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The direct discovery of gravitational waves (GWs) from the coalescence of compact binary components
by the LIGO/Virgo/KAGRA Collaboration provides an unprecedented opportunity for exploring the
underlying theory of gravity that drives the coalescence process in the strong and highly dynamical field
regime of gravity. In this paper, we consider the observational effects of spatial covariant gravities on the
propagation of GWs in the cosmological background and obtain the observational constraints on coupling
coefficients in the action of spatial covariant gravities from GW observations. We first decompose the GWs
into the left- and right-hand circular polarization modes and derive the effects of the spatial covariant
gravities on the propagation equation of GWs. We find that these effects can be divided into three classes:
1) frequency-independent effects on GW speed and friction, 2) a parity-violating amplitude and velocity
birefringences, and 3) a Lorentz-violating damping rate and dispersion of GWs. With these effects, we
calculate the corresponding modified waveform of GWs generated by the coalescence of compact binaries.
By comparing these new effects with the publicly available posterior samples or results from various tests
of gravities with LIGO/Virgo/KAGRA data in the literature, we derive the observational constraints on
coupling coefficients of the spatial covariant gravities. These results represent the most comprehensive

constraints on the spatial covariant gravities in the literature.
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I. INTRODUCTION

The direct detection of gravitational waves (GWs) by the
LIGO/Virgo Collaboration has ushered in an entirely
new era of gravitational-wave astronomy [1-7]. To data,
the LIGO/Virgo/KAGRA Collaboration has announced the
detection of more than 90 confident GW events in the
Gravitational-Wave Transient Catalog (GWTC) [5-7].
These signals are produced by the coalescence of compact
binaries, including binary black holes (BBHs), binary
neutron stars, and black hole—neutron star binaries. The
GWs of these events, carrying valuable information about
local spacetime properties of the compact binaries, allow us
to explore the extreme gravity regime of spacetime,
where the fields are strong, nonlinear, and highly dynami-
cal. This has enabled a lot of model-independent tests of
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general relativity (GR) by the LIGO/Virgo/KAGRA
Collaboration [8—13]. All of the tests to date have con-
firmed that GW data is consistent with the predictions
of GR.

With these substantial successes of GR, the increasing
number of detected GW events from the LIGO/Virgo/
KAGRA Collaboration also provides a valuable window
to explore, distinguish, or constrain any modified theories
that exhibit deviations from GR. This has stimulated a lot of
works on constraining different modified theories of
gravity with GW data. In this paper, we consider a specific
type of modified theory of gravity, the spatial covariant
gravities [14—17], and test them with the current population
of GW events.

The spatial covariant gravities represent a series of
alternative modified theories of GR, which break time
diffeomorphism invariance but preserve the spatial
one [14,17]. This is very similar to the case of the
Horava-Lifshitz (HL) theory of quantum gravity [18-25],
in which the symmetry of the theory is broken from the
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general covariance down to the foliation-preserving
diffeomorphisms. Such spatial covariance allows one to
construct the action of the theory only in terms of spatial
diffeomorphism invariants and study the effects of different
terms. These new terms, which are absent in the Einstein-
Hilbert action of GR, provide an efficient way to
parametrize unknown high-energy physics effects on the
low-energy scale. On the other hand, the spatial covariant
gravities can also represent a very general framework for
describing a lot of scalar-tensor theories in unitary gauge
[14,15,26,27]. To our knowledge, a lot of scalar-tensor
theories can be mapped to the spatial covariant framework
by imposing the unitary gauge, including Horndeski theory,
Chern-Simons modified gravity, Weyl gravity, ghost-free
parity-violating gravities, D — 4 Gauss-Bonnet gravity,
Horava-Lifshitz gravities, etc. (see details in Ref. [28]).

One natural question now is whether the new terms
beyond GR introduced in the spatial covariant gravities can
lead to any observational effects in the current and/or
forthcoming experiments and observations, so the spatial
covariant gravities can be tested or constrained directly by
observations. Such considerations have attracted a great
deal of attention lately and several phenomenological
implications of the spatial covariant gravities have already
been investigated [28-34]. The phenomenological impli-
cations for other theories that can also be described in
the spatial covariant framework under certain conditions
have also been extensively studied; see, for example,
Refs. [27,35-40] and reference therein. In particular, the
effects of the spatial covariant gravities on the propagation
of GWs in the cosmological background was preciously
explored in Ref. [28]. In addition, the imprints of the spatial
covariant gravities on the primordial GWs was also
calculated in detail recently in Ref. [29]. It was shown
that the parity-violating terms in the gravitational action of
the spatial covariant gravities can induce a nonzero circular
polarization in the primordial GWs. The possible signatures
of these parity-violating effects on the cosmic microwave
background and the statistics of galaxy surveys were also
briefly explored in Ref. [29].

In this paper, we focus on the imprints of spatial
covariant gravities on the propagation of GWs, produced
by the coalescence of compact binaries, and their
observational constraints with observational data of GW
events from the LIGO/Virgo/KAGRA Collaboration.
Decomposing the GWs into the left- and right-hand circular
polarization modes, we find that the equations of motion of
GWs in spatial covariant gravities can be exactly mapped
to the parametrized propagation equation proposed in
Refs. [41,42]. Depending on different terms in the gravi-
tational action of spatial covariant gravities, the new effects
beyond GR can be fully characterized by four parameters:
U, i, vy, and py. The parameters v, and p, label the effects
of the parity-violating terms in the spatial covariant
gravities, and v and z describe the effects of other possible

modifications that are not relevant to parity violation. The
correspondences between different terms in the spatial
covariant gravities and the four parameters are summarized
in Table II. In addition, we present the expressions for
these four parameters for a number of specific theories in
Table III.

Different parameters correspond to different effects on
the propagation of GWs. These effects can be divided into
three classes: 1) the frequency-independent effects which
include the modification to the speed of GWs and GW
friction, 2) the parity-violating effects which include the
amplitude and velocity birefringences of GWs, and 3) the
Lorentz-violating effects which include the modified damp-
ing rate and dispersion relation of GWs. We compare these
new effects with existing observational samples or results
of various tests of gravities with LIGO/Virgo/KAGRA data
in the literature and derive the observational constraints on
different terms in the spatial covariant gravities. Using
these constraints, we also derive the corresponding bounds
on the coupling coefficients of a number of specific theories
in the Appendix. Our results are summarized in Table V.
With the future ground- and space-based detector network,
more and more GW events in a wider frequency range will
be detected in the future, and we expect that the constraints
on the spatial covariant gravities will be improved dra-
matically and a deeper understanding of the nature of
gravity will be achieved.

This paper is organized as follows. In the next section we
present a brief review of the spatial covariant gravities, and
in Sec. III we discuss the associated propagation of GWs in
a homogeneous and isotropic cosmological background. In
that section we also map the different new effects on the
propagation of GWs arising from the spatial covariant
gravities into four parameters. In Sec. IV we calculate the
effects of the spatial covariant gravities on the speed,
frictions, and waveform of GWs produced by the coales-
cence of compact binaries, and derive their observational
constraints with observational data of GW events from the
LIGO/Virgo/KAGRA Collaboration. A brief summary of
our main results and some discussions are presented in
Sec. V. We also present the detailed correspondences
between the coupling constants in a number of specific
theories and the coefficients in the spatial covariant
gravities and derive the corresponding observational
bounds on these specific theories in the Appendix.

Throughout this paper, the metric convention is chosen
as (—,+,4+,4+), and greek indices (u,v,---) run over
0,1,2,3 and latin indices (i, j, k) run over 1,2,3. We set
the units to ¢ = 7 = 1.

