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Primordial black holes (PBHs) within the mass range 10'7-10%? g are a favorable candidate for describing
all of the dark matter content. Towards the lower end of this mass range, the Hawking temperature, 7'y, of
these PBHs is Ty 2 100 keV, allowing for the creation of electron-positron pairs, thus making their
Hawking radiation a useful constraint for most current and future MeV surveys. This motivates the need for
realistic and rigorous accounts of the distribution and dynamics of emitted particles from Hawking radiation
in order to properly model detected signals from high energy observations. This is the first in a series of
papers to account for the O(a) correction to the Hawking radiation spectrum. We begin by the usual
canonical quantization of the photon and spinor (electron/positron) fields on the Schwarzschild geometry.
Then we compute the correction to the rate of emission by standard time-dependent perturbation theory
from the interaction Hamiltonian. We conclude with the analytic expression for the dissipative correction,
i.e., corrections due to the creation and annihilation of electron/positrons in the plasma.
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I. INTRODUCTION

Primoridal black holes (PBHs) are possible relics that
could provide insights into the physics of the earliest
moments of the Universe [1-5]. There are several proposed
formation mechanisms for PBHs, such as collapse of non-
Gaussian fluctuations in the early Universe, tunneling
through some scalar potential, etc. [2,6—-10]. Primordial
black holes are an interesting candidate for dark matter
(DM) since, although some new physics at a high energy
scale is required to form them, the PBH scenario does not
require any new long-lived particles to be added to the
Standard Model [11]. A wide range of observational
constraints have removed different mass ranges as candi-
dates for dark matter (see recent summaries [12,13]),
leaving a mass range of about 10'7-10??> g as a possible
candidate to describe all of the dark matter content.

There are several probes for detecting PBHs based on
their associated physical properties. From a gravitational
perspective, PBHs could be detected through their lensing
effects on various bright background sources, e.g., micro-
lensing, gravitational wave detection, etc. [12,14-20].
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Another method involves quantum processes near the black
hole horizon that were predicted by Hawking [21] known as
Hawking radiation. This is the predicted effect that black
holes would radiate away (“evaporation”) by the emission
of radiation and other particles. The foundation of this
argument lies in how we define the vacuum state; prior
to the formation of the black hole (flat spacetime) we define
a vacuum state with zero occupation of particles, but after a
black hole forms, the vacuum near the horizon becomes a
thermal state (due to the existence of an accelerating frame
of reference near the horizon, i.e., Unruh effect) from which
particles can arise and escape to infinity [21-24]. The
Hawking radiation of a black hole is dependent on its mass,
Ty = 1/(8zM), where Ty is the Hawking temperature of
the radiation in units where G = kg = ¢ = h = 1, showing
that lower mass black holes radiate at higher temperatures
than more massive ones. This process places constraints on
the lower mass range of PBHs due to a lifetime of PBHs
with Mpgy <5 x 10'* g being comparable to the age of
the Universe, i.e., evaporated away [4,25]. For PBHs of
Mppy < 10" g, their Hawking radiation would be in the
y-ray regime, making it a novel and effective probe for direct
detection [26,27].

This particular mass range (“‘asteroid mass”) and lower
would have a Hawking temperature 7 2 100 keV
(Ty ~ (10'° g/Mpgy) MeV), well within the y-ray regime
of the electromagnetic spectrum, making their Hawking
radiation a point of interest for observations by MeV
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observatories such as AMEGO or SMILE [28-31]. For the
higher regime of Ty (i.e., lower end of the asteroid mass
regime), PBHs are able to emit electron-positron (ete™)
pairs, making them the dominate contributor to the detect-
able Hawking radiation and allowing for constraints on
PBH mass distributions. Since the emission of et e~ would
lead to the increase of flux of 511 keV lines in any MeV
survey and PBHs occupy spherical halos around galaxies,
the 511 keV emission line near and away from the Galactic
center would be an ideal method of constraint [32].
DeRocco and Graham [33] were able to place constraints
on PBH abundance as a DM candidate by using 511 keV
lines from MeV surveys of the galactic bulge from
INTEGRAL [34], though the underlying assumption was
the rate of production of e*e~ was not enough to form a
plasma around a PBH (similar to [35]), thus allowing for the
escape of positrons to be annihilated at some further
distance. This extended travel of the positron requires
knowledge of its propagation through the interstellar
medium in order to carefully account for excess 511 keV
lines in various regions of the galactic bulge. Recently,
Coogan et al. [26] showed that upcoming MeV telescopes
could directly detect asteroid mass PBHs within dark matter
halos. The dependence of the particles created by PBHs at
Ty 2 100 keV motivates the need to have careful and
rigorous models of the distributions of particles in order
to use intermediate-energy leptons [36] and the 511 keV
positron annihilation line [33,37,38] to constrain PBH
models of DM.

Although Hawking radiation is often described as a
blackbody, the emission spectrum is modified by a “gray-
body” factor related to the energy-dependent cross section
for the black hole to absorb a particle. The standard
calculation treats this by the partial wave expansion for
noninteracting particles [39,40]. Since then, there have
been many investigations into the case of interactions and
secondary particles in various approximations. Page [41]
showed that when charged particles are emitted, the black
hole develops an opposite charge, leading to an electric
potential that alters the emission of further charged
particles, and an O(a) change to the charged particle
emission rate, where a~ 1/137 is the fine structure
constant. At Ty 2 20 MeV, strongly interacting particles
can be produced, and there have been investigations of
hadronization [42,43]. Also most of the particles produced
at these higher energies are unstable, leading to secondary
particles from their decay; in some regimes, these proc-
esses can even dominate the neutrino spectrum [44].
Several papers have discussed the possibility that at very
high Ty, the density of emitted particles might result in a
high optical depth and form a “photosphere” or a region of
relativistic fluid flow followed by decoupling [45-49],
although subsequent work incorporating the special rela-
tivistic kinematics of the outgoing particles showed a
much smaller optical depth and no photosphere [35]. Page

et al. [50] considered the O(a) inner bremsstrahlung
emission accompanying the emission of charged particles
and showed that this process could be a significant con-
tribution to the low-energy spectrum. Coogan et al. [26]
specifically show that the secondary spectrum (lower energy
photons) of Hawking radiation from PBHs in the MeV
range would be the most significant contributor to the
detection of this spectrum of radiation, showing that the
discovery reach for upcoming MeV surveys will increase by
an order of magnitude by including the secondary spectrum.
This shows that understanding the secondary spectrum is
vital for any sort of MeV survey that hopes to make direct
detection of Hawking radiation from PBHs. This has also
motivated study of other quantum electrodynamics (QED)
contributions to the emitted spectrum such as annihilation of
ete” pairs [51].

This is the first in a series of papers whose ultimate goal
is to compute the O(a) correction to the Hawking radiation
from a Schwarzschild black hole. The current analysis of
the photon spectrum from PBHs was investigated to O(a)
in Coogan et al. [26] showing at lower photon energies, the
secondary spectrum becomes the dominant contributor to
the total spectrum (see Fig. 2 in Coogan et al. [26]).
However, this photon emission calculation was performed
using flat spacetime inner bremsstrahlung formulas [52],
leading to the purpose and motivation of this series of
papers: to compute the O(a) correction to the Hawking
radiation but on a curved spacetime, i.e., the Schwarzschild
metric. Given the historical challenges and controversies in
understanding interacting particles resulting from Hawking
radiation, we believe that a full quantum treatment on the
curved background is a necessary step in order to put the
calculation of inner bremsstrahlung and related O(a)
effects on a rigorous foundation.

This paper is organized as follows. In Sec. II we lay out
our conventions for the spacetime metric and spinor
algebra used in the quantization of the electromagnetic
and spinor fields (electron and positrons). In Secs. III
and IV, we work through the canonical quantization of the
electromagnetic and spinor fields. In Sec. V, we compute
the interaction Hamiltonian between spinors and photons
in terms of annihilation and creation operators and mode
overlap integrals. In Sec. VI, we reexpress our results in
the interaction picture as appropriate for a time-dependent
perturbation theory treatment, and arrive at our expressions
for the dissipative O(a) contribution to the photon emis-
sion of the Hawking radiation. Finally, we conclude and
discuss follow up works in Sec. VII.

II. CONVENTIONS

We use the + + +— signature for the metric. We use
Greek indices af to indicate any spacetime index, Latin
indices ijk to select only spatial indices, and Latin indices
ABC to denote Dirac spinor indices.
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We use the tortoise coordinate r, to write the

Schwarzschild metric:

2M 2M
ds? = <1 ——> dr? + r*d6* + r’sin’0d¢p> — (1 ——> dr?,
r r

(1)
where r and r, are related by

r—2M dr 2M
M and dr* =1 —T (2)

r.,=r+2MIn

We have r, ~ r at large radius, but at the horizon r — 2M
whereas r, - —oco. In general r appears in most of our
expressions, but r, is a better choice of independent
variable for numerical calculations near the horizon since
one can avoid cancellations in the expression 1 —2M/r.

We use the overdot symbol * to indicate partial deriva-
tives with respect to ¢, and the prime ’ to indicate partial
derivatives with respect to r,.

The electron mass is u and the black hole mass is M. The
speed of light, Newton’s gravitational constant, the reduced
Planck’s constant (“%”), and the permittivity of the vacuum
(“ep”) are set equal to unity.

The Dirac matrices written in an orthonormal basis are
denoted by 7,, and satisfy the usual anticommutation
relation {7,.7,} = 21, l4x4. We use the representation of
the Dirac matrices, in 2 x 2 form,

7= (o ) ) o
i O; 0 0 _i]I2><2 '

where 6; are the Pauli matrices and I, is the 2 x 2 identity.
This follows the convention of Brill and Wheeler [53]; note
that due to the signature, 7, is anti-Hermitian whereas ¥; is
Hermitian. We define the usual adjoint spinor appearing in
the Dirac Lagrangian i = y'f, where

ﬂ:—m:(bxz ! ) (4)

0 _]I2><2

In this convention, the action of quantum electrodynam-
ics is

) 1
SoEDp = / [w(—r”D,, —py — ZF,WF"”] V=gd*x,  (5)

where y* = a*,y* is the Dirac y-matrix in covariant
notation, a*, is the 4 x 4 matrix of vierbein components,
and the covariant derivative acting on the electron spinor is
|

A(j1, j2.J3) _{

0 otherwise

“Up” “In”
N \a =N\
LYAVA V(r.) N\

“Down” “Out”

FIG. 1. Representation of the different scattering states from the
effective potential [curve labeled V(r,)] coming from the black

(T3P L]

hole (BH) horizon (“up”) and coming in from oo (“in”) as well as
the equivalent scattering basis for radiation falling towards the
BH near the horizon (“down”) and radiation leaving the black
hole to oo (“out™).

D,=0,-T,—ieA,. (6)

This expression contains two corrections to the partial
derivative: the 4 x 4 I', matrix, which encodes the rotation
of the vierbein when we move in direction u (Eq. (8) of
Ref. [53]), and the U(1) gauge transformation term —ieA,
for electron charge e. The electromagnetic term includes
the field strength tensor, F,, = d,A, —d,A,,.

We denote quantum numbers of modes as follows:

(1) For photon modes, the energy is denoted @ and the
angular quantum numbers are denoted by £ and m.
Parity is denoted by (p) € {(e), (o)} (“even” or
“odd” sector, also described as “electric” or “mag-
netic” when discussing atomic or nuclear transitions,
or “polar” or “axial” sectors [54]).

(2) For electron modes, the energy is denoted by & and
the total (orbital + spin) angular momentum and
parity are denoted by j, m, and p = £1. We may for
shorthand use the combination k = s(j + 1) instead
of writing both j and p, where the sign of k is
s = (=1)"12p,

(3) For both types of modes, we use X to denote a mode
associated with the “in from oco” (“in”) channel, or
“up from the horizon” (“up”) channel, as depicted in
Fig. 1. We may also use the alternative basis of the
“out” or “down” modes.

