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Within the Standard Model, we investigate the CP violations and the K0
S − K0

L asymmetries in D� →
K�ð892Þ0π� þ K̄�ð892Þ0π� → K0

S;Lπ
0π� decays basing on the factorization-assisted topological-amplitude

(FAT) approach and the topological amplitude (TA) approach of Cheng and Chiang [Phys. Rev. D 104,

073003 (2021).]. We find that theCP violations in these decays A
K0

S;L
CP can exceed the order of 10−3 in the two

approaches and consist of three parts: the indirect CP violations in K0 − K̄0 mixing Amix
CP;K0

S;L
, the direct CP

violations in charm decays Adir
CP;K0

S;L
, and the new CP violation effects Aint

CP;K0
S;L
, which are induced from the

interference between two tree (Cabibbo-favored and doubly Cabibbo-suppressed) amplitudes with the

neutral kaonmixing. The indirectCP violations inK0 − K̄0mixing play a dominant role inA
K0

S;L
CP ; the newCP

violation effects have a non-negligible contribution to A
K0

S;L
CP . We estimate the numerical results of the

K0
S − K0

L asymmetriesRD�
KS−KL

and find that there exists a large difference between the numerical results in the

FATapproach and that of the TA approach.We present the numbers ofD� events-times-efficiency needed to
observe the CP violations and the K0

S − K0
L asymmetries at the level of 3 standard deviations (3σ). We also

find that if one adopts the values of the decay time parameters t0 ¼ 3.0τS and t1 ¼ 10.0τS, the new CP
violation effect Aint

CP;K0
S
would dominate the CP violation inD� → K�ð892Þ0π� þ K̄�ð892Þ0π� → K0

Sπ
0π�

decays and could be observed with 6.7 × 106 and 6.5 × 106 D� events-times-efficiency in the FATapproach
and the TA approach, respectively. Our results could be tested by the LHCb (Large Hadron Collider beauty),
Belle II, and BESIII experiments.

DOI: 10.1103/PhysRevD.107.053002

I. INTRODUCTION

The exploration ofCP violation is one of themain topics in
particle physics and cosmology; heavy flavor meson decays
provide an ideal place to study CP violation. In the Standard
Model (SM), CP violation is due to a complex parameter in
the Cabibbo-Kobayashi-Maskawa (CKM) matrix. However,
the strength of CP violation predicted by the Standard
Model is insufficient to explain the baryon asymmetry of

the unverse [1,2], so it is necessary to search for new sources
ofCP violation. It is important to investigate asmany systems
as possible, to see the correlation between different processes
and understand the origin of CP violation.
CP violation in Kaon and B meson systems has been

well established, but not yet in charmed meson decays. In
2019, the LHCb (Large Hadron Collider beauty) collabo-
ration reported the first confirmed observation of the CP
asymmetries in the charm sector via measuring the differ-
ence of time-integrated CP asymmetries of D0 → KþK−

and D0 → πþπ− decays with a significance of more than
5σ [3]. Combining the LHCb (Large Hadron Collider
beauty) results in 2014 [4], 2016 [5], and 2019 [3] leads
to a result of a nonzero value of ΔACP

ΔACP¼ACPðKþK−Þ−ACPðπþπ−Þ¼ð1.54�0.29Þ×10−3:

ð1Þ
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In recent years, there have been a number of theoretical
works, which concentrate on studying the CP violations in
the charm sector [6–44]. Charmed meson decays have
become one of the most important platforms for studying
the CP violation and its origin.
The decays with final states including K0

S or K0
L can be

used to study CP violation [45–73]. In these decays, the
indirect CP violation induced by the K0 − K̄0 mixing has a
non-negligible effect, and even plays a dominant role.
There exists a 2.8σ discrepancy observed between the
BABAR measurement and the SM prediction of the CP
asymmetry in the τþ → πþKSν̄τ decay [59–61]; this may
imply the existence of the physics beyond the SM because
of the absence of the direct CP violation in this decay.
However, no unambiguous conclusion can be drawn due to
the large uncertainty [63], so more precise data and more
reactions with final states including K0

S or K
0
L are needed in

both experiment and theory.
In Ref. [51], the authors study the CP asymmetries in the

D� → K0
Sπ

� decays; they show that besides the indirectCP
violation due to the K0 − K̄0 mixing, a new CP violation
effect induced by the interference between the Cabibbo-
favored (CF) and doubly Cabibbo-suppressed (DCS) ampli-
tudes with the K0 − K̄0 mixing may give a non-negligible
contribution to the CP asymmetries in the D� → K0

Sπ
�

decays.CP violations in theD� → K�ð892Þ0π� andD� →
K̄�ð892Þ0π� decays are rarely studied, especially CP
violations in the D� → K�ð892Þ0π� þ K̄�ð892Þ0π� →
K0

S;Lπ
0π� decays [74]. For example, the new CP violation

effects induced by the interference between the CF and
DCS amplitudes with the K0 − K̄0 mixing in the D� →
K�ð892Þ0π� þ K̄�ð892Þ0π� → K0

S;Lπ
0π� decays have

never been studied. For simplicity, we refer to K�ð892Þ0
and K̄�ð892Þ0 as K�0 and K̄�0 hereafter, respectively.
In this paper, we will study the CP violations in the

D� → K�0π� þ K̄�0π� → K0
S;Lπ

0π� decays, which con-
sist of the indirect CP violations in K0 − K̄0 mixing, the
direct CP asymmetries in charm decays, and the new CP
violation effects induced by the interference between the

CF and DCS amplitudes with the K0 − K̄0 mixing. We will
present the formulas and the numerical results of the CP
asymmetries; we will also investigate the possibility of
observing the new CP violation effect in the D� →
K�0π� þ K̄�0π� → K0

Sπ
0π� decays, which depends on

the choice of the decay time of K0
S. Additionally, we will

study the K0
S − K0

L asymmetries in the D� → K�0π� þ
K̄�0π� → K0

S;Lπ
0π� decays and give the numerical results.

The paper is organized as follows. In Sec. II, we derive the
branching ratio of theD� → K�0π� þ K̄�0π� → K0

S;Lπ
0π�

decays. In Sec. III, we calculate the CP violations and the
K0

S − K0
L asymmetries for the D� → K�0π� þ K̄�0π� →

K0
S;Lπ

0π� decays. The numerical results and discussions are
present in Sec. IV. In Sec. V, we investigate the observation
of the new CP violation effect in the D� → K�0π� þ
K̄�0π� → K0

Sπ
0π� decays. And Sec. VI is the conclusion.

In the Appendix, we collect the formulas for the evolutions
of the Wilson coefficients in the scale μ < mc.

II. BRANCHING FRACTIONS

A. The amplitudes for the decays
D� → K�0ðK̄�0Þπ� → K0ðK̄0Þπ0π�

The D� → K�0π� þ K̄�0π� → K0
S;Lπ

0π� decays can
proceed via the D� → K�0ðK̄�0Þπ� processes, the K�0 →
K0π0ðK̄�0 → K̄0π0Þ decays, and the K0 − K̄0 oscillation
and decay. Within the SM, the CF decaysDþ → K̄�0πþ and
D− → K�0π− can proceed via the color-allowed external
W-emission tree diagram and the color-suppressed internal
W-emission tree diagram, which are displayed in Fig. 1; the
DCS channels Dþ → K�0πþ and D− → K̄�0π− can occur
through the color-suppressed internal W-emission tree
diagram and the W-annihilation diagram, which are dis-
played in Fig. 2. Here, all diagrams are meant to have all the
strong interactions included, i.e., gluon lines are included
implicitly in all possible ways [75]. The effective
Hamiltonian relevant to the D� → K�0ðK̄�0Þπ� decays is
given by

Heff ¼
GFffiffiffi
2

p C1ðμÞ½V�
csVudðs̄αcβÞV−AðūβdαÞV−A þ V�

cdVusðd̄αcβÞV−AðūβsαÞV−A�

þ GFffiffiffi
2

p C2ðμÞ½V�
csVudðs̄αcαÞV−AðūβdβÞV−A þ V�

cdVusðd̄αcαÞV−AðūβsβÞV−A� þ H:c:; ð2Þ

where GF is the Fermi coupling constant, Vqq0 is the
corresponding CKM matrix element, α and β are the
color indices, and ðq̄q0ÞV−A represents q̄γμð1 − γ5Þq0.
C1ðμÞ and C2ðμÞ are the Wilson coefficients; the evolu-
tions of these Wilson coefficients in the scale μ are given
in Ref. [14]. For convenience, we duplicate these explicit

expressions in the Appendix. Based on the topological
amplitude approach [76,77], the decay amplitudes of the
diagrams in Figs. 1 and 2 can be parametrized as

hK̄�0πþjHeff jDþiTV
¼ GFffiffiffi

2
p V�

csVudT0
V ε

� · pDþ ; ð3Þ
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hK�0π−jHeff jD−iTV
¼ GFffiffiffi

2
p VcsV�

udT
0
V ε

� · pD− ; ð4Þ

hK̄�0πþjHeff jDþiCP
¼ GFffiffiffi

2
p V�

csVudC0
P ε

� · pDþ ; ð5Þ

hK�0π−jHeff jD−iCP
¼ GFffiffiffi

2
p VcsV�

udC
0
P ε

� · pD− ; ð6Þ

hK�0πþjHeff jDþiCP
¼ GFffiffiffi

2
p V�

cdVusC0
P ε

� · pDþ ; ð7Þ

hK̄�0π−jHeff jD−iCP
¼ GFffiffiffi

2
p VcdV�

usC0
P ε

� · pD− ; ð8Þ

hK�0πþjHeff jDþiAV
¼ GFffiffiffi

2
p V�

cdVusA0
V ε

� · pDþ ; ð9Þ

(a) (b)

(c) (d)

FIG. 1. Topological diagrams contributing to the Cabibbo-allowed Dþ → K̄�0πþ and D− → K�0π− decays: (a, b) the color-allowed
external W-emission tree diagram and (c, d) the color-suppressed internal W-emission tree diagram.