II. SPATIAL COVARIANT GRAVITIES

In this section we present a brief introduction of the
construction of the spatial covariant gravities. Most of
the expressions and results used here can be found in
Refs. [14,17,28,29] and references therein.
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The spatial covariant gravity is only invariant under the
three-dimensional spatial diffeomorphism, which breaks
the time diffeomorphism. Therefore, the gravitational
action of this type of theories can be constructed only in
terms of spatial diffeomorphism invariants. In order to write
down the gravitational action, it is convenient to write the
metric of the spacetime in the Arnowitt-Deser-Misner
(ADM) form [43],

ds* = —N?dr’> + gij(dx' + N'dt)(dx’ + N'dr), (2.1)
where N is the lapse function, g;; is the three-dimensional
spatial metric, and N; is the shift vector. With these ADM
variables, the general action of the spatial covariant
gravities can be written in the form

S:/dtd3XN\/§£(N,gi/,K R; v 81//{)

ijs fNijs

(2.2)

where K;;
surfaces,

is the extrinsic curvature of t = const hyper-

K =— ! (0,9;; = ViN; = V;N,), (2.3)

/2N
R;; is the intrinsic curvature tensor, V' is the spatial
covariant derivative with respect to g;;, and &;;; = \/g€;ji
is the spatial Levi-Civita tensor with €;;, being the total
antisymmetric tensor.

Normally, with the breaking of the time diffeomor-
phism, extra degrees of freedom are often added on top
of the two tensorial degrees of freedom in GR. In
particular, the spatial covariant gravity which has three
dynamical degrees of freedom has been explored exten-
sively [17]. It was also shown that under two necessary
and sufficient conditions, the spatial covariant gravities
can have just two tensorial degrees of freedom and no
propagating scalar mode [44]. One condition is the
degenerate condition, which requires that the lapse-
extrinsic curvature sector of the Dirac matrix must be
degenerate. Another condition is the consistence condi-
tion, which requires that the dimension of the phase
space at each spacetime point must be even. In
Refs. [16,25] the above action has also been extended
by introducing N in the Lagrangian through (N N'V;N).
This term can only contribute to the scalar -type modes of
GWs which are expected to be small, compared to the
observed tensorial modes. For this reason, we will not
consider it in this paper.

In order to construct a concrete gravitational action with
spatial covariance, one first needs to specify the building
blocks which are invariant under the spatial diffeomor-
phisms. These building blocks consist of linear combina-
tions of the extrinsic curvature K;;, intrinsic curvature R;;,
and their spatial derivatives and derivatives of the spatial

TABLE I. Building blocks of spatial covariant gravities up to
fourth order in derivatives of #;;, where d, and d; are the numbers
of time and spatial derivatives, respectively, and d = d, + d,
denotes the total number of time and spatial derivatives. Here
w3(I") denotes the spatial gravitational Chern-Simons term, and
w3(T) = (T, + 30515, T ) with T, = 56(0;9,,; +
0,9ij — OmYi j) are the spatial Christoffel syrnbols The terms in
this table are the same as those in Table I of Ref. [28], except for

the two new terms w3(I") and w3 (D)K.

d (d.d,) Operators
0 (0,0) 1
1 (1,0 K
0, D
2 (2,0) K;;, K?
a1
0, 2) R
33,0 K K*Ki, K;;KVK, K
2,1 i KIVIKM
(1, 2) ViViK;;, V*K, RVK;;, RK
(, 3) w3(I)
4 4,0 K;K*KiK, (K;K'7)?, K;;KVK?, K*
G Vv, K’ K"K .,V K, KEK™ €., VK] KK
(2,2 ViK;;V*KY, VK VK'Y, VKV KY, VK'YV K,
V.KV'K, R;;K\K*, RK;;K'/, R;;K'K, RK>
(1,3) e RIVIKE e VIRIKM, w3 (1)K
0, 4) ViV/R,;;,V?R,R;;R, R

ijs

metric itself. Up to fourth order in derivatives of spatial
metric variables g;;, we have the building blocks as shown
in Table I which are all scalars under the spatial diffeo-
morphisms. Then, the general action of the gravitational
part of the spatial covariant gravities is given by [28]

_ / dtd e JGN(LO + £0) + £ 4 £6) 4 £

+L® 4 LW, (2.4)
where £, £, £3) £03) and £®) are the parity-preserving

terms, which are given by

£O = 0 (2.5)

£ =g, (2.6)

£ = Pk ki VR4 TR (2.7)
LO) = POk KK 4 c‘;"O)K' KUK + VK
+"VIVIK; + S PVRK 4 PRIK

+ {"”RK, (2.8)

044051-3



TAO ZHU, WEN ZHAO, and ANZHONG WANG

PHYS. REV. D 107, 044051 (2023)

L8 =K KKK 4 SO (K K2+ O K KR+ (O K+ PPV K YRR VK VK
+cg2’2)V-Ki-7V Kk+c4 VKV K+ PV KVIK 4+ YR KUK + PP RK K + ¢ Ry KUK + ¢ RK?
IVIVIR, 4+ P IV2R+ VYRR + PV R?, (2.9)
and £ and £¥ are parity-violating terms, which are given by
L3 = Ve KiVIKH + "V y(T), (2.10)
LW = VeV, KL Kim KR c2 e VKL KEK™ + ¢V e VIKIKMK
+ Ve RIVIKE + e VIRIKH + ¢y (D)K. (2.11)

All of the coefficients like cgd”d“) are functions of t and N.

Note that in Table I and Egs. (2.10)—(2.11) we add the
spatial Chern-Simons term w3(I") and its coupling to K,
which are absent in the original action in Ref. [28]. It is
interesting to note that the above action reduces to GR if
one imposes

M2
20 = 02 = _ 20 71’1 (2.12)
(d.dy)

where all other coefficients c;
the reduced Planck mass.

areset to zero and Myp is

III. GWs IN SPATIAL COVARIANT GRAVITIES

In this section we consider the propagation of GWs of
spatial covariant gravities in a homogeneous and isotropic
background. The spatial covariant gravities can have three
degrees of freedom propagating in the theory, of which two

|

are tensorial and one is of the scalar type. The extra scalar
mode, which is absent in GR, is in general expected to be
small compared to the two observed tensorial modes. For
this reason, hereafter we only consider the two tensorial
modes of GWs (the transverse and traceless modes). In the
flat Friedmann-Robertson-Walker spacetime, GW is
described by the tensor perturbations of the metric, i.e.,

ds* =

a?(7)[—d7* + (8;; + h;;)dx'dx’],  (3.1)

where a(z) is the scale factor of the expanding Universe
and hereafter we set ay = 1 as its present value. 7 denotes
the conformal time, which is related to the cosmic time ¢ by
dt = adr. hij denotes the GWs, which we take to be
transverse and traceless, 0'h;; = 0 = hi. Then, the action of
GWs up to the quadratic action can be written in the
form [28]

a’ .o o1 . COA . A
s = /dtd%c? {go(f)hijhu + g1(t)e’f"hliaajh§< - gz(f)hij;h” + Wo(f)hij;h”
o 1TA A%
+W](l)€ljkhli5?ajhi—W2<[)hij?hl]:|, (32)
where G, and W, are given by [28]'
1
Go =5 [c(f*o) +3(cP0 + SFNH 133 1268 + 3c§4’°>)H2] : (3.3)
1
G =3 |:c(]2 D (3 = 2P - 3c§3">)H] , (3.4)
LER)

gz = Ecl s (35)

"In W, we add the contributions from the two new terms w;(I") and w;(I')K.
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1 22 2.2
5(4cé )+6c§ )

1
Wy = @+ &) + M =3 H, (37)
1 (04
Wy =53 (3.8)

Here a dot denotes a derivative with respect to the cosmic
time ¢, H = a/a is the Hubble parameter, and A = 5l aiaj
with 8/ being the Kronecker delta. We consider the GWs
propagating in the homogeneous and isotropic background,
and ignore the source term. With the above action, one can
obtain the equation of motion for £;; as

(go -G, 2) h” [27’(9@ + g6 / h/
- {Wo — szz} azh,j

+e,zk [916 + (2HG, +G))o, =W, ks =0, (3.9)
where H = a'/a and a prime denotes a derivative with
respect to the conformal time 7.