(4) Since we will be doing nonlinear interactions, we
will often work with multiple electron or photon
modes. Mode indices may be primed or subscripted
to distinguish them.

We define the triangle inequality condition:

1 JitJj22j3and j3+ j; = jp and j, + j3 > j;

; (7)
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and define (—1)? = +1 for (p) =
(p) = (o).

III. THE ELECTROMAGNETIC FIELD

We first review the electromagnetic field in the
Schwarzschild spacetime. This is described by an
Schrodinger-like equation with a Regge-Wheeler potential
[55,56], which is implemented in commonly used tools
such as BLACKHAWK to compute Hawking radiation for
spin 1 massless particles (see Eq. (3.33) of [57]). We work
through the derivation here, both for completeness and to
make explicit our gauge choice and the expression for
potentials in terms of annihilation and creation operators.

Because we want to write an interaction Hamiltonian, we
will follow the canonical quantization method, and we also
work in terms of the vector potential A, rather than the field
components F,, (or the closely related Newman-Penrose
variables @ and @, [58-61]). This approach has been used

|

(e) and (—1)? = —1 for

27 1 -2M .
LEM—/ / / { CD/-l-Ar* 2r2/r{(a€d)+A9)2

for some problems in black hole spacetimes, although with
a different gauge choice than we will take here—e.g., the
modified Feynman gauge [62], the gauge choices based
on null vectors [63,64] (which extend naturally to the
Kerr case), or the zero scalar potential gauge A, = 0 [65]
(although this leads to the same mode functions for the
vector potential because it is the same as the Coulomb
gauge in the case where there are no charges). It is also used
for the Proca equation [66,67] (but in that case the Lorenz
condition A¥,, = 0 holds and we cannot impose a different
gauge choice).

A. Angular decomposition
The electromagnetic field action is Sgy = [ ——F e
/—gd*x, where the field tensor is F,, =094, a Ay

Written in terms of components, the Lagrangian Lgy =

vy, ——— (0@ + A(/,) ]

1-2M/r ) 1 5 (1—2M/r)2 )\ r2dr,
B |:(09Ar* —Ap) +3 9(0‘/’ o~ Ay) } —W(%A(/) = 0,40) Slned@dﬁbTM/r, (8)
where @ = —A,. It is convenient to break down the vector potential in a multipole expansion: we write
) 4
(I)(tv Ty 97 ¢) = Z Z (I)f,m(t’ r*)Yf,m(ev ¢)’

£=0 m=—¢
© 4

Ar,(t’ Vs 67 ¢) = Z Z A(r),f,m(h r*)Yf.m(ef ¢)’
=0 m=—¢

A(;(l, r*767¢) = Z Z |:A( )fm(t r )aﬁyfm(e ¢) (o) fm(t r ) 90{/) fm(g ¢) and
=1 m=—¢
00 4

A¢(I, I, 0, ¢) = Z Z [A(e),f,m(tv r*)ad)yﬂm (69 ¢) + A((}),t’,m(t’ r*) sin GOGYf,m(eﬁ d))] (9)
=1 m=-¢

Here @, ,, and A, ¢, are the usual multipole moments of the scalar potential and radial part of the vector potential. The
components in the angular (6 and ¢) directions form a vector on the 2-sphere of constant (¢, r,) and have to be described

with two sets of multipole moments: an A, ¢, component with the same parity as Y, (since the coefficient multiplies
VY,,,); and an A(,) »,, component with the opposite parity (since the coefficient multiplies €, x VY, ,,). An equivalent
description of the angular components is

l
Aglt, r,,,9,¢):|:mA¢(t, r.0.¢) =T Z Z VA + 1) (A

=1 m=—¢

:I:zA

fm t Ty L”m([ r )]j:lYﬁm(97¢)' (10)

The Lagrangian of Eq. (8) can be rewritten in terms of these components; with some simplification, we find

. 1. 1 .
Lgy = Z/ { ~2M)r [ D), |2+Req)/;,mA(r)f,m+§|A(r),f,m|2:| +f(f+1)|:§|q)f,m|2+Req);,mA(e),f,m

1

ZM 1
5 |A/(U).f,m /r

1. 1
2 2 2
|A )2, m| ) |A(0),f,m| - 5 |A(r).f,m - A/(e),f,m| - )

|2] ey yp 22 M, fm|2}dr ()
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B. Gauge fixing

To continue the quantization program, we impose a
gauge condition. A particularly convenient choice is a
generalization of the Coulomb gauge, which eliminates the
cross terms between the scalar and vector potentials. In
Minkowski spacetime the Coulomb gauge has the disad-
vantage of breaking Lorentz invariance, but on a
Schwarzschild background this is not a concern. In our
case, we choose

r2 I
=— (TWA(r>'f’nl> +lxﬂ(f+ 1)A(E).f,m :O, (12)

which turns the combination of the Re{®’ }}’mA(,)f!m and

Re @}’mA(eM,m terms in Eq. (11) into a total derivative.
The gauge choice of Eq. (12) can always be achieved by
|

the gauge transformation A, - A, +d,y, where y =
—ﬂ;'K emYem(0, @) and we define the radial operator

2

- r , /

which is positive definite and Hermitian with respect to the
standard inner product (f1[f>),. = [® fifadr,.

C. Sectors of the theory and the radial wave equations

The Lagrangian of Eq. (11) can then be broken down
into three parts:

Livi = Livo + Low) + Liv (14)

where the scalar potential, even-parity vector potential, and
odd-parity vector potential parts are

1
o =Y [~f5; QM/ 0,2+ 540 + 1[0 far
1
Lowo =3 [ im0+ 1) [Haenl =3 Winsm =4l | b, and
Zm YT
i £+ 1)(1 —2M/7)
Lo = 00+ ) [~ 3P = 3140 U220 g el V. (15)

The scalar potential part has no dynamics; when coupled to
charges it will give rise to an instantaneous Coulomb-like
interaction energy, just as happens in the Coulomb gauge in
Minkowski space. The odd-parity vector potential part can
be simplified by introducing the positive definite Hermitian
operator

A6+ 1)(1—2M/r)

Hef = =f"+ g £ (1)
so that
Lpm o Zf (¢+1 / { A (o).l
£.m
—zAz()),f,meA(U),f,m}dr*' (17)

It turns out that the even-parity potential part can be
written in a similar form. This is not surprising, since we
know that the electromagnetic field equations in vacuum do

[
not distinguish electric vs magnetic fields. We define the

new variable Z, ,(t,r,) by
me = A(r),f.m - A/(e),f,m

=A()em—

f) (18)

where the second equality comes from Eq. (12). Thus
A(p)em 1s telated to Z,,, by a second-order differential

equation; one can straightforwardly verify that the solution is

1 r2
A
2+ 1) \1-2M/r

£+ 1)(1—2M/r) .
A(r)f,m = 2 Hflzz,’,mv (19)

where H;'Z,,, denotes the inverse operation, i.e., the
solution f to H,f = Z,,,. It follows that

A(e)f,m = (H;]Zf.m)/' (20)

The even-parity vector potential Lagrangian then simpli-
fies to
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26+ 1) (1=2M/r) . . I 1
LEM fo_F / { ( )2(r2 )|Hflzf,m|2+5|(Hflzf,m)/|2_§|Zf,m|2}dr*

o (] . 2+ 1)1 =2M . 1
=>vte+n [ {—(H;lzf,mr [—a%* L AeH DU - 2M/ r’} (HZ2) ——|zf,m|2}dr
e —eo |2 r 2
o fl . 1 2
=D 0+ | 3 5Z0nMi Lo = 5| Zenl pdr. (21)
‘.m -

where the second line requires us to use integration by parts
on |(H;'Z,,,)'|* and combine the first two terms, and then
in the last line we recognized that the operator in brackets is
H,, and then used H,'"H, H;' = H;'.

For both the even- and odd-parity sectors, the key is to
find the eigenfunctions of the H, operator. These are the
usual mode functions of the electromagnetic field. The
eigenfunctions are denoted ¥, ,(r, ), satisfying H,¥,,, =
@’¥, . Since H, is a second-order differential operator,
there are actually two solutions; we can see that at r, — 400
these must be linear combinations of e/’ and e~/*"+. We
choose the basis of scattering solutions

T,y e r, - —0
Zw *
Tinfw(rt) - ; i (22)
oL —iwr, R ior,
e + Ry rpe ry = 00
and
lmr,, R* 2i arg Tlfv,‘,e—imr,, r, = —o0
LPup,f,u)(rﬁ) - 1mr ’
Tl,f,(u * ry > &0
(23)

where |Ry;o|* +|T1 40> =1 (by matching of the
Wronskian relation for {¥, /. ¥}, »,}) and the coeffi-
cients in Eq. (22) come from the matching of the Wronskian
relations for {Wyy s 0 Pinsw) and {Pupr0. Piso ) One
recognizes R, ., and T,,, as the usual reflection and
transmission coefficients from 1D scattering theory. These
satisfy the inner product relations

(Pxr0Pxrw),, = 270(0 — @')dxx, (24)

where X and X’ represent either “in” or “up.” To compute
emission as seen by a distant observer, we will also need the
“out” and “down” basis, which is related to the {in,up}
basis as described in Appendix C.

D. The quantized electromagnetic potentials
in the generalized Coulomb gauge

The usual quantization procedure can then be used for
Eq. (17):

1
Aw).em(re) = Wl
Z ["PX fa)

Xe{in,up}

D) (P8 ] (25)

aXL”maJ(o)

with the commutation relations

|:&X,)f’,m,(u~(0)’ &;’,t’,m,w’.(o)] = 2’”5(0) - w/)(SXX'; (26)

and the Hamiltonian

HEM /
£.m

The (—1)™ and the —m in Eq. (25) result from the relation
for a real variable expressed in complex spherical harmon-
ics: if f is real, then f,, = (=1)"f;_,. A similar
procedure applies to Eq. (21) for the even parity sector:

aX ¢.mw,(0) aX £.m.w.(0) (27)
Xe{m up}

Zf.m(r )

x Z [\me

Xe{in,up}

aX ¢ mw,(e)
+ (_1)mlIP)k(,f,a)(r*)&;,f,—m.w.(e)} > (28)

note that the normalization has an extra w is in the
numerator because this time there is an H;! in the kinetic
term instead of an H, in the potential term. Finally we
arrive at the expressions for the vector potential:
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1—2M/r ® d
A= ZZV SR

=1 m=—¢

X Z [\PX.f,w(r*)&Xf.m,w (e)

Xe{in,up}

=1 m=—¢

1

+ (=)W, (r)aL, mw(g)}yﬁm(e,(p) and

1 i

do 1 N m « N
lng ¢ :FZ Z/ 2” / Xe{mup}{ lP/Xfa)( )aX,f,m.w.(e)+(_1) 5T/X,f.a)(r*)aXf,—m,w,(e)

+ i[lPX,f.m(r*)aX,f,m.m.(()) + (_

IV. THE ELECTRON FIELD

We now investigate the electron field. We follow the
classical solution to the Dirac equation by Brill and
Wheeler [53]. The Dirac field was quantized on the
Schwarzschild spacetime by Boulware [68], although there
the mode operators are not explicitly written in terms of
annihilation and creation operators. Casals et al. [69]
performed a quantization similar to what is done here,
but for the massless case.

