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Chiral anomalies in black hole spacetimes
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We study the properties of chiral anomalies in a wide class of spacetimes that possess a principal Killing-
Yano tensor. This class includes metrics of charged rotating black holes as a special physically important
case. The spacetimes that admit a principal Killing-Yano tensor possess a number of remarkable properties.
In particular, such spacetimes have two commuting Killing vectors and a Killing tensor responsible for their
hidden symmetries. We calculate the gravitational and electromagnetic contributions to the axial anomaly
currents in the spacetime of a charged rotating black hole, and we demonstrate that the equation for the
chiral anomaly current has special solutions which respect both explicit and hidden symmetries. Two of
these solutions have the form of currents propagating along two principal null directions, which are null
eigenvectors of the Riemann tensor. These solutions describe chiral currents for the incoming and outgoing
polarization fluxes. It is demonstrated that these principal chiral currents can be written explicitly in the
form which contains the off-shell metric coefficients and their derivatives. We discuss conditions where the
principle chiral anomaly current is regular at the horizon and the axes of symmetry. We demonstrate that for
states where the current vanishes at the past horizon and at the past null infinity, there exist chirality fluxes
at both the future horizon and future infinity. The latter is directly related to the polarization asymmetry of
Hawking radiation for massless spinning particles. We also calculate the Chern-Simons currents for both
gravitational and electromagnetic chiral anomalies in the black hole spacetime, and we discuss the
properties of the chirality fluxes associated with these currents.
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I. INTRODUCTION

There exists a well-known correspondence between
gravitation and electromagnetism. This correspondence
becomes quite transparent when a linearized version of
Einstein gravity is considered (a comprehensive review of
this subject can be found, e.g., in [1]). For example, the
gravitational interaction of a spin with a gravitational field
is similar to the interaction of a magnetic dipole with an
electromagnetic field. Both the spinning particle in a
gravitational field of a massive rotating object and the
magnetic dipole in a static magnetic field undergo pre-
cession. The equations describing the motion of massive
spinning objects in a gravitational field are known as the
Mathisson-Papapetrou-Dixon equations [2—4]. Using this
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equation, Wald [5] evaluated the force on a spinning test
body at rest in the exterior field of an arbitrary stationary,
rotating source. In particular, he demonstrated that this
force acting on a particle with spin § in the gravitational

field of a massive object with angular momentum L

depends on the relative orientation of vectors 5 and L.
For example, for a spinning particle on the symmetry axis
of a rotating black hole, this force is repulsive if vectors §

and L are parallel, and attractive if the vectors are
antiparallel.

When a spinning particle is brought into the vicinity of a
spinning black hole along the black hole’s symmetry axis,
the energy of a particle with an antiparallel spin orientation
will be larger than that of a particle with a parallel spin
orientation. The additional dependence of this energy on
spin makes the quantum creation of particles with spin
directed along the black hole’s angular momentum more
favorable. For the Hawking quantum flux of neutrinos,
antineutrinos are predominantly emitted in the direction of
L, while neutrinos are mainly emitted in the opposite
direction [6-9]. This effect has an analog in the quantum
radiation of photons and gravitons by a rotating black hole.
Namely, there exists an asymmetry in the emission of left-
and right-hand-polarized quanta of these fields in a given
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direction. As a result, the electromagnetic and gravitational
quantum radiation of rotating black holes are polarized
[8,10]. A similar effect is expected for higher-dimensional
rotating black holes [11]. This effect, as well as the
connected property of asymmetry in Hawking radiation,
might be important for the search of a decay of mini black
holes if such black holes could be produced in colliders.

Dolgov and collaborators made an interesting observa-
tion. They pointed out that the effect of asymmetrical
radiation of massless spinning particles by a rotating black
hole is related to a so-called “gravitational chiral anomaly”
[12-14].

An anomaly in quantum field theory is a well-known
phenomenon that arises from a conflict between sym-
metries of the classical theory and its quantization (for a
general discussion of this subject see, e.g., [15,16] and
references therein). A chiral anomaly occurs when a chiral
current is not conserved in quantum theory, in spite of its
classical conservation.' One of the most “dramatic” con-
sequences of the axial anomaly is the possible production
of fermions whose quantum numbers violate classical laws.
An axial-current anomaly for the massless Dirac field y
with electric charge e in external electromagnetic and
gravitational fields was calculated in papers [19-22].
Namely, if a* = yy*y’y is the axial current, then the
quantum average of its divergence does not vanish. It has
the form®
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<Vﬂa">:8—F FH R

_ *Rﬂl/(lﬂ’
" 19272

(1.1)

uvaf

where
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Dolgov and collaborators demonstrated that a similar
chiral anomaly exists for an Abelian vector field A, [12-
14,25,26]. Namely, they considered the current

Kt = e A,0,A,

(1.3)
and showed that

'Similar effects of anomalous transport phenomena in chiral
liquids [17,18] are of great interest in condensed matter physics.

’In this relation we use the sign convention of [23]. The
coefficient of the electromagnetic field contribution depends on
the choice of units. In Heaviside units, this coefficient is e2/(27)
(see, e.g., [24]). Let us also note that for a Weyl neutrino, the
coefficient of the gravitational anomaly is twice as small and is
1/(3847%).

(V,Kt) = —WRW,/}*R/‘V”/’. (1.4)
An approximate evaluation of the chiral current for the
Riemann curvature tensor in the Kerr metric was performed
in [12,27]. The physical interpretation of the currents a*
and K* comes from the observation that integral over all
space for components a® and K° has the dimensionality of
an angular momentum, and is proportional to the difference
between the right and left circularly polarized components,
i.e., the net helicity [26]. Chiral anomalies for other fields
and further references can be found in [22]. Calculations of
chiral anomalies in four dimensions and higher can be
found in the book [28].

There exist a number of publications devoted to the study
of chiral and other anomalies in black hole spacetimes. A
long time ago, Christensen and Fulling [29] discussed
conformal anomalies for a conformal massless field in the
Schwarzschild geometry. For such a theory, the classical
trace of the stress-energy tensor vanishes, while its quan-
tum average does not. The authors showed that in two
dimensions, the conformal anomaly uniquely determines
the stress-energy tensor itself, up to two arbitrary functions
of one variable that depends on the choice of state. In
particular, for the Unruh vacuum, the flux of Hawking
radiation at infinity is uniquely determined by the con-
formal anomaly. In four dimensions for a similar state, the
expression for the quantum average of the stress-energy
tensor, in addition to the known conformal anomaly,
contains an unknown arbitrary function of one variable.

An interesting approach in connecting Hawking radia-
tion from black holes to quantum anomalies was proposed
and developed in the papers [30-33]. In this approach, one
considers a free quantum field in the black hole background
and focuses on its properties in a narrow strip near the
horizon. After decomposition of the four-dimensional field
into modes, one reduces the problem to an infinite set of
two-dimensional fields with an effective potential that
vanishes in the near-horizon domain. In this regime, one
effectively has a free two-dimensional massless field with
two kinds of modes: “left movers” describing particles
moving toward the horizon, and “right movers” describing
particles propagating toward the black hole exterior.
By studying the gravitational anomalies in such a two-
dimensional chiral model, Robinson and Wilczek [30]
demonstrated that the existence of the Hawking radiation
is necessary for cancellation of this anomaly. The papers
[31-33] contain a generalization of these results to charged
and rotating black holes® [34].

Let us emphasize that the above approach only allows
one to obtain information about the quantum average of the

*Let us note that this approach is similar to the case where one
interprets the production of charged massless fermions by a one-
dimensional electric potential step-function as an anomalous
fermion production.
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stress-energy tensor of the field in the region very close to
the horizon. To find the Hawking radiation at infinity, one
needs to first figure out how each mode’s contribution to
the stress-energy tensor is affected by the effective potential
in the domain where the adopted approximation is not
valid, and then one needs to sum over all modes.

In the present paper, we follow the basic ideas of Dolgov
and collaborators [12-14], and we study the contribution of
chiral anomalies to the asymmetry in the net helicity of
Hawking radiation from massless spinning particles.
Namely, we consider the equation

V=P, (1.5)
for two cases: P = =1 R,,,5"R*“¥ and P = P, = F,,,"F*.
Currents (a*) and (K*) can be obtained as linear combi-
nations of the currents J# with an appropriate choice of the
constant coefficients. We study solutions of these equations
in a wide class of spacetimes, including the case of charged
rotating black holes. This class is singled out by the
property that they admit a special object called the principal
Killing-Yano tensor, which is a generator of hidden
symmetries [35,36]. The principal Killing-Yano tensor
determines a preferable (Darboux) frame and a system
of canonical coordinates. Such a metric admits two
commuting Killing vectors. When written in canonical
coordinates, this spacetime metric contains two arbitrary
single-variable functions. If the Ricci scalar vanishes, these
functions are second order polynomials of their arguments.
The Kerr and Kerr-Newman metrics, describing a rotating
black hole in an asymptotically flat spacetime, belong to
this subclass of metrics.

