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Dispersion relations for B~ — ¢~ 0,¢'~¢'* form factors
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Using dispersive methods, we study the B — y* form factors underlying the decay B~ — ¢~ 0, ¢'".
We discuss the ambiguity that arises from a separation of the full B~ — #~0,¢'~¢'" amplitude into a
hadronic tensor and a final-state-radiation piece, including effects from nonvanishing lepton masses.
For the eligibility of a dispersive treatment, we propose a decomposition of the hadronic part that leads to
four form factors that are free of kinematic singularities. By establishing a set of dispersion relations,
we then relate the B — y* form factors to the well-known B — V, V = w(782), p(770), analogs. Using
the combination of a series expansion in a conformal variable and a vector-meson-dominance ansatz to
parametrize the B — y* form factors, we infer the values of the associated unknown parameters from the
available input on B — V. The phenomenological application of our formalism includes the determination
of the branching ratios and forward-backward asymmetries of the process B~ — £~ 0,£'~¢'".
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I. INTRODUCTION

The radiative leptonic decay B~ — £ v,y is widely
considered to be the best source of information on the
leading-twist B-meson light-cone distribution amplitude
(LCDA) by elucidating the inner structure of the B meson
[1-3]. However, measurements of this decay are likely only
possible at the ongoing Belle II experiment and not at the
LHC experiments, primarily the LHCb. This precludes
leveraging the upcoming large datasets at the LHC, which
will become available from run 3 onwards. The four-lepton
decay of the B meson, B~ — £~ 0, ¢, with ¢ # ¢,
) = e, u, has been identified as a suitable candidate
for studies at both Belle I and the LHC experiments.
This decay has been studied to some extent in the literature,
with a variety of models for the relevant B — y* form
factors [4—7]. However, its usefulness to extract B-meson
LCDA parameters is hampered by the need for a
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description of a virtual photon in the timelike region,
which requires careful treatment.

We propose a dispersive approach for B — y*, which is
based on the fundamental principles of analyticity and
unitarity. Dispersive analyses in the timelike region are
commonly done for low-energy processes, such as the pion
vector form factor; see, for instance, Ref. [8] and references
therein. Here, we apply methods originally developed for
these processes to hadronic transition form factors of B
mesons. For future analyses, our approach has the potential
to enable the transfer of information from the region of
timelike photon momentum to the spacelike region, where
the sensitivity to the LCDA parameters is less affected
by soft interactions [3]. We relate the isoscalar and
isovector components of the B — y* transition inherent
to the hadronic part of the amplitude through B~ —
£ 0y (— ¢7¢'T) to available input on B - w=
®(782) and B — p = p(770) [9] via a set of dispersion
relations in the photon momentum. Although we use a
vector-meson-dominance (VMD) ansatz in this work, our
results provide the groundwork for more sophisticated future
analyses. Using dispersion relations requires the form factors
to be free of kinematic singularities. We modify the well-
known Bardeen-Tung-Tarrach (BTT) [10,11] procedure,
which has not been designed for hadronic form factors in
weak transitions, to obtain such a set of form factors. At this,
we face a problem: the separation of the amplitude into a
hadronic term—containing the nonperturbative dynamics of
the process—and a final-state-radiation (FSR) term turns out
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to be ambiguous; the two terms are not individually gauge
invariant but only their sum is. A further issue is the lack of
definite angular-momentum and parity quantum numbers of
the form factors. Our modification to the BTT procedure
addresses this issue, and we take special care not to spoil the
singularity-free structure.

To ensure a consistent treatment of lepton-mass effects,
we work with nonzero lepton masses throughout our
analysis; taking the limit m,» — 0 remains possible.
While the considerations in this article are mostly
restricted to the decay of a negatively charged B meson,
the decay of a positively charged B meson can be
calculated in complete analogy, with some minor adjust-
ments to the formulas given here and completely equiv-
alent numerical results.

The outline of this article is as follows: in Sec. I, we
introduce the Lagrangian of the weak effective theory
(WET) that describes semileptonic b — ufv transitions.
The amplitude for B~ —» £~ 0,y*(— ¢~¢'") and its decom-
position into a hadronic tensor and an FSR piece is
discussed in Sec. III. Using our modified BTT procedure,
the hadronic tensor is then parametrized in terms of four
form factors that are free of kinematic singularities in
Sec. IV, where the ambiguity arising from the separation of
the full amplitude is a subject of special attention. In Sec. V,
we establish a set of dispersion relations that relate the
B~ — y* transition inherent to the hadronic part of the
amplitude to available input on B~ — V form factors,
V = w, p, and provide predictions for the B~ — y* form
factors. Using these predictions, we present numerical
results for the branching ratios and forward-backward
(FB) asymmetries of the process B~ — £~ 0,'"¢'" in
Sec. VI. We conclude and give a brief outlook in
Sec. VII. Some supplementary material is outsourced to
Appendixes A-G.

II. WEAK EFFECTIVE THEORY

At the energy scale of the B meson, the standard
model’s (SM’s) flavor-changing processes are conveniently
described within an effective field theory [12,13]. The
leading terms in this theory arise at mass dimension six,
with higher-dimensional operators being suppressed by at
least m%/M%, ~ 0.4%. Moreover, such an effective field
theory allows us to transparently include potential effects
beyond the SM as long as new matter fields and mediators
live above the scale of electroweak symmetry breaking.
For b — ufv, transitions in particular, we use the effective
Lagrangian

4G
Lubty = T; Vip) VO™ +He, (1)

where Gy is the Fermi constant as measured in muon
decays, V,; is the Cabibbo-Kobayashi-Maskawa (CKM)
matrix element for the b — u transition, and C*** =
Cib?v(u) are the so-called Wilson coefficients at the scale
u that multiply the local field operators O¥%" = O“b?¥(x),
A convenient basis of operators up to dimension six and
with only left-handed neutrinos is given by

OWbite) = (07 PLigyb(x)][2(x)7,Prve ()],

(
)

Oty = () PLgyb(x)][£(x)PLus(x))],
O = [a(x)0* b(x)][£ (x)6,, PLye (%)), (2)

where, in the SM, C{77*|g\y = 1 + O(a,) and C**|gy; = 0O
for all other corresponding Wilson coefficients. Here,
Pr/r = (1 F y5)/2 are the projection operators onto the
left- and right-chiral components and a, = ¢?/(4x) is the
fine-structure constant. To leading order in the electromag-
netic (EM) interaction, matrix elements of the above
operators factorize into matrix elements of a purely
hadronic and a purely leptonic current. In this work, we

limit ourselves to the SM operator O%’f* and—to a lesser

extent—the scalar operator Q47"

III. HADRONIC TENSOR

We study the decay B~(p) = £ (ps)os(p.)r"(q).
k = p; + p,, whose amplitude in the SM reads [1]

4GF Vub

M(B~ = £70,7") = NG

(& DOV BT (3)

up to corrections of O(a,). It is convenient to write
the WET operator in terms of the leptonic and hadronic
weak currents J% (x) = £(x)y*(1 — ys)ve(x) and J%(x) =
i(x)y*(1 —y5)b(x) according to

1
oy = ZJHI/(O)JL\/V(O)' (4)

At the level of the WET, there are two possible diagram-
matic ways for the emission of the (virtual) photon: either
from the constituents of the B meson or from the charged
final-state lepton; the respective diagrams are shown
in Fig. 1.