A. Angular operator

The angular operator in the separation of the Dirac
equation (Eq. (35) of [53]) is

-i 00 0 0 100
K- i 00 3+ -1 00 O ()_¢ (30)
0i O 0 00 —1|sind
00 —i 0 01 O

It has eigenvalues k = £1,+£2,+£3, ..., each of which is
repeated. We express the eigenfunctions in modern notation
using the spin-weighted spherical harmonics [70]:

% j,m(e’ ¢) - l'S_% j,m(g’ ¢)
@I((Fnl _ \% sin@ _%Y]m(99 ¢) - l.S_% j.m (67 ¢) and
s 2 0
0
0
00 _ V/sin @ 0 31
i =" | = in0d) —is ¥ia0.9) | GV
%Y] m 9’ ¢) - is_%Yj,m(gv ¢)
where j = [k| — 1, m ranges from —j... + j, s = k/|k]| is

the sign of k, and (F) or (G) indicates which of the two
eigenfunctions is under consideration. There are two

1 )mlP;(,z,”,w(r*)&;r(,f,—m,w.(u)} }il Yem(0, ).

(29)

|

linearly independent eigenfunctions for each j and m,
which is expected since the K operator breaks into two
equivalent 2 x 2 blocks. This form of the angular eigen-
functions can be verified directly using the spin raising and
lowering operators:

g {mi%yj.m(a 4’)} ¥ i% [\/mi%ij(gy ¢)}

=i(j+%>¢$¢- Yi0(0.6). (32)

These eigenfunctions satisfy the orthonormality relation

/271
0

0 (0,9)0\) (0, )dbdp = 5148

A
2r
A /0 09" (0, )05 (0. §)d0dp = 5,6,y, and
/2” / o (0.4)0) (6. ¢)dodg = 0. (33)
0 0

B. The radial modes

The solutions of the Dirac equation (#V, —m)y =0
are of the form

1 0
r(1-2M/ )1/4\/s1n(9[ )

+ G( ) km(gv ¢)}e_iht’

y(r,0,¢,1) = 0" (6.4)
(34)

where & is the energy at r — oo and the radial functions
F and G satisfy Eq. (39) of Brill and Wheeler [53]12

F pf1-2 k1= \ g
(o), o) 6) o9
O \1-ea, Swfi-a JRO

1 . . . ..
We have corrected a sign error in p in the original reference.
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(we have rewritten this in terms of derivatives with respect
to r,). Note that the 2 x 2 matrix is a Hermitian operator
with respect to the usual inner product. Since this is a
coupled system of two first-order ordinary differential
equations, there are two linearly independent solutions.
Note that these are real equations, so if (F, G) is a complex
solution then so is (F*, G*). Also we note that if one flips
the sign of 4 and k and swaps F' <> G, then one again has a
solution, so we need only construct the solutions for # > 0.

We are interested in the limiting solutions of this near the
horizon and at spatial infinity. Near the horizon (r, —

—00), the terms without /1 —2M/r are dominant and we
have the two linearly independent solutions

(D)o Yo ana (D) (VE)erm. s

Vh+p

(o)

h—p

)eié‘ln(r*/ZM)ei\/hz—ﬂzr. and <F> « < Vh+p )e—iCln(r*/ZM)e—i\/hz—yzr..
G

At spatial infinity (r, — o), the k/r terms drop out, and
1 —2M/r — 1. The wave number in the Wentzel-Kramers-

Brillouin approximation is p~/h> —u> +¢/r, + ...,
where the coefficient of the leading-order correction is

2
wm
(= e (37)
Vhe—pu
The phase of the wave function is [pdr, =

VI = pPr, +¢In(r,/2M) + ...; note that there is a
logarithmically divergent phase due to the gravitational
potential, which is analogous to the similar phenomenon in
the Coulomb wave functions and generically occurs with
long-range 1/r potentials (see, e.g., Sec. 14.5 of Ref. [71]).
Including this phase in the large-r limit, we get

Y = (38)

Note that there is an oscillatory solution here only if |h| > u; otherwise the solutions become evanescent.
We now construct scattering solutions, constrained by the Wronskian relation for Eq. (35), i.e., that if there are two
solutions (F,G;) and (F,, G,) then F;G, — F»,G, is independent of r,. For h > p, there is an “ingoing” solution

ivh—p

v—1/2< Vh+u )e—i(ln(r,/2M)e—i\/hz—yzr*

Fi, Vh+ A .
- + v 1/2leh< - >e’¢1“<’*/2M>e’th‘”2r* r, > 4o (h>p), (39)
Gin U\ —ivh—p
T < cVh > —ihr
1 e r, > —o0
I\ iV
with |R%_k’h|2 + |T%_k’h|2 = 1 since (Fy,. Gy,) and (F}, Gj,) satisfy the Wronskian relations. We have defined
//12 _ MZ
=) 40
o — (40)
which is also equal to the velocity of the electron at co. There is also an “upgoing” solution,
( \/E )eihr, _ RTk]eZi arg Typp 1 < \/E )e—ihr, r, = —00
Fyp —ivh phh ivh
)= - (h > u), (41)
* T k;,y—l/2< htp )eifmn(n/zM)eivhz—uzr. r, > 4o
—ivh—u

where the Wronskian rules have been used to find the coefficients. For the case of & < y, there are only “up” modes (there is

no “in”):
Vh

exponentially decaying

F, eihre 1 @210 2k <
(5 -{ ()

\/E> —ihr
o, > —00
ivh (0O<h<p),

r, = +o0
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where the reflection coefficient must have unit modulus, and the phase is contained in ;5. We can further define the
negative energy modes by Fx __, = Gy, and Gx _; _, = Fy,,, which satisfy the same scattering wave boundary

conditions. These modes satisfy

(o]

/ (F;(.k,hFX’,kh’ + G;(,k.hGX’,k.h’)dr* = 47f|h|5xx’5(h - h/)7 (43)

where X, X’ € {in,up} (one proves this using v~'dh = d\/h* — u?).

C. Quantization

The next step is to find the canonical normalization of the modes. The Dirac Lagrangian is

Lo _ dSDirac _ —/l//Tﬂ |:_lﬂvz + 7lvrg
Dirac dt /7] — 2M/r

1 1 2M
+ — (j;szv + 8—’73v{/,> + ,Lt:| l//r2 (1 - —> dr* Sin 9d9d¢, (44)
r r

in 6

and it follows from the time-derivative term that the canonical anticommutation relation is

{WA(F*’Q’ ¢)7 WI?

(’,./*’ 9/745/)} _ 5AB’5<

ro = )30~ )6~ 4') (3

(1 =2M/r)"/?sin6

Using the radial mode normalization, Eq. (43), and the angular mode normalization of Eq. (33), we conclude that the proper

normalization is

w(r.0,)

_ 16!
_/0 Z”V_;rl—ZM/ 1/4\/@{[Fx.k,h() om

O (6, 4) + Gy in(r)OC) (0, §) by ki

+ (G (OO, ) + Fi (O (0. 9)] 10} (46)

with the anticommutation relation

{BX,k,m,h’ B-)T(’,k’,m’.h’} = {‘AjX,k,m,hv Zi;'.k’.m’.h’} = 27[5(1/1 - h/)éXX’ékk’émm" (47)

The Hamiltonian, as per the usual procedure, is

Hpme = | =—hY (b}
Dirac A 20 ; X, k,m,h

V. INTERACTION HAMILTONIAN

We are now interested in the interaction Hamiltonian,
H,,. There are two steps to this: the canonical construction
of the interaction Hamiltonian and evaluation of the angular
integrals (Sec. VA), and the expression in terms of overlap
integrals and operators that is useful for time-dependent
perturbation theory (Sec. V B).

A. Canonical construction of H;,;

Since no time derivatives of the fields appear explicitly in
the action, we have H;,, = —L;, = —dS;y/dt. Just like in
flat spacetime QED, the interactlon comes from the —ieA,
term in the covariant derivative [Eq. (6)] substituted into

b kmn + dig g ndxsomi)- (48)

the action [Eq. (5)]. We can thus write the interaction
Hamiltonian between the electron and photon vertices as

Hiy, = —ie / EIP (P A (D (x).  (49)

where the —i is needed since this convention for a metric
implies that the space components of ' and # are Hermitian,
the volume element /=g of the Schwarzschild metric in the
tortoise coordinate system is given by (1 —2M/r)r*sin#,
and the functions for A, (x) and y(x) are given by Eqs. (29)
and (46), respectively.
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We can expand the interaction Hamiltonian to give

dh dn’ (F) ©) ot
Hy, = —ie d .d0d F r)0; .(0,¢) +G r)0,; . (0,4))by i .
=ie [1-2 ¢/ 5 22%,22[( (0T (0.4) + GO0, )bl

X, X,

(G s (0,) + Fi(7) ,Eﬁ,lw,qs))&x,k,m,h}

2M\ —1/2 1 i 1 i
1 —— A Ay — A —# =i A —A
x {( r) 7 r*+2 (7 _HY)( % sing ¢>+2r(7 zy)< 9+Sin€ ¢>}

x| (Fxao it (DO, (0.0) + G (O (0.8))bx o + (G (1)OLL ), (6.)

* G p
 Fy (O 0. 0) 1] (50)

where the overbar terms are the usual quantities Hermitian conjugated and multiplied from the right by 8. The matrices ¥’

correspond to the flat spacetime matrices, 7' in Eq. (3) with the appropriate tetrad transformation. The first term in this
expansion (A, term) can be simplified as

H* = —

nt

, / dhdl'do 1 1-2M/r
e
(

S DALLELDIPD

X,Cm, Xkm X'k'm’

X [(F;khF;/—k’h' - G;K(th;’—k’h’)lPX fwAﬁfrZ’m Z;;(kmhax» ‘mw (e)a;(’k’m’h’

+ (Gx—anFx_py = Fx-inGx_p)¥x o I,ﬁf,l,f/m kamhaX fmo, (e)a;/k/m/h/

+ (FxunGxww — GxnFxwew)¥x fw fnknfm kahaX oo () DX m

+ (Gx—inGxww — Fx—inFxwn)¥x coboy m, kamhaX fma( l;X’k’m’h’] +H.c, (51)

where the angular integral is

y ES =

) —1)mH12 2+ 1)) + 1D (2 + 1 j Y j 4 g
Azknfm E( )2 \/( J )( J4” )( )<_Jm ,,{l/ . ><{ ]1 O)(]+SS/(—1)]_J+L£). (52)

4 2 2

The angular expression in Eq. (52) has a set of selection rules between the transition of spinor from j — ;' with emission/
absorption of a photon of angular momentum #. We can see Eq. (52) is nonzero for two cases: (i) when the sign of the
angular momentum of the two spinor states are the same (s = s’) then only even transitions are allowed i.e., j — j' and ¢
must be either even or odd, and (ii) when the signs of the angular momentum are different s # s’, then j — j' and # must
have different types i.e., odd transitions.

We then compute the H =i terms corresponding to the second and third term in the expansion of y#A,,:

9¢: \/1—2M/r dhdhdw
/ (2” )PV2wv hh/x% %X’zk’:’

mt

/]

194 ’ ’f A ; —+
[(FthGX/k’h’ + GthFX’k’h’)Hmmm *IPX tw kahaX £w,m, (e)bx'k'm’h' —iw(e < o, 11777, &r)

1 A ~
kk'1— ! ~ : —<t
+ (Gx—tnGxww + Fx—anF X’k’h’)Hmm’mr 5lPX,fdekmhany,w,m,(e) by — io(e <> 0,11 , &r)
1 s

* * * * kk'1— / ot . —
+ (FxanFx_ww + Cxan G My m, _lPx fmkamhaX Lawm () xpmy io(e < 0,11 Q)

1 / ~t
H (GCx—nFy_op + Fx—inGyo_y )11 lPx fdekmhaX fom(e)dy

mmm

omny — @€ <o 17" § )| +He., (53)

where the angular integral is
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!
mm-m,

4

s — s(_l)m_l/z\/(zﬁ 12 + 1)(2¢ + 1)(

Here the terms labeled —iw(e <> 0,117, &, ) are the odd
parity sectors of the A, £ iA;/ sin & with the r, derivative
of the Wy ¢, removed, the angular quantity switches signs,
and the prefactors of F and G are the same in either
swapped case.

