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Possible triply heavy tetraquark states in a chiral quark model
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In the present work, the triply heavy tetraquarks states QQ Qg with Q = (c, b) and g = (u, d, 5) with all
possible quantum numbers are systematically investigated in the framework of the chiral quark model with
the resonating ground method. Two kinds of structures, including the meson-meson configuration (the
color-singlet channels and the hidden-color channels) and the diquark-antidiquark configuration (the color
sextet-antisextet and the color triplet-antitriplet), are considered. In the considered system, several bound

states are obtained for the ccc ? bbc ? and bccq tetraquarks. From the present estimations, we find that
the coupled-channel effect is of great significance for forming below-threshold tetraquark states, which are

stable for strong decays.
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I. INTRODUCTION

Searching for multiquark states has become one of the
most important and interesting topics of hadron physics, and
the experimental observations and theoretical investigations
shall deepen our understanding of the nonperturbative
QCD [1-7]. At the early beginning of the quark model,
the notion of multiquark states had been proposed [8]. But
there had been no progress on the experimental side for along
time. A turning point came in the year of 2003, when the
Belle Collaboration reported their observation of a new
charmoniumlike state X(3872) in the exclusive B —
K*ntn~J/y decays [9]. Since then, a growing number of
new hadron states have been observed experimentally, which
attract the great interest of experimentalists and theorists.

Among the new hadron states observed in the recent two
decades, there are some good candidates of QCD exotic
states, which can be classified into different categories
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according to different criteria. For example, for the char-
moniumlike states, we can divide them into two types
according to the carried charges, i.e., the neutral and
charged categories. One can also classify the new hadron
states by their most possible quark components into
tetraquark, pentaquark states, etc. It is interesting to notice
that almost all the new hadron states have at least one heavy
constituent quark or antiquark component. Since the mass
of the heavy quarks is much larger than that of the light
quarks, one can usually discuss the properties of hadrons
with heavy quark components in the heavy quark limit.
In this case, the number of heavy constituent quarks or
antiquarks can also be used to classify the new hadron
states. According to this criterion, we separate the observed
new hadron states into three types, which are states with
one, two, and four heavy quark or antiquark components,
respectively. In the following, we select some typical
examples for each type and present a short review.

(1) States with one heavy constituent quark or
antiquark.—The charmed-strange states D,(2317)
and D, (2460) could be good examples of exotic
states with one heavy constituent quark. In 2003, the
BABAR Collaboration reported a narrow peak,
named D,;(2317), in the D}z° invariant mass
spectrum [10], and later this state was confirmed
by the CLEO [11] and Belle [12] Collaborations. In
addition to the D?,(2317), the CLEO Collaboration
observed another narrow peak, named Dy, (2460), in
the D:*z° invariant mass spectrum [11]. The J*
quantum numbers of the D%,(2317) and D, (2460)
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(ii)

(iii)

indicated that they could be good candidates of
13P, and 13°P, charmed-strange mesons [13—15].
However, the observed masses of D%;(2317) and
D,;(2460) are much lower than the ones of the
charmed-strange mesons predicted by the conven-
tional quark model [16], which made the charmed-
strange mesons assignments questionable. In
addition, the masses of the D} (2317) and
D;;(2460) are just several tens of MeV below the
thresholds of DK and D*K; thus, it was natural to
interpret D,(2317) and D;(2460) as DK and D*K
molecular states [17-25], respectively. Moreover,
these two states can also be assigned as c3qg
tetraquark states [26-31].

States with two heavy constituent quarks or
antiquarks.—As a typical example of exotic states
with two heavy constituent quarks or antiquarks,
X(3872) is the first charmoniumlike state with the
long-standing puzzle, which was observed in 2003
by the Belle Collaboration in the #" z~J /y invariant
mass distributions of the exclusive decay process
B* - K*ntz=J/w [9] and then confirmed by
CDF [32-35], DO [36], BABAR [37-46], CMS
[47-52], LHCb [53-66], and BESII [67-70] in
various processes. The 1(JF€) quantum numbers of
X (3872) have been determined to be 0(17"), which
are well consistent with the ones of y.;(2P). Thus, in
the literature, X(3872) was interpreted as y.;(2P)
charmonium [71-78]. However, the measured
mass is much different with the expectation of the
conventional quark model [79] but sandwiched by
the thresholds of D°D*® and DtD*~. Moreover,
the measured ratio of the branching fractions of
X(3872) — p°J/y and X(3872) — wJ /y indicated
a large isospin violation [80], which is also incon-
sistent with conventional charmonium expectations.
Thus, the charmonium interpretations became ques-
tionable, and some QCD exotic interpretations have
been proposed, such as molecular [81-92] and
tetraquark [93—106] interpretations.

States with four heavy constituent quarks or
antiquarks.—In 2020, the first tetraquark composed
of four heavy constituent quarks or antiquarks,
named X (6900), was observed in the di-J/y invari-
ant mass distributions [107]. Subsequently, this state
was confirmed in the same channel by the CMS
Collaboration [108], and then the existence of
X(6900) was verified by the ATLAS Collaboration
in the di-J/y as well as J/yy/(2S) invariant mass
distributions [109]. Besides X(6900), some addi-
tional resonance states in this energy range have
been reported, such as X(6600) and X(7200) by the
CMS Collaboration [108] and X (6200), X(6600) as
well as X(7200) by the ATLAS Collaboration [109].

This recent experiment progress has inspired inten-
sive theoretical investigations. The interpretations of
their natures have been discussed extensively in
compact tetraquark [110-116], c¢¢ hybrid [117], and
Higgs-like boson [118] scenarios and the dynamical
rescattering mechanism of double-charmonium
channels as well [119-125].

The observations of the fully heavy tetraquark states
makes tetraquark spectroscopy abundant and systematic.
However, one can find that the tetraquark states with three
heavy quark or antiquarks, i.e., QQQ0G(q = u,d, s), are
absent experimentally. The triply heavy tetraquark states
are different from the already discovered quarkoniumlike
states; it might in a sense offer a new platform of studying
the internal structure of the exotic states. On the theoretical
side, in the frame of color-magnetic interactions, the triply
heavy tetraquark states were systematically investigated,
and some exotic tetraquark states were predicted [126]. The
QCD sum rule estimations indicated that the triply heavy
tetraquarks states cccg, ccEZ], and bcEZ], with quantum
numbers J¥ = 0t and J¥ = 1, are all heavier than the cor-
responding meson-meson thresholds, while the bbbg tetra-
quarks were expected to be stable for strong decay [127].
However, the estimations in the extended chromomagnetic
model [128], nonrelativistic quark model [129], and
extended relativized quark model [130] indicated that there
was no bound triply heavy tetraquark state. In a word, the
existence of the triply heavy tetraquark states is still an open
question. In the present work, we employ a nonrelativistic
chiral quark model (ChQM) to estimate the mass spectra of
the S-wave triply heavy tetraquark states with the possible J”
quantum numbers to be 0T, 17, 2%, to further check the
existence of triply heavy tetraquark states.

The work is organized as follows. In Secs. II and III, the
theoretical framework utilized in present estimations is
presented, which includes the chiral quark model and the
resonating group method (RGM). Section IV is devoted to
the analysis and discussion of the obtained results. In the
last section, we give a short summary.

II. THE CHIRAL QUARK MODEL

In the quark model, the Hamiltonian of a hadron is
generally written as [131]

H J— m 1
—1 < i 2mi
i=

with m; and p; the mass and momentum of the ith quark,
respectively. T, is the center-of-mass kinetic energy,
which is usually subtracted without losing generality,
since one mainly focuses on the internal relative motions.
V(r;;) indicates the interaction potential between the ith
and jth quarks.