We impose natural conditions on the current J#. Namely,
we assume that it respects the spacetime symmetries and is
regular at the horizon and symmetry axes. To incorporate
these properties, we use a formalism developed by Geroch
[37,38]. He demonstrated that in the presence of two
commuting Killing vectors, one can introduce a two-
dimensional space S, the points of which are orbits of
the Killing vectors. In other words, our spacetime can be
decomposed into a bundle of such two-dimensional (2D)
Killing vector surfaces over S. In such a description, vectors
and tensors respecting the spacetime symmetries can be
identified with corresponding 2D fields on S. One can use
such a representation to reduce 4D equations to 2D
equations on S. We apply this method to the spacetime
of an eternal black hole. In this case, we impose an
additional condition that there are no initial fluxes of the
polarization, and we require that the current J# vanishes
both at the past null infinity J~, and at the past horizon.

We describe a method of obtaining exact solutions to
(1.5) that satisfy the imposed symmetry and regularity
conditions. Such a solution is found in explicit analytical
form. We use these results to obtain an analytic expression
for the flux of the current at the infinity. In the second part

of the paper, we repeat this analysis for the chiral anomaly
generated by the F*F term in (1.1) in the background of a
charged rotating black hole.

It should be emphasized that there exists a freedom in the
choice of a solution for (1.5). Namely, one can add a
solution of the homogeneous equation, i.e., a solution of
(1.5), with P = 0. We analyze this freedom and discuss
constraints imposed on it by the regularity conditions on the
horizon and symmetry axes.

The paper is organized as follows. In Sec. II we remind
the reader of the main points from Geroch’s approach, and
collect some useful formulas related with this formalism. In
Sec. III we describe the main properties of spacetimes that
admit a principal Killing-Yano tensor, and specify regu-
larity conditions at both the horizon and the symmetry axes
in such spacetimes. In Sec. IV we study solutions of the
equation for the chiral anomaly in the off-shell metric. We
demonstrate that there exist solutions for the current which
respect both explicit and hidden symmetries of the space-
time, and we find their explicit form. In this section we also
describe principal chiral currents which are collinear with
the principal null directions of the spacetime. In Sec. V we
study the Chern-Simons form of the chiral current and
discuss its relation to the principal chiral currents.
Section VI is devoted to studying the contribution of the
electromagnetic field to the chiral current anomaly in a
spacetime of the charged rotating black hole. Section VII
contains discussion of the obtained results.

In this paper we use natural units in whichG = c =ha =1
and the signature conventions of the book [23].

II. BASIC EQUATIONS

A. Geroch’s formalism

Let M be a four-dimensional spacetime with a metric g,,,,
which admits two commuting linearly independent Killing

0 1
vectors £ and &£. Geroch [38] demonstrated that if additional
natural conditions are imposed on these Killing vector
fields (which we also assume to be valid), there exists a
projection y of the spacetime M onto a smooth two-
dimensional space S.

We denote
0u0 1ul 0p 1
/100 = 5 é:;w j“ll = 5 g/n j'Ol = 5 5/47

1 00 11 0 1

Yﬂl/ = _; llléhé:y + iooé’:ﬂfl’ - 21015(”&/) ’
0 1

Puv = 286, 1)

In what follows we also assume that the following so-
called “circularity conditions™ are satisfied (see, e.g., [39])

50 10 50 11
eaﬁy ‘ga‘_fﬂgygé = 07 eaﬂ}' éaéﬂéy;& =0. (22)
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These relations are necessagy and, sufficient conditions for
the two-flats orthogonal to £ and ¢ to be integrable. Let us
denote by I' the two-dimensional span of the Killing

vectors 2‘ and zl” Then, the circularity condition implies
that I" is orthogonal to S. The circularity conditions are met
for stationary axisymmetric vacuum and electrovac solu-
tions of the Einstein equations [40,41]. These conditions
are also valid for the off-shell metrics (3.5), which we shall
discuss in the next section.

It is easy to check that

1
7 =—=5Puwl = (A01)* — Aok (2.3)

2

If one of the Killing vectors vanishes, then the scalar y
vanishes as well. For example, this happens in an axisym-
metric spacetime at the axis of symmetry. We assume that
outside of these points, the Killing vectors are linearly
independent, so that they stretch a 2D plane. If y > 0, this
2D plane is timelike. For y <0, such a 2D plane is
spacelike. When y =0 and the Killing vectors remain
finite, the 2D plane stretched by these vectors is null. Carter
[42] showed that if the circularity conditions are satisfied,
the event horizon of an arbitrary stationary axially sym-
metric black hole coincides with the set of points at which
p=0.

For the case of a stationary axisymmetric black hole in an
asymptotically flat spacetime, which is the object of the
main interest for us, the region with y > 0 coincides with
the black hole exterior. In this domain there exists a natural
metric ¢ and alternating tensor € on S

9 = G — V> (24)
1 0alp
€/w = We;waﬁf é: . (25)

Let z%, a, b = 2,3 be coordinates in S. Then its 2D line
element is

dg* = q,,dx'dx* = q,,dzdz". (2.6)
Let pi, i, j = 0,1 be coordinates in I', and then
dy* =y, dx'dx" =y, dp'dp’. (2.7)
Denote
g=—det(gy). y=-—det(y;). q=det(qu)
(2.8)

and then one has

g=7q. (2.9)
Let us note that y is a scalar function on S.
The inverse 2D metric ¢°° is defined by the relation

q“" qpe = 52. (2.10)

One also has

1 0 Oov 1 1v 0 1
QZ:5Z+; Mi&ué +A008é — 2201970 |- (2.11)

This tensor is a projector on S which has the following
property:

ov 1u
@& =qié =0. (2.12)

Let us consider a tensor 7' in M with components T b
We say that this tensor respects the symmetry of M if

ﬁgT - EéT = 0 (213)

Here L is the Lie derivative. We say that a tensor 7" which
respects the symmetry is an S-tensor if, in addition to
(2.13), it has the following property:

piT =0, pThT=0. (2.14)
Such tensors have nonvanishing components only in the
directions tangent to S. Geroch [38] showed that they can
be identified with tensors on S, and the covariant derivative
V, acting on S-tensors in M is related to the covariant
derivative D, for the reduced 2D metric dg? on S.

B. Conserved and nonconserved currents

In what follows we discuss solutions of Eq. (1.5) for the
chiral current in the presence of a chiral anomaly. Let us
make comments concerning properties of an arbitrary
vector field J in M which respects the spacetime symmetry
and therefore obeys the equations

LoJ =L.J=0. (2.15)
¢ ¢
Let us write such a vector J in the form
JH = Jk + JE,
" L Ou Cu u
Je=jo& +hé. Tg=q"J.  (2.16)

Since the Killing vectors commute, conditions (2.15)
imposed on the vector J¢ imply

op - op -
5 aﬂ]O :é aﬂ]O :f aﬂ]l :Zj aﬂ.]l =0. (217)

045009-4



CHIRAL ANOMALIES IN BLACK HOLE SPACETIMES

PHYS. REV. D 107, 045009 (2023)

This means that the component J% of the vector J¥ is
uniquely determined by two scalar functions j, and j; on S.
It is easy to check that

Op Cu
V(o€ ) = V,(ji& ) =0. (2.18)
This means that the current J satisfies the homogeneous
equation

Jh, =0. (2.19)

The other component J of the vector J is an S-vector. If
the vector J satisfies Eq. (1.5), then J should satisfy this
equation as well. If one finds any special solution of such
an inhomogeneous equation, one can obtain a general
solution by adding the special solution to solutions of the
homogeneous equation

= 0. (2.20)

For the S-vector J# = (0,J",J7,0), this equation takes the
form

0,(V&I") + 0,(,/3I") = 0.