Similarly to Eq. (52), there is a set of selection rules for
Eq. (54). For the TT¥€7~  these have the same selection
rules as Eq. (52) but have the opposite set of rules for

H’fnknf; This is because the angular part of the vector

potentlals have both even and odd contributions from the
spherical basis vectors. So the radial part of the vector
potential (even symmetry) and the even sector of the
angular part of the interaction Hamiltonian should have
the same set of selection rules.

do dhdh’
Hint(t) =e Z /2ﬂ_any,w,m, /(

—m m m

J'// fy)(f J f)(l:Fss'(—l)j_jl+f)v (54)

Some useful identities about the angular integrals are
proved in Appendix A.

B. Expression in terms of 3-mode overlap integrals

Now that we have the interaction Hamiltonian, we will
follow a similar set up as laid out in Chap. 6 of Landi
Degl’Innocenti and Landolfi [72]. The first step is to collect
terms involving each of the photon annihilation operators
(the creation operators are in the Hermitian conjugate
term). Following the steps from Landi Degl Innocenti
and Landolfi [72], we first rewrite the interaction terms
of Egs. (51) and (53) as

S ++ /
[kamhdX’k’m’h’Ika.X’k/m’,nymy(p) (h’ n, w)

X fm ) kax/k/ !
+kamhbX’k’m’h’Ika X'K'm' X, ¢m,( (h . )+ kamhbX’k’ ’h’Ika XK' X, ¢m,( (h I, )
+ kamhd "K'm' ka X'k'm' X, ¢m,(p (h h/ ))} + H'C" (55)
where symbols such as ITr Xkm XKl X, fm, (p) (h, I, ) contain the contributions from both H . and Hﬁf, and are given by
. ! & ¢ * * * ZM/I"
I;km X'Km' X,m (e)(h h/ ) \/mAfnknf my | [<FthFx’—k’h’ - GthGX’—k’h’>lPnyw f<f + 1) R \/ﬁ
. . . k—kK 1 1-2M/r
+ (FxinFx—iew + GxanGxr_pw) m;w%ym r\/i_;] dr,,
__ ] ’ 1 —_ 2M/r
Ika X'K'm' X,fm (e)(h h/ ) \/W ]r(nkml m, [ [(GX thX'k’h’ - FX khFX’k’h’)lPX fw I/ﬁ(f + I)W
k—kK 1 1-2M/r
G — G 11/ 1, F — F 11/ 1, e ——— 4 - —_— d * 9
+ (Gx-rnGxww + Fx—inFxwn) Zine Y e ]’"
_ ] ’ ] - 2M/r
Lo xoiom x, emy o) (s s @) = \/WA% m, [(F xenGxwen = G Fxew) Wy, co V€ (€ + I)W
k—K 1 1-2M/r
+ (Fx,Gxww + GxinFxwr) ————=—Y% s, ——————| dr..
( Xkh P X'k'h Xkh th) f(f—l—l)a) Xt rm 1
_ ] ’ « 1 - 2M/r
IkaX’k”n’Xfm (e)(h . o) = \/m ]r(nkmlmr [(GX inFx = FxanGyr o) ¥x coV € (€ + 1)4r2\/ﬁ
k=K 1 1-2M/r
+ G_ F*/ //+F_ G*/ //77\11/ 7617*,
(Gx—tnF oo x~nGxr_pw) L X, fw 2w ]
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I+ h h/ —1 kk'er © F* * G-, G* W V 1_2M/r d
Xkm X'k'm' X, ¢m, (o) ( ) \/m mm'm, ~ ( th KW + Xkh X’—k’h’) X, fw W r,,
— / -1 KK o 1=2M/r
Lo xiemt x L tm, (o) (h,h' @) = A, (Gx nGxwn + Fx_anFxwn)¥x co~——F—— T dr,,
+- / -1 KK+ w » ; V1=2M/r
Ika XK, X, ¢m, (0> (h, h s ) \/m - m, . (FthGX'k’h’ + GthFX’k’h’)\nyt’w W dr,, and
- =1 e J . . 1-2M/r
IX:m X/k/m/ X fm/<0) (l’l’ ]’l/, ) — \/4__]1_]/;7Hmm ; - (GX_khFX/_k/h/ + FX—thX/—k/h/)lPnyw T ,.2—(0. dr* (56)

where we used the identities in Appendix A to relate the
angular quantities in the even sector. The interactions
associated with the coupling integrals in Eq. (56) are on
a curved spacetime, but we show in Appendix D these
expressions converge to the standard electric and magnetic
dipole transitions.

All of these integrals depend on the m, m’, m, quantum
numbers only through the 3j symbols in AK? m, ANd [IkK 2%

mm'y
and the (-1
the I’s,

)™; thus we define “double—barred” versions of

s
Xkm X'k'm' X, ¢m,,(p)

P B
_HIXkX’k’XIf’()(h’h,’w)ﬂ(_l)fj (_ / )

m m m},

(57)

(h, 1, ®)

[where 7,7/ € {4+,-} and the phase (—1)7~/~" is a
standard convention] in analogy to the double-barred
matrix elements of the Wigner-Eckart theorem.

VI. EVOLUTION OF THE PHOTON
DENSITY MATRIX

Our ultimate aim is to determine the statistical properties
of the emitted radiation. In this section, we will define the
initial conditions for the phase space densities of the spinors
and radiation of a black hole in vacuum, i.e., no external
spinor or radiation fields. Then we follow by expressing the
interaction Hamiltonian in Eq. (49) in the interaction
picture, in order to compute the evolution of the phase
space density for the emitted radiation (following a similar
procedure as laid out in Chap. 6 of Landi Degl’Innocenti
and Landolfi [72]).

A. Occupation functions and outgoing radiation

We define the occupation function for the photons (phase
space densities) as

A A
<anymy(p)maX,yf/mly(P)w,>

})/fyXQ'f’(P) (0)278(w — @')3 7S, i (58)
and similarly for the electron and positron. Note that this
expectation value is diagonal in ¢, m,, and p, and
independent of m,, due to spherical symmetry and parity.
For free fields, it is diagonal in @ due to time translation
invariance. (We will address the subtleties with interacting
fields below.) The symmetries of the problem allow the “in”
and “up” modes to become correlated, so f7, X x( p)( ) is a

2 x 2 Hermitian matrix for each 7, p, and w.

To take into account stimulated emission (for photons)
and Pauli blocking (for fermions), we need to define the
enhanced occupation function (for photons) or unoccupa-
tion functions (for fermions):

<&x,,n,yw<p>&§/m, () = 22 ;) (@)@ = )38y

where g;yx;f(p) () =0y x; +f§:,x;f(p) (). (59)
The definition for g has a 4 sign for bosonic operators and a
— sign for fermionic operators due to the commutation/
anticommutation relations for either operator type:
Jxxx(h) = Oxxr =[xy (h). (60)
For the noninteracting fields, the phase space densities
are given by the usual formulas:

1
SJrM  _

1
egn'Mh + 1 ’

/4

up.up.Z(p) (@) = (61)

N
f ﬁpourpek ( )
and 0O for the other (in,in; in,up; or up,in) components. Here

1/(8zM) is the Hawking temperature of the black hole.
The outgoing phase space density, from Eq. (C5), is

y o |T1,f,m|2
out,out.f(p)(a)) - e8Mo _ 1

(62)
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and then the spectrum of outgoing photons in noninteracting theory [39] is

i Zf =15 e el (63)
do dt 271. out,out,?(p ﬂ. ~ eSerm -1

Note that here we have taken the spectrum per unit @, so [ dw/(2x) — 1/(2x), and we have performed the trivial sums over
m, and p to get a factor of 2(2¢ + 1). The correction to the emitted radiation due to interactions is [by comparison to
Eq. (27), and recognizing that photon number differs from energy by a factor of w]

ANy 1~ d )

dwdt = Z Z E <a0ut,f,m,.w(p)aout.f.my,w(p)>- (64)
‘m,p

Our principal aim in this series of papers is to evaluate Eq. (64).

B. Evolution due to the interaction Hamiltonian

We now compute the evolution of the photon density matrix, following the procedure in Landi Degl’Innocenti and
Landolfi [72]. We will simplify our task by working only to order e’

We will define the interaction picture operators via 0, = &Moincir' Oe Hpine1 | where H Dirac+y = Hpirac T H, 1s the free-
field Hamiltonian for the noninteracting electron and photon fields. We will need the usual commutation relatlons for the
photon and electron operators:

N . A At
[H;'7 aXy,f,my.a),(p)] - _waxyf-my,w,([’)’ [HY’ aX R (p)] - waXy,f,my,a),(p)’
[HDiracv kamh] = —hbximn, [H Dirac> b;r(kmh] = hb;(kmh’ (65)
[Hiracs dxxmn) = —hdximn and  [Hpjpc, d;r(kmh] = hdj(kmh'
Now we can write the interaction picture operators:
Hip (1) = eMowesrt HyemPomert = B(1) + BT (1), (66)
where
dw ~ —iwt ()
B(t)=e Z 57 Xm0 (p)€ Qxyfm,.w' (67)

X, tm,p

The factors with the photon operators removed from them are denoted Q(#) such that we have the form H;,; < aQ(¢). This
form explicitly separates the electromagnetic operators from electron/positron operators:

() _ [dhdl 7t o
Qnym,.w - / (271.)2 Z [kamth’k’m’l’e (h+h)ll)tljm X'K'm' X,¢m,(p)

XkmX'k'm'
~ ~ — h+h S T 7 h=h")t 7+—
+ dximnbxmne Hhth IyZ km X'K'm' X,¢m,(p) + bxionbxwm e’ {h=H) Ika X'K'm' X,¢m,(p)
p ot i(h=h')t 7—
+ kamhd ’k’m'h’e IkaXk’m’X Lem(p )] (68)

Here we used Eq. (65) to rewrite terms such as e/ hidl e=iHomet = i(+M1pi g,
Now that we have the interaction Hamilitonian in the interaction picture, Eq. (66), we now follow the procedure that led
to Eq. (6.74) of Landi Degl’Innocenti and Landolfi [72] to arrive at

d,, N
T aemoini) = =T [ 18 1 50000 BOL O ) 4 (e X, S X (69)
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where p;(¢') is the interaction picture density matrix at time #. Since the initial conditions for the photon (Hawking
radiation) are an incoherent state, the same removal of terms that do not have both a B and a B (Egs. (6-45)—(6-47) of Landi
Degl’Innocenti and Landolfi [72]) is valid here. We may now write the pieces of this expression. We start with the inner
commutator,

[&;r(yfmyw( ) X’ m,a(p = _ez aX’ wem,o(p _ithg(li)fmyw)’ (70)

then proceed to the outer commutator,

+ da”
AT ~ § : AT
Hafm,w(p)xyafrn,w(mx’y’B( )] B-l< )] 82/ 271. [( X/bﬂmy( )waX,,f,, /, // ”QX fmy QX//f//me//
X”f”m” "

_ At ~ —i(wr—a"t)
aX’/f”m’/(p”)w”aX’yfmy(P)wQX’,’K”mf,’w” QX,L”myw)e L (71)

and then proceed to the statistical average:

Tr([[%,, oy, Gty BOL BT ()]pn(1)) = (<Q”my OV )+ D Fhrrem ><[Q§;;L,,,,a,,Qi{;?m,w1>)e-fw<f-f’>.