)—Tc_m. Ve, (1)

j>i=1
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As for the ChQM, it is constructed based on the fact that
the light current quarks are nearly massless, which leads to
chiral symmetry. However, due to the interactions of the
quarks with the gluon medium, the current quarks become
dressed, and such dressed current quarks can be approx-
imately described by massive constituent quarks. In prac-
tice, the masses of the constituent quarks in the ChQM
are determined by reproducing the spectrum of conven-
tional hadrons, and this model has been widely used to
investigate the study of the spectra of mesons containing
heavy quarks [132-135], the electromagnetic, weak, and
strong decays and reactions of mesons as well [135-140],
and phenomena related to multiquark structures [141-147].
In addition, in the ChQM, the interaction potential usually
includes the Goldstone-boson exchange potentials, the
perturbative one-gluon interaction, and a confinement
potential. Furthermore, when one considers only the
S-wave tetraquark system, the spin-orbit and tensor con-
tributions can be ignored; thus, the two-body interaction
potential reads

V(rij) = Voge(rij) + V,(rij) + Veon(rij),  (2)

where Vgg(r;;) indicates the potential resulted from one-
gluon exchange (OGE), and its concrete form is

i .
Voae(7ij) ZZC’M? 0y

1 =z 1 1 4o, -0;
——Z5(r: ) —+— L), (3
) |:rij 2 <rl]>(m'2+mf+3mimj)] G)

1

where ¢ and A° are the Pauli matrices and SU(3) color

matrix, respectively. ay is the QCD-inspired scale-
dependent quark-gluon coupling constant, which offers a
consistent description of mesons from light- to heavy-quark
sectors, and it can be determined by the mass splits between
different mesons.' As for the confinement potential, the
harmonic oscillator potential is adopted, which is

Veon(rij) = —acAf ‘A;[r%/ + Vo, . (4)

where a,. represents the strength of the confinement
potential and V, is the zero-point energies, which can

be determined by the mass shift between different mesons.

The Goldstone-boson exchange interactions between
light quarks appear because of the dynamical breaking
of chiral symmetry. For the QQQg with Q = (c,b),
q = (u,d, s) systems, the 7, K, and n exchange interactions
do not work due to the quark components. Thus, in this

'It worth mentioning that the Voge(rij) « 1/r;; is very
singular at short range. Similar to the case of the hydrogen
atom, the radial wave function should be proportional to r;; for
the S-wave state. Thus, the matrix elements of Vg are finite.

TABLE I. The concrete values of the model parameters, which
are determined by reproducing the masses of mesons listed in
Table II.

Parameter Value
Quark masses m, (MeV) 313
mg; (MeV) 536
m. (MeV) 1728
my, (MeV) 5112
Confinement b (fm) 0.2
a, MeV fm=2) 101
Vo, (fm?) —3.7467
Vo,. (fm?) —2.8684
Vo,, (fm?) —2.6750
Vo, (fm?) —1.9211
Vo, (fm?) -1.7566
Vy,, (fm?) —0.7367
Vo,, (fm?) —1.0557
Vobb(fmz) 2.6857
OGE als 0.0716
alc 0.1127
atb 0.1057
asc 0.1957
as? 0.1930
asc 0.4953
ac? 0.3241
ab? 2.3401

paper, the Goldstone-boson exchange interactions are
not considered.

The concrete values of these parameters are collected in
Table I. In addition, the details of how to obtain these
parameters can also be found in Ref. [148]. The calculated
meson masses in comparison with experimental values are
shown in Table II. It should be noticed that the parameters
in the potentials are obtained by reproducing the mass
spectra of conventional mesons, but the two-body quark-
quark interaction potentials could be extended to inves-
tigate the multiquark system, where the difference between
the color configurations is reflected by the product of the
SU(3) color matrix A{ /llc

TABLE II. The masses (in units of MeV) of the mesons. The
measured values of the masses [149] are also presented for
comparison.

K K B B B, B B,
Experiment 495 892 5280 5325 5366 5415 6275
Model 495 892 5280 5325 5366 5415 6275 6300
mw Y D D Dy Dy 5. Jw

Experiment 9398 9459 1865 2007 1968 2112 2984 3097
Model 9398 9459 1865 2007 1968 2112 2984 3097

*
s B c
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III. THE RESONATING GROUP METHOD

In the present work, the triply heavy tetraquark systems
are estimated by using the resonating group method [150].
In this method, the multiquark system can be divided into
two clusters, which are frozen inside, so one needs to
consider only the relative motion between the two clusters.
The conventional ansatz for two-cluster (clusters A and B)
wave functions is

Yag = Allwalpa)ys (ﬂB)]WS

where A is the antisymmetry operator of triply heavy
tetraquarks.
For the QQQg system, one has

® R, (5)

./4 - 1 - P13- (6)
This antisymmetry operator becomes
A - ] - P13 (7)

for the 000’ g system, and for the QQ’ Qg system, due to
the absence of any homogeneous quarks, the antisymmetry
operator becomes a unit operator, which is

A=1. (8)

Moreover, [o] = [222] gives the total color symmetry,
and I, S, L, and J represent flavor, spin, orbital, and total
angular momenta, respectively. y, and yp are the two-
quark cluster wave functions, which are

1 3/4 2 4h2 .

WA= <27r192> e/l )’71ASA)(2, )
| ANy

Vg = (ang) e/ )’71353}(%7 (10)

where #;, S, and y represent the flavor, spin, and internal
color terms of the cluster wave functions, respectively.
According to Fig. 1, we define different Jacobi coordinates
for different diagrams. As for the meson-meson configu-
ration in Fig. 1, the Jacobi coordinates are

Pa =Tq — Ty
mqul —l—mzrqz

Pp =Tq, — Ty,

A=
mp +m2
_mary, + myrg,
B —
ms —|—m4
R =R, — Ry,
mr, + morg + msr, + myr;
a1 92 q3 94
Rc — ’ (11)

m|+m2—|—m3—|—m4

where the subscript ¢ (g) indicates the quark (antiquark)
particle, while the number indicates the quark position
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FIG. 1. Two types of configurations in QQQ3, 000’ g, and
QQ'0q tetraquarks. For the QQQg system, there are two
structures: the meson-meson configuration [diagram (a)] and
the diquark-antidiquark configuration [diagram (b)]. For the
QQ@Z] system, diagrams (c) and (d) correspond to the meson-
meson and the diquark-antidiquark configurations, respectively.
For the QQ'0g system, diagrams (e) and (f) correspond to the
meson-meson configuration, while diagram (g) refers to the
diquark-antidiquark configuration.

in Fig. 1. By interchanging r, with r,,, one can obtain the
Jacobi coordinates in Fig. 1(f). As for the diquark-
antidiquark configuration, one can also obtain the Jacobi
coordinates corresponding to the diagrams in Fig. 1 by
interchanging r,, with rg,.

From the variational principle, after variation with
respect to the relative motion wave function y(R) =
>, xr(R), one obtains the RGM equation, which is

/H (R.Ry(R)d(R') = /N (R.R)y(R)d(R), (12)

with H(R,R’) and N(R, R’) the Hamiltonian and normali-
zation kernels, respectively. The eigenenergy E and the
wave functions are obtained by solving the above RGM
equation. In the present estimation, the function y(R) can
be expanded by Gaussian bases, which is

X(R) = \/%—”ZL: (”22>3/4 Z CiL
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where C;; is the expansion coefficient and 7 is the number
of Gaussian bases, which is determined by the stability
of the results. S; is the separation of two reference centers.
R is the dynamic coordinate defined in Eq. (11). After
including the motion of the center of mass, i.e.,

pelk) = (1)< (14)

b’

With the above formula, one can rewrite the wave function
in Eq. (5) as

dg 2 4
vig = A3 Cur / L) T ov-s)
S H’I]ASA’YIBSB][SYL(SAi)]Jb(f\)(%][ﬁ]v (15)

where ¢,(S;) and ¢4(=S;) are the single-particle orbital
wave functions with different reference centers, which are

1 \3 _Cads)?
¢a<s,->=< ) =

5
1\i _tp3s?
h-5i) = () €5 (16

With the reformulated ansatz as shown in Eq. (15), the
RGM equation becomes an algebraic eigenvalue equation,
which is

ZC,,LHQ}_L’ _ EZC;‘,L’NI'L.}’ (17)
JL 7

with N,L; and Hffl the overlap of the wave functions and
the matrix elements of the Hamiltonian, respectively. By
solving the generalized eigenvalue problem, we can obtain
the energies of the tetraquark systems E and the corre-
sponding expansion coefficient C; ;. Finally, the relative
motion wave function between two clusters can be obtained
by substituting the C;; into Eq. (13).

Besides the space part, we present the flavor, spin,
and color parts of the wave function in the Appendix. It
is worth noting that, after applying the antisymmetry
operator, some wave functions may vanish, which means
that some states are forbidden. For example, for the cch g
system with J¥ = 0", when considering the diquark-
antidiquark structure with the spin wave function forced
to choose S), the color wave function y§ would be excluded
due to the constraints that the total wave function must be
antisymmetric.