In order to study the propagation of GWs in the
spatial covariant gravities, it is convenient to decompose
the GWs into the circular polarization modes. To study the

evolution of /;;, we expand it over spatial Fourier harmonics,

hij(z.x") = / d k hy(z, k) etk efi(k), (3.10)

where e . denotes the circular polarization tensors and
satisfies the relation

R (3.11)
with pg = 1 and p;, = —1. We find that the propagation
equations of these two modes are decoupled, which can be
cast in the form [28]

Wi+ (2 +Ty)Hh, + @ihy =0, (3.12)

where

k B\
HL ) = |:ln (go + paGi p + G ?)] ) (3-13)

a)_f,_Wo+PAW1§+W2% (3.14)
2 go+pAg1§+gzﬁ—§ . .

)y 6(:4

1 .
+9c7 1 18¢FH? + 3 (2c2? + 3¢ H|,

Y4268 43¢ H

(3.6)

The properties of the propagation of GWs with nonzero I',
and a modified dispersion relation @? were discussed in
Ref. [28]. Several specific forms of the spatial covariant
gravities in which the GWs propagate at the speed of light
were also explored [28]. The derivations of the spatial
covariant gravities from GR are fully characterized by the
quantities I'y and @73 . The former represents the corrections
to the damping rate which modifies the amplitude damping
rate of the GWs during their propagation in the cosmo-
logical background, and the latter is the modified
dispersion relation of GWs which leads to a phase shifting
of GWs from distant sources.

We expect that the derivations from GR are small, such
that

2
r, <1, YA

< 1. (3.15)

Thus, we can consider all of the new effects on GWs
beyond GR as small corrections to the standard GR result.
In this way, we are able to expand HI', and w, as

' 1/ K
HFA ~ (1Hg0) go <g1 ) go <g2 2) N (316)
AL Wi=Gk W,-G K
e G Mo et G a1

Note that in the above expansion we only consider the first-
order terms of each coefficient, i.e., 1 — W,/Gy, Wy, Gy,
W, and G,.

With these considerations, the equation of motion (3.12)
can be further simplified into the standard parametrized
form [41]

Wi+ (2404 v )HE, + (14 i+ pg)k2hy =0,  (3.18)
with
_ S VS Y
HV = (hl go) +— gz ) s (319)
Go a
k /
Hyy = (Ql ) (3.20)
G
_ 2
i W WGk (3.21)

Go Gy d*

044051-5



TAO ZHU, WEN ZHAO, and ANZHONG WANG PHYS. REV. D 107, 044051 (2023)

W, -Gk
A=A (3.22) i = ay(r) (k/aMyy ). (3.24)
0 a
In such a parametrization, the new effects arising from
theories beyond GR are characterized by four parameters: Hup = [p A, (7)(k/a MPV)ﬂL} /, (3.25)

U, i, v4, and p,. The parameters v, and u, label the effects

of the parity-violating terms in the spatial covariant

gravities, and 7 and z describe the effects of other possible Ha = paa,(7)(k/a Mpy )P, (3.26)

modifications that are not relevant to parity violation.

Among these four parameters, u, and i determine the )

speed of GWs, while v, and 7 determine the damping rate ~ Where ﬂ p and i are arbitrary even numbers and /3, apd By

of GWs during their propagation. are arbitrary odd numbers. a;, a;, a,, and @, are arbitrary
The coefficients 1 — Wy/Go, W1, G, Wa, and G, arising functions of time. To write this form, we separately

from different terms in the spatial covariant gravity induce ~ consider each term in Eqs. (3.16) and (3.17) and set

distinct effects on GW propagation. In order to study the ~ the others to zero. The different terms in Eqs. (3.16)

effects of the spatial covariant gravity on GW propagation, ~ and (3.17) correspond to different values of the above

we separately consider each term in Egs. (3.16) and (3.17) ~ parameters. The corresponding Valut.es of the parameters

by setting the others to zero. In this way, the four (% fa . By, a,. ) for the different terms defined

parameters 7, fi, v4, and u, can be further parametrized in Egs. (3.16) and (3.17) are listed in Table II. In Table III

in the following form [41]: we present the corresponding values of the parameters
(0, 3.z, Prn . By, . ) for several specific scalar-
Hi — [ a(7)(k/aM )ﬁij|/ (3.23) tensor theories that can be related to spatial covariant

v Ly ' ' gravities in the unitary gauge.

TABLE II.  Corresponding values of the parameters (. S5, az. Bz, @y, B, . p,) for the different terms defined in Egs. (3.16)
and (3.17).

Ho i Huy Ha

ag [ a P a, B, a, B Related coefficients
Go G, 0 —1+Wy/Gy 0 PO B0 60 40 (40 (40
G o GM /Gy 1 =GiMpy/Gy 1 2D B 6 8
G GMA/Gy 2  —GoM2/Gy 2 P
Wo ST W/Gy 0 0D, 02 ) 02 0 0 02)
Wi WM /G 1 03 9 19 43)
W, . GMAJG, 2 w08

TABLEIIL Corresponding values of the parameters (a;, f;. &, Bz, . . . B,,) for several specific scalar-tensor theories that can be
related to spatial covariant gravities in the unitary gauge.

Ho JZ Huy Ha
ay ﬂD a[l ﬂﬁ a, ﬁz/ aﬂ ﬁ[l

Horndeski Inbe=3cl  Q dy—a, |

2 \/ bo=3coH
Scalar-Gauss-Bonnet [PREEH géH+EH 0

My, My H
Chern-Simons —IMpy 1
Lorentz-violating Weyl Mz, 2
Chiral scalar-tensor e Mpy(=9+2(a3 +2a,) 1 Mpy(2a%0,[(2a; + a3)2¢2a—2] 1
#*H - 2b,¢° —2b,¢* +2(by + bs
+2(by + bs — b3)¢*H) —b3)*H)
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IV. EFFECTS OF THE SPATIAL COVARIANT
GRAVITIES ON GWs AND THEIR CONSTRAINTS

A. Frequency-independent effects from G, and W,

The coefficients G, and W, induce two distinct and
frequency-independent effects on the propagation of GWs.
One is the modification of the speed of the GWs if
Go # Wy, and another is the modified fraction term of
the GWs if (InG,)' is nonzero. In the following subsub-
sections, we discuss these individually.

1. Modification of speed of GWs

When W, # G, the speed of the GWs is modified in a
frequency-independent manner,

Wo
ng = g—o

1
—3x 10715 < — [5¢\" = 5¢ 70 +
MPI

(4.1)

1
2
9 3 .
N <2c22’2) B 9052,2)>H2 (9619 4 6elt0) 4 9c40) 2 4 (cé”) n cé2‘2)>H

2

Here 5c(10'2) = Cgo,z) — 1M} and 6c(12'0) = 052,0) — 1M In

deriving the above bound, we have expanded all of the

coefficients cl(»d”dJ beyond GR in the modified speed of
GWs to first order.