X/I
(72)
We can further simplify this expression using the occupation functions (phase space densities) as given in Egs. (58)

and (59). This, combined with the expectation values of the different fermionic operators (see Appendix B for details of how
to simplify the expectation values of the 4-fermion operators), gives

d .
E <afm7w(p)xy afm,w(p)X’y>

dhdhn _ .
= 62/ (27)? z ﬂ<f§(X”’k(h)f§(’X”k’(h/)l;km XK m' X, Em,( )(h W, o)l X”’km XK X, em, ( )(h W, )®(w-h-Hh)

XkmX'Km' X" X"

+ g;;X’”k< )Gxrxnie (B )I)_(;m XK m' X, €m, (p )(h h w)l}_(’;km X"K'm' X, em, (p )(h’ W, w)®(w+h+h')
+ Lo ) G (W g st em () s B OV i o 1 () (B ' @)@ (@ + B = )
+ g?(;(’”k( )fX’X”k’(h/) Xkm X'k'm' X, ¢m,( (h’ h/ )I)_(’_"’_lrm X"km' X, ¢m, (h h/ )(I)(h - + C())

+y FRxren { e () F e (B) = G (H) G ()]

X7
X Lottt X, m, ( (h’ h ) i 3 ' X! Em, (p )(h’ W, w)®(w—h-1)
[ ) e () = P () ()]
X Lo Xk X,ém(p )(h, ., ) X’”km,x”k’m’,x';fm,(p)(h’ W, 0)0(w+h+h)
+ o () G (h) = G5y (W) f e (R)]
I)J?k_m XK' X, em, (h’ K, )I)Ukm X"Km' X!em,(p )(h’ W, 0)®(w + h' - h)
+ [ () e (B) = Fiomsge (1) Gy ()]

x I}_(km XKm' X, ¢m,( (h’ h/ )I)_(’J’cljm X"k'm' X} ¢m,(p) (h’ h/’ a))(b(h —H+ a))}> * (C.C.’Xy < X;’)’ (73)

In arriving at Eq. (73), we used the simplification for coupling integrals with the same m-index for different spinor state,
e.g., I} kam Xkm.X, fm, (p )(h, h, w), the sum over m will simplify this to zero by symmetry of the 3 symbols:
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i(—l)m—W(j J f):o for>1. (74

— -m m m
m=—j 14

This eliminates several of the possible contractions that arise
from simplification of the 4-fermion operators. Physically,
this corresponds to the suppression of transitions with
fermions of angular momentum j, m of state X transitioning
to the state X’ with the same j, m during the emission or
absorption a photon of angular momentum ¢ > 1 since this
transition would violate conservation of angular momentum
(or stated in terms of Feynman diagrams, tadpole diagrams
are disallowed). So only terms with coupling integrals over
different k, m-indices will contribute to the evolution of the
photon density matrix.

We have also substituted ®(Q) for the time integral
defined in Eq. (6.57) of Landi Degl’Innocenti and Landolfi
[72]. The ®(Q) is defined as the improper integral of a
complex exponential:

1

®Q) = lim |

— 5@ +ipL (75

" piQU-1) gyt
) dt
¢ 7 Q

where P(1/Q) is the principal part in the distribution sense
(improper integral sense). Equation (75) has two parts that
contribute to different types of interactions: a dissipative part
[6(Q)] and a conservative part [P(1/Q)]. The dissipative
part is related to processes involving the emission and
absorption of photons from the different spinor fields (pair
production, pair annihilation, and bound-bound, bound-free,
and free-free transitions of the electrons and positrons). The
conservative part (which includes plasma frequency and
vacuum polarization effects) does not change the total
number or energy of photons, but will affect the barrier
transmission probability and hence the emitted Hawking
radiation. We can therefore break Eq. (69) into dissipative
and conservative pieces:

d  ; d  ;
E(“;(V/;@)ax;ﬁ(pﬂ = a(axyﬂ( )aX’ﬁ( )>diss

d
+d_< X 50 8xp(p) Jeons: (76)
|

d <A.{. N > ez / dh
—{a Ay isS = A7AZ L 1\
; X, £m,o(p) X, ¢m,w(p)/diss 2(2f T 1) 2

where the dissipative terms come from the 5(Q) and the
conservative terms come from the P(1/Q) in Eq. (75).

C. Dissipative part of the photon density evolution

The remainder of this calculation will deal with the
dissipative part of Eq. (75), and a later paper in this series
will handle the contribution due to the conservative part.

If we consider only the dissipative part, we can
further simplify Eq. (73) by the following sequence of
simplifications:

(1) We collapse the energy integral [dh’ using the

o-function.

(2) We drop the /=~ terms since the 5-function condition

h' = —(w + h) does not contribute to the integrals
over positive energies (physically, we cannot have an
on-shell photon, electron, and positron appear out of
the vacuum or disappear into it).

(3) We simplify the ), over products of the 3j

symbols in Eq. (57) using Eq. (3.7.8) of Edmonds

[73], giving an overall factor of A(j, j',£)/(2€ + 1).

(4) We combine the terms with coupling integrals
[y X,¢(p il e xe. X (]l (corresponding  to

the process e~ +y <> e”) and [[IXkX’k’Xf( >]]

1w x,e(mll (corresponding - to et t+y<eh)

since they are the same under charge conjugation
(€ symmetry). Physically, emission and absorption
from electron levels and positron levels give the
same contribution, so we have a factor of 2. The C
symmetry is explored in Appendix E, leading spe-
cifically to the result that allows us to combine the
terms, Eq. (E7).

(5) We work in the {in, up} basis, where the phase space
densities fyy» and gxy» are diagonal.

This gives us

ZA] ] bﬂ ss'( k+k’+t’ —1)p

X X'e{inup} kK’
X (fng( )fx’x’(h/) HI;]?X’](/ X f( )(h’ h/’
+ 2 S (W) x (M) Wy (1o 1 DD U e e

U g (B )

)(h, h o)l =ntw

+ x'x’ (a’){<f§(x( )fx’x’( ) gx/x’(”)QXX( )) X [[Ika'k'Xf( )(h’ h/’w)]]

X ﬂl;?;;k'xf p )(h7h/
x I XkX'K X, ¢(p (h,h’,w)]] I/

)]] |h’ w—h + 2(fX’X/( )gg)(;((h)
}kJr;(’k’,X/yf(p)(h’ B, o)ly-pio}) +

= G (W) fx (h))
(ce.X, & X)), (77)
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where we define one of the energy index for the spinor fields 4’ to depend on some combination of the other spinor field
energy i and photon energy o, and A(j, j,£)d (1) (1) encodes the angular momentum and parity selection rules.

We can further simplify Eq. (77) by using the phase space densities for the electrons and positrons in Eq. (61) to give

d AJ"
E <anymy{u(p)

aX;fmym(p)>diss =
kK’

dh
2f+ / D AU )8

1\+k’+/ (=1)P

|: fX’X’f(w) [[Imk ink’ X, ¢(p (h w = h, Cl))]] Hll—:lz_;knk/ Xt )<h ® = h, a))]]

eSn’M(a}—h)
Y *

o
=S @) S Winkapiex, ) (

2

+ (1 + flox (@) M) 1 U inkupk X,

eSIrMh
— -
X;x;f(w> (esnM11+1 Lok

2 o
+ eS8TMh 1 upk.ink’,X, ¢(p)

+ [1 + (1 _ eSﬂMw) v*
[[ILTpJ’lilpk’ X, )(h’ o = h, (1))]] +
< . upk' X, £(p

where we grouped terms of the same X, X’ type together
with the appropriate prefactors of photon phase space
density, f7(w). The (X,X’) = (in,in) terms are grouped
first, then the (in,up) terms, then the (up,in) terms, and
lastly the (up,up) terms. We can see after simplifications,
there are three terms that contribute to the spontaneous
emission [that exist even when f7*(w) = 0] coming from
the set of scattering solutions (X,X’) = (in,up) and
(up,up). These spontaneous emission terms correspond
to the following:

(i) the production of photons from electron-positron
annihilation, et + e~ — y, described by the /™
term with fermion indices (up,up), and where the
energies of the electron and positron sum to @; and

(i1) the braking radiation (inner bremsstrahlung) of the
electron or positron, e¥ — ¢T 4y, and where the
energies of the two fermion states have a difference
of w. This is associated with the /~* terms with

|

d .+ .
E <a0ut,fmyw(p) aout,fmym(p) >diss

+ReR; 4, T s ([direct term in, up]

upk,ink’ . X, #(p)

h,w—h,o)] [

ink,upk’. X}, #(p )(h’ w —h, w)]]

Tk (p )(h @ + h, )] [[I;Zflpk’ X,£(p )(h,a)+h,a))]]

(h,w — h, )] ﬂ[:p:*mk, X

(.0 = h, o)

(h,o + h,w)| ﬂl;;k*mk, X,e(p y(h.o+ h, a))]])

1

x;x;f(a))]<(88nm T+ 1) (SMh)

y(h.o+h o) (-~

) HIupkupk’X £( )(h’w - h’w)]]

zeSﬂMh

(eSﬂMh + 1)(687ZM({0+/1) + 1)

upk,upk’ X.¢ )(h w + h, w)]])} +(cc. X, & X,), (78)

fermion indices (up,up) and (in,up). The factor of 2
comes from inclusion of both signs of charge.

There are also absorption terms, which contain a — f ;T v (@),
e

as well as stimulated emission terms. For the specific
case where both X, = X|, = up, the (X,X’) = (up,up)
terms completely cancel, since then 1+ (1 — e8™M®)
1 X (w) = 0. Physically, this is a result of thermodynamic

equlhbnum: the Hawking radiation coming up from the
horizon has the same temperature Ty = 1/(87M) for all
particle species, so the net rate of change of occupation
numbers due to interactions of the “up” particles is zero.

The O(a) correction to the emitted radiation spectrum,
Eq. (64), is related to this phase space density evolution via
Eq. (C5). We separate Eq. (78) into the “direct” terms
(written explicitly) and the “c.c.s.” (complex conjugate with
swap) terms. We see that

= 2{|R, 4o, |*[direct term in, in] + |T 4, |*[direct term up, up]

+ [direct term up, in]*)}. (79)
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We are now able to now write the dissipative correction to the emitted radiation to order e?:

AN 1 d . R
dtdw diss =5_ Z< ou[fmyw(p)aout.fm,w(p))diss
e’ dh 2
ZZHZZ/ ZAJ'} f “ 1R |:R1fw| { 8xM (w+h) H]lnkupk’mf( )(h’w_'—h?a))]”z
=1 kK
1
2
+(68”Mh—|—1)( 87M (w—h) +1>|[[upkupk’1nf (hw hw)]”
e 8zMh )
+( 8th+1)( 8zM (w-+h) 1)|Hupkupk’1nf (hw'i_hw)]” }
|T1.f,a)| 268”Mw
+€8”Mw— _|ﬂ in.k,in.k".up.7.(p )<h’a)—h’w)]]|2 87sz+h |ﬂ in.kup.k’ .up.Z.(p (h’w—i_h’a))]”z
2
h
T GSEMh | ( MR (I, upkmk’upf( )(h o —h o)+ |H1upk1nk’upf( >(h,w+h,w)]]|2>}
. 2(268”Mw _ 1) . s
+ReT7 ;R /.00 (T 1 1)@ - 1) U7k wp b apt. () (e @+ R )N LS iy (o0 + B @0)]
1
++ ok
+(eSﬂMh+ 1)(687:M(w—h) + 1) [upkupk’upf( (h7w_hva))]] Hlupkupk’mf (h  — ]’l Cl))]]
e 8xMh
— %
+ (87Mh - 1)(SM(wth) 4 1) upkupk’ up.Z,(p )(h,a) + h, w)] ﬂlupkupk/ ins(p (h o+ h,o)|
1 *
- e8™Mw _ < I$I.in.k’.up.f,(p)(h’ w—h, a))]] Hlxt ink',in,#,(p )(h’ w—h, w)]]
ZegﬂMh . i
+ eSﬂM"l 41 [[Iup,k,in,k’,up,z,’,(p)(h’ W — h’ a))ﬂ [Ilup,k,ind’,inf,(p)(h’  —h, w)]]
2 -
+ 87Mh 41 IupJ.rk,in,k’,up.L”,( )(h W+, a))]] Hlup k,ink' in,Z,(p )(h’ w +h, w)]]>:|:| ’ (80)
I
where the energy integral for each term is implied to be These terms are equivalent after we take the > .
over the legal range for all arguments in the /-integrals over both positive and negative values, and perform
(energies positive, and > u in the case of the fermion “in” the fermion energy integral over the allowed
modes). In this expression, we have made several algebraic range, | dh/(2x).
simplifications: ) (ii1)) The two terms that have the same set of indices are in
(i) The 3, cancels the factor of 1/(2¢ + 1) since the interference term, Re T} , Ry 4, corresponding
;I;Zi;clsb :Cok gnrlou(rllf(:ipendence on a spherically sym- to the coupling Hlmkup Cap e (h, w+ h,o)]
.. . . . It h, h, . Th h
(i) We combined the X, X’ = up,m terms containing | in.kup.k' inZ.(p )( o+ . (U)]] ey .ave bt?en
I (how—h.o)] [+ (h.o combined. Physically, this is because the interaction
up,kin K'.up.Z,(p) “p’““k AnZ,(p) N being described is of the form e, = yyp/in + €ins
h,®)] with the inup terms containing h h be either el tion b
T+ (ho—h,o)] I+ (h e where the e can be either electron or position by
in.up. k' up.Z.(p) in.k.up.k"in.Z.(p C—symmetry. However, the transition with y;,
h.)] using the symmetry relation [stralghtfor— corresponds to a process where the photon is
wardly verified from Eq. (56)]: reflected back to the horizon and the process with
Yup corresponds to the transmission of a photon out
to infinity. Since these two processes are identical in
[ IXJ/:X’ Yt )( )| the electron/positron states, the ph(?t(?ns will inter-
fere, as expected by the combining of these
( )J 7 ﬂl KX ~kL.(p >(h/,h,0))]]- (81) two terms.
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Each of the 13 coupling integral terms in Eq. (80)
corresponds to a physical process involving a single-vertex
interaction of e~, e, and y, with each particle in either the
“up” or “in” mode. The channel the photon is in can be
understood from the prefactor of either 7' »,, or R 4 ,,. For
interactions with |R, ,,|* the three terms describe the
processes:

€up > €in + Vins Cup + Cup = Vin> and

€up = Eyp + Vin (82)

respectively. In these interactions, the factor of |R, ., [*
indicates these are the amplitudes processes that result in
radiation emitted in the “in” mode (hence the label y;,) and
reflected from the effective potential barrier so that the
photons propagate out. (We label “e” here to denote
particles of either sign charge.) Only emission terms are
allowed here since there are no initial photons in the
“in” modes.

Similar considerations apply to the four terms with
T\ 4| These describe processes involving photons in
the “up” mode (y,,) interacting with e~e™. These photons
can be transmitted through the barrier and propagate out.
Both emission and absorption processes are allowed here
since there are initially photons in the “up” mode: the terms
correspond respectively to

Vup = €in + €ins eup = €in + }/upv

Yup - eup + €in> and eup + yup — €jp- (83)

The process e, + ey, <> 7y is allowed, but the net rate is
zero since it is in thermodynamic equilibrium and so it does
not appear in Eq. (80).

Finally, we have the terms with Re T} , R, ¢, corre-
sponding to the interference of the “in,reflected” and “out,
transmitted” processes since the initial and final state for
the fermions are the same but with different photon modes.
This is analogous to the familiar interference pattern
created by a dipole antenna over a ground plane, in which
the amplitude radiation pattern includes both the radiation
emitted directly upward by the antenna and the radiation
emitted into the ground plane and reflected back up. The
power radiation pattern then contains an interference
pattern. Each of the seven terms in Egs. (82) and (83)
has a corresponding interference term, but there are only
six terms with Re 77 , R, s, because the process e, —
€in + Yin or up @ppears in both Egs. (82) and (83), hence the
interference terms can be combined.

Equation (80) is our final expression for the dissipative
O(a) correction to the Hawking radiation on a
Schwarzschild metric.

VII. DISCUSSION

Primordial black holes are novel objects that are both a
dark matter candidate and a potential probe of epochs in the
early Universe such as the late stages of inflation or phase
transitions, which are difficult to probe with the “standard”
measurements in cosmology. One point of observational
interest is the Hawking radiation emitted from PBHs, since
the lower end of the allowed mass range should emit in the
y-ray regime. This—combined with reports that the for-
mally O(a) internal bremsstrahlung effect can qualitatively
change the spectrum of Hawking radiation and impact
detectability [26]—motivates accurate calculation of the
emitted radiation in order to place constraints on PBHs. We
are particularly interested in whether at order O(a) there
are any other qualitatively new features in the Hawking
radiation.

This paper is the first in a series that aims to compute the
full suite of corrections to the emitted radiation spectrum
first order in the fine structure constant, «, for a
Schwarzschild black hole in a mass range where electrons
become important (Ty/m, of order unity). This requires
performing a perturbative QED calculation with photon,
electron, and positron interactions on a curved background.
We follow the canonical quantization procedure starting
from the QED action [Eq. (5)], then describe the vector
potential and electron fields as sums over the creation and
annihilation operators in Egs. (29) and (46). Then we
compute the interaction Hamiltonian, Eq. (49), and rewrite
it such that it can be easily translated to time-dependent
perturbative techniques for computing evolution of oper-
ators [Eq. (69)] using the initial conditions with no radiation
coming “in” from oo (black hole placed in vacuum) and
thermal Hawking radiation coming up from the horizon
[Eq. (61)]. We also tested our expressions for the interaction
Hamiltonian, specifically Eq. (56), with limiting cases of
bound-state (h < p) electric and magnetic dipole transitions
in the nonrelativistic limit in flat spacetime (|2 — | < p and
r > M) in Appendix D, and found both cases to agree with
standard relations from atomic physics. The evolution of the
photon field is captured to O(a) in Eq. (73), but we can see
that there are two different mechanisms that can affect the
Hawking radiation up to this order:

(1) The emission/absorption of photons from inter-
actions with the spinor fields. These are dissipative
effects, associated with the real and even function
5(Q) in Eq. (75). Here Q is the net energy change in
the reactions of Eqgs. (82) and (83), and the J-function
enforces conservation of energy.

(2) The processes that do not change the total number of
photons but rather change the barrier penetration
probability, i.e., vacuum polarization and plasma
frequency effects. These are comservative effects,
associated with the imaginary and odd function
(i/z)P(1/Q) in Eq. (75). Here Q is the amount of
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energy that must be “borrowed” to go to a vir-

tual state.
This paper is concerned with the analytic form of the
dissipative sector of the evolution. We arrive ultimately at
the final expression for the dissipative correction to the
emitted radiation, Eq. (80). This is expressed as a mode sum
(or integral, for the one continuous variable), with each term
containing the square norm or complex product of the /-
integrals, which describe the overlap of the Schwarzschild
wave functions of the fermions and photons.

This paper focuses on the analytic formulation of
Eq. (80), after using rotation, time translation, and parity
symmetries to completely simplify the result. A forth-
coming paper will focus on the numerical implementation
of Eq. (80). The implementation is numerically challenging
—in addition to the large number of nested sums and
integrals, the /-integrals converge slowly at large r, (the
integrands scale as an oscillatory function with logarithmi-
cally divergent phase corrections times 1/r). Furthermore,
at large M, massive fermions such as e® can be in
classically stable orbits around the black hole. In wave
mechanics, the classical turning points become a cavity,
and there are resonances at energies where a half-integer
number of fermion waves (in the WKB sense) fit across the
cavity. The resonances must be properly sampled in the
integration over energies h and A’ (see, e.g., Bain and
Bardsley [74] for a discussion of similar problems in
radiative formation of molecules). We plan to present a
treatment of these issues in an upcoming paper.

This concludes the analytic part of the dissipative O(«)
correction to the Hawking radiation, but begins the start of
several other avenues of work that will encapsulate differ-
ent perturbative effects to improve the distribution of
Hawking radiation from PBHs. The next O(a) correction
that was mentioned, but not taken into account in this
analysis, is the conservative effect that affects the trans-
mission coefficient. This includes both plasma effects and
the vacuum polarization effect in the Schwarzschild space-
time. In flat spacetime, the O(a) or one-loop correction to
the photon propagator due to vacuum polarization is
divergent, requiring renormalization to produce finite
results [75-77]. The same thing should happen here: the
conservative correction includes an integral with the
principal part of 1/Q, and the energy integral and sum
over angular momentum modes together will give an
infinite contribution. We intend to explore renormalization
approaches in future work.

Other possible future works could extend these tech-
niques to more complicated systems of interacting particles
on black hole spacetimes. One such example is the
production of pions at Ty 2 20 MeV; these have strong
self-interactions, and are a favorable mode of producing
radiation since they are spin O (which leads to an Z =0
channel with no angular momentum barrier) and their decay
can lead to secondary gamma rays and positrons [42,43].

Additionally, including the spin of the PBH—that is, going
from a Schwarzschild spacetime to a Kerr spacetime—could
be an interesting avenue for future work as this enhances
production of higher spin particles [78,79]. The Kerr
background introduces several novel effects due to the lack
of spherical symmetry (so we cannot simplify the problem
using the Wigner-Eckart theorem) and the lack of time-
reversal symmetry (which results in the “out+down” vac-
uum being different from the “in+up” vacuum [69]). These
effects are all necessary for a complete and accurate
description of radiative processes from PBHs, which is
imperative for future interpretations of PBH-related impli-
cations on cosmology.
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APPENDIX A: SOME USEFUL IDENTITIES
FOR THE ANGULAR INTEGRALS

Here we tabulate some identities for the angular integrals
AR and TT¥€IE - defined in Eqgs. (52) and (54).
14

mm my

Our first identity follows from the recursion relation for
Clebsch-Gordan coefficients, Eq. (2.2.4) of [73]. If one
writes this recursion relation for m; = m, = 1/2 and
m = 0, and expresses the result in terms of 3 symbols,
then one obtains

j3(j3+1)<111 ]12 131>__<j'+%><i11 Jf 103>
2 2 2 2
4%
2 T2

(A1)

Using the symmetry relation that one may interchange any
two columns of a 3j symbol, with a factor of (—1)/1 /2%,
we may combine the 3 symbols on the right-hand side. We
may also use the symmetry relation that all of the m’s can
flip sign with a factor of (—1)/1*/2*/3, This results in

<j1 J2 j3>_;w <j1 J2 j3)
—% —% 1 j3(j3+1) JiJ2J3 % _% 0 ’
o1 2|
lejzjs =Ji +5 + (_I)Jl+']2+13 (]2 +5> . (AZ)
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Comparing this to Eqgs. (52) and (54), we find that ka/f .

nm m,

and A7 " are only nonzero if (—1)/*/+ = —ss'. We
therefore have W,;, = |k| + ss'|k'| = s(k — k’). Noting
that the difference between 1%/~ ,, and AKKE , i this 3;

symbol, a prefactor of —s, and the factor of 2 we find
that
1y k—K ,
= 2———=ALLL, (A3)
I/ f( lxﬂ + 1) mm m},
Thus the two angular integrals for the (¢) harmonics—the
AM? integrals that come from the radial parts of the

mm m,

vector potential and the [T/~ integrals that come from the
mm I‘l’ly

angular parts—in fact are closely related.
A corollary to Eq. (A2) is that Hkk 2+ can be expressed

m.
in terms of the 3j symbols with m- values 5,0. We note

that szmf,: has a selection rule that (— 1)1”/*’/” = ss5', s0
14
|

b}‘(kmh X,k,m,h,dxuk// //h//bxwkmmwh/// fXX’”km (hm)é(h -
n
ﬂgXX///km(h )5(h -

27 (W) —

< ) =
(d kahbx/k’m'h’bxuku o kam ) =
(Dt Dxrwmt i i 0 g gy =
(@ )
(b ) =

kahd ’k’m’h/b;,/k” ,,h,,bxmkm 1 —Zﬂgxx/km( )5(]1

We can derive the first four expressions in Eq. (B1) by
assuming that the electron and positron fields are uncorre-
lated, i.e., one can group and separate expectation values of
combinations of b and d (note that this grouping produces an
even number of — signs from fermion operator anticommu-
tation). For the last two expressions—the expectation values
with four electron or four positron operators—we can
directly verify the results if the density matrix is diagonal
in the Fock space. Since the two sides of these equations
transform the same way under unitary transformations on
the X, X', ... indices, they remain valid in another choice
of basis.