IV. RESULTS AND DISCUSSIONS

In the present calculation, the triply heavy tetraquark
systems are evaluated by taking into account the

meson-meson and diquark-antidiquark configurations in
the ChQM, which have been shown in Fig 1. To exhaust
all possible configurations of the QQQgF systems, we
divide them into three classes, which are the QQ Qg system
including cc¢g and bbbg, the QQQ’ G system including
ccbg and bbeg, and the QQ'Qg system including cbbg
and cbcq. Moreover, in the present work, only the S-wave
triply heavy tetraquark states are evaluated, which indicates
that the total orbital angular momenta L is equal to zero.
Then, the total angular momentum J coincides with the
total spin S and can take values of O, 1, and 2, and the
possible J¥ quantum numbers of the tetraquark states could
be 07, 1*, and 2*. All the possible channels would be
considered through the symmetry of the wave functions,
and all the allowed channels are listed in Table III.
From Table III, one can find that in the ChQM the color
singlet-singlet (1, x 1..) and the color octet-octet (8, x 8..)
structure have been taken into account for the meson-
meson configuration. Moreover, for the diquark-
antidiquark configuration, both antitriplet-triplet (3, x 3,)
and sextet-antisextet (6. x 6,) color structures have also
been considered.

Our estimations of the eigenenergies of the triply
tetraquark states are presented in Tables IV-XI. In these
tables, all the allowed meson-meson and diquark-
antidiquark configurations are listed. In the meson-meson
channels, (M, M,)" and (M M,)? indicate the color sin-
glet-singlet (1. x 1.) and the color octet-octet (8. x 8,)
structures, respectively. E,;, is the experimental value of the

TABLE III.  All the possible channels for different J” quantum
numbers, where [i, j, k| denotes the channels with i, j, and k to be
the indices of flavor, spin, and color, respectively.

000g 000'q 00'0q
JP  Channel JP Channel J” Channel J? Channel
ot [1,1,1] oY [3,1,1] O0f [5 1,11 1t [6,3, 1]
1,1, 2] 3, 1, 2] [5, 1, 2] [6, 3, 2]
[1, 2, 1] [3, 2, 1] [5, 2, 1] [6, 4, 1]
[1, 2, 2] [3, 2, 2] [5, 2, 2] [6, 4, 2]
2, 1, 3] 4, 1, 3] [6, 1, 1] [6, 5, 1]
[2, 2, 4] 4, 2, 4] [6, 1, 2] [6, 5, 2]
17 [1,3,1] 1 [3,3,1] [6, 2, 1] [7, 3, 3]
[1, 3, 2] [3, 3, 2] [6, 2, 2] [7, 3, 4]
[1, 4, 1] [3, 4, 1] [7, 1, 3] [7, 4, 3]
[1, 4, 2] [3, 4, 2] [7, 1, 4] [7, 4, 4]
[1, 5, 1] [3, 5, 1] [7, 2, 3] 7,5, 3]
[1, 5, 2] [3, 5, 2] [7, 2, 4] 7,5, 4]
[2, 3, 3] [4,3,3] 1t [5,3, 1] 2 [5,6,1]
(2, 4, 4] 4, 4, 4] [5, 3, 2] [5, 6, 2]
[2, 5, 4] 4, 5, 4] [5, 4, 1] [6, 6, 1]
2+ [1,6,1] 2% [3,6,1] [5, 4, 2] [6, 6, 2]
[1, 6, 2] [3, 6, 2] [5, 5, 1] [7, 6, 3]
[2, 6, 4] [4, 6, 4] [5, 5, 2] [7, 6, 4]
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thresholds for the physical channels. In the present work,
the single-channel and channel-coupling calculations
are all considered, and E;., Eccy, Ecca, and Eq¢ are the
estimated values of the eigenenergies of every single
channel, the coupled channel for the meson-meson con-
figurations, the coupled channel for the diquark-antidiquark
configurations, and the one estimated by simultaneously
considering the meson-meson and diquark-antidiquark
configurations, respectively. P indicates the percentages
of each channel for the lowest-lying eigenenergies E.

A. The Q0Q0g systems

Our estimations for the cccq tetraquark system are
presented in Table IV. For the case of J* = 0%, one can
find there are four channels in the meson-meson configu-
rations and two channels in the diquark-antidiquark con-
figurations. For the cccii, n = {u, d} tetraquark states, the
lowest threshold of the physical channel is 4849 MeV,
which is the threshold of #.D. Form the table, one can find
that the eigenenergies of every single channel in both
the meson-meson and diquark-antidiquark configurations
are all above the lowest threshold of the allowed physics

channel, which indicates that all these tetraquark states can
decay into #.D. When one couples all the channels in
a certain configuration, one can find that the estimated
eigenenergies are 4851 and 5415 MeV for the meson-
meson and diquark-antidiquark configurations, respec-
tively, which is still a bit higher than the threshold of
n.D. After considering both the meson-meson and diquark-
antidiquark configurations simultaneously, we find that
the eigenenergy of the cccii tetraquark state is about
4851 MeV, which is about 2 MeV above the threshold
of n.D. As for cccs tetraquark states with J© = 0%, the
lowest threshold of the physical channel is 4952 MeV,
which is the threshold of 5.D; . As for the cccs tetraquark
state with J¥ = 07, the single-channel estimations show
that all the tetraquark states are heavier than 5.D].
The eigenenergies of the coupled-channel estimations in
meson-meson and diquark-antidiquark configurations
are 4954 and 5487 MeV, respectively, which are all
above the threshold of #.D;. Moreover, the full coupled-
channel estimations, i.e., considering the meson-meson
and diquark-antidiquark configurations simultaneously,
indicate the eigenenergy of the cccs tetraquark state is

TABLE IV. The lowest-lying eigenenergies of the ccciin = {u, d} and cccs tetraquarks in the ChQM.

ceen cces
JP [i, ], k] Channel E,, E,. P(%) Channel E,, E,. P(%)
0t [1, 1, 1] (n.D)! 4849 4851 99.91 (n.Di)! 4952 4954 99.98
[1,2,1] (J/wD*)! 5104 5106 0.01 (J/wD:H)! 5209 5210 ~0
[1, 1, 2] (n.D)® 5550 0.01 (n.Dy)® 5640 ~0
[1,2,2] (J/wD*)® 5563 0.03 (J/wD:+)® 5614 ~0
[2, 1, 3] (cc)(en) 5624 0.01 (cc)(e5) 5697 ~0
[2, 2, 4] (cc)(em) 5421 0.03 (cc)(e5) 5498 ~0
Ecci 4851 4954
Ecer 5415 5487
Ecc 4851 4954
1" [1,3,1] (n.D*)! 4991 4993 1.68 (n.D:*)! 5096 5098 ~0
[1,4,1] (J/wD)! 4962 4964 96.24 (J/wD{)! 5065 5067 99.91
[1,5,1] (J/wD*)! 5104 5106 0.19 (J/wDi+)! 5209 5211 ~0
[1,3,2] (n.D*)3 5522 0.05 (n.D:)8 5610 ~0
[1,4,2] (J/wD)? 5526 0.09 (J/wD{)® 5614 ~0
[1,5,2] (J/wD*)? 5518 0.65 (J/wDiH)3 5585 ~0
2,3,3] (cc)(en) 5588 0.37 (cc)(es) 5661 ~0
2,4,4] (cc)(en) 5364 0.06 (cc)(es) 5445 ~0
2,5,3] (cc)(ch) 5428 0.17 (cc)(c5) 5508 ~0
Ecci 4964 5067
Ecer 5363 5442
Ecc 4963 5066
2+ [1,6,1] (J/wD*)! 5104 5106 75.23 (J/wD:H)! 5209 5211 99.79
[1,6,2] (J/wD*)? 5494 11.70 (J/wDi+)3 5598 ~0
[2,6,4] (cc)(en) 5442 13.06 (cc)(e3) 5526 ~0
Ece 5106 5211
Ecc 5442 5526
Ecc 5095 5211
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4594 MeV, which indicates that, in this case, the effects
of channel coupling are rather weak. It is worth noting that
in the single-channel estimation the eigenenergy for the
lowest physical meson-meson channel is several hundred
MeV below the ones of other channels; thus, in the
coupled-channel estimations, the mixings between different
channels are expected to be small due to the large
eigenenergy splittings.

