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We introduce a saddle-point finder that can find the complex saddle points for any analytically continued
action. We showcase our saddle-point finder by two examples in the EPRL spin foam model: the single
vertex case and the case of triangulation A;. In both cases, the complex saddle points are found, and each
saddle point’s contribution to the partition function is estimated. We also discuss the geometrical

interpretation of each saddle point.
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I. INTRODUCTION

Witten has suggested using complex path integral
to study the physical theories with complex-valued cou-
plings [1-3]. Later, Refs. [4—12] have related complex path
integrals to the sign problem in the Euclidean path integral
of QCD and models with finite chemical potential. Works
on supersymmetric theories [13—16] pointed out that the
complex saddle points related to the bions are important to
provide the right vacuum energy. Even for theories with
real couplings, complexifying the path integrals is always
necessary [17].

In loop quantum gravity [18-20], a recent result [21] has
shown that the key to solving the long-existing flatness
problem [22-26] is to find the complex saddle points of the
analytically continued Engle-Pereira-Rovelli-Livine (EPRL)
spin foam action [27,28]. These complex saddle points
dominate the whole path integral when curvature exists; they
are also categorized and endowed with geometrical inter-
pretations [29]. Another recent result [30] has used the
Lefschetz thimbles attached to the complex saddle points as
the integral cycles to numerically compute the correlation
functions in the spin foam model. As such, studying the
properties of the complex saddle points is necessary in a
wide range of physical theories.

For a complicated action, e.g., the spin foam action,
solving the saddle point equation analytically can hardly be
possible. This paper thus develops a numerical saddle-point
finder that possesses the following characters':
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'"The saddle point method only applies to nondegenerate
saddle points where the determinant of the Hessian is not zero.
This paper considers nondegenerate saddle points only.
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(1) working for complex valued action,

(2) being able to find saddle points without analytically

solving the saddle point equation, and

(3) being able to estimate the contribution of each

saddle point to the partition function.

To work for complexified path integrals, our saddle-
point finder combines the generalized thimble method
(GTM) [31] and a perturbative saddle-point finder (PSPF).
The GTM uses the Lefschetz thimbles as integral cycles in
a path integral to suppress the oscillation of the integrand
in the complex-valued action. On Lefschetz thimbles, the
GTM samples points by the distribution e, where the
effective action S.¢ sums the real part of the action S and
the logarithm of the real part of the Jacobian caused by the
deformation of the integral cycle. Sampled points with
significant statistical weights should be close to and thus
can roughly locate the saddle points of S. At a sampled
point, our PSPF finds where the local minimal value of
|0,S| can be taken. Therefore, PSPF pins the saddle points
around the sampled points. After finding the saddle points,
one can compute the real part of the action at each of these
saddle points to estimate its contribution to the whole
partition function.

The method used in [21] only applies to the cases of small
deficit angles. Yet, there lacks an explicit relation between
the real saddle points in the case of zero deficit angles and
the complex saddle points in the cases of arbitrary deficit
angles. As mentioned in [21,32,33], figuring out the spin
foam’s asymptotic behavior, which is influenced by the
complex saddle points, is vital to the renormalization
procedure of the spinfoam. To renormalize the spin foam
to check the semiclassical consistency and to explore the
behavior of the spin foam in different discretization schemes,
finding the complex saddle points in spin foams is important.

© 2023 American Physical Society
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In this paper, we showcase our saddle-point finder by
two examples in the EPRL spin foam model: the single
vertex case and the case of triangulation A;. our finder can
find multiple complex saddle points in the large deficit
angle case. Furthermore, we find that in the large deficit
angle case, multiple complex saddle points contribute to the
spin foam amplitude and list these saddle points by their
contributions to the partition function.

The paper is organized as follows. Section II reviews the
GTM. Section III introduces our saddle-point finder.
Section IV reviews the analytically continued spin foam
model. Sections V and VI apply our saddle-point finder to
the single-vertex EPRL spin foam and Aj-triangulated
EPRL spin foam. Finally, Sec. VII concludes the paper.

II. LEFSCHETZ THIMBLE

A Lefschetz thimble is a multidimensional generaliza-
tion of the stationary phase contour of a single-variable
complex function. References [1,3] use the thimble
method to define a new type of partition functions as
integrals over thimbles instead of over RM. Thimble
method is also used in the asymptotic analysis related
to the resurgent trans-series [34]. Numerically, the thimble
method is used to compute observables when the action is
complex valued ([31,35-41] etc.). For us, the thimble
method can help roughly estimate the positions of saddle
points.

One of the most important properties of the thimbles is
that the imaginary part of the action is a constant on each
thimble. Therefore, the path integral along thimbles is not
oscillatory. Assuming a complex valued action S of a lattice
model, one of the most useful integrals in the path integral
formulation reads

F = /dN)CO(X)e_S<X). (1)

When O is 1, F is the partition function. To apply the
thimble method, one has to first assume that O(x) and S(x)
can be analytically continued as the holomorphic functions

O(z) and $(z), such that

F:/ dVz0(z)e 5@, (2)
RN

The Picard-Lefschetz theory shows that the integral can be
equivalently decomposed into a linear combination of
integrals over N-dimensional integral cycles J,, 0 =

F = Zn,,/J dVz0(z)e 5@, (3)

where 7, labels the Lefschetz thimbles, and 7, labels the
weight of each thimble. Each thimble 7, is defined as a

union of the steepest decent (SD) paths meeting two
conditions:
(1) Each path z(7) is a solution to the SD equation

=22 )

where z¢ are the coordinates of the point z(7).

(2) On each path, z(¢) goes to a saddle point p,
when ¢ — 0.

Because

2

oS , (5)

0z¢

S _ 8dzr
dr  9z¢ dr

Re(S) monotonically decreases along each SD path and
approaches its minimum at the saddle point’; Im(3) is
conserved along each SD path. Therefore, on each thimble,
the phase of each integrand becomes a constant, and

/ dv zO(z)e—Sm — e—im(3(p,)) / dNZO(Z)e—Re(S’(z))’
L75

7,
(6)

where the factor e Re(5() g nonoscillatory now. As a

result, the oscillatory integral F is equivalent to a combi-
nation of certain nonoscillatory integrals.

One thing to remark here is that O and § may be
meromorphic. Equation (3) does not work when extra poles
are brought in by the analytically continuation. Therefore,
the thimble method may not work under this situation.
Later in this section we will show that the GTM can be
applied in the case when S is meromorphic and O is
holomorphic. But, because the O does not affect the saddle
point value of the S, GTM is capable of finding the saddle
points.

In some simple cases when only one thimble dominates
the whole path integral, the thimble method can be easily
applied in computing observables. An observable (O) reads

_ [dVx0(x)e=S™)

(0) = e (7)

By the thimble method,

*Remark that even though one reaches the saddle point by
decreasing the real part of the action, the saddle point on the
Lefschetz thimble is in fact a maximum of the real part of the
action on the Lefschetz thimble.
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[d¥z0(z)e=5®
deze‘g(z>

Z n e~im(S(p) f szO(z)e‘Re z))
Z n, e—lIm (ps)) f sze—Re(S( )

(0) =

(8)

if O and S are holomorphic. Assuming the thimble .7,
governs the whole integral, (O) becomes

I7, dVz0(z)e Re((@)

fj / sze—Re(S‘(z))

; ©)

whose nominator and denominator are both nonoscillatory
integrals. In this case, the Lefschetz thimble method turns
an oscillatory path integral into a statistical-mechanics

problem. In fact, [ 7, dVzeRe(@) shown in (9) is a

partition function denoted as Z, where e~Re(3(2) can be
considered as a Boltzmann factor. Such a statistical-
mechanical system can be simulated by the Markov chain
Monte Carlo (MCMC) method that samples points on the

thimble 7, by the distribution e R¢(5(%)) /Z_and (0) is the

mean value of 0( ) among these sampled points. Note that
Re(S) decreases along the SD paths, so the point possess-

ing the largest e ~Re(5(2)) o J » should be the saddle point
Py - Thus, most sampled points should cluster around the
saddle point.

In general cases when multiple thimbles contribute to the
integral, the previous way to compute (O) is practically
hard to realize because

(1) multiple thimbles contribute non-negligibly to (O),

(2) and it is impossible to find the thimbles by solving

the SD equation (4) with # — oo in computers.
Therefore, GTM has been developed to do the computa-
tion. Instead of using the SD equation, GTM uses the
steepest ascend (SA) equation

z (10)

to approach the thimbles. Let z(¢) be a solution to (10) and
x = z(0). Define F7(x) := z(T). An N-dimensional mani-
fold M can be defined as { F(x)|x € R"}. By Cauchy’s
theorem,

F= / dVzO(z)e=5® = / dVz0(z)e¥™, (1)
RN My

where the deformation from M, = R" to M; is contin-
ues. According to [31], in the Ilimit 7 — oo,
My =Y 5 1sT 4. Therefore, for a large enough 7,

FIG. 1. The gray plate indicates RY and the red manifolds 7,
and 7, are two Lefschetz thimbles. The blue arrows indicate the
SA flow. By SA flow, {; and ¢, are mapped to the saddle points
£, and &5, and the points in the green disks around ¢; and ¢, are
mapped to the points close to the corresponding thimbles.

F= Zn/szO (>~/ dVz0(z)e5@.  (12)
My

For some scattered points ¢ € RY, F({) approach the
saddle points P, of the thimbles with nonzero n,; for the
points x € RY close to ¢, the set of F;(x) forms an N-
dimensional manifold approaching to the combination of
J, (Fig. 1). To compute fM d¥z0(z)e~
point F7(x) € My by its initial point x € R and trans-
form [, back to fpv. '

Consider RY = M, when T =0, dFy(x)"/ox' = &
defines the coordinate transformation from R" to M, and
detd = 1 is the Jacobian for this coordinate transformation.
When T # 0, the evolution of 0.F,(x)¥/dx’ along an SA
path is governed by

8(2) , we label each

0F ,(x)!/ox").
(13)

d(oF, (X “/0x") Z t)() )(

With the initial condition 0F(x)*/ox’ = &%, (13) has the
solution 0F(x)*/dx!, which describes the coordinate
transformation from F;({) to ¢, with the Jacobian
Jr(x) = det (0F (x)*/0x'). As such, (12) becomes

F~/ dVz0(z)e=S®

My

= / AVxJ 7 (X)O(Fp(x))e5Fr) - (14)
RN

Let Syer = Re(S) — log(det(J7)) be the purely real effec-
tive action and 67, = arg(det(J7)) —Im(S) be the
residual phase, (14) becomes
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FN/ deO(FT(X))eie’['rese_S'l‘eff(]:'l'(X))’ (15)
RV

where e 57 (F7(X)) can be considered as the Boltzmann

factor of a sampling process on R". The observable (9) can
be computed by the reweighted method [31]:

f[R{N deO (fT(X) )eig’l'res e~ Srerr(Fr(x))
~ f[RN dN xeiOrres g =Stett (Fr(x))
B f[RN dNXO(fT(X) )eieTres e~ Srerr(Fr(x))
- f[RN dN ye=Srete(Fr(x))
dN xe=Sren(Fr(x))
Jrv

fRN deeigTrese_STeff(]:T(X)) ’

_ <Oei9““>reff
(€17 ) refr

(0)

bl

X

(f)7efr 18 the mean value of any given f among the sampled
points.

