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The penguin-dominated two-body weak decay of A, — A¢ is studied based on the perturbative
QCD approach. In addition to the penguin emission diagrams, the penguin exchange and W exchange ones
are also accounted for. It is found that the penguin exchange contribution is in fact important and
comparable to the penguin emission one, while the W exchange contribution is highly Cabibbo-Kobayashi-
Maskawa (CKM) suppressed. The predicted branching ratio, B(A, = A¢) = 6.93;8_*11'5 x 1070, is larger
than the previous theoretical estimates but in comparison with the data from Particle Data Group at the level
of 1 standard deviation. We also explore some pertinent decay asymmetry parameters that characterize the
angular decay distributions. The inclusion of the W exchange contribution provides the nonzero weak
phase difference, consequently, allowing us to estimate the direct CP violation and true triple product
asymmetries in the concerned process. The numerical results demonstrate that the direct CP violation is at
the level of a few percent, and the true triple product asymmetries are also predicted to be tiny, of order
1072-107*. The observed small CP-violating observables have shown no significant deviations from zero.

Our predictions will be subject to stringent tests with precise data from LHCD in the future.

DOI: 10.1103/PhysRevD.107.053009

I. INTRODUCTION

With huge statistics of beauty hadrons were accumulated
at the high energy and high intensity of the Large Hadron
Collider (LHC), several charmless A; decays of final states
containing A have been measured to be of order of 107°
with good precision [1-6]. After the evidence has been
reported for the A, — An decay [4], the first vector mode
A, — A¢ was observed with a significance of 5.9 standard
deviations by the LHCb Collaboration in 2016 [5]. Some
triple product asymmetries (TPAs) were measured to be
consistent with zero and no CP violation was found. The
current world average of its branching ratio given by
Particle Data Group (PDG) [7] is (9.8 £2.6) x 107°,
where multiple uncertainties are added in quadrature.
These measurements are crucial for an in-depth
understanding of the strong dynamics in the b-baryon
decays.

Fueled by these observations, theoretical interests on the
A, — A¢ mode were increased recently. In Ref. [8], the
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authors studied the nonleptonic two-body decays of A,
within the QCD factorization approach (QCDF) under the
diquark hypothesis, in which the two light spectator quarks
in baryon are considered as a scalar of color antitriplet. This
approximation may work well for the processes where the
W emission contribution is dominant. However, for the
processes where the diquark is broken during the transition,
such as the exchange topological contributions, the
plausibility of the diquark scenario may encounter
serious challenges. As the predicted branching ratio of
the A, — A¢ decay from [8] is an order of magnitude
smaller than the experimental value, the reasonability of the
diquark hypothesis in this mode needs to be further tested.
The process A, — A¢ was also addressed in [9,10] by
using the generalized factorization approach (GFA), in
which the nonfactorizable contributions are parametrized in
terms of the effective number of colors N°. The obtained
branching ratio with N¢ = 2 was matched to the LHCb
measurement, which implies the sizeable nonfactorizable
effects in the decay under consideration. Very recently, the
angular analyses for A, — AV with V being a light vector
meson has been derived in GFA [11], in which the
T-violating observables were explored systematically.
Further information on this rich subject in the baryon
sector may be found in Refs. [12-20].

Above theoretical studies are performed by the factori-
zation ansatz, within which the contributions from the
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factorizable emission diagrams for the color-allowed
decays can be estimated reliably. Nonetheless, the non-
factorizable effects, especially from the W and penguin
exchange diagrams, still cannot be well explored. As stated
in [21-24], contrary to the meson case, the W exchange
contribution plays a dramatic role in baryon decays on
account of the fact that it is neither helicity nor color
suppressed since there may exist a scalar isosinglet diquark
inside the baryon. Experimentally the observation of the
W-exchange-only processes A7 — EOKT AT+K~ [7,25]
with a surprisingly large branching ratios indicates that W
exchange indeed plays an essential role in charmed baryon
decays. As of today, many efforts have been made to
estimate the W exchange contributions to the baryon
decays using phenomenological models such as spectator
quark model [23], the pole model approach [26-31], the
current-algebra approach [22,30,32-34], final-state inter-
action rescattering [35,36], the topological diagram
approach [37], and constituent quark model [38]. All of
these theoretical studies show that nonfactorizable W
exchange effects are generally important in the weak
decays of singly and doubly charm baryons. Recently, it
was also observed that the W exchange contribution is in
fact not negligible in the charmful two-body baryonic B
decays [39]. This begs the question of whether W exchange
effects are important in bottom baryon decays, which have
received less attention in the literature except those in
Refs. [40-42].

In the bottom baryon sector, the significant W exchange
contribution in the exclusive nonleptonic bottom to charm
baryon decays was observed to be as important as the
nonfactorizable W emission one based on the relativistic
three-quark model [40,41]. In the decay A, — Az, the
total contribution of the nonfactorizable diagrams can
amount to 30% of the factorizable contribution in ampli-
tude. Nevertheless, the discussion in [40,41] is only limited
to the Cabibbo-favored decays mediated by the tree type
transition b — ciid with a light pseudoscalar meson in the
final state. Very recently, the W exchange contribution
has been studied in some hadronic decays of bottom
baryon [42], where the initial and final state baryons
belong to different isospin representations and any factor-
izable amplitude is forbidden. It will be of great interest to
examine how substantial these nonfactorizable effects are
in the penguin-dominated processes. On the other hand, it
is well known that the T-odd observables vanish in the
penguin-dominated decays induced by a single weak
b — s transition. However, after considering W exchange
tree amplitudes, they could interfere with the penguin
amplitudes, and produce the nonzero values of true
T-violating observables, which could be measured in the
experiments.

The perturbative QCD (PQCD) approach has been
developed and successfully applied to deal with
weak decays of A, baryon [43-49], in which various

contributions, such as emission and exchange ones, can be
evaluated in a self-consistent manner. We previously
investigated the color-allowed A, — A.(7, K) decays
[50] and the color-suppressed A, — A(J/w,w(2S))
decays [51] within this approach and obtained satisfactory
results. In this work, we will analyze the two-body
A, = A¢ decay in the PQCD approach to the leading
order in the strong coupling a, expansion. The decay
under consideration is the penguin-dominated mode
induced by the neutral-current b — s transition, which
also receive tree diagram contributions from the W
exchange diagrams via bu — su transition. The decay
amplitudes include the contributions from the penguin
emission, penguin exchange, as well as W exchange
diagrams. The last two contributions were not considered
in previous studies. By explicitly calculating this process,
we shall demonstrate that the penguin exchange diagrams
in fact give contribution of the same order as that from
penguin emission ones, while the W exchange contribu-
tion is highly CKM suppressed. Aside from the decay
branching ratio, many asymmetries derived from the
angular distribution are also predicted and compared with
other theoretical results and experiments. In particular, we
give the theoretical predictions on the TPAs in A, — A¢
decay for the first time, which could be checked by future
experiments.

The rest of the paper is organized as follows. After
presenting the effective hamiltonian, kinematics, and the
light-cone distribution amplitudes (LCDAs) in Sec. II, we
give a general PQCD formalism for A, — A¢, which can
be applied to other A;, = AV decays. The numerical results
for the invariant and helicity amplitudes, decay branching
ratio, various asymmetries, and CP-violating observables
are presented in Sec. III. Finally, Sec. IV will be the
conclusion of this work. Some details of the factorization
formulas are displayed in the Appendix.

II. THEORETICAL FRAMEWORK

A. Hamiltonian and Kkinematics

In the standard model (SM), A, — A¢ involving
b — s transition is governed by the following effective
Hamiltonian [52]

Gr

Hm:ﬁQ%mwmwmwcmwmn

10

_ wymummw0+Hn, ()

with the Fermi coupling constant Gp. V;; are the related
Cabibbo-Kobayashi-Maskawa (CKM) matrix elements.
C;(u) are the Wilson coefficients evaluated at the renorm-
alization scale u. The effective four-quark operators O;
containing quark and gluon fields are given by
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q

where O , are the current-current operators arising from W
boson exchange (a, # denote colors), O3 456 and O759 10
are the QCD and the electroweak penguin operators,
respectively. e, is the electric charges of the quark ¢’ in
units of |e|. The sum over ¢’ runs over the quark fields
active at the b quark mass scale, i.e., ¢ = u, d, s, c, b.

