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How measuring a quantum field affects entanglement harvesting
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We analyzed how entanglement harvesting is affected by the performance of a measurement on the
quantum field. The measurement on the field is modeled as the coupling of a particle detector to the field,
followed by a projective measurement performed on the detector. In our analysis, we considered different
arrangements for two detectors harvesting entanglement and an ancillary detector used to perform a
measurement. We found different regimes for how performing measurements on the field affects the
entanglement harvested, depending on the initial and final states of the detector used to measure the field, as
well as its coupling strength. We identified the regimes where it is possible to measure the field during the
preparation of entanglement harvesting protocols without significantly interfering in the entanglement
harvested. We also identify in what regimes the field measurement can degrade or slightly enhance the

ability of particle detectors to harvest entanglement.
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I. INTRODUCTION

The entanglement structure of quantum field theories
(QFTs) plays a relevant role in a variety of phenomena,
ranging from quantum energy teleportation [1,2] and the
black hole information loss problem [3], to the probing of
the confinement transition phase in quantum chromody-
namics [4,5], and the definition of a measurement theory
for quantum fields [6-9]. It is well known that quantum
fields generically display classical and quantum correla-
tions between arbitrary regions of spacetime [10,11].
In fact, the ultraviolet divergence of entanglement
entropy [12] shows that this is a characteristic feature
of the algebra of observables itself, rather than just a
feature of the state of the quantum field [13].

This entanglement can in fact be extracted by pairs of
particle detectors, i.e., nonrelativistic quantum probes
which couple locally to the field. The entanglement
acquired by the particle detectors witnesses the entangle-
ment displayed by the field between the interaction regions.
This phenomena, first noted in [14] and later rediscovered
in [15-17], has become known as entanglement harvesting
[18] and has been the subject of exhaustive study (see,
among many others, [19-36]). Apart from providing an
operational way of accessing the entanglement of quantum
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fields, entanglement harvesting is a proxy witness for the
geometry [19,26,28] and topology [23] of spacetime.

One important feature of particle detectors is that they
connect with actual experimental realizations. In particu-
lar, the Unruh-DeWitt (UDW) particle detector [37,38]
captures the most relevant features of the interaction
between atoms and the electromagnetic field [39-41].
With the actual technology in hand, entanglement harvest-
ing should in principle be feasible to reproduce in
experimental setups [42—47].

Measurement and state preparation are intrinsic parts of
any experimental setup in physics. In order to faithfully
model realistic entanglement harvesting protocols we need
to know the effect of measurements on the harvested
correlations. For instance, the usual setups discussed in
the literature often assume the field to be initialized in its
vacuum state (see, e.g., [21,48,49], among many others) or
in coherent states [24,25]. Hence, any realistic implemen-
tation of these protocols requires a fair understanding of
how the very preparation of the setup or even measure-
ments from previous experiments affect our results.

Since measurements are an intrinsic part of any exper-
imental setup in physics, in order to approach realistic
scenarios in which entanglement harvesting protocols
might be implemented we need to analyze the effect of
such measurements in the harvested correlations. For
instance, the usual setups discussed in the literature often
assume the field to be initialized in its vacuum state
(see, e.g., [21,48,49], among many others) or in coherent
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states [24,25]. Hence, any realistic implementation of
these protocols requires a fair understanding of how the
very preparation of the setup or even measurements from
previous experiments affect our results.

The issue of how to model measurements on quantum
fields is an open problem since Rafael Sorkin pointed out in
1992 that the projection postulate could not be exported
from nonrelativistic quantum mechanics to quantum field
theory [8,9]. There are currently two main approaches,
which differ in the way they model the probe with which
the measurement is performed: either treating the probe
as a quantum field [50-52] or as a particle detector [53].
Here, we will use the second approach, where the meas-
urement process is modeled using a particle detector that
is first let to interact with the field, thus gathering
information from the field through the interaction. After
the detector is decoupled from the field, a projective
measurement is performed on the detector, allowing the
experimenter to extract information from the detector, and
thus about the field.

In this paper we aim to analyze the protocol of
entanglement harvesting by a pair of particle detectors in
the presence of a measurement performed by a third party,
who operates another particle detector. We will study how
the result of the measurement and the propagation of the
information about the measurement outcome influences
our ability to harvest entanglement. In Sec. II we introduce
the setup considered with two particle detectors harvesting
entanglement from a quantum field and an additional
detector used to measure it. In Sec. III we identify different
regimes in perturbation theory depending on the relations
between the parameters of the problem and quantify the
entanglement harvested in each regime. In Sec. IV we
consider specific protocols with Gaussian switchings
and pointlike smearings in order to explicitly calculate
the effect of the measurement on the entanglement in the
regimes in which it modifies it at leading order. In Sec. V
we analyze the effect of nonselective measurements. The
conclusions of this manuscript are presented in Sec. VI.

II. SETUP

In this work we consider three experimenters, Alba,
Blanca, and Clara, undergoing timelike trajectories para-
metrized by their proper times as z,(z,), Z(7z), and
Z.(zc). Each experimenter is equipped with a probe that
we model as a spatially smeared Unruh-DeWitt particle
detector [37,38], weakly coupled to a real massless
scalar field $(x) in a (3 + 1)-dimensional Minkowski
spacetime. Each particle detector is modeled as a two-
level quantum system with a proper energy gap €
between the ground state |g;) and the excited state |e,),
for 1 € {A,B, C}. The particle detectors are initialized in
their ground states, i.e., the density operator that describes
their initial joint state reads

P = 19.) (9a] ® [98) (98] ® l9c) (gcl- (1)

The scalar field ¢(x) can be expanded in plane-wave
modes as

~ d3k .
_ ~ ik i—kx)
d(X) / 2ok (ay e +Hece), (2)

where (#,x) are some inertial coordinates for the
event X, and a; and &,T( are the annihilation and creation
operators satisfying the canonical commutation relations
ey, &) = 6 (k — k'). We consider the field to be initially
in the vacuum state ﬁ((/?) = |0)(0| which satisfies a;|0) = 0

for all k. Thus, the initial joint state of the detectors-field
system is

PO = p0 @ [0)(0)]. (3)

The particle detectors couple locally to the quantum field
according to the Hamiltonian weight [54]

il(x) = ilA(X) + }AIB (X) + ]:lc(x)’ (4)

where the single interaction between each detector and the
field is given in the interaction picture by

hy(X) = LAX)A(z)P(X). (5)

Here, 4, is the coupling strength, the spacetime smearing
A;(X) determines the relative strength of the interaction
between the particle detector and the quantum field at X,
and f;(z;) is the monopole moment operator of each
particle detector, which acts over the energy eigenbasis as

(7)]g) = €%ey), (6)

s (7y)ley) = e_iQ’TJ|gJ>- (7)