At leading order in the EM coupling, the hadronic matrix
element on the right-hand side of Eq. (3) can be written as
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(€70er" [ n,(0)14(0)|B7) = ee; [(f‘DfIJWy(0)|0>/d4xei‘” (OIT{ g (x)/34(0) }[B™)

+ O O] [ atre <f-vf|T{J'éM<x>sz<o>}|o>}

— e [QBLyTﬁ%k, 0 =ifop, [ v <f-vf|T{JéM<x>sz<o>}|o>}

= e€;|QpL,Ti (k. q) + Q/Tisr (Pe Pu-q)). (5)

where e is the elementary charge and €, =¢€;(q;4) the
polarization vector of the outgoing photon with momentum
q and polarization A. Furthermore, f is the decay constant

of the B-meson, (0]&(0)y*ysb(0)|B~) = ifzp*, and
Tim(x) = a(x)Qr'q(x) + >_ Q2 (x)r"¢(x)  (6)
7

the EM current, with ¢(x) = (u(x),d(x),s(x),c(x),b(x))T,
Q = diag[2/3,-1/3,-1/3,2/3,—1/3] the quark charge
matrix, and Qp = —1 = Q, the charge of the B meson and
lepton in units of e. With the aim to render the transfer of
our analysis to the positively charged channel more trans-
parent, we will explicitly retain factors of Qp = Q, in our
formulas; it is, however, to be kept in mind that further
modifications of the spinor structure apply beyond this
simple alteration. In Eq. (5), we moreover abbreviate the
leptonic matrix element L, = ii,y,(1 — y5)v; and introduce
the hadronic tensor T% (k, q),

05T (k. q) = / dx e (OT{Jioy (1) 74 (O)}[B).  (7)
and the FSR tensor Ther (Pr. Pus q),

Q/Tisp(Pe Do q)

— ifupn, / dhx e (275, [T{ Iy ()% (0)}0).  (8)

FIG. 1. The diagrams contributing to the decay B~ — £~ v, y* at
dimension six in the WET on the hadronic level: (left) pole and
cut contributions of T’}'{”(k, q), e.g., from the intermediate states B
in k% or zz in g2, and (right) emission from the charged final-state
lepton in Tgg (ps. py. ¢)- The hadronic tensor Ty (k, ¢) and FSR
tensor Ther (P, Po.q) are defined in Eqs. (7) and (8), respec-
tively. Note that an effective four-particle vertex is discarded here,
since it contributes at dimension eight in the WET.

|
While the hadronic tensor 7% (k, ¢) describes the genuinely
nonperturbative physics of the process, Thsg(ps. Py.q)
comprises the FSR from the charged lepton and can be
reduced to the B-meson decay constant fz and an entirely
perturbative remainder. The former can be decomposed into
a set of Lorentz structures and associated scalar-valued
functions, which are commonly referred to as the B — y*
form factors. The purpose of this work is to study these
form factors within a dispersive framework, which requires
knowledge of their singularity structure in the two inde-
pendent kinematic variables and of the form factors’
asymptotic behavior (see Sec. IV).

For the FSR tensor in the case of a massless
charged lepton, one finds the remarkably simple result
[1,4,5,14,15]

TII;SR,O(pfv Pu» C]) - fBL”- (9)

The case of nonzero mass leads to the more intricate
formula [16,17]

T’léSR,mf (pf’ Pus q)
2p + 7'
= fp| LM+ mpit, ———— (1 —ys)vz|.  (10)
(pe+q)* —m3 ‘
For our purpose, it proves convenient to bring the FSR
contribution into such a form that it shares a common factor
of L, with its hadronic counterpiece, i.e.,

(¢ 0er |75 (0)J1,(0)[B7)
= eQp€; [Ty (k. q) + Tigp(Pe- Pu-@)IL,- (1)

It is straightforward to achieve such a description for
the massless case, m, = 0, Eq. (9). For the massive case,
m, # 0, we make use of the Chisholm identity [18]

1€y 5rs = 'y — ¢y + 1 — gyt (12)

0123 _

with the convention € +1. From this, we obtain
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2p4p% + phg’ + g pY —

(Pr- @) g™ +ie"7°(ps) 4,

Tisr(PesPu-q) = 5|9 +

which is valid only when contracted with the leptonic
matrix element Ll,.l

Because of gauge invariance, the full amplitude complies
with the Ward identity

4Tt (k. q) + Trsp (Pe. P @)L, = 0. (14)

However, the hadronic and FSR tensor are not individually
gauge invariant but satisfy [1,4,5]

4,Ty (k. q) = —fp(k + q)*,
4, Tis(Per Po-q) = fp(k+ q)", (15)

so that gauge invariance only holds for the sum of both
contributions. Based on Eq. (15), we split the hadronic
tensor into a homogeneous part and an inhomogeneous
part by means of T (k, ¢) = Ti1pom (ks @) + T innom (K @)
which obey

qﬂTIIfIDhom< ) =0,
qﬂT’IfIymhom(k ) = _fB (k + q)y (16)

We have not yet made any choice of Lorentz decomposition
for T4 (k, g) or its (in)homogeneous part. In Appendix A,
we demonstrate that any choice for the decomposition of
the hadronic tensor leads to the relation

kT pom (k. @) = Tp(k. q) + f (k+ q)* = k, T iphom (K- @)

(17)

where the pseudoscalar tensor 7% (k, ¢) is defined in terms
of the pseudoscalar weak current Jp(x) = it(x)ysb(x) via

QBT’;’(kv ‘])

= (my +mu)/d4xei‘” (OIT{JEm(x)7p(0) }|B). (18)

with m, and m, the MS masses of the b- and u-quarks.
As also shown in Appendix A, this tensor is not gauge
invariant but, similar to Eq. (15), fulfills

W Tp(k.q) = —fpmi. (19)

'Note that one can, in principle, further make the replacement
p, — k¥ in Eq. (13) by virtue of the Dirac equation for the
neutrino.

(e +q)* —m2 ’ 13)

|
For this reason, we proceed in analogy to Eq. (16) and split

T}}l’(k’ CI) = T};’,hom(k’ C]) Plnhom(k Q) where

qﬂTPIl’,hom(k’ CI) = O’
qﬂTlllg,inhom(k’ q) = _me%' (20)

In this work, we additionally impose that the homogeneous
part of the hadronic tensor fulfills

v !
ka/lfI.hom (k’ q) = T}}t),hom<k’ q)’ (21)

which, using Eq. (17), leads to the condition

T/;’ mhom(k’ C]) + fB (k + q)ﬂ -k Tl;lymhom(k’ q) =0. (22)

This choice is natural because it relates one of the hadronic
form factors of the axial-vector current with that of the
pseudoscalar current, as is the case for hadronic form
factors in other weak transitions, too.

The tensors T4 (k,q) and Trsg (Ps. p,» q) emerge in predi-
ctions forthe decay B(p) — ¢~(p/),(p, )€ (1) (q2).
with 2/ # 2, g = q1 + qa,

M(B™ = € 0,7¢™)
4GV,
V2

GF ub €

V2 g

(¢ OB

— O[T (k. q) + Tsg (e Pu @)Ly, (23)

where we abbreviate the leptonic matrix element
l, = upy,vz. The discussion of the decay with identical
lepton flavors, £/ = £, is more involved [4,19], since an
additional diagram has to be taken into account due to the
interchangeability of two final-state fermions, which is
beyond the scope of this article.

IV. B - y* FORM FACTORS

We develop a method that closely resembles the BTT
procedure [10,11] to parametrize the homogeneous part
of the hadronic tensor (see Appendix B). Compared to the
BTT procedure, our method has the advantage that the
emerging form factors have definite angular-momentum
and parity quantum numbers. Our result reads
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TABLE I. The ansétze for the inhomogeneous part of the hadronic tensor used in the literature expressed as in Eq. (25) for specific
choices of the coefficients a, b, and c. Also shown are the resulting inhomogeneous parts of the pseudoscalar tensor, Eq. (26), and its
associated coefficient d, Eq. (27). The basis for the homogeneous part of the hadronic tensor differs from our choice, Eq. (24), in some of
the references. A thorough discussion of the various choices can be found in the main text.

Label a b c T innom (K- @) d T’y inhom (K- @) References
A Dm0 Rl SEEE mate ~Famh gty [15-17.20]
B 0 i wir —fp el Tt —f g} 2, [1.14]
¢ 0 ! ! Sl st almb =] 14
D 0 0 0 —fp L ey —falmy G- B0y [5]

v 1 v v 1 v k'q v v v
T}lf[hom(ka):m_B[(k'Q)gﬂ — k'g")F (K q )+—{k2 HE == q'k + g —ng”]fz(kz,qz)
k- q

1
—_— ”ky - 7kﬂkl/ f?,( ) + ieﬂb/)ﬂ'k/)qo'fét(kz’ qz)’ (24)
B K2 mp

where the form factors F,(k?, ¢*) and F,(k?, ¢*) have B S|, K q"
axial-vector, F5(k?, ¢*) has pseudoscalar, and F,(k?, ¢*) T inbom (K- ) = ~f [dﬁ +(1-d) ?] (26)
vector quantum numbers with respect to the weak current.

Assuming no modification due to the inhomogeneous  where d = d(k?, ¢°) is an arbitrary real-valued coefficient.
part T4, 1om (k. ), our form factors are free of kinematic ~ Adopting the condition imposed in Eq. (22), we find that
singularities in k> and ¢” as well as kinematic zeros in ¢°.

