
Parameter estimation of eccentric gravitational waves with a decihertz
observatory and its cosmological implications

Tao Yang ,1,* Rong-Gen Cai,2,3,4,† Zhoujian Cao ,5,4,‡ and Hyung Mok Lee 1,§

1Center for the Gravitational-Wave Universe, Astronomy Program Department of Physics and Astronomy,
Seoul National University, 1 Gwanak-ro, Gwanak-gu, Seoul 08826, Korea

2CAS Key Laboratory of Theoretical Physics, Institute of Theoretical Physics,
Chinese Academy of Sciences, Beijing 100190, China

3School of Physical Sciences, University of Chinese Academy of Sciences,
No. 19A Yuquan Road, Beijing 100049, China

4School of Fundamental Physics andMathematical Sciences, Hangzhou Institute for Advanced Study (HIAS),
University of Chinese Academy of Sciences, Hangzhou 310024, China

5Department of Astronomy, Beijing Normal University, Beijing 100875, China

(Received 3 January 2023; accepted 13 February 2023; published 28 February 2023)

Eccentricity of compact binaries can improve the parameter estimation of gravitational waves (GWs),
which is due to the fact that the multiple harmonics induced by eccentricity can provide more information
and break the degeneracy between waveform parameters. In this paper, we first investigate the parameter
estimation of eccentric GWs with decihertz observatory. We consider two scenarios for the configuration of
DECIGO, i.e., the one cluster of DECIGO with its design sensitivity and B-DECIGO which also has one
cluster but with inferior sensitivity as a comparison. We adopt the Fisher matrix to estimate the parameter
errors. By mocking up the typical binaries in GWTC-3, we find a nonvanishing eccentricity can
significantly improve the estimation for almost all waveform parameters. In particular, the localization of
typical binary black holes (BBH) can achieve Oð10–103.5Þ factors of improvement when the initial
eccentricity e0 ¼ 0.4 at 0.1 Hz. The precise localization of binary neutron stars (BNS) and neutron star–
black hole binaries (NSBH), together with the large improvement of localization of BBH from eccentricity
in the midband, inspire us to construct the catalogs of golden dark sirens whose host galaxies can be
uniquely identified. We find that with only one cluster of DECIGO running 1 year in its design sensitivity,
hundreds of golden dark BNS, NSBH, and tens of golden dark BBH can be observed. Eccentricity can
greatly increase the population of golden dark BBH from ∼7ðe0 ¼ 0Þ to ∼65ðe0 ¼ 0.2Þ. Such an increase
of population of golden dark BBH events can improve the precision of Hubble constant measurement
from 2.06% to 0.68%, matter density parameter from 64% to 16% in ΛCDM model. Through the
phenomenological parametrization of GW propagation, the constraints of modified gravity can be
improved from 6.2% to 1.6%. Our results show the remarkable significance of eccentricity for the
detection and parameter estimation of GW events, allowing us to probe the Universe precisely.
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I. INTRODUCTION

The gravitational waves (GWs) detected by LIGO-
Virgo-KAGAR Collaboration have been widely applied
to research on cosmology, astrophysics, and fundamental
physics [1–7]. After the third observing run (O3), the
LIGO-Virgo-KAGAR collaboration released the third
gravitational-wave transient catalog (GWTC-3), bringing
the total number of GW events [8] to 90. The events in
GWTC-3 are dominated by the binary black holes (BBH),

together with a few binary neutron stars (BNS) and neutron
star–black hole binaries (NSBH). In particular, the obser-
vation of the GW170817 from a BNS merger [9] and its
associated electromagnetic (EM) counterparts [10,11]
announced the era of GW multimessenger astronomy.
GW170817 with its EM counterparts provided the
first standard siren measurement of cosmic expansion
history [3], which is independent from the traditional EM
experiments such as the cosmic microwave background
(CMB) [12], baryon acoustic oscillations (BAO) [13],
type Ia supernovae (SNe Ia) [14,15], and strong gravitational
lensing [16].
GW standard siren is supposed to be one of the most

promising probes (though currently not precise enough) to
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arbitrate the Hubble tension [17–20] which arises from
the 4.4σ discrepancy of the Hubble constant measure-
ments between Planck [12] and SH0ES project [15].
Besides, GW standard sirens can be widely utilized for
the study of cosmology, astrophysics, and fundamental
physics [21–30]. These applications of GW standard
sirens are guaranteed by the fact that the luminosity
distance can be directly inferred from the amplitude
and shape of the waveform. Compared to the traditional
standard candles–SNe Ia, the physics of GW standard
sirens is very clear and there is no need for the calibration
of distance [31]. However, the usage of standard sirens is
drastically limited by the measurement of redshift of the
GW sources, due to the mass-redshift degeneracy. Several
techniques are proposed to obtain the redshift information.
For sources with confirmed EM counterparts, the host
galaxy and hence its redshift can be determined directly
[21,32,33]. These GWs associated with EM counterparts
are dubbed as “bright sirens.” For sources without the
detection of EM counterparts, i.e., the “dark sirens,”
alternative techniques are needed to infer the source
redshift. Many methods have been proposed such as
adopting the astrophysically motivated source mass dis-
tribution [34–37], counting all the potential host galaxies
in the localized region and obtaining the statistical redshift
information from the galaxy catalogs [20,31,38–44],
cross-correlating between GWs and galaxies [45–49],
and including the tidal effects of BNS mergers to break
the mass-redshift degeneracy [50–57]. Compared to the
bright sirens, the constraints of cosmological parameters
from dark sirens are much looser due to the undetermined
redshift information. For using the galaxy catalogs, the
large uncertainty of GW localization makes it very hard
to pinpoint the true host galaxy and hence its redshift. In
addition, the measurement of distance suffers from the
degeneracy between distance and orbital inclination.
While, for bright sirens, not only the host galaxy can
be identified, but also the degeneracy can be broken with
the help of the EM counterparts [58]. This makes the
uncertainty of the Hubble constant from one dark siren
much worse than that from one bright siren [40,41,43].
However, the majority of dark sirens can compensate for
this inferiority. For instance, the constraint of the Hubble
constant from 46 selected dark sirens in GWTC-3 with
GLADE+ K–band galaxy catalog information is compa-
rable to that from bright siren GW170817 [5]. It also finds
that the better sky localization of GW190814 makes this
event more informative on the value of H0 in comparison
to the other GW events. Currently, due to the rarity of
bright sirens (only one in total 90 events) and large sky
errors of dark sirens (typically 103 deg2), GW standard
sirens of LIGO-Virgo-KAGRA are not precise enough
to arbitrate the Hubble tension. Therefore, in order to
improve the usage of GWs for the study of cosmic
expansion history and other cosmological problems,

one should resort to either more GW events with EM
counterparts, namely bright sirens, or the precise locali-
zation of dark sirens. Considering the great challenge for
the detection of EM counterparts and the very small
fraction of bright sirens even with the future GW detector
networks [30,59], the improvement of parameter estima-
tion (in particular for the distance and localization) of dark
sirens is very crucial.
In this paper, we would like to extend our research

in [60] which demonstrated that the eccentricity of long
inspiralling compact binaries can significantly improve the
distance inference and source localization of GWs. The
non-negligible eccentricity of compact binaries that emit
GWs is suggested in many investigations, which may
contribute observational features in the sensitivity band
of ground and space-based detectors [61–64]. Different
mechanisms of the dynamic formation of the compact
binaries of black holes and neutron stars have been
proposed to study their eccentricities [65–74]. Orbital
eccentricity is one of the most important features to
distinguish between isolated and dynamical BBH forma-
tion scenarios [75–78]. Some studies indicate that a fraction
of the binaries possesses eccentricities larger than 0.1 at
10 Hz [69,79–81]. In addition to the implication of
formation channels, the imprint of eccentricity in the
waveform can also help improving the parameter estima-
tion of GWs. The improvements of parameter estimation
and source localization by eccentricity have been inves-
tigated in [82–84] for the stellar-mass compact binaries
with the ground-based detector networks and in [85] for the
supermassive black hole binaries with space-borne LISA.
For the stellar-mass binaries with ground-based detectors
that are sensitive to high frequencies (>10 Hz), the authors
found the improvements in source localization increase
with the eccentricity and mass of the binaries. For the case
of the 100M⊙ total mass BBH, the improvement factor is
about 2 in general when eccentricity e0 increases from 0.0
to 0.4. While for low-mass binaries, the improvement is
negligible when total mass is smaller than 40M⊙ and the
localization is even worsened at some orientations when
total mass is smaller than 5M⊙ [84]. For the supermassive
BBH observed by LISA (10−4–0.1 Hz), the authors also
found the source localization improves with increasing
eccentricity and mass. In the case of (∼107M⊙) super-
massive BBH, the angular resolution is improved by ∼1
order of magnitude for highly eccentric sources (e ¼ 0.6).
Intriguingly, our recent research shows that in the mid-band
(0.1–10 Hz), the source localization of the typical stellar-
mass BBHs can achieve much more improvements from
the nonvanishing eccentricities (as much as 1–3 orders of
magnitude when e0 ¼ 0.4) [60]. The distance inference
can also be improved by more than 2 orders of magnitude in
the near face-on orientations. These results suggest that
eccentricity is of great significance for dark sirens as
precise probes of cosmology. In this paper, we would like
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to present in some detail the parameter estimation of GWs
emitted by the eccentric compact binaries in the midband.
This is to complement our results in [60]. Then the
cosmological implications will be investigated, which is
to extend our previous research.
The motivation for conducting this research in the

midband is as follows. From current LIGO-Virgo-
KAGRA detections, there is no strong evidence of eccentric
compact binaries in the high-frequency band (>10 Hz)
[86–89]. The only exception is GW190521 which has been
reported to be consistent with an eccentric BBH by separate
teams [90,91]. In [90], the authors found GW190521
prefers a signal with eccentricity e > 0.1 at 10 Hz, to a
nonprecessing, quasicircular signal. However, for the lack
of available waveforms which include both eccentricity
and orbital precession, they found there is a degeneracy
between nonspinning, moderately eccentric waveform and
quasicircular, precessing waveform. While, in [91] the
authors used the numerical relativity simulations which
incorporate both procession and eccentricity, and found
that GW190521 is consistent with a highly eccentric
(e ¼ 0.69þ0.17