Let J be an S-vector obeying Eq. (2.20). Denote

(2.21)

0710
Wy = €apslPE E . (2.22)
Here e,5,5 = \/9€apys> and €,5,5 is the totally antisymmetric
Levi-Civita symbol, €,,,, = 1. It is easy to check that @ is
an S-covector and its components are
w, = (0,0, ®,,0), o, = /9, o, =—/gJ".
If the S-current satisfies the conservation law (2.21), then
one has
W,y = @y ,. (2.23)
This means that for a conserved S-current J, the 1-form @ is

closed and (at least locally) is a gradient of some function
¥ =Y(ry)

w, =¥

" e (2.24)

We call ¥ the potential. The conserved S-current itself can
be expressed in terms of its potential as follows:

1 01
JH = —;eﬂvﬂvwﬁygpg(,. (2.25)

III. HIDDEN SYMMETRY AND CANONICAL
FORM OF THE METRIC

A. Principal Killing-Yano tensor and off-shell metric

Consider a nondegenerate rank-2 skew-symmetric tensor
h,, obeying the equation

h/u/;l = givé:ﬂ - gi/lé:u' (31)

It is a closed conformal Killing-Yano tensor, and it is called

a principal Killing-Yano tensor. The 2-form 4 is closed and

(at least locally) it can be written as

h =db, (3.2)

where b is a 1-form. If k is a principal Killing-Yano

tensor, then
(i) The Hodge-dual of k, k = xh, is a Killing-Yano
tensor

k() = 0. (3.3)

(i) The following two symmetric tensors K, = k, N

and H,, = h, ,h*, are Killing and conformal Killing
tensors, respectively:

(3.4)

Ky =0, Hiugy = 29(uhi)08°-

In the general case, the metric of a spacetime admitting
the principal Killing-Yano tensor can be written in the
following form (see, e.g., [35,36]):

ds* = dy* + dq?,

.. A A
dy* = y,dp'dp’ = EV (dr — r*dy)?* — E’ (dr + y*dy)>.
dr’*  dy*
d 2 _ d-%d b _ o) i = 35
q° = qupdz*dz [A,JFA}} (35)

Here p' = (z.p), 2 =(r.y), T=r"+y’ A, =A/(r),
and A, = A(y). This metric is called “off-shell” if the
functions A, and A, are not specified. For this metric, one
has

b
AA

Vi=% S =VAAh, Ji=

’

y

using the conventions adopted in (2.8). In the coordinates
(z,r,y,¥), the 1-form b is of the form

b =—[(r* = y*)dr + r*y*dy]. (3.6)

N[ =

045009-5
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0
The metric (3.5) has two commuting Killing vectors & =

1 0
0, and & = 9,,. The first one & coincides with the vector &
which enters the definition (3.1) of the principal Killing-

1
Yano tensor, while the second Killing vector € satisfies the
1 ov
equation &, = K,,& . The metric (3.5) is invariant under a

discrete transformation 7 — —7, y — —y.
Consider the following equation:
HF u* = Aut. (3.7)
The eigenvalues A are > and —y?. These parameters (7, y)
together with Killing parameters (z,y) enter in the metric
(3.5) as its coordinates. The full metric (3.5) evidently
belongs to the class of the metrics discussed in [38]. The
Darboux coordinates (r,y) define standard coordinates in
the 2D space S.
For the metric (3.5) there exists a so-called “Darboux
basis” of normalized vectors e, = {ey, ej, €3, €5} in which

gﬂl/ = nABeA,MeBV’ 77AB = diag(_19 15 1’ 1)7

h,, = 2(reyyeq,) + yeaes,))- (3.8)

We use capital letters such as A and B to enumerate the
Darboux basis vectors. These indices take the val-
ues (1,1,2,2).

The vectors of the Darboux basis are

1 >\ 1/2
e’l‘aﬂ = E (A_> (rza, + 0,,,),

u A, 1/2
eiaﬂ - <E> ara

1 >\ 1/2
40, = S (A_> (y*0,—9,).

AN 1/2
€50, = <§> Vs (3.9)
1/2
mﬁ=?(£>(ﬁ+fmi
s\ 1/2
eqdxt = (A_> dr,
AN 12 ,
ey, dxt = > (dr — rdy),
>\ 1/2
e3,dx! = (A_y> dy (3.10)

Here we choose e’l’ to be a future-directed timelike vector,
and we choose the orientation of the tetrad such that

eaﬁy(;e‘l’e/i}e;eg =+1. (3.11)

It is easy to show that

1

Ho_ 1 Hou H

el e, ey = ——=Hniel, (3.12)
Vil Vik]
where A, =r?> and A, = —y* are the eigenvalues of

Eq. (3.7).
The principal Killing-Yano tensor and the vectors of the
Darboux basis obey the following relations:

Loh = Lih =0,
¢ ¢

ﬁgeA = LéeA =0. (313)

The vectors ej and e5 lie in S, while the vectors e; and e, are

linear combinations of the Killing vectors 6 and f with
coefficients depending on r and y. We denote by I1; a two-
plane spanned by the vectors e; and ej and by II, a two-
plane spanned by the vectors e, and e;. (See Fig. 1.) Vectors
of Il; are eigenvectors of the tensors H and K with
eigenvalues A= r> and A= y?, respectively. Similarly,
vectors of Il, are eigenvectors of the tensors H and K
with eigenvalues 1 = —y? and 1 = —r?, respectively.
Using the Darboux basis vectors, we define

[ X
ki =e1 F ei, li = A—ki, (314)

P2 1
z’jta,, = A—ar +-—0, F 0,. (3.15)

A,

The vectors k. and I are null. The vectors k. obey the
following normalization condition:
(ki k_)=-2. (3.16)

The vectors I satisfy the relation

FIG. 1.
(3.5).

The geometry of spacetime for the off-shell metric
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LI, =0. (3.17)
This relation shows that the integral lines of I, are geo-
desics, and that 7 is an affine parameter along them. These
vectors are called principal null vectors.

B. Black hole metrics

Functions A,(r) and A, (y) which enter the off-shell
metric (3.5) are arbitrary. They are specified if one requires
that this metric is a solution of the Einstein equations. For
the vacuum, such a solution is the Kerr metric, while for the
electrovacuum it is the Kerr-Newman metric. It is instruc-
tive to work initially with a general form of the metric and
specify the functions A,(r) and A, (y) later. However, we
assume that the function A, obeys special boundary
conditions:

(1) A, is positive in the interval ry < r < co.

(i) At r - oo, A, has the following asymptotic

form A, ~r?> —=2mr+ - - -.

(iii) The metric function A,(r) vanishes at r = ry, and
near this point it has the following expan-
sion: A, ~ AL(rg)(r—ry) + O((r — ry)?).

To reproduce the standard formulas in the Boyer-
Lindquist coordinates, we introduce two new Killing
coordinates (, ¢)

T=1t—agp,

v =¢/a. (3.18)

We denote by &) = d; and &) = d, their corresponding
Killing vectors. Then, one has

11 0
The Killing vector &, is singled out by the property that its
norm at infinity is finite and equal to —1. The other Killing
vector (4 has the property that its integral lines are closed.
The axes of symmetry are defined by the condition
§% 5 = 0. This condition implies that A, vanishes at the

symmetry axis.

For
A, =a*—y? (3.20)
the asymptotic form of the metric at infinity is
ds* = —dt* + dr* + r*(d6* + sin®> 0d¢?) + - - - (3.21)

A condition for regularity at the symmetry axes (absence of
conical singularities) implies that ¢ is an angle variable and
its period is 27z.

In what follows we assume that relation (3.20), as well as
the imposed conditions on A,, are satisfied. Such a metric
describes a rotating black hole in an asymptotically flat

spacetime. Let us emphasize that in the presence of matter
in the black hole exterior, the metric function A, should be
obtained by solving the Finstein equations.

The angular velocity of a black hole described by the
metric (3.5) can be defined as follows. Denote

0

Ql
n==E&u+ Q& = (1-aQ)f+—¢.

- (3.22)

In the black hole exterior, the condition > = 0 specifies
two values of Q. The two corresponding null vectors
coincide at the horizon. In this limit

a
Q=Q, =———.
" r + a?

(3.23)
Here, Qp is the angular velocity of the black hole. Inserting
this value of Q into the definition of #, one can check that
the following relation is valid at the horizon:

(), = =27, (3.24)
where « is the surface gravity. The validity of this vector
equation should be checked in coordinates that are regular
at the horizon. One can also compute « using the following
representation:

1,
K> = =0 Nyl

5 (3.25)

This gives the following expression for the surface gravity:

Ally

TG St (3.26)

Here prime denotes the derivative with respect to r.

C. Vacuum and electrovac metrics

For a given matter distribution, the Einstein equations
impose restrictions on the functions A, () and A,(y). For
example, let us assume that the scalar curvature vanishes.
Then, one has

e L(EA AN
a dr? dy* ]

(3.27)

This relation implies that both functions A, and A, are
quadratic polynomials of their arguments. A term in A, that
is linear in y is connected with the NUT parameter. In the
presence of this parameter, the metric has at least one
conical singularity at the poles of the axis of rotation (north
or south). We assume that this singularity is absent and
write

A, =a* -y~ (3.28)
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This is the form of the metric function A, that we
postulated earlier.