However, to ensure a finite amplitude at k> = 0, the relation d— (1+a+c)(k-q)+ bk? (27)
F,(0,¢*) = F5(0, g*) must hold for all ¢>. The factors of m% '
mp and the imaginary unit in Eq. (24) render the form

factors dimensionless and—with the phase of the B meson ~ which fixes T% ;.. (k. ¢) once Tty (k. ) is specified.

chosen appropriately—real-valued below the onset of the ~ We collect four different choices for the coefficients,

first branch cut. labeled A through D, in Table I. With regard to the
The relations given in Eq. (16) constrain the inhomo- dispersive treatment of the form factors in this article,
geneous part of the hadronic tensor to the generic form i.e., the requirement of their singularity-free structure,
the question emerges what an appropriate choice for these

kH k¥ kFq” coefficients is.
T inhom (ks @) = —fp|ag” +b g ey .qq Among the inhomogeneous parts of the hadronic
‘g o tensor listed in Table I, A is the only choice that introduces
+(1 —b)q —+(1 _a_c)q ;1 , a term singular in [2(k - ¢) + ¢%] = (m% — k?). It is evident
4 4 that this k*>-pole is associated with an intermediate B meson

(25) [20], as sketched in the left diagram of Fig. 1; see also

Fig. 2. The choices B and C, on the other hand, introduce

where a = a(k?, ¢%), b= b(k2, %), and ¢ = c(k®, ¢?) are  terms singular in [(k-g) +¢*] and (k- g), respectively,
arbitrary real-valued coefficients. The Levi-Civita tensor is ~ Which correspond to g*-dependent pole positions in the
absent in this expression because it carries the wrong  variable k?; these are not associated with any hadronic

quantum numbers in light of the fact that the inhomoge-  intermediate state and are therefore not of dynamic but
neity is entirely due to the axial-vector part of Eq. (7).  of kinematic origin. Choice D corresponds to a structure
On account of Eq. (20), the inhomogeneous part of the  that is orthogonal to all BTT structures. This might lead
pseudoscalar tensor furthermore takes the generic form to the presumption that it leaves the form factors of

Eq. (24) unaffected and thus free of kinematic singularities.
. . . . . 2 .
Note that for on-shell photons, only the form factors However, this choice exhibits a pole in ¢°, which erro-

Fi(k*.¢q*) and F,(k* ¢*) contribute, which correspond to neously suggests the emergence of a dynamic photon pole;
transverse polarizations. working at fixed order in quantum electrodynamics, such a
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B~ ¢ B
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FIG.2. Diagram illustrating the B-meson pole in the variable k*
as part of the hadronic tensor T4/ (k, q); see also the left diagram
of Fig. 1.

AA P— —— eZGZ|Vub|2
M(B~ = et D) ==
X ZL,,LT;

spins

see Appendix D for details on the kinematics. For a
longitudinal photon, A = 0, this matrix element ought to
vanish in the limit ¢> — 0, i.e., for an on-shell photon.
Using choice D, one does, however, find that the matrix
element diverges « f%, independent of any choice of form
factors. The discussion of such divergent contributions is
not purely academic: in Ref. [5], a supposed collinear
enhancement of the B~ — £~ 0,£'~¢'" decay rate is dis-
cussed, which is caused by such an unphysical behavior
as g> — 0. Therein, a different choice is made for the
decomposition of the homogeneous tensor, in combination
with choice D for the inhomogeneous part and an incon-
sistent treatment of the charged lepton’s finite mass in the
FSR term. Using the formulas of Ref. [5] and our result
for the FSR tensor, Eq. (13), we validate that treating the
effects of a finite lepton mass consistently resolves this
issue and removes the supg)osed contribution due to a
longitudinal on-shell photon.” This leads us to infer that the
supposed collinear enhancement is not a physical feature of
the B~ — ¢~ 0,¢'~¢'" decay rate.

Moreover, we can draw conclusions from the results for
the hadronic tensor in the decay K* — #*v,y*(— ¢/=¢'").
An explicit calculation in chiral perturbation theory at
next-to-leading order [16,17] confirms that choice A yields
form factors that are free of kinematic singularities.
Transforming between choice .4 and any other choice of
Table I modifies the homogeneous part through introducing
kinematic singularities. Consequently, the assumption that
choice A leads to form factors free of kinematic singular-
ities unavoidably implies the emergence of such singular-
ities for all the other choices considered here.

3 After submitting our article for review, this has been con-
firmed to us by the authors of Ref. [5] and is revised in an
Erratum.

pole cannot arise. In fact, the behavior  1/¢> would lead
to a double pole « 1/¢* in Eq. (23), a feature that is to be
avoided in any amplitude. As a consequence of this double
pole, choice D is—in addition to the kinematic nature of the
g*> pole—disqualified by its effect on the longitudinal
B~ — ¢~ uyy* helicity amplitude.

To further illustrate the effect that choice D causes, we
investigate the B~ — £ D,y* amplitude in more detail.
From Egs. (3) and (11), one finds the squared spin-
averaged amplitude for photons with polarization A to be
given by

€5(qs ea(qs ATl (k, q) + Thgg (pes o QT (k, @) + Trag (pes Py )

(28)

Under some rather general, reasonable assumptions, it is
possible to deduce that the inhomogeneous part of the
hadronic tensor ought to be of the form

T}lfly.inhom (k’ Q)

2+ g+ (1 —a) (2K + ¢*)g
— _t,|agw 4 B A+ (1 -2 +q")q

2(k-q) +¢*

(29)

in combination with the BTT basis of Eq. (24) for the
homogeneous part. Here, a is an arbitrary real-valued
coefficient that does not depend on any of the momenta.
The assumptions underlying the above form are the
following:

(1) there exists a unique choice for the coefficients in
Eq. (25) that leaves the form factors free of kin-
ematic singularities;

(i) the apparent kinematic poles in 7% i hom
and no new such poles are introduced;

(iii) a dynamic B-meson pole appears at most in the
pseudoscalar form factor F3(k?, ¢?).
Consequently, the inhomogeneous part of the pseudoscalar
tensor, Eq. (26), turns out to be given by

(k, g) cancel

2k + g*

7% k,q) = —fg|my—————

P,mhom( Q) fB BZ(kq) +q2
20t — (k- H
(1o T AT )

2(k-q) +q

Assuming that a = 1 meets the above requirements, it can
be shown that any other choice of & would introduce a
dynamic pseudoscalar B-meson pole in the axial-vector
form factors F(k%,¢*) and F,(k* ¢*). Since a =1
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corresponds to the choice A from Table I, this gives further
indication that A is the proper choice for our analysis.

For the reasons stated above, we make A the default
choice in the following and parametrize the hadronic
tensor as

(2K + g )k

T (k,q) = T vom (K ) — V.

(31)

This yields a total of six independent Lorentz structures,
which form a basis; see the discussion in the appendix of
Ref. [4]. Having such a basis of structures allows us to find
projectors P/ (k, q) that fulfill

fi<k2,q2), i:l,...,4,

. HY =
Pwu(k’ q)TH (k’ q) {fB/mB,

Explicit formulas for these projectors are provided in
Appendix C.
|

V. DISPERSION RELATIONS AND z EXPANSION

We aim to parametrize the form factors F;(k?, ¢?),
i=1,...,4, in accordance with analyticity and unitarity.
To this end, we split the form factors with respect to
the photon’s isospin according to F;(k*, ¢*) =
FIE0(k2, ¢?) + FIZ1 (K, ¢). For each component, we
then establish a set of dispersion relations and assume
the underlying discontinuities to be dominated by the
one-body intermediate states @ and p, respectively, which
allows us to relate the B — y* form factors to the B — V,
V = w, p, analogs. In doing so, we neglect contributions
due to B — ¢ in the isoscalar components for two reasons:
first, these contributions are expected to be small due to the
Okubo-Zweig-lizuka mechanism [21-23], and second, we
lack nonperturbative input for the B — ¢ form factors. We
also do not model contributions from further excited states,
such as ®(1420) and p(1450). As a consequence, we
provide our nominal phenomenological results only in the
region g*> <1 GeV2.