(a) (b)

(c) (d)

FIG. 2. Topological diagrams contributing to the DCS Dþ → K�0πþ and D− → K̄�0π− decays: (a, b) the color-suppressed internal
W-emission tree diagram and (c, d) the W-annihilation diagram.

STUDY OF CP VIOLATION IN D� → K�ð892Þ0π� þ K̄�ð892Þ0π� → … PHYS. REV. D 107, 053002 (2023)

053002-3



hK̄�0π−jHeff jD−iAV
¼ GFffiffiffi

2
p VcdV�

usA0
V ε

� · pD− ; ð10Þ

where the subscript TV in Eqs. (3) and (4) denotes that the
decay amplitude is the color-allowed external W-emission
tree diagram amplitude with theDþ → K̄�0 andD− → K�0
transitions, the subscript CP in Eqs. (5)–(8) represents that
the decay amplitude is the color-suppressed internal W-
emission tree diagram amplitude with the D� → π�
transitions, and the subscript AV in Eqs. (9) and (10)
denotes that the decay amplitude is the W-annihilation
diagram amplitude with the s (or s̄) quark from the weak
decay entering in the K̄�0 (or K�0) meson. We based
our calculation on the results of two topological ampli-
tude approaches: the factorization-assisted topological-
amplitude (FAT) approach and the topological amplitude
approach of Ref. [40] (hereinafter for brevity referred to as
the TA approach). In the FAT approach, the topological
amplitudes can be expressed as [14,23,78]

T0
V ¼ αV1 2mK�fπþA0ðm2

πþÞ; ð11Þ

C0
P ¼ αP2 2mK�fK�fþðp2

K� Þ; ð12Þ

A0
V ¼ C1ðμAÞχAqeiϕA

q fDþmDþ
fK�

fρ
eiSπ ; ð13Þ

where mK� , mπþ , and mDþ are the mass of the meson K�0,
πþ, and Dþ, respectively. fπþ , fK� , fρ, and fDþ are the
decay constants of the meson πþ, K�0, ρ, and Dþ,
respectively. ε [we denote ε≡ εðpK� ; λÞ for simplicity]
is the polarization vector of the K�0 meson; it yields the
following relations [40]:

εμðpK� ; λÞpμ
K� ¼ 0; ð14Þ

X
λ

ε�μðpK� ; λÞενðpK� ; λÞ ¼ −gμν þ pμ
K�pν

K�

m2
K�

: ð15Þ

The effective Wilson coefficients αV1 and αP2 in Eqs. (11)
and (12) are

αV1 ¼ C2ðμTÞ þ
1

3
C1ðμTÞ;

αP2 ¼ C1ðμCÞ þ C2ðμCÞ
�
1

3
þ χCPe

iϕC
P

�
; ð16Þ

χAq , ϕA
q , χCP, and ϕC

P in Eqs. (13) and (16) are the
nonfactorizable parameters; and eiSπ in Eq. (13) is a
strong phase factor which is introduced for each pion
involved in the nonfactorizable contributions of the
W-annihilation diagram amplitude. We note that the
parameters χAq , ϕA

q , χCP, ϕ
C
P, and Sπ are free and universal;

they can be determined by fitting the data. μA, μT , and μC
in Eqs. (13) and (16) are, respectively, the scale for
the W-annihilation diagram, the color-allowed external
W-emission tree diagram, and the color-suppressed in-
ternal W-emission tree diagram [23,78]

μA¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ΛmDþð1−r2PÞð1−r2VÞ

q
; μT ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ΛmDþð1−r2PÞ

q
;

μC¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ΛmDþð1−r2VÞ

q
; ð17Þ

with

rP ¼ mπþ

mDþ
; rV ¼ mK�

mDþ
; ð18Þ

where Λ represents the momentum of the soft degree of
freedom in the D decays, fixed to be Λ ¼ 0.5 GeV in this
work. fþðp2

K� Þ in Eq. (12) is the D� → π� transition form
factor, which can be written as

hπþjūγμcjDþi ¼ f0ðq2Þ
�
m2

Dþ −m2
πþ

q2
qμ
�

þ fþðq2Þ
�
pμ
Dþ þpμ

πþ −
m2

Dþ −m2
πþ

q2
qμ
�
;

ð19Þ

with q ¼ pDþ − pπþ . A0ðm2
πþÞ in Eq. (11) is theD� → K̄�0

transition form factor, which can be written as [79–81]

hK̄�0js̄γμγ5cjDþi ¼ i

�
ε�μðmDþ þmK�ÞA1ðq2Þ −

ε� · q
mDþ þmK�

ðpμ
Dþ þ pμ

K� ÞA2ðq2Þ −
ε� · q
q2

2mK�qμA3ðq2Þ
�

þ i
ε� · q
q2

2mK�qμA0ðq2Þ; ð20Þ

with q ¼ pDþ − pK� and

A3ðq2Þ ¼
mDþ þmK�

2mK�
A1ðq2Þ −

mDþ −mK�

2mK�
A2ðq2Þ: ð21Þ
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There exist many model and lattice calculations for D� to
π�, K�0 transition form factors. In this paper, we shall use
the following parametrization for form-factor q2 depend-
ence [33,75,82,83]:

Fðq2Þ ¼ Fð0Þ
ð1 − q2

m2
pole
Þð1 − α q2

m2
pole
Þ
; ð22Þ

where for the form factor fþðq2Þ, mpole ¼ mD�ð2010Þþ ,
Fð0Þ ¼ 0.666, and α ¼ 0.24, while for the form factor
A0ðq2Þ, mpole ¼ mDþ

s
, Fð0Þ ¼ 0.78 and α ¼ 0.24.

In the TA approach, based on the solution (S3’) of the
fitting result in Table II of Ref. [40], we can obtain
the following numerical results of the topological
amplitudes:

jT0
V j ¼ 0.266� 0.004; δT0

V
¼ 0° ð23Þ

jC0
Pj ¼ 0.245� 0.002; δC0

P
¼ ð201� 1Þ°; ð24Þ

jA0
V j ¼ 0.028� 0.002; δA0

V
¼ ð77� 5Þ°: ð25Þ

Here, we note that the values of jT0
V j, jC0

Pj, and jA0
V j are

obtained by the products of the values of the corresponding
topological amplitudes in Table II of Ref. [40] and

ffiffiffi
2

p
=GF;

the values of δT0
V
, δC0

P
, and δA0

V
are obtained directly from

Table II of Ref. [40].
In the overlapped region of the K�0 and K̄�0 resonances,

the decay amplitudes of the cascade decays D� →
K�0π� → K0π0π� and D� → K̄�0π� → K̄0π0π�, which
are depicted in Fig. 3, can be written as

AðDþ → K�0πþ → K0π0πþÞ ¼ hK0π0jLjK�0iTBW
K� ðp2

K� ÞðhK�0πþjHeff jDþiCP
þ hK�0πþjHeff jDþiAV

Þ; ð26Þ

AðDþ → K̄�0πþ → K̄0π0πþÞ ¼ hK̄0π0jLjK̄�0iTBW
K� ðp2

K� ÞðhK̄�0πþjHeff jDþiCP
þ hK̄�0πþjHeff jDþiTV

Þ; ð27Þ

AðD− → K�0π− → K0π0π−Þ ¼ hK0π0jLjK�0iTBW
K� ðp2

K� ÞðhK�0π−jHeff jD−iCP
þ hK�0π−jHeff jD−iTV

Þ; ð28Þ

AðD− → K̄�0π− → K̄0π0π−Þ ¼ hK̄0π0jLjK̄�0iTBW
K� ðp2

K� ÞðhK̄�0π−jHeff jD−iCP
þ hK̄�0π−jHeff jD−iAV

Þ; ð29Þ

with the Lagrangian [40]

L ¼ igK
�0→K0π0ðK̄�0μπ0 ∂

↔

μK0 þ K�0μK̄0
∂

↔

μπ
0Þ ð30Þ

and the relativistic Breit-Wigner line shape for K�0,

TBW
K� ðsÞ ¼ 1

s −m2
K� þ imK�ΓK� ðsÞ ; ð31Þ

where ΓK� ðsÞ is the mass dependent width of K�0,

ΓK�ðsÞ ¼ Γ0
K�

�
qK0

q0
K0

�
3mK�ffiffiffi

s
p X2

1ðqK0Þ
X2
1ðq0K0Þ ; ð32Þ

and qK0 denotes the c.m. momentum of K0 in the rest frame
of K�; q0

K0 is the value of qK0 when s is equal to m2
K� ,

qK0 ¼ fð ffiffiffi
s

p
; mK0 ; mπ0Þffiffiffiffiffi

4s
p ; ð33Þ

where the function f is

fðx; y; zÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x4 þ y4 þ z4 − 2x2y2 − 2x2z2 − 2y2z2

q
: ð34Þ

In Eq. (32), Γ0
K� is the nominal total width ofK� with Γ0

K� ¼
ΓK�ðm2

K� Þ and X1 is the Blatt-Weisskopf barrier factor

X1ðzÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1

ðzrBWÞ2 þ 1

s
; ð35Þ

with rBW ≈ 4.0 GeV−1.