We assume that the quadratic equation A, = 0 has two
positive roots r_ < r. It is convenient to write A, in the
form

A, = (r—m)?-b re =m=xb. (3.29)

The location of the black hole horizon coincides with r_;
thus one has ry =r,. For the vacuum solution,
b = Vm? — 4%, and one obtains the Kerr metric. For the

electrovac metric, the scalar curvature vanishes and the
expression (3.29) is valid where

b=+/m*-a*- Q- P2 (3.30)

This is the metric of a charged rotating black hole in an
asymptotically flat spacetime. The parameters m, ma, Q,
and P are its mass, angular momentum, electric monopole
charge, and magnetic monopole charge, respectively. For
Q = P = 0 one reproduces the Kerr metric.

D. Regularity conditions

1. Coordinates regular at the horizon

The metric (3.5) is singular at the points where either A,
or A, vanishes. The surface where A, =0 is a Killing
horizon, while the condition A, =0 defines an axis of
rotation. In what follows, we assume that the surface
gravity k defined by (3.24) is finite, so that the horizon
is nondegenerate. In this case, the singularity of the metric
at A, = 0 is a coordinate singularity. To obtain coordinates
that are regular either at the future or the past horizon, one
can introduce coordinates similar to Kerr’s Eddington-
Finkelstein retarded and advanced time coordinates. For
this purpose, let us denote

2., 2
dai:d‘r—i—azdl//j:r ra

dr,

r

1
do, :a<dy/:l:A—dr). (3.31)
Then one has
)
dr = dd:l: - Cld(ﬁi F A—dr,
dy = 1d¢ ! d (3.32)
W_a + F A, r. .

In the vicinity of the horizon, one has

a,=%r =r) 0= )

' dr r=ry
=2(ry + @) (r—ry) + O((r—ry)?).
where « is the horizon surface gravity.

In (6., ¢p.) coordinates, the metric (3.5) near the horizon
takes the following form:

A 2 2 2
ds* =3 (dai - Z“ d¢i>

2

2
- »
i2<dai—a ay d¢i>dr+A—dy2+~-~.
y
(3.33)

Here (- - ) denotes terms that vanish on the horizon. This
expression demonstrates the regularity of the metric at the
horizon in these new coordinates o, and ¢,. Namely,
the advanced time coordinates o, and ¢ are regular at the
future horizon H ., while 6_ and ¢_ are regular at the past
horizon H_.

2. Regular vectors

A tensor is regular at the horizon H if its components in
(64, ¢-) coordinates are finite and smooth at H .. It is easy
to show that in the regular coordinates (o4,¢.) the
components of I are

@ —y?

a

liﬂdx” = —dUi +

de... (3.34)

This means that the principal null vector /, is regularat H ,,
while /_ is regular at H_. Let us denote

A
k

= (3.35)

ni =
One has

(li,ni) = -2. (336)
The null vectors n, and n_ are regular at the future H, and
at the past H_ horizons, respectively. Their components in
(64, ¢-) coordinates are

2 2

A —
Pyt == <d0i _4 - Y d(,l)i) +2dr. (3.37)

At the horizons H ., the vectors n coincide with the null
generators of the horizon. Figure 2 shows vectors I,
and n.
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FIG. 2. Vectors I, and n..

3. Regularity at the symmetry axes

Consider an S-vector J, and let J” be its y-component.
Let us denote

zZ=""
A,

(3.38)
A condition for the vector current J to be regular at the axis
of symmetry is that the limit of the ratio on the right-hand
side of (3.38) at y = 4a exists, and that the function Z is
well-defined. This condition follows from the requirement
that for fixed ¢ and r, a 2D section is a locally flat 2-plane,
and J is regular in its 2D Cartesian coordinates.

IV. SOLVING THE CHIRAL
ANOMALY EQUATION

A. Chiral currents respecting explicit
and hidden symmetries

We now study solutions of the chiral anomaly equa-
tion (1.5) with the right-hand side equal to the Pontryagin
pseudoscalar P = —%Rﬂmﬂ*Rﬂ”"‘ﬂ. We consider first a
general case where the spacetime geometry is described
by an off-shell metric (3.5), and we specify these solutions
for particular black hole metrics later.

Calculations give the following expression for the
Pontryagin invariant in the off-shell metric (3.5):

P % ([E(rA, — yA)) + 4ry(A, — A)]
x [=Z2(AY + A,) + 6Z(rAL + yA,)
(R = )(A, - A} @)

Here and later on we use a prime and a dot to denote the
derivatives with respect to r and y, respectively.

First we focus on the solutions of the chiral anomaly
equation that respect the spacetime symmetry. As it was
demonstrated in Sec. II, such current vectors can be written
in the form (2.16)

JH=Jh IR (4.2)

The chiral current J% is a solution of the homogeneous
equation and has nonvanishing components only in (z,y)
directions. The other current J’ is an S-vector, and it has
components J = (0,J",J7,0), where J” and J” are func-
tions of (r,y). Hence, Eq. (1.5) takes the form

0,(2J%) + 0,(2J%) = =P. (4.3)

Let us assume that the S-vector of the chiral current J¢
satisfies an additional property. Namely, it is an eigenvector
of the Killing tensor K,,,,

K*,J% = AJE. (4.4)

This condition implies that either the J" or J* component of
the current vanishes. There exist two linearly independent
S-currents that obey this property. We denote them by J
and J ). The eigenvector J|,) has components (0,J",0,0),
and the corresponding eigenvalue is A = y>. The other
eigenvector J(,) has components (0,0,J7,0), and the

corresponding eigenvalue is 1 = —r>. We say that the
current respects the hidden symmetry if it satisfies con-
dition (4.4).

To distinguish between the currents J ) and J ), we call
them R-current and Y-current, respectively. Both currents
are S-vectors and, hence, they are spacelike. This implies
that in the Darboux reference frame, their temporal com-
ponents vanish, and hence, the net chiral charge density
vanishes as well.

The currents J () and J(,) can be found by integration of
the following equations:

ar(ZJ(r)) =P, éy(Zny)) =XP. (4.5)
We write these solutions in the form
R —R
Jh = 7‘)(”5&, R= [ drzpP,
(r) 3
Y —Yo(r)
J’(‘y) = Té’;, Y = /dyZP. (4.6)
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Calculations give

1 ) ) )
R(r,y) = w {yZ2(A))? = 3yZ(A,)* = 2rE?ALA — 8ryS(A, — Ay)A] + (62 — 16y2)Z(A, — A))A,

+ ZZ[ZY(Ar - Ay) =+ z“Ay]Ay + 8Y(Ar - Ay)z(ZZ - 3)’2)},

1 . . .
Y(r,y) = i {=rZ2(A))? + 3rZ2(A))? + 2yZ?ALA, — 8ryZ(A, — A))A, — (102 — 16y*)Z(A, — A))A,

+222r(A, — A)) — ZAJAT 4+ 8r(A, — A))*(Z - 3y%)}.

It is easy to check that for A, = a* — y?, the functions R
and Y have the following properties:

R(r.,=y) = =R(ry),  Y(r,=y)=Y(r,y). (4.8)
The solutions (4.6) contain two arbitrary functions of one
variable, Ry(y) and Y, (r), which arise as the corresponding
“integration constants.” It is easy to check that any current
of the form
Jo = (0,Ry()/Z, Yo(r)/%,0) (4.9)
is a solution of the homogeneous equation J’é; . = 0. Wecall
such solutions “zero modes.” In Sec. II, it was shown that a
conserved S-current has a potential ¥ and can be written in
the form (2.25). The corresponding potential for zero
modes (4.9) is

W / Yo(r)dr / Ry(y)dy.  (4.10)

(4.7)

Let us note that functions R and Y which enter solutions
(4.7) are finite at both the horizon, where A, = 0, and the
symmetry axes, where Ay = (0. However, this does not
guarantee that the corresponding solutions J’(‘r) and J’(‘y
regular. Zero modes determined by functions Ry(r) and
Yo(r) can be used to “improve” the properties of the
solutions (4.7) and to make them regular both at the horizon
and at the symmetry axes.

Let r = ry be a solution of the equation A ,.(ry) = 0, and
let y = Fa be a solution of the equation A (y = +a) = 0.

Let us choose

are
)

Ry=Ry=R(r=ry,y), Yo=Y, =Y(r,y = +a).

(4.11)

Then the current J , is regular at the horizon where r = ry,
and the current J ) is regular at the axes of the rotation
where y = +a. Let us note that Y(r, —y) = Y(r,y), so itis
sufficient to make the current J(, regular at one of the axes,
say y = —a, and it will automatically be regular at the
other, y = a.