As for the cccq tetraquark system with J© = 17, there
are nine channels in this case, which include three color-
singlet channels and three hidden-color channels in the
meson-meson configuration, while there are three channels
in the diquark-antidiquark configuration. The lowest physi-
cal meson-meson threshold is the one of J/wD, which is
4962 MeV. In the single-channel estimations, no bound
state is found. The eigenenergies estimated in the coupled-
channel estimations of the meson-meson and diquark-
antidiquark configurations are 4964 and 5363 MeV,
respectively, which are all above the threshold of J/yD.
By considering both the meson-meson and diquark-
antidiquark configurations simultaneously, the eigenenergy
of the tetraquark state with J¥ = 17 is estimated to be
4963 MeV, and the effect of the channel coupling is rather
weak, which is similar to the case of J¥ = 01. As for the
cccs tetraquark system, the lowest physical threshold is the
one of J/wDy{, which is 5065 MeV. Similar to the case of
the cccn system, the eigenenergies obtained in the single
channel are all above the threshold of J /D7 . In addition,
when we consider the channel coupling in the meson-
meson and diquark-antidiquark configurations individually,
the eigenenergies of the tetraquark state are estimated to be
5067 and 5442 MeV. After considering the meson-meson
and diquark-antidiquark configurations simultaneously,
we obtain that the eigenenergy of the cccs tetraquark state
with JP = 1% is 5066 MeV, which is still a bit higher than
the threshold of J/wD; .

For the case of cccii tetraquark states with JP = 27,
there are two channels in the meson-meson configuration
and only one channel in the diquark-antidiquark channel.
The physical meson-meson threshold is 5104 MeV. Our
single-channel estimations indicate that the eigenenergies
are all above the threshold of J/yD*, and, after considering
the channel coupling in the meson-meson configuration,
the eigenenergy is estimated to be 5106 MeV, which is
still above the threshold of J/wD*. When we include
the meson-meson and diquark-antidiquark configuration
simultaneously, the eigenenergy is estimated to be
5095 MeV, which is about 9 MeV below the threshold
of J/wD*, and then this tetraquark state cannot decay into
J/wD*. Moreover, our estimations indicate that in this state
the dominant component is J/ywD*, which is about 75%,
while the fractions of the hidden-color channel (J/yD*)?
and the diquark-antidiquark channel (cc)(¢n) are about
11% and 13%, respectively, which indicate the effect of
coupled channel plays an important role in the existence of

the below-threshold cccn tetraquark state. Different from
the ccci system, our estimations find there are no below-
threshold cccs tetraquark states with J* = 27F.

In a very similar way, we can estimate the bbbg
tetraquark system, and our results are listed in Table V.
Our estimations indicate that there are no below-threshold
bbb tetraquark states. However, within the framework of
QCD sum rules, the bbb tetraquark states with J* = 0F
and J®” = 17 may be stable due to obtaining the masses
below the threshold #, B and 7, B* [127], which is different
from our conclusions. It is interesting to notice that, for the
cccn system, we find one below-threshold tetraquark state
with J© = 27, while the mass of the corresponding state in
the bbb sector is above the threshold of YB*. To find
which interaction plays the dominant role in forming a
below-threshold cccii tetraquark state with J© = 2% and
further check the influence of the coupled-channel effect,
we list the contribution of each term in the system
Hamiltonian in Table VI. As we have discussed in the
above section, the potential resulting from the Goldstone-
boson exchange disappeared due to the quark components
of the triply heavy tetraquark system. For the cccn
tetraquark system with J¥ = 2+, Eyyyyp+) refers to the
sum of the theoretical threshold of J/yD*, which indicates
the interactions between J/w and D* are zero and the
system wave function is the product of the ones of J/y and
D*. In this case, the average value of the kinetic operator is
1800.1 MeV, and the ones of confinement and OGE terms
are —1812.8 and —380.5 MeV, respectively; one can
obtain the threshold of J/wD* by summing over the
average values of different terms and the masses of the
constituent quarks. In a similar way, one can obtain
the average value of the operators in the single E;/,
channel estimation, the coupled-channel estimations
of meson-meson configuration (E..) and diquark-
antidiquark configuration E..,, and the coupled-channel
estimation of both meson-meson and diquark-antidiquark
configurations E... To simplify, we can define the AFE as
the difference of the average values of operators between
single- and coupled-channel cases and Ey(;,p)- If the
sum of AE for all the operators is negative, the tetraquark
states are below the threshold of J/ywD*. From the table,
one can find the sum of AE for a single channel, the
coupled channel of each configuration is positive, while
the coupled channel of both configurations is negative,
which indicates the ccén tetraquark state with J© = 2% is a
below-threshold state and the coupled-channel effects
between different configurations are essential in forming
a below-threshold tetraquark state. From the table, this
result is mainly due to the strong attraction of the
interaction of the OGE term under the coupling of all
configurations. As for the bbbn tetraquark state with
JP = 2%, one can find that all the AE are positive, which
indicates the tetraquark state is above the threshold of TB*.
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TABLE V. The lowest-lying eigenenergies of the bbbii n = {u,d} and bbbs tetraquarks in the ChQM.

bbbii bbbs
JP [i, ], k] Channel E,, E,, P(%) Channel E,, E,. P(%)
0" [1, 1, 1] (n,B)! 14679 14681 99.99 (n,B,)" 14766 14767 99.99
[1, 2, 1] (TB*)! 14785 14787 0.01 (YBY)! 14875 14876 ~0
[1, 1, 2] (n,B)3 15302 ~0 (7,B;)® 15315 ~0
[1, 2, 2] (YB*)® 15342 ~0 (YB:)3 15327 ~0
[2, 1, 3] (bb)(bn) 15359 ~0 (bb)(b5) 15358 ~0
2, 2, 4] (bb)(bn) 15144 ~0 (bb)(b5) 15171 ~0
Ecc 14681 14767
Eccr 15143 15170
Ecc 14680 14767
1" [1, 3, 1] (n,B*)! 14724 14726 99.98 (n,B)! 14814 14815 99.97
[1, 4, 1] (YB)! 14740 14742 0.01 (TBy)! 14827 14828 ~0
[1, 5, 1] (YB*)! 14785 14787 0.01 (TB3)! 14875 14876 ~0
[1, 3, 2] (n,B*)® 15292 ~0 (n,B%)® 15304 ~0
[1, 4, 2] (YB)® 15294 ~0 (TB;)? 15307 ~0
[1, 5, 2] (YB*)® 15306 ~0 (YB:)3 15304 ~0
[2, 3, 3] (bb)(bn) 15348 ~0 (bb)(b3) 15346 ~0
(2, 4, 4] (bb)(bi) 15127 ~0 (bb)(b5) 15155 ~0
2, 5, 3] (bb)(bn) 15147 ~0 (bb)(b5) 15175 ~0
Ecc 14726 14815
Ecer 15127 15155
Ecc 14726 14815
2+ [1, 6, 1] (YB*)! 14785 14787 99.99 (YB3)! 14875 14876 99.99
[1, 6, 2] (YB*)3 15273 ~0 (TB:)3 15298 ~0
[2, 6, 4] (bb)(bn) 15153 0.01 (bb)(b5) 15183 ~0
Ecc 14787 14876
Ecer 15153 15183
Ecc 14787 14876
TABLE VI. The average values of each operator in the Hamiltonian of the c¢céfi and bbbii tetraquark system in

units of MeV. Ey;(;/,p+) and Eyyp+ stand for the sum of the theoretical thresholds of J/yD* and TB* channel,

where the distance between two mesons is very large and the interactions between them are ignored.