FIG. 3. Resonant contribution to the amplitudes of D� → π�K0π0 and D� → π�K̄0π0 through the intermediate states K�0 and K̄�0,
where the blob stands for a transition due to weak interactions.
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Using the Lagrangian in Eq. (30), one obtains

hK0π0jLjK�0i ¼ gK
�0→K0π0ε · ðpK0 − pπ0Þ; ð36Þ

hK̄0π0jLjK̄�0i ¼ −gK�0→K0π0ε · ðpK̄0 − pπ0Þ; ð37Þ

where gK
�0→K0π0 is the coupling of K�0 to K0π0, which can

be extracted from

BðK�0 → K0π0Þ ¼ 1

6πm2
K�Γ0

K�
ðgK�0→K0π0Þ2

×

�
fðmK� ; mK0 ; mπ0Þffiffiffiffiffiffiffiffiffiffiffi

4m2
K�

p �
3

: ð38Þ

Substituting Eqs. (7), (9), (31), and (36) into Eq. (26),
we can obtain the decay amplitude of the cascade decay
Dþ → K�0πþ → K0π0πþ

AðDþ → K�0πþ → K0π0πþÞ

¼ GFffiffiffi
2

p V�
cdVusðC0

P þ A0
VÞε� · pDþ

×
1

p2
K� −m2

K� þ imK�ΓK�ðp2
K� Þ

× gK
�0→K0π0ε · ðpK0 − pπ0ÞF

� ffiffiffiffiffiffiffiffi
p2
K�

q
; mK�

�
: ð39Þ

In order to account for the off shell effect of K�, we
follow Ref. [40,84] to add a form factor Fð ffiffiffi

s
p

; mK� Þ into
the above equation. The form factor Fð ffiffiffi

s
p

; mK� Þ can be
parametrized as

Fð ffiffiffi
s

p
; mK� Þ ¼ Λ2 þm2

K�

Λ2 þ s
; ð40Þ

with the cutoff Λ not far from the mass of the resonance K�,

Λ ¼ mK� þ βΛQCD; ð41Þ

where β ¼ 1.0� 0.2 and ΛQCD ¼ 0.25 GeV.
From Eqs. (14) and (15), we obtain

X
λ

ε� · pDþε · ðpK0 − pπ0Þ ¼ 2p⃗πþ · p⃗K0 ð42Þ

in the rest frame of K0 and π0. Substituting the above
equation into Eq. (39), we obtain

AðDþ → K�0πþ → K0π0πþÞ ¼
ffiffiffi
2

p
GFV�

cdVusðC0
P þ A0

VÞ
1

p2
K� −m2

K� þ imK�ΓK� ðp2
K�Þ g

K�0→K0π0F

� ffiffiffiffiffiffiffiffi
p2
K�

q
; mK�

�
p⃗πþ · p⃗K0 :

ð43Þ
Similarly, we can obtain the following amplitudes:

AðDþ → K̄�0πþ → K̄0π0πþÞ ¼ −
ffiffiffi
2

p
GFV�

csVudðC0
P þ T0

VÞ
1

p2
K� −m2

K� þ imK�ΓK� ðp2
K� Þg

K�0→K0π0F

� ffiffiffiffiffiffiffiffi
p2
K�

q
;mK�

�
p⃗πþ · p⃗K̄0 ;

ð44Þ

AðD− → K̄�0π− → K̄0π0π−Þ ¼ −
ffiffiffi
2

p
GFVcdV�

usðC0
P þA0

VÞ
1

p2
K� −m2

K� þ imK�ΓK�ðp2
K� Þg

K�0→K0π0F

� ffiffiffiffiffiffiffiffi
p2
K�

q
;mK�

�
p⃗π− · p⃗K̄0 ;

ð45Þ

AðD− → K�0π− → K0π0π−Þ ¼
ffiffiffi
2

p
GFVcsV�

udðC0
P þ T0

VÞ
1

p2
K� −m2

K� þ imK�ΓK� ðp2
K� Þg

K�0→K0π0F

� ffiffiffiffiffiffiffiffi
p2
K�

q
;mK�

�
p⃗π− · p⃗K0 :

ð46Þ
B. The effect of the K0 − K̄0 mixing

Now, we proceed to study the time evolution of the initially pure K0ðK̄0Þ states. In the K0 − K̄0 system, the two mass
eigenstates,K0

S ofmassmS andwidthΓS andK0
L ofmassmL andwidthΓL, are linear combinations of the flavor eigenstatesK0

and K̄0. Under the assumption of CPT invariance, these mass eigenstates can be expressed as [85]

jK0
Li ¼ pjK0i − qjK̄0i; ð47Þ
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jK0
Si ¼ pjK0i þ qjK̄0i; ð48Þ

where p and q are complex mixing parameters. CP con-
servation requires bothp ¼ q ¼ ffiffiffi

2
p

=2. Themass andwidth
eigenstates K0

S;L may also be described with the popular
notations

jK0
Li ¼

1þ ϵffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1þ jϵj2Þ

p jK0i − 1 − ϵffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1þ jϵj2Þ

p jK̄0i; ð49Þ

jK0
Si ¼

1þ ϵffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1þ jϵj2Þ

p jK0i þ 1 − ϵffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1þ jϵj2Þ

p jK̄0i; ð50Þ

where the complex parameter ϵ signifies deviation of the
mass eigenstates from theCP eigenstates. The parameters p
and q can be expressed in terms of ϵ:

p ¼ 1þ ϵffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1þ jϵj2Þ

p ; q ¼ 1 − ϵffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1þ jϵj2Þ

p : ð51Þ

Combining Eqs. (47), (48), and (51) and neglecting the tiny
directCP asymmetry in theK0 → πþπ− andK0 → πþπ−π0
decays, we can derive

AðK0
L → πþπ−Þ

AðK0
S → πþπ−Þ ¼

p − q
pþ q

¼ ϵ; ð52Þ

AðK0
S → πþπ−π0Þ

AðK0
L → πþπ−π0Þ ¼

p − q
pþ q

¼ ϵ: ð53Þ

The time-evolved states of the K0 − K̄0 system can be
expressed by the mass eigenstates

jK0
physðtÞi¼

1

2p
e−imLt−1

2
ΓLtjK0

Liþ
1

2p
e−imSt−1

2
ΓStjK0

Si; ð54Þ

jK̄0
physðtÞi¼−

1

2q
e−imLt−1

2
ΓLtjK0

Liþ
1

2q
e−imSt−1

2
ΓStjK0

Si: ð55Þ

Using Eqs. (54) and (55), the time-dependent amplitudes
of the cascade decays D� → K�0π� þ K̄�0π� →

K0ðtÞπ0π� þ K̄0ðtÞπ0π� → fK0π0π� (hereinafter for brev-
ity referred to as D� → K�π� → KðtÞπ0π� → fK0π0π�)
can be written as

AðD� → K�π� → KðtÞπ0π� → fK0π0π�Þ
¼ AðD� → K�0π� → K0π0π�Þ · AðK0

physðtÞ → fK0Þ
þ AðD� → K̄�0π� → K̄0π0π�Þ · AðK̄0

physðtÞ → fK0Þ;
ð56Þ

where fK0 denotes the final state from the decay of the K0

or K̄0 meson. AðK0
physðtÞ → fK0Þ and AðK̄0

physðtÞ → fK0Þ
denote the amplitude of the K0

physðtÞ → fK0 and K̄0
physðtÞ →

fK0 decays, respectively. They have the following forms:

AðK0
physðtÞ → fK0Þ ¼ 1

2p
e−imLt−1

2
ΓLtAðK0

L → fK0Þ

þ 1

2p
e−imSt−1

2
ΓStAðK0

S → fK0Þ; ð57Þ

AðK̄0
physðtÞ → fK0Þ ¼ −

1

2q
e−imLt−1

2
ΓLtAðK0

L → fK0Þ

þ 1

2q
e−imSt−1

2
ΓStAðK0

S → fK0Þ: ð58Þ

For convenience, we introduce the following substitu-
tions:

rsfeiδ ¼
C0
PþA0

V

C0
PþT0

V
; rwfeiϕ ¼−

V�
cdVus

V�
csVud

; rf ¼ rsfrwf;

ð59Þ

where rsf, rwf, and rf are positive numbers, rf denotes the
magnitude of the ratio of the DCS amplitude to the CF
amplitude, and δ and ϕ are the strong phase difference
and the weak phase difference, respectively. Making use
of Eqs. (40), (43), (44), (56), and (59) and performing
integration over phase space, we can obtain

ΓðDþ → K�πþ → KðtÞπ0πþ → fK0π0πþÞ ¼ G2
FjgK�0→K0π0 j2
6144π3m3

Dþ
jVcsj2jVudj2 ·

Z
p2
1

p2
0

ginðp2
K�ÞjC0

P þ T0
V j2

× ½r2fgK0
phys

þ rfeiðδþϕÞgK0
physK̄

0
phys

þ rfe−iðδþϕÞg�K0
physK̄

0
phys

þ gK̄0
phys

�dp2
K� ; ð60Þ

where we use the following substitutions:

gK0
phys

¼ jAðK0
physðtÞ → fK0Þj2; gK̄0

phys
¼ jAðK̄0

physðtÞ → fK0Þj2; ð61Þ

gK0
physK̄

0
phys

¼ AðK0
physðtÞ → fK0ÞA�ðK̄0

physðtÞ → fK0Þ; ð62Þ
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ginðp2
K� Þ ¼ ðfðmDþ ;

ffiffiffiffiffiffiffiffi
p2
K�

p
; mπþÞÞ3 · ðfð

ffiffiffiffiffiffiffiffi
p2
K�

p
; mK0 ; mπ0ÞÞ3

½ðp2
K� −m2

K�Þ2 þm2
K�Γ2

K� ðp2
K� Þ� · p6

K�

ðΛ2 þm2
K� Þ2

ðΛ2 þ p2
K� Þ2 ; ð63Þ

where p2
0 and p2

1 in Eq. (60) are the lower bound and the upper bound of p2
K� , respectively. In order to select the K� event

and suppress the background, we adopt p2
0 ¼ ðmK� − 3Γ0

K�Þ2 and p2
1 ¼ ðmK� þ 3Γ0

K�Þ2 in our calculation, where mK� and
Γ0
K� are the mass and decay width of the K� resonance, respectively.
Similarly, we can derive the decay width for the D− → K�0π− þ K̄�0π− → K0ðtÞπ0π− þ K̄0ðtÞÞπ0π− → fK0π0π− decay