Although the integrands in (16) are still oscillatory, the
fluctuation is much smaller in M than in R" for large 7.
In My, the points with significant distribution come from
small isolated regions around the saddle points. In each
such small region, e~ oscillates mildly. Outside these
small regions, e'r oscillates severely, but the points here
contribute little to the whole integral. As a result, the larger
T is, the smaller the contributing regions are and the less
oscillating the integrands are. This property ensures that
with a properly chosen 7', most the sampled points in the
GTM are around the saddle points, and our saddle-point
finder uses this fact.

Besides, the choice of T is important in the GTM. On the
one hand, large 7 can suppress the oscillation of the
integrands. On the other hand, the larger the 7, the more
isolated the contributing regions. Isolated regions are a
landscape that is hard to be sampled by samplers like
MCMC or slice sampling. For a multimodal distribution
with multiple contributing regions, the sampler depending
on local movements may be trapped in one of the regions.
To resolve this issue, the world-volume-tempered Lefschetz
thimble method (WV-TLTM) has been developed [42]. By
Cauchy’s theorem, the value of (O) is independent of the
choice of T:

(Oerins )T et (Oefrns) Teff

(€rims) T, eff GES) Teff

(0)~ T £T. (17)

Therefore, (O) can be computed by considering the
contributions of different 7, i.e.,

N f’]Y';I dTe_W<T> fRN deO(fT(X))eieTrcse_STc[T(]:T(X))
J1 dTe VD) [y dVxellreSrer(Fr(x)) '
(18)

where W(T) is an arbitrary function. In this computation,
the sampling is performed on the world volume defined as

(0)

T,
R — U MT-

i=T,

In an M7 with small 7, the contributing regions are so
large that they will contact with each other, and the sampler
may use this My as a bridge between the isolated regions
in large T slices. Therefore, by considering the interval
between a small 7 and a large 7, WV-TLTM can sample
over all the regions containing saddle points.

III. SADDLE-POINT FINDER

In our finder, saddle points are found by a two-level
searching procedure. On the first level, the GTM serves as
the coarse finder to roughly locate the saddle points. On the
second level, the PSPF is deployed to pin the saddle points.
This section introduces the coarse finder first and then the
pinpoint finder.

A. The coarse finder

The GTM can sample the points around saddle
points. Specifically, we use the ensemble slice sampling
method [43] as the sampler and WV-TLTM to combine the
contributions of the different evolution time 7. The finder
consists of the following steps:

(1) Choose A points {x;,i = 1---A}. If the action is a
function depending on N complex variables, A > 2N
is suggested.

(2) Using {x;,i =1---A} as initial points of the SA
flow, find the maximal time 7, till which the
differential equation solver can evolve all these
points. Pick a time Ty < T and use (T, 7T;) as
the time interval in WV-TLTM.

(3) Apply the ensemble slice sampling method
(Algorithm 1) to sample on the world volume by
the distribution density e Srer(Z7(x),

(4) Sort the sampled points x by their effective action.
Take the first P points as the output of the finder.
Here, P is a parameter of the finder, and it needs to
be tuned to achieve the best performance.

In the second step, any ordinary differential equation
(ODE) solver cannot evolve the SA flow for infinitely long.
The right-hand side of (10) becomes larger and larger when
the flow is leaving the saddle point. The ODE numerical
solvers, e.g., Runge-Kutta, Rosenbrock, etc, use difference
equations to approximate the differential equations. The
error of this approximation is proportional to the norm of the
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Algorithm 1. Ensemble slice sampling.
1: Given ¢, f, S:

2: Initialize N = 0 and NV =

3:for k=1,...,A do

4:  Get dlrectlon vector 7y

5:  Sample Y ~ Uniform(0, f(x, % )

6:  Sample U ~ Uniform(0, 1)

7. SetL <« —-U,and R« L +1

8:  while Y < f(x\” + L7j,) do

9: L« L-1

10: N <N 1

11: end while

12: while ¥ < f(x\" + R7j,) do
13: R<R-+1

14: N « N9 g

15:  end while

16:  while True do

17: Sample X’ ~ UniformgL, R)
18: Set Y « f(X'ij, + x,ﬁt )
19: if Y <Y’ then

20: break

21: end if

22: if X’ < 0 then
23: L <X

24 NY N 41
25: else

26: R« X

27: N < NY 41
28: end if

29:  end while

30:  Set x\™ « X'y + xV
31: end for

right-hand side of the differential equations. Therefore, the
error increases with the evolution time, and the maximal
time 7' is the largest evolution time, such that the error is
under the given tolerance.

The ensemble slice sampling (ESS) used in the third
step is a powerful MCMC sampler that applies to
complicated cases. As a type of slice sampling [44], the
basic idea of ESS is that sampling from a distribution p(x)
whose density is proportional to f(x) is equivalent to
uniformly sampling from the region below the curve of
f(x). In many cases [43], ESS performs better than those
random-walking based MCMC sampler for multimodal
distribution, and we take this advantage of ESS to sample
on the M. The ESS defines an ensemble {x;,---x,} of
parallel chains and generates moves by the positions of the

current head of the chains {x(lt), : --XX)}. In each ESS
iteration, we first apply the differential move scheme to
generate the direction vector for each chain x;. This

scheme comprises two steps:
(1) From the complementary ensemble S = {x,,
V n # k}, draw two chains x; and x,, uniformly

and without replacement.

(2) Compute the direction vector 7, by 7, = p(X; — X,,).

The parameter u can be automatically tuned by the method
in [43]. Then, we apply #; in Algorithm 1 to generate the
moves for this ESS iteration. The whole ESS sampling
process consists of multiple ESS iterations.

In our work, the distribution f(x) is chosen to be
e~Srer(F7(X)) and the space for sampling is R"Y. We remark
that although theoretically the ergodicity of WV-TLTM is
proven, the efficiency of the sampling procedure can be
very low for a large N. We can improve the efficiency of the
finder with the following pretreatments:

(1) Find a compact region of interest as the working

place of the finder.

(2) Find the points with small value of |9, f(x)| within
the compact region by physical facts or by optimi-
zation algorithm, e.g., annealing algorithm, genetic
algorithm, particle swarm algorithm, etc. Use those
points the initial points.

B. The pinpoint finder

The MCMC sampler cannot exactly sample saddle point.
Most samples are located near the saddle points. Thus, we
develops a pinpoint finder to nail down the saddle points.
The coarse finder feeds multiple points around the saddle
points to the pinpoint finder that applies the PSPF to locate
the saddle points. The PSPF is based on that there always

exists a point X such that |d,f(X)| < [9,f(x)| for any xe
CV and a locally smooth function f(x) with det 211 L+ 0.

ox* ox”

Let € = — (Wax) '0,f(x), 0,f (x + ae) expands as

Pf(x)
O ox*

-2 (P10

0,f(x+ae) = 0,f(x) +a € + O(a*e?),

O(a?€?),
= (1 = a)d,f(x) + O(a€?). (19)

Hence, for a positive but sufficiently small a,
|0,f(x + ae)| < |d,f(x)|, then we can use x + ae as the
X. Recursively taking the output X as the input x, one can
find the locauon of the nearest local minimal value of |d, f|

6x” ox¥ \ ox*ox*

where det x# ()x # 0. Algorithm 2 with three parameters (N,
toa, tol) summarizes the PSPF method.
The parameter N defines the upper limit of the number of

toa indicates the accuracy of the algorithm. The algorithm
terminates when the PSPF finds ||f(xo)| — |f(%)|| < tol.
For a point far away from all the saddle points [Fig. 2(b)],
the PSPF cannot find the saddle points. Nevertheless, when
a point is close to one of the saddle points [Fig. 2(a)] the
PSPF can find saddle points. Consequently, pinpoint finder
can locate the saddle points from most points fed by the
coarse finder.

046011-5



ZICHANG HUANG, SHAN HUANG, and YIDUN WAN

PHYS. REV. D 107, 046011 (2023)

Algorithm 2. Perturbative Finder.

1: Given parameters N, toa, and tol and function f:
2: Initialise k =0

3: while £k < N do

4 e e —(f"(x0))" - f(x0)

5 a<0

6: while a < foa do

7. C < |f'(xo)| = [f'(x0 + 107 x )|

8

: if C > 0 then
9: break
10: end if
11: a<—a+1
12:  end while
13:  if C < tol then
14: break
15:  end if
16: xp < xo+ 107 x ¢
17 k<« k+1

18: end while

C. Additional instructions

Our coarse finder is based on ESS, which is a type of
MCMC. Similar to many of MCMC programs, e.g.,
COsSmMoOMC, COBAYA, PyMC, etc. ([45,46] etc.), we suggest
to find a compact region of interest as the working place of
the finder as a pre-treatment to improve the efficiency. The
ergodicity of ESS is proven in [43] for N-dimensional
cases if the number of the Markov chains is greater than
2N. The [43] also shows that the average time of each
sampling step reaches its minimum when the number of
threads running in the computer is equal to half of the
number of the Markov chains. Therefore, the typical
dimension of the problem to apply our coarse finder
should be equal to or smaller than the number of threads
that computer can efficiently run in parallel. In order to
converge to the target distribution, ESS has to run for a
large number of steps. Although there is no prediction on
the exact value of this large number, one can always use
Gelman-Rubin diagnostic to see whether the program runs
long enough to converge (see Appendix D for details).

@

Xo X

Our pinpoint finder can only work for the cases with

det gi[é? # 0. Therefore, the finder can only find non-

degenerate saddle points. In fact, in the Lefschetz thimble
method, thimbles attach only to nondegenerate saddle
points, and degenerate saddle points do not contribute to
the partition function. The benchmark of the pinpoint is
given in Appendix E. Our benchmark shows that the
pinpoint finder uses O(N?) time to find the saddle points
in N-dimensional cases. Thus, our pinpoint finder is ran by
a polynomial algorithm and should be applicable in any
finite dimensional cases.