Based on Eq. (7), the discontinuity of the form factors
with respect to ¢> and for fixed k> is given by [24,25]

DiSqu [QBj:i(kZ’ C[2)] = DiSqu [Piyu(k’ Q>QBTlIfID(k7 Q)]

= Piw(k.q) [iZ/dfn(Zﬂ)45(4>(q = P,){01Tep (0)[m)(n| /51 (0)[B7) |- (33)

Here, we use the n-body phase-space volume

d4pj

dp;
an =11 (27;)3sz9 =11

J J

(2m)*

(27)5(p7 — M3)0(py). (34)

and P, = ), p; is the total momentum of the intermediate state. Assuming the discontinuities of the isoscalar and isovector
components to be dominated by the one-body intermediate states @ and p, respectively, we use

/ e, (22)69) (g — P,)f(P,) = 275(4” — M2) £ () (35)

for the one-body phase-space volume to obtain

Disc,2 (03[ (K. )] = Py (k. q) {277125(612 = M3) {0175 (0)[V(g. 1) (V(q. H)1J51(0)[B) |. (36)
A

with V = for I =0 and V = p for I = 1. For the above matrix elements, we employ [9]

(017 ()| V(g ) = Z’;dVMVfV,

*

(V(g, )I5(0)|B) = Z—‘V’ [Pi(k. @) VE=Y (k) + Py (k, q)AT™Y (k) + P57 (k, @)AT™Y (k) + P (k. )AG™Y (K)),  (37)

where the form factors VB~V (k?), AB=V(k?), AB=V(k*), and AE=V(k?) are given in the so-called traditional basis and
account for a vector-, two axial-vector-, and a pseudoscalar-like B — V transition. Furthermore, d, = Q, + 0, = 1/3,

d,=Q,—Qu=1, and the composition of the  and p wave function is accounted for by the factors ¢, = ¢, = V2.
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TABLE II. The quantum numbers J”, resonance masses m,», and numerical values (rounded to two significant digits) of the series
coefficients ozjr V' [9] for the z expansion of the form factors 5~V (k?), truncated after three summands; see Eq. (42). The corresponding
values of the resonance masses can be found in Appendix G. Because of parity conservation of the strong interactions, no form factor
with J© = 07 exists. For the exact numerical values of af "V and the covariances as well as correlations between these, see Ref. [9]. Note

that ag‘)‘v and a’g'z’v are not independent but have to fulfill the exact relation given in Eq. (40).

FB=V (k) JP myr ag“” al? ab® ag’f’ af’f' ag’ﬂ

VB_’V(kz) 1~ mp- 0.304(38) —0.83(29) 1.7(1.2) 0.327(31) —0.86(18) 1.80(97)
Af_’v(kz) 1" mg, 0.243(31) 0.34(24) 0.09(57) 0.262(26) 0.39(14) 0.16(41)
A1132—>V (kz) 1+ mg, 0.270(40) 0.66(26) 0.28(98) 0.297(35) 0.76(20) 0.46(76)
Ag_’v(kz) 0~ mg 0.328(48) —0.83(30) 1.4(1.2) 0.356(42) —0.83(20) 1.3(1.0)

The decay constant of the respective vector meson is denoted by fy, and n* = n*(g; 1) represents the polarization vector of
the incoming vector meson with momentum ¢ and polarization A. The structures in Eq. (37) are given by [9]

2i 1
pra — vafy k , Pre — _ 2 _ M2 @ _ (kY 20°\k* ,
1 mingMVe qpky 2 my — M, [(m5 v)g* = (K +24")k7]
2My, k2 2My,
Pva — kl/ _ (ky + zqy) ka7 Pva — kbka, (38)
Pk my — M3, r k2
where we adjusted the phases to our convention. Using the additional relation [9,26]
k2 M 2 —k2 3M2 AB—>V k2 2MuA k2 AB—»V k2
ABPV(12) = (mp + My)(mg +3My)ATTY (k) 4+ 2M y Ay (K)A5™ 7 ( ) (39)

where Ay (k?) = A(m%, k*, M%), with A(x,y, z) = x> + y*+
72 = 2(xy + xz + yz) the Killén function, we can express
all form factors of Eq. (37) in terms of VE=V(k?),
AB=V(k?), ABZV(K?), and AB~V(k*), which fulfill the
exact relation [9]

8mgMyA;,(0)

Ap(0) =
0() m%—M%,

(40)

The generic parametrization of FB=V(k?) € {V(k?),
A (k*), A, (K*),Ag(k*)} in terms of a series expansion
in the conformal variable

_Vhot=V —h
\/t+_t+\/t+_t0

, (41)
V=w.,p

with g = (1 = /1 —1t_/t)t, and t. = (mg + My)?, is
given by [9]

zy(1)

FP=V(R2) = Ry (k)Y e [zy (k) = 2y (0)),

j20

(42)

16mBM%/(mB + Mv)(mB - Mv>

[
where the series is truncated after three summands; this
truncation is imposed on us by the B — V parameters
provided in Ref. [9]. Here, the expansion takes into account
the dominant subthreshold poles of the B — V form factors
through the term R » = (1 — k*/m3,)~", where J* refers to
the angular-momentum and parity quantum number of the
respective form factor (see Table II).

The isoscalar and isovector form factors can then be
reconstructed from

Qs T (K. q%) (43)

= 5 - 2 )
2mi [y, s—q

1 /oo 45 Dises[0sF1(K, 5)]
S

where sy, = 9M2,4M2 for I = 0, 1, respectively. In the

above, no subtractions are needed for convergence, since

the discontinuities drop off as 1/¢> asymptotically; see

Appendix E. Inserting Eq. (36) into Eq. (43) and using the

polarization sum of the @ and p mesons,

94y
M3’

D @ Am(g:2) = =g + (44)
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we obtain the VMD result for the B — y* form factors,

16mpMyATT" (k?) — (mp + My) (mj — k2 — M3) AT~V (k%)

QB]:{ (kz’ 612) =mpMy fydy

dmp(m3 — k> —

Ay (k*)(q* = M3) ’
M3)AYY (k) — (mp + My )2AP=" (k)

QBfé(kz’ q2> =2mgMy fydy

stj'—é(k2 q2> = mevdvﬂ
7> - Mj,

VB=V(12)

Ay (K*)(q* = M7) ’

QpFL(k*, ¢*) = mpMy fydy

Compared to F(k?, ¢*) and F4(k?, ¢*), the form factors
F,(k*, %) and F5(k?, g*) enter observables with a relative
suppression factor of g, thereby ensuring that unphysical
longitudinal on-shell photons do not contribute.

Naturally, we now aim to use an expansion similar to
Eq. (42) for the B — y* form factors,

Qs F1 (2. q%) = Ryp (k2)> BY(q*)[zy (k) = 2y (0)),

j=0

(40)

where the form factors have definite angular-momentum
and parity assignments, with the term R,r(k*) again
accounting for the dominant subthreshold poles in the
variable k. In contrast to Eq. (42), the series coefficients
have a dependence on g?, for which we will assume VMD
and use an ad hoc Breit-Wigner (BW) ansatz with the
resonance’s width inserted by hand,

Bli(a®) = NI PYY (). (47)
At this, it is justified to use a monopolelike ansatz because
the form factors drop off as 1/g¢® asymptotically; see
Appendix E. Because of its smallness, we use a constant
approximation for the @ decay width above the 37 thresh-
old, whereas we incorporate the broad p width energy-
dependently,

TABLE III.

(mp +My)(q* = M3)’

(45)

|
_om
M2 g —iM,T,’
2
PBV(g?) = M,
p - .
M2 —¢* —i/qT,(4%)

PEY (%)

(48)

Here, the proper threshold behavior is implied for the w,
ie., I, = 0for g> < 9M2, and the energy-dependent width
of the p is parametrized according to [27]

Y porn(@%) r

M)

F/)(qz) = 9(q2 - 4M725) (
porm
(¢ - a2

Vporn(@*) =
V4 q2

(49)
The normalizations N IVJ can be determined from Eq. (45)
by inserting Eqs. (42) and (46) and using the numerical
values from Table II to match at g*> = 0, resulting in
Table III. The full form factors are then given by

0pF (K. ¢?) = Qp[FI (K2, ¢%) + FI=1 (K. ¢7)]
=Ry (k)Y NPV (g?)[zy (k) = zy (0))V.

J=20

(50)

The quantum numbers J”, resonance masses m,», and numerical values (rounded to two significant

digits) of the normalizations N lV ; for the z expansion of the form factors F; (k?, ¢%), truncated after three summands;
see Eq. (46). The corresponding values of the resonance masses can be found in Appendix G. For the covariances
between the normalizations, see Appendix F. Note that N and NY, are identical due to the exact relation given in
Eq. (40) or, equivalently, the condition (0, ¢*) = F3(0, ¢*) imposed below Eq. (24).

Fi(k*,q*) J° myr N7 N7 N, N7y N7 N?,z

Fi(k*.q*) 1t mp ~ 0.0156(30) —0.033(19)  0.003(85) 0.0557(88)  —0.115(48)  0.01(24)
fz(kz, qz) 1+ mg, —0.186(27) 0.39(14) —0.17(52) —0.676(79) 1.34(41) —0.6(1.5)
Fi(k*.q*>) 0 mg  —0.186(27) 0.47(17) —-0.80(71) —-0.676(79) 1.58(39) —-2.5(2.0)
.7'-4(k2, qz) 1= mp  —0.0222(28) 0.061(21) —0.125(91) —0.0795(75) 0.209(44) —0.44(23)
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FIG. 3.