The time-evolution operator that implements the unitary
evolution due to the Hamiltonian weight in Eq. (4) is then

given by
U=T exp (—i/dez(x)), (8)

where 7 denotes time-ordering with respect to an arbi-
trary time-parameter ¢, and dV is the invariant volume
measure over spacetime. In the regimes that we consider
here, the predictions of the model are independent of the
choice of this time parameter [55]. The time-evolution
operator maps the joint state of the detectors and the field
before the interaction to the joint state after the inter-
action p = UpO U,
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To incorporate the effect of measurements in this setup,
once Clara’s detector interaction is switched off, she
measures a certain observable of her particle detector.
Following the formalism in [53], this process is modeled
applying a rank-one projector P = |s)(s| on the detector’s
state, corresponding to the outcome s of the measurement.
Without loss of generality, we can write the outcome
state |s) as'

|s) = €lge) + V1 = €e*e¥lec), )
where € is a non-negative real number, and ¢ € [0, 27).
Unlike performing projective measurements directly on the
field [8,9], this measurement is compatible with relativistic
causality [53]. Note that the projector P can always be
applied after the interactions of detectors A and B with the
field have finished, since P commutes with the Hamiltonian
weights /1,(x) and /(). This is true even if the meas-
urement is performed on detector C while detectors A and
B are still coupled to the field. The joint detectors-field
system (including the time-evolution and the measurement)
is then

(10)

RSl
|

P
™

The state above represents a selective update, correspond-
ing to an observer who has access to the outcome of the
measurement performed on C—and therefore has to be
placed in the causal future of the measurement performance
[53]. The goal is to analyze the entanglement harvested by
detectors A and B in order to understand the effect that the
measurement had on it. To do so, we trace out the degrees
of freedom corresponding to the field and to detector C,
yielding

N _TrC(/)( Up UTP)
P T (P OO TP

(s|Tr, (UPT7)]s)

- 11
Tr(PUpOUTP) (1

The time-evolved state does not admit a closed form, but
working in a weak coupling regime allows us to treat it
perturbatively in the coupling strengths. In order to perform
the perturbative analysis in a consistent way, we need to

specify how the orders of the different parameters are
related. Here, we assume that all the coupling strengths

'Since we are working in the interaction picture, the specific
form of the projector P depends on the time in which the
measurement is performed, since the outcome state |s) has to be
evolved with the free Hamiltonian correspondingly. This in turn
means that the phase £ in Eq. (9) depends on the time of the
performance of the measurement. For the sake of a simpler
notation, we will ignore this subtlety in our calculations,
compensating for it by studying the dependence on the phase
¢ later on.

are equal, A, =4; =4A.=A. This assumption allows
us to write the perturbative series in terms of a single
coupling strength A, simplifying the analysis s.igniﬁcantly.2
The Dyson expansion of the time evolution operator then
reads

U=1+Y 00, (12)

k>1

with

om — (_i)k/dvl...dvkiz(xl)..ﬁ(xk)

X O(t; — tp)...0(t_1 — ty). (13)

In particular, the numerator of Eq. (11) can be expanded as
(see Appendix A for details)

Trey (P UPOUTP) = (%) + %)
+ (Lee(1 =2€2) + 6)pY
+ P4+ 4+eO0*) + 020,  (14)

where the expression for « is obtained in Appendix A, and
given in Eq. (A18). In the basis {|g,gs),|gs€s):|€r0s)
leses)}, the operators above can be written in matrix
form as

[ =
o O o O
S O O O
o O O O

In particular, doing this we can jointly analyze the measure-
ment and the harvesting protocol just considering the leading
order of the perturbative series. One could indeed analyze the
case where 1,, 4;, and A are of the same order of magnitude but
different from each other using the same procedure. In this case,
since the magnitudes of the three strengths are similar, the scale
that characterizes the different orders in perturbation theory
would be the one that sets the magnitude of the three couplings.
However, in this paper we restrict ourselves to identical coupling
strengths to avoid the increased calculational overhead that such
an analysis would require.

Other cases would in general require considering higher
orders to see the interplay between the measurement and the
protocol. For instance, if 1,45 ~ 0(4c), then the effect of the
measurement on the field state would be predominant, and we
would have to go further than leading order to see how the
measurement affects the (now weaker) harvesting protocol. On
the contrary, if 12 ~ 0(1,43), then the harvesting protocol would
dominate, and we would have to consider higher order terms to
analyze the effect of the measurement.
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_£AA - ’CBB 0 0 j:B
0 L L 0
Pl = e . (16)
0 Ly Las 0
M, 0 0 0
0 0 0
F=eV1—¢ el.gMAC * e_%[:AC 0 0 +H.c.,
My +e Ly 0
0 0 0
(17)
zAA - ZBB 0 0 ZB
0 Ly L 0
b= Lo e TR . (18)
0 Ly Lan 0
M,y 0 0 0

Here, for 1,y € {A,B, C},
L, =1 / dVAV/ A, (X)A, (X))l @n= W (X' x).  (19)
Also, for 1# 17,

My = -22 / dVAV/ A, (X)A, (X)) el ntm)
x (0(t =1 YW, X)+ 0 —)W(X', X)), (20)
and for 1,7 € {A,B},

Lo L+ M P
L Zckie ic’Vhic

L,=1L , 21
il ) £CC ( )
- L cMge + LM
MAB _ MAB + AC BC£ BC AC , (22)
CC

where W(x,X') = (0|¢(X)¢(x)|0) is the field Wightman
function. Note that ﬁf\(})g) = |94)(ga] ® |gs)(gs] is simply the
initial joint partial state of detectors A and B. The terms [)/@
and 7 are of second order in A, whereas © and «k are of fourth
order in A. In particular, x is subleading for all the
calculations of interest. Finally, in Eq. (11), the denomi-
nator is simply the trace of the numerator, which, using
Eq. (14), we can write as

Tr(PUPOUTP) = € + Leo(1 —2€2)
+k+eO(Y) +0(2%).  (23)

This denominator is in fact the probability Prob(s) of
measuring the outcome |s). Along with Eq. (14), this

allows us to find a perturbative expansion for the selectively
updated joint density operator p3,c given in Eq. (11). As we
will discuss later, it suffices to perform this expansion
up to second order in perturbation theory, since this is
the leading order for the entanglement harvested. This
involves considering a perturbative expansion of Eq. (11).
Note, however, that the expression for p3; is not analytic at
(e,1) = (0,0). This forces us to be specially careful with
the expansions when e = (s|g.) approaches zero (i.e.,
when the outcome state |s) is close to the excited state
lec)). The necessity of studying separately the case in
which the outcome of the measurement is orthogonal to the
initial state of the measured particle detector was already
pointed out in [53]. One way of making sense of this is to
realize that one cannot expect the updated state of the field
for € = 0 to converge to the vacuum when 4. — 0, since if
the particle detector does not couple to the field at all, then
an orthogonal outcome is not possible. However, it is
important to analyze the case where 1 > ¢ > 0, for which
we can take a perturbative approach on the parameter e.
In order to gain further intuition, let us analyze the
behavior of Prob(s), given in Eq. (23), at leading order. If
A < ¢, i.e., if the inner product |(s|gc)| is large compared
to the coupling strength,3 Prob(s) is given at leading order
by €2 In particular, in Eq. (23), the term proportional to ¢?
is one order of 4 below the rest of the terms as long as
€ = 0©(4%) for 5 < 1/2, where we have used the big theta
symbol4 of the Bachmann-Landau notation [56]. We will
refer to the regime € = ©(1°) for § < 1/2 as the non-
orthogonal regime. This is because in the perturbative
regime 1 << 1, e = ©(4%) with § < 1/2 guarantees that € > 1
(roughly speaking, the distance to orthogonality is much
larger than the displacement that the interaction will cause).
If € = ©(4%) with § > 3/2, the term proportional to €? is
instead one order in 4 above the leading order in Eq. (23),
which is given by the excitation probability L. = ©(4?).
We will call this regime the orthogonal regime, since in this
case € < A < 1. Finally, if ¢ = ©(4%) for 1/2 < § < 3/2,
the leading order term in A in Eq. (23) is € + L. We will
refer to this regime as the transition regime. We will study