<HT> <VCON> <VOGE> <HT> <VCON> <VOGE>
JP=2%  Egppy 18028 18127 3804  Eqyg 1382.6  —1328.1  —9524
Ecer 18025  —1812.6  —380.3 Ecer 13825 —1328.1  —952.4
Ecer 19943 16951  —353.3 Ece 15944  —12553  —834.8
Ecc 18012 —18127  —390.5 Ecc 13823 —13280  —952.3
Eygppy 18001 —1812.8  -380.5  Eyep, 13805 —13289  —953.5
N 2.7 0.1 0.1 AEyjy 2.6 0.8 1.1
AEcc 24 0.2 0.2 AEcc, 2.0 0.8 1.1
AEcc 194.2 117.7 272 AEcc 213.9 73.6 118.7
AEcc 1.1 0.1 ~10.0 AEcc 1.8 0.9 13

B. The QQQ’ g system
In Table VII, we present our estimations of the eigene-
nergies of the cchg system with J* = 0%, 17, and 2+,
respectively. For the case of the cchii tetraquark with
JP = 07, we find there are four meson-meson channels and

two diquark-antidiquark channels. The lowest physical
threshold of ccbin is the one of BD, which is
8140 MeV. The eigenenergies obtained from the single
channel, the coupled channel in each configuration, and the
full coupled-channel estimations are all above the threshold
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TABLE VII. The lowest-lying eigenenergies of the cchii n = {u,d} and ccbs tetraquarks in the ChQM.

ccbi cchs
JP [i, ], k] Channel E,, E,, P(%) Channel E,, E,. P(%)
0" [3, 1, 1] (BfD)! 8140 8142 99.42 (BfD})! 8243 8244 99.94
[3,2, 1] (B:*D*)! 8307 8309 ~0 (B D! 8412 8413 ~0
3, 1, 2] (BfD)® 8755 ~0 (Bf D)8 8840 ~0
(3, 2, 2] (B:*D*)8 8756 ~0 (B:*Dit)8 8806 ~0
[4, 1, 3] (cc)(bn) 8735 ~0 (cc)(b3) 8816 ~0
(4,2, 4] (cc)(bn) 8657 ~0 (cc)(b5) 8728 ~0
Ecei 8142 8244
Ecce 8651 8719
Ecc 8142 8244
1" 3,3, 1] (BfD*)! 8282 8284 ~0 (BfDiH)! 8387 8388 ~0
(3,4, 1] (B:*D)! 8165 8167 98.00 (B:*DY)! 8268 8269 99.91
3,5, 1] (B:*D*)! 8307 8309 ~0 (B:*Dit)! 8412 8413 ~0
13, 3, 2] (BfD*)® 8734 ~0 (Bf D)8 8818 ~0
(3, 4, 2] (B:+D)® 8749 ~0 (B D)8 8833 ~0
13, 5, 2] (B:+D*)3 8739 ~0 (B:+ D)8 8806 ~0
[4, 3, 3] (cc)(bn) 8724 ~0 (cc)(b5) 8804 ~0
[4, 4, 4] (cc)(bn) 8644 ~0 (cc)(b5) 8717 ~0
[4, 5, 4] (cc)(bi) 8662 ~0 (cc)(b5) 8735 ~0
Ece 8166 8269
Ecer 8640 8710
Ecc 8166 8269
2* (3, 6, 1] (B:*D*)! 8307 8309 99.75 (B:*Dir)! 8412 8413 99.96
[3, 6, 2] (BfD*)8 8719 ~0 (BfD:+)® 8818 ~0
[4, 6, 4] (cc)(bi) 8671 ~0 (cc)(b5) 8747 ~0
Ece 8309 8413
Ece 8719 8747
Ecc 8308 8413

of BfD. From the full coupled-channel estimations, one
can find that the dominant component of the cchii
tetraquark state with J* = 0% is BfD. As for the cchii
tetraquark states with J© = 17, there are six meson-meson
and three diquark-antidiquark channels, respectively. The
lowest physical threshold is the one of Bf D*, which is
8282 MeV. Similar to the case of 0, the eigenenergies
obtained from the single channel, the coupled channel in
each configuration, and the full coupled-channel estima-
tions are all above the threshold of B} D*. Similarly, there
are two meson-meson and one diquark-antidiquark chan-
nels in the cchii tetraquark system with J* = 2%, and our
estimations also indicate that there is no below-threshold
ccbii tetraquark state with J” =2*. Similarly, we can
analyze the ccbs tetraquark system, and we find that all the
eigenenergies of the cchs tetraquark are above the lowest
thresholds of the corresponding physical channels.

As for the bbcg tetraquark system, the estimated
eigenenergies are listed in Table VIII. For the bbcn
tetraquark states with J¥ = 0", we find that the lowest
threshold of physical channel is the one of BB, which
is 11554 MeV. The eigenenergies obtained from the

single-channel estimations and coupled-channel estima-
tions in each configuration are above the threshold of
BZB. While considering the coupled-channel effects of
meson-meson and diquark-antidiquark configurations
simultaneously, we find that the eigenenergy of the
bbei tetraquark with J? = 07 is 11552 MeV, which is
about 2 MeV below the threshold of B B. In this tetraquark
state, the dominant component is B7 B, and its percentage
is about 94.25. As for the bbcn tetraquark states with
JP = 1%, the lowest physical channel is B;B* with the
threshold 11579 MeV. We find that the eigenenergies
obtained from single-channel estimations and coupled-
channel estimations in each configuration are all above
the threshold of B7B*, while the full coupled-channel
estimations indicate that the eigenenergy of the bbcn
tetraquark states with J© = 17 is 11566 MeV, which is
about 13 MeV below the threshold of B;B*. In this
tetraquark state, the dominant component is B B*, and
its percentage is about 58.26, while the (B;B*)' and
(BZB*)® channels in the meson-meson configuration
and (bb)(cn) channel with [i,j, k] =[4,4,4] in the
diquark-antidiquark configuration are also important with

054019-9



LIU, TAN, CHEN, HUANG, and PING

PHYS. REV. D 107, 054019 (2023)

TABLE VIII. The lowest-lying eigenenergies of the bbéin n = {u,d} and bbes tetraquarks in the ChQM.
bbcn bbcs
JP [i, ], k] Channel E,, E,. P(%) Channel E,, E,, P(%)
0* [3, 1, 1] (BzB)! 11554 11557 94.25 (B7B,)! 11642 11643 99.75
[3, 2, 1] (B:=B*)! 11625 11627 1.45 (B:=B)! 11715 11716 ~0
[3, 1, 2] (B;B)® 12003 ~0 (B;B,)® 12062 ~0
[3, 2, 2] (B:=B*)3 12082 1.24 (B:"B,")® 12114 ~0
[4, 1, 3] (bb)(cn) 12146 ~0 (bb)(cs) 12193 ~0
[4, 2, 4] (bb)(cn) 11827 2.31 (bD)(c5) 11893 ~0
Ecc 11556 11643
Eccr 11826 11893
Ecc 11552 11643
1" [3, 3, 1] (B;B*)! 11600 11602 15.71 (B7BY)! 11690 11691 ~0
[3, 4, 1] (B B)! 11579 11582 58.26 (B:~B,)! 11667 11668 98.59
[3, 5, 1] (B:=B*)! 11625 11627 ~0 (B:"B,*)! 11715 11716 ~0
[3, 3, 2] (B;B*)3 11987 ~0 (BZB?)} 12043 ~0
[3, 4, 2] (B:"B)3 11990 ~0 (B B,)® 12046 ~0
[3, 5, 2] (B:"B*)3 12010 6.16 (B:"B,*)® 12050 ~0
[4, 3, 3] (bb)(cn) 12110 1.58 (bb)(cs) 12157 ~0
[4, 4, 4] (bb)(cn) 11759 16.57 (bb)(c5) 11827 ~0
[4, 5, 4] (bb)(cn) 11828 ~0 (bb)(c5) 11896 ~0
Ecc 11581 11668
Eccor 11759 11826
Ecc 11566 11668
2+ [3, 6, 1] (B:=B*)! 11625 11627 68.00 (B;B,*)! 11715 11716 99.57
[3, 6, 2] (B;B*)® 11961 9.79 (B;B;*)3 12031 ~0
[4, 6, 4] (bb)(cn) 11833 22.21 (bb)(cs) 11901 ~0
Ecc 11626 11716
Ecer 11833 11901
Ecc 11613 11716

the percentage 15.71, 6.16, and 16.57, respectively. For the
JP = 27 case, there is only one physical channel for the
bben tetraquark state, which is B:~B* with the threshold
11625 MeV. Similar to the case of 0T and 2T, the
eigenenergies obtained from the single-channel estimations
and the coupled-channel estimations in each configuration
are all above the threshold of B:~B*. When we consider
both meson-meson and diquark-antidiquark configurations
simultaneously, the eigenenergy of the bbci tetraquark
state with J© = 27 is estimated to be 11613 MeV, which is
about 12 MeV below the threshold of B:~B*, and the
percentage of different channels is 68.00, 9.79, and 22.21
for (B:~B*)!, (B;~B*)%, and (bb)(cii) channels with
[i, . k| = [4,6,4], respectively. Different from the bbcn
tetraquark system, our estimations indicate that the eige-
nenergies of bbcs tetraquark states with different J7
quantum numbers are all above the lowest threshold of
the corresponding physical channels.