−0.22 ) merger at 90% confidence level. The
scarcity of eccentric binaries in the LIGO/Virgo band
can be ascribed to the damping of eccentricity (at leading
order ∼f−19=18) in the inspiral period of binaries, even if
they are born with high eccentricity. It means that the
probability of observing eccentric binaries is much higher
in the midband. Another great advantage in the midband is
the long inspiral period (days to years) of the stellar-mass
binaries. The motion of the space-borne detector can induce
the modulation and Doppler effects in the phase of the
waveform which yields important angular information. In
addition, the effects of eccentricity can be accumulated over
a long period and may lead to more improvements in
parameter estimation. In the aspect of waveform modeling,
the inpiral-only and frequency-domain waveform based on
post-Newtonian approximation is accurate enough for the
stellar-mass compact binaries in the midband. Finally,
considering the nonsignificant improvement of localization
by eccentricity in the LIGO/Virgo band [84] (bear in mind
that the typical localization of LIGO/Virgo binaries is
around 102–103 deg2), the investigation of this issue in
the midband is very essential.
In the midfrequency band (0.1–10 Hz), the space-borne

laser interferometers like DECIGO [92,93] and BBO [94],
and the atom interferometers like MAGIS [95] and AEDGE
[96] have been proposed. In this frequency band, the stellar-
mass binary usually has a long inspiral period and the
motion of the detectors could provide a very precise
localization for the sources [22,97–100]. In this paper,
we adopt DECIGO as our fiducial detector in the midband.
DECIGO consists of four clusters and each cluster has
three satellites. Its pathfinder B-DECIGO with only one
cluster is planned to be launched earlier than DECIGO in
the mid-2030s. We consider two scenarios of DECIGO for

comparison. The first is the one cluster of DECIGO
(hereafter we call it “DECIGO-I”) with its design sensi-
tivity 4 × 10−24 Hz−1=2 at 1 Hz [93]. The second is the
B-DECIGO whose sensitivity is around 6 × 10−23 Hz−1=2

at 1 Hz. The main difference between DECIGO-I and
B-DECIGO is the sensitivity, for which the former is 15
times better than the latter. One of the information we
would like to provide in this research is how much we
can benefit if B-DECIGO is upgraded to just one cluster of
DECIGO. Our results can demonstrate the potential of
DECIGO with only one cluster, which is more promising
(e.g., for the launch time and cost) than the full configu-
ration of DECIGO in the future.
The organization of this paper is as follows. In Sec. II we

focus on the parameter estimation of the GWs with various
eccentricities in the midband. The main parameters we
would like to investigate are luminosity distances and sky
locations, from which we will also derive the 3-D locali-
zation volume for the GW sources. The improvements of
the estimation for these parameters from eccentricity will
be presented. In addition, the constraints of other param-
eters such as the chirp mass, inclination angle, and
eccentricity will also be discussed. This is to complete
and elaborate the results in our previous work [60].
In Sec. III, we will simulate the catalogs of GWs with
DECIGO-I and B-DECIGO based on current knowledge
and on the assumption of various eccentricities. We focus
on the golden dark sirens whose host galaxies can be
uniquely identified. From the catalogs, we can assess the
influence of eccentricity on the detection of golden dark
sirens. In Sec. IV, we will discuss the implications of
eccentricity for the applications of dark sirens in cosmol-
ogy. Finally, we conclude our results in Sec. V followed by
some discussions.

II. PARAMETER ESTIMATION
OF THE TYPICAL BINARIES

A. The eccentric waveform

We adopt the nonspinning, inspiral-only EccentricFD
waveform approximant available in LALSUITE [101] and
use PYCBC [102] to generate the eccentric waveform.
EccentricFD corresponds to the enhanced post-circular
(EPC) model [103]. To the zeroth order in the eccentricity,
the model recovers the TaylorF2 post-Newtonian (PN)
waveform at 3.5 PN order [104]. To the zeroth PN order,
the model recovers the PC expansion of [105], including
eccentricity corrections up to order Oðe8Þ. In this eccentric
waveform we have 11 parameters P ¼ fMc; η; dL; ι; θ;
ϕ;ψ ; tc;ϕc; e0; βg, with Mc the chirp mass, η the sym-
metric mass ratio, dL the luminosity distance, (θ;ϕ) the sky
location of the source, ψ the polarization angle, (tc;ϕc) the
time and phase at merger. e0 and β are the two additional
parameters to the TaylorF2 waveform. The former is the
initial eccentricity defined at the frequency f0 and the latter
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is the azimuthal component of inclination angles (longitude
of ascending nodes axis).
The eccentric waveform consists of multiple harmonics

induced by the eccentricity of the orbit [103],

h̃ðfÞ ¼ −
ffiffiffiffiffiffiffiffi
5

384

r
M5=6

c

π2=3dL
f−7=6

X10
l¼1

ξl

�
l
2

�
2=3

e−iΨl : ð1Þ

The phase of each harmonic Ψl is

Ψl ¼ 2πftc − lϕc þ
�
l
2

�
8=3 3

128ηv5ecc

X7
n¼0

anvnecc: ð2Þ

When e0 ¼ 0 it recovers the circular TaylorF2 with only
the quadrupole mode (l ¼ 2). ξl are functions of e0 and
angular parameters Pang ¼ fι; θ;ϕ;ψ ; βg [105]. vecc is the
modified velocity (relative to the orbit velocity v ¼
ðπMfÞ1=3 when e ¼ 0) which is a function of eccentricity,
veccðf; e0Þ ¼ gðf; e0ÞðπMfÞ1=3. The function gðf; e0Þ is
expanded to e80 and its specific form can be found in
Eq. (13) of [103]. an is the corresponding coefficient of the
3.5 PN expansion [104]. The waveform keeps up to 10
harmonics, which corresponds to a consistent expansion in
the eccentricity to Oðe8Þ both in the amplitude and in the
phase [105]. Eccentricity induces more harmonics to the
waveform other than the dominant quadrupole mode.
Multiple harmonics make the distance and angular param-
eters nontrivially coupled, enabling us to break the degen-
eracy between these parameters.

B. The antenna response and observation
of the harmonics

In the midband, the motion of the space-borne detector in
the long inspiral period should be taken into account. The
frequency of each harmonic at a specific time (or orbital
frequency F) is lF. In other words, the frequency of each
harmonic f corresponds to a different detector time, thus a
different antenna response. Instead of the orbital frequency,
we use the frequency of quadrupole mode 2F as the
baseline frequency to derive the relation between time
and GW frequency tðfÞ, by numerically solving the phase
evolution of the eccentric orbits [105]. The orbits evolve
faster with larger eccentricities (at a given orbital fre-
quency). Thus the inspiral period (within the detector band)
is shorter for a binary with greater eccentricity. We first
derive the antenna response functions Fþ;×ðtðfÞÞ in terms
of the quadrupole frequency. Then for each harmonic,
its corresponding antenna response functions should be
Fþ;×ðtð2f=lÞÞ. Here f is the frequency of the harmonic l
and we transform it to the quadrupole frequency to derive
the corresponding time and antenna response. Clearly, we
can see the higher harmonics enter the detector band earlier,
which could provide more angular information.

We follow [106] for the modeling of the space-borne
detectors, with the arm length L ¼ 1000 ð100Þ km for
DECIGO-I (B-DECIGO). We set the initial observation
time to be 1 year. Then the starting frequency of the
quadrupole mode fstart can be calculated by setting
tc − tðfstartÞ ¼ 1 year. The starting frequency of each
harmonic is lfstart=2. So we should truncate the contribu-
tion of each harmonic before its starting frequency,1

h̃1 yrðfÞ ¼ h̃ðfÞHð2f − lfstartÞ; ð3Þ

with the unit step function

HðxÞ ¼
�
1 if x ≥ 0;

0 otherwise:
ð4Þ

Now we use h̃1 yrðfÞ to present the GW signal during the
1-year observation.

C. Parameter estimation
using the Fisher information matrix

To estimate the uncertainty and covariance of the
parameters in the waveform, we adopt the Fisher matrix
technique for GWs [107],

Γij ¼
�
∂h
∂Pi

;
∂h
∂Pj

�
; ð5Þ

with Pi being one of the 11 waveform parameters. Note in
the circular case we only have 9 parameters excluding e0
and β.2 The inner product is defined as

ða; bÞ ¼ 4

Z
fmax

fmin

ã�ðfÞb̃ðfÞ þ b̃�ðfÞãðfÞ
2SnðfÞ

df: ð6Þ

For the sensitivity SnðfÞ of B-DECIGO and DECIGO-I, we
use the fitting formula in [108] but rescale it according to
the white paper of DECIGO [93]. We choose fmin¼0.1Hz
and fmax ¼ 10 Hz, corresponding to the frequency band of
DECIGO. Note the meaning of fmin is different from the
starting frequency fstart. The latter is just to ensure that we
truncate the contribution of each harmonic (set them to be
0) before the 1-year observation period through Eq. (3).

1In the midband, we do not need to truncate the GWs after the
innermost stable circular orbit (ISCO) since the frequencies of
the typical stellar-mass binaries at ISCO are much higher than the
upper limit (10 Hz) of the detector band.

2β is meaningless in the circular case. We can still use eccentric
waveform and set e0 as a free parameter to constrain it in the
circular case. However, in this paper, we focus on the improvement
of parameter estimation of the eccentric case relative to the circular
case. It means that we know the eccentricity a prior (though we
still set eccentricity as a free parameter to be constrained in the
eccentric case). We have checked whether including e0 in the
circular case has no obvious influence on our results.
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While fmin ¼ 0.1 Hz is for the frequency window of the
detector. It means we only integrate the GW signal inside
DECIGO frequency band (0.1–10 Hz). For example, if we
set fstart ¼ 0.08 Hz (note it is the starting frequency for
l ¼ 2 mode), it means for l ¼ 1; 2; 3… modes, their
starting frequencies are 0.04, 0.08, 0.12 Hz… (we truncate
the part of each modes before their starting frequency).
However, the detector’s frequency window starts from
0.1 Hz. So when we calculate the SNR, we only integrate
from 0.1 Hz in the inner product. Since we truncate l ¼ 3
modes at 0.12 Hz, it means the integral of l ¼ 3 mode
between 0.1 and 0.12 Hz is 0.
The covariance matrix of the parameters is Cij ¼

ðΓ−1Þij, from which the uncertainty of each parameter
ΔPi ¼

ffiffiffiffiffiffi
Cii

p
. The error of the sky localization is [109]

ΔΩ ¼ 2πj sinðθÞj
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
CθθCϕϕ − C2

θϕ

q
: ð7Þ

We calculate the partial derivatives ∂h̃=∂Pi numerically by
½h̃ðf; Pi þ dPiÞ − h̃ðf; PiÞ�=dPi, with dPi ¼ 10−n. For
each parameter, we need to optimize n to make the
derivative converge so that the Fisher matrix calculation
is reliable. To check the robustness of our methodology, we
first adopt EccentricFD waveform with e0 ¼ 0 and check
its consistency with the analytical TaylorF2 waveform.
We find that with a proper choice of n for the numerical
derivative of each parameter in Eq. (5), the Fisher matrix
calculations from the waveform generated by PYCBC and
from the analytical TaylorF2 are very consistent with each
other. This consistency check paves the way for the usage
of EccentricFD waveform with a nonvanishing eccentricity.