Finally, we admit that our saddle-point finder may miss
some of the nondegenerate saddle points. In general, the pin-
point finder will not be fed by all the samples from the coarse
finder. After the Markov chains converge, we let ESS
continue to sample K points and choose initial points of
the pinpoint finder from these K points. Thus, some of the
saddle points may be neglected. One can increase the K to let
pinpoint finder find more saddle points or fed all the sampled
points to the pinpoint finder to find all the saddle point in a
very long time. Besides, though some of the saddle points
are missing at certain values of K, the remaining saddle
points include the most contributing ones.

IV. THE ANALYTICALLY CONTINUED
SPIN FOAM MODEL

Spin foam is a covariant formulation of loop quantum
gravity [27,47-50]. In this work, we use the EPRL spin
foam model [27] to test our saddle-point finder. Here, we
review the action of the EPRL spin foam model, the
analytic continuation of the EPRL action, the classification
of the complex saddle points of the analytically continued
action, and the classical limit of the spin foam model.

Loop quantum gravity aims to quantize the pseudo-
Riemannian geometry to describe quantum spacetimes. In
loop quantum gravity, quantized three-dimensional spaces
are spin-network states [51,52]. The evolution of spin-
network states constructs quantum spacetimes. Geometric
variables in pseduo-Riemannian geometry are promoted as

®) .

Xo X

FIG. 2. For both figures, the vertical axis corresponds to the f/(x) and the horizontal axis corresponds to the x. For (a), the red point is
close to the saddle point x;, and PSPF can move the red points to x,. For (b), there is a bump between the saddle point x, and the red

point, and PSPF cannot move the red point to the saddle point.
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quantum operators. Following the spin-geometry theorem
proposed by Penrose [53], spin-network states can be
considered as a “polymeric foam” made by combining
multiple “quanta of the space.” In the simplicial case, each
“quantum of the space” is a quantum tetrahedron, which is
a tensor state consisting of four angular momentum states
satisfying the condition

)|y = o0, (20)

where J) are the angular momentum operators. Each of
these angular momentum states is a face of the quantum

tetrahedron, and J) is proportional to the normal operator
of the face. Condition (20) is a quantum version of the
closure condition of a classical tetrahedron. In loop quantum
gravity, the quantum space time is the evolution from one
spin-network state to another. The spin foam theory
provides a way to compute the transition amplitude—the
spin foam amplitude—of this evolution and hence the
expectation values of geometric-variable operators. For
example, three-dimensional metric is promoted as the
Penrose metric operator, and its connected correlation
function is related to the graviton propagator [54—60].
Usually, evolution of a spin-network state has a basic
building block called a vertex in spin foam theory. A vertex
describes the evolution involving five quantum tetrahedra
(m initial and 5 — m finial quantum tetrahedra). The tensor
state of m initial and 5 — m finial quantum tetrahedra makes
a boundary state [61,62]. Spin foam theory provides the
transition amplitude of each vertex by summing over all the
bulk degrees of freedom. In the EPRL model, the spin foam
amplitude of a vertex is given by

/S‘L 2.0y HdgaHPub (21)

a>b

where

Pab(g) = <juh’ _ﬁab|YTgcjlghY|jba’ ﬁba> (22)
Here, the Latin indices a and b label the five quantum
tetrahedra. For each P, the states |/, 7ip,) and |jap, fgp)
stand for a pair of faces evolving to each other. The operator
Y maps the spin-j SU(2) irreducible representation 7; to
the lowest level in SL(2,C) (j,yj)-irreducible representa-

tion H ”J = @ ; Hy. Here, y is the Barbero-Immirzi

parameter,” g, € SL(2,C) embeds the face Y|j,. 7ip,) in
four dimensions. Therefore, each P, stands for the ampli-
tude when faces |jy,, ) and |jup, g,) coincide in four
dimensions. The integral of the bulk degrees of freedom

In loop quantum gravity, the physical area of a face is given
by A, = 8zhGy+/j(j + 1), where j is the spin of the face state.

Therefore, 877Gy defines a physical units of the area spectrum.

J. SL(2.C)’ 1. dg, traverses all the possible embeddings, and
Z 1is the transition amplitude when the five tetrahedra
interact with each other. Since the elements in H; ;) can

be expressed as homogeneous functions on CP,, the inner
product (22) is equivalent to the integral [63,64]

d; L L
P, = ﬂ/ diab<Zba’Zba>_(1_1}’>]ab <Zabv Zab>_(1+17>1ab
T Jcp!
S <§abv Zab>2juh <Zba1 é:bu>2juh7 (23)

in which d; = 2j + 1, Z,, = gizp, and Zy, = g}z, The
integral measure  dZ., = —((Zup» Zap) (Ziar Zoa)) ' Az,
(with dz = £ (zodz, — z1dzp) A (Z9dZ; — Z1dZ)) is homo-
geneous on CP!. The bracket (,-) is the SU(2)-invariant
inner product. Using this expression, the spin foam ampli-
tude in this simple case reads

2= [ o [ (%)o@

a>b

with

S(]’ 9, Z) - Z[zjab log(<£abv Zab><Zba’ 5ba>)

a>b
- (1 + iY)jab 10g<Zab’ Zab>
- (1 _iy)jab 10g<Zba’Zba>]' (25)

In the general, multiple vertices exist. Similar to the
single-vertex case, the general form of the spin foam
amplitude on a simplicial complex X reads

z=2 114,

where f labels the 2-faces in K colored by spins J;, > 5
means summing over all the possible ways of coloring X by
spins, X collects all the variables to be integrated, 7 collects
the parameters determined by the given boundary state, and
>.rJsF¢[X,T] is the action.

In the Lorentzian EPRL model,

[dX]e2=rrFIXTL (o6

d-/f:2‘]f+1

X= (gve’ Lyfs ééf)
dX = dgvedzvfdzj{gf ‘

T=( ff)

(27)

Here, v denotes a 4-simplex in /C, and each three-dimen-
sional tetrahedron in dv is denoted by e. For each v, the
group variables g,, € SL(2, C) are assigned to tetrahedra;
the spinor variables z,, € CP' are assigned to the faces

(see Fig. 3). Both & o7 and 53 are C? spinors normalized by
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(a) In a simplical complex, the 4-simplices are labeled by v, v = 1, ..., 10. (b) For 4-simplex 1, five tetrahedra are labeled by

e,e =1,...,5. Each tetrahedron is assigned with a group variable g,,., where ve is 12, 13, 14, 15. (c) For the tetrahedron ve = 11, the
faces are labeled by 111, 112, 113, 114, and each face is assigned by a spinor.

Hermitian inner product. Variables & r» which are assigned
to the internal faces in /X, need to be integrated. Parameters
ff, which are assigned to the boundary faces, are fixed by

the boundary states. The SL(2, C) Haar measure dg,, can
be expressed as [65]

_ dpdprdydy*dsds”

o va=(7 ) @

Let Z,,r = gzezvf and (-,-) be the SU(2) invariant inner
product, Vz,r = (z9.21),

dg

dva
<Zvef7 Zi;ef> <Z1)e’fv Zne’f> ’

_ _i. (ZQdZ] - ZleO) A (Zodzl - Zle()) (29)
2 <Z1)ef" Z1/‘ef> <Zve’f’ Zve/f>

dzvf _ -

Here, e, ¢’ € dv are two tetrahedra sharing the face f. Let
{v|f C v} as the set of 4-simplices containing the face f,
<§ef» Zvef>2<zve’f7 ée’f>2

F(X,T] = (111
! {b‘l;v} <Z”ef’ ZWf> <Zl/'e’f’ Zve'f>

<Zvefv Zvef> >
(Zve’f’ Zve/f> '

—iyln (30)

where y is the Barbero-Immirzi parameter. Depending on /C,
&,y can be either & s or §ff. By the convention in [28,65-67],
some of the &,; in F; can be replaced by J&, where J& =
(&2, —¢&1) for a spinor & = (&4, &)

The EPRL spin foam action has two types of gauge
degrees of freedom—the continuous gauges and the dis-
crete gauge [65]. There are three continuous gauge degrees
of freedom:

(1) Rescaling of z,:

Zyp > AZyp, LeC. (31)

(2) SL(2,C) gauge transformation at each 4-simplex »:
Goe > X' Gues o> XiZyp X, €SL(2,C). (32)

(3) SU(2) gauge transformation on each internal
tetrahedron e, i.e., the tetrahedron shared by two
4-simplices:

h, € SU(2).

Gve 7> Gueh !, (33)

The discrete gauge is flipping the sign of the group variables
Jve P> —Gye- The group variables take value of Lorentz
group SO™(1,3) rather than its double-cover SL(2, C).

In our work, we parametrize the EPRL spin foam action
after fixing the continuous gauges. By fixing the rescaling
gauge of z,r, each z,r can be parametrized by two real
variables:

Lof = (17xvf+iyvf)' (34)
By fixing the SL(2, C) gauge in each 4-simplex, one can set
one of the five g,, at each vertex v as identity. For any
SL(2,C) group element g, one can always decompose g
into ¢'h where h is an SU(2) element and ¢ is a triangular
matrix. Thus, to fix the SU(2) gauge in the internal
tetrahedron e, one can parametrize one of two SL(2,C)
elements assigned to e as

</1‘1 X+ iy
0 A

and parametrize the other SL(2, C) element as

), 2eR\{0}x,yeR (35)

1+ (xp +iy)/V2 (% +iy)/V2
(i3 +iya)/V2 - PRIl |

Xxl’ylvx27y27x37y3E|R‘ (36)

For each boundary tetrahedron, the assigned SL(2,C)
element is also parametrized as (36) too.
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It is convenient to shift one of the saddle points to the
origin x = y = 0.* Denoting (1, 20,¢) and g, as the saddle
point value of z,r and g,,, (34)—(36) can be modified as

pf = (LZva +x'vf+iyvf)’

7N x+iy
Gve = Gove ’

0 A
L (v +iyn) V2 (g +192)/V2 .
9ve = Gove (x5 +iv3)/V2 140 +iy)) (ra+iys)/2 |+ (37)

L(x +iyy)/V2

With the parametrization defined by (34)—(36), the measure
dg,. and dz,s become

1 dxjdxydxydy,dy,dys
= - o
12878 |1 4 2P

dg

dZL,f = dxvfdyvf

The analytic continuation of F; can be realized by
complexifing the group variables g,, and the spinor
variables z,. After this complexification, g,, € SL(2,C)
becomes g,, € SO(4,C), and gze € SL(2,C) becomes
7 ve € SO(4,C), which is independent of §,,. Similarly,
the spinor z,; € CP! becomes Z,, € C?, and Z,; becomes
7y € C?, which is independent of Z,p- This analytic
continuation complexifies all the real parameters appearing
in (34)—(36).

