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We investigate the scalar field system over a charged Weyl black hole, depicted by a parameter A. It is
found that the imaginary part of the quasinormal mode spectra is always negative and the perturbation does
not increase with the time, indicating that the system is stable under scalar field perturbation. Furthermore,
the quasinormal mode spectra and Hawking radiation exhibit a qualitatively similar characteristic in that
they both rise with rising 4 and approach a constant when 4 is large enough. Especially, we would like to
emphasize that an exponential decay obviously emerges in the phase of the ringing tail as 1 increases. It
indicates that the characteristic parameter A has an obvious imprint on the ringing tail, which is expected to

be detected by future observations.
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I. INTRODUCTION

Recent observations of gravitational waves (GWs) from
the coalescence of binary systems [1-3] and shadows of
supermassive black holes (M87* and SgrA*) by the Event
Horizon Telescope [4-7] confirm the existence of black
hole and thus test the robustness of general relativity (GR).
Nonetheless, there are still numerous open fundamental
questions, including quantum gravity, dark energy and dark
matter problems, and so on. These unresolved problems
have spurred a renewed interest in the gravity theories
beyond GR, especially, their effects deviating from GR
could have possible prints in the detected GWs and black
hole shadows.

An interesting modified gravity theory is the Weyl
gravity. It is a fourth-order gravity theory, originally
proposed by H. Weyl [8]. Since the Weyl gravity is
power-counting renormalizable [9,10], it is a suitable
candidate to construct quantum gravity theory [11,12].
This theory is also a possible UV completion of GR. It is
worth pointing out that there is an equivalence between
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GR and Weyl gravity with the Neumann boundary
conditions [13,14].
Specifically, the action of the Weyl gravity is [8,15]

S = —K/d“x,/—gCWpaC””P", (1)

where « is the coupling constant. The Weyl tensor

R
Cyvpa = R;wpa + g (gypgva - gﬂﬂgl/ﬂ)

1
5 (gﬂpRDO' - g/u)‘Rl/p - gupR/w + gyaR/lp)v (2)

2

is invariant under the local conformal transformation
I = ngﬂy, where Q is a function of the local spacetime
point. Such transformation preserves the angles but not the
distances. A static and spherically symmetric vacuum black
hole solution from Weyl gravity is worked out in [16]. Of
particular interest is that it can address both the dark energy
related phenomena [17,18] and the dark matter scenario [16].
Further, the general Reissner-Nordstrom (RN), Kerr, and
Kerr-Newman solutions are also obtained in [19].

More recently, an alternative black hole solution from
Weyl gravity has been constructed with the use of the
background field method and linear approximation [20].
With this inspiration, a charged Weyl black hole has also
been proposed in [21]. This charged solution can be
reformed into a RN-like metric, but the sign in the “charge”
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term is minus instead. Thus, here we have great interest in
disclosing the characterized features of such a RN-like
black hole in Weyl gravity.

It is well known that one powerful way to extract the
black hole characterization is to perturb it and then see
how it responds. Theoretically, to perturb a black hole
spacetime, one can either introduce a probe field into the
black hole spacetime or perturb the black hole metric
itself. The former is simplified to the field propagation in
the black hole background when a field does not backreact
on the background. The physics after perturbing a black
hole is complex, but we know that it will result in the
radiation of GWs, and before the system relaxes to be
equilibrium, there exists the black hole merger phase in
which the excitation of other matter fields can occur. This
stage is known as the ringdown phase, and in this phase
the black hole emits the GWs with the characteristic
discrete frequencies, dubbed the quasinormal mode
(QNM) frequencies that encode the decaying scales and
dampened oscillating frequencies [22]. More importantly,
the QNM spectra of the matter fields also depend on the
background spacetime. It is expected that any deviation
from GR has an imprint on the QNM spectra, thus serving
as a specific probe of modified gravity [23,24]. Given all
that, as the first step toward understanding the properties
of this charged Weyl black hole, we consider a probe
massless scalar field over this background and study the
properties of its QNM spectra.