Using expressions for functions R(r,y) and Y(r,y) for the currents (4.7) one finds

1 : : .
Ry =55 V2 (8))° = 3y22(8,) — 2rE2AA, + 8ryZA, A) — (62 - 16y)24, A,

=+ 22[_2yAy + ZA_V}'A.)' + Sy(Ay>2(22 - 3y2)}|r:ry’

1 . . .
Yo =i {=r2 (8, +3r2(4) + 2y AA, ~8ryZA A, + (102 - 16y?)ZA, A

- Z2[2’”Ar + EA;]AIr/ + SFA%(E - 3y2)}|y:a’

B. Principal chiral current

Using relation (4.6), one can write

It is easy to check that for an arbitrary function f = f(r,y),
one has

(4.12)

(fey), =0. (4.14)
Using this property one can modify the current J(, by
adding a term proportional to e;. Such a new current is not
an S-vector; however, it belongs to the I1; plane, and hence
it is still an eigenvector of the Killing tensor K (see Fig. 1).
The plane II; contains two principal null vectors [,
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Eq. (3.14), and by proper choice of coefficients in the linear
combinations of J(,) and e;, one can construct chiral
currents that are parallel to the principal null vectors.
For this purpose, let us note that ej = e; are null vectors.
We define

R—R.(y)

Ji=F 5

L. (4.15)
Here R(r,y) is a function defined by (4.7), and R.(y) are
arbitrary functions of y. We call J, principal chiral
currents. These currents are solutions of the chiral anomaly
equation (1.5) that respect explicit and hidden spacetime
symmetries.

At the infinity r — oo, R(r,y) vanishes quite fast while

~ r?, and so one has

Ri()’)l
2 £
I

Jix =+ (4.16)
Let us consider this chirality current far away from the
black hole, in the asymptotically flat domain where

I, =0,F0,. (4.17)

Let us write the current J in the form J% = (—Piji),
where

P+ = —Jiﬂgl(lt) (418)

is the chirality density, which for the current (4.16) is

R
P+ =+—.

" (4.19)

The spatial components of the chiral currents (4.16) are

- R
J&=="30, =F ps0, (4.20)
Hence, for a principal chiral current J , , the function R , ()
describes the intensity of the incoming chirality flux at J~,
while —R_(y) is the intensity of the outgoing chirality flux
at J*. When R, = 0 the corresponding fluxes vanish.

This property illustrates the main difference between the
principal chiral currents and the R- and Y-currents described
above. Namely, the principal currents can describe fluxes of
the chirality at infinity. For example, for Hawking radiation
there exists a spatial separation of created particles with
different chirality (see e.g., [6-8,10,11]). Let us note that the
principal current J , vanishes at the future horizon H, when
R, = Ry, and the principal current J_ vanishes at the past
horizon H_ when R_ = Ry.

As we already mentioned, there exists a wide ambiguity
in the choice of a solution to the chiral anomaly equa-
tion (1.5). This reflects an ambiguity in the choice of the

FIG. 3. Principal chiral currents for B-state.

system’s state. The choice of a special state imposes
restrictions on the initial and/or boundary conditions for
the chiral currents. Let us consider three important cases.

1. B-state
Let us put R, = R_ =0, and consider a current
Jy=

s +J2)=J . (4.21)

| =

For this state there are no fluxes at the infinities 7= .
However, the corresponding current is singular at both (past
and future) horizons. Principal chiral currents for the B-
state are schematically shown in Fig. 3.

2. H-state

Let us put R, = R_ = Ry and consider a current

1 _R-Ry
JH—Z(J++J_)— J5A T (4.22)

For this state there exists an incoming chirality flux
proportional to Ry at J~, which is accompanied by an
outgoing chirality flux proportional to Ry at 7. At both
future and past horizons the chirality fluxes vanish.
Principal chiral currents for the H-state are schematically
shown in Fig. 4.

3. U-state

Let us put R_ = Ry and R, = 0 and consider a current

Ju == +J0). (4.23)

N[ =

For this state there is no incoming chirality flux from the
past infinity 7, and the current vanishes at H_. For these
initial conditions, the principal chiral current contains an
outgoing null flux at 7. The chiral flux at 7 is given by
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(4.24)

For this state there also exists a chirality flux through the
horizon H .,

Ru
J =—-———1. 4.25
U|HJr 2(r,2q+y2) + ( )

Principal chiral currents for the U-state are schematically
shown in Fig. 5.

The described choices of state resemble well-known
Boulware, Hartle-Hawking, and Unruh states for quantum
evaporating black holes (see, e.g., [9,43,44]). This explains
our notations for the states.

The property (4.8) of the function R implies that the
chiral currents at infinity and at the horizons are antisym-
metric functions of y. This implies that the total flux of the
chirality through a 2D spherical surface at infinity vanishes.
This means that the total number of particles with opposite
chirality emitted by the black hole are the same. However,

FIG. 5. Principal chiral currents for U-state.

the integral of the flux over a northern or a southern
semisphere does not vanish. This reflects the angular
asymmetry in the emission of particles with opposite
chirality, i.e., a chiral anomaly.

C. Special cases

1. Kerr black hole

General expressions (4.6) and (4.7) for the currents J )
and J,) are greatly simplified for on-shell metrics. Let us
consider the case of an isolated rotating black hole in an
asymptotically flat spacetime. In this case, the metric (3.5)
reduces to the Kerr metric, which has two parameters: mass
m and angular momentum ma. One has

A, = r* =2mr + a?, A, =a* -y~ (4.26)
The Pontryagin invariant and functions R and Y, which
enter the expression (4.6) for the chiral currents, take the
form

48m2ry
P= i (P = 2IER =)
4m2y
R=R"= o (9r* = 1472y 4 y*4),
m 4m>r 4 2.2 4

It is interesting that the mass m enters all of these
expressions only in the form of prefactors proportional
to m?. The expression for P is invariant under the change of
the coordinates r — y, y — r. Under this transformation,
R™ — Y™ and Y™ — R™.

To characterize properties of the Pontryagin invariant, it
is instructive to consider its value at the horizon

3 48m’ryy

P, =——— HY
GRS

(i =3y*)(3ry —y?).  (4.28)

It is easy to check that the sign of Py is determined by the
factor —y(r% —3y?). In the northern hemisphere, where
y > 0, it anticorrelates with the sign of the Gaussian
curvature K of the 2D surface of the horizon. K has the
form [36,45]

3+ a?
K= (r2:+4y2)3 (ry = 3y?). (4.29)
Evidently in the southern hemisphere, the sign of Py
correlates with that of K. By comparing (4.28) and (4.29),
one can conclude that the Pontryagin invariant on the
horizon changes its sign at the equator y =0, and for
rapidly rotating black holes it also changes sign at
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FIG. 6. Dimensionless Pontryagin invariant P at the horizon of

the Kerr black hole as a function of the angle 0 for the values of
the rotation parameter a = 0.1, 0.3, 0.8, and 0.999.

ly| = ru/ V/3, where the Gaussian curvature K vanishes.
The domains with negative Gaussian curvature exist on the
horizon near the poles for rapidly rotating black holes.
Specifically, this occurs when their rotation parameter
satisfies the inequality a > v/3m/2 [45].

The Pontryagin invariant has dimensions of [length] ™. Tt
is convenient to define the following dimensionless version
of this invariant, calculated at the horizon:

P|H:T75’
Tn
. 48ap> cos O
P=——"2"""""_(3p2 — a2c0s%0)(p* — 3a*cos?h),
(p2+a200329)6( p-a )(p a )
a=a/m, p=1+V1-a>, y=macosé.

(4.30)

The dimensionless invariant 7 depends on two parameters:
the dimensionless rotation parameter 0 < a < 1, and the
angle 8, which changes in the interval from # = O (at the
“north pole”) to 8 = x (at the “south pole”). Figure 6 shows
the value of the dimensionless Pontryagin invariant P at the
horizon of the Kerr black hole as a function of the angle 6.

Taking the function R™ at the horizon r=ry =

m + Vm? — a* and the function Y™ at the symmetry axes
y = £a, one gets

4m2y
R" = ARG (9rf — 1413y + y4),
m Am?r

"= 702 ) (r* — 14r2a*> + 9a*).

(4.31)

For the Kerr black hole, the chiral current in the U-state at
infinity is

10* R/ n(s)
30-
AN
201 / N
// \\
o Nee
o e s
0- T BESHSSS — —a=0.1
e S, // ——|-a=03
-10 N / --o=08
\ / —- 0= 0999
-20 \ /
N/
-30- ; L ; 0
0 T T L3 2n sm n
6 3 2 3 6

FIG. 7. Dimensionless chiral current flux at infinity R for the
Kerr black hole as a function of the angle € for the values of the
rotation parameter @ = 0.1, 0.3, 0.8, and 0.999.

IR
JUN__2UI—’

mr
2acos O(9p* — 14p*>a*cos’0 + a*cos*0)

R =
v (p* + a’cos?0)*

(4.32)

Note that this current was normalized to satisfy Eq. (1.5),
while the quantum average of the current for the massless
Dirac neutrino field (with the spin s = 1/2) obeys
Eq. (1.1), which differs from J; by a factor of
(967%)7!. In the case of electromagnetic field (spin
s = 1) this factor would be (4872)~!. Thus, the chirality
flux density for the quantum field of the spin s is obtained
by the substitution Ry — R, where

n(s)
R = 06,2 U (4.33)
and the coefficient n(s) depends on the spin of the quantum
field, so that n(1/2) =1 and n(1) = 2.