*Notice that we are considering that the background spacetime
of our setup is (3 4 1)-dimensional. Unlike in any other number
of dimensions, for 3 + 1 spacetime dimensions the coupling
strength A is dimensionless. Therefore, its magnitude can be
directly compared with the inner product € = |{s|g.)|, which is
also a dimensionless quantity.

*Specifically, we say that f(x) = ©(g(x)) when x — a (for
a € R) iff there exist positive constants 0 < ¢; < ¢, such that

fx) fx)

¢y <lim inf——= <lim sup—— < ¢,.
w=a g(x) T xma g(x)

This is in contrast with the big O (or big Omicron)
notation, f(x) = O(g(x)), which shall be interpreted as

lim sup,._.,|f(x)/g(x)| < eo.
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the entanglement harvested for the different regimes
separately. To understand the effect that the measurement
has in each case, we shall compare the results with the
entanglement that Alba and Blanca would harvest if Clara
were not there to perform her measurement. In the absence
of measurements, the time evolved state would be

A~ A A(0)
Pas = Tr, (VRO VT), (24)

where V is the time-evolution operator associated only to
the interactions of detectors A and B, namely

V=T exp (—i / dv(h,(x) + izB(x))>. (25)

With the notation used in Eq. (14), the final state is
simply [21]

Prs = P+ P + OGH). (26)

III. ENTANGLEMENT HARVESTING WHEN THE
FIELD IS MEASURED

In order to quantify the entanglement between Alba and
Blanca’s particle detectors, we use the negativity [57]. We
will compute the negativity of p4; in each regime and
compare it with the negativity of p,; corresponding to the
protocol without measurements (wm), which reads [21]

_ 2
Ny = max <0\/ Mg 4o~ ) —“Ai“‘*)

+ 0. (27)

We can associate the term M, with the quantum corre-
lations acquired by detectors A and B. £,, and L, are
local terms corresponding to the excitation probabilities of
each detector. Note that the expression is clearly bounded
by |M,;|, and the local terms act as noise that can only
decrease the entanglement harvested by the detectors.

If, instead, we consider a protocol in which a third party
has performed a measurement, the resulting postmeasure-
ment state has the following structure in matrix form:

1 — /127"22 — /127'33 @(lb) @(/117) 121"21
ns @(ﬂb) 121"22 121’;2 0
Pis = 0(A?) Pry, Pry 0
/12r41 0 0 0
+ O(2%), (28)

where ry, and r3; are positive and b > 1. In the case
b > 3/2, which corresponds to both the orthogonal and the
nonorthogonal regime, the negativity is given by

2
- +r
— 2 0’\/ 2, (rn—r33) _ T
Ns max( |r4]| + 4 5
+ O3, (29)

as seen in Appendix B. The cases with 1 <b < 3/2
correspond to the transition regime. In what follows, we
will analyze the nonorthogonal and orthogonal regimes in
full generality, and analyze the particular case of the
transition regime in which » = 1, for which the negativity
admits a second order power expansion in A.

A. Nonorthogonal regime

We analyze the case in which the scalar product between
the initial state of detector C, |g.), and the outcome of the
measurement, |s), are far from being orthogonal. This
translates into the assumption € = {s|g.) = ©(4°), with
6 < 1/2. Under these conditions, the probability of the
outcome |s) is at leading order €2, and since 4 < 1, we have
that € > A. Note that by setting 6 = 0 we recover the case
in which € is just some finite constant unrelated to the
coupling between the field and detector C. Under these
conditions, the state updated after the measurement can be
expanded as

Pin =08 + 57+ -2 4 0)
1 - LAA - ['BB ( ) 6(/12_5) ;:B
0(12%) Lo Lip 0
- 0(12-9%) Lo Lan 0
M 0 0 0
+0(2%). (30)

All the measurement contributions are proportional to the
operator 7, and they are contained in the ®(1>~%) entries of
the measurement updated final operator. Using the expres-
sion given in Eq. (29), we find that the negativity for the
measurement updated density operator is given by

2 L+ L
— max ( \/|MAB|2 BB) _TAA 2 BB)
+ O(2?), (31)

which coincides at leading order in 4 with the negativity in
the absence of measurements, given in Eq. (27). Despite the
measurement contributing to the joint state of the particle
detectors at leading order, the negativity at leading order is
fully determined by the interactions of detectors A and B,
and therefore independent of the measurement.
Experimental implementations of entanglement harvest-
ing might imply measuring the quantum field during the
preparation of the protocol. These results imply that within
the nonorthogonal regime it is possible to perform weak
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measurements on the quantum field without significantly
affecting the entanglement harvested in an independent
protocol. One easy way to guarantee this is to only measure
the particle detector used to probe the field in a basis whose
elements are not close to orthogonal to the initial state of
such detector (which in this case is its ground state).

B. Orthogonal regime

We now focus on the case in which the scalar product is
small compared to the coupling parameter, i.e., ¢ K 4 < 1.
Specifically, we consider € = ©(4°) with &> 3/2. In
this regime, the probe’s postmeasurement state |s) is close
enough to the excited state so that the probability of
obtaining that outcome, Prob(s), is dominated by the
probability of excitation of detector C, L... Under these
conditions, the joint state of the detectors can be expressed as

P =P+ p—+ 7+ O)
1= Ly — Ly OQ) O M,
_ Cley) Ly L O
0(2) Ly L O
My 0 0 0
+O). (32)

Since 6§ > 3/2, we can again use Eq. (29) to compute the
negativity:

= a7 -
N, = max (0, \/|MAB|2 + (Las 4£BB) _ L ;EBB>

(33)

In this case, the measurement performed on C does modify
the leading order of the entanglement harvested by A and B.
On the one hand, from Eq. (19) we see that the measurement
enhances the local noise terms by adding positive contri-
butions of the form (|Lc|> + [Mc|*)/Lcc, for 1 € {A,B}.
On the other hand, from Eq. (20) we also see that the
measurement modifies the nonlocal correlation term. Since
the entanglement harvested is a competition between local
and nonlocal terms [21], it is not clear from the equation
above whether the measurement increases or decreases the
entanglement harvested by the detectors. In Sec. IV, we will
restrict ourselves to a specific case study in order to obtain
some explicit results.

