QCD evolution. In Sec. V we
illustrate on numerical examples that the momentum sum
rule is a necessary condition for the latter conclusions. In
Sec. VI we provide an analytical insight to these results,
using the Mellin moment representation. Finally, in
Sec. VII we present the current situation concerning the
relation between the double and single parton distributions,
including also quarks into the considerations. In
Appendix A the proof of the momentum sum rule con-
servation by the evolution equations is presented, while in
Appendix B the asymptotic solution to the evolution
equations is discussed in the Mellin moment space.

II. EVOLUTION EQUATIONS AND SUM RULES

The double parton distributions Dy f, (x;,x,,b) have
probabilistic interpretation of the number density of pairs of
partons with longitudinal momentum fractions x; and x,
(for which 0 < x; 4+ x, < 1) at a relative transverse vector
b [15,20]. Parton flavors (including gluon) are denoted by
f1 and f,. In this paper, we are interested in the double
parton distributions integrated over b, which are equal to
the Fourier transform,

Dy, s, (x1. %2.q) —/dzbe"q'bbflfz(xuxbb), (1)

taken at q = 0,

Dflfz(xl,)(fz,q = O) = /dzbl_)flfz(xl,xz,b). (2)

For the physical meaning of the transverse momentum q,
see [20]. The DPDFs (2) obey QCD evolution equations
with respect to two hard scales, Q7 and Q3, which are also
present due to renormalization. We consider the DPDFs
with equal hard scales, 07 = 03 = 02, i.e.,

Dy g, (x1.%, Q%) = Dy g, (x1, 2,4 = 0, 0%, 0%). (3)

Introducing the evolution parameter

_ 2y o a,(1?) d_ﬂ2 _ 6 (QZ/AQCD)
[—t(Q )_L% 2r ”2 _33—2nf H( QCD)’
(4)

where a,(4?) is the running strong coupling constant in the
leading order (LO) approximation, the evolution equations
read as [2,3,10,12,14,17]

0
athlfz (Xl , X2, t)

I-x, du
= Z —Prr foz(” X2, 1)
1-x1 du
+ szf’ =)Dy (31, 11)
X2

X1
Prorp, <x1 e >Df’(x1 + X2, )}- (5)

Here, the functions P on the rhs are the LO Altarelli-Parisi
splitting functions (with virtual corrections included), and
the summation is performed over quark/antiquark flavors
and gluon. The third, splitting term on the rhs corresponds
to the splitting of one parton into two daughter partons,
described by the LO Altarelli-Parisi splitting function for
the real emission, Pf’—>f1 H= ij, X It also contains the

single PDFs; thus Eq. (5) has to be solved together with the
ordinary DGLAP equations:

= lﬂpﬁ<>0f(u 0. (6)

f/ X

+
X+ X

0

To formulate the next-to-leading order (NLO) evolution
equations for the DPDFs, the two-loop splitting functions
Py ¢, were calculated in [54,59]. The NLO formulation,
however, is beyond the scope of this paper.

The DPDFs for ¢ = 0 obey sum rules which can be
derived starting from the definition of DPDFs based on the
light-cone nucleon wave function [79]. What is most
important, these sum rules are consistent with the evolution
equations, which means that once the sum rules are
assumed at the initial scale r =0, they are conserved
during the QCD evolution to any ¢ [12,15,16]. These are
the momentum sum rule,

1—x,
> [ dnnby ) = (1 =)D (). ()
and the valence quark number sum rule,

1-x;
A dx{Dg s, (x1. X5, 1) = Dy 1, (X1, X2, 1) }

= (Nth' _5l],f2 +5l7if2>sz(x2’t>’ (8)
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where ¢; = u, d, s and N, =2, N; =1, N, = 0 are the
corresponding valence quark numbers. Their form can be
readily understood from the probability theory, treating the
ratios of the double to single distributions as conditional
probabilities; see [12] for details. Analogous sum rules also
hold with respect to the second parton momentum x,. To
ensure this property, the parton exchange symmetry must
be imposed on the initial conditions, which is kept by the
evolution to any ¢,

Dflfz(xl,X2,0) :szfl(xz,xl,()). (9)

Relations (7) and (8) should be considered together with the
momentum sum rule for single PDFs,

L dxD () = 1, (10)
3 e

and the valence quark number sum rule,

/01 de{D, (x.1) = Dy (x.0)} =N,.  (11)

which are also conserved by the DGLAP evolution equa-
tions. In Appendix A we present the proof of the con-
servation of the momentum sum rule (7) by the evolution
equations (5) and (6), in which the presence of the splitting
term in Eq. (5) plays the crucial role.