D. Mocking up typical binaries in GWTC-3

We mock up five types of typical events from GWTC-3
[8], i.e., a GW170817-like BNS with ðm1; m2Þ ¼ ð1.46;
1.27ÞM⊙, a GW200105-like neutron star–black hole binary
(NSBH) with ð9.0; 1.91ÞM⊙, a GW191129-like light-mass
BBH with ð10.7; 6.7ÞM⊙, a GW150914-like medium-mass
BBH with ð35.6; 30.6ÞM⊙, and a GW190426-like heavy-
mass BBH with ð106.9; 76.6ÞM⊙. Note the light, medium,
and heavy masses are in the context of the mass range of the
stellar-mass BBH in GWTC-3. The redshift and luminosity
distance of each binary are also chosen to be consistent
with the real event of GWTC-3, by assuming a ΛCDM
cosmology with H0 ¼ 67.9 km s−1 Mpc−1 and Ωm ¼
0.3065 [8]. Then the chirp mass Mc and symmetric mass
ratio η can be derived from the component masses. Note the
parameters in the waveform are defined in the detector
frame. To count the influence of the source orientation, we
sample 1000 random sets of the angular parameters Pang

from the uniform and isotropic distribution. Note regarding
the symmetry, we only sample the inclination angle
ι ∈ ½0; π=2�, with the distribution cos ι ∼ U½0; 1�. Since
the EPC waveform is tested valid with initial eccentricity

up to 0.4 [103], we assign seven discrete initial eccen-
tricities from 0 to 0.4 at f0 ¼ 0.1 Hz, i.e., e0 ¼ 0, 0.01,
0.05, 0.1, 0.2, 0.3, and 0.4. As a rough estimation,
eccentricity evolves with e ∼ f−19=18. So even the largest
eccentricity e0 ¼ 0.4 at 0.1 Hz should decrease to
e0 ∼ 0.004 at 10 Hz, which is undetectable with current
LIGO/Virgo sensitivity [110]. It means that our choices
of initial eccentricities at 0.1 Hz will not conflict with
current observations at LIGO/Virgo band. Without loss of
generality, we fix the coalescence time and phase to be
tc ¼ ϕc ¼ 0. We then totally have 5 × 7 × 1000 ¼
35000 cases.
Since we set a limit of the observation time ∼1 year, we

need to choose the proper starting frequency fstart for these
typical binaries. By calculating tc − tðfÞ ∼ 1 year in the
circular case, we set fstart to be 0.2, 0.1, 0.059, 0.026, and
0.0105 Hz for the typical BNS, NSBH, light BBH, medium
BBH, and heavy BBH, respectively. Note in the same
frequency range, the evolving time of the binary is shorter
with a larger eccentricity. However, for a typical binary
with each e0, we set the same starting frequency. This
means that in all cases the inspiral periods of the binaries
can meet the limit of the observation time (≤1 year).
The signal-to-noise ratio (SNR) of these typical binaries

can be calculated by

ρ2 ¼ ðh1 yr; h1 yrÞ: ð8Þ

Figure 1 shows the SNR of the five typical binaries in the
circular case with DECIGO-I. The SNR decreases with
increasing the inclination angle (remind that ι is defined in
the range cos ι ∈ U½0; 1�). The corresponding SNR with
B-DECIGO can be approximately estimated by rescaling
the SNR with DECIGO-I by a factor of 1=15. Note that
the SNR of the heaviest BBH GW190426 is not the
largest due to its large distance. For a typical binary with

FIG. 1. The SNR of the five typical binaries with DECIGO-I
when e0 ¼ 0.
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different eccentricities, we find the SNR does not
change significantly.

E. The inference of luminosity distance
and source localization

We calculate the Fisher matrix for the five typical
binaries and collect the results of all the 35000 cases.
We define the ratio

RΔP ¼ ΔPje0¼nonzero

ΔPje0¼0

; ð9Þ

to indicate the improvement of the estimation of parameter
P induced by eccentricity relative to the quasicircular case.
ΔP is the error of the parameter P derived from the Fisher
matrix. If R < 1, there is an improvement in the relevant
parameter. A smaller R indicates a larger improvement. On
the contrary, R > 1 means the eccentricity will worsen the
relevant parameter estimation. To assess the dependence of
parameter estimation on the source’s angular parameters,
we will show the scatter plots of the error of the parameters
against the inclination angle (orientation) ι of the sources.
The reason for choosing ι as the representative of the
angular parameters is that we find the results are most
sensitive to the inclination angle. To see this, Fig. 1 shows
that the SNR decreases as ι increases. So, a larger ι would
degrade the parameter estimation. In addition, the distance
inference heavily depends on the inclination angle due to
the degeneracy between these two parameters. To summa-
rize the parameter estimation among the 1000 orientations,
we define the minimum, mean, and maximum values of the
quantity x in the 1000 orientations as minðxÞ, EðxÞ, and
maxðxÞ, respectively.
In this section, we choose GW170817-like BNS and

GW150914-like medium BBH as the representatives
and show their results. We only choose the cases with
e0 ¼ 0, 0.1, and 0.4 to give a concise look of the figures.
The complementary results of other typical binaries are

shown in Appendix A. In this section, we mainly focus on
the estimation of distance and localization since they are the
key parameters for the identification of the host galaxies of
GW dark sirens and their cosmological applications.
In Figs. 2 and 3 we show the errors of luminosity

distance ΔdL=dL, sky localization ΔΩ, and 3-dimensional
(3-D) localization volume in 99% confidence level (C.L.)
V99 against the orientation ι for GW170817-like BNS and
GW150914-like medium BBH with DECIGO-I. We follow
the method in [111] to transform ΔdL and ΔΩ (and the
covariance between them) to the 99% 3-D localization
volume. We can clearly see the significant improvement of
the distance inference by eccentricity in the near face-on
(small ι) orientations for both the BNS and medium BBH.
As shown in the left panels of Figs. 2 and 3, the largest
improvement is about 1.5 (2) orders of magnitude with
e0 ¼ 0.1ð0.4Þ for BNS and 2 (2.6) orders of magnitude
with e0 ¼ 0.1ð0.4Þ for medium BBH. The error of distance
estimation is relatively smaller in larger ι. For the BNS,
the improvement of distance inference is almost negligible
when ι is large. But for the medium BBH, there are still
small improvements even in the near edge-on orientations.
It suggests that the improvement is more distinct for a
heavier binary with a larger eccentricity.
For the sky localization, we can see, in the middle panel

of Fig. 2, the improvement is almost negligible for BNS. In
some orientations, the localization even gets worse, espe-
cially for the e0 ¼ 0.1 case. The e0 ¼ 0.4 case has a better
performance but the improvement is still not very promi-
nent. However, though BNS benefits little from eccentricity
for its localization, it can be precisely localized even in the
circular case due to its long inspiral period in the detector
band. While, for the medium BBH whose localization is
much worse than that of BNS in the circular case (because
of a much shorter inspiral in the detector band), a non-
vanishing eccentricity can significantly improve the source
localization in almost all orientations. The largest improve-
ment is about 2 (3) orders of magnitude with e0 ¼ 0.1 (0.4).
From the improvement of distance inference and source

FIG. 2. The distance inference, sky localization, and 3-D localization volume of GW170817-like BNS with DECIGO-I. We also show
the ratio R of each parameter in the bottom panel.
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localization, we can expect the reduction of the 3-D
localization volume which is shown in the right panels
of Figs. 2 and 3. For BNS, the reduction of 3-D localization
volume mainly comes from the improvement of distance
inference in the near face-on orientations. While for the
medium BBH, it benefits from the improvement of both
distance inference and sky localization, which can reduce
its 3-D localization volume more significantly. The largest
improvement is about 2.5 (3.5) orders of magnitude with
e0 ¼ 0.1 (0.4). If we assume the galaxy is uniformly
distributed in the comoving volume and the number density
ng ¼ 0.01 Mpc−3 [112], then the threshold localization
volume is V th ¼ 100 Mpc3. It means that the host galaxies
of the GWs (dark sirens) whose localization volume
V99 ≤ V th can be unambiguously identified. As shown in
the right panel of Fig. 3, for the medium BBH with
DECIGO-I, if e0 ¼ 0, the localization volume is larger
than the threshold volume in most orientations. But a
nonvanishing eccentricity can significantly improve its 3-D
localization (V99 < V th in almost all orientations) so that
one can identify the host galaxy of the medium BBH.

As comparisons, the similar results of GW170817-like
BNS and GW150914-like medium BBH with B-DECIGO
are shown in Figs. 4 and 5. Since the main difference
between B-DECIGO and DECIGO-I only lies in their
sensitivity (the latter is 15 times better than the former),
we can see the parameter estimations based on these two
detectors are very similar and only differ by a constant
factor. So the ratio R of each parameter for B-DECIGO is
the same as that for DECIGO-I (see the bottom panel of
the figures). It means that the improvement of parameter
estimation from eccentricity does not depend on the
sensitivity of the detector. However, due to better sensi-
tivity, we can see the distance inference and localization of
BNS and medium BBH with DECIGO-I are more precise
than with B-DECIGO.
The results show different features and trends for

distance inference and sky localization. For distance
inference, the errors become smaller in the larger inclina-
tion angle. On the contrary, the source localization is better
in the smaller inclination angle. In addition, eccentricity
can only significantly reduce the error of distance in the

FIG. 3. The distance inference, sky localization, and 3-D localization volume of GW150914-like medium BBH with DECIGO-I.
Note the dashed horizontal line in the right panel denotes the threshold volume below which there is only one potential host galaxy,
by assuming a uniform number density of galaxy ng ¼ 0.01 Mpc−3.

FIG. 4. The same as Fig. 2, but with B-DECIGO.
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near face-on orientations (when the error is the largest).
While for localization, it can always be improved in almost
all orientations. Finally, the localization of small-mass
binaries like BNS cannot be significantly improved (some-
times even worsen) by eccentricity. But for distance
inference, all binaries can benefit from eccentricity, espe-
cially in the near face-on orientations. Such different
features can be explained as follows. In the circular case,
the large error of distance in the small inclination angle is
due to the large degeneracy between distance and inclina-
tion angle when ι ∼ 0. The distance and inclination angle
are simply coupled in the amplitude of the waveform as

h ∼Aþ þA×, where Aþ ∼ 1
dL

1þcos2ðιÞ
2

and A× ∼ 1
dL
cosðιÞ.

In order to identify the inclination of the binary system
using the polarizations of the gravitational waves, we must
distinguish the contributions of the plus (þ) and cross (×)
polarizations. When the binary system is near face-on, the
two amplitudes from plus and cross polarization have
nearly identical contributions to the overall gravitational-
wave amplitude. This is the main factor that leads to the
strong degeneracy in the measurement of the distance and
inclination when ι is small (see [113] for details). So, in the
near face-on orientations, we cannot measure the inclina-
tion angle precisely, as well as the distance. However, in the
eccentric cases, the multiple harmonics make the distance
and inclination angle (ι is written in the functions ξl)
nontrivially coupled, allowing us to significantly break
their degeneracy and hence improve the inference of
both parameters. While, for a large inclination angle, the
degeneracy between dL and ι is small. So the estimation of
these two parameters is good enough and there is no further
large room to improve it from eccentricity. As for the
localization, there is no obvious degeneracy between
the sky location parameters and inclination angle. From
the Fisher matrix, the parameter estimation should be better
for a higher SNR. From Fig. 1, we know the SNR is larger
with a smaller ι. So we can expect the localization [the
estimation of (θ;ϕ)] should be better when ι is smaller.
The multiple harmonics induced by the eccentricity can add

more information (e.g., the higher modes can enter the
detector band much earlier) for the estimation of the sky
location parameters, thus improving the localization
regardless of the orientations. The 3-D localization (V99)
is just the combination of the distance inference (ΔdL)
and sky localization (ΔΩ). Finally, the fact that eccentricity
has little effect on the localization of small-mass binaries
has also been reported in [84,85]. We are not going to give
an in-depth discussion here since it is beyond the scope of
this paper.
To illustrate the improvement of distance inference and

localization for these typical binaries with variable eccen-
tricities, we show the largest improvement (the minðRÞ
among the 1000 orientations) for each case in Fig. 6. As we
mentioned above, the values of R with DECIGO-I and
B-DECIGO should be the same and we only show one of
them. Generally, a heavier binary with larger eccentricity
can achieve more improvement for the distance inference
and source localization. Note this cannot be explained by
the SNR of each binary. As suggested in Fig. 1, the heavier
binary does not have to have a larger SNR. A simple
explanation is that a larger eccentricity can make the
nonquadrupole modes (l ≠ 2) more prominent so that it
can break the degeneracy of the parameters and provide
more information for the parameter estimation. While, a
heavier mass means a larger orbital velocity which can
make the effects of eccentricity more distinct.3 With
e0 ¼ 0.4, the distance inference of these typical binaries
(from BNS to heavy BBH) in the near face-on orientations
can achieve 1.5–3 orders of magnitude improvements.4

FIG. 5. The same as Fig. 3, but with B-DECIGO.