C. Transition regime

We now explore the case where ¢ = ©(1°) with
1/2 <6 < 3/2. Specifically, we will analyze the case
where ¢ and A are comparable, i.e., when 6 = 1. This is
convenient because for the remaining range of values of 9,

the negativity does not admit a power series up to second
order in A. In the case § = 1, the final state of the particle
detectors can be expanded as

A A ~(2
b, = ﬁ(O) y+uv+ €2P,(ua)
AB AB 2 T ‘CCC

I i 1% 1% 1%
I- EAA - ['BB /-:B ['A AB

+O(»)

B Ly Ly L 0
N z, Liw Lh O
- 0 0 0
+0(2%), (34)
with
€ . .
b=ar e (e M + €4 L5), (35)
LiLie + MM
£/ — E 1C JC 1C JC’ 36
b=l (36)
£ACMBC + £BCMAC
Moy + . . (37
for 1,7 € {A,B}. Note that £ = ©(1), L}, = ©(4?), and

"5 = ©(22). Thus, in this case the matrix 7, which yields
the terms L], contributes to the joint state of the detectors at
first order in A. This is in contrast with both the non-
orthogonal and orthogonal regimes, for which the contri-
bution of 7 was always of order 13/2 or higher, and we saw
that it did not affect the entanglement harvested.

Using the matrix form given in Eq. (34), and the methods
given in Appendix B, we can express the negativity of the
postselected state as

N, — max < Vat+ - 2[3&+§_a—ﬂ>
2 2
+O(#), (38)
where we have denoted
a= L\, + Li. (39)
&= Ly — Liy. (40)
=Ly P+ 1L P (41)
B=1Ly1 =1Ly P, (42)
{=8Re(L) L MG). (43)

We will obtain explicit results when we examine an explicit
protocol in Sec. IV.
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IV. CASE STUDY: INERTIAL POINTLIKE
DETECTORS WITH GAUSSIAN SWITCHINGS

We have seen that measurements do not affect the
entanglement harvested at leading order in 4 in the
nonorthogonal regime. On the other hand, for the out-
comes s for which € = (s|gc) is sufficiently small, i.e., in
the orthogonal and the transition regimes, the measure-
ment has a more disruptive effect on the joint state of
detectors A and B. As seen in Eqgs. (33) and (38), in these
regimes the measurement affects the entanglement har-
vested at leading order. In this section we study an explicit
protocol in the simplest spacetime background and detec-
tor trajectories. Namely, we will consider inertial comov-
ing pointlike detectors in Minkowski spacetime with
Gaussian switchings.

We consider that the three particle detectors involved in
the protocol are at rest in the inertial reference frame (¢, x),
and therefore their proper times coincide with the coor-
dinate time t. Their trajectories can be parametrized as
z,(t) = (t,x,), where x; is constant and I € {A, B, C}, and
their energy gaps are all the same, Q, = Q; = Q. = Q.
For the pointlike case, the spacetime smearing can be
written as

A(t.x) = 1189 (x - x,), (44)
where y,(¢) is the so-called switching function, which
controls the strength of the coupling of the detector and
the field in time. For this case study we consider that the
switching functions will be Gaussian,

1) = e (- U20).

where T determines the effective duration and ¢, the peaks
of the interaction of each detector with the field. With
these choices, the interactions of the three detectors are
identical in shape, and localized around different points of
spacetime (¢, x,).

Although the Gaussian switching function for detector C
is nonzero for all 1 € R,

+00 +oo
/ dry.(t) < 10‘6/ dty.(1).
t —

«+5T oo

(45)

(40)

Thus, if we assume that the measurement on detector C
is performed at f=1,>1t.+57T, we can consider
that its interaction is effectively decoupled from the field
at the time at which the measurement is performed.’

>This kind of approximation is common in relativistic quantum
information and has been studied rigorously in the context of
interaction regions that are effectively spacelike separated, even
when the supports of the detectors’ switching and smearing
functions are not compact (see, e.g., [31,58]).

This approximation allows us to use all the calculations®
given in Sec. I

Recall that, for all regimes, the negativity is a function of
the terms £,; and M|, given in Egs. (19) and (20). For the
specific protocol presented in this section, the £;; terms can
be given in closed-form. Due to the translational symmetry
of Minkowski spacetime, all the local terms are equal,
Lsn = Lgg = Lo = L. The single momentum integral can
be solved explicitly,

2T? [« dk )
E = WA 7]( 6_(Q+k)2T- (48)
_ e _ | /mQTerfc(QT) . (49)

872

The nonlocal terms Ly, for I # J, can also be cast as a single
momentum integral which admits a closed form

272 oo
L _4 T/ d_kke—(Q+k)2T2+i(Q+k)A”Sinc(kLU)
0

Vg2 2
/12 T LIZJ a2
= e W
167%/2 Ly,

LyAy  ; L,—A
X {e a2 Ly [i +erfi <—U 72

o)

—Ltudu_ g . L A 1
+e 21‘ZA QLy |:—1 +erfi <% + IQT) :| } ’ (50)

where L;; = |x; — x| is the distance between detectors I and
J, and A, = 1, — ¢, is the delay between the peaks of their
switching functions. The M, terms can also be written as a
momentum integral, but they do not admit a closed form:

dk

272 ©
— _ﬂeiﬁ(tl+t1) /+ — ke~ @) sine (kL)
0

My 472 2

. A

08\ —erf( =+ ik
x{e { er <2T+1

. —-A

—IQA | | —erf Y ik .
+e [ e <2T +1 )]}

®In more detail, in this case we should apply the operator
U(+o0, ty)P U(ty,—o0) in Eq. (10) instead of P U, where

(51)

U(ty.1,) =T exp (—i/dvﬁ(x)e(t—tl)a(tz —t)). (47)

However, if Clara’s detector is effectively switched off at
t >ty >t + 4T, we can assume that the time evolution corre-

sponding to detector C contained in U(+o0, 1) is negligible.
Since the time-evolution associated to detectors A and B

commutes with P (they act on different Hilbert spaces), we have
U(+OO, t())P U(to, —OO) ~PU.
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I Alba I Blanca

AAC

Clara
I T

LAR

Lys / 2

FIG. 1. Configuration in a slice of spacetime of the interaction
regions (in blue) of the three detectors involved in the first example
protocol, i.e., with parameters L, = Ly = L,;/2 = 2.5T and
Ayp =0.

Nevertheless, these terms can be easily evaluated numeri-
cally, which will allow us to analyze the effect of the
measurement in the orthogonal and the transition regimes.

A. Orthogonal regime

In this subsection, we consider several entanglement
harvesting scenarios, and we study the effect that the
measurement has on the entanglement harvested when
we are in the orthogonal regime. Thus, in these scenarios
the negativity is given by Eq. (33).

First, we consider a protocol in which Alba and Blanca
harvest spacelike entanglement from the quantum field. In
this setup, their detectors are switched on at the same
coordinate time, that is A,; = 0, and we take the proper
distance between them to be L,;. We take detector C to be
located at the middle point between detectors A and B,
setting L, = Lyc = L,z/2 (see Fig. 1).