III. PURE GLUONIC CASE

In the following, we shall consider only the gluonic case
for the purposes of simplicity of the presentation. In this
case, we only deal with the double gluon distribution D,
and the single gluon distribution D,, which obey the
evolution equations (5) reduced to the gluon sector,

0 1-x> du X1
EDgg(xl,xz,t): : — Py | — | Dyy(u, x5, )
1

u u

+/1_X' Wp (2)p (x,u0)
— — X1, U,
Y w99\ gy gg\ "1

L pe (5 Dy 4 1)
X| + x5, 1),

X X YN\x x0T
(12)

and

%Dg(x, 1) = /CI%ng (E)Dg(z, 1). (13)

Z 4

The momentum sum rules (7) and (10), conserved by the
above evolution equations, take the form

1—x,
A dryx Dy (130 1) = (1= 32D, (e 1). (14)

and

/1 dxD,(x,1) = 1. (15)

0

With the normalization to 1 in the last condition, we assume
that gluons carry all the proton longitudinal momentum.
The momentum sum rules should be valid for any f,
including ¢t = 0 where the initial conditions for the evolu-
tion equations (12) and (13) are specified. As in the general
case, we assume the gluon exchange symmetry for the
initial conditions to ensure the momentum sum rule (14)
with respect to the second momentum fraction,

Dgg<xl,X2,0) :Dgg(xz,xl,O). (16)

The conservation of the momentum sum rules by the
evolution equations means that the single gluon distribution
obtained from (14),

1
_1—X2

1—x,
Dg()C2,t) A dxlxngg(xl,xz,t), (17)

obeys Eq. (13) for any ¢, including ¢ = 0. This imposes a
strong constraint on the double gluon distribution alone
which results from the momentum sum rule (15),

1 1—x
/ dxz/ Ydx 2D (xx.t) =1, (18)
0 0

I—X2

In the next section, we will consider a simple ansatz for
the initial gluon distributions which satisfies the momen-
tum sum rules (14) and (15), which will allow for detailed
studies of the relation between the momentum sum rule and
the small x factorization of D, (x;.x,,1).

IV. A SIMPLE EXAMPLE

A general construction for the initial conditions for the
single and double gluon distributions which obey the sum
rules was proposed in [38]. This framework is based on
sums over Dirichlet distributions, where relations between
the powers and the normalizations can be found to ensure
that the sum rules for double and single distributions are
simultaneously satisfied. In the simple example below we
shall follow the construction of Ref. [38] for the simple case
of the distributions having one term in the sum.

Let us consider the single gluon distribution of the form

D,(x,0) = Ayx%(1 — x)Ps, (19)

where the normalization constant is determined from the
momentum sum rule (15)
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I
AHA dxx® (1 = x)Po = 1.

(20)

Using the well-known formula relating the Euler beta
function to the gamma functions,

1 o _xﬁ:F(a—l—l)F(ﬂ—i—l)
/0 daext(1 = x) Cla+p+2) (21)
we obtain
_ C(a, + B, +3) (22)

C(a, +2)T(B, + 1)
It can be shown [38] that the double gluon distribution
which obeys the momentum sum rule (14) with D, of the

form (19) is given by

X5

0.8

Ratio

0.6

0.4

0.2

Dgg(xl » X2, 0) = Agg<x1x2)a”<1 — X1 - x2)ﬂ'q_a”_1’ (23)
where the normalization constant
r'p,+2
A By +2) A, (24)

9~ T(a, + 2)T(B, — a,)

This is a remarkable result since the parameters of the
double distribution D/, are completely determined by
the parameters of the single distribution D, through the
momentum sum rule (14). Note also, that the powers
governing the small x;, behavior are the same in
Egs. (19) and (23).