We are also interested in the Hawking radiation as a
quantum effect, which could partly describe the near
horizon nature of a black hole [25]. It is well known that
the Hawking radiation is not an ideal black body since the
particles created in the vicinity of event horizon without
enough energy cannot penetrate the potential barrier. So
only part of the particles can be observed at infinity and the
radiation behaves as a gray body. This process makes the
radiation be a scattering problem. Thus, we can just solve
the wave equation outside the black hole and calculate the
scattering coefficient which could further give us the gray-
body factor as well as the energy radiation rate. Lots of
works on the Hawking emission spectra in GR, modified
gravity theory, and in the analogue gravity theory, which is
aimed at testing the Hawking radiation in the laboratory,
have been widely explored to further understand the
features of the black holes (see for example [26-36]).

Our paper is organized as what follows. In Sec. II, we
briefly review the charged Weyl black hole solution and
analyze the instability of this black hole under the scalar
field perturbation. Sections III and IV are, respectively,
dedicated to the properties of the QNM spectra and the
dynamical evolution of the scalar field. Furthermore,
Sec. V focuses on the gray-body factor and energy
emission rate. In Sec. VI, we present the conclusions
and discussions. In addition, we also give a brief intro-
duction on the Wentzel-Kramers-Brillouin (WKB) method
in Appendix A and discuss how to filter out the spurious

modes when we use the pseudospectral method to find the
QNMs in Appendix B.

II. MASSLESS SCALAR FIELD OVER CHARGED
WEYL BLACK HOLE

The RN-like solution of Weyl gravity in the presence of a
charged source is given by [21]

d 2
ds® = —B(r)ds’ +Wr) + 2 (d6? + sin20dd?),  (3)
r

with

4)

where 4 and Q are the black hole parameters. The second
term r2/2% in the lapse function B(r) is related to the dark
energy scenario.

When 4 < Q, a naked singularity is encountered. If
A > Q, then the spacetime admits two horizons: the event
horizon r;, and the cosmological horizon r,., located at [37]

r, = Asin (% arcsin <%> > , (5)
r. = Acos G arcsin (%) > : (6)

Then, we have the Hawking temperature as

_ 1 2_nN2_ Q2
T,,_iﬂﬂgw2 WA+V12-0

AN -0
(7)

It is easy to find that when 4 = Q, one has an extremal black
hole, possessing a unique horizon at roy, = rj, = r, = 1/v/2.

Because the system is invariant under the following
rescaling: r — rQ, A — 10, and t — tQ, through this
paper, we will set Q =1 and only leave 4 free without
loss of generality. Left plot in Fig. 1 shows the horizon
structure of this black hole for different A. We clearly see
that, when 4 = Q = 1, the cosmological horizon coincides
with the event horizon. With 4 growing larger, the space-
time region also becomes larger. We also show the
Hawking temperature as the function of 4 in the right plot
in Fig. 1. We find that the Hawking temperature increases
with 1, and then approaches a constant as A — oo,
ie, Tyljne = 1/7.

Lots of works based on this black hole background have
been widely explored, including the motion of massless
particle, neutral massive particle, and electrically charged
particle [37-40]. Here, we shall study the QNM spectra, the
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FIG. 1. Left plot: the horizon structure of the charged Weyl black hole for different 1. Right plot: the Hawking temperature as the
function of 4.

dynamical evolution of a massless scalar field over this re(rk+rs r(rk+r3)
black hole, and also its Hawking radiation, which could "= 75,2 2) log {1—=— )+ 2027 log(=—1
. c h c c h h
help to further understand the properties of the black hole. P 5o
A probe massless scalar field y over the charged Weyl —Mlog (1 +L> +Mlog <1 +_>
black hole can be described by the Klein-Gordon (KG) 2re=ry, rn)  2(ri—r3) re
equation: (10)
1 V(r) is the effective potential
—=0u(v=99" ) = 0. (8)
Vo i(I+1)  B(r)
V(r) = B(r) = + - (11)

After making a separation of variables by a spherical
harmonic y = ¥(z,r)Y,(0.¢)/r, we can recast the KG  Here / is the angular quantum number. This effective

equation into the Schrodinger-like form potential obviously depends on the black hole background
as well as the angular quantum number.