If we fix L,y =57, the interaction regions of the
detectors A and B can be considered to be effectively
spacelike separated for entanglement harvesting purposes.
Namely, it was shown in [58] that for this specific setup,
communication between the detectors has a negligible
effect in the entanglement that they harvest (see also
[31]). The negativity of p3; in this configuration is plotted
in Fig. 2 as a function of the delay A,. = A;, for different
energy gaps. We consider positive values for the delay, so
that this configuration can be understood, e.g., as a
simplified model for a spacelike entanglement harvesting
protocol in which a measurement is performed during the
preparation of the experiment. For comparison, we also
plotted with dashed lines the negativity of p,;, which
corresponds to the entanglement harvested with the same
protocol for Alba and Blanca, but without Clara’s inter-
vention, i.e., without measurements. Several values of Q
were chosen to see that the effect of the measurement

NIA?
6.x107
5107} QT=25
4.x107T prrmmmm e oes .
: — QT =26
_7»
3107k —QT=27
2.x107F L. — QT=28
1.x107}
‘ ‘ : = Anc/T
5 10 15 20 25 *C
FIG. 2. (Solid lines) Negativity in the orthogonal regime

of piz as a function of the delay A,. for different values of
the energy gap QT, and parameters L,. = Ly = L,z/2 = 2.5T
and A,; = 0. This plot corresponds to the scheme in Fig. 1.
(Dashed lines) Negativity of p,, for the same values of L,; and
A, for different QT.

does not qualitatively change as a function of the energy
gap. As a baseline for comparison, we used the value
of Q for which the maximum of the negativity of p,; is
reached, which was found in [58] to be approximately
Qo ® Ly /2T? =2.5/T. For each value of QT, the
negativity of p3; is always below the negativity of p,p.
Therefore, the measurement decreases the entanglement
harvested. We observe that if the delay between the
switching function for C and the switching functions for
A and B is small enough, the measurement destroys the
entanglement acquired by A and B up to second order in 4
for every examined case. The negativity of pj; increases
with A,.. For large values of A,., the negativity of pig
tends asymptotically to the negativity of p,s;. This is
because the field correlations of the interaction region of
C with the interaction regions of A and B decay as the delay
between them increases. Indeed, as A,. = Ay increases,
the nonlocal terms L, and M. involving detector C

decrease, and we have that £, and M, tend to £, and
My, respectively [see Eqs. (21) and (22)]. Therefore, the
effect of the measurement on entanglement harvested
becomes negligible for large enough delays.

The reader might be surprised by the fact that for
configurations in which A, B and C are supposed to be
spacelike separated, the measurement performed by Clara
on detector C can end up not only affecting the entangle-
ment harvested by A and B, but completely destroying it.
One can make sense of this taking into account that the state
pip only has physical meaning in a region of spacetime
when the correlations between A and B can be measured.
This necessarily corresponds to a ‘“‘processing region”
[53,59] in the causal future of both Alba and Blanca,
which, given the configuration in Fig. 1, will also be in the
causal future of Clara’s measurement. The outcome of the
measurement will therefore be available to the processing
region, and since detector C is correlated with the field,
which is correlated with detectors A and B, the corre-
sponding update does indeed affect the joint state of A and
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— QT =5

— QT =51
— QT =52
— QT =53

Aac/T

10 20 30 40

FIG. 3. (Solid lines) Negativity in the orthogonal regime
of pis as a function of the delay A,. for different values of
the energy gap QT, and parameters L,. = Lpc = L,z/2 = 5T
and A,; = 0. This plot corresponds to the scheme in Fig. 1.
(Dashed lines) Negativity of p,; for the same values of L,; and
A, for different QT.

B, even if both the interaction and the measurement of C are
spacelike separated from the interactions of detectors A and
B with the field.

Note that with the choice of parameters analyzed in
Fig. 2, detectors A and B interact with the field in
effectively spacelike separated regions. However, due to
its position, C is in effective causal contact with both A and
B. Because of this, in this case one might wonder then if the
leading order effect of the measurement is due to the
interaction of the detector with the field (which then
propagates to the effective interaction regions of detectors
A and B), rather than to the projective measurement
performed on the detector and the field correlations. In
order to clarify this, we analyzed the behavior of the
negativity for the same configuration depicted in Fig. 1, but
with a larger separation between the particle detectors:
L, = Ly = L,3/2 = 5T. The results are plotted in Fig. 3.
For this choice of parameters, we can consider that as
A, = Ay approaches zero, the interaction region of
detector C is effectively spacelike separated from those
of detectors A and B. We then observe that even when the
three interactions are effectively causally disconnected, the
measurement does destroy the entanglement harvested. We
conclude that the three detectors get correlated due to their
interactions with the field, and it is indeed Clara’s meas-
urement what sabotages the entanglement between A
and B.

Notice that the fact that the selective measurement on
C affects A and B does not mean that it can be used to
send information from C to A and B. Indeed, the reason
the measurement on C affects the joint state of the
detectors A and B is that we are postselecting the state
to having obtained a particular outcome of the meas-
urement of C. Thus, the effect we are witnessing when a
spacelike measurement on C affects A and B is not one
of faster-than-light signalling, but one of correlations
between the state of C (and therefore the outcome
of the measurement performed on it) and the joint state
of A and B.

t
Blanca

Clara
A, I

ACA

Alba

FIG. 4. Configuration in a slice of spacetime of the interaction
regions (in blue) of the three detectors involved in the first
example protocol, i.e., with parameters L,. = Ly. = 0.

We now analyze the effect of the measurement in a
timelike entanglement harvesting protocol. Notice that
due to the strong Huygens principle in 3 + 1 spacetime
dimensions, when the detectors are in strictly timelike
separation, the entanglement acquired between is not due
to communication but rather is genuine harvesting of the
field correlations (see, e.g., [31]). For simplicity, we set
L,y =L, =Ly =0, and we keep constant the delay
between the switching functions of Alba and Blanca to be
A ;. For this setup, we vary the delay A, > 0, as depicted
in Fig. 4.

The negativity of p; in the orthogonal regime for this
configuration is plotted in Fig. 5 as a function of the delay
A, > 0, for different values of the energy gap. This
configuration could model, e.g., a timelike entanglement
harvesting protocol for which a measurement has been
performed during its preparation. We also plot the neg-
ativity of p,, corresponding to the protocol when Clara
does not carry out any measurement. We observe a similar
behavior to the spacelike entanglement harvesting protocol

— QT =25
— QT=26
— QT =27
— QT =28

5 10 15 20 25T

FIG. 5. (Solid lines) Negativity in the orthogonal regime of p3;
as a function of the delay A,. > 0 for different values of the
energy gap Q7, and parameters L,. = Ly = L,; =0 and
A,z = 5T. This plot corresponds to the scheme in Fig. 4. (Dashed
lines) Negativity of p,; for the same values of L,; and A, for
different Q7.
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FIG. 6. Configuration in a slice of spacetime of the interaction
regions (in blue) of the three detectors involved in the first
example protocol, i.e., with parameters L,. = Ly = L,z = 0.

previously analyzed. In particular, the measurement
destroys the entanglement harvested at second order by
Alba and Blanca for small enough A,.. As A,. increases,
the detectors start harvesting entanglement, and the neg-
ativity of p3; tends to that of p,, for large values of A, for
the same reason as in the case of the spacelike harvesting
configuration in Fig. 2.