For a, = —1 we have A, = Aﬁ, and the double gluon
distribution factorizes for x;, x, < 1,

Dgg(xl’xzvo) zA‘(ZJ(XIXZ)U[‘(' ~ Dg(xl’O)Dy(xbO)' (25)

=0.01

Q=100 GeV?

x1x2Dgg

Ratio

FIG. 1. In the upper plots: x;x,D,,(x},x,) as a function of x; at the initial scale 0% =1 GeV? (left panels) and final scale Q> =

100 GeV? (right panels), and fixed x, = 1072 for model (23) (solid
(28) (dash-dotted lines). The parameters in (23) are a, = —1 and f3,

lines), Gaunt model (27) (dashed lines), and fully factorized ansatz
= 2.5. In the bottom plots: the corresponding ratios (26). Both the

momentum sum rule (14) and the small x factorization (25) hold true for our model.
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We illustrate this case in Fig. 1 choosing a, = —1 and §, =
2.5 in Eq. (19) for the single gluon distribution defined at
the initial scale Qf =1 GeV2. The choice of a, = -1
corresponds to a “flat” initial distribution xD,, (x,0) at small
values of x. The corresponding initial double gluon dis-
tribution was computed from Eq. (23). In the two upper
plots we show the distribution x,x,D,(x;,x,,1) at the
initial scale and final scale equal to Q% = 100 GeV? (solid
lines). Both plots are presented in the way appropriate for
the studies of the small x limit of the double gluon
distributions. Namely, we plot them as functions of x;
for fixed x, = 1072 to study the limit x; — 0. The two
bottom plots show the ratio

Dgg(xl, X2, t)
Dg(xl, t)Dg(X2, t) ’

Ratio = (26)

at the corresponding values of Q? [related to ¢ by Eq. (4)].
We see that both before and after the evolution, the small x

X5

1 Pt e e e e e e G m gy

Ratio

0.6

04

02

factorization holds for the double gluon distribution to a
good approximation up to x; = 107!,

We also show the results obtained for the Gaunt-Stirling
(GS) prescription [12] for the initial condition (dashed
lines),

(1—x —x2)2
—x1)2(1 —xz)z’

(27)

D (x1,X2,0) = Dy(x1,0)D,(x,,0)

(1

as well as for the fully factorized ansatz (dash-dotted lines)

D (x1,%2,0) = Dy(x1,0)D(x5,0)0(1 —x; —x5), (28)
where the single gluon distribution (19) with the assumed
parameters was used. Both prescriptions give the approxi-
mate factorization after the evolution to Q> = 100 GeV?,
although the result for the fully factorized ansatz is slightly
worse. This agreement can be attributed to a rather weak

=0.01

Q=100 GeV?

x1xzDgg

Ratio

FIG.2. The same as in Fig. 1 but for ¢y = —0.5 and ;, = 2.5 in (23). The momentum sum rule is valid, but the small x factorization is
violated by the initial conditions (solid line in the left bottom plot). After the evolution to large Q> = 100 GeV?, the small x factorization
is to a good approximation restored (solid line on the right bottom plot).
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violation of the momentum sum rule by these distributions.
In particular, the integral (18) computed for the ansatz (27)
gives 1.04 while for the ansatz (28) we find 1.3 (instead of 1
as in our model).

For a, # —1, the small x factorization of the initial
double gluon distribution (23) is no longer true,

Dgg(xl,xz,O) #Dg(xl,O)Dg(Xz,O), (29)

but the momentum sum rule is still fulfilled. This means
that the momentum sum rule is neither necessary nor a
sufficient condition for the small x factorization of the
initial double gluon distribution. We illustrate this fact in
Fig. 2 with the initial double gluon distribution (23) with
the parameters a, = —0.5 and f, = 2.5 (solid line on the
left bottom plot). However, it is very interesting that the
small x factorization of D (x,x,) is to a good approxi-
mation restored by the evolutlon to Q% = 100 GeV? since
the ratio (26) is close to 1 (solid line on the right
bottom plot).