3For instance, this can be suggested in the relation veccðf; e0Þ ¼
gðf; e0ÞðπMfÞ1=3. Note the fact that a higher-mass binary can
achieve more improvement of localization from eccentricity has
been indicated in previous work such as [82–85], but with different
explanations.

4Note the largest improvement of distance inference in the near
face-on orientations is sensitive to the sampling of the small ι. The
numbers here are different from that of [60] because we use a
different random seed for the sampling of Pang.
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For the typical BNS and NSBH, the improvement of
localization is negligible. But for the typical BBH, the
localization can achieve 1–3.5 orders of magnitude
improvement. By combining the improvement of distance
inference and sky localization, the 3-D localization of these
typical binaries (from BNS to heavy BBH) can achieve
2–4.5 orders of magnitude improvement.
We should note that there are some anomalies in Fig. 6.

For instance, the distance inference of BNS is a little better
than that of NSBH. We also find that eccentricity has
almost negligible effects on the localization of BNS and
NSBH. It may even slightly worsen the localization in some
cases. In addition, the localization of NSBH and light BBH
achieve the largest improvement with e0 ¼ 0.2, but a larger
eccentricity will reduce the improvement. The reason for
these nontrivial features in distance inference and source
localization is as follows. On the one hand, eccentricity
adds more harmonics to the waveform hence breaking the
parameter degeneracy and improving the parameter esti-
mation. The higher harmonics which enter the detector
band earlier can also provide more angular information.
On the other hand, in a specific frequency band with a
higher eccentricity, the binary evolves faster thus the
inspiral time (observation time) is shorter. This can

downgrade the parameter estimation, especially for locali-
zation. We should also bear in mind that, in the eccentric
case, there are two additional free parameters that make the
parameter estimation be harder than in the circular case. In
addition, with different starting frequencies, the frequency
ranges of the multiple harmonics of these typical binaries
covered in the detector band (0.1–10 Hz) are also different.
These factors compete with each other and make the
parameter inference differ from case to case.
In this section, we only choose the typical BNS and

medium BBH with e0 ¼ 0, 0.1, and 0.4 as the represent-
atives and show their distance inference and source
localization as well as the corresponding improvement
from eccentricity. The results for other typical binaries
with different eccentricities can be inferred from the
trends suggested in Fig. 6. The full results such as the
distance inference and localization of other typical bina-
ries and the tables of the statistical results are summarized
in Appendix A.

F. The estimation of other parameters

Apart from the distance and localization, the estimations
of other parameters are also important. As we mentioned
above, the determination of inclination angle is crucial for
the distance inference hence the cosmological applications
such as the measurement of the Hubble constant [3,58]. In
addition, it is also helpful for the modeling of associated
EM counterpart like the narrow-beamed short gamma-ray
burst [11]. We have already shown that eccentricity can
significantly improve distance inference in near face-on
orientations. One can also expect that eccentricity has the
same effect on the estimation of the inclination angle ι.
Besides, the chirp mass Mc, symmetric mass ratio η, the
time to coalescence tc, and the eccentricity itself e0 are also
the key parameters for studying the properties of the binary
and its astrophysical implications. Since these parameters
are not the primary parameters we focus on in this paper,
we only present some typical results for them. We choose
BNS and medium BBH with e0 ¼ 0, 0.1, and 0.4 as the
representatives and only show the results based on
DECIGO-I (the parameter estimation with B-DECIGO
can be inferred by rescaling the results with DECIGO-I
based on the sensitivity of these two detectors).
Figure 7 shows the error of inclination angle ι of

GW170817-like BNS with DECIGO-I. As in the case of
distance inference, we can see the significant improvement
of the measurement of ι from eccentricity in the near face-
on orientations. With e0 ¼ 0.4, the improvement can be as
large as 2 orders of magnitude. The same feature in the
inference of distance and inclination angle supports our
argument above—eccentricity can break the large degen-
eracy between distance and inclination angle in the near
face-on orientations and thus improve their measurements
at the same time. In the medium BBH case, the improve-
ment of the inclination angle is relatively more significant

FIG. 6. The largest improvement (minðRÞ among the 1000
orientations) of distance inference, localization, and 3-D locali-
zation volume for each binary with eccentricities from 0.01 to 0.4.
The detector is either DECIGO-I or B-DECIGO.
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than in the BNS case, which can be expected from the
results of the distance inference.
The errors of chirp mass for GW170817-like BNS and

GW150914-like medium BBH are shown in Fig. 8. In the
decihertz band, the chirp mass can be tightly constrained
with ΔMc=Mc ∼ 10−6–10−8. Similar to the case of dis-
tance inference, eccentricity has little effect on the estima-
tion of chirp mass for small-mass binary like BNS.
With e0 ¼ 0.1, it even slightly worsens the chirp mass

estimation. The improvement is still negligible in the case
e0 ¼ 0.4. However, for the larger-mass binary like the
medium BBH, eccentricity can significantly improve the
chirp mass estimation. As shown in the right panel of
Fig. 8, the improvement is 1–2 orders of magnitude with
e0 ¼ 0.4. Note the feature that eccentricity has little effect
on small-mass binary and greater effects on larger-mass
binary is also indicated in [85] for the massive BBH in the
LISA band. For the estimation of symmetric mass ratio η,
we find a similar result as for the chirp mass. For the
medium BBH, Δη ∼ 10−5–10−6, but the improvement of η
from eccentricity is much smaller than that of chirp mass.
Figure 9 shows an example of the estimation of coales-

cence time and initial eccentricity. We choose the medium
BBH case with DECIGO-I as a representative. We can see an
obvious improvement in the estimation of coalescence time
from eccentricity. With e0 ¼ 0.4, the improvement can be as
large as a factor of 10. We also find that in the BNS case,
the improvement is relatively smaller but the estimation is
more precise (minðΔtcÞ ∼ 10−3 s) due to the longer inspiral
period. The estimation of eccentricity is shown in the right
panel of Fig. 9. Since in the circular case (e0 ¼ 0),
eccentricity is not a free parameter to be constrained, we
choose e0 ¼ 0.01 to represent the small-eccentricity case.
We can see the initial eccentricity can be very tightly
constrained with Δe0 ∼ 10−6–10−8 for e0 ¼ 0.01 to 0.4.
A larger eccentricity can significantly improve the estimation
of itself. We also find a similar result in the BNS case.
In this section, we take a close look at the GW parameter

estimation for the typical binaries in the circular and
eccentric cases. We find that eccentricity can improve
the estimation of almost all the waveform parameters.
Generally, the improvement is more significant for a
heavier binary with a larger eccentricity. One notable point
is that except for the distances and inclination angles, the

FIG. 7. The error of inclination angle ι of GW170817-like
BNS with DECIGO-I. As in the case of distance inference, the
large errors in the near face-on orientations are due to the huge
degeneracy between distance and inclination angle. A non-
vanishing eccentricity can alleviate this degeneracy hence im-
prove the constraints.

FIG. 8. The estimation of chirp mass for GW170817-like BNS (left) and GW150914-like medium BBH (right) with DECIGO-I.
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parameter estimation is better in the smaller ι cases. As we
have explained, the anomalous trend of the distance error
against the inclination angle is due to large dL − ι degen-
eracy when ι is small. As for other parameters, there is no
obvious degeneracy with the inclination angle. A larger
SNR in the smaller ι cases can provide a better parameter
estimation. Though we only choose BNS and medium
BBH with e0 ¼ 0, 0.1, and 0.4 as representatives, the
results of other binaries and with various eccentricities can
be inferred from the improvements suggested in Fig. 6. In
this paper, distance and localization are the key parameters
we would like to investigate since they are crucial for dark
sirens as accurate and precise probes of the Universe.

III. CONSTRUCTION OF THE GOLDEN
DARK SIREN CATALOGS

In the midband, the precise localization of BNS and
NSBH, and the significant improvement of localization
from eccentricity for BBH inspire us to investigate the
possibility of unambiguously identifying their host gal-
axies. As shown in the right panel of figure 3, with the help
of eccentricity, the GW150914-like BBH can be localized
in a 3-D volume which is smaller than the threshold volume
so that its host galaxy can be uniquely identified. For the
lower-mass binaries like BNS and NSBH, though eccen-
tricity has almost negligible effects on their localization,
they have been precisely localized even without eccentric-
ity (see Fig. 2). So, in the midband with a nonvanishing
eccentricity, it is possible for all three types of binaries
(BNS, NSBH, and BBH) to be precisely localized so that
their host galaxies can be uniquely identified. In this
section, we would like to mock up the GW catalogs with
decihertz observatory like DECIGO. Based on our current

knowledge, we forecast the population of GWs on the
assumption of various eccentricities. We assume that the
dark sirens like BNS, NSBH, and BBH, are not accom-
panied by the EM counterparts or the EM counterparts
cannot be detected. We focus on the well-localized dark
sirens whose host galaxy can be uniquely identified (here-
after the golden dark sirens). The redshift of these golden
dark sirens (from their host galaxies) can be unambiguously
measured from the present galaxy catalog or follow-up
spectroscopic observations. This makes golden dark sirens
as good quality as bright sirens in terms of the redshift
inference, thus can be used as precise probes in cosmology.
We still assume two scenarios of DECIGO.Wewould like to
compare these two configurations, to see the improvement of
the population of GW detections (and also the golden dark
sirens) if B-DECIGO is upgraded to DECIGO-I.

A. Population of simulated GW detections

We follow [98,100] to simulate the GW detections and
construct the catalogs of BNS, NSBH, and BBH. The
merge rate per comoving volume at a specific redshift
RmðzmÞ is related to the formation rate of massive binaries
and the time delay distribution Pðtd; τÞ ¼ 1

τ expð−td=τÞ
with an e-fold time of τ ¼ 100 Myr [114],

RmðzmÞ ¼
Z

∞

zm

dzf
dtf
dzf

RfðzfÞPðtdÞ: ð10Þ

Here tm (corresponding to redshift zm) and tf are the
look-back times when the systems merged and formed,
td ¼ tf − tm is the time delay between the formation and
merger, and Rf is the formation rate of massive binaries.