ΓðD− → K�π− → KðtÞπ0π− → fK0π0π−Þ ¼ G2
FjgK�0→K0π0 j2
6144π3m3

Dþ
jVcsj2jVudj2 ·

Z
p2
1

p2
0

ginðp2
K� ÞjC0

P þ T0
V j2

× ½r2fgK̄0
phys

þ rfeiðϕ−δÞgK0
physK̄

0
phys

þ rfe−iðϕ−δÞg�K0
physK̄

0
phys

þ gK0
phys

�dp2
K� : ð64Þ

C. The decay widths for the D� → K�0π� + K̄�0π� → K0
S;Lπ

0π� decays

In experiment, the K0
S state is defined via a final state πþπ− with mππ ≈mS and a time difference between the D� decay

and the K0
S decay [59,86,87]. By taking into account these experimental features, the partial decay width for the Dþ →

K�0πþ þ K̄�0πþ → K0
Sπ

0πþ (hereinafter for brevity referred to as Dþ → K�πþ → K0
Sπ

0πþ) decay can be defined as

ΓðDþ → K�πþ → K0
Sπ

0πþÞ ¼
R t1
t0 ΓðDþ → K�πþ → KðtÞπ0πþ → πþπ−π0πþÞdt

ðe−ΓSt0 − e−ΓSt1Þ · BðK0
S → πþπ−Þ ; ð65Þ

where t0 ¼ 0.1τS and t1 ¼ 2τS ∼ 20τS with τS being the K0
S lifetime; we adopt t1 ¼ 10τS in our calculation. Combining

Eqs. (52), (57), (58), (60), and (65), we can obtain

ΓðDþ → K�πþ → K0
Sπ

0πþÞ ¼ G2
FjgK�0→K0π0 j2
6144π3m3

Dþ
jVcsj2jVudj2 ·

Z
p2
1

p2
0

ginðp2
K� ÞjC0

P þ T0
V j2

×
h
r2fg

K0
S

K0
phys

þ rfeiðδþϕÞgK
0
S

K0
physK̄

0
phys

þ rfe−iðδþϕÞgK
0
S�

K0
physK̄

0
phys

þ g
K0

S

K̄0
phys

i
dp2

K� ; ð66Þ

with

g
K0

S

K0
phys

¼
R t1
t0 jAðK0

physðtÞ → πþπ−Þj2dt
ðe−ΓSt0 − e−ΓSt1Þ · BðK0

S → πþπ−Þ

¼ 1

4jpj2
�
1þ e−ΓLt0 − e−ΓLt1

e−ΓSt0 − e−ΓSt1
·
BðK0

L → πþπ−Þ
BðK0

S → πþπ−Þ þ 2Re

�
p − q
pþ q

tK0
S−K

0
L

��
; ð67Þ

g
K0

S

K0
physK̄

0
phys

¼
R t1
t0 AðK0

physðtÞ → πþπ−ÞA�ðK̄0
physðtÞ → πþπ−Þdt

ðe−ΓSt0 − e−ΓSt1Þ · BðK0
S → πþπ−Þ

¼ 1

4pq�

�
1 −

e−ΓLt0 − e−ΓLt1

e−ΓSt0 − e−ΓSt1
·
BðK0

L → πþπ−Þ
BðK0

S → πþπ−Þ þ 2iIm

�
p − q
pþ q

tK0
S−K

0
L

��
; ð68Þ

g
K0

S

K̄0
phys

¼
R t1
t0 jAðK̄0

physðtÞ → πþπ−Þj2dt
ðe−ΓSt0 − e−ΓSt1Þ · BðK0

S → πþπ−Þ

¼ 1

4jqj2
�
1þ e−ΓLt0 − e−ΓLt1

e−ΓSt0 − e−ΓSt1
·
BðK0

L → πþπ−Þ
BðK0

S → πþπ−Þ − 2Re

�
p − q
pþ q

tK0
S−K

0
L

��
; ð69Þ
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where

tK0
S−K

0
L
¼ e−iðmL−mSÞt0−ΓSþΓL

2
t0 − e−iðmL−mSÞt1−ΓSþΓL

2
t1

e−ΓSt0 − e−ΓSt1

·
ΓS

ΓSþΓL
2

þ iðmL −mSÞ
: ð70Þ

The terms in the square brackets of Eqs. (67)–(69) are
related to the effect of the K0

S decay, the effect of the K0
L

decay, and their interference, respectively. From the Particle
Data Group [85], we can obtain

e−ΓLt0 − e−ΓLt1

e−ΓSt0 − e−ΓSt1
¼ 0.019; ð71Þ

BðK0
L → πþπ−Þ

BðK0
S → πþπ−Þ ¼ ð2.84� 0.01Þ × 10−3; ð72Þ

with t0 ¼ 0.1τS ¼ 0.1=ΓS and t1 ¼ 10τS ¼ 10=ΓS, so the
second term in the square bracket of Eqs. (67)–(69), which
corresponds to the effect of the K0

L decay, can be neglected.
Combining Eqs. (51), (66)–(69) and neglecting the terms of
OðϵÞ, we can derive

ΓðDþ → K�πþ → K0
Sπ

0πþÞ ¼ G2
FjgK�0→K0π0 j2
6144π3m3

Dþ
jVcsj2jVudj2

·
Z

p2
1

p2
0

ginðp2
K�ÞjC0

P þ T0
V j2

�
r2f
2
½1 − 2ReðϵÞ þ 2Reðϵ · tK0

S−K
0
L
Þ� þ rf cosðϕþ δÞ

þ2rf sinðϕþ δÞ½ImðϵÞ − Imðϵ · tK0
S−K

0
L
Þ� þ 1

2
½1þ 2ReðϵÞ − 2Reðϵ · tK0

S−K
0
L
Þ�
�
dp2

K� : ð73Þ

Similarly, we can derive the decay width for the D− → K�0π− þ K̄�0π− → K0
Sπ

0π− (hereinafter for brevity referred to as
D− → K�π− → K0

Sπ
0π−) decay

ΓðD− → K�π− → K0
Sπ

0π−Þ ¼ G2
FjgK�0→K0π0 j2
6144π3m3

Dþ
jVcsj2jVudj2 ·

Z
p2
1

p2
0

ginðp2
K� ÞjC0

P þ T0
V j2

�
r2f
2
½1þ 2ReðϵÞ − 2Reðϵ · tK0

S−K
0
L
Þ�

þ rf cosðϕ − δÞ þ 2rf sinðϕ − δÞ½ImðϵÞ − Imðϵ · tK0
S−K

0
L
Þ�

þ 1

2
½1 − 2ReðϵÞ þ 2Reðϵ · tK0

S−K
0
L
Þ�
�
dp2

K� : ð74Þ

In experiment, theK0
L state is defined via a large time difference between theD� decay and theK0

L decay, so theK
0
L states

mostly decay outside the detector [88]. Based on these experimental features, the partial decay width for the Dþ →
K�0πþ þ K̄�0πþ → K0

Lπ
0πþ (hereinafter for brevity referred to as Dþ → K�πþ → K0

Lπ
0πþ) decay can be defined as

ΓðDþ → K�πþ → K0
Lπ

0πþÞ ¼
Rþ∞
t2

ΓðDþ → K�πþ → KðtÞπ0πþ → πþπ−π0π0πþÞdt
e−ΓLt2 · BðK0

L → πþπ−π0Þ ; ð75Þ

where t2 ≥ 100τS. Using Eqs. (53), (57)–(58), (60), and (75), we can derive

ΓðDþ → K�πþ → K0
Lπ

0πþÞ ¼ G2
FjgK�0→K0π0 j2
6144π3m3

Dþ
jVcsj2jVudj2 ·

Z
p2
1

p2
0

ginðp2
K� ÞjC0

P þ T0
V j2

×
h
r2fg

K0
L

K0
phys

þ rfeiðδþϕÞgK
0
L

K0
physK̄

0
phys

þ rfe−iðδþϕÞgK
0
L�

K0
physK̄

0
phys

þ g
K0

L

K̄0
phys

i
dp2

K� ; ð76Þ

with

g
K0

L

K0
phys

¼
Rþ∞
t2

jAðK0
physðtÞ → πþπ−π0Þj2dt

e−ΓLt2 · BðK0
L → πþπ−π0Þ

¼ 1

4jpj2
�
1þ e−ðΓS−ΓLÞt2 ·

BðK0
S → πþπ−π0Þ

BðK0
L → πþπ−π0Þ þ 2Re

�
p − q
pþ q

tK0
L−K

0
S

��
; ð77Þ
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g
K0

L

K0
physK̄

0
phys

¼
Rþ∞
t2

AðK0
physðtÞ → πþπ−π0ÞA�ðK̄0

physðtÞ → πþπ−π0Þdt
e−ΓLt2 · BðK0

L → πþπ−π0Þ

¼ 1

4pq�

�
−1þ e−ðΓS−ΓLÞt2 ·

BðK0
S → πþπ−π0Þ

BðK0
L → πþπ−π0Þ − 2iIm

�
p − q
pþ q

tK0
L−K

0
S

��
; ð78Þ

g
K0

L

K̄0
phys

¼
Rþ∞
t2

jAðK̄0
physðtÞ → πþπ−π0Þj2dt

e−ΓLt2 · BðK0
L → πþπ−π0Þ

¼ 1

4jqj2
�
1þ e−ðΓS−ΓLÞt2 ·

BðK0
S → πþπ−π0Þ

BðK0
L → πþπ−π0Þ − 2Re

�
p − q
pþ q

tK0
L−K

0
S

��
; ð79Þ

where

tK0
L−K

0
S
¼ ΓL · eiðmL−mSÞt2−ΓS−ΓL

2
t2

ΓSþΓL
2

− iðmL −mSÞ
: ð80Þ

Using the result from the Particle Data Group [85], ΓL=ΓS ¼ ð1.75� 0.01Þ × 10−3, we can obtain

e−ðΓS−ΓLÞt2 ≤ 4.4 × 10−44; e−
ΓS−ΓL

2
t2 ≤ 2.1 × 10−22; ð81Þ

with t2 ≥ 100=ΓS, so the last two terms in the square brackets of Eqs. (77)–(79) can be neglected safely. Substituting
Eqs. (51), (77)–(79) into Eq. (76) and neglecting the terms of OðϵÞ, we can obtain