According to the topological classification of weak
interactions, the concerned decay amplitude receives con-
tributions from the penguin emission, W exchange, and
penguin exchange diagrams as shown in Figs. 1, 2, and 3,
respectively. The emission diagrams shown in Fig. 1 can
only contribute to the decay by inserting the penguin
operators, we thus call them the penguin emission diagrams
marked by P. Figure 2 is manifested in the W exchange
processes via bu — su transition, which can be classified
into two types labeled by E and B (the last two diagrams),
respectively. The former represents that the two quarks
produced by the weak interaction are shared by the final
state baryon and meson, while the latter denotes that both
the two quarks flow into the A baryon. By exchanging the b
and u quarks in the A, baryon from the W exchange
diagrams, one can obtain two corresponding penguin
exchange diagrams denoted by PE and PB as exhibited
in Fig. 3. We do not show those diagrams by exchanging u
and d quarks in the initial and final states baryons from the
previous diagrams because their amplitudes are equivalent
under this interchange. In total, there are 136 Feynman
diagrams, each denoted by R; j with R = P, PE,PB,E,B
and the subscript ij representing possible ways of exchang-
ing two hard gluons. It is worth to underline that in the B
and PB type diagrams, the s5 pair must attach two gluons to
form a color singlet ¢ meson. Since the fermion flows of
the diagrams PE(PB) and E(B) type can be converted into
each other via the Fierz transformation, we insert the tree
operators into £ and B type diagrams and the penguin
operators into PE and PB ones in the following analysis to
avoid counting these contributions repetitively.

b6 I S -
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(@,
(e,
b3 b4 b5 3 c4
* s L
. 8 8

[ ]
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FIG. 1.

Penguin emission (P) diagrams for the A, — A¢ decay to the lowest order in the PQCD approach, where the solid black blob

represents the vertex of the effective weak interaction. The crosses on the quark lines, indicated by ij with i = a—f and j = 1-7, denote
the possible ways in which the quark is connected to the spectator d quark via a hard gluon. Those diagrams with exchanging u and d
quarks in the A,y baryons simultaneously, giving the identical contribution, are not displayed.
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FIG.2. W exchange diagrams for the decay A, — Ag. The first two rows are called E-type diagrams marked by E;; with i = a—f and
J = 1-7. The first diagram in the third row is the three-gluon E-type marked by E; with j = 1-4, while the last two diagrams are
classified as bow tie type W exchange diagrams marked by B;; with i = a, b and j = 1-4.
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FIG. 3. Penguin exchange diagrams for the decay A, — A¢, which are similar to Fig. 2 but with the penguin operators

inserting.
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We shall work in the rest frame of the baryon A, with the
baryon A moving in the dominant positive direction on the
light cone

p= (1,1,07), (f+ f7.07),

%!3

q=—71-f"1-f7.07). (3)

5\&5!&

with M being the A, baryon mass. The factors f* can

be derived from the on-shell conditions p? = m% and

q* = m’ » for the final-state hadrons, which yield

with the mass ratios ry 4 = my 4/M. At the end of the
derivation of the factorization formulas, the terms ”%\,(p ~
0.04 in the above kinematic variables will be neglected. For
the vector meson, the longitudinal and transverse polari-
zation vectors (e, 7) can be determined by the normaliza-
tion and orthogonality conditions as

(ff=1L1-f7,07), e =(0,0,1p). (5)

1
€ =
L \/E}"(/)

The momenta of eight valence quarks in the initial and

1 . . . . .
fr = 3 <1 —2 42+ \/(1 _ ré + %) - 4r/2\>, (4) final stat.es, whose notations are displayed in Fig. 1, are
parametrized as
J
M M M M
ky = (ﬁ,ﬁxhkw), ky = (O’%xkaT)’ ks = <0,7§x3,k37),
M M
K, =—=/"x,0,k|, ), K, = x5,0,k5 |, Ky =—=/"x5,0,K; ),
1 <\/§f 1 lT) 2 — <\/—f 2 2T> 3 (\/zf 3 3T>
M M
=\ = 1_ + s T = -/ ) )
0= (5= 250 - )
M M
— (1 =y)(1=f"),—=1=y) (1 =f7),— , 6
0= (S50 -0 = )10 - ). -ar) ©

where xgl’)zj, and y are the parton longitudinal momentum

. (n .
fractions and K;;,;37, and qy are the corresponding
transverse momenta. The momentum conservation implies
the relations

3 3
Sl =1 Y kjp=o. (7)
=1

B. Light-cone distribution amplitudes

In the heavy quark limit, the A, baryon LCDAs can be
defined as matrix elements of non-local light-ray operators
[53-58]. It is more convenient to use the form in the
momentum-space for practical applications, whose Lorentz
structures up to twist-4 accuracy can be written as [55]

" () [M 1 (x, X3)Y5CT];//;

CT] A (P)]a
(8)
where a, f3, y are the spinor indices. A, (p) is the Dirac spinor.

N, is the number of colors. CT denotes the charge con-
jugation matrix under transpose transform. The normaliza-

)= f,, = 0.021+0.004 GeV? [49],

1
(q‘/\b)aﬁ}/(xivﬂ) = 8N

+ fE\z,,) () [Ma(x, x3)75

tion constants ff\lb) =

which is close to the value from the leading-order sum rule
calculation [59]. The chiral-even (M;) and odd (M)
projectors read

My x5) = w50 )+ L (),
M;(xy,x3) = %‘Pz(xzﬁﬁ) + \%‘h(xz,xg, )

respectively, where two light-cone vectors n = (1,0, 0;)
and v = (0, 1,07) satisfy n - v = 1. Note that the momen-
tum of the A baryon is along the n direction in the massless
limit. For the shape of the various twist, we use the simple
exponential model [55]

‘PQ(xz,x3)—x2x3—4e w0,
)

M3 _totm
Y (x0. x3) = 2x, 3€ 0,
)
M3 _(tx3)M
Wi (x,03) = 2x3—5€ 0,
)
M2 _(x2+rq)M
Wy (x2, x3) 7e ™ (10)
g
with wg = 0.4 GeV.
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For the LCDAs of A baryon, we would like to adopt the
Chernyak-Ogloblin-Zhitnitsky (COZ) model proposed in
Ref. [60]. This choose is supported by the previous PQCD
calculation on the form factors of A, — A transition as

discussed in [51]. Other available models, such as QCD
sum rules and lattice QCD (LQCD), one refers to
Refs. [61-66] for details. The nonlocal matrix element
associated with A baryon at leading twist is given by [51]

() apy (Kio 1) = 8\/—%{(ﬂ/c)ﬁy[}/SA(p/)}aq)V(k:"/'t) + (P75C)g, [A(P")] @ (K. )

+ (i0,,p" C)yy [rrsA(P')] @ (i 1)}, (11)

with 6, = i[y,.7,]/2, and A(p’) is the A baryon spinor. ®" and ®” are antisymmetric under permutation of two light
quarks, while ®* is symmetric under the same operation. Their explicit forms at the scale 4 = 1 GeV in the COZ model are
given as [60]

D (x1, %2, X3) = 42f Ahasy [0.18(x3 — x3) — 0.1(x2 — x3)],
DA (x1, X9, X3) = —42f Nhasy[0.26(x3 + x3) + 0.34xT — 0.56x0005 — 0.24x (x5 + x3)],
DT (x1, x5, x3) = 4218 asy [1.2(x3 — x3) + 1.4(x, — x3)], (12)

with ¢,y (X1, x5, x3) = 120x,x,x3 being the asymptotic form in the limit of y — co. ®* and ®7 satisfy the normali-
zations [60]

1
/ DA dx dxydx36(1 —x; —xp — x3) = —fa,

1
/ (I)TXdeldX2dX3(s(1 — X — Xy — .X'3) == f/];, (13)
0 0

respectively, where the two normalization constants are set to be f, = 105 = 6.3 x 107 GeV? [60].
For a light vector meson V, the light-cone distribution amplitudes for longitudinal (L) and transverse (7') polarizations
can be written as [67—69]

O (3) = by (5) + 4By ) + oy o)
O (5) = g I 5) + 4o BL0) + iy sy, ), (14)

respectively. Here €#° is the totally antisymmetric unit Levi-Civita tensor with the convention €”'?} = 1. The twist-2
LCDAs are given by

Buly) =31 =)l + a3y = 1)+ b 3(5(2y = 12 = /2
T
Py(y) = \/Zv—véy(l =y +afy3(2y = 1) + a3y 3(52y = 1)* = 1)/2], (15)
and those of twist-3 ones for the asymptotic form are
cov 31V . 3fV
¢V(y> - 2\/m(2y - 1)2’ ¢V(y) _zm(zy - 1)7
3 3
) = gome I+ Qr =P 400) =~ o2y =), (16)

The values of the Gegenbauer moments and decay constants for ¢» meson are taken as [69,70]

al=af =0, ay=0.18+008, ay =014+0.07, f,=(215+5) MeV, 1 =(186+9)MeV. (17)
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C. Invariant amplitudes and helicity amplitudes

The decay amplitude for §© — 1™+ 17 type can be
expanded with the Dirac spinors and polarization vector
as [23,24],

/!