From the saddle points of the analytic continued EPRL
spin foam action, one can reconstruct a pair of bivectors
B, Let Z),, be the saddle point value, the spinor
representations of the bivectors are

= 1
Bu+ef = Xver ® Z(L)/e}‘ - 51, (38)
B =2 @4, —+1 (39)
vef = “vef )(vef 2 .

When vef is a boundary face, )(’Wf and y,,., read

. =0, T
’ _ 1y + Kvef Zvlef _ Kvef + 1 ‘Sizef

Hoer = = . -
vl iy—1 ZvlefZ(l))ef iy—1 gj;efzgef

i}/ + Kypef def _ Kpef — 1 évef
iy +1 20,20, ir+1 20,8

Xvef (40)

When vef is a bulk face,

*Here, x and y stand for all real variables in (36), (35), and (34).

. _0 —
){, _ 1y + Kvef Z'y;f _ Kyef +1 ZO/vef
ey -1 29,29, iy—1 2,20,
. 70 70
1y + Kyef Zvef _ Kypef — 1 Zvef

; 701 70 3 701 70
1}"|’1 Zvefzvef 1]/+1 Zvefzvef

)(uef = (41)

The x,.; = +1 depends on the orientation. The four-
dimensional bivectors are given by the spin-1 representa-
tion of B,,.r. At each vertex the bivectors Bgzjvef are
classified into the following three types corresponding to
different geometries.

(1) Nondegenerate simplicial geometry: The bivectors
at the vertex indicates a 4-simplex. Each of the 10
faces is represented by a bivector B/. For each
tetrahedron, the bivectors of the four faces satisfy the
closure condition:

> Bl =o0. (42)
JJ#i

The volume V; of tetrahedron i is nonzero. Each
tetrahedron has a four-dimensional normal vector N':

N'B, = 0. (43)
This condition is also known as the cross simplicial

condition [68]. The four-dimensional normal vectors
fulfill the four-dimensional closure condition:

Y ViN; =) U;=0. (44)

The volume of the 4-simplex is nonzero:

5!
> iin€ijdet[U;, U, Uy, Uj

vV, =

#£0.  (45)

(2) Degenerate vector geometry: The bivectors at the
vertex are interpreted as the vector geometry. There
exist 10 bivectors corresponding to 10 faces, and
they all belong to the same three-dimensional sub-
space. For each tetrahedron, the closure condition
and cross simplicial condition hold; however, the
four-dimensional normal vectors of the five tetra-
hedra are parallel to each other. Therefore, the
volume of v is ill-defined, rendering this type of
geometry degenerate.

(3) Lorentzian SO(1, 3) bivector geometry: This type of
geometry also depends on 10 faces represented by
bivectors. These bivectors fulfill the closure con-
dition but not the cross simplicial condition. This
indicates that those 10 faces cannot form five
tetrahedra as required by the simplicial geometry.

This classification depends crucially on the behavior of the
four-dimensional normal vectors. At each saddle point, one
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can always try to reconstruct the four-dimensional normal
vectors by Gy Jye» Zo» and 7', ;. If the four-dimensional
normal vectors at a saddle point cannot be reconstructed,
the saddle point indicates an SO(1, 3) bivector geometry. If
the reconstructed normal vectors at a saddle point are
parallel to each other, then the saddle point indicates a
vector geometry, and if they make ¢, det [U;, U;, Uy, U]
nonzero, the saddle point indicates a simplicial geometry.

In spin foam theory, there are three important limits:
semiclassical limit, refinement limit, and the classical limit.
In the semiclassical limit j — oo, the saddle points dominate
the spin foam amplitudes ([50,64,66,67,69,70] etc.). A
general belief [50] is that the saddle points corresponding
to the simplicial geometry contribute far more than other
types of saddle points. Therefore, in semiclassical limit, the
EPRL model, flow to the Regge geometry, i.e., a discrete
version of general relativity. In refinement limit, the number
of the vertices goes to infinity, and the EPRL model should
flow to a continuous theory of quantum gravity. Classical
limit combines the semiclassical limit and the refinement
limit. In this limit, the EPRL model reproduces general
relativity. There are many ways of combining semiclassical
and refinement limits. One such way [55,71] suggests to
increase j and the number of vertices simultaneously while
keeping the deficit angle on each triangle face small. Since
any Riemannian geometry without singularity can be
approximated by a Regge geometry containing sufficiently
many 4-simplices with sufficiently small deficit angles, this
way of taking the limit can drive the EPRL model to general
relativity.

V. APPLICATION: THE SADDLE POINTS
IN THE SINGLE 4-SIMPLEX SPIN FOAM MODEL

A. The action

The first example of applying our saddle point finder is
the single-vertex spin foam model. This model describes
how five spacelike quantum tetrahedra interact with each
other. In this model, we only have one 4-simplex, so we can
neglect the » label in this section. The index a labels the
tetrahedra, and the index pair ab labels the face shared by
two tetrahedra @ and b. The index a runs from 1 to 5 because
a 4-simplex has five boundary tetrahedra. All the faces in a
4-simplex are boundary faces, whose geometric information
is encoded in the parameters &£,;,. Following [57-60], we
use a coherent spin-network state as the boundary state, such
that (26) takes the form

o S O [
J a

In this section, we have

d«]ah == 2Juh + 1
X= (gavzabv']ab)

) 47
dX = (dga’dzab) ( )
T = (E4p. 580, Joapr D))
Yoo = €XP (_izcgb (‘]ab - JOab))
ab
b —Joup I ea —Joe
_ (ab)(cd)?ab —J0abd cd OLd) 48
X exp a ,
(Sertetigted). o

and

Fah = [Zlog(<‘]§ah’Zab><zha’§ba>) - (1 + 1},) log <Zabvzub>
= (1=ir)log(Zpy. Zpa)], a>b. (49)

Here, Zu, = Guzaps Eapr C805 Joup» and al®)(d) are the

parameters given by the boundary state; g, and z,, are
variables to be integrated; J,, are spin variables to be
summed up. In addition, we introduce a scale factor 4, such
that Jab - ’Ijab’ ‘]Oab = ’IjOab'

We adopt the 4-simplex geometry used in [21,30,72] to
generate the boundary state. The five vertices of this 4-
simplex are

P = P, = (0,0,0,-2v/5/31/4),

P;y = (0,0, -31/4\/5,-31/4\/5),

Py = (0, =2V/10/3%4,—\/5/33/4 —\/5/31/4),

Ps = (_3—1/410—1/2’_\/%/33/4’_\/5/33/4’_\/5/31/4)‘

0.0.0,0),

Then, the 4-normal vectors of the tetrahedra are

5 3
Nl:(_laovoao)y N2:<\/——2—2‘, ﬁvov())’

1 2
9 9 O 9
V66 /33 )

5
Ny = ,
} <\/22

5 1 11
N - s s ) 5
N <\/22 V66 V33 V1 1>

5 1 1 1
Ns = <¢z—z"¢6—6"¢3—3"m>' (50)

Table I lists all the ten j, s. The spinors &,, and J&,, are
related to the 3-normal vectors 7, and —7i,,, respectively
by r_iba = <§ba|5|§ba> and _ﬁab = <J§ab|3|‘,§ab>' Table II
(IIT) records all the 3-normal (4-normal) vectors of the
4-simplex.

The matrix o
part, and

(ab)(cd) must have a positive definite real

046011-10



SADDLE-POINT FINDER AND ITS APPLICATION TO THE ...

PHYS. REV. D 107, 046011 (2023)

TABLE 1. Each cell shows the area of the face shared by line
number tetrahedra and column number tetrahedra.
b
jOab
a 2 3 4 5
1 5 5 5 5
2 2 2 2
3 2 2
4 e 2
qlab)(ed) — alp(()ab)(cd) + azP(lab)(Cd) + a3P(2ab)(Cd),

where «@;, a,, a3 are free parameters. The basis
P (k = 0...2) are defined as

(1) PYP) = 1'if (ab) = (cd) and zero otherwise.

) Pﬁ”b)(“i) =11if a = ¢, b # d and zero otherwise.

3) Pgab)(Cd) = 1 if (ab) # (cd) and zero otherwise.

In this paper, we set a; = 7.8816/y, a, = 0.1224/y, and
az = 1.4814/y. The choice of a does not affect the
application of our algorithm.

The parameters {47, whose values are given in Table 1V,
are related to the dihedral angles between the 4-normal
vectors (50). One can find the way to determine ¢ 8” in [30].

By Poisson resummation, the summation )., can be
approximated by the integral [ dj [30] when the 2 is large.
Thus, the action and the partition function read

. ab/ + . ab)(c Ju _j a
Stot = Ilzgob(.]ah - .]()ab) + lza< b)(ed) sab__-0ab
ab

ab,cd VjOab
jcd _jO(,'d .
X e — AavrF ab (51)
V. JOcd ; @

and

2~ [Tlao ][ttt e (52

a>b

which has the same form as (1).
In our computation, we set y = 0.1 and 4 = 50.

B. Pretreatments

To apply our saddle point finder, we apply the following

pretreatments:

(1) Fix the SL(2,C) gauge by fixing g, to be identity.

(2) Parameterize the variables g,, j,,, and z,,. In the
single 4-simplex case, all the tetrahedra are boun-
dary tetrahedra. We parametrize g, to gs as in (36).
Each j,, is a real variable. z,, are parametrized in
the form (34). Hence, the total action depends on 54
real variables.