The same effect is also clearly visible in the analysis in
Ref. [38] with a realistic ansatz based on a particular form
of the single PDFs in the MSTWO08 parametrization [80],

ZA’xf (1-x) (30)

where f denotes quark/antiquark flavor or gluon. In the
pure gluonic case, the double gluon distribution is fully
determined by the parameters of the single gluon distri-
bution D,(x,0), using the momentum sum rule (14),

3

Dgg(xlﬂxb 0) = ZAgg(xlx”a;'(l — X - XZ)ﬂQ_ag_lv (31)
i=1

where Agg is also given in terms of the parameters ag and
/.. The initial condition (31) strongly violates the small x
factorization at the scale Q0 = 1 GeV?. However, after the
evolution to Q% = 100 GeV? the small x factorization is
restored; see Fig. 1 in Ref. [38]. In the next section, we will
explore this phenomenon in more detail.

V. MOMENTUM SUM RULE VIOLATION

In order to understand the role of the momentum sum
rule conservation for the restoration of the small x factori-
zation, we consider the single gluon distribution (19) with
normalization (22),

D, (x,0) = Ayx% (1 — x)s, (32)
while the double gluon distribution (23) with normali-

zation (24) is modified by changing the parameter
n= ﬁg —a,— 1, which controls the large x behavior, i.e.,

DYy (x1,x2.0) = Ay (x12,)% (1 = x; —=x,)7  (33)
where 5 is now arbitrary. The single gluon distribution still
obeys the momentum sum rule (15) but relation (14) is
violated. Indeed, by computing the gluon distribution from
relation (17),

(m) L[l (m)
Dg (XZ,()) = “ %) dxlx]Dgg (X],XZ,O), (34)
we obtain
D(m) ()C, 0) _ F(ﬂg + 2)F(7] + 1) .Xag(l _ x)ag+;7+1 )
J J F(ag +n+ 3)F(ﬁg - ag)
(35)

Thus, only for n=p,—a,—1 we find D} (x,0) =
D,(x,0) and the momentum sum rule (14) is fulfilled.
For any other #, this rule is violated by the initial
distributions D{y’ (x;, x,0) and D,(x,0).

We illustrate this situation in Fig. 3 for the choice of the
parameters a, = —1, f, = 2.5, and n = 5. Since f, — q,
1 = 2.5 #5 we deal with the momentum sum rule V101a—
tion. Nevertheless, the small x factorization holds at the
initial scale, which is shown on the left bottom plot in Fig. 3
by the solid line, being close to 1 for x; < 1072, However,
the factorization is strongly violated after the evolution to
0? = 100 GeV? (solid line on the right bottom plot) in the
same range of xj,

Dég)(xl,xz, 1)
Dg<)€1, t)Dg(X2, t)

~0.6—0.7. (36)

This can be attributed to the mismatch between the
single gluon distributions, D,(x,7) and D" (x,1). We

numerically checked that if Dém) (x,7) is substituted
in the ratio (36), after the additional rescaling of

Dggm(xl,xz, 0) such that the momentum sum rule (15) is

fulfilled by D" )(x 0), we find factorization at the scale
0% =100 GeV2 The reason for the additional rescaling
will become clear from the analytical insight presented in
the next section.

To summarize the presented example, the violation of
the momentum sum rule (14) by the initial conditions
leads to a mismatch between the single and double gluon
distributions, which is manifested in the violation of the
small x factorization even at high scales. On the other
hand, when the momentum sum rules (14) and (15) are
fulfilled, then the approximate restoration of the small x
factorization is observed after the evolution to high
scales.

054020-6



MOMENTUM SUM RULE AND FACTORIZATION OF DOUBLE ... PHYS. REV. D 107, 054020 (2023)

x,=0.01

Q=100 GeV?