. P p,
ML ( )eﬂ AlfyﬂyS+AL }'5+Blyu+BL £ Ah( )
MT=A(p")er ATy, s+ By, A (p). (18)

where we split the amplitude into the longitudinal and
transverse pieces according to the vector meson polar-
izations [51]. Above we have included explicit factors of M
so that A(B)L have the same dimensions as A(B)%. The
terms A and B denote the parity-violating and parity-
conserving amplitudes, respectively. Their general factori-
zation formula in PQCD can symbolically be written as

a7 Gr /
A(B) = 10" 78 Dx][Dby aZ(tg )Qp. (b, b, b
(B) == ; [Dx][Db]g, @3 (1k, )R, (b, b, by)
xe S0 ag H (n..), (19)
o=LLLRSP

where the summation extends over all possible diagrams
R;;. a;’gl/_ denotes the product of the CKM matrix elements
and the Wilson coefficients, and the labels ¢ = LL, LR,
and SP refer to the contributions from (V —A)(V — A),
(V—A)(V+A), and (S—P)(S+ P) operators, respec-
tively. Here b, b" and b, are the conjugate variables to kr,
kY. and g7, respectively. H’,gij is the numerator of the hard
amplitude depending on the spin structure of final state.
QRu is the Fourier transformation of the denominator of the
hard amplitude from the k; space to its conjugate b space.
The integration measure of the momentum fractions are
defined as

[Dx] = [dx;dxydx36(1 — x| — x5 — x3)]
X [dx|dx,dx6(1 — x| — Xy, — x)]dy, (20)
|

Hy = —(\/OA] + /O B]),
Q+AT ~ VOB,

where the 6 functions enforce momentum conservation.
The hard scale ¢ for each diagram is chosen as the maximal
virtuality of internal particles including the factorization
scales in a hard amplitude:

IR, = max(v ltals Vtsl, V/Itcls v \fD|’WvW/’Wq)’ (21)

where the expressions of 45 p will be listed in the
Appendix. The factorization scales w, w', and w, are

defined by
1 1 1
DL el e
w min , , , w ,
B b b)) Tob
with the variables
0 = )~ ), )

and the other bg') defined by permutation. The explicit
forms of the Sudakov factors SR,-/- can be found in [51].
Those quantities associated with specific diagram, such as
Hg,, ag,. Db &, and tg_, are collected in the Appendix.

Itis convenient to apply the helicity amplitudes H; ; for
expressing various observable quantities in the decays,
where 4, and 4, are the respective helicities of A and ¢
with the possible values 4y = £1/2 and 4, = 0, £1. The
helicity of the A, baryon 4,, is related by 1, = 15 — 44
[23]. Angular momentum conservation allows four inde-
pendent helicity amplitudes to contribute, including two
transverse polarizations Hyly and two longitudinal ones
H 1y, which can be expressed in terms of the invariant

amplitudes A and B as [23,24]

Hy = \/_m [\/Q+(M mp)AL — \/O_P,AL + \/O_(M + my)Bt + /O, P, Bz}
"
H = ﬁ—m [=V/Q (M = mp)AL + \/QP.Ak + /OU(M + my)BY + /O, P.BE|. (24)
’

with Q. = (M £ m,)? — mé P.=+/0,.0_/(2M) is the A momentum in the center of A, mass frame.
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K+

Y

Ay

(1)2 ‘92
¢

FIG. 4. Decay angles for the A, > A(— pz~)¢p(— K"K~) decay, where 7 is the normal unit-vector to the A, production plane. 6 is
the polar angle of the A momentum with respect to 72 in the A, rest-frame. The angles 8, and @, are respectively the polar and azimuthal
angles of the proton momentum in the A rest frame while 8, and ®, are those of K™ in the ¢ rest frame.

The two-body decay branching ratio reads

o PCTAb

=_" 25
Sam? N (25)

where the sum of the magnitude squared of the helicity
amplitudes Hy is denoted by

Hy = [Hy[? + [H_ | + [Hy* + [H_y|>. (26)

D. Angular distributions and triple product
asymmetries

Many asymmetry observables can be extracted
from the angular distributions for the cascade decay
A, = A(= pr7)¢p(— KTK™), which can be parametrized
with three polar angles 0, 6, and 6, and two azimuthal
angles @, and @, as illustrated in Fig. 4. The fivefold
angular distribution is written as [11]

1d°T 1

= — P

I dQ N <2+’1 ”)
2

1 . 2
x (e)dfu.,l(el)d}1¢,0(92)el(1"¢‘“"’¢2>

1
2
ZAA ,/1,,,‘42’ H;, Ay d An—2y

(27)

with dQ = d cos 0d cos 0,d cos 0,d®;dD,. The first angle,
0, is the polar angle of the A momentum in the A, rest-
frame with respect to the normal direction of the A,
production plane. The two sets of solid angles (0, ®;)
and (6,, @,) describe the decays of the A baryon and the ¢
meson in their respective rest-frame. d’ , is the Wigner-d
function, which can be expanded into a sequence of
trigonometric functions. P, describes the polarization of
Ap. |Ay[* = (3 + Va,) with a, the up-down asymmetry
parameters for A — pz~ [71]. N is an overall normaliza-
tion factor such that the integration of Eq. (27) over dQ is
equal to one.

Similar to the case of B meson decays [72,73], a TPA Ay
represents an asymmetry between the decay rates I" with
positive and negative values of TP,

(TP >0)-I(TP <0)
Ar = )
(TP > 0)+T(TP <0)

(28)

where TP denotes a scalar triple product, which is odd
under the time reversal transformation (7°), and thus
constitutes a potential signal of CP violation assuming
CPT invariance. Choosing the appropriate 7P, one can
construct the asymmetries as follows [19]

I'(cos B, sin(®@; + ®,) > 0) —I'(cos B, sin(P; + P,) < 0) an Im[H%OH*_%_l + H—%OH;]

Ar = I'(cos 0, sin(®; + @,) > 0) + [(cos b, sin(®@, + @,) <0) 2 Hy ’
pr [(cos 6, s.in<I>2 > 0) —I'(cos 6, si.nCDZ <0) _ _&Im{H—%—lH*_%o + H%IH;O] ’
I'(cos 0, sin®, > 0) + I'(cos O, sin®d, < 0) V2 Hy
A3 I'(cos O cos 0, sin(D; + @,) > 0) —I'(coscos b, sin(®; + D,) < 0) N Im[H—%—lH%*o - H%IHi%o]
T T'(cos O cos B, sin(®; + D,) > 0) + [(cos O cos b, sin(@; + D,) < 0)  2v/2 Hy ’
T I'(cos O, cos 6, s'in ®, > 0) —T'(cos @, cos O, si.n D, <0) N Im[H—%—lH*—go - H%IH%*O] ’
['(cos O, cos O, sin®, > 0) + I'(cos @, cosb, sin®, <0)  2+/2 Hy
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[(sin®; > 0) —T(sin®; <0)  Pyzay MH j0H]]

(29)

A = = :
T T(sin®, > 0) +(sin®, <0) 4 Hy

46— Din(®) +20,) > 0) ~I(sin(®, +2%,) <0) __Ppray Im[H, H?,_ ] |
T I(sin(®; + 2®,) > 0) + [(sin(®; +2®,) < 0) 4 Hy

Then the true asymmetries are defined as [12,18]

A — Al
2 9

Al (true) = (30)
where AiT with i = 1-6 are the corresponding quantities for
the charge-conjugate process. A significant deviation from
zero in these observables would indicate CP violation.
Note that the above six asymmetries have the same forms as
those in Ref. [11], apart from the additional multiplicative
factors derived from the integral of the decay angles.
Changing the sine of the azimuthal angle in above TP
to cosine, we can obtain six new asymmetries, which are
proportional to the real part of bilinear combinations
of the helicity amplitudes. The corresponding expressions
can be obtained from Eq. (29) with the replacement of
Im — Re. Similarly, combining the quantities for the
corresponding CP-conjugate process, they have the form
of Re[H'H* — H'H*], which is characteristic of direct CP
asymmetry.