(3) The works [30,57-60,73] pointed out that the
action (51) has a saddle point s, with geometric
interpretation. At the saddle point sg, j., = Joubs
and Table V (VI) records the values of g, (z,)

TABLE II. Each cell shows the three-dimensional normal vector of the face shared by line number tetrahedra and column number
tetrahedra.

b

Normal 7,

a 1 2 3 4 5
1 e (1,0,0) (=0.33,0.94,0) (—0.33,-0.47,0.82) (—=0.33,-0.47,-0.82)
2 (—=1,0,0) e (0.83,0.55,0) (0.83,-0.28,0.48) (0.83,-0.28, -0.48)
3 (0.33,-0.94,0) (0.24,0.97,0) e (—0.54,0.69,0.48) (—0.54,0.69, -0.48)
4 (0.33,0.47,-0.82) (0.24,-0.48,0.84) (—0.54,0.068,0.84) e (—0.54,-0.76,0.36)
5 (0.33,0.47,0.82) (0.24,-0.48,-0.84) (—0.54,0.068, —0.84) (—0.54,-0.76, -0.36) e
TABLE III.  Each cell indicates a spinor &, corresponding to a 3-normal of a tetrahedron.

b

|§ab>

a 1 2 3 4 5
1 e (0.71,0.71) (0.71,-0.24 4 0.671) (0.95,-0.17 — 0.25i1) (0.30,-0.55 — 0.78i)
2 (0.71,-0.71) e (0.71,0.59 + 0.39i1) (0.86,0.48 — 0.161) (0.51,0.82 — 0.271)
3 (0.71,0.24 — 0.671) (0.71,0.17 + 0.69i1) (0.86, —0.31 + 0.40i) (0.51,-0.53 4 0.681)
4 (0.30,0.55 + 0.78i) (0.96,0.13 — 0.251) (0.96, —0.28 + 0.035i) (0.83,-0.33 — 0.46i)
5 (0.95,0.17 + 0.251) (0.28,0.43 — 0.861) (0.28,-0.95 + 0.121) (0.57,-0.48 — 0.67i) e
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TABLE 1IV. The table of {g°.

b
g

a 2 3 4 5

1 —3.14 4+ 0.36y 0.68 4 0.36y 5.05 + 0.36y 5.05 + 0.36y

2 e 5.05 - 0.59y -5.93 -0.59 -3.20 - 0.59y

3 o -2.81—-0.59y —5.54 - 0.59y

4 e —4.37 - 0.59y
TABLE V. Each cell of the table is the critical point of g,.
a 1 2 3 4 5
Joa (1 O 0.18; 1.01i 0.18i 0.96 — 0.34i 1.01i —0.48 —0.34i —0.65i —0.48 — 0.341

0 1 1.01; 0.18i 0.96 — 0.34i 0.18i 0.48i —0.34i —0.65i 0.48 — 0.34i 1.01i
TABLE VI. Each cell indicates a spinor z,.
b
|Z0ub>

a 1 2 3 4 5
1 (1,1) (1,-0.333 + 0.942i) (1,-0.184 — 0.259i) (1,-1.817 = 2.569i)
2 (1,1) e (1,0.685 — 0.7291) (1,1.857 + 0.989i) (1,0.420 + 0.223i)
3 (1,0.333 — 0.943i) (1,0.685 — 0.729i) e (1, 0.313 + 2.080i) (1,0.071 + 0.4701)
4 (1,-0.184 — 0.259i) (1, 1.857 + 0.989i) (1,0.313 + 2.0801) e (1, 0.058 + 0.082i)
5 (1,-1.817 = 2.569i) (1,0.420 + 0.2231) (1,0.071 + 0.470i) (1, 0.058 + 0.082i) e

Using (37), we shift the origin of the 54-dimensional
real variables space to the saddle point s.

(4) The analytic continuation of the action turns all the
real variables complex. We denote the analytically
continued action as S, and the analytically con-
tinued g,,, gZ, Zap» and conjugate z,, bY Gu Ga» Zabs
and 7/ ,. The s is also the saddle point of S,,. In R>,
|9, S| takes the minimal value 0 at s,. Thus, we can
choose the 108-ball centered at s, with radius 10 as
the workplace of the saddle point finder. In the
subspace R>*, we randomly choose 200 points as the
initial points of the coarse finder.

C. Results

Other than s, our saddle-point finder finds two more
complex saddle points s; and s,. At sy, Tables XIV-XVIII
show all the j,p, Gu» Go» Zaps and Z,,, respectively. At s,,
Tables XIX-XXIII show all the j,p, Ju» Gy» Zap» and Z,,,
respectively. The values of the action S, at sy, s,
and s, are 0+ 138.037i, —0.334705 + 138.179i, and
—0.551927 + 137.624i. The real parts indicate that by
contribution to the partition function, s¢ > s1 > s,.

D. Geometrical interpretations

The work [68] shows that the bivectors generated by
group variables g, and spinors z,, and &, encode the
geometric interpretation of a complex saddle point. Let

)(/ :i}/+Kab Z;b _Kab+1 é;b
iy =1 ZZy r—1&7,"

7 Kap — 1 gab

o 1]/ + Kap Zab

b = TN 70 70 iy + 1 ZE (53)
where
Zyy =ZpGbs  Zab = JaZabs
and
P { 1, a>b
ab -1, a<b’

Two traceless simple bivectors of the face ab are defined by
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- 1
Bl = tur ® Zy— 31 (54)
— >, / 1
Bab:Zab®)(ab_§1' (55)

The 4-dimensional bivectors B.'/ of the face ab are the
spin-1 representations of be. Namely,

0 K\ KX K}
-kL 0 B -2
K% -3 0 JL
-K3 2 -JL 0

1J __
Biab -

where
Ki, +iJi_ = Tr(B* ,0'),

and o; are Pauli matrices. For each tetrahedron a, the
closure condition reads

Z jabKahB;b =0,
be{l..5)\a

Z jabKabB:zrb =0. (56)
be{l...5}\a

For each face ab, the parallel condition reads

(7.)"' B, = —(3},) "' Byad)
9.B.,(9,)7" = —9,B,(G5) " (57)

Saddle point s; meets (56) and (57), while s, meets (56)
and (57) up to an error of 1073, At either s, or s,, however,
for each tetrahedron a, one cannot find its four-dimensional
normal N; that meets the condition

Vbe{lS}\a, BigiN‘]:O.
Thus, both s; and s, are saddle points with Lorentzian
SO(1,3) bivector geometry.’

VI. APPLICATION: SADDLE POINTS
IN THE A; EPRL SPIN FOAM MODEL

A. The action

The simplicial complex X considered in this section
consists of three 4-simplices as in Fig. 4. We follow the
convention in [21,74] to call this K as A;. As shown in
Fig. 4, we number the vertices of the A3 from 1 to 6. Each
4-simplex is labeled by a single index a. We let @ = 6 for
the 4-simplex 12345, a = 4 for the 4-simplex 12356, and

>The value of B, bivectors can be found in our program.

FIG. 4. The left-hand figure indicates the topological structure
of the A;. A A; consists six vertices and the edges connecting
every two vertices. The right-hand figure shows that the A; can be
decomposed into three 4-simplices.

a = 2 for the 4-simplex 13456. In 4-simplex a, the number
pair ab labels the tetrahedron whose vertices belong to the
set {1,...,6}\{a, b}. For example, five tetrahedra belong-
ing to 4-simplex 6 are labeled by 61, 62, 63, 64, 65. The
face shared by ab and ac is labeled by the triple abc. The
faces in the Aj are classified into three types.
(1) Type I consists the faces belonging only to a single
4-simplex. The labels of this type of the faces form
the set

Fl1={abclae{2,4,6},b,ce{1,3,5}, andb#c}.
(58)

(2) Type II faces belong to the tetrahedra shared by
two 4-simplices. The labels of the type II face form
the set

F2 = {abc|(a,b € {2,4,6},c € {2,4,6}) or
x (a,c €{2,4,6},be{2,4,61)}.  (59)

(3) Type III faces are shared by three 4-simplices. Type
III face’s labels form the set

F3 ={abcla,b,c € {2,4,6}}. (60)
The partition function of this A3 spin foam is
z= > Tl e, o
{Japc|abceF3} abe
where

d‘](lbc - 2Jabc + 1

X= (gub» Zabces ngbc)
dX = (dgab’ dzabc)
T = (Epe.JB,,), abc & F3

(62)

In (62), we denote {J,.labc € F3} as J!, and

abc
{Japelabc & F3} as JB, . In contrast to (27), all the internal
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& have already been integrated out and thus are not the
components of X.

In our convention, the face abc is glued to the face
labeled by any permutation of abc, e.g., face 624 is glued to
face 642. The spinor variables z and spin variables J
assigned to the glued faces fulfill the following rules.

(i) The glued faces abc and acb belong to the
same 4-simplex, denoted by a, and share a spinor
variable z,,..

(i) The glued faces abc and bac belong to two different
4-simplices, and each has its own spinor variable,
i'e'9 Zabe ?é Zbac-

(iii) Any two glued faces share a spin variable J. Thus,
for any permutation of abc, denoted as [abc],
Jabe = J[abc]'
The X in (62) contains 15 group g variables, 30 spinor z
variables, and 1 spin J variable. Each boundary face is
assigned with a spinor & Therefore, the 7' in (62) contains
36 spinor ¢ parameters and 18 spin J parameters.

Note that all the spin variables are half-integer valued,
and we have ", |\ .cp3y instead of [dJg,e in (61). In
order to apply our saddle-point finder, we use Poisson
summation to approximate the summation over the internal
spin by the integral over continuous J ;. in the large spin
region [21]. For convenience, we introduce a scale factor 4
of the spin variables, such that J ;. = 4j,,.. We apply our
saddle-point finder in the case with 4 = 50. In this case, the
partition function is approximated by

Z= / [dX]dA a6 ] [, e (63)

abc

The action S contains three parts,
S=8+95+S;. (64)

Type I, Type I, and Type III faces contribute to S;, S,, and
S3, respectively. Let Z,;,.

>

abcef,

= g.pZabc> W€ have

S1:

<] , In <§abcv Zabc>2 <Zacb7 facb>2
e <Zabc’ Zabc> <Zacbv Zacb>
<Zach’ Zacb>>

+1]/] b In
o <ZabchabC>

S2:

D

abcef,

(] . In <‘§abu abc> < cha> 5cba>2
o <Zabcvzabc><zcbaa Zcba>

acbs “cab
R
<anb7 anb> <Zacbv Zacb>

<Zcbav Zcba> <Zacbv Zacb>>
<Zabc’ Zabc> <anb’ anb> '

+ iyjabc In (66)

and

TABLE VII. Edge lengths in 4-simplex 6.

b

lab
a 1 2 3 4 5
1 V11.547 V11.547 V4.272 V11.547
2 : V11.547 V4.272 V11.547
3 e 4.272 11.547
4 V4272

(Zear: Zagn)*

Zss2 Zag2)(Zoars Zan)
(Z426: Z246)*
Zo46s Z246)(Z 26+ Zaze)
(Zos: Ze2a)*
Zeoas Z624)(Zasas Zaes)

]/111 < 6425 ZG42>:|

S3=J {ln
MR (Z462. Za2)

Zye. 426>:|
Z246+ Zoss)
Zyes 264>:|
Z6r4, Zena)
(67)

+j246 |:1n< +1 yln

o~ ]~ /\/\

—+ j246 |:ln< + 1]/ In

where
f1 =14635,413,453,451,235,251,231},
and
fo =1{216,416,436,632,652,654,432,214,254,615}.