2. Modified GW friction from In G,

The term (In Gy)' in Eq. (3.19) also induces an additional
friction term in the propagation equation of GWs. In GR, G is
related to the Planck mass M3, through Gy = M3,/4 and thus
(InGy)" = 0. In the spatial covariant gravities, G, is time
dependent and one can introduce an effective and time-
dependent Planck mass M, () by writing G, = M2(t)/4.
Then, the modified friction term (InGy)’" can be written in
terms of the running of the effective Planck mass in the form

dn M?
Ina

(InGy) =H (4.5)
Such an additional friction term also changes the damping
rate of GWs during propagation. This leads to a GW
luminosity distance d§" which is related to the standard
luminosity distance of electromagnetic signals dj™ as [47,48]

W — Jem l/z dz <1ng0)/
@) = ar@enl; [E07

= dm(z) exp{% / d(In go)}.

égl’z) - 3(053’0) + cS

For a GW event with an electromagnetic counterpart, ¢,
can be constrained by comparison with the arrival time
of the photons. For the binary neutron star merger
GW170817 and its associated electromagnetic counterpart
GRB170817A, the almost coincident observation of both
the electromagnetic wave and GW places an exquisite
bound on the GW speed [45,46],

—3x 1075 < ¢y — 1 <7 x 10718, (4.2)

Note that here we set the speed of light ¢ = 1. This bound
then leads to a constraint on W, /G, as

W
—3x 1075 < g—o— 1<7x10716,  (4.3)
0

From this constraint, one has

3 3
NH + (5 R é§2’2>> H

<7x10716. (4.4)

2

|
Thus, it is possible to probe GW friction (In G,)’ using the
multimessenger measurements of 5 and d$™.

However, such a probe relies sensitively on the time
evolution of (In G,)’, which is in general unknown. In order
to probe GW friction, there are two approaches to para-
metrize the time evolution of (InG,)’. One is ¢, para-
metrization [49], which is based on the evolution of the
dark energy in the Universe, and another is Z parametriza-
tion [47], which is a theory-based parametrization that can
fit a lot of modified gravities.

For c¢,, parametrization, the GW friction is written
as [49]

(hG) 2,02
H M QA(0)

(4.7)

where z is the redshift of the GW source and Q, is the
fractional dark energy density. If one considers the dark
energy density as a constant, then one has [50]

B Q,(0)
—Q(0)+ (1+2)°Q,(0)°

Q(z) (4.8)

where Q,,(0) is the value of the fractional energy density of
matter. Several constraints on c¢); have been derived using
information on both df" and d§™ from GW events or
populations [50-52]. Here we adopt a constraint from
Ref. [50] from an jointed parameter estimation of the
mass distribution, redshift evolution, and GW friction with
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GWTC-3 for different BBH population models, which
gives

ey = —0.673. (4.9)
This corresponds to
l /
% — 0622, (4.10)
z=0

For B parametrization, the full redshift dependence of
GW friction is described by two parameters (Eq, n), with
which the ratio between the GW and electromagnetic
luminosity distances can be written as [47]

d%w (Z) 1- E‘O
=E(z) =5+ . 4.11
) = ==y #.1)
Such a parametrization corresponds to

H  1-Eg+E(1+2)"

The relation between the = parametrization and c), para-
metrization was explored in Ref. [53]. Several constraints
on (E,n) were obtained using GW events with redshift
information inferred from the corresponding electromag-
netic counterparts [51] or host galaxies [52], or the binary
black hole mass function [53]. A recent constraint on
(Ep,n) was derived from an analysis of GW data in
GWTC-3 with a BBH mass function, which gives [53]
gy =1.000¢,  n=25"] (4.13)

with a prior uniform in InZ,. This bound leads to a
constraint on (InG)’ in the form

1
30< WG o5 (4.14)
H z=0
This leads to
—3O<—(3ln[cl +3(cP + $E
+33¢M 4 284 4 30 ] <25, (4.15)

B. Parity-violating effects from W, and G,

Adding the parity-violating terms introduced in
Egs. (2.10) and (2.11) to the action of the spatial covariant
gravities leads to nonzero coefficients YW, and G;. Due to
the parity violation, these two coefficients induce two

distinct birefringent effects on the propagation of GWs:
the amplitude birefringences and velocity birefringences.

1. Amplitude birefringences of GWs from (Gk/a)

The effects of the coefficient (G,k/a)’ are fully charac-
terized by the parameter v,, which leads to different
damping rates for the left- and right-hand circular polar-
izations of GWs, so the amplitude of the left-hand circular
polarization of GWs will increase (or decrease) during the
propagation, while the amplitude of the right-hand modes
will decrease (or increase). This effect induces modifica-
tions in the amplitude of the GW waveform in the form [41]

1 7
hy = hSR exp (—5 / ! HUA>dT = hGRePad1  (4.16)

with

1 k O\~
ho=-=|a,(——
o =3 oG |

where hOR denotes the waveform of GWs in GR,
ay = a(ty) with t, denoting the arrival time of GWs,
and a, = a(t,) with t, being the emitted time. We can
convert the left- and right-hand GW polarization modes
into the plus and cross modes which are used more often in
GW detections. Using the relation

‘lu_ lglk 0

= . (417
.~ 2Godl, (4.17)

h, = hL\%hR, hy = hL\é:lR, (4.18)

we obtain
h.(f) = hR cosh(h,) — ihSR sinh(5h,), (4.19)
h, (f) = hSR cosh(6h,) + ihSR sinh(5h; ). (4.20)

With the above modified waveform, one is able to test
the amplitude birefringent effect induced by (G k/a)'/G
by comparing the modified waveform with the GW strain
data from the GW detectors. By performing a Bayesian
parameter estimation on the 12 LIGO-Virgo O1/02 events
with the above modified waveform, the amplitude bire-
fringent effect including parity violation has been con-
strained, which leads to a combined lower bound on the
corresponding energy scale Mpy of [54,55]

v 2> 10722 GeV, (4.21)
which is a rather loose result. This is because GW detection
is less sensitive to amplitude modification than phase.

Here we would like to derive the constraint on the
coefficient G, by directly using the posterior samples
obtained in Ref. [54] to test the amplitude birefringent
effect with 12 LIGO-Virgo O1/02 events. The data for all
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12 GW events are available in Ref. [56]. In Ref. [54], the
amplitude birefringent effect due to parity violation was
described by a parameter A,, which can be related to G, in
the spatial covariant gravity via

A gf o LGk
6hy = A nf = 2 Goa ae. (4.22)
Thus, one has
g] gl (Z)
) == - 1+2z2). 4.23
Golooo "G T )

Here z is the redshift of the GW source. In principle, the
coefficient G, is an arbitrary function of time which can
only be determined given a specific model of spatial
covariant gravity. Considering that the redshifts of all
12 GW sources are not large, we can approximately treat
G, as constant, i.e., ignore its time dependence. Then, one
can relate A, to G, by

G_ A

Go . (4.24)
Then, from the posterior distributions of A, and the redshift
z obtained in Ref. [54] for each GW event, one can calculate
the posterior distribution of G; for each GW event. We plot
the posterior probability distributions of |G;| in Fig. 1.
From this figure, we find that the posterior probability
distributions of G; with 90% confidence intervals are
consistent with the GR value G; = 0 for all 12 GW events.