Integrating Eq. (27) over the two azimuthal angles @,
and ®,, the angular distribution is reduced to eight terms as
shown in [74] (see Table 2), which can be written in terms
of the following three independent angular observables

a, = —\I:I%1|2 + |ﬁ—%—1\2 + |I:I%0|2 - |ﬁ1—%0 ’

9’

2
’

ro = |I:I§0|2 + |ﬁ[—§o

|
with |H indy
a;, characterizes parity nonconservation in a weak decay
of A,. ry and r; are the longitudinal unpolarized and
polarized parameters, respectively.

Further integrating (0, 6,) and (0, 6,), respectively, one
can extract two more interesting asymmetries

* = |H,,;,I?/Hy. The asymmetry parameter

@y, = il + [ = 1y = H P,

@, = [HyP +H o = [HyP = AP (32)

where the former describes the polarization of A baryon,
and the latter represents the asymmetry between the
longitudinal and transverse polarizations of ¢ meson.
We see that a;, and a;, are odd and even under parity

transformation, respectively.

III. NUMERICAL RESULTS

Numerical results on the invariant and helicity ampli-
tudes, branching ratio, angular observables, direct CP
violation, and TPAs will be presented in this section.
In our numerical study, the values of relevant masses
(GeV), lifetimes (ps), and the Wolfenstein parameters for
the CKM matrix are taken from the latest experimental

T TR NT: IRE
ry = |Hypl = [H_y, G Values [7]:
|
M=56196.  my=1116. m, =48  m,=1019,
r=1464,  1=022650, A=079, p=0141, §=035T. (33)

Other nonperturbative parameters appearing in the hadron
LCDAs have been specified in the preceding section.

As stressed before, all the five topologies can be
evaluated systematically in PQCD. It is interesting to
compare the relative strengths among these topologies,
whose results are shown separately in Table I. The labels P,
PE(PB), and E(B) corresponds to the contributions from
the penguin emission, penguin exchange, and W exchange,
respectively, and the last column is their sum. It is found
that the decay amplitudes are governed by the penguin
emission P and penguin exchange diagrams PE, which

contribute at the same order of magnitude, while the W
exchange ones suffer from severe CKM suppression and
are smaller by one or two orders of magnitude. The
contributions from B and PB-type exchange diagrams
are predicted to be vanishingly small.

In order to understand the mechanism responsible for the
large contribution from the PE diagrams, one has to
compare the relative contributions from various compo-
nents in the LCDAs. In this study we take into account the
contributions from the A; baryon LCDAS up to twist 4 and
the ¢ meson LCDAs up to twist 3, while the A one is
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TABLE L Contributions from the various topologies to the invariant amplitudes (1071°) for A, — A¢ decay. The labels P, PE(PB),
and E(B) corresponds to the contributions from the penguin emission, penguin exchange, and the W exchange diagrams, respectively,
and the last column is their sum. Only central values are presented here.

Amplitude P PE E PB B Total

AL -0.59 —i3.90 4.24 —i10.82 1.14 4+ i0.71 0.39 +i0.02 —0.02 +i0.05 5.16 —i13.94
Bt —1.69 + i4.05 —3.86 +i12.20 —1.46 —i0.83 —0.56 + i0.00 0.01 —i0.07 —7.55 4 i15.36
AL 0.43 —i36.09 9.45 —i25.39 2.66 4 i1.65 1.47 4-i0.02 —0.04 4+ i0.14 13.97 — i59.67
B 2.75 —1i15.10 7.92 —i19.70 2.59 +1i1.28 0.64 4 i0.01 -0.03 +i0.13 13.87 —i33.39
AT -0.53 —i2.54 222 —i4.70 0.64 + i0.59 0.14 —i0.11 0.00 + i0.03 247 —1i6.73
BT -1.99 +1i2.73 —2.00 + i5.45 —1.08 — i0.69 —0.20 +i0.21 0.00 —i0.04 -5.26 4+ i7.65

TABLE 1. The contributions from ®V, ®*4, and ®7 in the A baryon LCDAs to the invariant amplitudes.

Amplitude (o) A o7
Al 13x 1078 +i7.5 x 107! 57 % 10710 —i1.2 x 107° -5.0x 1071 —i2.8 x 10717

Bt 45 % 107" - 1.3 x 10710 -92x 10710 +i1.3 x 107 12x 10710 +i3.7 x 10710
Af -25x 10719 +i6.4 x 107! 1.3x107% —i4.3 x 107° 40x 1071 - 1.8 x 107°

Bk 9.0 x 107! +79.4 x 107! 1.5x 107 —i3.5 x 107° —2.1x 1071 +i3.4 x 107!
AT -2.8x 1071 +i1.0 x 107! 29 % 10719 —i5.0 x 10710 -1.3x 107" - i1.8 x 10710
B 12x10719 429 x 10713 —-6.7x 10710 +i5.4 x 10710 21 %107 +i2.3 x 10710

restricted to the leading-twist accuracy. We first compare in
Table II the values of the invariant amplitudes from three
components of the leading-twist LCDAs of A baryon. It is
observed that the mainly contributions come from the
component ®* as a consequence of the symmetry relations
in Eq. (12). Conversely, contributions from the components
®" and ®7 are relative small due to the antisymmetry under
the interchange of x and 1 — x. In particular, the contribu-
tion of @V is further suppressed by the small coefficients of
the terms x3 — x3 and x, — x3 in Eq. (12). Similar feature
has also been observed in previous PQCD calculations on
the A, — AJ/yw mode [43,51]. Contributions from twist-2
and twist-3 LCDAs of ¢ meson are also displayed
separately in Table III. It can be shown that their con-
tributions are comparable. The important twist-3 meson
LCDAs contributions were also observed in the penguin-
dominated B meson decay, such as B; — ¢¢ [75].

Given this situation, it is expected that the dominant
contribution to the invariant amplitudes comes from the
combination of ®* and twist-2 LCDAs of A,, such as the
@AY, term. Note that the invariant amplitudes involve
different sets of A, baryon LCDAs through different
Feynman diagrams. In the following analysis we take
diagrams of P, 4 and PE,; as examples to illustrate,
which dominate the P and PE-type amplitudes, respec-
tively. As can be seen from Table XII that the dominant
term ®4W, contributes to A;, B; and A,, B, through the
nonfactorizable diagrams P, and P.;, respectively. Thus
the penguin emission decay amplitudes are governed by
the twist-2 contributions. Nevertheless, for the penguin
exchange diagram PE;, the twist-2 term vanish at the level
of the theoretical accuracy in the current formalism. The
leading contribution to PE,; comes from the twist-4 term,
®AW,. As stated in [49], the higher-twist effects are crucial

TABLE III. The values of invariant amplitude from twist-2 and twist-3 LCDAs of ¢ meson for

A, — A¢ decays.

Amplitude twist-2 twist-3

AL 1.0 x 10710 — 2.0 x 10710 4.1x10710 - i1.2x 107
B -3.9x 10710 +i2.3 x 10710 -3.7x 10710 +i1.3 x 107°
Ak 3.9x 10710 - 3.5 x 107 1.0x 107 — i2.4 x 107
Bk 4.7 x 10719 = i9.9 x 10710 9.2 x 10719 - 2.3 x 107
AT 2.9 x 10710 - 5.0 x 10710 —-4.7x 107" — 1.8 x 1071

B{

—25x 10710 4457 x 10710

—2.8x 107104+ 2.0x 10710
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TABLE IV. The values of the invariant amplitudes from various twists of the A, baryon LCDAs for P and PE

diagrams.