Figure 7 shows plots of the dimensionless quantity R as
a function of the angle 6 for different values of the
dimensionless rotation parameter.

Since the gravitational Pontryagin density P is an
antisymmetric function of the angle variable y, the corre-
sponding total flux of the chiral current calculated for a 2D
spherical surface surrounding the black hole vanishes. One
can define a quantity that characterizes the current flux,
which takes into account this asymmetry. This can be done
as follows. Let us write the current J;; in the U-state in the
(3 + D-form J;, = (=p. j). The component of the current
that lies in the direction of the black hole’s axis of rotation
is j¢ = j"cos . Using the relation y = acos@, and after
rescaling (4.33) and taking the integral of j° over the
surface of a sphere (r = const) as r — oo, one gets

. n(s) . 1”2 /271' /a .
L, = lim|— [ d dyyj"|.
m = e, A Lz ; ¢ Ay

(4.34)
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The quantity L,, describes the loss of angular momentum in
the rotating black hole due to the spin of radiated chiral
particles.

Calculating the integral in (4.34), we obtain

i —n(s) am?(3r3, — a?)
" 127(r3; + a?)?

m*(3r}, — a?)
(ry —m)*(ry + @)

1
= —n(s) _AHT%IQH

3 . (4.35)

where we took into account that the angular velocity of the
Kerr black hole Q, the surface area of the horizon Ay, and
the Hawking temperature are

a
Qp=————
r 4+ a*’
Fg—m

L
" 2n(r3 + a?)

Ay = 47z(r%i +a?),

(4.36)

In the limit of a slowly rotating black hole a = a/m < 1,
we get

Qy

. 4.37
167 ( )

Lm = —n(s)

It is convenient to write the expression (4.35) in the
dimensionless form

. 1
L,=—L,,
m
a(3p? — a?)

L = —nls) 122(p* + )3’

(4.38)

Here £,, is a dimensionless function of the dimensionless
rotation parameter a. A plot of £,, as a function of the
dimensionless rotation parameter « is given in Fig. 8.

96m’L, /n(s)
0
-1~
22—
3
-4 —
-5
-6 —
T 1 I 1 o
0 1 2 3 4 1
3 3 5 3
FIG. 8. L,, as a function of the dimensionless rotation param-

eter a.

2. Kerr-Newman black hole

If a rotating black hole has either electric charge Q or
magnetic monopole charge P, or both, then the off-shell
metric (3.5) takes the Kerr-Newman form for which A,
remains the same as in the uncharged case, while A,
becomes

A, =r* =2mr+ a* + 0, Q> =Q*+ P2 (439)
The Pontryagin invariant for this metric is
48y =5
=y I =3 - 0 -]
x [m(y* = 3r%) +2rQ?). (4.40)

Substituting the expressions for A, and A, into (4.6) gives
the corresponding expressions for the functions R and Y. It
is interesting that both of these functions can be written as
the sum of two terms,

R=R"+R2, Y=Y"+Y2  (4.41)
where R™ and Y are the functions R and Y calculated
above for the Kerr metric, while RZ and Y¢ depend on
charge, and are of the form

8y0? -
RO = m [0%(2r% = y?) — 6mr(r? —y?)],
40? _
Y2 = P 20%r(r* — 2y?)
=3m(r* —6r°y* +y*)]. (4.42)
For the Kerr-Newman metric
ry =m+\/m?—a* - Q> (4.43)

Using the above expressions (4.41), one can find Ry and
Y ,. Calculating the integral (4.34), one obtains the follow-
ing expression

L=1L,+ LQ,
. 0? 32ma’ry;
i =
0 =n(s) 96xry,a* \ (a* +1r%)3
-0 [arctan <i) + ary(a’ +8a’ry — ,»4[11)] }
) T @Ay

(4.44)

Here L,, is given by (4.35).
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V. CHERN-SIMONS CHIRAL CURRENT

A. General expression of the Chern-Simons current for
the off-shell metric

In the previous section, we discussed special solutions of
the chiral anomaly equations. We obtained an explicit form
of the solutions for the chiral currents, which have special
symmetry properties. Let us now discuss another quite
general approach for solving the chiral anomaly equations.
Let e4 be a normalized basis, and let the index A enumerate
the basic vectors. Let us use it to define the Chern-Simons
current 1

1 2
17— _Eeaﬂﬂy <Rﬁ”ABwDAB + ga)ﬂAB%BcvaA) (5.1)

Here

" =(0,1",1,0),

AB __ A vB
w, —ebvﬂe ,

p
R;wAB = R;wa/}eﬁeg- (52)
One can show that this current obeys the equation

", ="P, (5.3)
where P is the Pontryagin invariant. (For details and
general discussion see, e.g., [46].) In the general case,
the Chern-Simons current depends on the choice of basis.

In the case we discussed in this paper, explicit and hidden
symmetries of the off-shell metric (3.5) single out a special
Darboux tetrad, for which properties of the metric are
greatly simplified. Using the Darboux basis e§ =
(ef,e?, €5, e5) defined by (3.9), and after quite long but
straightforward calculations, one obtains®

1 iy . _
1= s EI8, A, + (877] - rEAY[EA, + 428, - A)] + ZGZ - 8%)8,4, + 8y(2Z - 3%)8, (8, - 4,)},

1 : .
P = oo {=rA,A7 + (A,7] + yZA,[EA] — 4r(A, — 24,)] + Z(SE - 8y?)A,A; ~ 8r(Z = 3)")A (A, - A))}.  (54)

Using these general expressions, one can calculate the
functions Ry on the horizon and Y, on the axis of
symmetry. One has

AL

RH = g(Z(yA’, - rAy) + 4ryAy)‘

r=rg°

A, .
YA: )(Z(yA;_rAy)_‘l'ryAr) (55)

=3

|y=a .

B. Chern-Simons current in the Kerr spacetime

For the on-shell Kerr metric, the functions Ry and Y,
take the form

o Amy(ry = m)(3r — )
" (ri + %)
dma®(3r* — a?)

- (P +d®)?

Y, = (5.6)

The Chern-Simons chiral anomaly current 7 is an S-
vector, and its temporal component vanishes. One can
“upgrade” this current to include fluxes at infinity and the
horizon by adding a corresponding homogeneous solution,
as it was done in the previous subsection for the principal
current. Namely, we define two currents I,

[
R Y
" =7 (1’ - %) "+ (p’ - é‘) s (5.7)

The term R, depends on the choice of the state. For the
U-state, one has

I = % Kz —R—Z”> b mq + <1-v —%>5;. (5.8)

For the U-state, the upgraded Chern-Simons -current
describes the following chirality flux at spatial infinity:

1R
IUN__ZUI_,
nm r

Ry = — 2acos

7 + ety P~ D - areos’d).

(5.9)

Calculating the integral in (4.34) for the Chern-Simons
current, we obtain the flux

am(ry —m)

L, =-n(s)—2——~.
(s) 1272(r%, + a?)?

(5.10)

*The current I for the off-shell metric in Darboux coordinates
also has the following explicit form in terms of Christoffel

symbols: I* = e’ (I°3,9,T"}, +3T5,T%T%,) [47].
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FIG. 9. Dimensionless Chern-Simons flux at infinity R for the
Kerr black hole as a function of the angle 6 for the values of the
rotation parameter @ = 0.1, 0.3, 0.8, and 0.999.

It is instructive to rewrite this result in terms of the black
hole angular velocity, the surface area of the horizon, and
the Hawking temperature (4.36)

. 1
Lm = —}’l(S) _AHT%-]QH<

12

- m) (5.11)

Tu
In the limit of a slowly rotating black hole, we get

Qy

. 5.12
48x ( )

Lm = —n(s)

Figure 9 shows plots for the dimensionless quantity R as
a function of the angle 6 for different values of the
dimensionless rotation parameter 0 < o < 1.

"o r Yy

Zy = (0.2, 2,),0),
(N r y

Zy) = (0.2, 2,).0),

z,

- 8y(3y? -2%)(A, - A))A, ),

Zy

Ziy

y
Zy)
+8r(3y2 — Z)A,(A, — A) — 3rZ2(A})2}.

Let us note that in paper [48], the authors suggested
using the Chern-Simons current for evaluating the chiral
current of a slowly rotating black hole with angular velocity
Q. They arrived at the conclusion that the leading-order in
Q contribution to the chirality flux vanishes quickly at a
large distance, and it does not contribute to the flux at
infinity. This result can be explained as follows. The
expression for the chiral current, which was used by these
authors, does not satisfy the regularity condition at the
horizon, and in this sense it is similar to the choice of the
Boulware vacuum state.