ΓðDþ → K�πþ → K0
Lπ

0πþÞ ¼ G2
FjgK�0→K0π0 j2
6144π3m3

Dþ
jVcsj2jVudj2

Z
p2
1

p2
0

ginðp2
K� ÞjC0

P þ T0
V j2

·

�
r2f
2
ð1 − 2ReðϵÞÞ − rf cosðϕþ δÞ − 2rf sinðϕþ δÞImðϵÞ þ ð1þ 2ReðϵÞÞ

2

�
dp2

K� : ð82Þ

Similarly, we can derive the decay width for the D− → K�0π− þ K̄�0π− → K0
Lπ

0π− (hereinafter for brevity referred to as
D− → K�π− → K0

Lπ
0π−) decay

ΓðD− → K�π− → K0
Lπ

0π−Þ ¼ G2
FjgK�0→K0π0 j2
6144π3m3

Dþ
jVcsj2jVudj2

Z
p2
1

p2
0

ginðp2
K� ÞjC0

P þ T0
V j2

·

�
r2f
2
ð1þ 2ReðϵÞÞ − rf cosðϕ − δÞ − 2rf sinðϕ − δÞImðϵÞ þ ð1 − 2ReðϵÞÞ

2

�
dp2

K� : ð83Þ

The branching ratios of the D� → K�0π� þ K̄�0π� → K0
S;Lπ

0π� decays can be obtained by multiplying the partial decay
widths for these decays, which are given in Eqs. (73)–(74) and (82)–(83), and the mean life of the D� meson.

III. CP VIOLATIONS AND K0
S − K0

L ASYMMETRIES

A. CP violations in the D� → K�0π� + K̄�0π� → K0
S;Lπ

0π� decays

Basing on the partial decay widths for theD� → K�0π� þ K̄�0π� → K0
S;Lπ

0π� decays derived in Sec. II, we can proceed
to study the CP violations and K0

S − K0
L asymmetries in these decays.

In the D� → K�0π� þ K̄�0π� → K0
S;Lπ

0π� decays, the time-independent CP violation observables are defined as

A
K0

S;L
CP ¼ ΓðDþ → K�πþ → K0

S;Lπ
0πþÞ − ΓðD− → K�π− → K0

S;Lπ
0π−Þ

ΓðDþ → K�πþ → K0
S;Lπ

0πþÞ þ ΓðD− → K�π− → K0
S;Lπ

0π−Þ : ð84Þ

Substituting Eqs. (73)–(74) into Eq. (84), we can derive
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A
K0

S
CP ¼ Amix

CP;K0
S
þ Adir

CP;K0
S
þ Aint

CP;K0
S
; ð85Þ

Amix
CP;K0

S
¼

R p2
1

p2
0

ginðp2
K� ÞjC0

P þ T0
V j2f2ð1 − r2fÞ½ReðϵÞ − Reðϵ · tK0

S−K
0
L
Þ�gdp2

K�R p2
1

p2
0

ginðp2
K� ÞjC0

P þ T0
V j2ð1þ r2f þ 2rf cos δ cosϕÞdp2

K�

; ð86Þ

Adir
CP;K0

S
¼

R p2
1

p2
0

ginðp2
K� ÞjC0

P þ T0
V j2ð−2rf sin δ sinϕÞdp2

K�R p2
1

p2
0

ginðp2
K� ÞjC0

P þ T0
V j2ð1þ r2f þ 2rf cos δ cosϕÞdp2

K�

; ð87Þ

Aint
CP;K0

S
¼

R p2
1

p2
0

ginðp2
K� ÞjC0

P þ T0
V j2f4rf sin δ cosϕ½ImðϵÞ − Imðϵ · tK0

S−K
0
L
Þ�gdp2

K�R p2
1

p2
0

ginðp2
K� ÞjC0

P þ T0
V j2ð1þ r2f þ 2rf cos δ cosϕÞdp2

K�

; ð88Þ

where Amix
CP;K0

S
denotes the CP violation in kaon mixing [51,59] and the two terms in the square bracket of Eq. (86)

correspond to the pure K0
S term, and the K0

L − K0
S interference term, respectively. TheK0

L − K0
S interference term, which is a

function of t0 and t1, is as important as the pure K0
S term [59]. Adir

CP;K0
S
denotes the direct CP asymmetry induced by the

interference between the tree level CF and DCS amplitudes. Aint
CP;K0

S
represents a new CP violating effect, which relates to

the following expression:

4rf sin δ cosϕ½ImðϵÞ − Imðϵ · tK0
S−K

0
L
Þ� ¼ ðC0

P þ A0
VÞðC0�

P þ T0�
V Þ − ðC0�

P þ A0�
V ÞðC0

P þ T0
VÞ

jðC0
P þ T0

VÞj2

·
V�
cdVusVcsV�

ud þ VcdV�
usV�

csVud

2jVcsj2jVudj2
· ðgK0

S�
K0

physK̄
0
phys

− g
K0

S

K0
physK̄

0
phys

Þ; ð89Þ

i.e., this new CP violating effect arises from the interference between two tree (CF and DCS) amplitudes with the neutral
kaon mixing [51,89,90]. Here, we also note that the K0

L − K0
S interference term ϵ · tK0

S−K
0
L
has a large contribution to the new

CP violating effect, as shown in Eq. (88). In our calculation, we adopt t0 ¼ 0.1τS and t1 ¼ 10τS. In addition, we will discuss

the impact of the choice of t0 on Amix
CP;K0

S
, Aint

CP;K0
S
, and A

K0
S

CP in Sec. V.

Similarly, substituting Eqs. (82)–(83) into Eq. (84), we can derive the expression for CP asymmetry in the D� →
K�0π� þ K̄�0π� → K0

Lπ
0π� decays

A
K0

L
CP ¼ Amix

CP;K0
L
þ Adir

CP;K0
L
þ Aint

CP;K0
L
; ð90Þ

Amix
CP;K0

L
¼

R p2
1

p2
0

ginðp2
K� ÞjC0

P þ T0
V j2½2ð1 − r2fÞReðϵÞ�dp2

K�R p2
1

p2
0

ginðp2
K� ÞjC0

P þ T0
V j2ð1þ r2f − 2rf cos δ cosϕÞdp2

K�

; ð91Þ

Adir
CP;K0

L
¼

R p2
1

p2
0

ginðp2
K�ÞjC0

P þ T0
V j2ð2rf sin δ sinϕÞdp2

K�R p2
1

p2
0

ginðp2
K� ÞjC0

P þ T0
V j2ð1þ r2f − 2rf cos δ cosϕÞdp2

K�

; ð92Þ

Aint
CP;K0

L
¼

R p2
1

p2
0

ginðp2
K� ÞjC0

P þ T0
V j2½−4rf sin δ cosϕImðϵÞ�dp2

K�R p2
1

p2
0

ginðp2
K� ÞjC0

P þ T0
V j2ð1þ r2f − 2rf cos δ cosϕÞdp2

K�

; ð93Þ

where Amix
CP;K0

L
, Adir

CP;K0
L
, and Aint

CP;K0
L
denote the indirect CP violation in kaon mixing, the direct CP violation in charm decays,

and the new CP violation effect, respectively. From Eqs. (90)–(93), one can find that all CP violation effects in the
D� → K�0π� þ K̄�0π� → K0

Lπ
0π� decays receive no contribution from the K0

L − K0
S interference and are independent of

the decay time t2.

STUDY OF CP VIOLATION IN D� → K�ð892Þ0π� þ K̄�ð892Þ0π� → … PHYS. REV. D 107, 053002 (2023)

053002-11



B. K0
S − K0

L asymmetries in the D� → K�0π� + K̄�0π� → K0
S;Lπ

0π� decays

The K0
S − K0

L asymmetries in the D meson decays are induced by the interference between the CF and DCS amplitudes,
which was first pointed out by Bigi and Yamamoto [91]. The determination on the K0

S − K0
L asymmetries in the D meson

decays can be useful to study the DCS processes and understand the dynamics of charm decay [78,92]. In the
D� → K�0π� þ K̄�0π� → K0

S;Lπ
0π� decays, the K0

S − K0
L asymmetries are defined by

RDþ
KS−KL

¼ ΓðDþ → K�πþ → K0
Sπ

0πþÞ − ΓðDþ → K�πþ → K0
Lπ

0πþÞ
ΓðDþ → K�πþ → K0

Sπ
0πþÞ þ ΓðDþ → K�πþ → K0

Lπ
0πþÞ ; ð94Þ

RD−

KS−KL
¼ ΓðD− → K�π− → K0

Sπ
0π−Þ − ΓðD− → K�π− → K0

Lπ
0π−Þ

ΓðD− → K�π− → K0
Sπ

0π−Þ þ ΓðD− → K�π− → K0
Lπ

0π−Þ : ð95Þ

Using Eqs. (73), (82), and (94), we can obtain

RDþ
KS−KL

¼
R p2

1

p2
0

ginðp2
K�ÞjC0

P þ T0
V j2ADþ

KS−KL
dp2

K�R p2
1

p2
0

ginðp2
K�ÞjC0

P þ T0
V j2½1þ r2f þ 2ReðϵÞ − Reðϵ · tK0

S−K
0
L
Þ�dp2

K�

; ð96Þ

with

ADþ
KS−KL

¼ 2rf cosðϕþ δÞ þ 2rf sinðϕþ δÞð2ImðϵÞ − Imðϵ · tK0
S−K

0
L
ÞÞ − Reðϵ · tK0

S−K
0
L
Þ: ð97Þ

From the above equation, we can see that the main contribution to RDþ
KS−KL

comes from the pure K0
S and K0

L decay; the
contribution from the K0

L − K0
S interference terms ϵ · tK0

S−K
0
L
is small because of the suppression of the parameter ϵ.