Amplitude Twist PE

AL 2 6.0 x 107! —i1.3 x 10710 2.8 x 107! +i6.5 x 107!
3 —1.0x 10719 — 4.9 x 10~ 44 x 107" - 1.6 x 10710
4 —1.7x 107" — 2.1 x 10710 3.5x 10719 - 9.9 x 1010

Bt 2 6.7 x 1071 +i1.3 x 10710 -2.8x 10711 9.0 x 107!
3 1.6 x 10719 — 3.0 x 101 53 x 107" +i42 x 10710
4 —2.6x 10710 +43.0 x 10710 —4.1x 10719 + 8.9 x 10710

AL 2 25%x 10710 - 22 x 107 9.8 x 10711 +i2.2 x 10710
3 =71 x 107" — 1.1 x 10~ 7.3 x 1071 — 8.5 x 1010
4 -13x 10719 - 2.6 x 10710 7.7 %1079 - 1.9 x 10~

B 2 1.8 x 10710 —i1.5 x 107 27x 107" +i1.1 x 10710
3 —2.7 x 10719 4+ 44.0 x 10710 1.1 x 10719 - 3.9 x 10710
4 3.6x 10710 —i4.4 x 10710 6.5x 10710 — 1.7 x 10~

AT 2 25%x 1071 —i5.9 x 10~ —1.7x 107" +i2.9 x 10~
3 —1.0x 10719 = 7.7 x 10~12 43 x 107" — 1.6 x 10710
4 23x 107" - i1.9x 107'° 20x 10710 - 3.4 x 10710

BT 2 -33x 107" +i6.2 x 107! 25 x 1071 —i4.6 x 107!
3 1.8 x 10710 + 2.0 x 10~'2 23 x 107" +i2.9 x 10710
4 -3.4x 10719 42,1 x 10710 -2.5%x 10719 +43.0 x 10710

at the realistic scale of the b quark mass, and the
contribution from twist-4 A, baryon LCDAs could over-
come the power suppression from 1/M with respect to the
twist-2 one due to the enhancement from the endpoint
region. It is not surprising that the twist-2 and twist-4
contributions are of the same order for a similar reason in
this work. Therefore we can explain why the penguin
exchange amplitudes are in fact at the same order as the
penguin emission ones, which can be seen in the columns
of P and PE of Table I.

Table IV indicates clearly that the higher-twist contribu-
tions significantly enhance the penguin exchange ampli-
tudes. The picture of significant exchange topological
contributions differs from the case of the color-allowed
decays of A, - A.m, A K [50], in which the emission type
amplitude is dominant and accounts for more than 90% of
the total decay amplitudes. We should point out, however,
that only the leading-twist LCDAs of the A, baryon was
considered in [50]. The hierarchy relationship may be
modified to some extent if the higher-twist contributions
are included, which is an intriguing topic for future research.

The factorizable amplitudes contribute only via the
penguin emission diagrams, such as P,j_,5, Ppi_ps, and
P12 51,52 as shown in Fig. 1, in which the s5 of ¢ mesons
are created by weak vertices. In Table V, we present the
factorizable and nonfactorizable contributions in the decay
amplitudes. It is observed that the nonfactorizable contri-
butions dominate over the factorizable ones, which is
similar to the cases of the decay of A, — AJ/y [43,51]
and A, — px, pK [48].

By using the results of Table I, one can calculate the
helicity amplitudes according to Eq. (24), whose numerical
results are displayed in the Table VL. It is observed that the
amplitudes are dominated by H_%O which occupies about
81% of the full contribution. It implies the negative-helicity
component of the A baryon and longitudinally polarized ¢
meson in the final states are preferred. Contributions from
the transverse polarizations of ¢ meson are rather small,
which amounts to less than 10%. As pointed out in [76],
the transverse amplitudes are suppressed relative to the
longitudinal ones by a factor r,, which can also be seen
from Eq. (24). This situation differs from the case of
A, = AJ/y decays [51], where their contributions are
comparable because the J/y is very heavy (three times as
lager as the ¢), and thus the suppression is not obvious. The
domination of H_y, is consistent with the expectation from

the heavy-quark limit and the left-handed nature of the

TABLE V. The values of the invariant amplitudes from the
factorizable and nonfactorizable diagrams for A, — A¢ decay.

Amplitude Factorizable Nonfactorizable

AL —1.5x 1071 53x 10710 — 1.4 x 107
Bt -2.7x 1071 =73 x 10710 +i1.5x 107
Af —6.1 x 1071 1.5 x 107 —i6.0 x 107°
B 6.3 x 107! 1.3x10™° —i3.3x 107
AT -1.5x 1071 2.6 x 10710 — j6.7 x 10710
BT -3.1x 1071 =5.0x 10710 + 7.7 x 10717

053009-11



ZHOU RUI, JIA-MING LI, and CHAO-QI ZHANG

PHYS. REV. D 107, 053009 (2023)

TABLE VI. Helicity amplitudes and phases of A, — A¢ decay. The last row corresponds to the magnitude squared of normalized
helicity amplitudes.

) 51 -3-1 1o ~1o

H, .5, 6.6 x 10719 1.1 x 107° 40x107° —i7.9 x 107° 8.6 x 10719 +79.9 x 1070 1.6 x10™° —i2.8 x 1078
D7, 1.04 —1.10 1.48 —1.51

|I:11W|2 2.0x 1073 8.3 x 1072 0.105 0.81

TABLE VII. Branching ratios and asymmetry parameters for the A, — A¢ decay. The theoretical errors correspond to the

uncertainties due to @ = 0.40 £ 0.04 GeV and the hard scale r = (1.0 & 0.2)z, respectively.

B ay, aj-,\

a;, o ry

)

—0.63+0'16+0‘00

ortoos _0_79+0.12+0.00

+19+18 -6
6950 16 % 10 —0.02-0.04

0.83+0'O3+0'OI

-+0.01+0.01
—0.03-0.05 0.91

+0.14+0.00
—0.02-0.02 -0.71

—0.01-0.02

weak interaction and the prediction in GFA [11]. As shown
in [11], the four helicity amplitudes in the GFA share the
same complex phase, which come from the common
effective Wilson coefficients. However, in our calculation,
the nonfactorizable contributions are the major source of
the strong phases, and each helicity amplitude has a
different phase as exhibited in Table V.

After obtaining the values of the helicity amplitudes, we
can compute the branching ratio and various asymmetries
through Egs. (25), (31), and (32). The numerical results are
collected in Table VII, where the first and second uncertainties
arise from the shape parameter w, = 0.40 £ 0.04 GeV in the
A, baryon LCDAs and hard scale ¢ varying from 0.8¢ to 1.21,
respectively. We draw the following observations:

(1) The PQCD prediction of the branching ratio in-
volves a large uncertainty because of the sensitivity
to the nonperturbative hadronic LCDAs, which are
of limited accuracy due to our lack of understanding
of QCD dynamics at low energies. Pinning down the
uncertainties of LCDASs is an essential prescription
to improve the accuracy of PQCD calculations. In
contrast to the branching ratio, most of the asym-
metry observables are insensitive to the nonpertur-
bative QCD effects because the resulting
uncertainties have been eliminated in the ratios,
indicates they can serve as the ideal quantities to
test the PQCD approach.

(2) The predicted branching ratio is slightly larger than
the LHCb measured value (5.18 4= 1.29) x 107 [5],
where multiple uncertainties are added in quadra-
ture. However, recent updates from the PDG on the
web and the world average from the Heavy Flavor
Averaging Group (HFLAV) give (9.8 4-2.6) x 1076
and (10.152;59 ) X 1076 [77], respectively. Both of the
central values are larger than the LHCb data by a
factor of two. We notice that in fact all these data
come from the measurement of the relative branch-
ing fraction of A, = A¢ to B® - K% by LHCb [5],

and the discrepancies are mainly caused by using
different values for the production rate ratio f, /f,
with f, (f,) being the fragmentation fractions of b
quarks to A,(B?).

(3) By comparison, the estimates based on GFA
gives B(A, = A¢) = (1.771]76+£0.24) x 107° [9],
which suffers large uncertainties from the non-
factorizable effects. With the number of colors
setting as N = 2, the value can be enhanced to
(3.53 £0.24) x 107%, which is still half of our
prediction and apparently lower than the world
averages. The result from the QCDF [8], yields
(6.331080+ 1 571083) % 1077, is below our number by
roughly one order of magnitude. The smallness is
ascribed to the important nonfactorizable effects,
such as hard spectator interactions and power
corrections, were not included in their calculations.