In the above analysis, we have treated the quantity G, as
a constant. In this sense, this quantity is also a universal
quantity for all GW events. Thus, one can combine all 12
individual posteriors of G; to get the overall constraint. This
can be done by multiplying the posterior distributions of the

x10™*
8- 1 = GW151226
! GW170809
74 i = GW170818
-6 TN [ = GW190425
= \\ 1 GW170608
55 . | = GW170814
2 >\ H GW170817
E 47 ! GW170729
2 RV
o GW170823
834 \ ‘./_\\ GW170104
« >(\1\ N = GW150914
| i GW151012
1-37&1\\t S=——"-=8 90% upper limit ||
[ 1 .
0 1000 2000 3000 4000 5000 6000 7000
[G1/Gol [km]

FIG. 1. Posterior distributions for |G, | from 12 LIGO-Virgo O1/
02 GW events. The vertical dashed line denotes the 90% upper
limits of |G, | from the combined result.

12 GW events in LOGO-Virgo O1/02 and then we find that
the coefficient G; can be constrained to be

1G1/Go| < 2065 km (4.25)

at the 90% confidence level. This constraint can be

converted into the constraint on the combination of

coefficients 0(12,1)’ c(13’1), c?’l), and 053’1) as

|c(z,1) B (c<3,1) _ 20&3,1) _ ch3.1))H|

! - < 1033 km.
MP]

(4.26)

The above results are obtained from the Bayesian
parameter estimation in Ref. [54] by comparing the
modified waveform with the GW strain data of th el2
GW events in LIGO-Virgo O1/02 catalog. Here we would
like to mention that the amplitude birefringence also affects
the statistical distribution of cos: over the population of
binary black hole mergers [57] with 1 being the inclination
angle of the binary black hole system. One can consider
that the Universe is homogeneous and isotropic on cos-
mological scales, and that gravitational physics does not
have any preferred direction. This implies that the under-
lying distribution for cos: is flat, meaning that its distri-
bution is symmetric about zero when the amplitude
birefringence is absent. When the amplitude birefringence
induced by G, is included, the distribution of cos: will
preferentially have cos: > 0(< 0) if G; <0(>0) [57].
By checking posterior distributions of cos: for GW events
in the GWTC-2 catalog, we can impose a constraint
on G, [57], i.e.,

1G1/Go| < 1000 km. (4.27)

This bound corresponds to

M1312|C§2'l) - (C?'l) - 20?']) - 3c§3’1))H| < 500 km.
(4.28)

Note that this constraint improves on that in Eq. (4.26) by a
factor of 2.

It is worth mentioning here that in some specific models,
the coefficient G, could oscillate periodically. One example
is the axion-Chern-Simons theory studied in Refs. [58-60].
In this scenario, the axion oscillation can induce para-
metric resonance in GWs at a certain frequency, which
can produce resonance peaks in GW signals. Searching for
these peaks in GW signals can thus place stringent
constraints on both the axion-gravity coupling and axion
mass, which can in principle place a more stringent
constraint on G;, depending sensitively on the specific
coupling form of G;.
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2. Velocity birefringence of GWs from W, -G,

When W, # G, the coefficient W, — G, induces a
nonzero parameter uy = pa(W; — Gy)k/(Goa), which
determines the speed of the GWs. In particular, due
to parity violation, the parameter u, [or, equivalently,
paW1 —G,)/Gol has opposite signs for left- and right-
hand circular polarizations of GWs. This leads to different
velocities for left- and right-hand circular polarizations of
GWs, and therefore the arrival times of the two circular
polarization modes could be different. This phenomenon is
known as velocity birefringence.

As shown in Ref. [41], with velocity birefringence, the
different circular polarization modes will have different
phase velocities

1 k
vAzl—szaﬂ(T)< )

aMpy
1L W -Gk
=l-=pp—-. 4.2
2PA G, a (4.29)

Consider GWs emitted at two different times ¢, and 7,, with
wave numbers k and &/, and received at corresponding
arrival times 7, and #,; then, the different velocities of
different circular polarization modes lead to a difference in
their arrival times,

)24 K'P 0 oa
AtO:(1+z)At6+%< /:_ ﬁﬂ)/o /}ildt
Mpy  Mypy/ Jie &
a(k— k') ’“Wl—gld
2 t, g0a2

= (1+2z2)At, +p

. (4.30)

Here At, =1t,—1t,. This velocity difference induces a
modification of the phase of the GW signal emitted from
a binary compact star system. The modified GW waveform
in the Fourier domain reads

ha(f) = hSReiPad¥1 (4.31)

where the phase correction AW, induced by the velocity
difference is expressed as

o, :Aﬂ(ﬂ'f)z, (4.32)
with
W, =Gy
A, = ———dt
H A g0a2
1 , - 1 Nd7
:_/7 OV =G+ 2)d 4
H Jo Go/Qu(1+2) + 9,
Here we adopt Hy, = 67.8 km/s/Mpc, Q,, = 0.308,
and Q, = 0.692.
There are several different ways to test the velocity
birefringence induced by (W, —G;)/G, in spatial

covariant gravity. In Ref. [61], the velocity birefringence
was constrained by comparing the arrival times of
GW170817 and GRB170817a, which gives

|W1 = G1)/Gol < 107! km. (4.34)
With the arrival time difference of left- and right-hand GWs
induced by velocity birefringence, Ref. [62] proposed a
new method for constraining velocity birefringence in a
model-independent way by measuring the difference in
arrival times of two GW polarizations. With this method, it
is expect to constrain (W, — G,)/Go| to be <107!* km.
This constraint is better than Eq. (4.34) by 3 orders of
magnitude. The velocity birefringence could also slightly
widen or split the peak of the GW waveform [55]. By
checking for waveform peak splitting in the first ever
detected GW event, GW 150914, Ref. [63] placed the first
constraint on velocity birefringence, which corresponds to
(W) =G1)/Go] £107'! km. Recently, the constraints
from considering the width of the peak at the maximal
amplitude of GW events have been improved significantly
with an analysis of 50 GW events in GWTC-1 [64] and
GWTC-2 [65].

Similar to the case of amplitude birefringence, the
velocity birefringence due to parity violation can also be
tested by comparing the modified waveform (4.31) with the
GW strain data from the GW detectors; see Ref. [66] for a
review. Based one this, the tests of velocity birefringence
have been carried out through full Bayesian parameter
estimations on the GW events observed by the LIGO/Virgo/
KAGRA detectors in a series of papers [30,54,67—72]. Here
we would like to derive the constraint on the coefficient
(W, = G1)/Gy by directly using the posterior samples
obtained in Ref. [68] for testing the velocity birefringent
effect with 94 GW events reported in the 4th-Open
Gravitational-wave Catalog (4-OGC) [73]. The data for
these posterior samples were downloaded from Ref. [74].
With these data, one can derive the posterior distributions
of (W) —G,)/G, from the posterior distributions of the
sampled parameter My, for each GW event. In Fig. 2 we
show the posterior distributions of |(W; — G,)/G| for the
92 analyzed GW events.” Note that here we treat the
coefficient W, — G, as a constant as well. From this figure,
we find that the posterior distributions of |(W; — G;)/Gy|
with 90% confidence intervals are consistent with the GR
value W, — G, = 0 for all 92 GW events. By considering
W, = G,)/Go| as a universal parameter, we also present
its upper bound from the combined posterior probability
distributions in Fig. 2 (the vertical dashed line), from which
one is able to place a constraint on |(W, — G,)/G,| as

’Here we exclude the two events GW190521 and GW191 109,
since their posterior samples show intriguing nonzero results for
velocity birefringence. Some possible reasons which produce
such signature were also explored in Ref. [68].

044051-10



GRAVITATIONAL WAVE CONSTRAINTS ON SPATIAL ...