Similarly, combining Eqs. (74), (83), and (95), we can derive the expression for K0
S − K0

L asymmetry in D− →
K�0π− þ K̄�0π− → K0

S;Lπ
0π− decays

RD−

KS−KL
¼

R p2
1

p2
0

ginðp2
K�ÞjC0

P þ T0
V j2AD−

KS−KL
dp2

K�R p2
1

p2
0

ginðp2
K�ÞjC0

P þ T0
V j2½1þ r2f − 2ReðϵÞ þ Reðϵ · tK0

S−K
0
L
Þ�dp2

K�

; ð98Þ

with

AD−

KS−KL
¼ 2rf cosðϕ − δÞ þ 2rf sinðϕ − δÞð2ImðϵÞ − Imðϵ · tK0

S−K
0
L
ÞÞ þ Reðϵ · tK0

S−K
0
L
Þ: ð99Þ

According to the definition of the weak phase difference in Eq. (59), we have sinϕ ¼ Oð10−3Þ and cosϕ ≈ 1, hence as a
good approximation, cosðϕ� δÞ ≈ cos δ and sinðϕ� δÞ ≈� sin δ. Therefore, the determinations of RDþ

KS−KL
and RD−

KS−KL
are

useful for understanding the strong phase difference between the DCS and CF amplitudes [78].

IV. NUMERICAL RESULTS

A. Input parameters

Using the theoretical expressions for the branching ratios, the CP asymmetries, and the K0
S − K0

L asymmetries derived in
Secs. II and III, we are able to calculate these observables numerically. Firstly, we collect the input parameters used in this
work as below [85,93–98]:

mDþ ¼ 1.870 GeV; τDþ ¼ ð1033� 5Þ × 10−15 s;

mS ¼ 0.498 GeV; mL ¼ 0.498 GeV;

mL −mS ¼ 3.484 × 10−15 GeV; mK0 ¼ 0.498 GeV;

ΓS ¼ ð7.351� 0.003Þ × 10−15 GeV; ΓL ¼ ð1.287� 0.005Þ × 10−17 GeV;
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mD�ð2010Þ� ¼ 2.010 GeV; mD�
S
¼ 1.968 GeV;

mK� ¼ 0.892 GeV; Γ0
K� ¼ ð5.14� 0.08Þ × 10−2 GeV;

mπþ ¼ 0.140 GeV; mπ0 ¼ 0.135 GeV;

fDþ ¼ ð0.205� 0.004Þ GeV; fK� ¼ ð0.220� 0.005Þ GeV;
fπþ ¼ ð0.130� 0.001Þ GeV; fρ0 ¼ ð0.216� 0.003Þ GeV;

ReðϵÞ ¼ ð1.66� 0.02Þ × 10−3; ImðϵÞ ¼ ð1.57� 0.02Þ × 10−3: ð100Þ

The branching ratios used in this paper have been taken from the Particle Data Group [85]:

BðK�0 → K0π0Þ ¼ ð33.251� 0.007Þ × 10−2;

BðK0
S → πþπ−Þ ¼ ð69.20� 0.05Þ × 10−2; BðK0

L → πþπ−Þ ¼ ð1.967� 0.010Þ × 10−3;

BðK0
S → πþπ−π0Þ ¼ ð3.5−0.9þ1.1Þ × 10−7; BðK0

L → πþπ−π0Þ ¼ ð12.54� 0.05Þ × 10−2: ð101Þ

As for the universal nonfactorizable parameters, we use the results fitted in Ref. [78], which are based on the factorization-
assisted topological-amplitudes approach:

χCP ¼ −0.443� 0.007; ϕC
P ¼ 0.497� 0.027;

χAq ¼ 0.147� 0.021; ϕA
q ¼ −0.584� 0.211; Sπ ¼ 1.28� 0.14: ð102Þ

In order to see physics more transparently, we use the Wolfenstein parametrization of the CKM matrix elements, whose
imaginary part satisfies the unitarity relation to order λ5 [85,99–101]:

Vud ¼ 1 −
λ2

2
; Vus ¼ λ; Vcd ¼ −λ; Vcs ¼ 1 −

λ2

2
− A2λ4ðρþ iηÞ; ð103Þ

where λ, A, ρ, and η are the real parameters. The latest results fitted by the UTfit collaboration are presented as
follows [102]:

λ ¼ 0.225� 0.001; A ¼ 0.826� 0.012; ρ ¼ 0.152� 0.014; η ¼ 0.357� 0.010: ð104Þ

By substituting the values of the parameters listed above into Eqs. (73)–(74) and (82)–(83), we can obtain the numerical
values of the branching ratios, which are shown in Table I.
Here, the results in the last two lines of Table I are the averaged branching ratios of the decay and its charge

conjugate. The results given in Table I are consistent with the experimental measurement of BðDþ → K�πþ → K0
Sπ

0πþÞ ¼
ð2.64� 0.32Þ × 10−3 from BESIII [85,103]. We also note that the reasons for the differences between the results of the FAT
approach and that of the TA approach are the small values of cos δ and jðC0

P þ T0
VÞj2 in the TA approach.

TABLE I. The values of the branching ratios for the D� → K�π� → K0
S;Lπ

0π� decays in the FAT approach and
the TA approach.

Observables The FAT approach The TA approach

BðDþ → K�πþ → K0
Sπ

0πþÞ ð3.12−0.34þ0.36Þ × 10−3 ð2.25−0.21þ0.23Þ × 10−3

BðD− → K�π− → K0
Sπ

0π−Þ ð3.14−0.34þ0.36Þ × 10−3 ð2.28−0.22þ0.23Þ × 10−3

BðDþ → K�πþ → K0
Lπ

0πþÞ ð2.14−0.24þ0.25Þ × 10−3 ð2.43−0.21þ0.23Þ × 10−3

BðD− → K�π− → K0
Lπ

0π−Þ ð2.12−0.24þ0.25Þ × 10−3 ð2.41−0.21þ0.22Þ × 10−3

BðD� → K�π� → K0
Sπ

0π�Þ ð3.13−0.34þ0.36Þ × 10−3 ð2.27−0.22þ0.23Þ × 10−3

BðD� → K�π� → K0
Lπ

0π�Þ ð2.13−0.24þ0.25Þ × 10−3 ð2.42−0.21þ0.22Þ × 10−3
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B. The numerical results of the CP asymmetries

Now, wemove on to calculate the numerical results of the
CP asymmetries in D� → K�0π� þ K̄�0π� → K0

S;Lπ
0π�

decays. By substituting the values of the parameters in
Eqs. (100), (102), and (104) into Eqs. (85)–(88)
and (90)–(93), we can obtain the numerical results of the
CP asymmetries in D� → K�0π� þ K̄�0π� → K0

S;Lπ
0π�

decays, which are shown in Table II. From these numerical
values, we can obtain the following points:
(1) The indirect CP violation in K0 − K̄0 mixing Amix

CP;K0
S

is dominant in theCP asymmetry inD� → K�0π� þ
K̄�0π� → K0

Sπ
0π� decays A

K0
S

CP. The contributions

from the K0
L − K0

S interference term Reðϵ · tK0
S−K

0
L
Þ

are more than twice of that from the pure K0
S decay

termReðϵÞ inAmix
CP;K0

S
, and they interfere destructively.

(2) The direct CP asymmetry Adir
CP;K0

S
suffers from both

the rwf and sinϕ suppression; thus its numerical
value is small.

(3) The value of rsf and sin δ vary from 2.49 to 2.97 and
from −0.91 to −0.57 in the integral interval of p2

K� in
the FAT approach, respectively. In the TA approach,
the value of rsf and sin δ is 2.42 and −0.99,
respectively, so the new CP violation effect
Aint
CP;K0

S
only suffers from the rwf suppression relative

to the indirect CP violation in K0 − K̄0 mixing, as

shown in Eqs. (86) and (88). Moreover, the pure K0
S

decay term ImðϵÞ and the K0
L − K0

S interference term
Imðϵ · tK0

S−K
0
L
Þ interfere constructively in Aint

CP;K0
S
; all

these reasons result in a non-negligible contribution
of the new CP violation effect to the CP asymmetry
in D� → K�0π� þ K̄�0π� → K0

Sπ
0π� decays.

(4) The value of rf and cos δ vary from 0.13 to 0.16 and
from 0.42 to 0.82 in the integral interval of p2

K� in the
FATapproach, respectively; however, the value of rf
and cos δ is 0.13 and −0.13 in the TA approach,
respectively.

(5) Based on the numerical values of sin δ and
cos δ in the FAT approach and the TA approach
and according to the expressions for CP asymme-
tries in Eqs. (85)–(88) and (90)–(93), we can derive
that the large value of j sin δj and the negative value
of cos δ in the TA approach result in the differences
between the numerical values of the CP asymme-
tries in the FAT approach and that in the TA
approach.