FIG. 9. The estimation of coalescence time tc (left) and initial eccentricity e0 (right) for GW150914-like medium BBH with
DECIGO-I. Note for the estimation of eccentricity, we choose e0 ¼ 0.01 as a small-eccentricity case since e0 is not a free parameter
in the circular case.
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We assume the formation of compact binaries tracks the
star formation rate. So Rf is proportional to the Madau-
Dickinson (MD) star formation rate [115],

ψMD ¼ ψ0

ð1þ zÞα
1þ ½ð1þ zÞ=C�β ; ð11Þ

with parameters α ¼ 2.7, β ¼ 5.6 and C ¼ 2.9. The nor-
malization factor ψ0 is determined by the local merger
rates. We adopt the local merger rates of BNS, NSBH,
and BBH inferred from GWTC-3, with RBNS ¼
105.5þ190.2−83.9 Gpc−3 yr−1, RNSBH ¼ 45þ75−33 Gpc−3 yr−1, and
RBBH ¼ 23.9þ14.3−8.6 Gpc−3 yr−1 [6]. Note the merger rate of
NSBH is based on the assumption that the observed NSBH
GW200105 and GW200115 are representatives of the
population of NSBH. Then we convert the merger rate
per comoving volume in the source frame to merger rate
density per unit redshift in the observer frame through

RzðzÞ ¼
RmðzÞ
1þ z

dVðzÞ
dz

; ð12Þ

where dV=dz is the comoving volume element.
Having the merger rates RzðzÞ for BNS, NSBH, and

BBH, we can sample the redshift distribution of them
respectively. In this paper, we just adopt the median R for
the construction of the catalogs. We have 11 parameters in
the waveform (for vanishing eccentricity there are 9 except
e0 and β). The luminosity distance dL is calculated from the
sampled redshift by assuming a fiducial cosmological
model ΛCDM with H0 ¼ 67.72 km s−1Mpc−1 and Ωm ¼
0.3104, corresponding to the mean values obtained from
the latest Planck experiment [12]. The sky localization
(θ, ϕ), inclination angle ι, polarization ψ , and β are drawn
from the uniform and isotropic distribution. Without loss of
generality, we set the time and phase at coalescence to be
tc ¼ ϕc ¼ 0. As for the chirp mass and symmetric mass
ratio, we consider different strategies for these three binary
types. In the BNS case, we assume a uniform distribution of
mass in ½1; 2.5�M⊙, which is consistent with the assumption
for the prediction of the BNS merger rate in GWTC-3 [6].
In the NSBH case, since the merger rate is inferred by
assuming the observed NSBH GW200105 and GW200115
are representatives of the population of NSBH, we just
randomly choose the component mass to be one of these
two events. As for the BBH case, we adopt the same
strategy in [98] but with the BBH population given by
GWTC-3. We draw the distribution of component masses
of simulated BBH based on the histogram of mass
distribution from the real BBH detections in GWTC-3.5

The primary mass and mass ratio peak around 30–40M⊙
and 0.7, respectively.
We set the initial observation time of B-DECIGO and

DECIGO-I to be 1 year. The population of each type binary
within 1 year in every redshift bin is sampled from RzðzÞ.
The starting frequency of each type binary is chosen to be
the same as in Sec. II. For BBH, since the peak primary
mass is around 30–40M⊙, we choose their starting frequen-
cies to be that of the typical medium BBH.We consider five
discrete eccentricities e0 ¼ 0, 0.1, 0.2, 0.3, and 0.4 and in
each case, we assume all binaries have the same eccen-
tricity. This is however not a realistic assumption and we
will give a discussion on this later. For each assumption of
eccentricity, we select the binaries with SNR > 8 as the GW
detections. We can assess the influence of eccentricity on
the population of GW catalogs with DECIGO in 1-year
observation time.
Figure 10 shows the cumulative histograms of the

simulated BNS, NSBH, and BBH detections by 1-year
observation of DECIGO-I and on the assumption of various
eccentricities. The numbers of the detections are accumu-
lated quickly in the redshift [0, 5] and there are sparse
events up to redshift 15, 18, and 20 for BNS, NSBH, and
BBH, respectively. Note we set a cutoff at z ¼ 20 for all
binaries. The total number of events is around 1.8 × 105 for
BNS, 1.5 × 105 for NSBH, and 9 × 104 for BBH. The
smaller number of BBH is due to its lower predicted merger
rate. For BNS and NSBH, a nonvanishing eccentricity can
slightly decrease the number of detections. While for BBH,
the decrease is almost negligible.
As a comparison, the cumulative histograms of BNS,

NSBH, and BBH by 1-year observation of B-DECIGO are
shown in Fig. 11. Since the sensitivity of B-DECIGO is
inferior to that of DECIGO-I, we can see the numbers of
detections are drastically decreased. For BNS and NSBH,
the largest redshift B-DECIGO can reach is around 0.25
and 0.6, respectively. The total number of detections is
around one hundred and a few hundreds for BNS and
NSBH. While, the horizon of BBH is much larger and can
reach redshift more than 15. Though the merger rate of
BBH is lower than that of BNS and NSBH, the total
number of BBH detections can achieve around 3 × 104. For
all these three types of binaries, we can see the number of
detections will be slightly decreased due to eccentricity.
This can be explained by the fact that the eccentricity can
shorten the inspiral period hence the observation time of the
binary, causing a slight reduction of the SNR. Unlike BNS
and BBH, the largest redshift of NSBH is also reduced by
eccentricity (this also happens in the DECIGO-I case). This
is due to the fixed component mass (either of GW200105 or
GW200115) we choose when we construct the catalog of
NSBH. We cannot sample a larger mass to compensate for
the decrease of the SNR by eccentricity. Thus the threshold
redshift of NSBH in the circular case is not reachable in the
eccentric case.

5We first infer the histograms of primary mass m1 and mass
ratio q from GWTC-3. The distribution of m1 and q for the
simulated BBH are sampled accordingly. Then the second mass is
just m2 ¼ m1q. We should make sure that m2 ≥ 3M⊙.
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B. Golden dark sirens

As we have mentioned, in the midband, eccentricity can
make the localization of BNS, NSBH, and BBH so precise
that their host galaxies can be uniquely identified. Now, we
can demonstrate this argument and estimate how many
such golden events can be observed by DECIGO in 1-year
observing run from the catalogs in Figs. 10 and 11. Since
we only focus on the well-localized events, we limit the
catalogs to small redshifts z < 0.5. For BNS, NSBH, and
BBH with z < 0.5, we transform the errors of distance
and sky localization to the 3-D localization volumes. To
estimate the numbers of potential host galaxies in the
localization volume, we assume the galaxy is uniformly
distributed in the comoving volume and the number
density ng ¼ 0.01 Mpc−3. This number is derived by
taking the Schechter function parameters in B-band ϕ� ¼
1.6 × 10−2h3 Mpc−3, α ¼ −1.07, L� ¼ 1.2 × 1010h−2LB;⊙
and h ¼ 0.7, integrating down to 0.12 L� and comprising
86% of the total luminosity [112]. Then the threshold
localization volume is V th ¼ 100 Mpc3. We choose the
ones with 3-D localization volumes smaller than the
threshold V th as the golden dark sirens.
In Fig. 12, we show the 3-D localization volume of BNS,

NSBH, and BBH detected by DECIGO-I within 1-year
operation time. For the readability of the plots we only
show the cases with e0 ¼ 0, 0.1, 0.2, and 0.4, which can
present the main feature and tendency of the results

(see Fig. 6). For BNS and NSBH, there is no obvious
improvement of the 3-D localization volume from eccen-
tricity because the improvement only comes from the
distance inference in the near face-on orientations.
Though the improvement is negligible, BNS and NSBH
are precisely localized and there are hundreds of golden
events regardless of the eccentricity. The largest redshifts of
golden dark BNS and NSBH are 0.25 and 0.35, respec-
tively. While, in the BBH case, we can also detect a few
golden dark sirens in the circular case below redshift 0.1.
However, a nonvanishing eccentricity can significantly
improve the localization so that much more golden dark
BBH can be detected. The largest redshift of golden dark
BBH is around 0.4 when e0 ¼ 0.4. We move the results for
the distance inference and sky localization of BNS, NSBH,
and BBH to appendix B.
Figure 13 shows the results of 3-D localization volume

with B-DECIGO. As expected, in the B-DECIGO case,
the numbers of golden dark sirens are much smaller. We
can only detect a few golden BNS and NSBH up to redshift
0.05 and 0.1, respectively. For BBH, the golden event is
unlikely in the circular case but a nonvanishing e0 ¼ 0.2
can make it possible to detect the golden dark BBH.
In Table I, we summarize the number of golden dark

sirens detected by DECIGO-I and B-DECIGO within
1-year observation time. As expected from the results in
Sec. II, eccentricity leads much more improvement for the

FIG. 11. The same as Fig. 10, but with B-DECIGO.

FIG. 10. The cumulative histograms of the simulated detections on the assumption of various eccentricities for BNS (left), NSBH
(middle), and BBH (right) by 1-year observation of DECIGO-I. Note in the BBH case the differences among different eccentricities are
too small and hence invisible.

PARAMETER ESTIMATION OF ECCENTRIC GRAVITATIONAL … PHYS. REV. D 107, 043539 (2023)

043539-13



localization of BBH than that of BNS and NSBH. With
only one cluster of DECIGO running for 1 year in its design
sensitivity, the observations of hundreds of golden BNS,
NSBH, and tens of golden BBH are very promising. As a
pathfinder in the near future, B-DECIGO can also observe a
few golden BNS and NSBH. The detection of golden BBH
is possible if it is eccentric. We can see the number of
golden NSBH is relatively larger than that of BNS and
BBH. This is due to the longer inspiral time of NSBHs
(compared to BBH) and heavier mass (compared to BNS).
The former provides good sky localization and the latter
ensures well-inferred distance. Our results also suggest
that, for NSBH and BBH, we can observe a little more
golden events with e0 ¼ 0.2 than other eccentricities. This
can be explained by the trends of the improvement of 3-D
localization volume for NSBH and light BBH in Fig. 6.
Here we would like to give a discussion on the assump-

tions of the eccentricity we made in the construction of the
GW catalogs. In each case of e0, we assume that the initial
eccentricity is uniform for all the binaries. This is good for

the comparison between different scenarios of initial eccen-
tricity but not a realistic assumption. In principle, we should
also sample the value of e0 according to a given distribution,
along with other waveform parameters when constructing
the GW catalogs. However, the formation channel of
compact binaries and the distribution of eccentricity at a
specific frequency (in our case f0 ¼ 0.1 Hz) are still under
debate and not clear [69,116,117]. Simulations suggest that
eccentric mergers from strong gravitational encounters
account for 10% of the underlying population of BBH
mergers in globular clusters, and about half of these having
eccentricities larger than 0.1 at 10 Hz [62,66,118] (and
references therein). While, back to decihertz, the population
of eccentric binaries and their eccentricities should be much
larger. For the isolated formation scenario, even binaries
born with high eccentricity could be fully circularized when
entering the LIGO/Virgo band, by efficiently damping
orbital eccentricity through angular momentum loss from
GW emission. However, the eccentricity of the field binary
at midband is still uncertain. Since eccentricity has small

FIG. 12. The 3-D localization volume of BNS, and NSBH, and BBH detected by DECIGO-I within 1-year operation time. We set a
cutoff at z ¼ 0.5. The dashed line is the threshold volume V th ¼ 100 Mpc3.

FIG. 13. The same as Fig. 12, but with B-DECIGO.

TABLE I. The number of golden dark sirens for one-year observation of DECIGO-I and B-DECIGO on the assumption of various
eccentricities.

Golden BNS Golden NSBH Golden BBH

e0 ¼ 0 e0 ¼ 0.1 e0 ¼ 0.2 e0 ¼ 0.4 e0 ¼ 0 e0 ¼ 0.1 e0 ¼ 0.2 e0 ¼ 0.4 e0 ¼ 0 e0 ¼ 0.1 e0 ¼ 0.2 e0 ¼ 0.4

DECIGO-I 181 190 225 230 367 328 396 310 7 38 65 55
B-DECIGO 6 6 6 6 8 6 7 6 0 0 1 0
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effects on the population of GW detections (see Figs. 11
and 10), the total number of events in the GW catalogs will
not be largely altered. As for the number of golden dark
sirens in a realistic situation (considering the distribution of
eccentricity), we can estimate it by weighting the numbers of
the circular and eccentric cases in Table I, roughly as
Ngold ¼

P
Pe0Ne0 . Here, Ne0 is the number of golden dark

sirens by assuming the same eccentricity e0 for all binaries
(the numbers in table I). Pe0 is the actual fraction of the
events which hold eccentricity e0. Since we focus on the
comparison of the results between different eccentricity
scenarios, we prefer to present the results based on different
e0 separately.
When constructing the GW catalogs and estimating the

numbers of golden dark sirens, we only adopt the median
value of the predicted merger rates and neglect their
uncertainties. The merger rates of BNS and NSBH are
much more uncertain than that of BBH since we have lots of
BBH detections and only a few BNS and NSBH detections
in current LIGO-Virgo-KAGRA catalogs. This means the
simulated BBH catalogs are more realistic than that of BNS
and NSBH.Wewill give a discussion for this in Sec. V. Also,
considering the fact that eccentricity can significantly
improve the localization for BBH only, we prefer concen-
trating on BBH golden dark sirens to show the implications
of eccentric dark sirens on cosmology in Sec. IV.