The y above is the Immirzi parameter. In our work, we set
y = 0.2. We remark that the order of the numbers of each
element in f; and f, and the explicit form of S5 depend on
the orientation of the A; complex.

The parameters &, r and jfbc are given by the simplicial
geometry of the A;. This geometry is determined by the 15
edge lengths shown in Table VII. Here, we denote each edge
by ab, with a and b the ends of the edge. Since edges 15, 35,
and 13 are shared by all three 4-simplices, edges 21, 23, and
25 are shared by 4-simplices 4 and 6, and edges 41, 43, and
45 are shared by 4-simplices 2 and 6, one only needs to set
the length of the edges 61, 62, 63, 62, and 64 to fix the A;.
In the case with cylindrical symmetry [65],

leg = lez = les = 11, lex = 1y, les = I3.
We set I, = 128421, I, — /333319, and s —

1/17.1054. The 4-normal vectors of tetrahedra 64 and 62 are
Nes = (—1,0,0,0), Ng, = (1.066,0.369,0,0);
the 4-normal vectors of tetrahedra 46 and 42 are

N46: (1,0’0,0)’ N42: (1,—000173,0,0),
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the 4-normal vectors of tetrahedra 26 and 24 are

Ny = (—1.066, —0.369,0,0),
N24 - (-1473, 1082,0, 0)

In each 4-simplex, the inner product of the 4-normal
vectors of two tetrahedra defines the dihedral angle on the
common face of the two tetrahedra. For example, in 4-
simplex 6, the dihedral angle 9242 on face 642 satisfies

COSh<9242) = nijNéthéT

With our given edge lengths, 6242 = 0.361,
&1, = 0.00172, and 63, =1.2995. The deficit angle
0% hinged on face 246 depends on the orientation of
the Az and can take one of the following 8 values

0D = 0.3614 — 0.001726 — 1.300 = —0.9399, (68)

0, = 0.3614 — 0.001726 + 1.300 = 1.659, (69)
0P, = 0.3614 +0.001726 — 1.300 = —0.9364,  (70)
00, = —0.3614 — 0.001726 — 1300 = —1.662, (71
00, = 0.3614 + 0.001726 + 1.300 = 1.662, (72)
00, = —0.3614 — 0.001726 + 1.300 = 0.9364,  (73)
0P, = —0.3614 +0.001726 — 1.300 = —1.659,  (74)
0%, = —0.3614 +0.001726 + 1.300 = 0.9399.  (75)

With these edge lengths, one can compute the 3-normal
vector of each face in As, and use these 3-normal vectors to
build the £ and the jZ. Tables VIII-X record the values of &.

TABLE VIII.  Values of &,
b

é()ah
a 1 2 3 4 5
1 B (0.2887,—-0.9534 + 0.0878i)  (0.9574,—-0.1667 — 0.23571) (1,0) (0.9574, —0.1208 + 0.2622i)
2 (0.9574,-0.25 — 0.1443i) : (0.2887, —0.8292 + 0.4787i) 0.1) (0.2887, —0.9574i)
3 (0.2887,-0.5528 — 0.7817i) (0.9574,0.1208 — 0.2622i) e (1,0) (0.9574, —0.2875 + 0.02649i)
4 (0.9530,0.1749 + 0.24731) (0.7071,0.7071) (0.3029,0.5502 + 0.77811i) e (0.7071, —0.2357 + 0.66671)
5 (0.2887,0.1750 + 0.9413i) (0.9574,0.2722 + 0.09623i) (0.2887,0.7277 — 0.6222i) (0,0.9701 + 0.2425i) e

TABLE IX. Values of &,,.

b

54(1/)

a 1 2

3 5 6

1 e (0.9467,0.1348 — 0.2926i)
2 (0.8096,0.5083 — 0.29351)

3 (0.3029,-0.5502 — 0.7781i)  (0.3221,—0.9427 + 0.086861)
5 (0.9467,0.3037 + 0.1074i)
6

(0.7071,0.7071)

(0.9530,0.2302 — 0.1968i)
(0.9530,0.1749 + 0.24731)

(0.9530, —0.1749 — 0.2473i)
(0.5870,0.7011 + 0.40481)

(0.9530,0.05535 + 0.2978i)
(0.3029,0.5502 + 0.77811i)

(0.3029, —0.9490 + 0.08744i)
(0.8096, 0.5870i)
(0.3029. —0.3988 + 0.8656i)

(0,—0.6247 — 0.78094)
(1,0)
(0,0.5145 + 0.8575i)

. (1,0)
(0.7071,-0.2357 + 0.6667i) -

TABLE X. Values of &,,,.

b

§2ab

a 1 3

4 5 6

e (0.9685, -0.2171 — 0.1220i)
(0.2490, —0.8443 — 0.47451)
(0.8096. 0.5083 — 0.29351)
(0.2490, —0.9684 — 0.01161i)
(0.9574,—0.25 — 0.1443i)

(0.5870,0.7011 + 0.40481)
(0.9685,0.03190 + 0.24691)
(0.2887,—0.8292 + 0.4787i)

[ O

(0.9590, —0.09545 — 0.2667i)
(0.2833, -0.9393 + 0.1935i)

(0.9590,0.2116 + 0.18831)
(0,1)

(0.9685,0.09038 — 0.2320i)
(0.2490, —0.5880 + 0.7696i)
(0.8096. 0.5870i)

(0.9985,0.01820 + 0.05084i)
(0.05400,0.9780 — 0.20151)
(1,0)

. (0.05400,0.7460 + 0.66381)
(0.2887,—0.9574i) e
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TABLE XI. The j¢ . (2) All the z variables are parametrized as (34). All the
Js are already real variables and hence needs no
b additional parametrization.
it (3) The works [63,64,70,75-80] pointed out that the
a | > 3 4 5 simplicial geometry defines the critical points of the
spin foam action X, = (j,, 24, ga), such that
1 e 2 2 2
2 2 2 2 B
3 2 2 5 5 Re(S(X,)) =0,
4 5 S 5 5 aqS | X, = 0,
5 2 2 2 5 e '
OZS Xa — 0.
In our case with curvature, these critical points are
TABLE XIL. The j,,. not saddle points because
b Im(9;,, Sy ) = 7208,
Jiab
) ) a3 P 6 Such critical points and the points close to them can
2 still be the initial points of our saddle-point finder.
1 5.361 5.663 5.663 5 Corresponding to the simplicial geometry with
2 5.361 o 5.361 3.361 T deficit angle (68), the ¢°, and 20, . of a critical point
3 5.663 5.361 5.663 5 . . 0 -
5 5.663 5361 5.663 5 X are given in Tables XXIV-XXVII, and j5, is 5.
6 s T s 5 o We shift the origin of the space of our real variables
to X, by plugging ¢°, and z%,. into (37). In this
parametrization, the action S depends on 124 real
. variables.
TABLE XII.  The 3, Seven more critical points can be found by acting
b parity flip operation on X,. On each 4-simplex, the
parity flip is a transformation between two critical
ib . . ~ ~ ~
J2ab Points (90s+ Zape Jope) A0d (Fops Zapes Jape)» Where
a 1 3 4 5
~0 _ (. 07\-1
1 3.704 5.361 3.704 2 ab = (Gap) ™
3 3.704 e 5.361 3.704 2
4 5.361 5.361 5.361 0 0t 0
- Gav9an<
5 3.704 3.704 5361 2 0y = —ibiabZabc
19520l
6 2 2 ) 9apZabe
and

Tables XI-XIII record the variables jZ. Many values in ~0 0
Tables XII and XIII are not half-integers; however, at large Jabe = Jabe:
A, the difference between 1j? and its closest half integer is
negligible. Therefore, a 1j? can be approximately regarded
as a half-integer spin variable.

In As, including the identity, there are 23 different
ways of parity flipping. Acting these flippings
on X, results in 7 more critical points. These
critical points corresponding to the simplicial

B. Pretreatments geometries with deficit angles (69) to (75). Using

We have the following pretreatments: the technique introduced in Appendix C, one can

(1) We fix the gauges (32) and (33) by parametrizing the find the <.:001Tdinates of those critical points in our
group variables as follows. The SL(2, C) gauge on parametrization. ‘ )

each 4-simplex is fixed by restricting gg;, g4s, and (4) Similar to the single 4-simplex case, the analytic

¢r3 to be the identity matrix. The SU(2) gauge on continuation of the action changes all the real

each internal tetrahedron is fixed by parametrizing variables into complex. We denote the analytically

e Gap» and gy as in (35). The group variables continued action as S and the analytically continued

9655 963+ 943> 9a1> 9255 921+ Ye2 Ja6> Go4  Ar€  parame- Gab> Gup> Zabes and conjugate Zupe as Japs T Zabe>

trized as in (36) and Z/,,.. The jy4e is analytically continued as jy4e.
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The distances between the seven additional criti-
cal points and X, are smaller than 21. Therefore, we
choose the 248-ball centered at X, with radius 21 as
the workplace of the saddle point finder. In the
subspace R!'?*, we randomly choose 1600 points
closing to the critical points, and feed them to our
saddle-point finder.

C. Results

The saddle-point finder finds 112 points. The ()ﬂS’ at all
these points are smaller than 107!', so we can safely
consider all 112 points as the saddle points of the S. We
store the exact values of the (S, Gup, Tops Zabes Zapes J246) At
each saddle points in [81]. We can compute the real part of S.
In our computation, we find 44 saddle points have positive
real part of the action. By [30], we know that the saddle
points attached to the Lefschetz thimbles have negative real
part of the action. Hence, those 44 saddle points with
positive real part of the action are attached with the
antithimbles and do not contribute to the partition function.
The other 68 saddle points with negative real part of the
action contribute to the partition function, and each point’s
contribution can be estimated by its real part of the action.