According to the numerical results of the CP asymme-
tries in D� → K�0π� þ K̄�0π� → K0

S;Lπ
0π� decays, we

can estimate how many D� events-times-efficiency are
needed to establish the CP asymmetries to 3 standard
deviations (3σ). When the CP violations are observed
at the 3 standard deviation (3σ) level, the number of D�
events-times-efficiency needed reads as [104–106]

ðϵfNÞK
0
S;L

CP ¼ 9

2 · BðD� → K�π� → K0
S;Lπ

0π�Þ · BðK0
S;L → fK0

S;L
Þ · jAK0

S;L
CP j

; ð105Þ

where fK0
S
and fK0

L
denote πþπ− and πþπ−π0, respectively. Combining Eqs. (101), (105), and the numerical results of the

branching ratios and the CP asymmetries in Tables I and II, we can obtain

ðϵfNÞK0
S

CP ¼
� ð5.0 ∼ 6.3Þ × 105; the FAT approach;

ð5.5 ∼ 6.7Þ × 105; the TA approach:
ð106Þ

TABLE II. The values of the CP asymmetries in the D� → K�π� → K0
S;Lπ

0π� decays in the FAT approach and
the TA approach.

Observables The FAT approach The TA approach

Amix
CP;K0

S
ð−2.92� 0.06Þ × 10−3 ð−3.64−0.07þ0.06Þ × 10−3

Adir
CP;K0

S
ð−1.18� 0.11Þ × 10−4 ð−1.67� 0.12Þ × 10−4

Aint
CP;K0

S
ð−6.50−0.51þ0.52Þ × 10−4 ð−9.17−0.52þ0.48Þ × 10−4

A
K0

S
CP ¼ Amix

CP;K0
S
þ Adir

CP;K0
S
þ Aint

CP;K0
S

ð−3.69� 0.09Þ × 10−3 ð−4.72� 0.09Þ × 10−3

Amix
CP;K0

L
ð3.92−0.09þ0.08Þ × 10−3 ð3.11−0.06þ0.05Þ × 10−3

Adir
CP;K0

L
ð1.74−0.14þ0.15Þ × 10−4 ð1.56� 0.11Þ × 10−4

Aint
CP;K0

L
ð8.52−0.59þ0.61Þ × 10−4 ð7.65−0.41þ0.40Þ × 10−4

A
K0

L
CP ¼ Amix

CP;K0
L
þ Adir

CP;K0
L
þ Aint

CP;K0
L

ð4.95� 0.10Þ × 10−3 ð4.03� 0.07Þ × 10−3
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Similarly, substituting Eq. (101) and the numerical
results of the branching ratios and the CP asymmetries
in Tables I and II into Eq. (105), we have

ðϵfNÞK0
L

CP¼
�ð3.0∼3.8Þ×106; theFATapproach;

ð3.4∼4.0Þ×106; theTAapproach:
ð107Þ

C. The numerical results of the K0
S − K0

L asymmetries

Now, we turn to calculate the numerical results of the
K0

S − K0
L asymmetries RD�

KS−KL
. The explicit expressions for

RD�
KS−KL

have been given in Eqs. (96)–(99). With the values
of the parameters in Eqs. (100), (102), and (104), we can
obtain the numerical results of RD�

KS−KL
:

RDþ
KS−KL

¼
�
0.186−0.017þ0.015; the FAT approach;

−0.038−0.013þ0.012; the TA approach
ð108Þ

and

RD−

KS−KL
¼

�
0.194−0.016þ0.015; the FAT approach;

−0.029−0.013þ0.012; the TA approach:
ð109Þ

Based on these numerical values, we can obtain the
following points:
(1) From Eqs. (96)–(99), we can see that the K0

S − K0
L

asymmetries RD�
KS−KL

only suffer from the rwf sup-
pression, so they have a large value, which indicates
that there exists a large difference between the
branching ratios of D� → K�0π� þ K̄�0π� →
K0

Sπ
0π� and the branching ratios of D� → K�0π�þ

K̄�0π� → K0
Lπ

0π�.
(2) The numerical results of RD�

KS−KL
of the FATapproach

aremany times (about 5 times forRDþ
KS−KL

and about 6
times forRD−

KS−KL
) larger than that of the TA approach.

Moreover, the signs of RD�
KS−KL

in these two ap-
proaches are opposite to each other; the reason is
that the values of cos δ are different in these two
approaches. In addition, the K0

L − K0
S interference

term Reðϵ · tK0
S−K

0
L
Þ has a non-negligible contribution

to RD�
KS−KL

in the TA approach.
(3) The measurement of RD�

KS−KL
can help to

discriminate the FAT approach and the TA approach.
In the same way as the CP asymmetries in D� →

K�0π� þ K̄�0π� → K0
S;Lπ

0π� decays, the number of D�

events-times-efficiency needed for observing the K0
S − K0

L
asymmetries at the 3 standard deviation (3σ) level is

ðϵfNÞD�
KS−KL

¼ 9

½BðD� → K�π� → K0
Sπ

0π�Þ þ BðD� → K�π� → K0
Lπ

0π�Þ� · jRD�
KS−KL

j : ð110Þ

Using the numerical results of the branching ratios in Table I, Eq. (108), and Eq. (110), we can obtain

ðϵfNÞDþ
KS−KL

¼
� ð0.8 ∼ 1.0Þ × 104; the FAT approach;

ð3.8 ∼ 7.8Þ × 104; the TA approach:
ð111Þ

Similarly, using the numerical results of the branching ratios in Table I, Eq. (109), and Eq. (110), we have

ðϵfNÞD−

KS−KL
¼

� ð0.8 ∼ 1.0Þ × 104; the FAT approach;

ð0.5 ∼ 1.2Þ × 105: the TA approach:
ð112Þ

V. THE OBSERVATION OF THE NEW CP
VIOLATION EFFECT

In this section, we will study the new CP violation effect
in the D� → K�0π� þ K̄�0π� → K0

Sπ
0π� decays. As dis-

cussed in Sec. III A, the CP violation in the D� →

K�0π� þ K̄�0π� → K0
Sπ

0π� decays A
K0

S
CP consists of three

parts: the indirect CP violation in K0 − K̄0 mixing Amix
CP;K0

S
,

the direct CP violation in charm decays Adir
CP;K0

S
, and the

new CP violation effect from the interference between two
tree (CF and DCS) amplitudes with the neutral kaon mixing
Aint
CP;K0

S
. Moreover, the CP violation in the D� → K�0π� þ

K̄�0π� → K0
Sπ

0π� decays is dominated by the indirect CP
violation in K0 − K̄0 mixing, which is shown in Table II; all
of these make the observation of the new CP violation
effect more difficult.
Now, it is important to note the following features of the

three parts of the CP violation in the D� → K�0π� þ
K̄�0π� → K0

Sπ
0π� decays:
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(1) The K0
L − K0

S interference term ϵ · tK0
S−K

0
L
makes a

large contribution to both the indirect CP violation
in K0 − K̄0 mixing Amix

CP;K0
S
and the new CP violation

effect from the interference between two tree (CF
and DCS) amplitudes with the neutral kaon mixing
Aint
CP;K0

S
, which can be seen from Eqs. (86) and (88).

(2) The K0
L − K0

S interference term is the function of the
decay time parameters t0 and t1; we adopt t0 ¼ 0.1τS
and t1 ¼ 10τS in our above calculation.

(3) As discussed in Sec. IV B, the contributions from the
K0

L − K0
S interference term Reðϵ · tK0

S−K
0
L
Þ and that

from the pure K0
S decay term ReðϵÞ interfere

destructively in Amix
CP;K0

S
; however, the contributions

from the K0
L − K0

S interference term Imðϵ · tK0
S−K

0
L
Þ

and that from the pure K0
S decay term ImðϵÞ interfere

constructively in Aint
CP;K0

S
.

So there is a possibility that the numerical value of the
indirect CP violation in K0 − K̄0 mixing Amix

CP;K0
S
becomes

smaller and the numerical value of the new CP violation
effect Aint

CP;K0
S
becomes larger if we adopt some specific

values of t0; as a result, the new CP violation effect Aint
CP;K0

S

would dominate the CP violation in the D� → K�0π� þ
K̄�0π� → K0

Sπ
0π� decays, and the observation of the new

CP violation effect becomes possible.
According the Eqs. (85)–(88), we calculate the depend-

ence of Amix
CP;K0

S
, Aint

CP;K0
S
, and A

K0
S

CP on the selection of t0 in the

FAT approach and the TA approach, which is shown in
Fig. 4. Here, we note that we still adopt t1 ¼ 10τS in the
calculations. It can be seen from Fig. 4 that the maximum

value of jAK0
S

CPj can reach up to 9.31 × 10−3 and 1.23 × 10−2

in the FAT approach and the TA approach, respectively.