Finally, we also analyze the case in which detector C
interacts with the field at a time between the interactions of
A and B, as shown in Fig. 6. We fixed A, = 5T For all the
values of A, and for all the different energy gaps studied,
we find that the measurement cancels the entanglement
between detectors A and B up to second order.

Overall, in all the configurations studied we have
associated the measurement in the orthogonal regime with
a decrease or even a complete cancellation of the entan-
glement harvested. However, if the delay between the
switching function of detector C and the switching func-
tions of the rest of the detectors is large enough, the effect
of the measurement is suppressed. This is because the
field correlations between the interaction region of C and
the region where harvesting is performed decay with the
spacetime separation between them, so that the selective
measurement reveals increasingly less information about
the field at the harvesting region.

B. Transition regime

In this subsection, we analyze the effect that the
measurement has on the entanglement harvested when
we are in the transition regime, for the same configurations
studied in the previous subsection. Thus, in these scenarios
negativity is given by Eq. (38).

As discussed in Sec. III, the matrix 7 only yields a
leading order contribution to the negativity in the transition
regime. We will see that this contribution yields a more
complex behavior than both the nonorthogonal regime, in

NIN?
5.709x1077 L
— £=0
5.7085x 1077 — §=r/4
— E=112
5.708x 1077} — £=3m/4
. . . ~ Apc/T
2 4 6 g ~AC

FIG. 7. (Solid lines) Negativity in the transition regime of p},
as a function of A,. for different values of &, and QT = 2.5,
L,. =Ly =L, /2=2.5T and A,; = 0. This plot corresponds
to the scheme in Fig. 1. (Dashed line) Negativity of p,; for the
same values of L,,, A,; and QT.

which the negativity is not affected at leading order, and the
orthogonal regime, in which the measurement decreases the
negativity. In particular, in this case the entanglement
harvested can be increased by a third party performing
field measurements.

Recall that in the transition regime we analyzed the case
€ = O©(4), and note that in this case the specific value of ¢
affects pi; at leading order [see Egs. (34)—(37)]. For
simplicity, in what follows we take ¢ = A.

We first analyze the contribution of the measurement
in a scenario of spacelike entanglement harvesting (the
situation on Fig. 1). As before, we set A,; =0 and
Ly = Ly = L,3/2 =2.5T. The negativity for this con-
figuration is plotted in Fig. 7 as a function of the delay
between the switching function of detectors A and C,
A,c > 0, for different values of the phase ¢ [see Eq. (9)]
and fixed energy gap QT = 2.5. We also plot the negativity
of p,s for the same configuration. The measurement
introduces small damped oscillations with the parameter
A, that converge for large A,. to the negativity of p,g,
with the phase of the oscillations controlled by ¢&. It is worth
pointing out that the relative difference between the
negativity of p3; and the negativity of p,; is never larger
than a 0.1%. This may however be related to the fact that
we are working in a weak measurements regime, and
therefore using a stronger coupling between detector C and
the field might yield a higher relative enhancement.

In any case, we see that the effect is small. In fact, we
performed the analysis for a different set of parameters,
namely, A,; =0 and L,. = Ly = L,3/2 = 5T, with a
fixed energy gap of L,,/2T* = 5/T, observing that in this
case it is not possible to distinguish numerically the
negativity of p,; and the negativity of p3;. This is related
to the fact that the terms £, and M, decay with the energy
gap. As seen in Egs. (35)—(38), the measurement contri-
butions to the negativity are given by products of the form
LicLiey MicMie, and L, M. Meanwhile, the contribu-
tions due to the entanglement harvesting protocol per-
formed by A and B, which are present both with and
without measurements, are given in terms of £;; and M ;.
As a result, the measurement contributions decay faster

045011-10



HOW MEASURING A QUANTUM FIELD AFFECTS ...

PHYS. REV. D 107, 045011 (2023)

NIN?
1.567x107°
1.5665x 107 —£=0
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T e —

FIG. 8. (Solid lines) Negativity in the transition regime of pf;
as a function of A,. for different values of &, and QT = 2.5,
L, =Ly =L,; =0 and Ay, = 5T. This plot corresponds to
the scheme in Fig. 4. (Dashed line) Negativity of p,; for the same
values of L,;, Az, and QT.

with the energy gap. Since we have considered a value
of the gap that is double’ the value used for the analysis in
Fig. 7, the effect of the measurement is suppressed. This is
in contrast with the behavior displayed in the orthogonal
regime, when the energy gap does not modify the relative
magnitude of the effect of the measurement in the neg-
ativity of pi, with respect to p,p.

We now analyze the effect of the measurement in a
timelike harvesting protocol (see Fig. 4). As for the
orthogonal regime, we set L,y =L, =Lz =0 and
Ay, = 5T. The negativity of p,g is plotted in Fig. 8 as a
function of A,. > 0 for different values of ¢ and for
QT =2.5. As for the spacelike protocol, we observe
damped oscillations that converge to the negativity of
pap for large values of the delay A,.. The phase of the
oscillations is determined by the parameter &.

Finally, Fig. 9 shows the analysis for a timelike protocol
with 0 < A, < Ag, = 5T (see scheme in Fig. 6). A
similar oscillatory behavior of the negativity with A, is
observed. The amplitude of the oscillations is maximized if
the delays A, and Ay are equal.

Overall, we have associated the effect of the measure-
ment in the transition regime with small modifications of
the negativity at leading order, which are suppressed with
the energy gap. The measurement introduces oscillations
with the delay between the switching function of detector C
and the switching functions of detectors A and B.

V. NONSELECTIVE MEASUREMENT

In previous sections we have discussed protocols in
which the measurement taking place is a selective one, i.e.,
the outcome is known and the state of the system is updated
accordingly. However, it is also possible to consider the
case in which the measurement performed by Clara is
nonselective. The update in this case only takes into
account that the measurement is performed, but not the
outcome, since this information is assumed to be

"This is because for larger separation distances one needs to
consider larger energy gaps to harvest entanglement [21,22].

NIN?
1.59x 1078}
1.58x107} — £=0
1.57x10°}_ — §=4
1.56x10°5f — g=rm2
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I T .