PY  PY Left plot in Fig. 2 shows the effective potential for [ = 0

7 + Frae V(¥ =0, (9)  with different 1. A negative gap can be observed in the

effective potential. The negative gap is a probable indicator
of instability, although not always. It advises a rigorous
where r, 1is the tortoise coordinate defined as  examination of the QNMs and the time domain profile to
dr, = dr/B(r). The tortoise coordinate’s analytic form  corroborate the stability characteristic. This will be illus-
can be also explicitly written as trated in the sections that follow. While for [ > 0, the
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FIG. 2. The effective potential V(r) for different 4 with fixed .
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effective potentials are always positive (the right plot in
Fig. 2), indicating that the system is stable under the
perturbation of the scalar field.

Further, from Fig. 3, we observe that for fixed black hole
parameter A, the height of the potential barrier grows with
the angular quantum number. This is the universal property
of the black hole potential barrier. For fixed /, we see that
the height of the potential barrier grows with increasing 1
(see Fig. 2). However, once 1 grows large enough, the
increase in height becomes moderate. There is no doubt
that the shape of the effective potential shall make a
significant impact on the QNMs, dynamical evolution,
and Harwking radiation, which shall be illustrated in what
follows.

III. QUASINORMAL MODES

QNMs are an intrinsic characteristic of the back-
ground spacetime, and therefore its spectra encode the
key information about black holes [22,41-44]. The nature
of determining the QNMs is to solve the eigenvalue
problem. There are several methods developed to determine
the QNMs, among which the pseudospectral method is one
of the powerful numerical tools. In this section, we shall
implement pseudospectral method to calculate the QNM
spectra. For the pseudospectral method, we can refer to [45]
and also see [46—54] for the application in the calculation of
QNMs in black hole physics. We justify our findings by
further cross-checking the results with the WKB method,
which is a widely used and well-understood method, and
analyze the error between the WKB and pseudospectral
methods. A brief introduction on the WKB method shall be
presented in Appendix A.

The key point of the pseudospectral method is to
discretize the differential equations and then solve the
resulting generalized eigenvalue equations. Specially, we
replace the continuous variables by a discrete set of
collocation points called the grid points and expand the
functions by some particular basis functions called cardinal

T
10

The effective potential V(r) for different / with fixed A.

functions. Usually, we use the Chebyshev grids and
Lagrange cardinal functions

X; :cos<%ﬂ), Ci(x) = ﬁ .

JE0j#i

X—Xj .
, 1=0,...,N.
x,-—xj

(12)
Now we are ready to determine the QNM spectra. Let us

first expand ¥ as ¥ = e~'® such that we work in the
frequency domain. Then, the KG equation takes the form

*D
5>+ (0> = V(r))® =0. (13)
ors
At the boundaries, one has
D ~ et r, — £oo, (14)

which correspond to a vanishing wave function. The
aforementioned boundary conditions indicate that the
waves are purely outgoing at infinity and purely ingoing
on the event horizon, implying that no waves from the
horizon or infinity are permitted. These boundary con-
ditions reflect a black hole’s response to a transient
perturbation, after the source has ceased to act [22,43,44].
To calculate the QNM spectra, it is convenient to work in
the Eddingtton-Finkelstein coordinate, where Eq. (13) is
linear in the frequency . And then, one obtains the
generalized eigenvalue equation as
(My + oM,)® =0, (15)
where M; (i =0, 1) are the linear combination of the
derivative matrices. The above equation can be solved
directly by the Eigenvalue function in the Mathematica.'

'In order to solve Eq. (15), we need to impose the proper
boundary conditions near the cosmological horizon. For more
details, please refer to Ref. [46].
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FIG. 4. The pole structures of the QNM spectra for different A and /.

It is found that there is an infinite but discrete set of
eigenfrequencies w;,, where [/ is the angular momentum
number and n is the overtone number characterizing the
number of nodes of the radial solution.

The QNM spectra are shown in Fig. 4.2 The imaginary
part of the QNM spectra is always negative, indicating that
the system is stable under scalar field perturbation.
Particularly noteworthy is the discovery of two families
of modes in the QNM spectra: photon sphere (PS) mode
and de Sitter (dS) mode. PS mode may be traced back to
the photon sphere at the large / and is well described
by conventional WKB-type methods [55]. The dS mode
is a pure imaginary mode whose existence and timescale
are intrinsically linked to the de Sitter horizon, according
to [55]. Conventional WKB-type approaches fail to locate
the dS mode [56]. The pseudospectral approach outlined
above is an effective tool for locating such modes.