Three-dimensional plots showing the absolute values of the full form factors, Eq. (50), in the range k> €

[ F2(k?, ¢)]

| Fa(k?, )]

q [Gev2

[0,10] GeV? and

g*€10,1] GeV?. The peak of the @ resonance is clearly visible, while the p resonance is lower in magnitude and hardly discernible

here.

We present three-dimensional plots of the absolute values
of the full form factors, Eq. (50), in Fig. 3. In addition, we
present two-dimensional plots in Fig. 4, where we also
show the absolute values of the isoscalar and isovector
components separately, Eq. (46), including uncertainties
and with k> = 1 GeV fixed.

VI. PHENOMENOLOGY

The decay B~ — £~ 0,£~¢'t provides a rich phenom-
enology through a large number of angular observables.
|

d®,(p; ps. Pus 415 42) = Ay (ps k, q)dD@, (k; py. p,)dDPs (g3 G, G2) 5—

Here, d®,(p; k, q), d®,(k; ps, p,), and d®,(q; gy, q,) are
the respective Lorentz-invariant two-body phase space
measures of the subsystems {£77,(k),y*(q)}, {¢~(ps).
vy(p,)}, and {£'~(q,),¢ " (g2)}. The fivefold differential
decay rate reads

&r __ pllpellpe|
dk*dg*dcos dydcos 9,dp  4096m3aVk2 /¢

(M]?

(53)

They arise from the differential decay width dI'=
dI'(B~ — ¢ 0,7 ¢'"), which is given by

1 —
dI' = — |[M|*d@y(p; ps. Py 41+ G2)-

S (51)

where |M|*> = |M(B~ = ¢ 0,'~¢'")|> is the squared

spin average of Eq. (23). The Lorentz-invariant four-body
phase space is conveniently split according to [28]

ik dg?

27 27 (52)

|

where 9y is the polar angle of #~(p,) in the center-of-mass
system (CMS) {#~(p,).Dz(p,)}, 9, is the polar angle of
£~ (q;) in the CMS {7 (q).¢"(q2)}, and ¢ is the
relative azimuthal angle between the planes of these two
subsystems. Moreover, |p,|, | are the magni-
tudes of the three-momenta of the photon and the neg-
atively charged leptons in the respective CMS; further
details on the kinematics and the four-body phase space are
provided in Appendix D. The angular integrations can be
performed analytically, leading to
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FIG. 4. Two-dimensional plots of the absolute values of the form factors’ isoscalar and isovector components as well as the sum of
these for k> = 1 GeV fixed in the range ¢> € [0, 1.25] GeV. We additionally show the uncertainties of the corresponding contributions.

4
L)+ 2Zm4éRe[f K2

i=1

Jj>i

4
s
wear =N

_ GilVuwle'lp, llpellpe|
8192m3nVi2\/q'0

where an additional dependence of the lepton masses m1,()
in the functions f; ; = f; ;(k*, ¢*) is omitted. We collect the
resulting expressions for these functions in Appendix F.
The remaining integrations over k> and g¢> have to be
performed numerically,

d’r
= [dg® | dk*——.
/ 1 / dk*dg?
where the available phase space is bounded by k> €
[m2, (mp —\/¢*)?] and ¢* € [4m?,, (mp —m,)?]. Our re-

sults will be quoted for the branching ratio, B = T'zp/#,
where 7y is the lifetime of the charged B meson.

(55)

) F; (k2

4
)+ 215 Y LERef 0,20 + 5553 |
i=1

(54)

Beyond the integrated decay rate, another observable of
interest is the FB asymmetry. It provides a complementary
probe of the form factors as compared to the decay width

and is defined as

d’r
A kz’ 2 = —_—

a&’r
X 12da?d cos 9 (56)
dk“dg-d cos Iy

-1
> /d cos Jy sgnfcos Jy]

As for the decay width, the integration over the angle(s) can
be performed analytically, with the result
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a’r \! 9ii - gij .
Aps(2, %) — (—) N[Z—uf,-(k%qzw 123 T Re(F, (K ) F5 (R 7))
dk-dq —' myg ' mp
- 9is
+ 260 Y TSR ()] + 53| (57)
i=1

where the functions g; ; = g;, j(kz, g*) also depend on the lepton masses (). The resulting expressions for these functions
are collected in Appendix F. Experimentally, it is convenient to access the integrated asymmetry, which is defined as

(en(2.0°) = (i) [ cos iy senfos ) g S, (5%)

dk*dg?

dk*dg*d cos dy

where (- --) denotes the integration over a suitable bin in the kinematic variables k> and ¢°.

We provide numerical results for both observables for
the processes B~ — £~ 0, ¢'" with ¢ € {e,u,7} and
¢ € {e,u} in Table IV. Decays involving a 77zt pair
are not considered here, since the ditau threshold is large
compared to our self-imposed upper cutoff in the variable
g*>. We do not provide results for the decay with 7/ = ¢
either; see the discussion at the end of Sec. III. Our results
are obtained

(i) after integrating over the full phase space in k>

and ¢?;

(ii) after integrating over the phase space with an upper

cutoff at ¢g*> = 1 GeV>.

Beyond the g* cutoff, the absence of the modeling of the
¢ and further resonances introduces a hardly quantifiable
model uncertainty. The latter variant therefore provides
our nominal results. Modeling the contributions beyond
the cutoff seems possible in light of similar efforts in the
case of B — zz form factors [29,30] and is left for
future work.

VII. SUMMARY AND OUTLOOK

In this article, we use dispersive methods to study the B —
y* form factors underlying the decay B~ — £~ 0,6~ ¢'",

TABLE IV. Numerical results for the branching ratio and FB asymmetry [see Eqs. (55) and (58)] for B~ —
£~ 0,0~ in the SM. The quoted uncertainties originate from the parametric uncertainties on the normalizations
N}fj and V,,, respectively. Because of the absence of CP violation in the SM, the results for the CP-conjugated
decay modes are identical. Within uncertainties, our predictions for the branching ratio of the process
B~ = e D, ut agree well with Ref. [5], B(B~ — e o u u") = {3.01 x 107%,2.96 x 1078}, without and with
an upper cutoff, respectively. For the process B~ — u~p,e”e*, however, our results are in strong tension with
Ref. [5], B(B~ — p~p,e”e’) = {6.38 x 1077,6.37 x 107"}, which can be attributed to the unphysical collinear
enhancement inferred therein® (see the discussion in Sec. IV). The results of Ref. [4], Table 2, are—within their
uncertainties—compatible with our results; note the numerically insignificant impact of the slight difference in the

upper integration boundary used therein.

Process Upper cutoff ¢° B Agg

B™ - e vt None 3.19(43)5(25)y,, X 1078 —0.358(31)y
1 GeV? 3.13(42)n(25)y,, X 1078 -0.361(32)y

B~ = u e et None 3.78(47)5(30)y, , x 1078 —0.398(38)
1 GeV? 3 72(46)1\,(30)\% x 1078 —0.401(38)y

B >t e et None 2.75(27)5(22)y,, x 108 —0.500(18)
1 GeV? 2.72(27)5(22)y,, X 1078 —0.502(18)y

B™ = vt None 1.77(23) 5 (14)y,, X 1078 —0.458(15)y
1 GeV? 1.75(23)N(14)V“b x 1078 —0.460(15)y

*The tension with our result for the electron channel is reduced but not removed entirely with the results quoted in

the Erratum to Ref. [5].
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where we limit our analysis to the case £’ # . We separate
the full B~ — ¢~ 0,¢'~¢'" amplitude into a nonperturbative
hadronic tensor and a perturbative FSR piece and, in doing so,
thoroughly investigate the properties of these individual
objects. One of the major advances of our analysis is to treat
nonzero lepton masses consistently in the FSR piece at all
stages. The separation of the full amplitude into a hadronic
tensor and an FSR piece leads to an ambiguity with regard to
the dispersive treatment. More specifically, it hinders one to
find a decomposition into Lorentz structures and form factors
that are free of kinematic singularities. As a remedy, we
discuss in great detail how the hadronic tensor can be splitinto
a homogeneous and an inhomogeneous part, with the
homogeneous part being chosen such that it contains form
factors with well-separated angular-momentum and parity
quantum numbers. From this, we propose a decomposition
of the homogeneous part of the hadronic tensor into a set of
Lorentz structures and four form factors that are free of
kinematic singularities in both the weak momentum and the
photon momentum. This renders possible a dispersive treat-
ment of the form factors. For the parametrization of the
inhomogeneous part, we consider several choices from the
literature and investigate their effect on the full amplitude in
great detail, in particular with regard to the singularity-free
property of the form factors. Moreover, we find that the
inhomogeneous part needs to be of a specific form under a few
reasonable assumptions. These considerations allow us to
eliminate all except for one choice for the inhomogeneous
part from the literature, which we consequently fix for the
remainder of our analysis.