D. Geometrical interpretations

As we mentioned, the geometrical interpretation of the
saddle points is encoded in the bivectors. For each face
abc, two bivectors can be defined

= 1

Blpe = Xabe ® Zipe =51, (76)
= 1

abe = Zape ® Z;bc - E 1. (77)

When b € {1,3,5}, the face abc is a boundary face, and its
Xope and . read

i 1
/ _ 1y + Kabe Z;bc _ Kabe + 1 gabc

abe 1}/ -1 Z:zbc _abc 1]/ -1 éj;hczabc ’
X _ 17/ + Kabe Zabc _ Kape — 1 éabc (78)
abe 1}/ + 1 Z;bczuhc 1}/ + 1 Z;bcfabc )

When b € {2,4,6}, the face abc is a bulk face, and

){/ _ 17/ + Kabe Z;bc
abc i]/ -1 7', 7

abc®abc

Kape + 1 Z'ape

ir =1 Z'wpeZape
_ Kape — 1 Zape

iy +1 ZipZave

P _ 17/ + Kabe Zahc
P 7y Z e

(79)

The k,;,. depends the orientation of the A;. Namely, k. =
—1 for the faces 612, 614, 623, 625, 631, 634, 651, 653,
412,415, 423,426, 431,435,451, 456, 461, 463,213, 215,

234, 236, 241, 245, 253, 256, 361, and 264, otherwise
Kape = 1. For each tetrahedron ab, the closure condition is
given by

Z jachach;bc =0,
ce{l...6}\{ab}

juthathgjbc =0. (80)
ce{l...6}\{ab}

For each face abc, the parallel condition reads

(g;b)_lB;hcg;h = _(%c)_lB;chgizcv gabB;bc(gab)_l
= _gaCBlercb<gac)_l . (81)

All the saddle points satisfy the closure condition and the
parallel condition; however, the four-dimensional normal
vectors of the tetrahedra in the A3 do not exist. Therefore,
these saddle points give rise to Lorentzian SO(1,3)
bivector geometry.

VII. CONCLUSION

We have developed our saddle-point finder to find the
complex saddle points for any given action. Applying the
saddle-point finder to two examples in the spin foam model,
we find the complex saddle points and estimate their
contributions to the partition function. Finding these saddle
points would help not only the asymptotic analysis of the
analytically continued spin foam model but also the
Lefschetz thimble Monte Carlo computation in the regime
of small j, because in this regime, the nonperturbative
contribution due to the complex saddle points is non-
negligible.

In the example of the A; spin foam model, all of the
saddle points we have found do not correspond to simplicial
geometry. This result enforced the conclusion in [21,55],
i.e., the classical limit of the spin foam model should be
taken in the limit with large-j but small deficit angles. Yet,
the explicit relation between the complex saddle points and
real saddle points [21] is not clear. In future works we shall
also explore how the complex critical points would influ-
ence the renormalization procedure of the spin foam model
and the exact meaning of the complex critical points in the
semiclassical limit. Our saddle-point finder is one of the
essential tools for those further researches. For example, one
can deform the boundary state in the A3 spin foam model
from the flat geometry boundary to the curved geometry
boundary, and use the saddle-point finder to explore how the
real saddle points can evolve into complex saddle points
with respect to the deformation of the boundary state; one
can also apply the saddle-point finder in the Pachner move
scheme of the spin foam to see how the number of the
complex saddle points would change with different discre-
tization schemes.
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In this paper, we use the information of the simplicial geometry to help us to narrow down the region to find the complex
saddle points. In future works, instead of using the physical information, we would like to employ certain optimization
algorithm in the pretreatment stage to automatically find the proper region to be the workplace for our finder. This optimization
will improve our saddle-point finder to be a “black-box™ that is applicable to other physical system other than loop quantum
gravity.
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APPENDIX A: SADDLE POINTS OF SINGLE 4-SIMPLEX SPIN FOAM MODEL
TABLE XIV. The values of j,, at s;.

jab
2 3 4 5
4.947 +3.013 x 1074 4.946 4 2.766 x 1074 4.948 4-3.358 x 1074 4.951 4 4.880 x 1074
2.018 +1.267 x 1073 2.019 + 1.383 x 1073 2.021 + 1.490 x 1073

2.019 + 1.341 x 1073 2.021 + 1.448 x 1073
e 2.0198 + 1.386 x 1073

AW =] ®

TABLE XV. The values of g, at s;.

a 9a
1 1 0
0 1
2 1.793 x 1072 + (4.688 x 10™)i  1.793 x 1072 + (4.688 x 107*)i
—5.331 x 107 + 1i 1.832 x 1072 + (4.071 x 10—4
3 1.827 x 1072 + (6.071 x 107*)i  9.425 x 10~! —(3.332 x 107 1)i
—9.428 x 107" = (3.333 x 1071)i  1.797 x 1072 + (4.961 x 10™%)i
4 1.814 x 1072 + (8.171 x 1071)i —4.712 x 107! — (3.332 x 10~ )1
4714 x 107" = (3.333 x 107")i  1.809 x 1072 — (8 158 x 1071)i
5 1.811 x 1072 — (8.156 x 1071)i —4.713 x 107! — 3333><10
4713 % 107" = (3.332x 107")i  1.81 x 10—2+(8 171 x 107!
TABLE XVI. The values of g, at s,.
a gh

1.832 x 1072 + (4.071 x 1074)i  —6.919 x 1075 — (9.997 x 10
5.331 x 1075 — 1i 1793 x 1072 + (4688>< 10~

1.797 x 1072 + (4.961 x 10™4)i  —9.425 x 107! + (3.332 x 10
9.428 x 107" +(3.333 x 107")i  1.827 x 1072 + (6 071 x 107*

(
(

4 (1809x102 (8.158 x 10~ 2
(

4712 x 107" 4 (3.332 x 107!

1
4714 x 107" + (3.333 x 1071)i 1814><102+(817l><10 i

)
1.81 x 1072 4 (8.171 x 1071)i 4713 x 107! + (3.332 x 107 1)i
Hi

(
—4713 x 107" + (3.333 x 1071)i  1.811 x 1072 — (8.156 x 107")i
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TABLE XVII. Values of z,, at s;.

b
|Zab>
1 2 3 4 5
e 1,1 (1,-0.3333 + 0.9428i) (1,-0.1835 — 0.2595i) (1,—1.816 — 2.569i)
(1,1)

(1,0.8507 — 0.5636i) (1,1.568 4 0.5511i) (1,0.5603 + 0.1737i)
. (1,-0.067 + 1.704i)  (1,-0.001082 + 0.6021i)
(1,-0.1835 —0.2595i) (1,1.568 +0.5511i)  (1,-0.067 + 1.704i) (1,-0.01705 — 0.006849i)

a

1

2 ..

3 (1,-0.3333 +0.9428i) (1,0.8507 — 0.5636i)
4 ..
5 (1,—-1.816—2.569i) (1,0.5603 + 0.1737i) (1,—0.001082 + 0.6021i) (1,-0.01705 — 0.006849i)

TABLE XVIII. Values of conjugate z,, at ;.

b
<Zab‘
1 2 3 4 5
e (1,0.9997 — 0.0005081i) (1,—-0.3328 —0.9426i) (1,-0.1834 +0.2593i)  (1,—1.817 4 2.569i)
(1,0.9997 — 0.00050811) (1,0.8145 + 0.6141i) (1,1.633 — 0.6519i) (1,0.5211 — 0.1853i)

. (1,0.003138 — 1.808i) (1,0.02253 — 0.568i)
(1,-0.1834 + 0.2593i) (1,1.633 —=0.6519i)  (1,0.003138 — 1.8081) (1,0.0007018 — 0.01837i)

a
1

2 .

3 (1,-0.3328 — 0.9426i)  (1,0.8145 4 0.61411i)
4 -
5 (1,-1.817 + 2.569i) (1,0.5211 = 0.18531)  (1,0.02253 — 0.568i) (1,0.0007018 —0.01837i)

TABLE XIX. The values of j,, at s,.

b
jab
a 2 3 4 5
1 4.976 — 0.07024i 4.976 — 0.07097i 4.977 — 0.06961i 4.977 - 0.06565i
2 e 2.004 + 0.02366i 2.004 + 0.02595i 2.005 + 0.0285i
3 e 2.004 + 0.02514i 2.005 + 0.0277i
4 . 2.005 + 0.02678i
TABLE XX. The values of g, at s,.
a Ya
1 10
0 1
2 —8.793 x 1072 — (1.918 x 1071)i 1.683 x 1072 + 1.015i
1.632 x 1072 + 1.014i —8.766 x 1072 — (1.913 x 1071)i
3 —8.788 x 1072 — (1.913 x 1071)i ~ 9.508 x 107! — (3.539 x 107!)i
-9.621 x 107! — (3.228 x 107!)i —8.785 x 1072 — (1.918 x 107")i
4 ~7.448 x 1072 + (6.368 x 107')i —4.838 x 10~' — (3.3 x 1071)i
4.728 x 107! — (3.459 x 107")i -1.015 x 107" - 1.02i
5 -1.018 x 10~ — 1.02i —4.838 x 107! = (3.303 x 1071)i
4727 x 107" — (3.46 x 1071)i  —7.463 x 1072 + (6.368 x 1071)i
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TABLE XXI. The values of g, at s,.

+

a Ga
1 1 0
0 1
2 1.588 x 10~ + (1.664 x 10~")i —2.647 >< 1072 = 1.002i
—2.619 x 1072 — 1.002i 1.586 x 107" + (1.659 x 107!

9.531 x 107" +(3.092 x 10~")i  1.585 x 107! + (1 665 x 107!

4 137x 107 = (6516 x 1071)i  4.81 x 107! + (3.213 x 10!
—4.634 x 107! + (3462 x 1071)i  1.798 x 10~" + (9.842 x 10~

1.798 x 107 + (9.84 x 107!)i  4.81 x 107! + (3.214 x 107!

1.585 x 107" + (1.661 x 107")i —9.354 x 107" + (3.588 x 10~ )
—4.635 x 107" 4+ (3.463 x 1071)i  1.369 x 107! — (6.516 x 10~ )

TABLE XXII. Values of z,, at s,.

b
|Zab>

a 1 2 3 4 5

1 . (1,1-0.000076561)  (1,—-0.3334 +0.9427i)  (1,-0.1835 — 0.2595{) (1, —1.816 — 2.569i)
2 (1.1-0.00007656i) - (1, 1.044 — 0.4492i) (1,1.258 +0.4235i)  (1,0.6495 + 0.06107i)
3 (1,1.044 — 0.4492i) (1,0.8507 — 0.5636i) (1,-0.3736 + 1.486i) (1,-0.01186 + 0.753i)
4 (1,1.258 +0.4235)  (1,1.568 +0.5511i))  (1,-0. 3736+ 1. 486i) - (1,-0.113 — 0.04805i)
5 (1,-1.816—2.569) (1,0.6495+0.061071) (1,-0.01186 +0.753()  (1,—0.113 — 0.04805i) o

TABLE XXIII. Values of conjugate z,, at s,.