In Fig. 5, we describe the PS mode (solid line) and dS
mode (dashed line) as a function of A for several [. It is
evident that the PS mode is dominant for small 4. The
imaginary part of the PS mode diminishes as 1 grows,
but the dS mode increases. As a result, there is a
critical value 4. (red dots in Fig. 5) beyond which the
dS mode takes precedence over the PS mode. The similar
behavior of the QNM frequency is also found in the
Schwarzschild-dS black hole [46,57]. It attributes to the
fact that the A plays a role as the inverse proportion of
cosmological constant A. We also see that when 4 is
large enough, both the real and imaginary parts of the PS
mode or the dS mode approach a constant. This discov-
ery is compatible with the fact that the potential barrier,
particularly its height, is almost the same for large A (only
very small difference).

Finally, we would like to compare the results of the
QNM spectra obtained by the pseudospectral technique

*We have filtered out the spurious modes and only present the
genuine modes in this figure and the figures and tables following
in the main body. Please see Appendix B for more information on
how to discriminate and filter the spurious modes.

and the sixth order WKB method® and discuss the errors
between the two approaches. Because the WKB approach
fails to find the dS mode, we only discuss the PS
mode results here. The results are displayed in Table I
This table also includes the errors evaluated by 0@eyor =
|wps — @wkg, |/2 between the two approaches. For fixed 7,
it is evident that the errors reduce as [ grows. It is consistent
with the claim that the WKB formula usually provides
better accuracy for larger / (/ > n) than smaller I

IV. DYNAMICAL EVOLUTION

In this section, we shall explore the dynamical evolution
of the massless scalar field for given initial perturbation. We
are specially interested in the behaviors of the scalar field in
the ringdown phase. The finite difference method (FDM) is
a suitable approach to implement the dynamical evolution.
Before proceeding, we briefly outline the key point of the
FDM. For the details, we can refer to Refs. [60-62]. First,
we need to discretize the wave equation (9). The discre-
tization scheme is to define ¥(r,,t) = W(jAr,, i) =
¥, and V(r(r.)) = V(jAr,) =V, [see the left plot in
Fig. 6 for the cartoon diagram of the descretization scheme
of the coordinates (z, r,)]. Therefore, instead of the differ-
ential equation (9), we have the following difference
equation:

_ (Wipr, — 2%+
AP

(W js1 = 2%+ )

1)
+ Ar?

(16)

Given the initial Gaussian distribution ¥(r,,r <0) =0

and ¥Y(r,,t =0) = exp[— (r*zgf)z] with a and b being the

constants, the iterate formula is derived as

3We will demonstrate the choice of order of WKB method
in Appendix A.

Readers can refer to Refs. [58,59], as well as the discussions
in Appendix A.
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The cartoon diagram of the iterative process of FDM is
shown in the right plot in Fig. 6. The Courant-Friedrichs-
Lewy condition for stability requires At/Ar, < 1. Here,
we use Atr/Ar, =0.5. Actually, the numerical accuracy
not only depends on the ratio of At/Ar, but also the
respective values of Ar and Ar,. Therefore, we must
require At and Ar, to be small enough to satisfy the
precision requirement.

We implement the dynamical evolution of the scalar field
with varying A for [ = 0 and / = 1, which are depicted in
Fig. 7 using the FDM previously stated. It is evident that

WR
0.5F
0.4f
0.3
0.2}

0.1} — =0

The photon sphere mode (solid line) and dS mode (dashed line) as a function of A for several /.

the perturbation does not increase with the time evolution.
This indicates that the system is stable in the presence
of a massless scalar field perturbation. Then, it is clearly
observed that there are two distinct phases for the [ = 1 (see
the right plot in Fig. 7): the Schwarzschild-like ringing
phase and the de Sitter phase. The Schwarzschild-like
ringing phase exhibits an oscillating tail enveloped by a
universal power law decay. While the de Sitter phase is
characterized by an exponential tail following the decay law:

|| ~ |¥o| + |¥ile P, 1=0,1,..., (18)
where p; in the above decay law depends on the black hole
parameter 4 as well as the angular number /. The above decay
behavior is similar to that found in the neutral Weyl black
hole [15] but differs from that observed in the usual
Schwarzschild-dS black hole [63—65], where the constant