Having found a decomposition of the hadronic tensor
into four form factors that are free of kinematic singular-
ities, we split the form factors into their isospin components
and establish a set of dispersion relations that relate the
B — y* form factors to the well-known B — V, V = w, p,
analogs. The B — V form factors are expanded in a series
in the conformal variable z(#), with the dominant sub-
threshold poles taken into account via a pole factor.
Performing a similar series expansion for the B — y* form
factors and using a VMD ansatz for the virtual photon, we
are able to parametrize these form factors reliably below the
onset of the ¢.

Using our framework, we perform a phenomenological
analysis by means of two observables: the branching ratio
and the FB asymmetry. The numerical results for these
quantities are given for ¢ # ¢’ and agree with previous
determinations from the literature.

Possible future improvements of our framework involve
the inclusion of the ¢ contribution and replacing the
resonant p by a description of the two-pion intermediate
state, in which the p can be included model-independently
through pion-pion rescattering [31]. The B — y* form
factors are then obtained via a dispersion relation in a
similar way to the reconstruction of, e.g., the n) transition
form factors from zz intermediate states [32,33].
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APPENDIX A: INHOMOGENEOUS TENSOR
IDENTITIES

In this appendix, we derive the identities for the hadronic
tensor 7% (k, g) and pseudoscalar tensor 7% (k, ¢) given in
Egs. (17) and (19).

1. Hadronic tensor

We start by using translational invariance of the vacuum
to rewrite the hadronic tensor, Eq. (7), as

05Ty (k. q) Z/d“xe““ (OIT{/5 (x)Tem (0)}]B). (A1)

By means of an integration by parts, a differentiation of the
Heaviside step function in the time-ordered product and the
Dirac equation, we find

K, [0aTY (k. q)]
= 0Tk g) +i / @ e (079 (%), g (0)][B).
(A2)

where ¥ = (x" = 0,x). In the above, we furthermore used
that a scalar-vector current-current matrix element of type B
meson to vacuum vanishes due to the involved quantum
numbers, (0| T{J(x)J5(0)}/B™) =0, Jg(x) = a(x)b(x).
From an explicit calculation of the commutator in Eq. (A2),
we finally arrive at

k,Ti (k. q) = Th(k,q) + fs(k +q)*,  (A3)
which is equivalent to Eq. (17) after inserting the decom-
position of the hadronic tensor into its homogeneous
and inhomogeneous parts, Ty (k. q) = Tifpom (k. q) +
T (k,q); see Eq. (16).

H,inhom

2. Pseudoscalar tensor

For the pseudoscalar tensor, we proceed similarly and
use the definition in Eq. (18) to calculate
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9,[Q8Tp(k. q)] = i/ e (0] [Ty (X). Jp(0)]|B7).
(A4)

An explicit calculation of the commutator results in

4T (k. q) = —f sm3. (A3)

APPENDIX B: BARDEEN-TUNG-TARRACH
PROCEDURE

In this appendix, we outline the modification to the BTT
procedure [10,11] that leads us to the decomposition of the
homogeneous part of the hadronic tensor into Lorentz
structures and form factors given in Eq. (24). To this end,
we recall that the homogeneous part fulfills

qllT/ltIy.hom (k’ q) = 0’ <B1)
and that we additionally impose
v !
kT nom (K> @) = T'p pom (K> ) (B2)
[see Egs. (16) and (21)] with g, Phom(k, q) = 0. Hence,
we can split 717, . (k, ¢) according to
THY ;w TH k”
Thom (K2 @) = Ty pom (k. q) + P,hom(k’q)Pv (B3)

where ¢, T om(k. @) = k,Ti{ om (k. ) = 0. In the above,
T, wom (k. q) necessarily comes with a factor k*/k* due to
its pseudoscalar nature; cf. the fact that the spin-0 compo-
nent of a spin-1 field is of timelike polarization. Since the
explicit k*-pole attached to T% - (k, ¢) is thus an inherent
feature of the pseudoscalar contribution, it needs to be
regularized either by a zero in the accompanying form
factor or by a corresponding contribution within
Tt vom (k. q). We follow the latter approach: we perform
the BTT procedure for 7%,  (k.q) and Ti)..(k.q)
separately, where we use the native blueprint for the former
and a variant that introduces an explicit k>-pole to cancel
the aforementioned pole of the pseudoscalar contribution
for the latter.

We first perform the BTT procedure for 7%, . (k, q),
where the only available building blocks for the Lorentz
structures are

{L}Ifly,hom,i} = {(k : q)z‘llfly,hom,l ’ Z’llflv.hom.j

{(k “q)g"

2
— kg, %k”k” _

{LP hom, 1} = {kﬂ’ qﬂ} (B4)

and gauge invariance in the form ¢,T%, . (k.q) =0 is
imposed by means of

ktg”
{LPhomz} v a{LPhomz} Iﬂl/:g/‘”—k'q. (BS)
The resulting set
7
Y e i B

consists of a single nonvanishing structure with a pole in
(k- q). Following the regular procedure, this irreducible
pole is to be eliminated by multiplying with (k - ¢), leading
to the structure

(k-q)q" — q*k*. (B7)

LI;:‘.hom =

To perform the BTT procedure for 747, (k. ¢), we note

that the interaction is of the form V — A. Hence, the

available building blocks for the Lorentz structures are
given by

{Lif o} = {9 KK K ¢ 'K . q" q" . ¢ Pk,q,}.  (BY)

and we impose q, T4, (k.q) = kT om(k.q) =0 by
means of

kk’“

{LHhoml} Iﬂa{LHhomz}Iﬁy’ g;w (B9)
The resulting set
7
{LHhomz} = { ,,__ 0 0,0, —k”ky—ﬁk”qy
k- H kY " HYPO | B10
—7q +4"q". e"kyq, (B10)

contains structures with poles in (k-¢q) as well as k°.
While we explicitly keep the k*> poles, as mentioned
above, we get rid of one of the two poles in (k- g) by
following the regular procedure, i.e., by taking an appro-
priate linear combination with nonsingular coefficients and
multiplying the remaining pole by (k - ¢). This leads to the
minimal [10,11] set

27w d
LH hom,1° LH.hom,6}

(B11)

—kzq 9K +q'q - ¢*g". "k, qa}-
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Combining Eqs. (B7) and (B11) with Eq. (B3), the homogeneous part of the hadronic tensor thus takes the form given
in Eq. 24).

APPENDIX C: FORM FACTOR PROJECTORS

In this appendix, we collect the formulas for the projectors P/ (k, q) that fulfill P, (k. q)T (k.q) = Fi(k*. ¢*),
i=1,....4, and P, (k,q) T (k,q) = fz/mp, i =5, 6, for an arbitrary choice of basis for 7% (k, g), as introduced in
Sec. 1T [34-37]:

ipy

1 k-q 3¢°(k- q) (k-q)* +2k*q*
—P”Vk,q :—gyy+ ULV W AV
Py 7 R e L (P 7l

3(k- q)? 3k (k- q)
— qﬂku + q/’lqy’
2[(k - q)* — K*q*? 2[(k - q)* - k*q*?
1 K2 2k - q)? + K¢ 312(k - q)
— Pk, q) = ———55 9"+ kY — kv
my 2[(k - q)> — K] 2[(k- q)? - K*q*? 2[(k- q)> — K*q*)?
312k - q) 3Kt
— qﬂk’/ + q,"‘qv’
2[(k - q)* - K*q*? 2[(k - q)* - k*q*?

1 2k2 k2
— P (k,q) = kM kY — q'kr — q"q*,
a3 &) = G g M g ARk g v A T g - Rk g+

1 i
___pHY k’ — HUPO [ ,

R TR
i 4q K
v k = —— ﬂkl/ F e L 2
P (. 4) k-ar - Tkqr-ieg !
q° k-q

mgPg (k.q) = (C1)

gk = q"q".
(k-q)* - kg’ (k-q)* = kg

At this, an ambiguity is hidden in how to collect the terms of the inhomogeneous part into basis structures in Eq. (31), since
such different choices will lead to another set of projectors than the ones given above. However, any difference P:“(k, q)
between two sets of valid projectors is at most of the form

Pk q) = A"k [(k - q) + ¢*] = ¢*[(k - q) + k)] (€2)
for i = 3, 5, 6, with some coefficient A; = A,-(kz, qz), so that

P (k. @) T hom (k2 @) = Ail@, T pom (k. ][k, [(k - @) + ¢*] = q,[(k - q) + K*]] =0,

Piuzx(k7 Q)T’Iflljinhom(k’ C]) = Ai[quTlIiIIfinhom<k’ q)“kuKk ! Q) + q2] - Qu[(k ’ ‘I) + kz”
= Aj[=fs(k + @)k, [(k - q) + ¢*] = q,[(k - q) + K*]] = 0. (C3)

For i =1, 2, 4, the projectors are independent of this choice, i.e., A; = 0.