Q%=1 GeV?

x1x2Dgg

Ratio

FIG.3. The same as in Fig. 1 but for # = 5 in the initial condition (33) (solid lines). The momentum sum rule is no longer valid, but the
small x factorization holds true (solid line on the left bottom plot), while it is violated after the evolution (solid line on the right

bottom plot).

VI. MELLIN MOMENT FORMULATION Dgg(”h 2,t) = Dg(nlv 1) — Dg(”l +1,1), (39)
In order to give an analytical insight into the relation
between the momentum sum rule and small x factorization, while the momentum sum (15) reads as
let us introduce the Mellin moments for a single gluon
distribution, -
D,(2,1) = 1. (40)
1
D _ n—1
Dg(n,t) o /o dxx Dg(x, 1), (37) It was shown in [33] that the solution to the evolu-
tion equations (12) and (13) in the Mellin moment space

and for a double gluon distribution, reads as

D N -
I’ll, l’l2, D (nl’ n,, t) = e?(m)t-‘r}’(nz)thg(’,Ll7 ny, 0)

ni—1 n, 1
/ dxl/ dxpxy' ™y O(1 = xp = x2) Dy (x1, 23, 1). +/’dt/ey(m)(r—ﬂ)+y<nz><t—t’)7(n1 ny)
0

(38) « Dyl + 1y~ 1.1). (41)

The momentum sum rule (14) in terms of the Mellin
moments is given by where the gluonic anomalous dimension equals

054020-7
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y(n) = A 1P (x). (42)

while

7@u,nz>—-Jﬁ'awx"r*<1——x>m-lpﬁxx>- (43)

In Appendix B we show that in the small x limit, when
x; = 0 and x, = fixed and small (e.g., x, = 1072 as in the
presented analysis), the solution for + — oo is given in
terms of the Mellin moments by

Dyy(ny.ny, 1) = 37("')t+y<"2)t(bgg(”1 .13,0)
FDmm-10)  (a4)
where (n; — 1) = 0 and (n, — 1) is finite.

This needs to be compared with the numerically found
result which gives us approximate factorization at low x:

Dgg(nl, Ny, t) = 67("1)’+7("2)’Dg(n1, O)Dg(nz, 0). (45)

So the small x factorization holds if we have
Egg(nl, ns, 0) + Dg(nl + ny — 1, O) = Dg(l’ll, O)Dg(nz, O)
(46)

For n, =2 we find the following relation:
Dgg(nl,z, 0) + Dg(nl +1,0) = Dg(nl,O)Dg(Z, 0). (47)

Assuming the momentum sum rule for the single gluon
distribution, D/(2,0) = 1, we obtain

Dgg(nl, 2,0) = Dg(nl,O) - Dg<l’l1 + 1, 0), (48)

which is the momentum sum rule (39) to be satisfied by the
initial condition. This is a necessary condition for the small
x factorization at sufficiently large 7. Note that to arrive at
this conclusion, the momentum sum rule (40) has to be
fulfilled, which explains the numerical observation pre-
sented in the previous section.

VII. GENERAL CASE

Let us consider the case with quarks governed by the
evolution equations and sum rules presented in Sec. II. The
momentum sum rules (7) and (10) lead to the following
consistency condition which should be satisfied by the
initial double parton distributions D,/ (x1,X5,0):

1 1-x,
Z / dX2 / dxl
fif2 70 0

where the summation over quark/antiquark flavors and
gluon is performed. The departure from 1 of the integral on

X1Xp
1 szlfz(xl,Xz,O) = 1, (49)

— X

the lhs is the indication that the momentum sum rule (7) is
violated.