b

<Zub|
a 1 2 3 4 5
1 e (1,1.001 = 0.0006011i) (1,—0.3335—0.9421i) (1,-0.1832 + 0.2596i) (1,-1.816 + 2.5691)
2 (1,1.001 — 0.0006011i) e (1,0.8086 + 0.3475i) (1,1.527 — 0.1443i) (1,0.7141 — 0.2405i)
3 (1,-0.3335-0.9421i)  (1,0.8086 + 0.34751) e (1,-0.0209 — 1.327i) (1,-0.1588 — 0.6324i)
4 (1,-0.1832 4+ 0.2596i)  (1,1.527 —0.1443i)  (1,-0.0209 — 1.327i) ces (1,-0.007496 + 0.1226i)
5 (1,-1.816+2.569i)  (1,0.7141 —0.2405i)) (1,-0.1588 —0.6324i) (1, —0.007496 + 0.1226i) e
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APPENDIX B: THE SADDLE POINT X,

TABLE XXIV. The table of ¢°,.

a

9oy
b 6 4 2
1 0.9553  —0.2955i —0.3900 + 0.61981 —0.1417 — 0.6688i1 0.7052 4+ 0.04132i —0.1336 — 0.3004i
—0.29551  0.9553 0.1401 — 0.6650i  —0.3888 — 0.6193i 2.173 — 1.447i 0.3506 — 0.6723i
2 0.4515 + 0.50541 —1.042 — 0.40241 0.1784 — 0.64651  0.4982 — 0.5489i1
0.4792 —0.27901  0.4896 — 0.33131 —0.4970 — 0.54891 0.1799 + 0.6483i
3 0.8343 — 0.19991 0.6464 4 0.7435i 0.2856 + 0.1372i  0.1484 — 0.93871 0.9553  —0.2955i
—0.3138 + 0.2731i  0.6888 + 0.097061 —0.1479 — 0.93461 0.2869 — 0.1373i —0.29551  0.9553
0.6724 4+ 0.061921 —0.2002 — 0.51811 1.2080 + 0.23451  0.8229 — 0.25241

"
(

0.1395 — 0.5346i

0.1820 — 0.2099i
—0.01552 - 0.70191

)
)

1.030 — 0.04314i

0.08676 — 1.274i
0.3588 + 0.1879i

0.9553
—0.29551

0.4773 — 0.06975i1

(

—0.2249 — 0.8453i

(

0.7194 — 0.2650i
0.7314 +2.2003i

)

—0.29551
0.9553

)

0.2255 — 0.8464i
0.4797 - 0.069561

2.096 — 0.26711
0.6308 + 0.1225i

—1.094 + 0.1394i

)
)
)

0.1679 + 0.2911i

—0.1255 — 0.06036i
1.419 + 0.07753i

—0.3216 — 0.5575i
0.4297 — 0.1318i

TABLE XXV. The table of z0 ,.

b
Zgab
a 1 2 3 4 5
(1,-1.615 + 1.5031) (1,-0.2227 — 0.58831) (1,-0.30931) (1,-0.1173 — 0.02850i)

(1,-0.30931)

(1,-1.615 + 1.503i)
(1,-0.2227 — 0.5883i)

(1,-0.1173 = 0.02850i)

- (1,0.5763
(1,0.5763 — 0.03732i)

(1,0.5401 — 0.2764i)
(1,0.7037 — 0.4995i)

(1,0.3919 + 0.4517i)
(1.-0.03505 + 0.2601i)

~0.03732i)  (1,0.5401 — 0.2764i)

(1,0.3919 + 0.45171)

(

(1,-0.1737 + 0.1311i)

(1,
(1,-0.1737 + 0.1311i)

1,0.7037 — 0.4995i)
—0.03505 + 0.26011)

TABLE XXVL The table of zJ ,.

b

0
Z4ap

1

2

3 5

6

(1,-0.1445 4 0.9792i) -
(1,-0.2163 + 0.5057i) (1, -0.2137 + 0.1556i)
(1,0.3001 — 0.5271)
(1,0.7687 — 0.7459i)

(1,-0.1445 + 0.9792i)

(1,0.3251 —0.1581i)  (1,0.05290

(1,0.9837 + 0.4936i)

(1,-0.2163 + 0.5057i)
(1,-0.2137 + 0.1556i)

(1,0.09562 + 0.3193i)

(1,0.3001 — 0.5271i)
(1,0.3251 — 0.1581i)
. (1,0.05290 + 0.003738i) (
+0.003738i) s

(1,-0.3093i)

(1,0.7687 — 0.7459i)

(1,0.9837 + 0.4936i)

1,0.09562 + 0.3193i)
(1,-0.3093i)

04601

1-21



ZICHANG HUANG, SHAN HUANG, and YIDUN WAN

PHYS. REV. D 107, 046011 (2023)

TABLE XXVIL The table of z3,,.

b

0
22ab

1 3

4 5 6

. (1,-2.928 + 2.087i)
(1,-2.928 + 2.087i)

(1,-3.280 + 2.139i)
(1,-3.498 + 1.795i)
(1,-2.962 + 1.585i)

(1,—1.442 + 1.530i)
(1,-0.5935 + 1.644i)
(1,0.6318 + 3.250i)

NN A W=D

(1,-3.280 + 2.139i)
(1,—1.442 + 1.530i)

(1,-0.5022 + 1.623i)
(1,1.268 + 3.028i)

(1,-3.498 + 1.795))  (1,-2.962 + 1.585i)
(1,-0.5935 + 1.644i)  (1,0.6318 + 3.250i)
(1,-0.5022 + 1.623))  (1,1.268 + 3.028i)
- (1,2.085 4 3.439i)
(1,2.085 + 3.439) .

APPENDIX C: PARITY FLIPPING

In Sec. VL, gg4, gar, and g,4 are parametrized as in (35).
Considering a parity flip at 4-simplex 6, the saddle point
!and gY. In fact, there is no
upper triangular matrix 7, such that ¢, 7 = (¢°f,)~!. But
the parametrization used in Sec. VI is still compatible with
the parity flipping. By SU(2) gauge, gos = (¢°5,) ™", ga6 =
g% is equivalent to ggy = (g° 64) YU, g46 = g3cU, where
U € SU(2). One can always find a upper triangular matrix
T such that g2, 7 = (¢° 64)‘ U. Thus, the parity flipped
saddle point with gey = (¢°F,)7'U, g4 = ¢JsU can be
expressed in our parametrization. Explicitly, solving the
equation

values of gg4 and g4 are (9024)_

-

T -1 T —I\T i
(90649(6)4) '((9024924) ) =T-T

results in 7', and
+
U= 9064924T'

The parity flip on 4-simplex 4 or on 4-simplex 2 can be
treated similarly.

APPENDIX D: GELMAN-RUBIN DIAGNOSTIC

Gelman-Rubin diagnostic (GRD) [82-84] is a general
approach to monitor the convergence of the Markov chain
Monte Carlo. GRD tests the convergence by comparing the
variances of different chains with the variances within
chains. Large differences between these variances indicates
nonconvergence. GRD can qualify whether the choice of
the initial point largely affects the Markov chain with
certain length or not. GRD monitors whether a Markov
chain converges to a target posterior distribution because
the Markov chain should forget where it starts once it
converges. GRD is a very important diagnostic for MCMC
in high-dimensional cases. When the high-dimensional
target distribution is multimodal, the Markov chain is easy
to be trapped around one local extremum of the distribution
and may cause large error in most cases. Doing GRD on
Markov chains initiated from different regions effectively

show that whether these Markov chains have covered the
entire sampling space.

The diagnostic can be done by running M Markov chains
in parallel. Suppose we do GRD when the length of each
chain is N. For a parameter 0, denote {Hm,}N =1 as the
value of 6 in the mth chain. Denote 9,,1, 62, and 0
respectively as the mean of 8 in the mth chain, the variance
of 6 in the mth chain, and the overall mean of # among all
the chains. The between-chains variance B and within-
chain variance W are given by

B_ 1 S4,-b (D1)
N -1 "
1 M N
W=—8 D2
M(N_l);IZI mt ( )
The pooled posterior variance yields
~ N-1 M+1
A (D3)
N MN

In [82,83], the potential scale reduction factor is defined by

14
w’

R= (D4)
which compares the between-chains variance with the
within-chain variance. If the Markov chains converge to
the target distribution, then all the parameters ¢ should have
their R close to one. Once the Markov chains converge, the
sampling procedure can stop.

APPENDIX E: BENCHMARKS OF THE
PINPOINT FINDER

In our saddle-point finder, the coarse finder roughly
locates the saddle points. Therefore, the points fed to the
pinpoint finder are close to the saddle points. In the region
close to the saddle point, the action can be approximated by
quadratic functions. As such, we use the quadratic function
—(X - X) to test the performance of our pinpoint finder.
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TABLE XXVIII. The results of the benchmark.

Dimension 5 10 50 100 500 1000
Number of steps 227 227 227 227 227 227
Total time (seconds) 4.05 8.76 41.8 92.1 888 3852

TABLE XXIX. The results of the benchmark with respect to the initial distances.

Distances 1 10 20 50
Number of steps (10-dim) 227 242 248 255 264
Number of steps (50-dim) 227 242 248 255 264

To benchmark the pinpoint finder’s performance in
different dimensions, we run the pinpoint finder in 5,
10, 30, 50, 100, 500, and 1000 dimensional cases and
measure the time for finding the saddle points with a
numerical error less than 107'? in the gradient of the action.
The distances between the initial points and the saddle
points are set to be 1. The results are shown in the
Table XXVIIIL. The relation of the time versus the dimen-
sion is fitted as a second order function:

time = 32.5 — 0.316 x dim + 0.00413 x dim?,
and shown in Fig. 5. This result shows that the time

complexity for the pinpoint finder is in O(n?) in n-
dimensional cases. We also test how the distance between

the initial points and the saddle points affects the time
cost. In 10- and 50-dimensional cases, we test the pinpoint
finder with different distances between the initial points
and the saddle points. The results are shown in
Table XXIX. From the results, we see that the number
of steps is independent of the dimension. The logarithmic
relation between the number of steps and the distance
from the initial points to the saddle points is shown
in Fig. 6.

These benchmarks show that our pinpoint finder is a
polynomial algorithm. By Cobham’s thesis [85], this
algorithm is quick to solve in different dimensional cases.
One thing to remark is that our pinpoint finder computes
the components of Hessians and gradients in sequence. The
finder would be faster than O(n?), if one computes these
components in parallel.

4000 K
e Data
— f(x)=32.5-0.316 x+0.00413 x2
3000
v
p=pm
§ 2000 |
v
o
wvi
1000 |+
— 1 L ! 1 L 1 1
-~ 200 400 800 800 1000

Dimensions

FIG. 5.

The relation between the time costs and the dimensions.
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250 |

Iterations

240 |

230

. Data

— f(x)=10.4+L0g (8.8-1078+2.1.10"9 x)

| 10 20

20 40 50

Distance to the saddle point

FIG. 6. The relation between the numbers of steps and the initial distances.
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