APPENDIX D: KINEMATICS

In this appendix, we present some details on the kinematics for the processes B~ — £ Uyy* and B~ = £ 0,0~ (',
which are necessary ingredients to calculate the squared spin-averaged amplitudes |M (B~ — £~0,y*)|* in Eq. (28)
and |[M(B~ = £~0,£'~¢'*)|* in Sec. VL.

“Note that for the decay of an electrically neutral B meson, as opposed to the case of a charged B meson considered in this article, no
inhomogeneous contribution, Eq. (16), is present. As a consequence, in this scenario, the associated form factors are readily free of
kinematic singularities in k> and ¢ as well as kinematic zeros in ¢> but contain an explicit kinematic zero in k> due to the singularities in
the structures.
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1.B~ - f_if)’*

For a consistent treatment of the kinematics in the
process B~ — £~ v,y*, all momenta and polarization vec-
tors have to be evaluated in a single frame of reference. To
this end, we calculate the corresponding quantities in the
CMS of the {¢~D(k).y"(q)} and {¢~(ps).7¢(p,)} sub-
system and perform a Lorentz transformation of the latter to
the former frame.

In the CMS {¢7,(k),7*(q)}, one finds the magnitude
of the photon’s three-momentum and the energies

VA K ) my + K = g
VOB 8 Ep=—t -1
2mpg 2mp
B m% -k + g¢?
- 2m3 ’

Ipy| =

9’

E (D1)

14

The four-momentum of the leptonic subsystem thus reads

k= (E.0.0.|p,[)T, (D2)

and, accordingly, the four-momentum of the photon and its
polarization vectors are given by

q= (E},,O, 07 _Ipy|)Ta

1
e(g;A=+x1)=F E(O, LF10),

1
G(q;l = 0) = E(_\p}/LO’ O! Ey)Tﬂ

el = T) = (£,.0.0.~lp|)". (D3)

where any physical observable necessarily needs to be

independent of & = /g°.
In the CMS {¢ (ps).7¢(p,)}, we have

K> —m2 k* + m? K> —m>
| = ) E, =—F—=, E,=—F
2V k2 2V k2 2V k?
(D4)

for the magnitude of the negatively charged lepton’s three-
momentum and the corresponding energies. Hence, trans-
forming the subsystem {£~(p,),7.(p,)} to the CMS
{¢7v,(k),y*(q)}, the four-momenta of the leptons are
found to be

Yevy(Ep + PBevyprl cos Oy)
Pl sin 9y
0

Yevy(BevyEr + ps| cos y)

Pr

yfv,y(Ey - ﬂfy,y [pfl cos '9W)
—|ps|sin 8y

pl/: 0 ’

yfy,y(ﬁfu.yEu - lpfl Cos '9W)

(D5)

where ﬁfzz,y = Ip;/'/Efw yfv,}' = (1 - %D’y)—l/Z’ and 1~()W is
the polar angle of £~ (p,) in the CMS {¢~(p,),7.(p,)}-

2.B” >0 o7
In addition to the magnitudes of three-momenta |p, | and

Pl in the CMS {£70,(k),y*(q)} and {¢~(p,).Ds(p.)},
respectively, we need the three-momentum of £/~ (g, ) in the

CMS {¢~(q,),7""(q,)} to describe the kinematics of the
process B~ — £~ 0,07,

,/c]2 —4m§,
po|="—F—.

> (Do)

Furthermore, two additional angles besides 9y, are neces-
sary here: the polar angle d, of #/~(q,) in the CMS
{¢"(q1),.¢"*(q»)} and the azimuthal angle ¢ between
the decay planes of the subsystems {£#~(p,),7.(p,)} and

{£7(q1).£7"(q2)} (see Fig. 5).
For the four-body phase space, we used

d®,(p; ps. pusq1- q2) = APy (ps k. q)d®@, (k; py, p,)

di? dg?
x d®;(q:q1.92) 5——— (D7)
2 2r
in Eq. (52), where
1 |p,|
d®,(p; k. q) = @m—;dg&
1
dd, (k; ps. p,) = @Ip—]ildgw,
1 "
LA (D8)

d(DZ(q;QI’qZ) :@\/? 4

are the two-body phase spaces of the subsystems
{¢7v,(k).v" (@)}, {€7(pe)-Pe(p,)},  and {7 (qy).
£'*(q,)}, respectively. Here, dQp, dQy, and dQ, denote
the differential solid angles in the corresponding CMS.
Three of the six angular integrations can be rendered trivial
to carry out by rotating the coordinate system appropriately,
leading to the expression
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¢*-plane /

FIG. 5.
necessary to describe the kinematics of the process.

d®y(p: prPu- 41+ 92)

1 |pllpl Ipel

—= == ——d cos 9yd cos 9,dp dk*dg?

- 2048”6 mpg \/k_z A /q2

(D9)

for the four-body phase space, with the remaining angles
being as illustrated in Fig. 5.

APPENDIX E: ASYMPTOTICS

In this appendix, we show that the form factors

FI(k*,¢*) introduced in Sec. V as well as their
|

\ k2-plane

Tllustration of the decay B~ — ¢~ 0,¢'~¢'" along with the two decay planes of the leptonic subsystems and the three angles

discontinuities drop off as 1/¢*> asymptotically. This
behavior was assumed to avoid subtracting the dispersion
relation of Eq. (43) and justified the monopolelike ansatz
for the form factors in Eq. (47). We determine the form
factors’ asymptotic behavior for g> — oo by inspecting the
results of a calculation of the B — y form factors within an
operator product expansion (OPE) [15]. For our purposes,
it suffices to inspect the leading-power terms within
this OPE, which are diagrammatically depicted in Fig. 6.
The OPE uses an interpolating quark current for the B
meson, namely [15] J(x) = @t(x)ysb(x), which fulfills
(0J5(0)|B~) = —im%f/(my, + m,). We then calculate
the sum of the two diagrams depicted in Fig. 6, leading to

X, (k.q) = e/ ) Tr
i(J—f+m

d4l |: l(l_ ﬂ + mu)
/5

(I—q)* —my

ySWZ—n:%y”(l ~7s)

where [ is the loop momentum and ¢ < O large. The
isospin charges are given by (Q1=°, 0/=°) = (1/6,-1/3)
and (QI71, 0I=1) = (1/2,0).

For the discontinuities, it then follows that

Discqz}'l('opE(kZ, q*) Disc . [P (k, q)X!, (k. q)]. (E2)

so that the asymptotic behavior for large g*> < 0 is found to
be given by [37]

i(J +m, i(/+ K+
Qiyﬂ (lz _ Zi) 71/(1 - 75) ﬁ
i(f+ i(J+4q+
ot O ] .
Disc,» F{ O (k2. %) ~ 1/¢°. (E3)

rendering the dispersion integrals convergent without any
subtractions.
Similarly, we find

FIO 2, ) ~ 1/ ¢ (E4)

for the asymptotic behavior of the form factors, so that a
monopolelike ansatz in the framework of VMD is justified.

FIG. 6. The leading-order diagrams in the OPE for the form factors F;(k?, ¢*). Diagrams contributing at a higher order in the OPE are

neglected here.
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APPENDIX F: INTERMEDIATE RESULTS

In this appendix, we collect the covariance matrices for the normalizations N YJ from Table III and the functions f; ; as
well as g; ; introduced in Egs. (54) and (57).