(4) The up-down asymmetry «; is predicted to be
—0.637005799 in PQCD, away from -1 because
the considered process also receives sizeable con-
tributions from the QCD penguin operators Os¢ 7 g
via the V + A current. Our central value is somewhat
larger than the QCDF calculation —0.8 presented
in [8]. The asymmetry parameters of a; and a, )

evaluated in GFA are —0.99 and 0.86 [11], respec-
tively, which are comparable to our results in
Table VII. The obtained predictions on the ry and
ry, received less theoretical and experimental atten-
tions, can be compared in future.

We now discuss the TPAs in A, — A¢ decay.
From Eq. (29), one can see that two parameters a, and
P, enter into the angular distribution and appear in the
TPAs. For the former, we use the new experimental PDG
average values ay = 0.732 £0.014 and az = —0.758 +
0.012 [7], deduced from the measurements by the BES-III
[71] and CLAS [78] Collaborations. The value of P, is
annoying because it depends on the production mechanism
of the A,. Here we assume that A, baryons are produced
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directly in the hadron collisions, where the longitudinal
polarization is expected to vanish due to parity conservation
in strong interactions [79]. The CP invariance between the
A, and A, angular distributions implies the relation of
P, = —P, can be used [80]. Experimentally, the polariza-
tion had been measured from the angular distributions of
A, — AJ/y decay by the LHCb [79], CMS [80] and
ATLAS [81] experiments, which have yielded a value
consistent with zero, though polarization of 10% is possible
given statistical uncertainties [74]. Theoretically, it has
been suggested that the value of P, would reach up to the
(10-20)% level [14,82]. In the following analysis, we take
P, = 0.1 as a rough numerical estimates.

The calculated TPAs in GFA must be zero [11] since
their helicity amplitudes share the same complex phase as
mentioned above. In contrast, in PQCD regime, the helicity
amplitudes always have different strong phases, which
mainly originate from the nonfactorizable diagrams as
shown in Table V. This will lead to nonzero TPAs, which
are summarized in Table VIII. As expected the PQCD
results on these asymmetries come out to be quite small,
range from 10 to 1072. AL do not involve the polarization
of the initial state and could be measured in the unpolarized
angular distribution. Its relative large value of order 1072
makes it is the best candidate to look for in experimental
searches. The small values of A3 and A} are mainly
attributed by a substantial cancellation of the two compo-
nent as can be seen in Eq. (29). The difference between A%
and A%} is ascribed to the distinct combinations of
H_%_lHi%O and H%IH;() in Eq. (29). The smallness of A%

can be traced to the transverse polarization components
suffer the power suppression as explained above. In
addition, the W exchange amplitudes associated with the
CKM matrix elements V,, Vi, provide the weak phase,
which interfere with the penguin amplitudes to produce
nonvanishing true TPAs as given in the last column of
Table VIII. As noted previously, W exchange contributions
are highly CKM suppressed relative to the penguin ones,
most the true TPAs are estimated to be less than O(1%) in
magnitude, compatible with the absence of CP violation.

TABLE VIII. PQCD predictions for the TPAs with P, = 0.1.
The sources of the theoretical errors are the same as in Table VII
but added in quadrature.

Al Al Al (true)
i=1 -14739%x102  1379%x102  -147} x 1072
i=2 -69709%x1073 -35738x107° 1778 %1073
i= —1.8732 x 1073 =572 %10  -0.67)3 x 1073
i=4 287 x1073 1.8729 %1073 057 x 1073
i=5  24709x107% -3.6557x1073 3.0 x 1073
i=6 —59709x10* -55709x10% —-0270) x107*

We therefore conclude that any measurement of a sizeable
TPAs in the decay is an unequivocal signal of new physics.

The partial angular analysis of the considered process
has been studied by LHCD [5], in which four asymmetries
are measured to be consistent with zero. Note that these
asymmetries are defined by the so-called special angles
[17], which are explicitly given in Ref. [19]. As stated
in [19], such angular asymmetries give access to terms
proportional to the off-diagonal elements of the A, polari-
zation density matrix, which are absent in the current case
since the A, is assumed to be produced by the strong
interaction which preserves parity. Therefore all the four
asymmetries vanish in our calculations.

Finally, we predict the direct CP asymmetry of the
A, = A¢ decay, which is defined by

T(Ay — AG) ~T(R, - Ag)
AP = Fa, = Ap) F TR, = Ap)” Y

where the overline denotes the antiparticles. It is known
that at least two amplitudes with nontrivial relative
strong and weak phases are required to produce a non-
vanishing direct CP violation. As already remarked
above, the tree amplitudes contribute via the W exchange
diagrams, while the penguin ones exist in both penguin
emission and exchange diagrams. The direct CP asym-
metry arises from the interference between the tree and
penguin amplitudes. Since the tree-level W exchange
contribution is suppressed by the CKM matrix elements
Vs Vis/ Vi Vis| ~0.02 compared with the penguin ones,
the resulting direct CP asymmetry would be very small
with the value of —1.0:1.'2%, where the sources of the
theoretical errors are the same as in Table VII but added in
quadrature. The corresponding value from QCDF and
GFA are 1.673% [8] and 1.47)-7% [10], respectively. Our
central value agrees with theirs in magnitude but differs in
sign. These results can be checked by future experiments.

IV. CONCLUSION

The weak decay of the bottom baryon provides useful
information about the strong interaction and serves as an
important probe for testing various theoretical approaches.
Because baryons are three-quark systems in the conven-
tional quark model, their weak decays contain a large
number of topological diagrams, making QCD dynamics
involved in the hadronic matrix element extremely com-
plicated. Nonfactorizable contributions, in particular the
exchange topological contributions, are more difficult to
evaluate from first principles. The perturbative QCD
approach is a powerful tool to analyze the heavy baryon
decays, in which both the emission and exchange topol-
ogies can be evaluated systematically. In this work, we have
carried out a systematic study on the penguin-dominant
A, — A¢ decay, whose branching ratio was predicted to be
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much small in previous literature with only the emission
topological contributions being taken into account. Since
the PQCD calculations of the baryon decay start at two
order of @, A, = A¢ proceeds simultaneously through the
charged current » — u transition and neutral-current b — s
transition. The former corresponds to the tree diagrams
contribution resulting from the W exchange diagrams,
while the latter belongs to the penguin contributions, which
could be further cataloged into penguin emission and
penguin exchange ones. All the possible Feynman dia-
grams can be classified into five topological types, namely
P, PE, E, B, and PB, respectively. It is observed that the
decay amplitudes are dominated by the P and PE-type
diagrams, while contributions from the W exchange ones
suffer from severe CKM suppression. Furthermore, the
contributions from B and PB-type exchange diagrams are
predicted to be vanishingly small.

After the standard PQCD calculations, we obtain the
factorization formulas for the invariant amplitudes, which
can be transformed into the helicity amplitudes for more
convenient analysis of the asymmetry parameters in the
angular distribution. Angular momentum conservation
allows four complex helicity amplitudes to contribute in
the decay under scrutiny. Differing from the calculations in
GFA, where the helicity amplitudes share the same com-
plex phase, the strong phase in our approach is primarily
derived from nonfactorizable contribution that is special to
each helicity amplitude. Both the moduli and phases of
these helicity amplitudes could be predicted in PQCD,
which allows one to compute the nonzero triple product
asymmetries originating from the interference among
various helicity amplitudes. We found that the negative
helicity component of the A baryon and longitudinally
polarized ¢ meson in the final states are preferred. This
pattern observed is in line with the expectation from the
heavy-quark limit and the left-handed nature of the weak
interaction and the GFA prediction.

Our prediction of 6.97)9"'8 x 107 for its branching
ratio is comparable with the world averages from PDG and
HFLAYV, whereas the theoretical estimates based on GFA
and QCDF have shown sizeable deviations. The represen-
tative theoretical uncertainties from the nonperturbative
parameters in A, LCDAs and the hard scale were taken into
account, which can reach 30% in magnitude. However,
most of the asymmetry observables are less sensitive to the
variations of hadronic parameters owing to the cancella-
tions of uncertainties in the ratios. The direct CP asym-
metry is estimated to reach the percent level, which is
consistent with the results from GFA and QCDF. These
obtained asymmetries can be confronted with the
future data.