TABLE I. QNM spectra with A =15 for various angular number / and overtone number n obtained by
pseudospectral method and sixth order WKB (WKBg) method.
[ PS WKBg W error
0 1 1.4650065-0.7187528i 1.4647270-0.718787i 0.000140805
2 2.4447382-0.7028046i 2.4447097-0.702766i 0.0000238985
3 3.4254973-0.6980106i 3.4254982-0.6980142i 1.82346 % 1076
1 1 1.1221779-2.3591926i 1.1198092-2.37104731 0.00604452
2.1875304-2.1898062i 2.1853061-2.19283631 0.00187944
3 3.2324728-2.1358198i 3.2322875-2.1359638i 0.00011733
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FIG. 6. The cartoon diagram of FDM. Left plot describes the discretization scheme of the coordinates (¢, r, ). Right plot describes the
iterative process of the FDM. The black points are the grids to which the initial conditions are assigned. Then, the red points can be

evaluated by the iterative process [Eq. (17)].

|¥o| term occurs only for / = 0. When A is small (see the right
plot in Fig. 7 for A = 1.1), after the Schwarzschild-like
ringing phase, the scalar field rapidly evolves into the time
independent stage. It suggests that, at this stage, the first term
dominates over the second term. But for large 4 (see the right
plot in Fig. 7), there is an obvious stage following the pure
exponential decay as e P after the Schwarzschild-like
ringing phase. After that, the scalar field also evolves into
the time independent stage. Therefore, we conclude that there
is a larger p; for small / leading to a more fast decay. As 1
increases, p; becomes smaller such that, before entering into
the time independent stage, the exponential decay obviously
emerges. It indicates that the characteristic parameter A has
the imprint on the ringing tail, which is expected to be
detected by future observations.

We would like to point out that this decay law of
massless scalar field (18) has been revealed in the neutral
Weyl black hole [15], comparing to which the effective
dark matter ringing phase is absent in our present model.
This is reasonable because in this RN-like black hole, the
dark matter related term is excluded.

T 1:0 T
10f [ — A=3 ]
0.017 A=5
= 0]
1078} [

50 100 150 200 250 300
t

V. GRAY-BODY FACTOR AND ENERGY
EMISSION RATE

The classical radiation dominated by QNMs is studied
above. It would be interesting to investigate the quantum
radiation, i.e., Hawking radiation of this system further and
do comparison between them, which could help to reveal
some intrinsic characteristics of this background spacetime
and also shed light on the nature of quantum gravity.

There are several approaches proposed to study the
Hawking radiation for black hole. As we mentioned in
the introduction, we can start from the wave equation (13)
in the frequency domain to obtain the scattering coefficient
from which we can obtain the gray-body factor. Then we
use the gray-body factor to describe the transmission of
particles through the potential, and thus work out the
energy radiation rate. From the above description, in the
study we should allow the incoming waves from infinity,
such that we evaluate the fraction of particles reflected back
from the effective potential barrier to the event horizon.
Therefore, contrary to the QNM case, we shall impose the
following scattering boundary conditions for Eq. (13)

1=1
10t ) ' — A=11]
0.100¢ A=3
0.001 — A=5
= 107
10-7 |
107°
5‘0 160 150 260
t

FIG. 7. Semilogarithmic plots of the dynamical evolution of scalar field for varying A.
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FIG. 8. The gray-body factor (left plots) and the Hawking radiation (right plots) as the function of w for fixed 1 and different [.