In Fig. 4 we analyze the small x factorization for the
double gluon distribution x;x,D (x|, X, t) obtained from
the full evolution equations (5) with the initial conditions
given the GS ansatz (dashed lines)

Dflfz(xl’xz’o) = Df1 (xlvo)sz(x%O)

« (1=x=xp)*
(1 _x])2+a(fl)(1 _x2>2+a(f2)

(50)

where a(f) = 0 for a sea quark and gluon and a(f) = 0.5
for valence quark, and with the fully factorized (FF) ansatz
(dot-dashed lines)

Dy g, (x1,%2,0) = Dy (x1,0) Dy, (x2,0)0(1 = x; — x3),
(51)

where the single PDFs are given by the MSTWO08 para-
metrization [80]. The main motivation for such initial
distributions is the use of single PDFs which are well
determined from global fits to data. This allows one to
constrain the DPDFs which presently cannot be experi-
mentally determined due to the scarcity of data on double
parton scattering. In both cases, condition (49) is only
approximately fulfilled with 1.06 and 1.30 on the rhs for the
GS and FF prescriptions, respectively, which means that the
momentum sum rule for the double parton distributions is
not exactly fulfilled. As a result, the small x factorization,
valid at the initial scale (bottom left plot), is only approxi-
mate at the scale Q> = 100 GeV? (right bottom plot). We
see that the GS initial condition leads to a slightly better
factorization. For a more detailed analysis of this ansatz,
see Ref. [12].

The obvious drawback of the above initial conditions is
the sum rules violation, which in principle makes the QCD
evolution inconsistent. In Ref. [38] this problem was
addressed in the pure gluonic case by taking advantage
of a particular form of the single PDFs in the MSTWO0S8
parametrization. In principle, the entire construction can be
repeated for the case with quarks, obtaining the double
parton distributions satisfying both the momentum and
valence quark number rules. However, such an extension
requires additional constraints imposed on the parameters
of the single PDFs, which unfortunately are not present in
realistic single PDFs obtained from fits to data. Therefore,
the GS proposal, which features factorization at small x, is
at the moment the best practical way to deal with the initial
conditions for the DPDFs evolution which incorporates the
knowledge about the single PDFs.

It should be emphasized at the end that the small x
factorization of the double parton distributions was dis-
cussed here only for the transverse momentum q = 0 when
the sum rules are valid; see Section II. For q # 0, there are
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FIG.4. Inthe upper plots: the double gluon distributions xx, D, (x;, X, ) as a function of x; at 0? = 1,100 GeV? and fixed x, = 1072
for the fully factorized prescription (51) (dash-dotted lines) and the GS ansatz (50) (dashed lines) with the initial conditions given by the
MSTWO08 PDFs. The corresponding ratios (26) are shown in the bottom plots. The evolution equations with quarks were used for the

results at Q2 = 100 GeV?2.

indications that the factorization does not hold due to
correlations in the b space [18,25]. In particular, after the
Fourier transformation to the q space, the following ansatz
was proposed in [27] for xy, x, < 0.1:

Dy 1, (x1,%2,9,0) = Dy (x1,0)Dy, (x5,0)

x exp{~hy,p, (X1, x2)q°},  (52)
where &y ¢ (x1,x;) is some function. Thus, for q = 0 the
factorization (51) holds while for q # O the factorization is
always violated due to the exponential factor. This obser-
vation, however, does not invalidate our studies presented
in this paper since the form of the double distributions at
q = 0 is essential for the generalization to the case with
q # 0. For more details we refer to [27,42,56].

VIII. SUMMARY

We analyzed the role of the momentum sum rule for the
small x factorization of the double distributions into a
product of single distributions in the pure gluonic case. In
general, the momentum sum rule can be treated as a
consistency condition for the QCD evolution equations
for single and double parton distributions. Therefore, it
must be also fulfilled by initial conditions for these
equations.

We found that when the momentum sum rule is not
fulfilled this can lead to strong violation of the small x
factorization at all scales. On the other hand, when the
momentum sum rule is imposed on the initial conditions,
the small x factorization is restored to a good approxima-
tion after the evolution to high scale. This was observed
even when there was no factorization at the initial scale.
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We stress that for this to happen, the DPDF evolution
equations must include the splitting term. We also note that
the small x factorization observed at high scales is
approximate with accuracy of a few percent. This indicates
residual correlations even at smallest values of x and large
values of Q2.