C. Relation between Chern-Simons currents and the
principal currents

Let us note that we have already found two special
expressions for the chiral currents J(,) and J(,). Each of
these currents is a solution of the inhomogeneous chiral
anomaly equation (1.5) respecting both explicit and hidden
symmetries of the spacetime for metric (3.5). This means
that the Chern-Simons current I can be presented in the
following two forms:

=

_ JH H
IM_JV)+Z (v

"
( £y \+Z (5.13)

)

Both of the vectors Z(,) and Z,, are solutions to the
homogeneous equation

L =0. (5.14)

They are S-vectors, with the following components:

1 . L . :
) =55 (HE2AA, —4rySAA, — 2K, [FA, + y(A, - 24,)] + Z(8y” ~ 3E)(A, ~ 24))A, + 3y2*(4,)?

1 . . .
Ol {[yZ?A, + Z(8y* = SZ)AJA] — rZ*(A,)* — 4ryZ(A, — 2A,)A, — rE2A AT +8r(3y? —Z)A (A, — A))},

(5.15)

1 . . ..
) =55 (=7ZEA, +4y(28, - A))]AL — 2(8” ~ 3D)A,A, +yZ?A, A, ~ 8y(3)” ~2D)A, (A, - A,) + yEX (AP}

1 : :
= 55 {ZI-TyA, + 3247 — (8 = ST)(24, — A))JA] +4ryZA A, — rT2(24, ~ A)A]

(5.16)

045009-16



CHIRAL ANOMALIES IN BLACK HOLE SPACETIMES

PHYS. REV. D 107, 045009 (2023)

Since the currents Z(,) and Z ) are conserved, there exist
scalar potentials ¥,y and ¥, that generate these currents

) 1 o 01
Z‘(i) = - AA, et Py EpEs (5.17)
Here i = r, y. These potentials are
1 . .
Py = 753 [Z2(A,)? +2y5(A, —2A)A,
+2A,[-rZA, +2(2 - 2y%)(A, - A))]]. (5.18)
1
¥y = 753 [Z2(A)? = 2rE(2A, — A) A,
+ 2A,[—yZA.\, + 2<Z - 2y2)(Ar - Ay)]]' (5'19)

In the case of the Kerr-Newman black hole, these
potentials become

2
¥, = 7(# ) {=mr|a®(r> = 3y%) — 2 (3r* = y?)]

+ Q¥ (a?r? — a®y* = 2r}y?)}, (5.20)

2
m{—m[az”(”z —3y?) —ry*(3r* = y?)

—m(r* — 6r2y? +y*)]
OGP ) + (@ - - 2)
—2mr(r? - 3y?)]}.

Yy =

(5.21)

VI. CHIRAL ANOMALY INDUCED BY THE
ELECTROMAGNETIC FIELD

A. Electromagnetic contribution
to the chiral anomaly current

In the presence of an external electromagnetic field, the
axial-current anomaly for a massless Dirac field y with
electric charge e (1.1) also contains a contribution from the
invariant F,,*F*. When a rotating black hole has an
electric and/or magnetic charge, this invariant does not
vanish. Since the equation for the chiral current (1.1) is
linear, one can calculate the contribution from the external
electromagnetic field independently of the curvature con-
tribution. For this purpose, we consider first a homo-
geneous solution of the Maxwell equation on the
background of the off-shell metric (3.5) that respects the
metric’s symmetry. We specify the solution so that it
describes the electromagnetic field generated by an electric
charge O and magnetic monopole charge P. We perform
these calculations first without specifying the arbitrary
functions A,(r) and A,(y). For a special choice (4.39)

of these functions with b = \/m? —a® — Q% — P2, one

reproduces the Kerr-Newman solution of the Einstein-
Maxwell equations describing a rotating charged black hole.

Let us consider the following one-form for the 4D
electromagnetic field potential

1
A=Ade = —= [Qr(dt + y*dy) + Py(dt — r’dy)).
(6.1)
It is possible to check that this potential satisfies the

Lorentz gauge condition A¥,, = 0. The nonvanishing
components of the field F = dA are

Fo=-U  Fy=-V,
F,, =—yU, F,, =1V, (6.2)
where
2Pry + Q(r* — y?)
U= 5 ,
>
20ry = P(r* = y?)
V= e . (6.3)

It is easy to check that this field satisfies the homogeneous
Maxwell equations
F*., =0. (6.4)

Direct calculations show that the nonvanishing compo-
nents of the dual field *F are

F,.=-V, Fo,=U,
Fyr=—yV, Fy=-rU. (6.5)
This field satisfies the equations
., = 0. (6.6)

One also has d*F = 0, and so there exists a one-form B
such that

‘¥, =0d,B,—0,B

(6.7)

u

This potential is
1
Bdxt = - [Oy(dz — r’dy) — Pr(dtr + y*dy)].  (6.8)

Let us note that the potential B can be obtained from A by
the following transformation:

Q- —P, P — -0, y—=-y. (6.9)
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B. Principal chiral current

Let us consider the invariant

P, = F Fw. (6.10)

For the potential (6.1) it reads

4
P. = —55[20ry = P(P = 2))[Q(7 =) +2Pry]

= —4UV. (6.11)

We now discuss solutions to the chiral anomaly equa-
tion (1.5) with right-hand side P = P,. As before, we
first consider S-currents J(,) = (0, Jfr),O, 0) and Joy) =
(0,0, ]{y), 0) which respect the hidden symmetry and are
eigenvectors of the Killing tensor K. We call them the R-

current and Y-current, respectively. These currents can be
found by integrating the following equations:

0,(XJ,)) =XP,.  0,(XF) =3P,

? (6.12)

We write these solutions in a form similar to (4.6)

yy=E=p s k= [azp.
J’(‘y) = Y_Twéé‘, Y= /dyZPe. (6.13)
Here
R=rW, Y =—yW,
W= %(Qy — Pr)(Qr + Py), (6.14)

and Ry(y) and Y(r) are the corresponding “integration
constants.” Let us emphasize that both R and Y do not
depend on a special form of the metric function A,, and
hence they are the same for the off-shell and on-shell
metrics.

Let us note that the function W contains both symmetric
and antisymmetric parts with respect to the reflection
y = —y. The symmetric part, which is proportional to
QP, gives an antisymmetric contribution to J’(‘y). Hence if

QP # 0, it is impossible to choose a function Y,(r) in
(6.13) that makes the current ]?’V) regular at both axes

y = =a simultaneously. To exclude nonregular currents for
J’<‘y), one should impose the condition QP = 0.

In what follows, we focus on the R-current J(,). This
current is well-defined for arbitrary values of Q and P.
However, to simplify expressions, in what follows we
assume that the magnetic monopole charge P vanishes.
Thus

4 2
W=
z

(6.15)

Following the procedure described in Sec. IV B, one can
upgrade the R-current by introducing incoming and out-
going principal null chiral currents

R - Ri()’)l
) *

Ji=F (6.16)
Using these currents, one can reconstruct the chiral fluxes
for the B-, H-, and U-states (4.21)—(4.23), and then using
expression (4.16), one can calculate the fluxes at infinity
and at the horizon.

Note that the functions R and Y (6.14) in the principal
currents (6.13) do not depend on the functions A, and A, of
the metric. For this reason, R and Y look the same for both
the on-shell and the off-shell metrics. The parameters m and
a enter the expressions for the currents only via Ry and Y.

The chiral current for the U-state is

.+, (6.17)

N[ =

Ju=

with R_ =Ry and R, = 0. For this state there is no
incoming chirality flux from the past infinity 7, and the
current vanishes at H_. For these initial conditions, the
principal chiral current contains an outgoing null flux at
J+t. The chiral flux at J* is given by

R
JUN——HI .

S5l (6.18)

For this state there also exists a chirality flux through the
horizon H ,

R
JU|H+:—2( "1, (6.19)

i+ y?)

1. Special case of the Kerr-Newman black hole
For the Kerr-Newman black hole, the function Ry is
40%yry,

Ry = ——2H (6.20)
GRS

where ry is the radius of the horizon.
Calculations for the total flux of chirality give the
following expression:

j— 4% [t (_) 4]

2 ry a* + r%,

(6.21)

a

At small a < ry it becomes
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B 871 Q0?

L~ a
2
3ry

(6.22)

If the chiral anomaly was due to the Dirac fermions (1.1),
then the contribution of the electromagnetic chiral anomaly
would be obtained by multiplying the result (6.22) by a
factor of e*/(8x2).