We give the first theoretical estimates of the triple
product asymmetries in the polarized decay distributions,
which can be expressed by the imaginary part of bilinear
combinations of the helicity amplitudes, the asymmetry
parameter «, related to A — pzx decay, and the A,
polarization fraction P,. For numerical estimations, we
have used the value of a, as given in PDG and set
P, =0.1. The predicted values of TPAs for A, — A¢
and their CP conjugate counterparts are in the range from
10™* to 1072. Among these asymmetries, only Al is
independent of P, and has a largest value at 1072 level,
which can be measured with the unpolarized angular
distribution. Combining the TPAs in A, and A, decays,
we obtain the PQCD predictions on the true TPAs, which
are tiny, of order 1072 or even lower. The smallness of these
true asymmetries are compatible with CP conservation.
Hence, the measurement of a large true TPAs would be a
clean indication of new CP violation mechanism beyond
the standard model.
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APPENDIX: FACTORIZATION FORMULAS

Following the conventions in Ref. [50], we provide some
details about the factorization formulas in Eq. (19). The
combinations of the Wilson coefficients a$ &, are collected
in Table IX. The virtualities of the internal propagators
tapcp and the expressions of [Db] and Q for the

exchange diagrams are gathered in Tables X and XI,
respectively, where the auxiliary functions /,,3 and the
Bessel function Ky can be found in [50]. The corresponding
forms for the P-type diagrams can be found in Refs. [50,51]
and shall not be repeated here.

In Table XII, we glve the expressions of in the
invariant amplitudes Al and A% for some main contrib-
uting Feynman diagrams, while the remaining ones can
be derived in a similar way. The corresponding formulas
for those B terms can be obtained by the following
replacement:

LL,LR,SP
H S

T.L _ 4T.L
Bl - Al |r¢—>—r¢,rA—>—rA,CDT—>—<DT’

B = Ak

2lry—=—rpry>—ry @' >—0" O -

(A1)
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TABLE IX. The expressions of a*t, a® and a%" in Eq. (19) for the exchange topological diagrams.

R;; all alR aSP
Pl a2.a3.a5,61 b2.b4 ,,,V [3(C3 + Cy) —3(Co + Cy)] VipVis[Ce +3Cs —1Cs — £ C7] Vi Vis[Cs +3Co =53 C7 = 5 Cs]
Pusarvsircrcrdiar ViVt (C3 4+ Cy) =2 (Co + Cyp)] Vi Vi[5Cs — § C7] VipVisls Co = Cs]

P s 7.6 thVts[Lz(C3 + Cy) =55 (Co+ Cig)]  VipVis[5Cs —1C6 — ¢ C7 + 3 Cs] Vi Vis[5Cs —1Cs = Cs + 3 C7]

PE,i_a7e1-c4 14

PEy 43,0567
PEy; pa.p6
PE | ca.05.7
PE: 3.6

PE 1 42.a4.a5.47
PEg3 46
PEf]’fz

PEj;

PE,

PE

PEg;

PE,,
Eql_at.e1-eaf4
Ep1 30567

Ep pav6
Eocacser

Eo 36

Ein w.as.a5.a7
E3.a6

Efip

Ef3

E

gl

Eg3

B i—asb1-b4

PBi_a4pi-ps

Vi Vis[-2C3 +2C4 — 5 Cy + 1 Cy)

—thbV?s 3 Cs +2C4 +3Co +3Cy(]

2V Vis[-2C5 +2C4 — 1 Cy + 1 Cy)]

TV Vi[-2C3 +2C4 —5Coy +1Cy)

Vi Vis3(C3 = Cy) +£(Co — Cy)]
%Vfthx[ZCE +4C, + %CQ + Cyo] %V[bV;}[ZCS +4Cq + %C7 + Gy
LV, VE[RCs —1C +1Co = LCyg) 1V, Vi[2Cs =1 Co +1C7 =L Gy
— 3V ViACs +2C4 + Co +3Cig] =3V Vi[4Cs +2C6 + C7 43 G5
YV ViliCy =2Cs +§Cy =5 Cig]  §VpVi[Cs = 2Cs +§C =5 Gy
2V, Vi [-2Cs +2C5 = 1 C; + 1)
—lV,,,V* BCs+2Cs +3C7 +5Cy]
Vi VE[2Cs +3Cs +1Cq +3 Gy
=31V Vi[2Cs +5 G
?‘;V,ths[—2C5 +2C4 - —C7 +1 Cs]
PV Vi[2Ca+5Cl »Vis2Cs + 4Gy
0 0
ubVZs[Cl - Cz}
Vi Vis[Cr + 2C2}
3 Vubvus[cl - 1 G,
— 1V Vi€ + G
IV Vis[iC1 — G
ViurVis [_Cl + C2]
5V Vis[C1 = G
1V, ViEC - C)
% Vi Vis[Ci + % G
~3VuVisCi
ViupVis[=C1 + C5]
3V ViCy
0
Vi Vis[=Cy + 5]

Vi Vis3(Cs — Cg) +£(C7 = Cs))

wVis[2C3 —2Cy + §C9 — jclo}

Vi Vi[2C3 +3C, +1Co+ 30
-3V Vi[2C +1Co)

iV Vis[=2Cs +2C6 — 3 C7 + 1 Gy
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TABLE X. The virtualities of the internal gluon #,  and quark 7 for the exchange topological diagrams.

i Eqi—a1,PEq1-a1Ba1-p4, PBa1-pa X3X3
Eoreafiofa PEc1_eafi-p4 (I=x)(x3+y—1)
E,_u4PE,_ X(y=1)

gl—g4t =gl—g4 1

5 E 1.02,a5-a7.b1,02.65-b7.c1-c3,¢6,¢7,d1-d3,d6,d7.c1—ed. f1—f4s PEa1—a5p1-b5.c1-c5,d1-d5,e1—ch,f1-f4 XHy=1)
Eu3.a4,b3.b4,c4,c5,d4,d5.g1—g4‘PEa6.a7.b6,b7.c6.c7.d6,d7.g1—g4 (1 - 'x,Z)(x3 +y- 1)
Bui-a4 PBai—as x5(x3 +y—1)

By 14 PBpi_pa x3(x3 = y)

5 Euip1.c1,01, PEd3 b3 4,44 x5(1=xp)
Ep10.c3.03.PEa2.p2,c3.43 x5(x3 = y)
E303.2.c4.d8, PE a6 b4 b6 c4.d6 XS (x3+y-1)
Euspa.c5.a5. PEarp1.c1.a1 x3(1 = x5
E 5050606, PEa1 p1.c1,41 x5 (1 =x) +x,
E6.04,54 PE s e4 f4 x3+y-—1
E7.07.¢7.01.PEds5 15,6545 x3(1=x))

EI76.PECZ x/](x1+y—l)—x1—y+2
Eperp2PEpep2 (x3 = 1)(1 = x3)

Ei s1,PEe g3 (x1 =y)(x5 = 1)

E 343, PE. f1 x(x —y) + 1

Eggu PEgi-g X3}

Bai—asb1-b4. PBai—as pi—pa xs(x3 = 1)

/f% Eal.aZ,aS.aﬁ,PEal—a4 ('xl3 - ])(1 - y)
E 34407, PEus5-a7 x3+y—1
Ep1.p2.7. PEp3—ps X +y=1)—x —y+2
Ep3 16,3 PEc1.c2.¢6.07.91 x5(x —y) + 1
Ec1 2.c4.05.91, PEp3 pa p6 7,93 (x; =y)(xy = 1)
E 306,67, PEp1.b2.b5 ¥ +y=1)
Eg1.0.q6.a1. PEa1 a2.44.45 =X
Ep3—a5.00,PEa3 a6.a7,92. Baa.va, PBan i (3 = 1)(1 = x3)
Eel—e4.PEel—e4 (1 _'x,Z)(y - 1)
Epi_pa PEfi_p4 X (xs +y—1)
E , PE X3 +y

g4, g4 3
Baip1,PBaipi x(1=x3) +1
B2, PBaspa (3 = 1)(1 = x})
B 3.3, PBu3p3 —X1 X}
TABLE XI. The expressions of [Db] and Qp  for the exchange topological diagrams.
R;: [Db] Qr..
ij i

E,1, PEg J d®bydb3d*bydb); (2,1,>4 Ko(y/T4|by = b3|) Ko (/15 |b5]) Ko (/I b2 | ) Ko (v/Ip by — b5 — bs|)

En.PE [ db,d*b;d*byd’b) 2 Ko(v/Talby = b5 ) Ko (Vb5 Ko (/e by — b3 = b5|)Ko(/7p[b5 — b5 = bs))

E3, PEgs [ d®b,d*b3d*b}d*b); (2,1,)4 Ko (v/Talbg = bs|)Ko(v/75/b5]) Ko (V/c|b, — b3 — b3|) Ko (/7p|b5 — b5 = bs])