® = Te—ior, r, = —o0, (19)

d = e—iwr* + Reiwr*’ r, = 0, (20)

where T and R are the transmission and reflection coef-
ficients, respectively. They satisfy

IT|? + |R]> = 1. (21)

Then, we apply the WKB method to evaluate the reflection
coefficient:

R = (1+ 7%m%)=1/2, (22)

KC in the above expression is determined by

=i = Y MK, 23)

where V|, and V, are the maximal value of the effective
potential and its second derivative with respective to r, at
the position of the maximum, respectively. A, (K) are the
higher WKB correction terms, which only depend on X and
the derivative of the effective potential at the position of its
maximum. For the details, please refer to Refs. [58,66,67]

I=1
AP
1.0f
0.8}
— =3
0.6}
A=5
0.4¢ — =10
0.2}
1 2 3 4 5 ¢

and also Appendix A. Here, we evaluate the WKB
approach up to the sixth order. Then, one can work out
the gray-body factor |A;| for each angular number [

AP =1-|R]? =|TP. (24)

With the gray-body factor at hand, we can study the
energy emission rate. We assume that the Hawking temper-
ature of the black hole does not change between the
emissions of two consequent particles, which corresponds
to the canonical ensemble [68]. Then, the energy emission
rate has the following form [69]:

dE ® dw
— = NJA P —————. 25
dt 21: il exp(w/Ty) —12x (25)

N, are the multiplicities satisfying N; = 2[4 1 for the
scalar field.

The numerical results of the gray-body factor and the
Hawking radiation are shown in Figs. 8 and 9. We
summarize the main properties as follows:

(1) As the frequency w increases, the gray-body factor

grows from almost zero to the unit. It is because
when the particles possess larger energy, then the

1=1

d’E

dtdw
0.0025}¢
0.0020¢ — =3
0.0015F A=5
0.0010¢ — A=10
0.0005F

1 2 3 a4 s¢

FIG. 9. The gray-body factor (left plots) and the Hawking radiation (right plots) as the function of w for fixed / and different A.
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probability of penetrating the potential barrier in-
creases.

(2) In the intermediate frequency region, we can obvi-
ously see that, for fixed frequency, the smaller the
angular number, the larger the gray-body factor (left
plots in Fig. 8). Itis because the effective potential has
higher barrier for larger [ (see Fig. 3), which makes it
harder for the particles to penetrate the potential
barrier forming the transmission of radiation.

(3) With increasing A, the gray-body factor slightly
decreases for fixed frequency when the frequency
is in the intermediate frequency region (left plots in
Fig. 9). This result can be also explained by the
effective potential as argued in the above point (Fig. 2).

(4) The energy emission rate of Hawking radiation is
dominated by the modes with lower [. The contri-
bution from the modes with higher / is virtually
invisible (see the right plot in Fig. 8). For fixed /, the
energy emission rate of Hawking radiation grows
with increasing A. But when 4 is large, the energy
emission rate is almost the same (the right plot
in Fig. 9).

Finally, we would like to point out that QNMs and
Hawking radiation have a qualitatively similar behavior in
that they both rise with rising 4 and approach a constant
when 4 is large enough. To further reveal the differences
between these two types of radiation, more quantitative
research is called for.

VI. CONCLUSION AND DISCUSSION

In this paper, we study the properties of QNMs, dynamical
evolution and Hawking radiation of a charged Weyl black
hole by a probe massless scalar field. The imaginary part of
the QNM spectra is always negative and the perturbation
does not increase with the time evolution, indicating that the
system is stable under scalar field perturbation. We summa-
rize the main properties as what follows.

(1) QNM spectra are classified into two families: PS
mode and dS mode. The PS mode is dominant for
small 1. As A increases, the imaginary part of the PS
mode decreases, whereas the dS mode rises. There-
fore, there is a critical value 4. over which the dS
mode takes precedence over the PS mode. It can be
attributed to the fact that the A plays a role as the
inverse proportion of cosmological constant.

(2) When A becomes large enough, both the real and
imaginary parts of the PS mode or the dS mode
approach a constant. This discovery is consistent
with the fact that the potential barrier, particularly its
height, is almost the same for large A.

(3) The dynamical evolution of the scalar field consists
of two stages: the Schwarzschild-like ringing phase
and the de Sitter phase. The effective dark matter
ringing phase observed in the neutral Weyl black
hole is absent in this charged Weyl black hole

background. It can attribute to the dark matter
related term is excluded in our present model.
Especially, we would like to emphasize that the
characteristic parameter A has the imprint on the
ringing tail, which is anticipated to be detected by
future observations.