PHYS. REV. D 107, 044051 (2023)

GW191204_171526
GW190708_232457
GW190707_093326
GW190512_180714
GW200202_154313
GW190720_000836
GW190412_053044
\| GW191215_223052
SN GW190408_181802
N\ GW190814_211039
NN other 4-OGC events

- 90% upper limit

0.20 -

e
o
o
1

'z

Probability Densitiy
L V2 08 1 ey N N
‘ =7

0.0 2.5 5:0 7.I5 1(;.0 12I.5 15I.0 17I.5 20.0
[(W1 = G1)/Go| [10718 km]

FIG. 2. Posterior distributions for W, — G| from 92 GW
events in the 4-OGC. The legend indicates the events that give the
tightest constraints. The vertical dashed line denotes the 90%
upper limits from the combined result.

(Wi = G1)/Gol <44x 107 km  (4.35)

at the 90% confidence level. This bound corresponds to

oL a3, .03 03 1.3
Mg} —(c(l ) 4 cg >) + c(1 ) - 3c(3 'H
1. @1 3,1 3.1 3.1

——[c(l' )—(cg )—2c§ >—3cg ))H]

< 1.1 x 107!8 km. (4.36)
It is worth mentioning here that a slightly stronger bound
on the velocity birefringence parameter was derived in
Ref. [69] by performing a full Bayesian analysis on GW
events in the LIGO-Virgo catalog GWTC-3.

C. Lorentz-violating effects from WV, and G,

The Lorentz-violating high-derivative terms introduced
in Eq. (2.9) into the action of the spatial covariant gravities
lead to nonzero coefficients W, and G,. The coefficient W,
arises from a term with four spatial derivatives, and thus it
modifies the usual dispersion relation of GWs in GR. The
coefficient G,, which arises from a term contained two time
derivatives and two spatial derivatives, not only modifies
the dispersion relation but also leads to a modified damping
rate of GWs during propagation.3 In the following we

*Note that in some Lorentz-violating theories, vector modes
can appear and propagate in the spacetime. These kinds of vector
modes are generated, for example, in Einstein-aether theory by a
time-like aether field introduced in the theory. Such a time-like
aether field provides a preferred time direction and thus breaks
the Lorentz symmetry. This property is different from the spatial
covariant gravities we consider here, in which only an extra scalar
mode could be generated due to the breaking of the time
diffeomorphism and no new fundamental fields are introduced
in the theory.

discuss the effects of Lorentz-violating high derivatives in
the action of spatial covariant gravity on the damping rate
and dispersion of GWs, respectively.

1. Lorentz-violating damping rate

The coefficient G, induces a frequency-dependent friction
term in the propagation equation of GWs. In the para-
metrization of Eq. (3.18), this friction term leads to a nonzero
parameter 7, which provides a frequency-dependent damp-
ing of the GW amplitude during propagation. This implies
that at different frequencies, GWs can experience different
damping rates. This effect provides an amplitude modu-
lation to the gravitational waveform [41],

1 [
hy = hSR exp <—§/ ' HD) = h§Re, (4.37)
[

with

1 k \/
Shy = —~ |ay ( ——
=3 oG |

where /OR denotes the waveform of GWs in GR. We can
convert the left- and right-hand GW polarization modes
into the plus and cross modes, i.e.,

ao

“w o 1GK
' GEI" (4 38)

o _E ggaz

A, a,

ho(f) = hGRe, (4.39)

o (f) = hGRe. (4.40)
With this modified waveform, it is possible to derive the
constraint on G, /G, by comparing the modified waveform
with the GW strain data from the GW detectors. However,
no test of the frequency-dependent damping effects has not
been carried out yet in the literature, and we expect to
consider this in our future works.

2. Lorentz-violating dispersion relation

Lorentz violation in gravity in general modifies the
conventional linear dispersion relation to a nonlinear
one. Due to the existence of the coefficients ¥V, and G,
in spatial covariant gravity, the dispersion of GWs becomes

w% = k2(1 —I—ﬁ), (4.41)
with
. W, =G K2
=—"—, 4.42
2 gO 2 ( )

With this modified dispersion relation, the phase velocity of
GWs reads

044051-11



TAO ZHU, WEN ZHAO, and ANZHONG WANG

PHYS. REV. D 107, 044051 (2023)

(4.43)

Consider GWs emitted at two different times ¢, and #,, with
wave numbers k and &/, and received at corresponding
arrival times 7, and f#; then, the different velocities of
modes lead to a difference in their arrival times [41,75],

V(K KB\ [ ag
Ato_(H—z)AteJrE( - >[ aﬁﬂ“dt

YL
ML‘V MIfV
k2 _ k/2 o Wy — g
= (1+2)At, + 2T, (4.44)
2 t, Qoa

Here At, =1t,—1t,. This velocity difference induces a
modification of the phase of the GW signal emitted from
a binary compact star system. The modified GW waveform
in the Fourier domain reads [41,75]
ha(f) = hgRe™™2, (4.45)

where the phase correction 6%, induced by the velocity
difference is expressed as

&Y, = Aﬂ(ﬂ'f)S, (4.46)
with
4 tOWz—gg
A, =2 [P 2T Ry
1z 3 . g()6l3 4
_ N2 g
_ 4 /Z OV — )AL+ 2)7dZ 4y
3Ho Jo Gy\/Q,(1+7)° +Q,

We analyze the GW constraints on the Lorentz-violating
dispersion relation by comparing the modified wave-
form (4.45) with the GW strain data in GWTC-1 [11],
GWTC-2 [12], and GWTC-3 [13]. The gravitational
constraint on (W, — G,)/G, can be obtained from the
posterior samples of the Lorentz-violating parameter A, in
Refs. [11-13]. In Refs. [11-13], the Lorentz-violating
parameter A4 was sampled separately for A, > 0 and A4 <
0 in Refs. [11-13]. Here we consider positive and negative
A, separately as well and derive the corresponding bounds
on (W, — G,)/Gy, which are presented in Table IV. From
this table, we see that the most stringent constraint is
from the combined posterior of GW events in GWTC-3,
which gives

(W5 = G1)/Gol < 1.2 x 10710 m? (4.48)

at 90% C.L. This bound corresponds to

TABLE IV. 90% confidence level upper bounds on |(W, —
G,)/Gy| for positive and negative W, — G, obtained using
Bayesian inference by analyzing GW events in the LIGO/
Virgo/KAGRA catalogs GWTC-1 [11], GWTC-2 [12], and
GWTC-3 [13]. Note that the bounds on |(W), — G,)/G,| are in

units of 10710 m?2,

Sampled with negative = Sampled with positive

Catalogs W, -G, W, - G,

GWTC-1 9.0 55

GWTC-2 3.4 25

GWTC-3 2.9 12
MR+ P < 6x 107 e (4.49)

V. SUMMARY AND DISCUSSIONS

The spatial covariant gravity is only invariant under the
three-dimensional spatial diffeomorphism, which breaks
the time diffeomorphism. Therefore, the gravitational
action of this type of theories can only be constructed in
terms of spatial diffeomorphism invariants. A lot of scalar-
tensor theories can be mapped to the spatial covariant
framework by imposing the unitary gauge on the coupling
scalar field. This provides us with a general framework for
exploring the effects of unknown high-energy physics on
the propagation of GWs.