Eu. PEy [ d&b,d*b3d*bd*b), a7 Ko(v/Talbs = b3[)Ko(y/5[bs — by — by + b ) Ko (y/7c[b, — b = bs|)Ko(/p[by — b — b))

E,s, PE, J d®byd*b3d*b,ydb); (2,1,)4 Ko(y/T4b3|) Ko (y/T5]b5 ) Ko (/T |b2|) Ko (v/2p by + b5 — by — bs))

Eu6. PEy [ d*b3d*bd*b); Ko(\/15[b3[)hy (b5 — by, by — by — b3, 14, tc. 1p)

Eg7. PEs fd2b3d2b’2d2b/3 Ko(v/Ta|by = b5|)hy(by = b — by, =bs — b3, 15, ¢, 1p)

Ey, PEy J &byd*b3dbyd> b (Z#Ko(\/a“’z—b3|)Ko(\/mb3+b§|)K0(\/%|b2—b3+b/2_bg|)Ko(\/5|b/2_bg_b3D

(Table continued)
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TABLE XI. (Continued)

R, [Db] Q,

Ey, PE 3 [ &b ,d*b3d*b)d*b), Ko(\/Talby = b} |)Ko(\/5|b% + b3)Ko(v/icIby = b5|)Ko(y/2p|b5 — by — bz\)
Ep3. PE [ &b, d*b3d*bd> b, Ko(\/74b5 = b5 —b |)Ko(\/5|b3 + b3)Ko(/iclby = b)|)Ko(/7p|b) —

Eps, PEc [ &b, d*b3d*b)d°b); T (\/a|b§|)Ko(\/E|blz - b, [)Ko(v/icby — by[)Ko(y/Ip|b5 —
Eys.PE, [ dbad*bydM, Ko(y/Txbs])ha (b — b — b3,b’2, 15 tes i)

Eys, PE [ d*b3d*bLd*b} Ko(+/7g|bs + b5[)hy (b5 — b3, by — by — by, 4. tc. 1p)

Eyy, PE,s J @*byd’b3d*byd b} a7 Ko(V/Talby = b5 |) Ko (/75 |bs + b5 |) Ko (/7c|by — by + b — b3[)Ko(y/7p b))
Ecy, PEy; [ d*b3d*b,d*bs Ko(/7a|by = bs3[)hy(ba, by + b5, 15, 1c. 1p)

Ep. PEy, [ d*bid*b,d*bs Ko(v/Talby = b3 = b3|) 1y (b3, by, 15, tc, 1)

Ec3, PEy, [ @b d*bsd’b,d*bs B 1) 0o(v/7alby = b3[)Ko(/75|by — by — b3[)Ko(/7c[b, — b3 — b3[) Ko (/7p[b2|)
EisPEy [ db,d*Wydbyd’b, Ko(\/xIb, = b3)Ko(y/T5]bs — by — b ) Ko(y/7cIb, — by — b4 Ko(+/75]b2)
Ecs, PEy; [ @b, d*b3d’byd%b, 57 Ko(Via D5 Ko (v/5[b2 = by ) Ko (/icby = b3 = b5[) Ko (v/7p[ba])

Ecs, PEp J @b, d*byd’b,d%bs 1 Ko(+/Tab5])Ko(v/Ts[b2 — b3 — b3 [)Ko(v/7c|by — b3 — b3[)Ko(y/Ip|by + by — b3 = bj))
Ec7, PEps [ &*byd’b3d*byd b} Ko(+/Talby = b5[) Ko (/T5by — b3 — b3[) Ko (\/c[b — by + b3 [) Ko (v/7p[b2])
Eq.PEy  [dbydbyd®bid?D, Ko(\/mbz = b3[) Ko (V/g|by ) Ko (v/Ic|b2|) Ko (y/7p by — b3 = b3)

E,, PEp fd2b3d2b'3d2bq Ko(\/G‘quhz(bq—bg,bq—lh —bg,tA,tC,tD)

E4. PEg [ d*bs3d®bd*, Ko(/Ta|b, = b5|)hy(bs + b5, b, — by — b, 15, 1¢. 1)

Eu, PEy [ d*b3d*bid*b, h3(by —b,. by 4+ by —b,, —bsy + b5, 14.15.1¢c.1p)

Eus.PEq [ d®bydbyd, Ko(W/TlbsD Ko(v/Talb iy (b, — bs — bt 1)

Egs: PEa [ @bydb3d’byd’b,, #Ko(\/mba|)Ko(\/5|bq|)K0(ﬁ|b2|)Ko(\/5\bq + by — b5 — bs])

Eq, PEgs [ &bLd’bid*b3d%b, Ko(v/a|by = b5) Ko (v/T5|bg|) Ko (/Tc|b) — by — b3|)K0(\/5|bq —b; = b))
Ee1, PEg3 [ @byd*b;d’byd’b,, Ko(+/Talby = ba]) Ko (/75]b5]) Ko (v/Tc|ba ) Ko(v/7p by — b3 — bS]

Ep. PE, [ &bLd*bid*b3d%b, 0(\/mb + b3 — b3 [) Ko (/7|5 ) Ko (V/7c|by — |)Ko(\/5|b% + b5 = b))
Ee, PE, [ dbyd*bid*bsd%b, Ko(V/14|b5]) Ko (/T5]by — by — b5[)Ko(/Tc[b, — b5 [)Ko(/p[bs + b5 — b, |)
Eo, PE, [ &*bLd’bd*bsd®b, o(\/mb% + b5 — b, [)Ko(/T5[b5]) Ko (v/Tc|by — b3 [)Ko(v/Tp|bs + b5 — by[)
Ep PEg3 [ @bbd*byd*b,yd%bs Ko(+/Ta]b5 + by = bo[) Ko (v/15[b3 — b5 [) Ko (v/Tc|ba|) Ko (/7p[b3 + b — b5 )
Ep, PEp [ &byd’bid*byd%b, o(ﬁ/ﬂbq = b5[)Ko(v/s[b3 — b3 |)Ko(v/Tc|by — b5 [)Ko(v/Tp[bs + by — by )
Ep3 PEp J @bbd*bsd*b,d%bs 4K0(\/a|b2+b'z—b§\)K0(\/§|b3 = by = b3[)Ko(/7c|ba[) Ko (v/Tp|b2 — b3 + b — b3])
Ep.PEpy [ dbydbid®bsd®, s Ko(y/T4]bh — b)) Ko(V/ig[bs — by [)Ko(v/Te|bs — by Ko(y/p[bs + b5 — b, )
E,, PEg3 J d*bLd*b,yd*bs Ko(\/mbz\)hz(bz —=bs, by = b, 15,15, 1¢)

Ep,PEgp J @b d*b,d’by Ko(v/Tp[by = b3[)hy(by — b3 — b, —by. t4. 5. 1¢)

Ejs PE; [ dbydb,db, Ko(y/p|ba Vs (—bs, —by — b, 4. 15. 1)

Ew.PEy [ db,dbydD, Ko(/Tp|b, — B4 |) (b, — by — bl by + b} 14 15. 1)

By, PB,, [ d®b,d*b,rd*bsy Ko (V/T5Ibg[) Ko (v/Tp|b2] )y (b3 — by, 14, 1¢)

By, PBy [ d®b,d*byd*b, Ko(v/1gbg)Ko(v/Tp[b5|) i (s + b3 — by, 14, tc)

B3, PBg3 [ d*b,d*b,d*b} Ko(v/15bg|)Ko(y/Tp|ba|) Ay (b + by + by, 14, 1¢)

B, PB,y J d*b,d*bd*bs Ko(v/15bg ) Ko(/Tp|bs + b5 )7y (bS + by, 14, 1)

By1, PBy [ d&b,d*b,d*b; Ko(v/15by ) Ko(v/Tp[ba| )y (b + by 24, 1c)

Byy, PByy J @b d*b,d’by Ko(/15by ) Ko(v/Tp[b5|) a1 (B) + b3 + by 1. 1)

B3, PBy3 [ d®b,d*b,d*bs Ko(v/75Ibg[)Ko(v/Tp[b2 )1 (b3 — by + by, 14, 1¢)

By, PBy, [ &b, d*byd*bs Ko(/T5by|)Ko(v/Tp|b5 ) (b — by + by, 14, tc)
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