APPENDIX C: RELATING THE “IN/UP”
SCATTERING BASIS TO THE “OUT/DOWN”
SCATTERING BASIS FOR THE PHOTON

We wish to relate the current basis set of solutions,
Egs. (22) and (23), of the photon radial equation to the set

W) 81108 270 s (R )8 (M =
") 8400 B 27 G g (B ) ('
B8t S 278G i o (R S(R"
1SS 27 f g, o (B
kahbx'k'm'h’bxuku //h/'bX”’k”’m”’h’” =2xf XX’km( N6(h = h") Sy S 27 f o X'X" K" m o (H"
+ 27 f Sxm o (B ) OB = ") S 8 i 2G5, (B (R

(g oy Aot Do nggrn) = 278G 30 (B8 = B) S48y 27 G s (W) (R —
X 270Gty (W V(R = 1)1 Sy 27 F S, (R ) (W

that W

jje = k| + s5'|K'| = s(k + k'). Therefore,

2 — (_pym1/2 2+ D)2/ + D)2 +1)
mn'm, ant(f + 1)

i JioeNgio T 7
X(k—f—k/)(_m ' m><l 1 0>
4 2 2

x (1 = ss'(=1)/=/+7).

APPENDIX B: EXPECTATION VALUES
OF FOUR FERMION OPERATORS

We need the expectation values of different combinations
of four fermion operators that appear in Eq. (69) from

products of the form <Q X, ﬁQX, > These are needed only in

the unperturbed case where all of the modes are indepen-
dent. These are the following:

h/l)ék/k// ém/m” 5
h//>5k1kﬂ ém/m// 3
—_ h”/)ékuku/ §m//m/// s
h”’)(sk//km (Sm//mm y
h/” ) 5]{”]{”' 6m// m"

—h" )5k’k”5m’m” , and
h/// ) 5](” K 6m//m///

h//)5k k”é ! //

5(h//

)
)5(h//

(B1)

|

of solutions that describes the radiation going “down/out”
of the black hole. We will also assume that the black hole is
in a vacuum and there is no infalling radiation from an
external source.

Since Eq. (16) is a second-order ordinary differential
equation, it will have two independent solutions. Therefore,
we can define any other set of solutions as linear combi-
nations of the original two independent solutions. This
allows us to define the asymptotic “out/down” solutions as

< lPf,w,out ) _ (A B) <Tf.m.up) (Cl)
LI]f,m,down Cc D qu,w,in

where
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lI"f,w,(out,down)(’”*) - {

where A, B, C, and D are coefficients relating the two
different sets of solutions.

In order to preserve the same normalizations used in the
“up/in” solutions, we can constrain the coefficients that
appear in the linear transformation Eq. (C1). For the
outgoing solution (¥,,), we want the boundary condition
similar to the ¥,,: a purely outgoing wave coming from
the black hole and a superposition of outgoing and ingoing
waves far from the horizon. Similarly for the down going
solution (W 4,wn): @ purely ingoing wave far from the black
hole and a superposition of ingoing and outgoing waves
near the horizon. Thus, the linear transformation that
satisfies these boundary conditions (normalization con-
ventions) are

(A, C)eiwr* + ((B, D)Tl.f,w - (A’ C)R’ff,weZiarg Tl.f.w)e—iwr*
((A, C)Tlf,w + (B, D)le,w)eiwn + (B, D)e_iwr*

r, = —00
(€2)

r, —> o0

|
where the transformation matrix is unitary, which we
expected due to conservation of probability, and has
determinant =214 7100,

Now with this transformation, we can compute the
intensity of radiation leaving the black hole ie.,
fgut_outfmr(m(w). Since the vector potentials, Eq. (29),
are sums over the solutions to the radial photon equation
(sums over “in/up” states), we can expand the ‘Px/w into
“out/down” states using Eq. (C3) and then collecting the
operators corresponding to the W, /gown- This leads to the
expressions

Aout.tm,w(p) = Rl,f,wainfmyw(p) + Tlf,waupfmyw(p) and

adown.fm,w(p) =T, ,f,wain,fmyw(p) 1,t’,waup.fmyw(p) .

W/ w.0ut T\ s R0\ (Prwup
<\Pf,a).down> - (‘R 1owe 2iweT 0 T?ﬂg;) <‘Pf,w,in ) ’ (C4)
(C3)  Now the outgoing phase space density is
|
2n6(w — ) f gut,outfmy(p) () = <&j>ut,fmyw(p)&Om-fmyw/(ﬂ)>
= <(RT.f,wa:;1,fmyw(p) + Tik.ﬁwaflpfmyw(p))(le,(l'&infmy“”(P> + Tl.,t’,maupfmyw’(p)»
= Ry 0@ 1 )i mgat () 1T 1201400 )@ mgar ()
TR @y aianimya ) + TR caol@lp i iinemat) - (C3)

APPENDIX D: TEST CASE: ELECTRIC
DIPOLE EMISSION FROM NONRELATIVISTIC
BOUND ELECTRONS

This appendix considers the emission of photons from
nonrelativistic bound electrons emitted from the black hole
as a test case to check the normalization factors in Eq. (77).
This is analogous to the case of dipole radiation from a
hydrogenic atom, since both the gravitational and electro-
static interactions have a 1/r potential (so Mu replaces
the Z/137 of atomic physics). In the case of the black hole,
the occupation probability of each “orbital” is given by the
Hawking blackbody factor 1/(e¥M" 4 1) (although this
turns out not to matter for this test). The approximations
involved are as follows:

(i) Nonrelativistic: |h —pu| < pu. (We focus on the

bound case, h < u.)
(i1) Emission far enough from the black hole (r > M).
(iii) Low-frequency dipole radiation, w < 1/r.

We consider both electric and magnetic dipole radiation.

1. Electric dipole transitions: £=1& (p) =(e)

Since we work far from the black hole, we neglect the
difference between 9, and d,. We focus on the leading
(electric dipole) emission, i.e., £ =1 and even (p = e)
parity. The bound case (h < u) implies that there are only
“up” modes for the electron, no “in” modes.

The electron wave equation in this case simplifies to

M k
hF-u(l——>F+—G+0,G and
r r

k M
hG:F—arF—y<1 —>G.
r

r

The latter equation simplifies to
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1 [k
G=—|-—-09,|F D2
2u <r ) (02
which, plugged into the first equation, gives
1 uM k(k—1)
—u’F = ——F F——02F D3
2 Hv p + 2 2 (D3)

Following standard atomic physics notation, we describe F
as the “large component” and G as the “small component.”
We see that F satisfies the usual Schrodinger equation with
the usual orbital angular momentum L = j— fs SO
that L(L + 1) = k(k—1).

The photon wave function in this limit is the solution
with only the angular momentum barrier,

where j; is the spherical Bessel function. The barrier
transmission coefficient 74, can be neglected since
oM < 1.

For the 3 symbol that will appear in the overlap integral,
we have

S, - @i+D@/+) (i T 1N
mmm 47 % é 0 —ss',(=1)/7/*

We then compute the integral in Iupkmup K in. L, (e)

(h,h,®) (in this equation, the and “up” subscripts are
implied, and we have used two 1ntegrat10ns by parts, and
used the boundary condition that the wave function goes to

“ ”

i 2
Winl.0(r) = 20rj(0r) —» —§w2r2 +0(r), (D4) zero at 1 — oo):
|
of i} 1 k—K
A (Fthk’h’ — Gkth’h’)\Illa) }’26()3/2 (Fthk’h' + Gkth’h’>lP1w Vv 3/2 dr
2

a)l/2 00 'k/ —k i k2 _ k/2
= _W p Fi,Fpw +

w!/?

o [(K = k)(1 -k —k)

_3;4A_ r
vl

o'? [ [(K =k)(1 =K —k)

0 L r

U
w'/? /oo (K —k)(1 =K —k)
3u Jo | r
2 N ,n1/2 0 *
=-3 (h—h)ow ; rF, Frpdr.

FZth/h/ —|— I"(Z,Ll(h - h/) + 5

= _30)1/2/) |:Fltth'h’ -Gy Few + (k=K)(Fp,Gpy + Gthk’h’):| dr
—FZth’h’ + (k/ - k)d,(thFk/h/) - [tharFk’h’ - (arFlth)Fk’h’]] ar
FZth/h' + r@r[FZharFk/h, _ (0,F’,:,1)Fk/h,]] d}"

FiFuw + r[F 00 Fy — (a%th)Fk’h’]] dr

K (K =1)

—k(k—1
( )>Fltth/h/:| dr
%

Now the overlap integral corresponding to an electron dropping to a lower-energy state is

2

2

I 2
Z| upkmupk’m 1n1,my,(e)(h’h ’a))| - 9#

C(h=Wo2j+ )27 +1) (] T 1\?
L _1 —ss,(=1)//

(D7)

0
-// rF,*(th/h/dr .
0

2

The 3 symbols can be evaluated in each case (see the tables in Edmonds [73]):

2
Z‘ upkmup k’m.in.l,my,(e)(h’ h/’w)| -

(h - h’)2a) » j
1447r;42 (2j-1)(2j+1)

Jj+1
2j+1
J+1

J
0
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(2j+1)(2j+3)

j =i+l
=/

J=1J

J=j-1
otherwise

é—m’,(— 1)/=7

!