We illustrated the impact of the momentum sum rule on
the issue of factorization on several numerical examples in
the pure gluonic case and provide an analytic understand-
ing of the obtained results using the Mellin moment space.
We also discussed the current status of the initial condition
specifications for the QCD evolution, which are motivated
by a good knowledge of the single PDFs. We conclude
that the Gaunt-Stirling prescription for the initial double
parton distributions leads to a phenomenologically accept-
able prescription for the small x behavior of the double
parton distributions for the transverse momentum q = O.
However, it should be kept in mind that the small x
factorization can be violated for q # 0 due to correlations
in the b space.
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APPENDIX A: MOMENTUM SUM RULE
CONSERVATION

We will prove that the momentum sum rule (7) is
conserved by the evolution equation (5) by showing that the
single PDFs obtained from Eq. (7),

1

Dr,(n.t) =7 —x

1—x,
Z/O dx,xlDflfz(xl,xz,f), (Al)
fi

obey the DGLAP equation (13). For this purpose we write
the LO DGLAP equation in the most general form:

0Ds(x.1) = / ldupff/(x, u)Dp(u,1), (A2)
70

where f indices denote quark/antiquark flavors and gluon.
The splitting kernel has the following general form:
Pff/ (x, u) =P

(o) = 8(u = X)o7, P (x). (A3)

R
Ir
where R and V denote the real and virtual emission kernels,
respectively. For the real emission kernel we have

PR (x.u) = %Pff/ <f> 0(u - x), (A4)

u

where Pgp are the LO real emission Altarelli-Parisi
splitting functions. The virtual kernel is determined by
assuming that the momentum sum rule for single PDFs is
valid for any #,

1
Z / dxxD(x, t) = const, (A5)
7 Jo
which holds true during the DGLAP evolution if
1
> / dxxPp (x,u) =0, (A6)
7 Jo

for any f’ and u € [0, 1]. Substituting (A3) into the above
we find

1
uPy,(u) = ;/0 dxxPf,(x, u). (A7)

In the introduced notation, the evolution equation (5) for
DPDFs is given by

ath]f2<X1,X2, t)
1-x;
= Z/ dl/tpflf/ (Xl, M)Df/fz (M, X, t)
f 0
1—x,
+Z/O dquzf/(xz,u)Df]f/(xl,u, t)
f/

+ Y Ppog (61, %0)Dp (x) + x5, 1)
7

(A8)

where the splitting kernel in the third term reads as
Pfr_,f]fz(xl,xz) = P?lf,(xl,xl + Xz) = Pjng/(Xz,xl + Xz).

(A9)

The upper integration limits in Eq. (A8) can be set to 1 from
the condition

Dy g, (x1,x2,8) =0 forx; +x, > 1. (Al0)

Under this condition the upper limit in Eq. (A1) can also be
set to 1. Thus, after differentiating this equation

1 1
1—x2le/o dx)x,0,Dy, g, (%1, X3, 1)

(Al1)

G,sz (Xz, t) =

and using (A8) on the rhs, we obtain
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6,Df2 <X2 s t)

1 X1 1
-3 [ a2 {8 [ o s

I
+ZA duPy, p(xa,u)Dy p(Xy,u,1)

+ D Prgip,(01.x2)Dy (3 +Xz,f)}- (A12)

f

The first term on the rhs vanishes due to condition (A6).
Thus, we find after changing the summation and integration
order that

0 sz XZ,

T

)Cz, {Z/ dxlxlDf Vi xl,u Z)}

qp}iff(xzm +x2)D g (x) +x,1)

(A13)

where we used (A9) in the last equation to write the second
term in Eq. (A13). The sum over f in this term disappears
since for a given (f”, f,) there is only one /1 = f(f’, f>)
in the sum. Applying (A1) in the first term and changing the
variable x; — u = x; + x, in the second one, we obtain

1 1
(3,Df2(x2,t) = Z[) du 1=

—u
Py s (x5, u)Df/(u, 1)
X2
1+x2 u
/ 1 — X5

Because of the property (A4) and D/(x, 1) = 0 for x > 1,
the integration range in the second integral may be shifted
to [0, 1]. Therefore, after taking into account the form (A3)
of the kernel Py, y/(x,, u) in the first integral, we find

(A14)

fzf/(xz, )Df/(u, t)

6 sz(X2,

/ du{Pff, Xp, U)
—5(u—x2)5f2f/Pj‘f2f,(xz)}Df/(u,t) (A15)

which is the DGLAP equation (A2). Notice the crucial role
of the splitting term in the evolution equation (AS8) to arrive
at this conclusion.