From our estimations, we find there is no below-
threshold QQQ'5 tetraquark state. But for the QQQ'ii
tetraquark system, we find that the eigenenergies of all the
S-wave ground bbcii tetraquark states with different J?

quantum numbers are below the lowest threshold of the
corresponding physical channels, which is much different
with the cchbii case. To further compare the spectrum of
ccbii and bbci, we list the average values of each operator
in the Hamiltonian of the tetraquark systems in Table IX. It
is interesting to notice that in the full coupled-channel
estimation all the eigenenergies of the bbcin tetraquark
states are below the corresponding lowest physical thresh-
old, while the eigenenergies of the cchi are all above the
corresponding lowest physical threshold. By comparing
the average values of the operators in the Hamiltonian of
the cchii and bbci tetraquark system, one finds the
dominant difference is the average values of Vg, espe-
cially in the case of coupled-channel estimations in the
diquark-antidiquark configurations. The average values of
Voge are negative, which indicates that the OGE potential
is attractive. However, for the cchi tetraquark states with
JP = 0% and 27, the attractions become weak when we
consider coupled-channel effects in each configuration,
and, for the J¥ = 27 case, the attraction becomes stronger
in the diquark-antidiquark coupled-channel estimations.
For the bbcn tetraquark states, we find that the attractions
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TABLE IX. The same as Table VI but for cchit and bbén tetraquark states with J© = 0, 1, and 2.

(Hr) (Veon) (Voce) (Hr) (Vecon) (Voce)
JP =0" E(B:rD)l 1662.7 —1984.5 —-416.5 E(BI—B)I 1522.7 —1880.4 —-349.9
Eccy 16624 —19852  —416.2 Eccy 15224  —1882.7  —348.9
Ece 18614  —1751.3  —339.7 Ecer 16983  —1550.5  —586.6
Ecc 1660.3 —1984.9 —-414.6 Ecc 1521.2 —1882.8 -351.3
Eygip) 16602 —19846 4166  Eygg 15193 18803  —350.0

AE (5 p) 25 0.1 AEgg 35 0.1 0.1

AEcey 22 ~0.6 AEcc, 3.1 24 1.1
AEce 201.2 2333 76.9 AEccs 179.0 3298  —236.6

AEqe 0.1 ~03 AEcc 2.0 238 ~13
JP =15 Egepy 16627 —19845 3915 Egep 15227 —18804  —3249
Ecer 16623 —19853  —391.2 Ecey 15219  —18835  —322.8
Ecor 18512 —1741.1  —351.0 Ecca 16954  —15482  —652.8
Ecc 1662.4 —1985.3 -391.2 Ecc 1520.3 —1884.9 —-334.5
Eygepy 16602 —19845 3916  Eygp 15193 18803  —325.0

AEg py 25 0.0 AEg 5 34 ~0.1 0.1

N 2.1 ~0.8 IN- 2.6 32 22
AEce 197.0 2434 40.6 AEcc 176.1 321 —3278

AEe 22 ~0.8 AEcc 1.0 _46 95
JP =2 Egepy 16627 —19845 2495  Egop, 15227 —18804  —279.9
Eccr 16627  —1985.1  —249.4 Eccr 15227 18819  —279.8
Ecer 1839.2 —1728.8 -319.9 Ece 1694.0 —1547.0 -579.4
Ecc 1661.5 —1983.8 —-249.9 Ecc 1521.8 —1883.5 -289.7
Eygepy 16602 —19845 2496  Eygp, 15204 18803  —280.0

AEgpy 25 0.0 AEgpy 23 ~0.1 0.1

N 25 0.4 N 23 ~16 0.2
AEce 179.0 255.7 ~70.4 AEccs 173.6 3333 2994

AEe 13 0.7 ~03 AEcc 12 32 97

become much stronger in the diquark-antidiquark coupled-
channel estimations, although the attractions caused by the
confinement potential become weak and the eigenenergies
obtained in the diquark-antidiquark coupled-channel esti-
mations are still above the corresponding lowest physical
threshold. But when we consider the coupled-channel
effects in both configurations, the eigenenergies of the
bbcn are below the corresponding lowest threshold of the
physical channels.

C. The QQ'Qq system

Similar to the cases of QQQ'g and QQ'Qg tetraquark
states, we can estimate the eigenenergies of QQ'Qg
tetraquark states. Our estimations of the eigenenergies of
the ¢hcg and bcbg tetraquark states are collected in
Tables X and XI. From Table X, one can find that the
eigenenergies of the bcci tetraquark state with J = 0T
obtained in the single-channel estimations, the coupled-
channel estimations in each configuration, and the full
coupled-channel estimations are all above the threshold of
DB, which is 8140 MeV. Similarly, we also find that the
eigenenergies of the hccs tetraquark states with J* = 0F

are all above the threshold of Dy B;. As for the bccn
tetraquark state with J” = 17, we find that the eigenener-
gies obtained in the single-channel estimations and the
coupled-channel estimations in the meson-meson and
diquark-antidiquark configurations are all above the
threshold of DB}~; however, when considering the
coupled-channel effects in both meson-meson and diquark-
antidiquark configurations, one obtains the eigenenergy to
be 8159 MeV, which is 6 MeV below the threshold of
DB;~. In this tetraquark state, the dominant component is
DB}~ with a percentage to be 91.57. As for the bccs
tetraquark state with J¥ = 17, we find that the eigenener-
gies obtained in the single-channel estimations, the
coupled-channel estimations in each configuration, and
the full coupled-channel estimations are all above the
threshold of Dy B!~. As for the case of J? =27, the
eigenenergies of bccin and bccs obtained in the full
coupled-channel estimations are 8273 and 8410 MeV,
which are below the threshold of D*B:~ and Di"B}~,
respectively. In the bcbi tetraquark state with J* = 2+,
the dominant components are (D*B:™)!, (J/wB*)%, and
(bc)(cn) with [i,j,k]=[7,6,4]; the corresponding
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TABLE X. The lowest-lying eigenenergies of the becin n = {u, d} and becs tetraquarks in the ChQM.