2

(S
/ erth/h/dr .
0

(D8)
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If we sum over the final value of s’ at fixed L’, and average over initial states (so dividing by 2j + 1), we get

L+1 Ll — L + 1
2L+1
,  (h— h)*w o 2
1 +1 Z| L emuptemtintm, (o) (B @) = Som b LU=L-1 i rFi, Fupdr| .
0

S .
mn’ otherwise

(D9)

The total emitted photon rate if 7'y, ~0 and |R;;,|~ 1 is then 2/ + 1 =3 times Eq. (64), including the relevant
contribution from Eq. (73):

L L'=L+1

dNy 3 dhdh’ ] (h=h)w | 5! o 2
da)iit 32,, / qup upki9up.up K Y #—H L'=L-1 ‘A rEy Fypdr| 2n8(w+h —h).  (D10)
ok 0 otherwise

Here “3” indicates that the emitted photon rate includes this term; the term includes only spontaneous emission from bound
electron levels to bound electron levels. Stimulated emission, absorption, and any processes involving positrons or unbound
(h > ) electrons are excluded from Eq. (D10). The photon emission rate can be simplified by integrating over frequency to

=L L'=L+1 )

(1) ’ /
dN, dhdh . o (h h) o
dt 2¢ / ; k:,fupuph up,up./’ 12”” ZIJLﬁ L'=L-1 /) rFkth’h'dr :

(D11)

0 otherwise

Equation (D11) can be contrasted with the usual rule for the emission rate from the usual dipole formula in nonrelativistic
quantum mechanics (see, e.g., Eq. (10.28b) of Rybicki and Lightman [80], with a factor of 47 in the denominator for
conversion from the Gaussian system to units where ¢, = 1):

(1) )’

W S by St (h— k)

dt MM up.up.h9up.up.i' 3z
LM MghL'M, Mh'

2
, (D12)

W, n WL, () &r

where the sum is over all upper and lower states, we have expressed this sum in the |M, M) basis instead of the | jm) basis
(these are related by Clebsch-Gordan coefficients), the f and g represent the probabilities for the upper state to be occupied
and the lower state to be unoccupied, & — /' is the natural frequency of the emitted photon, and the last object is the usual
electric dipole matrix element. If the wave function is written as y (7,6, ¢) = Ry, (r)Y 1y, (0. ¢)/r, we may perform
the usual simplification of the spherical harmonic integrals,

2
/ YLML YIM”( )YL/M/L (ﬁ)dzﬁ — zfﬁ L/ — L _ 1
0 otherwise

(D13)

L

>

My =L

ZZ

M'=—1 M} =—L'

[ Vi @it i)

(this follows from the 3-spherical harmonic integral and the 3 symbols in the table in Edmonds [73]). Then we find

HL L'=L+1

dN}(/l) 5 ~ ~ (h _ h/)3 2L+1 o 5
7 = e Z flelp,up,hgf;p,up,h/ T #—{—1 L/ =L-1 ' A rth(r)RL/h’(r)dr . (D14)
LM, MghL'M, I 0 otherwise

In order to compare this to Eq. (D11), we recall that the radial wave functions in Eq. (D14) are normalized to [ |R},|*dr = 1
with discrete energy levels, whereas the F’s are normalized by Eq. (43) with continuous energy levels. We may make a
correspondence between these by defining a small energy level spacing Aeg, so Dirac delta functions in energy
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6(h—h') — 8,/ Ae. The conclusion is that to go from
Eq. (D11) to Eq. (D14), we should make the following
replacements:

dhdh'  Ag® [Amp
/(27)2 ( Z and Fkh_)e[g Ae RLh’ (D15)

hhi'

where we have used the approximation || ~ u, and e’ is an
irrelevant phase factor. We see that with these replacements,
Egs. (DI11) and (D14) are equivalent, as expected.

2. Magnetic dipole transitions: =1 & (p) =(0)

Similar to the electric dipole transition, we can
compute the limiting case for magnetic dipole transitions.
The electron and photon wave function used above

|

[Egs. (D3) and (D4)] apply to this calculation, with
the coupling integral in Eq. (56) using the odd parity
sector for the electron occupying a lower energy state
Ij(pjkm.up,k’m’.in.lmy,(o) <h’ hl’ CO)]

First we will need the square of the angular piece of the
odd sector

kk’l+ 2 _ 2]+1)(2j/+1)
mmm 4”

J J?
X Oy (—1y'- (D16)
-1/2 -1/2 1)

Then we can expand the coupling integral to give

ZI

1 [ 1 —3/?2 [ ¥ k
—_ drF*G//—I—G*F//‘Pa,r = drr| F% ——a, F//+F//——ar F*
2/4~/0 ( kh k'R kh kh) 1, ()27\/% 12”2\/§ 0 < kh(r > k'h k'h <r > kh>
—? [
:m A dr(k-l—k/-l- 1)FI>:th/h/‘ (D17)
We can combine these results to compute
®° 240+ g T 1Y
4— / _ / * .
% Iup,km,up,k’m’,in.lm,.(o)(h’h ,Cl))l 72 4 (k+k + 1) A drFkth/h/ 471- _1/2 _1/2 1 sS (_1)/*/
(D18)
The 3 symbol can be evaluated using the tables in Edmonds [73] to give
(2j+j‘1f$./‘+3) jl — ] + 1
) @3 5 0 2 (2(j+1)) jl =
I~ It hi, o)) =———F(k+k+1 / drF, Fyy JU+ Oy (_1y-i -
; up,km,ukam.m,lm,,(o)( )| 23047[/14( ) 0 kht KT (2j=1)(2j+1) L . ss',(=1)
A J=J-
0 otherwise
(D19)

Like in the electric dipole case, if we sum over the final value of s’ at a fixed L’ =

L and note that the only two terms that

contribute are when j/ = j #+ 1 and which corresponds with s’ = s + 2 and average over initial states, we get

2 __
2]+1 Z| upkmupk’m in,lmy,(o)(h’h/’wﬂ -
m's'

0]
144mu*

. s=1,8 =-1

o0
%
STHST s=-1,8=1 ‘/) drFy, Fey
0 otherwise

2
(D20)

If we take the total emitted photon rate with the conditions of 7, ~0 and |R; |~ | along with averaging over the
orientation which will give a factor of 2/ + 1 = 3, then as in the case of the electric dipole we find

045004-24



CORRECTIONS TO HAWKING RADIATION FROM ASTEROID ... PHYS. REV. D 107, 045004 (2023)

L _ I
aNy _3e* [dhdh —~ R (P ?
5 e~ e~ , L+1 — _ — F* F...d 276 ]’l/—]’l. D21
dodt o0 (271.)2 — 14471.//‘4 fup-up,hgup,up,h 2L+1 § 1.’ § 1 ‘ A knt KW AT 2T (w * ) ( )
0 otherwise

This term can be classified as a contribution from spontaneous emission. Terms related to stimulated emission, absorption, or
any other process involving positrons or unbound electrons can be excluded. After integrating over frequency, we arrive at

(h— ')’

an /dhdh’

dt (2n)? £

As in the case of the electric dipole, to gain a physical
intuition towards Eq. (D22) we express the emission rate
due to a magnetic dipole as done in nonrelativistic
quantum mechanics [81,82]. We follow the result in
Shortley [81] for the spontaneous emission coefficient,
which shows that transitions are only possible between
the same L (L = L') and—in this case where the spin is
1

5—we have one of J and J' equal to L —% and the other
|

JM M, K
1 L
o 22 : N3 2L+1
= e fupuphgupuph 12 //l (h ]’l) L1
hh' 2L+1

Note that the sum across M; and M’, gives a factor of
L(L+1)/(2L + 1) which will cancel with the factor of
2J4+1=2L,2L 42 in the denominator depending on
whether J = L £+ %, respectively.

To compare Eq. (D23) with Eq. (D22), we use the
normalization given for the F’s along with treating the
energy levels as a continuous distribution as shown in
Eq. (D15). When we make these replacements we find
Egs. (D23) and (D22) are equivalent.

APPENDIX E: CHARGE CONJUGATION
IN THE SCHWARZSCHILD SPACETIME

Charge conjugation is the operation that changes all
particles in a given quantum system to their associated
antiparticles. To swap the electron (b) operators with
positron (d) operators, we must take the Hermitian conjugate
(since y contains b and d"), swap the upper and lower two
components of the spinor (since the upper components are
larger for electrons and the lower for positrons), and swap
the spin-up and spin-down subcomponents (since we are
swapping creation and annihilation operators). We follow

9 o
48/*4 upup hJup,up,h

Z Z 1 1
3
51/ Jilfup up, hgup up, h/ (h h/) T

2LL+1 s=15=-1 )

o s=-Ls=1 ‘/ FipFppdr| . (D22)
0

0 otherwise

equal to L+ % We write the radial overlap integral
explicitly for ease of comparison to Eq. (D21), even
though it evaluates to a Kronecker delta. Note that there is
an additional factor of 1/4x due to the conversion from
Gaussian units to units where ¢y = 1. Noting there is no
radial dependence on the magnetic dipole moment, the
emission rate can written as

2 2

14 - - o0
J. M| - Z(L +28)|J', M%) A R}, (r)Ryy (r)dr

p g

|
the standard approach here (e.g., Sec. 5.2 of Bjorken and
Drell [83]), adapted for the Schwarzschild background.
The specific action of the charge conjugation operator C
on a fermion field y(x) that implements this and has the
correct signs to commute with the Hamiltonian is as
follows. We define C to act on the creation and annihilation
operators as

2

r)Rpy (r)dr (D23)

C‘BX,k’m’hé_l = l.S(—l)erl/zZlX._k._m’h and

Cax,k.m.hé_l = _is(_l)m+1/2l;x,—k,—m,h~ (E1)

The complex conjugation rules for the angular modes in
Eq. (31) are

0" (0, ¢) = —is(=1)"12i7,07_ (0.4) and

09 (0,4) = —is(=1)""12i7,0")_ (6, 4), (E2)

where we have used the matrix
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-1

0
ip=| (E3)

o= O O
(=N e ]

0
0
-1 0

that implements the aforementioned component swaps.
Then one can show that Eq. (46) transforms as

Cyra(x)C" = [i§28) s g s ().

Under charge conjugation, we have k — —k and m — —m:
this is because we defined the positron operators in the
“Dirac sea” convention (Zi;.kﬁm_h fills in a hole in an orbital
of z-angular momentum m, so it creates a positron of
z-angular momentum —m).

Charge conjugation acts as a simple sign flip on the
electromagnetic field and mode operators, just as in flat
spacetime QED:

(E4)

~ el PN el s
CA”C = A” and Caxyf.mww’(p)C = aXy.f,m,,w,(p)'

(ES)

With this sign flip included, it is straightforward to show
that C commutes with all three parts of the Hamiltonian
(HDirac’ Hy’ and Hint)‘

Finally, we consider the I7~ and I~ terms in Eq. (77).
The reactions they describe, e.g., e™ — y + e* are equiv-
alent under charge conjugation, and the fact that C com-
mutes with the interaction Hamiltonian (CH,,C~' = Hy,)
then implies that C symmetry maps the /7~ term in Eq. (55)
into the /I~ term. Taking into account the factor of
[is(=1)m+1/2]%s'(—1)""+1/2 for the mapping of the fermion
operators [Eq. (E1)], the — sign from the photon operator,

and the — sign from fermion anticommutation (the ' in the
I~ term maps is mapped into the d", and then it has to be

moved to the right of the d to match with the /=" term as
written), we must have

- /
IX’k’m’,ka,nym,(p)(h h, a)>

oo (1 \m—m' =+
=ss'(-1) IX—k—m.X’—k’—m’.X,fmy(p)

(h,W,w). (EO)
Using Eq. (57), the symmetries of the 3j symbols, and
simplifying using the fact that £ is an integer whereas j, f/,
m, and m’ are half-integers, we may write these as a relation
among the double-barred coupling coefficients,

HI;';’,Xk,X/(p) (W, h,o)]

= SS/(_l)fHI;(fk,xf—k’,X,f(p)(hv n, o). (E7)

This may also be shown directly from Eq. (56) by
comparing the expressions and swapping the fermion
components. To do this, we note that under the swapping
k,h - =K',/ and k'h' — —k, h, the radial integrals in
Eq. (56) stay the same; in particular the coefficient k — k’
stays the same: k — k' —» (—=k') — (=k) = k — k’. For the
angular terms, application of the 3 j symbol symmetry rules
to the definitions of A and IT* gives

[A=F k) = (=1)7= [AR*]]  and

HH—k’,—k,zfi]] _ ssl(_l)fﬂnk,k’.fiﬂ . (Eg)
Due to the parity selection rules, A is only nonzero if
ss'(=1)Y = (=1)/7/. Therefore we conclude that the
explicit expressions for the /-integrals also obey Eq. (E7).
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