IV. COSMOLOGICAL IMPLICATIONS

To make dark sirens accurate and precise cosmological
probes, distance inference and source localization are two
crucial factors. The GWs of long inspiraling compact
binaries observed by the space-borne detector in the mid-
band can provide much tighter constraints in these two
aspects, thus the more precise measurement of the cosmo-
logical parameters, compared to the LIGO-Virgo band (see
some examples [98–100] and also in the millihertz band
[119–121]). Without EM counterparts, dark sirens in the
midband still face the issues like large degeneracy between
luminosity distance and inclination angle in the near face-on
orientations, as well as the uncertain localization for the
larger-mass BBH. In Sec. II we demonstrate that the
eccentricity, which is more likely to be nonvanishing in
the midband than in the LIGO-Virgo band, can greatly
alleviate these issues. The localization is more precise in the
near face-on orientations where the eccentricity happens to
significantly improve the distance inference. The precise
localization for these compact binaries (BNS, NSBH, and
BBH) makes it possible that we can identify their host
galaxies without the help of the EM counterparts. Bear in
mind that EM counterparts can help to identify the host
galaxy [9,10], and also improve the constraint of inclination
angle (and hence the distance inference) [58]. It means that
eccentricity in the midband can make dark sirens equivalent
to the bright sirens in the context of the distance and redshift
measurement, or greatly reduce their uncertainties. These

features can significantly improve the constraints of cosmo-
logical parameters/models from dark sirens. Also, the
improvement in the estimation of other parameters like
inclination angle and coalescence time can help for the
follow-up search of EM counterparts and observation of
GWs at high frequency.
In Sec. III, we construct the catalogs of GWs based on

DECIGO-I and B-DECIGO. We demonstrate that a certain
amount of golden dark BNS, NSBH, and BBH can be
observed in the midband. In particular, a nonvanishing
eccentricity can significantly increase the number of golden
dark BBH. In this section, we would like to focus on these
golden dark sirens and assess the improvement for the
constraints of cosmological parameters/models from eccen-
tricity, especially for BBH dark sirens. Since the sensitivity
of B-DECIGO is not good enough, it can only observe
Oð1Þ golden dark sirens and the numbers are not greatly
changed in the eccentric cases. Therefore, we only use
the golden dark sirens with DECIGO-I to exemplify the
improvement of cosmological constraints from eccentricity.

A. The Hubble diagram of golden dark sirens

To construct the Hubble diagram of these golden dark
sirens, we assume the fiducial cosmological model to be
ΛCDMwithH0 ¼ 67.72 km s−1Mpc−1 andΩm ¼ 0.3104,
corresponding to the mean values obtained from the latest
Planck TT;TE;EEþ lowEþ lensingþ BAOþ Pantheon
data combination [12]. We also fix the present CMB
temperature TCMB ¼ 2.7255 K, the sum of neutrino masses
Σνmν ¼ 0.06 eV, and the effective extra relativistic degrees
of freedomNeff ¼ 3.046, as in the Planck baseline analysis.
We include the errors from weak lensing and the peculiar
velocity of the source galaxy. For weak lensing, we adopt
the analytically fitting formula [122,123]

�
ΔdLðzÞ
dLðzÞ

�
lens

¼ 0.066

�
1 − ð1þ zÞ−0.25

0.25

�
1.8

: ð13Þ

We consider a delensing factor. Following [124] we adopt a
phenomenological formula

FdelensðzÞ ¼ 1 −
0.3
π=2

arctanðz=z�Þ; ð14Þ

where z� ¼ 0.073. Then the final error from weak lensing is

�
ΔdLðzÞ
dLðzÞ

�
delens

¼ FdelensðzÞ
�
ΔdLðzÞ
dLðzÞ

�
lens

: ð15Þ

For the peculiar velocity uncertainty, we use the fitting
formula [125],

�
ΔdLðzÞ
dLðzÞ

�
pec

¼
�
1þ cð1þ zÞ2

HðzÞdLðzÞ
� ffiffiffiffiffiffiffiffiffi

hv2i
p

c
; ð16Þ
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here we set the peculiar velocity value to be 500 km=s, in
agreement with average values observed in galaxy catalogs.
For the redshift measurement, we assume the host galaxies
of all the golden dark sirens can be unambiguously identified
and their redshifts are measured spectroscopically.
Figure 14 shows one realization of the Hubble diagram

of the golden dark sirens observed by DECIGO-I in 1 year
with e0 ¼ 0 and e0 ¼ 0.2. We have discarded three BNS
events whose distance errors ΔdL=dL are larger than 50%
in the e0 ¼ 0 case since they are not useful in constraining
cosmological parameters. While in e0 ¼ 0.2 case, all the
events have distance errors smaller than 50%. In this
section, we choose e0 ¼ 0.2 to represent the eccentric
case. We can clearly see the golden BBHs have much
smaller distance errors and they can reach higher redshifts
(in the e0 ¼ 0.2 case), which means BBH should be more
efficient than BNS and NSBH in measuring the cosmo-
logical parameters. We have shown that BBH dark sirens
benefit most from eccentricity. While BNS and NSBH dark
sirens only get nonsubstantial help from eccentricity (e.g.,
for the distance inference in the near face-on orientations).
Bear in mind that the possible associate EM counterparts
can also help BNS and NSBH identify their host galaxies.
Therefore, the improvement of cosmological constraints
from eccentric dark sirens is mainly manifest in the case of
BBH dark sirens. In addition, the predicted errors for the
merger rates of BNS and NSBH are very uncertain, which
makes the numbers of golden BNS and NSBH less
affirmative than that of BBH (see discussion in Sec. V).
Therefore, in this section, we stick to the BBH dark sirens
in measuring the cosmological parameters and move the
results of BNS and NSBH to Appendix C. Since the
redshift of golden dark sirens mainly reside in the low
redshift region where the dynamics of dark energy is not
very sensitive, we only focus on the following two
cosmological models.

B. Constraints on ΛCDM model
from BBH golden dark sirens

In the baseline ΛCDM model with dark energy as a
cosmological constant, there are two free parameters, namely,
theHubble constantH0 and the matter density parameterΩm.
To infer the posteriors of the cosmological parameters, we run
Markov-Chain Monte-Carlo (MCMC) using the package
COBAYA [126,127]. The marginalized statistics of the param-
eters and the plots are produced by the Python package GetDist
[128]. When we sample the distance measurement in the
Hubblediagram, the scatter of the randomsampling should be
taken into account. For each type of golden dark siren, we
randomly sample 10 sets of Hubble diagrams (repeat the
sampling 10 times). We run MCMC for each dataset and
choose the median result as the representative.
Figure 15 shows the constraints of the Hubble constant

H0 and matter density parameter Ωm by the golden
dark BBH from 1-year observation of DECIGO-I. In the
circular case, 7 golden dark BBH can constrain H0 ¼
67.80þ1.50−1.30 km s−1Mpc−1. While in the eccentric case with
e0 ¼ 0.2, 65 golden dark BBH can constrainH0 ¼ 67.80�
0.46 km s−1Mpc−1. The precision of the Hubble constant
measurement is improved from 2.06% to 0.68%. For the
matter density parameter, Ωm ¼ 0.43þ0.14

−0.41 with e0 ¼ 0 and
Ωm ¼ 0.30þ0.043

−0.051 with e0 ¼ 0.2. In the eccentric case, the
golden dark BBH can reach higher redshifts, where Ωm is
more sensitive. Therefore, eccentricity can greatly improve
the precision of Ωm from 64% to 16%.

C. Constraints on modified gravity
from BBH golden dark sirens

The general test of general relativity (GR) by the
propagation of GWs across cosmological distances has been
investigated in recent research [28,29,44,46,59,129–139]. In
a generic modified gravity model the linearized evolution

FIG. 14. The Hubble diagram of the golden dark sirens observed by DECIGO-I in 1 year with e0 ¼ 0 (left) and e0 ¼ 0.2 (right). Note
in the e0 ¼ 0 case, we discard three BNS events whose distance errors are larger than 50%.
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equation for GWs traveling on an Friedmann-Robertson-
Walker (FRW) background in four-dimensional space-time
is [133]

h̃00A þ 2½1− δðηÞ�Hh̃0A þ ½c2TðηÞk2 þm2
TðηÞ�h̃A ¼ ΠA; ð17Þ

where h̃A are the Fourier modes of the GW amplitude.
H ¼ a0=a is the Hubble parameter in conformal time, the
primes indicate derivatives with respect to conformal time η.
A ¼ þ;× label the two polarizations of GWs. ΠA is the
source term, related to the anisotropic stress tensor. The
function δðηÞ modifies the frication term in the propagation
equation. cT corresponds to the speed of gravitational waves.
In theories of modified gravity (MG), the tensor mode can be
massive, with mT being its mass. In GR, we have δ ¼ 0,
cT ¼ c, and mT ¼ 0. The observation of GW170817/
GRB170817A puts a very tight constraint on the speed of
the gravitational wave, ðcT − cÞ=c < Oð10−15Þ [11].
In this paper, we only retain the deviations from

GR induced by the friction term and set cT ¼ c and
mT ¼ 0 [59,129]. Then one can show the inferred “GW
luminosity distance” in modified gravity theories is
different from the traditional “electromagnetic luminosity
distance” [28,129],

dgwL ðzÞ ¼ demL ðzÞ exp
�
−
Z

z

0

dz0

1þ z0
δðz0Þ

�
: ð18Þ

To constrain the modified gravity theory (or to test GR), we
need to constrain the δ function. In this section, we follow
[59,129] and adopt the 2-parameter phenomenological
parametrization for the deviation of GR,

ΞðzÞ≡ dgwL ðzÞ
demL ðzÞ ¼ Ξ0 þ

1 − Ξ0

ð1þ zÞn : ð19Þ

From GW and EM measurements one can therefore access
the quantity δðzÞ, or equivalently ΞðzÞ, a smoking gun of
modified gravity. Ξ0 ¼ 1 recovers GR. This parametriza-
tion is very general and expected to fit the predictions from
a large class of MG models [133]. We set n ¼ 2.5 since it
plays in general a lesser role in the parametrization [129].
To constrain Ξ0, we combine GWs from BBH golden

dark sirens and EM data from CMB, BAO, and SNe Ia.
We use CMB data from the latest Planck release [12],
that is, Planck TT;TE;EEþ lowEþ lensing (hereafter
Planck). For BAO, we adopt the isotropic constraints
provided by 6dFGS at zeff ¼ 0.106 [140], SDSS-MGS
DR7 at zeff ¼ 0.15 [141], and “consensus” BAOs in three
redshift slices with effective redshifts zeff ¼ 0.38, 0.51, and
0.61 [142–144]. We use the Pantheon data [145] as the
latest compilation of SNe Ia. We also set the equation of
state of dark energy wDE as a free parameter. We incor-
porate the MG parameter Ξ0 into COBAYA and run MCMC
to infer the posteriors.
Figure 16 shows the posteriors of the Hubble constant

H0, matter density parameter Ωm, equation of state of
dark energy wDE and the MG parameter Ξ0 inferred from
the BBH golden dark sirens by 1-year observation of
DECIGO-I, together with the EM anchors from Planck,
BAO, and Pantheon datasets. With e0 ¼ 0, the golden dark
BBH can constrain Ξ0 ¼ 0.994� 0.062. A nonvanishing
eccentricity e0 ¼ 0.2 can improve the constraint to
Ξ0 ¼ 1.008� 0.016. The precision of constraining MG

FIG. 15. The constraints of Hubble constant H0 and matter
density parameter Ωm with ΛCDM model from 1-year observa-
tion of the BBH golden dark sirens by DECIGO-I. Contours
contain 68% and 95% of the probability. The dashed lines denote
the fiducial value of the parameters.