C. Current and dual current

Let us now discuss other solutions of the equation for the
chiral anomaly that are generated by the electromagnetic
field. Let us denote

Jiy = 2°FrA,, Jy =2F"B,. (6.23)
It is easy to check that both currents describe the same
chiral anomaly
Jy = J’éw =P,. (6.24)
When expressed in terms of U and V functions (6.3), they
take the form

_20rvV 2PyU

Ty =—5 0+
2PrU , 20yV
g U g 200V 5 (6.25)
5 >

These currents are not gauge invariant. For the gauge
transformation

A, - A=A+, (6.26)
the current J% gets a supplement
AJly =2 F*h,,. (6.27)
Similarly, for
B,—B,=B,+o0, (6.28)
the current J% gets a supplement
AJly =2F"c,,. (6.29)

As a consequence of source-free Maxwell’s equations, both
AJ" and AJ' are conserved for arbitrary gauge functions 4
and o,

(AJZ)W (*FW;M’I;D + *Fﬂy’l;vﬂ) =0,

=2
(AJS),, = 2(F™ 0, + F*6,,) = 0. (6.30)

If the gauge functions A and o respect the spacetime
symmetry, then they are functions of r and y. It is easy to

check that the field F',, for the potential (6.1) possesses the
following property: It does not vanish only if one of its
indices (say u) takes values in the (r,y) sector, while the
other (say v) takes values in the (z,y) sector. This implies
that the dual tensor “F** has the same property. Since the
gradient of 4 has nonvanishing components 1, and 4 , the
vector AJ* has only 7 and y components. This property is
valid for AJ as well. This means that the gauge trans-
formations that respect the spacetime symmetry will leave
the r and y components of the current invariant.
Denote

1

1
JH = > (J’:\ + J’é), Jh = EUI:‘ — J’é). (6.31)
Then one has
]’S‘;ﬂ =P,. JZW =0. (6.32)

The currents J% and J% can be written in terms of the R-
and Y-currents that we found in the previous subsection.
Namely, one has

1
It = 55 RS + V8],

1 2PU
= E[R(sf; - Y&+

Ju [r& + y&], (6.33)
where functions R, Y, and U were defined in (6.14) and
(6.3), respectively. As before, one must require that at least
one of the two charges Q and P vanishes in order to
guarantee regularity at the symmetry axes. The above chiral
currents can be “updated” to describe chirality fluxes at
infinity for the B-, H-, and U-states.

VII. DISCUSSION

In this paper, we discussed solutions to the chiral
anomaly equation in a given spacetime metric. At first,
we considered a wide class of metrics that possess a
principal Killing-Yano tensor. We call such a metric that
contains two arbitrary functions of one variable A,.(r) and
A,y (y) an “off-shell” metric. Off-shell metrics contain two
commuting Killing vector fields. This property allows one
to reduce the study of vector and tensor fields, as well as
equations for the chiral anomaly, to the study of objects and
equations in a special 2D space S. This procedure was
developed by Geroch [38], and we adapted his approach for
our problem. In addition to Killing vectors, the off-shell
metric also possesses a rank-two symmetric Killing tensor
that is connected with a hidden symmetry of the metric. We
obtained an expression for the chiral current, which is a
solution of the chiral anomaly equation, and which respects
both explicit and hidden symmetries of the off-shell metric.
Next, we demonstrated that there exist special chiral
anomaly currents that also respect the symmetries of the
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metric, which are directed along the principal null rays of
the metric. We call such solutions “principal chiral cur-
rents.” These currents describe either incoming or outgoing
polarization fluxes. We demonstrated that such currents can
be chosen so that they satisfy regularity conditions both at
the horizons and at the symmetry axes. We obtained
contributions to the chiral anomaly currents generated by
the Pontryagin invariant P = —%*R“ﬁ"”RaﬂW, as well by
the electromagnetic field invariant P, = *F”‘/’Faﬁ in the
case where such a field is present.

Next, we obtained expressions for the principal current
for the special cases of Kerr and Kerr-Newman black holes.
For these spacetimes, if the principal chiral current initially
vanishes at the past horizon and at the past null infinity,
then it has nonvanishing components at the future horizon
and at the future null infinity. These components describe
the chirality flux into the black hole and the chirality flux
radiated by the black hole toward infinity, respectively.

Figure 7 shows the chiral flux for the Kerr black hole,
which is computed using the principal chiral current. Its
angular asymmetry is correlated with the asymmetry of the
Pontryagin invariant calculated at the horizon.

Using a general expression for the Chern-Simons non-
conserved chiral current, we calculated its components for
the special choice of the Darboux tetrad associated with the
off-shell metric (3.5), and we used these results to find
fluxes of the chirality at infinity and at the horizon. Figure 9
shows the chirality flux at infinity as a function of the angle
for the Kerr black hole. Comparing this figure with the
similar Fig. 7 for the flux of the principal current, one can
see that both currents have qualitatively the same behavior.
However, the Chern-Simons current is smaller, approxi-
mately by a factor between 3 and 10 depending on the
rotation parameter. This is partly connected with the
following: Both currents correctly reproduce the gravita-
tional chiral anomaly, but the Chern-Simons current also
contains a y-component, which is responsible for a part of
the anomaly. For the principal current, this component is
absent.

It is instructive to compare Figs. 7 and 9 with Fig. 3(a) of
the paper [6] for the emission rate of the number of
neutrinos minus the number of antineutrinos, which was
calculated numerically. One can see a qualitative similarity
between these plots. One can also conclude that the
anomalous Chern-Simons current is numerically closer
to the results of the paper [6].

In the papers [48,49], the authors discussed the axial
current at finite rotation and temperature in curved space-
time. They proposed an expression for the chiral current
component along the axis of rotation of the system, which
for the massless fermions and slow rotation takes the form

72 R
=t =-——|Q 1
/ <12 967r2> ' (7.1)

where T is the temperature of the system, Q is its angular
velocity, and R is the scalar curvature. For the Kerr black
hole R = 0, and one has

T2
JP=+—Q.

3 (7.2)

As a rough approximate model, one may consider a rigidly
rotating cylinder with the effective cross section Ay and
angular velocity Q = a/(4m?). With the proper choice of
sign, and after the substitution of the black hole temperature
Ty~ 1/(8zm) into (7.2), we estimate the corresponding
rate of chiral emission as

. T2
Lot = —Actt —2 Q.

= (7.3)

In Secs. IVC and V B, we computed the total rate of
chirality emission from the black hole; see relations (4.35)
and (5.11).

There exists a clear similarity between formulas (7.3),
(4.35), and (5.11). They are proportional to the angular
velocity of the black hole with some dimensionless
coefficient. Now we can estimate the effective area of
the cross section for the rotating cylinder in the [48,49]
approach in order to reproduce our results (4.35) and
(5.11). For slowly rotating black holes we get A. ~
3Ay in the case of the principal current, and A ~ Ay
in the case of the Chern-Simons current.

In the last section of the paper, the electromagnetic field
contribution of the chiral anomaly current for massless
charged Dirac particles was calculated, and expressions for
the chirality fluxes in the case of the Kerr-Newman black
hole were obtained. It would be interesting to generalize
our approach to the case of accelerating Kerr-Newman
black holes in (A)dS spacetime. The Chern-Pontryagin
invariant for this case was computed and studied in [50].

Certainly, the chiral anomaly equation has a larger
variety of solutions. After one finds a current that correctly
reproduces the chiral anomaly, one still has the freedom to
add to it a solution of the homogeneous equation for a
conserved current. We demonstrated that if such a current
respects the symmetry generated by the Killing vectors,
then it contains three arbitrary functions of two variables, r
and y. This ambiguity is further reduced after imposing the
hidden symmetry constraint.

Let us emphasize that if the current is calculated on the
basis of a microscopic theory as a quantum average for a
quantum state in a spacetime with some symmetry gen-
erated by the Killing vectors, one can impose a corre-
sponding symmetry condition on the quantum state. In such
a case one can expect that the macroscopic averaged current
would respect the spacetime explicit symmetry. It would be
interesting to find restrictions (if any) on the choice of a
state imposed by the existence of the hidden symmetries. At
the moment, it is unclear how to formally implement this
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requirement for a quantum state. For this reason, we
proceeded in a different way in this paper.

The existence of the principal Killing-Yano tensor in the
off-shell geometry implies that it has a very special
property. Namely, this metric belongs to the Petrov type-
D class of metrics, and it has two degenerate principal null
directions that coincide with eigenvectors of the Killing
tensor (for more details, see [35] and references therein).
We demonstrated that there exists a solution of the chiral
anomaly equation for which the corresponding chiral
current is parallel to the principal null direction. Under
this condition, the partial differential equation for the
current reduces to an ordinary differential equation, and
its solution can be found by simple integration of the

gravitational and electromagnetic anomaly invariants along
the principal null geodesics. One can interpret this result by
saying that such a solution describes a free propagation of
the created spinning massless particles along principal null
geodesics without additional scattering by the gravita-
tional field.
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