bcecn bccs
JP li, ], k] Channel E,, E,. P(%) Channel E,, E,. P(%)
0ot [5 1, 1] (1.B)! 8266 8266 ~0 (1.B,)! 8351 8352 ~0
5.2, 11 (J/yB)' 8422 8424 ~0 (J/wBY)! 8512 8513 ~0
5, 1, 2] (n.B)* 8717 ~0 (n.B,)® 8796 ~0
52,2 (J/yB)® 8663 ~0 (J/wBo)? 8733 ~0
[6, 1, 1] (DB;)! 8140 8142 98.94 (DY B;)! 8243 8244 99.92
6,2,11  (D*B)! 8307 8309 ~0 (DFYB:)! 8412 8413 ~0
(6, 1, 2] (DB;)? 8870 ~0 (D{B;)® 8924 ~0
[6, 2, 2] (D*B:~)? 8815 ~0 (D B:)? 8860 ~0
(7, 1, 3] (be)(cn) 8864 ~0 (be)(c5) 8924 ~0
[7, 1, 4] (be)(en) 8648 ~0 (be)(e5) 8722 ~0
7, 2, 3] (bc)(eh) 8864 ~0 (bc)(e5) 8924 ~0
(7, 2, 4] (bc)(cn) 8643 ~0 (bc)(c5) 8715 ~0
Eccy 8141 8244
Ece 8647 8711
Ecc 8141 8244
53,1 (1.5’ 8309 8311 ~0 (n.BY)! 8399 8400 ~0
[5, 4, 1] (J/yB)! 8377 8379 ~0 (J/wB,)! 8464 8465 ~0
[5.5.11  (J/yB) 8422 8424 ~0 (J/wBY)! 8512 8513 ~0
(5, 3, 2] (1.B7)® 8711 ~0 (n.B7)® 8790 ~0
(5, 4, 2] (J/wB)? 8702 ~0 (J/yB,)? 8781 ~0
[5.5.21  (J/yB) 8680 177 (J/wB)® 8754 ~0
[6, 3, 1] (DB;™)! 8165 8167 9157  (DiB:)! 8268 8269  99.76
(6, 4, 1] (D*B;)! 8282 8284 ~0 (D:TB;)! 8387 8388 ~0
6,5 11  (D*B-)' 8307 8309 ~0 (D B-) 8412 8413 ~0
[6, 3, 2] (DB:)3 8867 ~0 (D{B:)8 8921 ~0
(6, 4, 2] (D*B;)8 8853 ~0 (D:*B;)® 8906 ~0
(6,5 2]  (D*B-)S 8833 ~0 (DitB;)® 8882 ~0
[7. 3, 3] (be)(ch) 8828 ~0 (bc)(c5) 8888 ~0
[7, 3, 4] (be)(ch) 8640 ~0 (be)(c5) 8715 ~0
[7, 4, 3] (be)(en) 8858 ~0 (be)(e5) 8918 ~0
[7, 4, 4] (be)(cit) 8582 1.17 (be)(e5) 8656 ~0
[7. 5, 3] (bc)(eh) 8803 ~0 (bc)(e5) 8722 ~0
[7, 5, 4] (bc)(cn) 8648 1.19 (bc)(c5) 8858 ~0
Ecey 8167 8269
Ece 8554 8633
Ece 8159 8269
20 56,11 (J/yB) 8422 8424 ~0 (J/wB)! 8512 8513 ~0
66,11  (J/yB)® 8713 11.04 (J/wB.)? 8796 1.59
[5, 6, 2] (D*B:)! 8307 8309 72.10 (D:+B:)! 8412 8413 95.29
[6,6,21  (D*B:)3 8866 1.38 (Dt B8 8924 ~0
[7, 6, 3] (be)(cn) 8841 4.53 (be)(e5) 8906 ~0
[7, 6, 4] (be)(en) 8657 10.77 (be)(25) 8734 1.94
Ecer 8308 8413
Ecen 8623 8708
Ece 8273 8410

percentages of these components are 72.10, 11.04, and
10.77, respectively. As for the bcbs tetraquark state with
JP =2%, the dominant component is (D;*B:™)! with a

percentage of 95.29.

As for the bchg tetraquark system, the eigenenergies
estimated in the ChQM are collected in Table XI. From the
table, one can find that the eigenenergies obtained in the
single-channel estimations, coupled-channel estimations in
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TABLE XI. The lowest-lying eigenenergies of the bcbit n = {u,d} and bcbs tetraquarks in the ChQM.

bebin bcbs
JP i, ], k] Channel E,, E,. P(%) Channel E,, E,. P(%)
ot [5 1, 1] (nyD)! 11264 11266 99.99 (nyDi)! 11367 11368 99.99
[5,2, 1] (YD*)! 11467 11469 ~0 (TD:H)! 11572 11573 ~0
(5, 1, 2] (n,D)® 12085 ~0 (nyD)1)3 12135 ~0
[5, 2, 2] (YD*)3 12050 ~0 (YD:H)8 12094 ~0
[6, 1, 1] (BB})! 11555 11557 ~0 (B,B)! 11642 11643 ~0
6,2, 11 (BB 11625 11627 ~0 (BiB:H)! 11715 11716 ~0
6, 1, 2] (BBf)? 12002 ~0 (B_B+)8 12035 ~0
[6,2,2] (B*B:t)8 11957 ~0 (BiB:+)8 11982 ~0
(7, 1, 3] (be)(bi) 12039 ~0 (bc)(b3) 12077 ~0
[7, 1, 4] (be)(bn) 11899 ~0 (bc)(b5) 11951 ~0
[7.2,31  (bc)(bn) 11989 ~0 (bc)(b5) 12018 ~0
[7, 2, 4] (bc)(bi) 11925 ~0 (be)(b3) 11976 ~0
Ecc 11266 11368
Ece 11879 11912
Ecc 11266 11368
1t 053, 1] (nyD*)! 11406 11408 ~0 (np D) 11511 11512 ~0%
(5, 4, 1] (YD)’ 11325 11327 99.99 (YD¥)! 11428 11429  99.99%
[5, 5, 1] (YD*)! 11467 11433 ~0 (YD) 11572 11573 ~0
(5, 3, 2] (n,D*)8 12067 ~0 (ny D)8 12117 ~0
[5, 4, 2] (rYD)3 12082 ~0 (TD{)? 12131 ~0
(5, 5, 2] (YD*)? 12057 ~0 (YD{*)8 12104 ~0
[6, 3, 1] (BB:H)! 11580 11582 ~0 (B,B:H)! 11667 11668 ~0
[6, 4, 1] (B*B})! 11600 11602 ~0 (BiB})! 11690 11691 ~0
6.5, 11  (B"B:)! 11625 11627 ~0 (BiB:)! 11715 11716 ~0
[6, 3, 2] (BB:H)8 11999 ~0 (B,B:+)} 12032 ~0
[6, 4, 2] (B*B})? 11997 ~0 (BB} )} 12029 ~0
[6.5.2]  (B"B:*)8 11975 ~0 (BTB:+)8 12004 ~0
[7.3,31  (bc)(bn) 12027 ~0 (bc)(b5) 12065 ~0
[7.3,4]1  (bc)(bn) 11921 ~0 (be)(D5) 11975 ~0
[7.4,31  (bc)(bn) 12032 ~0 (be)(b5) 12070 ~0
[7.4,3]1  (bc)(bn) 11911 ~0 (bc)(b5) 11963 ~0
[7.5.31  (bc)(bn) 12005 ~0 (be)(b5) 12038 ~0
[7,5,4]1  (bc)(bn) 11929 ~0 (be)(b5) 11981 ~0
Ecc 11327 11429
Ecor 11891 11926
cc 11327 11429
2t [5,6,1] (YD*)! 11467 11469  99.99 (TD:+)! 11572 11573 99.99%
[6, 6, 1] (YD*)3 12071 ~0 (YD:H)8 12123 ~0
[5.6,2]  (B"B:t)! 11625 11627 ~0 (BiB:H)! 11715 11716 ~0
[6,6,2]  (B"B:t)8 12012 ~0 (BiB:+)® 12048 ~0
[7,6,31  (bc)(bi) 12037 ~0 (be)(b5) 12078 ~0
[7,6,4]1  (bc)(bn) 11937 ~0 (bc)(b5) 11992 ~0
Ecci 11469 11573
Ecco 11930 11982
Ecc 11469 11573

each configuration, and the full coupled-channel estima-
tions are all above the corresponding lowest physical
threshold, which is different with the bccg tetraquark
states, where one finds three below-threshold tetraquark

states. To further analyze the role of the coupled-channel
effects, we estimate the average values of the operators in
the Hamiltonian of the Q' Q Qg system, which are collected
in Tables XII and XIII. From the tables, one can find that
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TABLE XII. Contributions of each term in the Hamiltonian to the energy of the bcéi tetraquark and bcbi
tetraquark in ChQM. Ej(-channer) Stands for the sum of the theoretical thresholds of the lowest physical channel