FIG. 16. Constraints on parameters of a phenomenological
parameterization of modified GW propagation from 1-year
observation of the BBH golden dark sirens by DECIGO-I
combined with the EM experiments Planck, BAO, and Pantheon.
Contours contain 68% and 95% of the probability. The dashed
lines denote the fiducial value of Ξ0.
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effects through the phenomenological parametrization of
GW propagation is improved from 6.2% to 1.6%. With
more BBH golden dark sirens in the eccentric case, the
constraints of other parameters are also slightly tighter.
Since the MG parameter is more sensitive to the GW data, it
can achieve more improvement than other parameters.
In this section, we discuss the implications of eccen-

tricity for dark sirens on cosmology. We estimate the
number of golden dark sirens on the assumption of
various eccentricities. We focus on the BBH golden dark
sirens and investigate their constraints on cosmological
parameters in the circular and eccentric cases. The golden
dark BBH observed in a larger number and at higher
redshifts with eccentricity can greatly improve the
constraints of cosmological parameters and MG effects.
Note in this section we only investigate the cases of
golden dark BBH whose host galaxies can be uniquely
identified. There are numerous dark BBH with multiple
host galaxies and they can reach much higher redshifts.
A statistical method should be adopted for the applica-
tions of these dark sirens on cosmology [5,40,41,44].
These BBH dark sirens with significantly improved
localization from eccentricity can also achieve large
improvements in constraining cosmological parameters,
especially for dynamics of dark energy and MG at high
redshift. We leave this for future research.

V. CONCLUSIONS AND DISCUSSIONS

A. A summary of the results

In the first part of this paper, we investigate the parameter
estimation of GWs emitted by eccentric compact binaries
with decihertz observatory. The multiple harmonics
induced by eccentricity can provide more information
and break the degeneracy between parameters. We find
eccentricity of compact binaries in the midband can greatly
improve the parameter estimation of GWs. In particular,
with e0 ¼ 0.4 at f0 ¼ 0.1 Hz, the typical binaries (BNS,
NSBH, and BBH) can achieve 1.5–3 orders of magnitude
improvement for the distance inference in the near face-on
orientations and 1–3.5 orders of magnitude improvement
for the localization. We find that other parameters like
inclination angle, chirp mass, coalescence time, and
eccentricity can also be estimated more precisely with
a nonvanishing eccentricity. In this paper, we use
DECIGO as an example detector in the midband. We
consider two scenarios for the configuration of DECIGO.
The first is the one cluster of DECIGO with its designed
sensitivity, which we call DECIGO-I. The second is
B-DECIGO which also has one cluster but with inferior
sensitivity. The physical findings, i.e., the improvement
of parameter estimation of GWs from eccentricity, do not
rely on a specific detector.
In the second part, we construct the GW catalogs

observed by DECIGO in 1 year. On the assumption of

various eccentricities, we estimate the population of golden
dark sirens whose localization is precise enough so that
their host galaxies can be uniquely identified. We find that,
with only one cluster of DECIGO running 1 year in its
designed sensitivity, the observations of hundreds of golden
BNS, NSBH, and several tens of golden BBH are very
promising. A nonvanishing eccentricity can significantly
enlarge the number of golden dark BBH. This can greatly
improve the constraints of cosmological parameters and
modified gravity from BBH dark sirens. For instance, the
number of BBH golden dark sirens is 65 in e0 ¼ 0.2 case,
compared to 7 in e0 ¼ 0 case. As a result, in the ΛCDM
model, the constraints of Hubble constant and matter
density parameter from BBH golden dark sirens can
be improved from 2.06% to 0.68% and from 64% to
16%, respectively. Through the phenomenological para-
metrization of GW propagation, the constraint of modi-
fied gravity can be improved from 6.2% to 1.6%. While,
due to the worse sensitivity, the results based on
B-DECIGO are much inferior to that of DECIGO-I.
The results in this paper can serve as a forecast for one
cluster of DECIGO as well as for the early launched
pathfinder B-DECIGO. These configurations are much
more promising than the full configuration (four clus-
ters) of DECIGO in the future.
Our result shows the remarkable significance of eccen-

tricity for GWs on detection, data analysis, and physics
including cosmology, astrophysics, and fundamental phys-
ics. The eccentric frequency-domain waveform adopted in
this work is limited up to e0 ¼ 0.4. A ready-to-use more
accurate and widely applicable eccentric waveform deserves
extensive investigations by the community [146–152],
especially for GW detections in the midfrequency band.

B. The uncertainty of the golden dark sirens

When constructing the GW catalogs and estimating the
number of golden dark sirens, some assumptions have been
made. We neglect the uncertainty of merger rates ofRBNS ¼
105.5þ190.2−83.9 Gpc−3 yr−1, RNSBH ¼ 45þ75−33 Gpc−3 yr−1, and
RBBH ¼ 23.9þ14.3−8.6 Gpc−3 yr−1 and only adopt the median
value. Due to the fewer events of BNS and NSBH in
GWTC-3, their predicted event rates are more uncertain
than that of BBH. In addition, the predicted merge rate of
NSBH is based on the assumption that the observed NSBH
GW200105 and GW200115 are representatives of the
population of NSBH, which is not very realistic. We can
roughly estimate the uncertainty of the numbers of golden
dark sirens in Table I using ΔN=N ∼ ΔR=R.6 The large
uncertainty for the merger rates of BNS and NSBH makes
the catalogs of golden dark BNS and NSBH very uncertain,

6Also note that the numbers of GW events in the catalogs are
based on one realization of the sampling. However, the errors due
to random sampling (Poisson) should be much smaller than the
uncertainty of merger rates.
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as well as their applications on cosmology. The future
observing run of LIGO-Virgo-KAGAR can provide a tighter
prediction for the merger rates. Furthermore, from the
observation perspective, it takes months to years to monitor
the BNS and NSBH events in the midband, which is quite
challenging in observing hundreds of events due to the time
limits and overlap between signals. In contrast, the inspiral
period of BBH is very short (hours to days), which makes it
promising to search for tens of golden dark BBH in 1-year
observation time. Considering the factors above, the results
of BBH in our paper are more realistic and reliable than that
of BNS and NSBH.
As we have mentioned, we estimate the number of

golden dark sirens by assuming the same value of eccen-
tricity for all the binaries. The realistic number should be a
weighted summation of the numbers in circular and
eccentric cases, according to the distribution of eccentricity
for each type of binary in the midband. Thus the results of
the cosmological constraints should also be averaged
accordingly. One can roughly estimate that ΔPcosmo ∼
1=

ffiffiffiffiffiffiffiffiffiffi
Ngold

p
. For instance, even if only 10% binaries have

a nonvanishing eccentricity in the midband, e.g., e0 ¼ 0.2,
the number of golden BBH can achieve ∼13 with
DECIGO-I. Then the Hubble constant in the ΛCDMmodel
can be constrained at 1.5% precision level. While, if
eccentric BBH can take up 30% of the total BBH in the
midband, H0 can be constrained at the subpercent level.
Another factor in the uncertainty of golden dark sirens is
that we assume the galaxies are uniformly distributed in the
Universe. However, the clustering and grouping feature of
galaxies can make it much easier to infer the redshift
information of GWs from the cluster and group of its host
galaxy instead of the host galaxy itself [111]. This means
that our estimation for the number of golden dark sirens can
be very conservative.

C. Issues in host identification

For the host identification of golden GWs (hence the
inference of their redshifts), we assume that the true host
galaxy can be accurately identified if it solely resides in the
localized volume. However, in the real situation, one needs
to match (dL gw; θgw;ϕgw) from GWs to (zgal; θgal;ϕgal)
from the galaxies. In this case, the cosmology (e.g., the
Hubble constant) should be marginalized to infer
the posterior of redshift zgw. Usually, we can neglect the
uncertainty of zgal, θgal, and ϕgal from either targeted
observation campaign or galaxy catalogs (note the peculiar
motion can add an uncertainty in zgal). By assuming a prior
of H0 (either from Planck or SH0ES, or a given prior we
believe based on current knowledge), if (dL gw; θgw;ϕgw)
are precisely measured (in our case the golden events), the
posterior of zgw should be very consistent with zgal of the
true galaxy which solely resides in the localized volume.
In addition, most of the golden events in our paper are in

the low redshift region z ≪ 1. Therefore, when converting
dL gw to zgw by zgw ∼H0dL gw, the uncertainty of cosmol-
ogy ΔH0 will lead a smaller Δzgw compared to large
redshift/distance. If the galaxy is uniformly distributed in
3-D volume, in the line of sight, zgal is more sparsely
distributed in low redshift than in high redshift. This means
that for the golden events at low redshift, it will be easier
to match zgw to the true zgal. Furthermore, as we have
mentioned, the clustering of galaxies can make it easier to
infer the redshifts of GWs, which will somehow downplay
the effect of cosmology.
In this paper, we focus on the 3-D localization of GWs

and would like to estimate the number of GW events for
which there is only one galaxy inside their localized
volumes. For these golden events, we assume that their
true host galaxies and redshifts can be accurately inferred
(note we include the uncertainty from peculiar motion
when constructing the Hubble diagram). The specific
analysis in the host identification (match between zgw
and zgal, peculiar motion, etc.) is beyond the scope of this
paper. We will address these issues in future research.