When jAK0
S

CPj adopt these values, the new CP violation effect
Aint
CP;K0

S
is comparable with the indirectCP violation inK0 −

K̄0 mixing Amix
CP;K0

S
. In addition, it can be seen from Fig. 4

that the numerical value of the indirect CP violation in
K0 − K̄0 mixing Amix

CP;K0
S
becomes smaller and the new CP

violation effect Aint
CP;K0

S
plays a dominant pole in the CP

violation in the D� → K�0π� þ K̄�0π� → K0
Sπ

0π� decays

A
K0

S
CP at some values of t0. For example, when t0 ¼ 3.0τS,

we have

Amix
CP;K0

S
¼ ð−0.84� 0.25Þ × 10−3; ð113Þ

Adir
CP;K0

S
¼ ð−1.18� 0.11Þ × 10−4; ð114Þ

Aint
CP;K0

S
¼ ð−6.15� 0.48Þ × 10−3; ð115Þ

A
K0

S
CP ¼ Amix

CP;K0
S
þAdir

CP;K0
S
þAint

CP;K0
S
¼ ð−7.11� 0.56Þ× 10−3

ð116Þ

in the FAT approach and

Amix
CP;K0

S
¼ ð−1.05� 0.31Þ × 10−3; ð117Þ

Adir
CP;K0

S
¼ ð−1.67� 0.12Þ × 10−4; ð118Þ

Aint
CP;K0

S
¼ ð−8.68−0.48þ0.45Þ × 10−3; ð119Þ

A
K0

S
CP ¼ Amix

CP;K0
S
þ Adir

CP;K0
S
þ Aint

CP;K0
S
¼ ð−9.90−0.59þ0.56Þ × 10−3

ð120Þ
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FIG. 4. The dependence of the indirect CP violation in K0 − K̄0 mixing Amix
CP;K0

S
, the direct CP violation in the charm decay Adir

CP;K0
S
, the

new CP violation effect Aint
CP;K0

S
, and the CP violation in the D� → K�0π� þ K̄�0π� → K0

Sπ
0π� decays A

K0
S

CP on the selection of t0 with

t1 ¼ 10=ΓS: (a) in the FAT approach and (b) in the TA approach.
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in the TA approach. Obviously, if we adopt t0 ¼ 3.0τS and
t1 ¼ 10.0τS, the new CP violation effect Aint

CP;K0
S
is possible

to be observed.
However, the method mentioned above has a drawback:

if we adopt t0 ¼ 3.0τS and t1 ¼ 10.0τS, we would lose a lot
of the D� → K�0π� þ K̄�0π� → K0

Sπ
0π� event. The rea-

son is that the decay of a K0
S meson to final state πþπ−

occurs mainly at time less than 5τS, and the decay rate of
K0

S meson decreases rapidly with time. The event selection
efficiency of t0 ¼ 3.0τS and t1 ¼ 10.0τS can be written as

ϵt0 ¼
R 10τS
3τS

ΓðD� → K�π� → KðtÞπ0π� → πþπ−π0π�ÞdtRþ∞
0 ΓðD� → K�π� → KðtÞπ0π� → πþπ−π0π�Þdt :

ð121Þ

Substituting Eqs. (60) and (64) into Eq. (121) and using the
values of the parameters in Eqs. (100), (102), and (104), we
can obtain the numerical result of ϵt0 :

ϵt0 ¼ 5.0 × 10−2; ð122Þ

where the above result is the averaged efficiency of the
decay and its charge conjugate. So, if the CP violations in
Eqs. (116) and (120) are observed at the 3 standard
deviation (3σ) level, the number of D� events-times-
efficiency needed reads as

ðϵfNÞK0
S

CP;t0¼3τS
¼ 9

2 · BðD� → K�π� → K0
Sπ

0π�Þ · BðK0
S → πþπ−Þ · jAK0

S
CPj · ϵt0

: ð123Þ

Substituting Eqs. (101), (116), (120), (122), and the numerical results of the branching ratios in Table I into Eq. (123), we
can obtain

ðϵfNÞK0
S

CP;t0¼3τS
¼

� ð5.1 ∼ 6.7Þ × 106; the FAT approach;

ð5.2 ∼ 6.5Þ × 106; the TA approach ;
ð124Þ

where ϵf is the selection efficiency in experiment; it does not
contain ϵt0 . In a word, if one adopts the scenario t0 ¼ 3.0τS
and t1 ¼ 10.0τS and wants to observe the new CP violation
effect Aint

CP;K0
S
inD� → K�0π� þ K̄�0π� → K0

Sπ
0π� decays,

the number of D� events-times-efficiency needed is ð5.1 ∼
6.7Þ × 106 and ð5.2 ∼ 6.5Þ × 106 in the FAT approach and
the TA approach, respectively.

VI. CONCLUSIONS

In this work, we derive the expressions for the CP
violations in D� → K�0π� þ K̄�0π� → K0

S;Lπ
0π� decays

A
K0

S;L
CP , which consists of three parts: the indirect

CP violations in K0 − K̄0 mixing Amix
CP;K0

S;L
, the direct CP

violations in charm decay Adir
CP;K0

S;L
, and the new CP

violation effects Aint
CP;K0

S;L
, which are induced from the

interference between two tree (CF and DCS) amplitudes
with the neutral kaon mixing. We calculate the numerical
results of the CP violations in D� → K�0π� þ K̄�0π� →
K0

S;Lπ
0π� decays based on the FAT approach and the TA

approach:

A
K0

S
CP ¼

� ð−3.69� 0.09Þ × 10−3; the FAT approach;

ð−4.72� 0.09Þ × 10−3; the TA approach;
ð125Þ

and

A
K0

L
CP ¼

� ð4.95� 0.10Þ × 10−3; the FAT approach;

ð4.03� 0.07Þ × 10−3; the TA approach:
ð126Þ

We find that the indirect CP violations in K0 − K̄0 mixing play a dominant role in the CP violations in D� →
K�0π� þ K̄�0π� → K0

S;Lπ
0π� decays; the new CP violation effect has a non-negligible contribution to the CP violations in

D� → K�0π� þ K̄�0π� → K0
S;Lπ

0π� decays. In order to observe the CP violations at the 3 standard deviation (3σ) level,
6.3 × 105 and 3.8 × 106 D� events-times-efficiency are needed for the D� → K�0π� þ K̄�0π� → K0

Sπ
0π� decays and

STUDY OF CP VIOLATION IN D� → K�ð892Þ0π� þ K̄�ð892Þ0π� → … PHYS. REV. D 107, 053002 (2023)

053002-17



D� → K�0π� þ K̄�0π� → K0
Lπ

0π� decays in the FAT
approach, respectively. In the TA approach, 6.7 × 105

and 4.0 × 106 D� events-times-efficiency are needed
to observe the CP violations at the 3 standard deviation
(3σ) level for the D� → K�0π� þ K̄�0π� → K0

Sπ
0π�

decays and D� → K�0π� þ K̄�0π� → K0
Lπ

0π� decays,
respectively.
We present the formulas of the K0

S − K0
L asymmetries

RD�
KS−KL

in the D� → K�0π� þ K̄�0π� → K0
S;Lπ

0π� decays
and predict the numerical values of them in the FAT
approach and the TA approach:

RDþ
KS−KL

¼
�
0.186−0.017þ0.015; the FAT approach;

−0.038−0.013þ0.012; the TA approach;

ð127Þ

and

RD−

KS−KL
¼
�
0.194−0.016þ0.015; the FAT approach;

−0.029−0.013þ0.012; the TA approach:

ð128Þ

Because theK0
S − K0

L asymmetries RD�
KS−KL

only suffer from
the rwf suppression, they have a large value, which
indicates that there exists a large difference between the
branching ratios of D� → K�0π� þ K̄�0π� → K0

Sπ
0π� and

the branching ratios ofD� → K�0π� þ K̄�0π� → K0
Lπ

0π�.
In addition, because the values of cos δ are different in the
FAT approach and the TA approach, the numerical results
of RD�

KS−KL
in the FAT approach are many times (about 5

times for RDþ
KS−KL

and about 6 times for RD−

KS−KL
) larger than

that in the TA approach. Moreover, the signs of RD�
KS−KL

in
these two approaches are opposite to each other. Based on
the FAT approach, we estimate that the range of the
numbers of D� events-times-efficiency needed for observ-
ing the K0

S − K0
L asymmetries at the 3 standard deviation

(3σ) level is from 0.8 × 104 to 1.0 × 104 both for theDþ →
K�0πþ þ K̄�0πþ → K0

S;Lπ
0πþ decays and for the D− →

K�0π− þ K̄�0π− → K0
S;Lπ

0π− decays. In the TA approach,
we derive that the range of the numbers of D� events-
times-efficiency needed for observing the K0

S − K0
L asym-

metries at the 3 standard deviation (3σ) level is 3.8 × 104 ∼
7.8 × 104 for the Dþ → K�0πþ þ K̄�0πþ → K0

S;Lπ
0πþ

decays and 0.5 × 105 ∼ 1.2 × 105 for the D− → K�0π− þ
K̄�0π− → K0

S;Lπ
0π− decays.

We also investigate the possibility of observing the new
CP violation effect Aint

CP;K0
S

in the D� → K�0π� þ

K̄�0π� → K0
Sπ

0π� decays in the FAT approach and the
TA approach. We find that the new CP violation effect can
dominate the CP violation in the D� → K�0π� þ
K̄�0π� → K0

Sπ
0π� decays when the scenario with t0 ¼

3.0τS and t1 ¼ 10.0τS is adopted. However, the observation
of the new CP violation effect Aint

CP;K0
S
in the above

mentioned scenario is at the expense of the event selection’s
efficiency. If the clean signal of the new CP violation effect
Aint
CP;K0

S
is established, the number of D� events-times-

efficiency needed is 6.7 × 106 and 6.5 × 106 in the FAT
approach and the TA approach, respectively.
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APPENDIX: WILSON COEFFICIENTS

Below we present the evolution of the Wilson coeffi-
cients in the scale μ < mc [14,107],

C1ðμÞ ¼ 0.2334ðαsÞ1.444 þ 0.0459ðαsÞ0.7778
− 1.313ðαsÞ0.4444 þ 0.3041ðαsÞ−0.2222; ðA1Þ

C2ðμÞ ¼ −0.2334ðαsÞ1.444 þ 0.0459ðαsÞ0.7778
þ 1.313ðαsÞ0.4444 þ 0.3041ðαsÞ−0.2222; ðA2Þ

where αs is the strong running coupling constant

αs ¼ αsðμÞ ¼
4π

β0 lnðμ2=Λ2

MS
Þ
�
1 −

β1
β20

lnlnðμ2=Λ2

MS
Þ

lnðμ2=Λ2

MS
Þ
�
;

ðA3Þ

with

β0 ¼
33 − 2f

3
; β1 ¼ 102 −

38

3
f; ðA4Þ

where ΛMS is the QCD scale characteristic for the MS
scheme, f is the number of “effective” flavors, and their
values are

ΛMS ¼ Λð3Þ
MS

¼ 375 MeV; f ¼ 3; ðA5Þ

for μ < mc.
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