APPENDIX B: ASYMPTOTIC SOLUTION IN
MELLIN MOMENT SPACE

The solution to the evolution equation (12) for the double
gluon distribution in the Mellin space is given by [33]

Dgg(”l’ ny, t) = ey("l)tey("Z)’Dgg(nl, ny, O)

t
n A At e =r )5, 1)

X[)g(i’ll +Yl2—1,l/). (Bl)
The first term in the sum is the general solution to the
homogeneous equation (12) without the splitting term
while the second term is a particular solution to the
nonhomogeneous equation with the splitting term.

The homogeneous solution term in Eq. (B1) contains a
product of exponentials which generate two independent
DGLAP evolutions in the double gluon distribution since
the solution to the DGLAP equation reads as

D,(n,t) = e'™'D (n,0). (B2)
In the nonhomogeneous solution term in Eq. (Bl), the
gluon splitting g — gg at “time” ¢ is followed by two
independent DGLAP evolutions with the exponential
factors up to the final 7. Since the splitting point # might
occur between 0 and 7 we need to integrate over the whole
range of such possibilities.

Let us concentrate on the nonhomogeneous solution in
Eq. (B1), denoted from now on by /. Using (B2), we obtain

t / / =~
I = /) dl‘/GY(’ll)<t—tJ)+7("2)(l_[ )y (ny4ny=1)¢ }7(]11, n2)Dg(nl —+ ny, — 170)

e(y(nﬁ—m—l)—

Y =r(m))t _ 1

— e7(”1)l+}’(”2)t}7(”l’ n2) (

(ny+ny=1) —y(ny) —y(ny)

)Dg(nl +n, —1,0). (B3)

We will make the approximations that reflect the small x limit, in which the factorization is observed in the numerical

analysis. To this aim, we observe that the splitting function in this limit becomes P, (z)

following approximation to the anomalous dimension:

1 1 2C 2C
y(n)_A dzz”"ng(z):A dzz 1A = ZEA

~2C,/z, which leads to the

z n—1 (B4)
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Thus, the small x limit corresponds to the limit of (n — 1) — 0. For the double distribution we consider the small x limit
studied at the plots, x; — 0 and x, = fixed and small, which corresponds in the Mellin moment space to the limit

(ny —1) > 0 and (n, — 1) finite. In this limit, the function 7 given by Eq. (43) is given by

1
77(n1,n2):2CA/ dxx"2(1 - x)
0

while for the expression in the denominator in Eq. (B3), we
obtain

2C,
l’ll—]‘

y(ny+ny = 1) =y(ny) —y(ny) = — (B6)

So the nonhomogeneous solution (B3) reads as

2C -
[ = erlm)rtr(m)t [1 —exp (——Alt>]Dg(n1 +n,—1,0).

n; —
(B7)

Here one needs to have Re(n;) > 1 which is required for
the inverse Mellin transform to make sense. Thus, for
sufficiently large 7, when the exponent in the square
brackets can be neglected, we find

[ erm)trmip () +ny - 1,0). (B8)

r
= 2C,

(n = Dl(ny)  2Cy4
F(n1 +n2—1) _nl —1

(BS)

[
Therefore, the full solution (B1) can be approximated by

Dgg(n] , Ny, l) sl ey("l)’”("”’(i)gg(n] , Ny, 0)

+ D,(ny +ny = 1,0)). (B9)

This needs to be compared with the empirically found
result in the considered small x limit

Dy(ny,ny, 1) = ermrmlip () 0)D,(n,,0), (B10)

which gives the following relation for the Mellin moments
of the initial condition to be satisfied for the small x
factorization to be valid at sufficiently large ¢,

Dgg<7’l1, nz,O) + Dg<n1 + ny — 1, 0) = Dg(nl,O)Dg(nz,O).
(BI1)
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