FIG. 9. (Solid lines) Negativity in the transition regime of pg;
as a function of the delay 0 < A, < Ay, for different values of
the phase &, and parameters Q7 = 2.5, Ly,c = Ly =L,z =0
and Ay, = 5T. This plot corresponds to the scheme in Fig. 4.
(Dashed line) Negativity of p, for the same values of Ly, Ay,
and QT.

unavailable. This update is the weighted average of the
updates associated with all the possible outcomes, where
the weights are their corresponding probabilities of occur-
rence. Let us denote with |s), |5) the eigenstates associated
with the possible outcomes of the measurement, which
form an orthonormal basis of the Hilbert space of detector
C. The nonselectively updated joint detectors-field state
NS is then given by

NS = Prob(s)p* + Prob(5)p°, (52)
where p* and p° are the updates corresponding to each
outcome, given by Eq. (11), and Prob(s) and Prob(s) are
their probabilities, given by Eq. (23). This update corre-
sponds to an observer who is aware of the measurement
being performed but who is not aware of its outcome
[53,60,61]. Alba and Blanca would use this update if Clara
is spacelike separated from them but she told them before-
hand that she would perform the measurement. The above
equation can be expanded as

PN = [s)(s|OpO T |s) (| + [5) (51 0p U [5)(5].  (53)
Tracing out the degrees of freedom corresponding to the
field and detector C, we recover the partial state of detectors

A and B,

ﬁEBS = Trc,aﬁ (ﬁNs)
= (s|UpOU|s) + (5|10p0 U 5)
= Tr ,(UpOT"). (54)
This is in fact the same final partial state that would be
obtained if the three detectors had interacted with the field
and the nonselective projective measurement on detector C
had not been performed at all [53]. Moreover, this state

does not contain any term related to detector C up to second
order in 4. Concretely,
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P = Pl + 0 + 00, (55)
where f)/(é) is given in Eq. (16). This is, up to second order in
A, the same joint state for detectors A and B that we get
when there is no detector C involved in the protocol, i.e.,
pap given in Eq. (26). Therefore, the negativity for the
nonselective measurement at leading order is given by
Eq. (27). The entanglement harvested in the nonselective
measurement is not affected by neither the interaction of
detector C with the field nor the (nonselective) projective
measurement performed on it.

VI. CONCLUSIONS

In this paper, we have explored how entanglement
harvesting is affected by the performance of selective
and nonselective measurements of the quantum field—as
modeled in [53], i.e., using particle detectors. For weakly
coupled detectors with identical coupling strengths, we
found that the effect of the measurement at leading order is
strongly dependent on the relation between the coupling
parameter of the detector used to measure the field and the
outcome of the measurement. Specifically, we identified
three different regimes depending on the relation between
the coupling strength 4 and the modulus of the scalar
product between the postmeasurement state on the initial
state of the probe used to measure the field €, which is a
measure of how (non)orthogonal these two states are to
each other.

For € > 1 (nonorthogonal regime), we found that the
measurement does not affect the entanglement harvested at
leading order—even though it does affect the joint state of
the particle detectors harvesting entanglement up to second
order in A, which is the leading order of the negativity. For
€ K A (orthogonal regime), we studied numerically spe-
cific setups, finding that the measurement acts as a source
of noise that sabotages the entanglement harvested. For the
same setups, we saw that if € ~ A (transition regime), the
measurement has a small effect that can in principle yield
small enhancements of the entanglement harvested for an
adequate choice of parameters of the protocol. We noted
that the effects of the measurement are suppressed as the
time interval between the measurement and the entangle-
ment harvesting protocol increases. Finally, we studied the
effect of nonselective measurements, to find that they do
not affect the entanglement harvested at leading order. This
makes clear that the disruptive effects of the measurement
on the entanglement harvested observed in the orthogonal
and transition regimes are due to postselection.

Since our study reveals that the measurement protocol
affects the results of entanglement harvesting, it is arguable
that the process of state preparation and measurement may
be important in an experimental implementation of the
protocol. As such, analyses of the kind performed in this

paper may be relevant for future experimental explorations
of this relativistic quantum information protocol.
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APPENDIX A: MEASUREMENT UPDATED
DENSITY OPERATOR
In this Appendix we prove that Tr . [PUpO TP
admits the expansion used in Eq. (14). First, we note that
Try [P UpOUP] = (s[Trg[ 05O 01]s)

= (8|Pascls). (A1)

where P pe = Tr¢[f]ﬁ<0) UT]. Using the Dyson expansion of
the time-evolution operator given in Eq. (13), p,sc can be
written as

(2)

A ~(0 A ~(4
Pasc = p/(xB)c + Pasc T p/(\B)C =+ 0(16) (AZ)

where ﬁf@c is proportional to A*:

Pl = Try [0Pp©] 4+ Tr, [0V pO T 4T, [pO T,
(A3)

4

(4 7r(i) ~(0) 7r(4—i

Pl = S Try[UOOU. (ad)
i=0

Notice that the odd-order corrections cancel because all the
odd-point functions of the vacuum are zero. Using that
detector C is initially in its ground state, and Eq. (9) for the
outcome state |s), we have that

(s1pShels) = D). (AS)

Regarding the second order terms, we have that
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(slpsmcls) = Y

1JE{AB,C}

e ( [ VAV A GIA ) 51 )9 e s W . X)

- / AVAV'A (A (X)) (s ()70 (27 )PS50 | ) W (x, )0t = 1)

- / AVAV' AL (A (X) (s ]P0 ()i () | s) W (X', X)0(1 — ﬂ>>.

In the expression above, we analyze separately
the terms which only involve the detectors harvesting
entanglement, A and B, the local terms associated to the
detector used to perform the measurement, C, and the
cross-terms involving the pairs (A, C) and (B, C). Namely,
we use

Y=

1JE{AB.C}

PR DIEDIED

11e{AB}  1JE{C} I-JEI{Q-Q I'JE,S'C}

(A7)

The terms involving detectors A and B yield ezﬁ/@,

with ,b/(@ given by Eq. (16). The local terms in C yield

Loo(1 - 262),5532. The last two summands in the expres-

A

sion above yield the correlation matrix 7 given by

Eq. (17). (s|p\2|s) is thus obtained adding all the
contributions:

(sIPels) = p) + Lec(1 = 22)pS) +5. (A8)

It is left to calculate

(s| 0(2)f)g(33)c

This can be rewritten as

(s|0PpNO

SIDEYAY

4

Z |Tr¢ )pO) {4=01|5).

i=0

|pABC| (A9)

In order to compute the negativity at leading order in
perturbation theory for the cases in which ¢ is sufficiently
small (i.e., in the orthogonal and transition regimes), we
only need to calculate up to fourth order terms in A. In
particular, in these regimes the only fourth order terms
that influence the negativity are those which are not
proportional to any power of e. Since |(s|gc)| =€, we
have that |(slec)| = V1 —€®> =1+ O(e?), and thus we
only need to compute the terms for which the
time-evolution yields |e.)(ec|. These terms are charac-

terized by having the Hamiltonian weight 4 acting an odd
number of times on each side of the initial state ,b/(&)c. Thus,
we need not to calculate (s|Try[U®p©U®[s) and
(s]Tr, [T®pO FO7|s) since they only yield terms pro-
portional to €. The only terms that yield contributions of
order zero in € are those with a single Hamiltonian weight

he(x) acting on each side of Py

J@f|s) = (s[Try { > / Avav'dv"av" (i (x)he(X') + he(X)(X') )plae
1Je{A.B}

x (hy(})he(X') + he ()R, (X)B(t = )0 = 1) |[s) + €O(2). (A10)

/ dVdV/dV//dV///AI(X)AC(X/>AJ(X//)AC(X///)eigc(r’c—r’c”)ei(QIrI—erj’)