In this paper, we studied the effects of the spatial
covariant gravities on the propagation of GWs, produced
by the coalescence of compact binaries, and their obser-
vational constraints with GW events from the LIGO/Virgo/
KAGRA Collaboration. For this purpose, we calculated the
effects of the spatial covariant gravities on the friction,
speed, amplitude, and velocity birefringences of GWs, as
well as the modified dispersion relation during GW
propagation in the cosmological background. These effects
can be described by the universal parametrization proposed
in Refs. [41,42]. Different effects correspond to different
parameters, as discussed in detail in Sec. III and summa-
rized in Table II. These effects can be divided into three
classes: 1) frequency-independent effects which include
modifications to GW speed and friction; 2) parity-violating
effects which include the amplitude and velocity birefrin-
gences of GWs; and 3) Lorentz-violating effects which
include the modified damping rate and dispersion rela-
tion of GWs. Among these effects, the parity-violating
and Lorentz-violating effects are frequency dependent.
Depending on different coefficients in the spatial covariant
gravities, these frequency-dependent effects can produce
amplitude modulation and phase corrections in the wave-
form of GWs produced by the coalescence of compact
binaries. The calculation of these modified GW waveforms
was presented in Sec. III. These modified waveforms
provide important tools for constraining parity-violating
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or Lorentz-violating effects in the spatial covariant gravities
with current available GW events or future GW detections.

We compared these new effects with the publicly
available posterior samples or results from various tests
of gravities using LIGO/Virgo/KAGRA data to obtain
constraints on coupling coefficients in the action of
spatial covariant gravities. Different effects can be tested
with different phenomena in GW observations. For the
frequency-independent effects, GW speed is constrained
by the multimessenger observation of GW170817/
GRB170817A, while GW friction is constrained by dark
sirens in GWTC-1 with BBH population models. For the
parity-violating effects, we constrained the amplitude and
velocity birefringent parameters using full Bayesian param-
eter estimations of the GW events observed by the LIGO/
Virgo/KAGRA detectors. We also reported the constraint
on the amplitude birefringent parameter from statistic
analysis of the posterior distributions of cos: for GW
events in GWTC-2. For the Lorentz-violating effects, we
reported the constraint on the parameter in the modified
dispersion relation from a Bayesian analysis of GW events
in GWTC-3. Our results are summarized in Table V.
Using these constraints, we also derived the corresponding
bounds on the coupling coefficients of a number of specific
theories in the Appendix.

It is remarkable that the constraints on the effects
which modify the speeds of GWs (including the effects
of frequency independent modification to GW speed,
amplitude birefringence, and Lorentz-violating modified
dispersion) are more stringent than those that affect the
amplitude of GWs. For example, for parity-violating
effects, the parameter |G;| (with W, = 0) can be con-
strained from tests of amplitude or velocity birefringence. It
is evident from Table V that the constraint on |G| from the
tests of velocity birefringence is stronger than that from
tests of amplitude birefringence by 20 orders of magnitude.
This is because ground-based detectors are more sensitive

to phase corrections than amplitude modulations for tests
involving GW signals from the coalescence of compact
binaries.

Here we would like to mention that the study performed
in this paper can be extended in a few directions in future
works. First, in order to derive the bounds on the coupling
coefficients, we considered the different effects of spatial
covariant gravities on the propagation of GWs separately.
Thus, it would be interesting to consider all of the new
effects that arise from the different coefficients together. To
do this, one would need to simulate the modified waveform
with GW data by sampling all of the relevant coefficients.
Second, it would be interesting to see if future GW
detectors such as the third-generation ground-based detec-
tors, space-based detectors, and pulsar-timing arrays can
improve the bounds obtained in this paper. For the spatial
covariant gravities, most of the effects on the propagation
of GWs are very sensitive to the higher frequency of GWs.
This is because the amplitude and phase corrections to the
waveform are proportional to f7«a and f'*#u, respec-
tively. For this reason, it is not likely that future space-based
detectors or pulsar-timing arrays will be able to improve the
bounds given in this paper, since the sensitive frequency of
these detectors is much lower than those of the ground-
based detectors. For the velocity birefringence effect, it
was shown [54] that third-generation gravitational-wave
detectors are able to improve the constraint on the energy
scale of parity violation to (O(10?) GeV. This implies
that the bound on |(W,—G,)/Gy| can be improved
by about 3 orders of magnitude, i.e., improved to be
(W, = G»)/Go| < O(1072") km. Similarly, it is expected
that third-generation gravitational-wave detectors could be
able to significantly improve the constraints on the other
effects, such as the amplitude birefringence, Lorentz-
violating damping rate, and modified dispersion relations.
We expect to come back to these issues soon in a future
work.

TABLE V. Summary of estimations for bounds of the coupling coefficients in spatial covariant gravities. Note that all of the
coefficients are estimated approximately at present time, i.e., z = 0. Here [ayin, Dinax] Tepresent constraints with a,;, and by, being the

lower and upper bounds, respectively.

Coefficients Bounds Related coefficients Data sets used
W _ 1 [30,7] x 1071 20) 30 50 40 [0 40) Multimessenger observations of
a , , ; , .03, W170817 145.4
c<0’2>,cgl’z),cftm),c(2’2>,c(2’2),céz’z),cgz'z) GWI170817 [45,46]
(InGy)' [-3.0,2.5] (20) (3.0) (3.0) (40) (4.0) (4.0) Dark sirens in GWTC-3 with BBH
H € 6 6 0 L6 G o
mass distributions [53]
1G1/ G <2065 km 2D 3D B, cg&l) Tests of amplitude birefringence with
LIGO-Virgo 0O1/02 [54]
<1000 km From statistic distribution of cos: in
GWTC-2 [57]

- -18 ) . . oo .
|W'giogl| <44 % 107°° km (0,3), 6(11’3), célj), Cg1~3)’ C(IZJ)’ c<13'1), cf . cg}l) Tests of velozl_tgcl})ge[fg;]gence with
|W2—gz | <12 x 10710 m? C(I2<2>’ c(%0q4) Tests of Lorentz-violating dispersion with

’ : GWTC-3 [13]
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APPENDIX: SEVERAL SPECIFIC SPATIAL
COVARIANT GRAVITIES

The spatial covariant gravities provide a unifying frame-
work for describing scalar-tensor theories in the unitary
gauge. In this appendix, we present several specific scalar-
tensor theories in the unitary gauge and Lorentz-violating
gravity by writing their gravitational actions in the form of
Eq. (2.4). We also provide relations between the coupling
coefficients in each theory and the corresponding coeffi-
cients in the spatial covariant gravities. In addition, the
observational constraints on these theories are derived from
the constraints presented in Table V.

1. Horndeski theory

The Horndeski theory is a general scalar-tensor theory
constructed from the metric tensor g,, and a scalar field ¢
and can have a second-order field equation [76]. The
Lagrangian of the Horndeski theory in the unitary gauge
with ¢ = ¢(¢) can be found in Refs. [28,77,78] and is
written as [28]

1 . i,
Lum[ary aoK 2611 < ERQU> KY + bO(KinU - Kz)

+ co(K? = 3KK ;K" + 2K K{ K}) + dy + d\ R,

(A1)

where the six coefficients ag, a;, by, ¢, dy, d; are functions
of t and N, which can be related to the coefficients of the
Horndeski theory through Egs. (8)—(13) in Ref. [28].
Comparing the above Lagrangian with Eq. (2.4), one finds

C(O,O) —dy, 051,0) —a, C&o,z) —d,. C(lz,O) .
ng 0 = —by, 053,0) =2cy, cf’o) = -3¢y, 023’0) =y,
cgl’z) =-2ay, cf‘l’z) =a, (A2)

with all other coefficients c; (1) — 0. The corresponding
coefficients G,, G;, G, and WO, Wi, W, in the GW
propagation equation (3.12) are

1 3

gozibo—icoHv G1=0=0,, (A3)
1 1.