(unit, MeV).
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(Hr) (Vcon) (Vo) (Hr) (Vcon) (Vo)
JP =17 Epg-y 1662.7 —1984.6 -391.6 Erpy 1558.6 —1432.2 —1064.1
Ecci 1661.9 —1985.3 -391.0 Ecci 1558.4 —1432.2 —1063.9
Ecer 1856.1 —1870.1 -3129 Ecer 1772.2 —1534.8 —-610.9
Ecc 1661.2 —1998.9 —384.0 Ecc 1558.0 —1432.1 —1063.7
Evi(ps:) 1660.2 —1984.6 -391.6 Ev(rp) 1556.6 —1432.9 —1064.1
AE(pp-y 2.5 0.0 0.0 AE (ypy 2.0 0.7 0.0
AEccy 1.7 -0.7 0.6 AEccy 1.8 0.7 0.2
AEcc 195.9 114.5 78.7 AEcc 215.6 —-101.9 453.2
AEq¢ 1.0 -143 7.6 AEqc 1.4 0.8 -0.6
JP=27F Epp-y 1662.7 —1984.6 —249.6 Eypy 1558.4 —1432.2 -922.1
Ecer 1660.9 —1984.9 —249.1 Ecci 1558.2 —1432.1 -921.9
Eccr 1852.5 —1875.3 —2344 Eccr 1724.6 —1637.5 —421.6
Ecc 1660.3 —1998.9 —269.8 Ecc 1557.7 —1431.8 -921.3
Eyp g 1660.2 —1984.6 —249.6 Eyrp 1556.6 —1432.9 -922.8
AE gy 2.5 0.0 0.0 AE(ypey 1.8 0.7 0.7
AEccy 0.7 -0.3 0.5 AEcc 1.6 0.8 0.8
AEcc 192.3 109.3 15.2 AEcc 168.0 -204.4 501.2
AEq¢ 0.1 —14.3 -20.2 AEqc 1.8 0.7 1.5
TABLE XIII.  Contributions of each term in Hamiltonian to the energy of the bcés and bebs tetraquark in ChQM.
Ep(“channer) Stands for the sum of the theoretical thresholds of the lowest physical channel (unit, MeV).
(Hr) (Vcon) (Vo) (Hr) (Veon) (Vo)
JP=(2%) Epri gy 1176.7  —14743  -392.6 Eyp:oy 1036.7 -921.9 —1065.1
Ecer 11763  —14750  -392.3 Ecct 1036.5 -921.9 —1065.0
Ecer 1347.7  —-1396.2  -3472 Ecer 1231.6  —-1100.5 —636.5
Ecc 1176.1  —14782  -391.9 Ecc 1036.5 -921.9 —1064.9
Eyprp) 11749  -14742  -392.5 Eyrpi) 1036.4 -922.2 —1065.6
AE gy 1.8 —-0.1 -0.1 AE(ypey 0.3 0.3 0.5
AEccy 1.4 -0.8 0.2 AEcc 0.1 0.3 0.6
AEcc 172.8 78.0 453 AEcc 195.2 -278.3 430.1
AEq¢ 1.2 -4.0 0.6 AEcc 0.1 0.3 0.7
the average values of kinetic terms increase when we V. SUMMARY

include the interaction between mesons and coupled-
channel effects. In the full coupled-channel estimations,
we find that the attraction from confinement potential
becomes stronger for bccin tetraquark states with
JP =1% and JP =27, but the attraction from the OGE
potential becomes weak for the bccn tetraquark states with
JP = 11, while this attraction becomes strong for the bccn
tetraquark states with J¥ = 2%. As for bcc5 tetraquark
states, the full coupled-channel estimations indicate that the
average values of Hy, Von, and Vg are close to those of
Ep(vp). and the sum of these terms is positive. As for the
bccs tetraquark state with JP = 2%, the estimations indi-
cate that the confinement potential becomes strong in the
full coupled-channel estimation.

In summary, inspired by the recent observation of fully
heavy tetraquark states, we perform a systematic estimation
of the triply tetraquark states in a chiral quark model, where
the coupled-channel effects of meson-meson and diquark-
antidiquark configurations are included. The eigenenergies
of the S-wave ground states have been estimated. After
including the coupled-channel effects of both configura-
tions, we notice that the eigenenergies of some tetraquark
states are below the corresponding lowest threshold of
the physical channel, which indicates that these tetraquark
states cannot fall apart directly and, thus, are stable for
strong decay. In Table XIV, we collect all the stable
tetraquark states estimated in the present work. For
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TABLE XIV. Possible bound states with different quantum
numbers in ChQM (unit, MeV).

Jr Quark components E,, E,. B,.
2+ ceen 5104 5095 -9
0t bbcn 11554 11552 -2
1+ bbcn 11579 11566 -13
2+ bbcn 11625 11613 -12
1" bccn 8165 8159 -6
2+ bceen 8307 8273 —34
2+ bccs 8412 8410 -2

comparison, we also list the corresponding lowest thresh-
olds of the physical channel.

Moreover, comparing  with  the results in
Refs. [126-128,130], we find that the masses of the
diquark-antidiquark configurations are several hundred
MeV higher than those of the color-magnetic interaction
model [126,128] and QCD sum rules [127], while the
masses under an extended relativized quark model [130]
are generally consistent with present estimations of the
diquark-diquark configurations. Although there are dis-
crepancies in the estimated masses due to different input
parameters and different interactions in different models,
the conclusions are basically the same for the triply heavy
tetraquark system; i.e., no stable states are found in the
diquark-antidiquark configurations except for the estima-
tion of QCD sum rules [127]. But when we consider the
coupled-channel effects of diquark-antidiquark and meson-
meson configurations simultaneously, we find there exist
several stable tetraquark states which are below the
corresponding lowest physical threshold, which may be
accessible for experiments in LHCb.
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APPENDIX: THE WAVE FUNCTION OF THE
TRIPLY HEAVY TETRAQUARK

1. The color wave function

For the meson-meson configurations, the color wave
functions of a gg cluster are

1, . -
Clinyy = \/;(rr + g9 + bb),
Chyy = rb, Clyy = =19,
Chyy = gb. Clyy = =3,

Chy=gr.  Cpy=D0F

I,
1] = \/;(rr—gg),

C8
C = L g 2bb Al
21 = 6(_” - 99+ )’ ( )

where the subscripts [111] and [21] stand for color singlet
(1.) and color octet (8,), respectively. Then the color-
singlet tetraquark SU(3).,,, Wave functions can be con-
structed by two color-singlet clusters, i.e., 1. ® 1., and by
two color-octet clusters, i.e., 8, ® 8., which are

X = C[llll]C[llll]’

1
A2 = \/%(szucfm - C?ZI]CSZI - C?ZI]CFZI]

+ Ch Chany = ChiyChayy + ClanyClayy

[21]C421] + C[721}C[221})‘

For the diquark-antidiquark configuration, the color
wave functions of the diquark clusters are

1
Chy =rr, Chy = \A(rg+ gr),

\g(rb +br),

1
Cy = \/;(gb +bg),  Chy = bb.

1 1
CF“] = \/;(rg —gr), Cﬁl] \/;(rb —br),
o 1
C[“] = z(gb — byg).

The color wave functions of the antidiquark clusters are

Chy =99 Cly=

(A3)
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(A4)

L _- -
C[9211] = \/;(gb—bg).

The color-singlet wave functions of the diquark-antidiquark
configuration can be the product of color sextet and
antisextet clusters (6, ® 6,) or the product of color triplet
and antitriplet cluster (6. ® 6,), which read

i
c _ 1 1 _
X5 = \/6 (ChyChay -

+ CyChay = CiyCioy + Cgng),

2] 3 3
Chy + CyCy

1
Xy = \/;<C[711]C[7211] - C[Sn]c[gzn] + C[911]C?211])- (A5)

2. The flavor wave function

For the flavor degree of freedom, the quark content of
the investigated four-quark system is QQ0g, Q = {c, b},
q = {u,d, s}, and the isospin could be 1/2 and 0. Here, we
adopt Fi, and F’, to denote the flavor wave functions of
the tetraquark system in the meson-meson and diquark-
antidiquark configurations, respectively. In the present
work, the flavor wave function of the QQQg system can
be categorized into three types, which are 0007, 0003,
and QQ'Qg, respectively.

For the QQ Q7 system, the flavor wave functions can be
F3=(00)(07).

F,, = (Q0)(Q7). (A6)

and, for the 0QQ’ g system, the flavor wave functions can
be read as

F, =(00)(07).  Fi=(00)(Q'q). (A7)

The flavor wave functions for the QQ’Qg system read
F =(00)(Q'9).
Fy, = (09)(Q'0).

(A8)

3. The spin wave function

The total spin S of tetraquark states can be 0, 1, and 2.
The spin wave functions of two-body clusters are

X111 = aaq,
1

ru= e )
X1-1 = PP,

X0o = \/%(aﬁ - pa).

Then, the spin wave functions of the tetraquark state S’ can
be constructed by considering the coupling of two sub-
cluster spin wave functions with SU(2) algebra, which read

(A9)

Sb = X00%00-
1
S5 = \/;()(11)(1—1 = X0x10 + 2110011
§1 = xoox11»
St = x11x00-
S; = 1(;( - )
1 3 1X10 —X1o0X11)>
Sg =X1JX11- (A10)
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