(4) In the low frequency region, the gray-body factor
vanishes. As the frequency @ increases, the gray
body grows and approaches the unit in the high
frequency region. This picture is independent of the
black hole parameter and the angular number. It can
be explained that, as in the low or high frequency
region, the effect from the energy dominates over
that from the black hole parameter and the angular
number. Correspondingly, the Hawking radiation
increases with increasing w at first, and then de-
creases after climbing up a maximum. In addition,
the energy emission rate of Hawking radiation grows
with increasing A, and approaches a constant when A
is large enough.

(5) The classical radiation dominated by QNMs and the
quantum radiation, i.e., Hawking radiation, have a
qualitatively similar characteristic in that they both
rise with rising 4 and approach a constant when 1 is
large enough. More quantitative research is still
absent. We intend to address this issue in the future
so that we can learn more about the differences
between these two types of radiation.

This work is the first step towards studying the character-
istics of the charged Weyl black hole by perturbing the
black hole spacetime. It would be intriguing to extend our
research to the probe Maxwell and Dirac fields and further
explore the response of Weyl black hole. As previously
shown, see [70-72] and references therein, the decay
timescales of the QNMs of a massive scalar field or Dirac
field exhibit an anomalous behavior. Depending on the mass
of the scalar field or the Dirac field, they either grow or decay
with an increasing angular number. From a viewpoint, it is
interesting to investigate how the characteristic parameter A
affects this anomalous behavior. There is no doubt that
studying the gravitational perturbations is more essential
since it reflects the fingerprints of GWs. It is also worth
investigating the scalarization of this charged Weyl black
hole. Typically, scalarization is triggered by an instability
induced by the scalar field perturbation [73,74]. This study
shows that the system is stable under free scalar field
perturbation. In order to implement the scalarization of this
charged Weyl black hole, we may need to incorporate the
nonminimal coupling function between the Weyl term and
scalar field following the idea in [73-76]. We will investigate
these issues in the near future.
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APPENDIX A: WKB METHOD
AND ERROR ESTIMATION

There are several methods determining the QNMs.
The WKB method is a widely used and economic
semianalytic method to solve the eigenvalue problem.
However, the WKB formula usually gives a best accuracy
for I > n [58,59]. When [ < n, this method does not always
give a reliable result [58,59]. In addition, increasing the
WKB order does not always gives a better approximation
for the QNM spectra. Sometimes higher-order formula
increases the error [58,59].

For a wavelike equation with a potential barrier, when
the two turning points close enough, the potential function
can be expanded by the Taylor series at the position of the
peak of the potential. The key point of WKB method is to
match the exterior WKB solutions across the two turning
points. Therefore, the validity of this method relies heavily
upon the form of the effective potential.

A=5

o o =1
\ 1=2

o =3

> Order
14

— I=1
— 1=3
/\//; Order

Ak

0.20¢
0.15¢
0.10f
0.05¢

The first order WKB was first proposed by Schutz and
Will [67]. Then, Iyer and Will developed the third order
WKB method [77,78]. The accuracy of the third WKB for
the fundamental mode has reached about 1%. Soon after-
wards, the WKB method was extended to the sixth order
by Konoplya [58,79] and 13th order by Matyjasek and
Opala [80].

Usually, we have the following general higher order
WKB formula [59]

@ = Vo + Ay (K?) + Ay (K?) +
— i/ =2V, (1 + A5(K?) + As(KC?) + - -),

where K takes half-integer value. A;(K?) is the kth order
correction term, which depends on the derivative of the
effective potential at the position of its maximum. V;
denotes the derivative with respect with r at the position
of its maximum. Notice that V, is the potential itself at the
position of its maximum.