1. Covariance matrices

For reasons of consistency with the rounding of the uncertainties on the normalizations, we round the numerical values in
the covariance matrices to four significant digits. Because of the fact that the input used to determine the normalizations
does not exhibit a correlation between the parameters of the @ and p, the normalizations Njfjj and Nf ; are uncorrelated,

ie., Cov(N;‘fj,Ni.l) =0 for all i, j, k, [, so that our results can be collected in two (12 x 12) matrices.
For the covariances between the normalizations N¢;, we find

i,j°
106xC0V(N§‘fj,N‘,;”l)mn

9.186 —11.29 66.84 16.05 —-6526 7392 16.05 5791 -371.5 -7.348 -37.43 135.1
—-11.29 3787 —-1444 —-1515 491.6 -3209 -151.5 -186.7 1270 2220 -241.8 3534
66.84 —1444 7180 991.8 —5858 24670 991.8 -911.2 —-1778 —6.404 5583 -—1611
16.05 —-151.5 991.8 7404 -—1134 7731 7404 2429 —-6410 13.70 3.901 134.0
—65.26 491.6 —5858 —1134 20370 -52440 —1134 14440 -31960 —9.187 986.6 —2592
739.2 —=3209 24670 7731 —52440 266600 7731 —9322 46070 -305.2 -3351 16080
16.05 —151.5 991.8 7404 —-1134 7731 7404 2429 —-6410 13.70 3.901 134.0
5791 -186.7 =911.2 2429 14440 -9322 2429 28910 -63340 15.82 6825 204.0
=371.5 1270 —-1778 —6410 —31960 46070 —6410 —63340 498000 144.6 —1346 13990
—7.348 2220 -6.404 13.70 -9.187 -3052 13.70 15.82 144.6 7.794 34.85 -134.1
-3743 -241.8 5583 3901 986.6 —3351 3901 6825 —1346 34.85 4504 -1108
135.1 3534 -1611 1340 -2592 16080 134.0 204.0 13990 -134.1 —-1108 8249

where m = (3i + j — 2) and n = (3k + [ — 2) denote the rows and columns of the matrix, respectively. At this, it is to be
noted that N9, = NY, (see the discussion in Sec. V) so that one row and one column of the matrix is, in fact, redundant,
reducing the degrees of freedom to an (11 x 11) matrix.

In the same way and with the analogous caveat N% , = N% ;, we find the covariances between the normalizations N7 ;o
be given by

10° x Cov (N7, NY,

Jmn

7758 —=2535 1328 17.88 —47.77 7058 17.88 7038 —233.2 —-5.403 —18.46 46.61
-25.35 231.1 -988.0 —151.1 3939 -3906 -151.1 -389.7 7.717 1295 -55.78 —26.32
132.8 —-988.0 5543 1059 5304 26800 1059 411.8 —-3620 -55.19 -90.41 -25.79
17.88 —151.1 1059 6315 -—-1626 7978 6315 1294 2278 9.762 -23.75 —12.89
—-47.77 3939 -=5304 -1626 17200 -43390 —1626 7476 —12080 —44.36 814.8 —1798
705.8 —=3906 26800 7978 —43390 224000 7978 2795 15740 -—-248.9 -2166 8948
17.88 —151.1 1059 6315 -1626 7978 6315 1294 2278 9.762 -23.75 —12.89
70.38 —389.7 411.8 1294 7476 2795 1294 14980 —16040 —29.65 443.1 795.0
—233.2 7.717 -=3620 —-2278 —12080 15740 —-2278 —16040 396500 42.62 123.5 27430
-5.403 1295 -55.19 9.762 -4436 -2489 9.762 -29.65 42.62 5.693 16.05 -56.63
—18.46 —55.78 -90.41 -23.75 814.8 -=2166 -23.75 443.1 1235 16.05 197.2 -383.9

46.61 -26.32 —-25.79 —12.89 —1798 8948 —12.89 795.0 27430 -56.63 —383.9 5497
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2. Functions f;; and g;;

For the functions f; ; introduced in Eq. (54), we obtain

64nk> g% (k3 + k*)[A(m3, k2, ¢%) + 6k*¢?] 327k2 g% > (K2 + K2)[A(m3, k2, ¢°) + 12k2¢?]

fl,lz f2,2:

9k? ’ ok* ’
P 327k g% q* Mm%, K, ¢%) Foam 64nk> g% (k3 + k*)A(m3, k. ¢°)
D T 4 4 ) 4 — B .
3k 9k
64rk> ¢ q* (K% + kK*)A(K?, ¢*
f1,2 — + ( ;kz ) ( ) (F3)
and
128742
fis = mi =t IZIAR, ¢%) = 2] = KBRIAGK. ¢*) = 2m2|Lp (k. ¢2).
12874> ¢>
fas = =m2 2T 32 = B + (k21 (K. ).
_ 264”613612 I AKR. o 22 (K2 4 202 222 (K22 4 K2 K2 VLA (K2 o2
fS.S__mt’m[ 2[R2A(K%, q%) + 2k (kp + 2k2)| — 2kpk?® (kpk” + k2k%)Lp(K*, q°)],
B g—
12874>
fas=-m;—5 KA, ¢%) — K [k3A (K2, ¢7) = 2k2 %) Lp (K2, ¢7)].

) 128742
Tos = M S BP0 + 1) + 28]
x [K2[K2 (k% + K2)[k3 — A(K?, ¢2)|[4(k2)? + K2 [3k% + A(K?, ¢%)] + 4(k3)?]
AR P16 — AG, )] + 8K (221265 — AGR, )] + (k322134 — SA(R, ¢2)]
() 28 — AR, )] + 8 (K32 (8 + K2)
+ Zk%kz[k%[A(kz, qz) — Zk%] - Zk%(k% + k%) - 4m§(k% + k%)][k%qz(k% + k%) + m%(k%)z]LD(kz, qz)], (F4)

where we defined

k% = m% — k2, kzi = k2 + m;, q%_ = q2 + 2m§,,
L. (k% g*) — L_(k*, ¢* k2 \/A(m3, k>, ¢*
AR, @) =kz—¢q*,  Lp= el g) 2 L(E.7) Ly(k2, ¢%) =log|1 +—% gmB > zq) (F5)
Am3, 12, ) kpki 4+ k- q

All other, unlisted functions vanish, i.e., f13 = f14 = f23 = f24 = f34 = 0. Given the scaling with the lepton mass, one
finds that this set further reduces to four functions in the chiral limit m, = 0.
For the functions g; ; introduced in Eq. (57), we similarly obtain

2 327k2 g% 4*\/A(mp, K2, q°) _ 32ak2 gL AR, ¢*)\/A(my, K, q°)
£ 3k2 ) 91,4 - 3 )

, 167k A * A(K?, ¢*)\/A(mE, K2, q7) _ 64nk2 g7 qP Ay, K, )
3

g1z =m

Go3 = —My 358 s G4 =

and
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q15 =

D5

935 =

945 =

955 =

My 31212
3K2
327¢% ¢* -
T T (K223, 12, ¢2) + MBI + (2L (K, ) .
T

e 352

, 327q%

202\ 405, K. ) = 4G PRIAR. ¢°) = 22 L (2. 47).

12874° ¢* .
P (kK + KK )Lp (K, ).

1287k*q> -
P REEIAR. %) — kg] + KgAK ¢*)Lp (K. %),

2567k2q%

2
m
C kK2 (K2 g (ks + K2) + m7 (kp) Tk AR ¢°) + 2K°7]

x KBk + K2)(g2 + 2m2)\ 4. K2 ) + (B AR ¢2) + 28] (k)? + g2 (3 + A2)]

x [Am2(k3 + K2) + 2[(k3)? + (k2)? + k3Kk2] — k3 A (K2, ¢°)]Lp (K2, q2)} , (F7)

where we additionally defined

. 1 AK2IE q* (kp + K2) + 4m3 (k) * k>
Lp = 7 12 2 AL ) + 212212 (F8)
Am3. k2, q%) [KZA(K, q°) +2k°q°]
All other, unlisted functions vanish, i.e., g1 = g22 = 933 = gaa = g12 = 934 = 0. Again, from the scaling with the lepton

mass, one finds that this set further reduces to two functions in the chiral limit m, = 0.

APPENDIX G: CONSTANTS AND PARAMETERS

We collect the constants and parameters used throughout our analysis in Table V.

TABLE V. The masses, widths, and other physical parameters needed for the calculations in this article.

Quantity Variable Value Reference
Mass 7+ M, 139.57039(18) MeV [28]
Mass B* mg 5279.34(12) MeV [28]
Mass B* mp- 5324.71(21) MeV 28]
Mass B, mg, 5725.9733 MeV [28]
Mass p°(770) M, 775.26(23) MeV [28]
Mass @(782) M, 782.66(13) MeV [28]
Lifetime B* Tp 1638(4) fs [28]
Width p°(770) r, 147.4(8) MeV [28]
Width »(782) r, 8.68(13) MeV [28]
Decay constant p°(770) fo 216(3) MeV (9]
Decay constant o(782) fo 197(8) MeV [9]
Decay constant B* s 190.0(1.3) MeV [38-42]
CKM matrix element b — u [V 3.77(15) x 1073 [43]
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