LJe{AB}

% [W(X"', X", X, X/)Q(l‘ _ t’)e(l‘” _ t"/) + W(X"’ X" X, X)Q(l" _ I)H(t” _ t"/)

+ W(X",X"',X, X')Q(t _ l‘/)e( o //) + W(X"’ X", X, X )9(1‘ _ ) ( = //)]
x (lex) (gal)* (len) (g )*[9) (9a] @ l95) (n](19.) (ea])* (Igs) {es])? + €O(2").  (AlL)

where &, is the Kronecker delta. To go from Eqgs. (A10) to (A11) we have performed changes of variables X <> X', X" <> x”

in order to have fz] evaluated at X and }Az] at X”. Since the field is initially in its vacuum state, which is a quasifree state, the
4-point function can be expressed in terms of the two point function as

W(X1, X2, X3, X4) = W(Xy, X)W (X3, X4) + W (X, X3)W (X, X4) + W(X;, X4) W (X2, X3).
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Combining this with the relation 6(r — ¢') + (¢ — r) = 1, the expression above can be rearranged as

<S|0<2)ﬁ/(x(l)s)cﬁ(2ﬁ|s> = ‘CCCZAA|6A><6A| ® |gB><gB| =+ ‘CCCZ:BB|9A> <9A| ® |eB><eB|

+ ‘CCCZAB|6A> <gA| ® |gB><eB| + £CCZ:B|9A><6A| ® |eB><gB| + 60(}”4)’

(A12)

where L. is the excitation probability of detector ¢, and £, is given by Eq. (21). We now compute the fourth order terms

left, namely <s|l7(3)ﬁ,§?3> UW7T|s) and <s|(7(1)ﬁg(gcl7(3)T|s>:

SO0 s) = (T |

1Je{A,B}

+ ()R (X e (X")plSiche (X0t -

where «; is a local term of C given by

K = <s|Tr¢[ >

1JE{AB}

Finally,

(s TS UV |s) + (s|TDPRTD[5) = LeeMyglen) (ga] @ lew)(ga] + Lech

/ Avdv'av"dv" he(X) i, (X )i, (X)) O i (X0t —

)0 = 1")|s) +x11ga) (9a] ® len)(en| +€O(2%),  (A13)
Mo —1")||s). (A14)
slga)(enl ® |gs)(es]
- £CC£AA‘gA><gA| ® |9s) (9] — £CCzBB|gA><gA| ® |9s)(9s| + k2|98)
(A15)

X (ga| ® [ga)(ga| +€O(2*).

with «, given by
iy = Tr{(s| UDPQ TN |s) + (s UVP 0T |5)]. (Al6)

The fourth order terms are obtained adding the contribu-
tions of Egs. (A9), (A12), and (A15), yielding

(slplscls) = ki +0+€O(A), (A7)
with o given by Eq. (18) and
K = K| + K. (A18)

Finally, we add the terms proportional to A°, 4> and 1%,
which are given by Egs. (AS), (A8), and (A17), respec-
tively. This completes the proof for the expansion stated in
Eq. (14).

APPENDIX B: NEGATIVITY

In this Appendix we show that the negativity of a density
operator of the form of Eq. (28) is given by Eq. (29). The
negativity of a two-qubit system is a function of the
negative eigenvalues of the partially transposed density
operator (partially transposing with respect to either of the

subsystems A or B, which yields the same eigenvalues).
Concretely, we can write

N (pas) = Z—'x”;x’l (B1)

where x; are the eigenvalues of the partially transposed
density matrix. Note that the expression above reduces to
the absolute value of the sum of negative eigenvalues of
the partially transposed density matrix. Given the density
matrix in Eq. (28), its partial transpose with respect to
subsystem B is given by

1 —/127"22 —12733 @(lh) @(lb) lzl";z
ok 22 2r 0
( ) 7] Ty —|—O(/13).
@(lb) /12r41 /12r33 0
/12r32 0 0 0
(B2)

The characteristic polynomial of the matrix above reads

P(x) = x* =X + (rp 4 r33 + O(2))x?

+ ([ra|* = raarss + O(2)) + O(2%).  (B3)
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In order to find the roots of the above expression, we need
to follow a method that is consistent with the perturbative
expansion, as in, e.g., [24]. Assume that x is a root of
Eq. (B3). We expand it in 4 as

x = x0 4 x4+ x2) 1 0(23), (B4)
where x) is proportional to A’. We impose P(x) = 0 and
set the terms of order i in 4 equal to zero, starting by i = 0
and increasing the order until we determine x(*), x(!) and

x up to the order we need. In the first step, for i = 0, we
obtain

xOPx© —1] = 0. (B5)

Hence, either x(¥) =0 or x(©) = 1. For i = 1, we get

4[xOPxM = 3[x 2% = 0. (B6)
If x(9 = 0, the equation above vanishes. If x(*) = 1, the

equation allows to find x1) = 0. For i = 2, we obtain the
equation

4[x(0)]3x(2) + 6[x(0)x(])]2 - 3[)((0)]2)(:(2) - 3[x(l)]2x(0)

+xO(ry 4 r33) = 0. (B7)
If the zeroth order term is zero, i.e., x(0) = 0, all the terms of
the equation above also vanish. If x(¥) = 1 and x(!) = 0, the
equation above simplifies to x?) 4 (7, + r33) = 0, which
allows us to find the second order term of the eigenvalue.
Therefore, we have completely characterized one of the
eigenvalues up to second order in perturbation theory:

X = 1—]"22—7'334'0(/13). (BS)
Henceforth, we can restrict to the case in which the
zeroth order term vanishes, x(*). = 0. For i = 3, we obtain
[x(V]*> =0, which implies x(!) = 0. Consequently, the
remaining eigenvalues are quadratic in the coupling
strength, x = x?) +- O(4%). There are no terms in the
equation P(x) = 0 proportional to A* or 3. For sixth order,
we get

—[x@P + (roo 4 r33) X@P + (|rar | = raarss)x® = 0.
(B9)

Hence, x?

solutions are

is a root of the previous expression. The

(B10)

2 (rap + 133) + /(roa + r33)2 + 4(Jray|* — roars3)

3 > .
(B11)
NN (raa + 133) =/ (rma + 133)2 + 4(|ra|* — roorss)
4 = .
2
(B12)
Therefore, the eigenvalues left read
X :0+0(/13), (B13)
x3:(r22+r33)+\/(r22+r§3)2+4(|r41|2—r22r33)+o(ﬂ3)’
(B14)
x4:(r22—|—r33)—\/(r22+r233)2+4(|r41|2—r22r33)+0(ﬂ3).
(B15)

The negativity is derived from the negative eigenvalues of
the partially transposed density operator. The eigenvalue x;
is always positive, since we are assuming that 1 is a small
parameter. The eigenvalue x, is zero (and therefore non-
negative) to second order in perturbation theory. The
eigenvalue x5 is positive since it is a sum of positive terms.
Therefore, the only eigenvalue that can be negative (to
second order) is x4. Thus the negativity is

2
N, =max <0\/7(r22 *r3) + |14 |2 = ranrss

4
Tt +O(/13)>
2
2

(B16)
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