In order to further improve the accuracy, we consider the
WKB formula proposed by Matyjasek and Opala [80] and
use the Padé approximant. Then, the WKB formula (A1)
can be reformulated as

Py(e)

(A1)

= Vo + M(K)e? + Ay (K?)et + - -
- ”C\/ —2V2<1 + A3(IC2)€3 —|— AS(}C2)€5 J,- . )
(A2)

P, (¢), called the Padé approximant, are polynomials of a
family of the rational functions
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b o 1=
~ 1=2
1 1=3
. Order
2 4 6 g§ 10 12
-1t
=2} mmrmremeermrenmosrs
Ak

0.4} — I=1
0.3F
— 1=3
0.2F
0.1 //\/
Order

FIG. 10. The plots above: the real part (solid lines) and imaginary part (dashed line) of the dominant frequency (n = 0) for different
WKB orders. The plots below: the error A, for different WKB orders.
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with 7 4+ m = k. The squared frequency is obtained for
e =1,ie., @* = Py(1). The improved WKB method with
the Padé approximant provides a more powerful tool with
higher accuracy to find QNMs, especially for 1~ m =
k/2 [59,80].

To estimate the error of the WKB approximation, we
define the quantity [59]

A = |wk+1 - wk—ll‘

. (A4)

Then, we can use the following in equation to evaluate the
error order [59]

Di 2 o= . (AS)
where  is the accurate value of the QNM frequency.
The plots above in Fig. 10 show the real and imaginary
parts of the dominant frequency (n = 0) for different
WKB orders. We see that both the real and imaginary
parts of the QNM frequency are convergent as the WKB
order increases. Especially, we find that, for our model
studied here, it is best to calculate the QNM frequency is

20f
10}
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The error A, vs the overtone number n for the sixth-order WKB.

the sixth-order WKB approximation, which allows the
error estimation of less than 0.1%.

In addition, we also show the error estimation A\, vs the
overtone number # for the sixth-order WKB in Fig. 11. We
find that with increasing n for fixed /, the error estimation
A, rapidly increases and the WKB method loses its power
to find the accurate QNMs. Therefore, the WKB method
applies only for [ > n, which is also pointed out in [59].

APPENDIX B: FILTERING SPURIOUS MODES

It is well known that the N x N matrix produces N
eigenvalues. However, the majority of the eigenvalues
discovered are numerical artifacts, i.e., the spurious modes,
with just a handful being correct. Thus, when using the
pseudospectral method to find the QNMs, it is crucial to
filter out these spurious modes [46].

The first step of filtering spurious modes is straightfor-
ward: repeat the computation at different grid sizes and
precisions, then pick the same modes. For convenience, we
commonly denote the grid size and precision as {N, prec}
and refer to them as a basis tuple [81]. The left plot in
Fig. 12 displays QNM spectra with a particular grid size
and precision {40,40}. In this wz — w; plan, we see a
multitude of modes. Then, we will apply the above-described
approach for filtering spurious modes. After performing the

-04 -02 00 02 04

Re w

FIG. 12. The QNM spectra of the scalar filed perturbation for / = 0 and A = 5. The basis tuple {40, 40} is used in the left plot, whereas
the basis tuples {40,40} and {100, 100} are used in the right plot.
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The eigenfunctions associated with the different modes for [ = 0 and A = 5. The left plot corresponds to an eigenvalue of

0.19696i, whereas the right plot corresponds to a value of 0.5374 — 0.8153.

computation at two grids sizes and precisions: {40, 40} and
{100, 100}, the majority of modes are found to be rejected.
The remaining modes are presented in the right plot of
Fig. 12. On this basis, we have eliminated the majority of
spurious modes. However, this is not enough; additional
confirmation of whether these modes are genuine is needed.
To that purpose, we shall proceed to the second stage:
examining the eigenfunction.

The eigenfunction associated with the genuine mode
should be smooth, normalized to 1 at the horizon (u = 1),
and O at the boundary (# = 0). In Fig. 13, we show the
eigenfunctions associated with the modes 0.19696i and
0.5374 — 0.8153i. Although it survives in any basis tuples,

the eigenfunctions associated with the mode 0.19696i does
not satisfy the boundary conditions (left plot in Fig. 13).
As a result, this mode is the spurious mode. The eigen-
function associated with the mode 0.5374 —0.8153i is
shown in the right plot in Fig. 13. This eigenfunction is
determined to be smooth and to satisfy the boundary
contradictions. Consequently, this is the genuine mode.
In addition, we validated the data using the Bernstein
spectral method [81], which is another powerful tool for
locating QNMs. All of the QNM results reported in the
main body are confirmed using the Bernstein spectral
method and verified by the two processes mentioned here
to filter out the spurious modes.
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