WO—Edl—Eal, W1=0:(]2. (A4)

Then, using the constraints in Table V, it is easy to infer that

dl_al

—————1<7x10716
b() - 3COH = x

—3x 10715 < (A5)

from the multimessenger observations of GW170817/
GRB170817A [45,46], and

bo - 3&0H - 3COH

-3 <
b()H — 3C0H2

<25 (A6)

using the dark sirens in GWTC-3 with BBH mass dis-
tributions [53].

2. Scalar-Gauss-Bonnet gravity

It is also interesting to note that scalar-Gauss-Bonnet
gravity with the Lagrangian Lgg = &(¢h)RE can be
recast in the form of the Horndeski theory [79], where
Rip =1 ”mﬁe’l’ ‘R, *R#r°. Here e7° is the Levi-Civita
tensor and R,,m,ﬁ is the Riemann tensor defined in four-
dimensional spacetime. In the unitary gauge, the propaga-
tion equation of GWSs in scalar-Gauss-Bonnet gravity
corresponds to [28]

1 )
Go :ZM1291+2§H’ G =0=0,, (A7)
1 ..
WO :ZM%1+2§’ W] :0: gz. (AS)
Using the constraints in Table V, one obtains
~15 - 5 -16
-3x1070° <8=———<7x10 (A9)

Pl

from the multimessenger observations of GW170817/
GRB170817A [45,46], and

5 EH+EH
M} H

~

8 <25 (A10)

using the dark sirens in GWTC-3 with BBH mass
distributions [53].
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3. Chern-Simons gravity

Chern-Simons gravity is an effective extension of GR
that includes a coupling between a scalar field ¢ and the
Chern-Pontryagin term [80-82]. The Lagrangian of the
new term beyond GR is

Les = —% '9(¢)€Wp54Rpaaﬂ4RZl/j- (A11)
In the unitary gauge, one can find that [28]
Loy = MT%’leifka (K,-,Klmijkm + KKV, Ky
~ KKV Ky — 2RV ;K — %gl(fvj[(kz
J J

2 2
—NKfK-,Kka’"N - NV,K,V,MN) . (A12)

Ignoring the terms containing spatial derivatives of N and
comparing Egls'g') with Eq. (2.4), one has

MZ
622’0) _ CEO.Z) _ _ch,O) _Mp ’
2
3,1 3,1 3.1 1 3 M}
Cg ):_c(1 ):_Cg ):_ECE ) _ 2P119’
5
@n _ _Mplﬁ Al3

Then, the coefficients in the propagation equation (3.12)
read

1 M2 8
Go =3 M. 91:—7“5, G,=0, (Al4)

1 M2 8
W():ZMI%I, W‘:_TPIE’ G,=0. (Al5)

The nonzero coefficient G; induces amplitude birefringence
in the propagation of GWs. Using the constraints in
Table V, one gets

19| <2065 km (A16)

from tests of amplitude birefringence with LIGO-Virgo
01/02 events [54] and

9] <1000 km (A17)

from the analysis of posterior distribution of cos: in
GWTC-2 [57].

4. Lorentz-violating Weyl gravity

Weyl gravity modifies GR by adding a Weyl-squared
term to the gravitational Lagrangian [83],

2
MP1Z4

['Weyl = T ) (:/41//7/14Cw/p/1 , (AIS)

where 4Cﬂvpﬂ is the Weyl tensor in four-dimensional
spacetime. In the unitary gauge, the Lagrangian Ly
becomes [28,83]

L&, = Myy(~VKV'K = ViK*V K| + 2V'KV K]

—2V,K;;VIK* 42V, K, VFKY). (A19)
Comparing this with Eq. (2.4), we have
M2
c(lz,o) _ cgo,z) _ _cgz,o) _ Mo
2
22 22 22 1 (22 1 (2
N R N g
(A20)

Then, the coefficients in the propagation equation (3.12)
read

1

Go = ZM‘%" G =0, G, = Mgy, (A21)
Wy = %M%l, W, =0, G, =0. (A22)
Using the constraints in Table V, one gets
47| £1.2 x 1071 m? (A23)
from tests of Lorentz-violating dispersion with
GWTC-3 [13].

5. Chiral scalar-tensor theory

Chern-Simons gravity can be extended to include parity-
violating curvature terms with couplings between the
Riemann curvature and derivatives of the scalar field.
One theory of this type is the chiral scalar-tensor theory
considered in Ref. [84], which includes couplings between
the Riemann curvature and the first and second derivatives
of the scalar field.

The coupling of the first derivatives of the scalar
field contains four terms with coupling coefficients
(ay,as, as, ay) in the Lagrangian [84], which can be written
in the unitary gauge as
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72
1 2 ¢
Lot = Mp s

chiral —

[(4611 + a3>8iijliijva§
- (4611 + 2(13)8[ij”ka{

+ azein (KL, K™ — KK")VFK]). (A24)
In the above, we have used the condition 4a; + 2a,+
a; + 8a4 =0 which makes the theory healthy in the
unitary gauge.

For the coupling between the Riemann curvature and the
second derivatives of the scalar field, there are seven terms
with coupling coefficients (b, by, bz, by, bs, bg, b7) in
the Lagrangian [84], which can be written in the unitary
gauge as
pe

2 i j
L:ug ]%lmblgiijllka?

chiral —
# -

+ M3, N (by+bs—b3)e;u K"KV, K} (A25)

In the above we dropped all of the terms containing spatial
derivatives of the lapse function, since they do not

contribute to the propagation of the tensorial GWs, and
0, b6 = 2(b4 + b5), and bz =
-3 NZ (b; b,) to make the theory healthy when the unitary

gauge is imposed [84].
Now the parity-violating Lagrangian of the ch1ra1 scalar—

we used the conditions b7 =

tensor thCOI'y reads ‘Cch%ral = Egg + ‘Cchlral + ‘Cchlrdl
Considering it with Eq. (2.4), one obtains
2
(20) _ (02 _ _ 20 _Mp
Cl l CZ 2 9
M3 T 2¢* 20"
C§31)_TP —8—W(4a1+a3)——4(b4+b5—b3) s
13 M3 247
c§ ) _ - _ 20+ e (4a, + 203)},
- . -
@1) _ M 9 2¢
S v e L
5y M3 247
g ) - 2 -_19 - W a3 5
5y M3 247
Cg ) = 2 -—19 + W(@ <A26)

Then, the coefficients in the propagation equation (3.12)
read

1
gO:ZMlzl‘l’ 9220,
MET O . -
Gi==" {—2—19141»3 +2(as +2a,)¢°H
+<b4+b5—b3>¢4H],
1 2
Wo=3Mp, G, =0,
M%} 8 . N
W1:T|:—§+(4a1+2a3)¢¢+(2a1+a3)¢ : (A27)

The nonzero coefficient G; induces amplitude birefringence
in the propagation of GWs and the nonzero G; — W, leads
to velocity birefringence. For |G, /G|, using the constraints
in Table V, one gets

| - 1..9 - 2b1¢3 + 4((13 + 201)¢2H
+2(by + bs — by)¢*H| <2065 km  (A28)

from tests of amplitude birefringence with LIGO-Virgo
01/02 events [54] and

| =9 =2b,¢§* +4(as + 2a,)p*H
+2(by 4 bs — b3)p*H| < 1000 km  (A29)

from the analysis of the posterior distributions of cos in
GWTC-2 [57]. For (W, — G;)/Gy, one has

(a3 + 2a,)p*H — (4a, + 2a3)p p—(2a, + a3)
—b1® + (by+ bs—by)p*H| S22 x 1078 km  (A30)

from the tests of velocity birefringence with 4-OGC
in Ref. [68].
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