D. A caveat in the Fisher matrix

Throughout this paper, we use the Fisher matrix to do the
parameter estimation of GW waveform. Fisher matrix is a
widely used data analysis technique for the estimation of
the waveform parameters and should be consistent with
the more robust method like Markov chain Monte Carlo
(MCMC) when the SNR of the signal is high enough (the
strength of the signal or the sensitivity of the detector is
good enough). The Fisher matrix inherently assumes the
errors (and the correlation) are Gaussian. Its nature is to
assess the sensitivity of the waveform to the change of the
parameters, from which one can get a bound of the error for
each parameter. The estimation is more accurate (consistent
with the full MCMC) for a larger SNR, in which case the
parameters are tightly constrained. In this paper, the main
purpose is to propose the idea that the eccentricity of the
compact binary can significantly improve the parameter
estimation of the GW waveform in the midband. Therefore
we just stick to the theoretical (or physical) improvement of
the parameter estimation of GW waveform from circular to
eccentric cases, for which the Fisher matrix is adequate. In
terms of the theoretical improvement, we say the improve-
ment of the parameter estimation that the eccentric wave-
form “should” achieve (compared to circular waveform) in
the ideal situation (Gaussian errors, adequate SNR). What
we are interested in and would like to present in this paper
is the physical improvement of parameter estimation from
eccentricity in the waveform (by providing more informa-
tion and breaking the degeneracy between parameters).
This physical implication should not be limited by the
condition of the detector (poor sensitivity and SNR, etc.). In
this paper, we only adopt DECIGO as an example detector
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to demonstrate this improvement. We should bear in mind
that if we conduct our data analysis with a more realistic
technique such as MCMC which involves the prior infor-
mation and the non-Gaussian posterior, especially when the
SNR is low and the parameter is poorly constrained, the
improvement could be inferior to the theoretical improve-
ment derived from the Fisher matrix. However, the theo-
retical improvement we present in this paper can tell us that
the constraints of the waveform parameters could be
“easier” by that level if the binary is eccentric, no matter
what techniques and detectors we adopt.
In Sec. II, based on the example detectors, we compare

the eccentric waveform with the circular one to show the
improvement of the parameter estimation from eccentricity.
This improvement is theoretical in the context of the Fisher
matrix. Since the localization-relevant parameters are
precisely constrained with the space-borne detector in
the midband, the theoretical improvement of the localiza-
tion derived from the Fisher matrix should be consistent
with the full MCMC analysis. For the distance inference
with large inclination angles, the error is very small and
there is also no serious issue. While in the near face-on
orientations, the distance error is quite large and there could
be a discrepancy between the Fisher matrix and full MCMC
which includes the prior information.7 However, in the case
of DECIGO-I which has a higher sensitivity (hence a larger
SNR and relatively smaller error), this discrepancy is quite
small. Again, for the distance inference, we just report the
theoretical improvement in the near face-on orientations.
The issues we discuss here should not influence the
highlight of our paper—the significant improvement of
localization from eccentricity.
In the second part of this paper, we focus on the

construction of golden dark sirens (Sec. III) and the
application of them on cosmology (Sec. IV). Since
the distance and localization of golden dark sirens are
most tightly constrained, they will not be influenced by the
issues we discussed above. Due to the lack of well-
developed MCMC techniques for the midband GW param-
eter estimation in the literature, we just present the results
solely based on the Fisher matrix. The more realistic
MCMC approach of GW parameter estimation in the
midband for the eccentric waveforms is to be developed
and we leave this for future research.
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APPENDIX A: THE DISTANCE INFERENCE AND
SOURCE LOCALIZATION OF THE TYPICAL
BINARIES AND THE STATISTICAL RESULTS

In Figs. 17–19, we show the results of distance
inference and source localization of other typical binaries
that have not been presented in Sec. II. Since the
parameter estimations of B-DECIGO and DECIGO-I
only differ by a factor of sensitivity ratio, we only show
the results based on DECIGO-I. There are several points
which should be addressed. For NSBH, either e0 ¼ 0.1 or
e0 ¼ 0.4 slightly worsens the source localization. The
latter performs even worse than the former. We have
explained in Sec. II that many factors can contribute to
the parameter estimation of the eccentric waveform. For
the heavy BBH, we find the improvement of distance
inference is still obvious in the large inclination angle.
This suggests that eccentricity can improve the distance
inference overall other than only breaking the dL − ι
degeneracy in the near face-on orientations. Finally, we
can see the localization of NSBH and light BBH are
worse with e0 ¼ 0.4 than that with e0 ¼ 0.1. This is also
suggested in figure 6 and we have given a brief explan-
ation there.
We summarize the statistical results for the source

localization of each typical binary in Table II. Since in
most cases the distance inference is only improved in the
near face-on orientations, the statistical information is less
meaningful and we are not going to list them in the table.
We select the cases with e0 ¼ 0, 0.1, 0.2, and 0.4 as these
four values can present the main feature and tendency of
the results (see Fig. 6). Again, we only give the results
based on DECIGO-I, the results for B-DECIGO can be
easily derived from the ratio of the sensitivity. A remark-
able point in the table is that for the typical BBH,
eccentricity can significantly improve their localizations.
The typical light and medium BBH whose 3-D localiza-
tion volumes are beyond the threshold volume in the
circular case can be improved and well-localized inside
the V th so that their host galaxies can be uniquely
identified in almost all orientations.

7Note if the error of the parameter is even larger than the prior
bound, the validity of the Fisher matrix which requires the
Gaussian posteriors (even if we add a Gaussian prior of the bound
to the Fisher matrix) should be in doubt.
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FIG. 18. The distance inference, sky localization, and 3-D localization volume of GW191129-like light BBH with DECIGO-I.

FIG. 19. The distance inference, sky localization, and 3-D localization volume of GW190426-like heavy BBH with DECIGO-I.

FIG. 17. The distance inference, sky localization, and 3-D localization volume of GW200105-like NSBH with DECIGO-I.
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APPENDIX B: THE DISTANCE INFERENCE
AND SOURCE LOCALIZATION OF THE

SIMULATED GWS

In Figs. 20 and 21 we show the distance errors and
localization of BNS, NSBH, and BBH observed by
DECIGO-I within 1-year observation time. With a non-
vanishing eccentricity, the uncontrollably large errors of
distance (corresponding to the near face-on orientations) in
the circular case can be significantly suppressed. In the
eccentric cases, the distance errors in the whole redshift

range (z ∼ 0–5) are rational. For the three types of binaries,
the distance can be constrained at percent and sub-percent
level, with BBH’s distance measurement more precise. As
for the localization, we can clearly see the significant
improvement by eccentricity in the whole redshift range for
BBH. While for BNS and NSBH, the effects of eccentricity
are negligible. However, the best localization of BNS and
NSBH can achieve ∼10−5–10−6 deg2 even in the circular
case. With a nonvanishing eccentricity, the best localization
of BBH can be improved from ∼10−2 deg2 to ∼10−4 deg2.

TABLE II. The statistical results of the sky localization ΔΩ and 3-D localization volume in the 99% confidence level V99 for each
typical binary with various eccentricities by 1-year observation of DECIGO-I.

minðΔΩÞ deg2 EðΔΩÞ deg2 maxðΔΩÞ deg2 minðV99Þ Mpc3 EðV99Þ Mpc3 maxðV99Þ Mpc3

GW170817-like
BNS

e0 ¼ 0 6.57 × 10−8 1.20 × 10−6 1.32 × 10−4 2.79 × 10−7 3.71 × 10−6 5.53 × 10−4

e0 ¼ 0.1 1.11 × 10−7 1.63 × 10−6 1.76 × 10−4 4.32 × 10−7 3.73 × 10−6 2.28 × 10−4

e0 ¼ 0.2 7.99 × 10−8 1.28 × 10−6 1.62 × 10−4 3.16 × 10−7 2.61 × 10−6 1.96 × 10−4

e0 ¼ 0.4 6.54 × 10−8 1.18 × 10−6 2.06 × 10−4 2.84 × 10−7 2.23−6 2.30−4

GW200105-like
NSBH

e0 ¼ 0 1.56 × 10−6 2.39 × 10−5 1.35 × 10−3 2.56 × 10−3 3.29 × 10−2 4.88
e0 ¼ 0.1 2.27 × 10−6 3.28 × 10−5 2.75 × 10−3 3.25 × 10−3 3.21 × 10−2 1.78
e0 ¼ 0.2 1.49 × 10−6 2.14 × 10−5 2.42 × 10−3 2.33 × 10−3 1.92 × 10−2 1.10
e0 ¼ 0.4 2.48 × 10−6 4.13 × 10−5 3.85 × 10−3 4.42 × 10−3 3.74 × 10−2 1.90

GW191129-like
light BBH

e0 ¼ 0 3.22 × 10−4 5.01 × 10−3 7.81 × 10−2 10.5 1.89 × 102 1.63 × 104

e0 ¼ 0.1 4.68 × 10−5 5.61 × 10−4 3.63 × 10−2 1.84 15.5 5.92 × 102

e0 ¼ 0.2 2.73 × 10−5 3.73 × 10−4 2.70 × 10−2 1.02 9.50 3.01 × 102

e0 ¼ 0.4 6.91 × 10−5 1.41 × 10−3 3.99 × 10−2 2.23 34.4 4.84 × 102

GW150914-like
medium BBH

e0 ¼ 0 1.65 × 10−3 0.273 4.88 22.6 2.60 × 102 8.54 × 103

e0 ¼ 0.1 9.58 × 10−4 2.45 × 10−2 0.575 3.15 21.4 2.04 × 102

e0 ¼ 0.2 6.36 × 10−4 9.24 × 10−3 0.180 0.946 8.97 1.62 × 102

e0 ¼ 0.4 5.31 × 10−4 6.39 × 10−3 0.144 0.515 6.60 1.73 × 102

GW190426-like
heavy BBH

e0 ¼ 0 2.90 × 10−2 1.34 × 102 5.25 × 103 3.98 × 106 1.11 × 108 4.78 × 109

e0 ¼ 0.1 1.29 × 10−2 27.6 3.78 × 102 2.94 × 105 1.56 × 107 1.85 × 108

e0 ¼ 0.2 1.20 × 10−2 5.82 1.77 × 102 1.49 × 105 3.83 × 106 9.81 × 107

e0 ¼ 0.4 1.29 × 10−2 2.49 84.6 8.67 × 104 1.80 × 106 9.24 × 107

FIG. 20. The luminosity distance errors of BNS, NSBH, and BBH detected by DECIGO-I within 1 year.

YANG, CAI, CAO, and LEE PHYS. REV. D 107, 043539 (2023)

043539-22



APPENDIX C: THE COSMOLOGICAL
CONSTRAINTS FROM GOLDEN

DARK BNS AND NSBH

Though eccentricity has little effects on the localization
of BNS and NSBH, they have already been precisely
localized even in the circular case. From Table I we can
see there are hundreds of golden dark BNS and NSBH
regardless of the value of eccentricity. Here we would
like to present the cosmological constraints from these
golden dark BNS and NSBH. We still only show the results
with DECIGO-I and choose e0 ¼ 0 and 0.2 as the
representatives.
Figure 22 shows the cosmological constraints from

golden dark BNS with 1-year observation of DECIGO-I.
We can see the improvement from eccentricity is only
subtle. For ΛCDM model, H0 ¼ 67.69� 0.66 ð67.72�
0.61Þ km s−1Mpc−1 and Ωm ¼ 0.33� 0.10 ð0.311�
0.089Þ in the e0 ¼ 0ð0.2Þ case. In MG model, Ξ0 ¼
1.005� 0.026 with e0 ¼ 0 and Ξ0 ¼ 1.009� 0.024
with e0 ¼ 0.2.

Figure 23 shows the cosmological constraints from
golden dark NSBH with 1-year observation of DECIGO-I.
As expected, the improvement from eccentricity is still
negligible. ForΛCDMmodel,H0 ¼ 67.80� 0.34 ð67.63�
0.33Þ km s−1 Mpc−1 and Ωm ¼ 0.315 � 0.032 ð0.314 �
0.031Þ in the e0 ¼ 0ð0.2Þ case. In MG model, Ξ0 ¼
0.997� 0.011 with e0 ¼ 0 and Ξ0 ¼ 1.002� 0.011 with
e0 ¼ 0.2.
As we have argued, since the merger rates of BNS and

NSBH are very uncertain, the results of the population of
golden dark BNS and NSBH, and their applications on
cosmology are not ensured. A nonvanishing eccentricity
cannot offer much help for BNS and NSBH on these two
aspects. However, the precise localization of BNS and
NSBH in the midband can help for the search of their EM
counterparts. We can use the golden dark BNS and
NSBH together with their possible EM counterparts to
cross-check the host galaxies of the golden dark sirens.
This can also provide useful information to BBH golden
dark sirens.

FIG. 22. The constraints of ΛCDM model (left panel) and MG (right panel) from 1-year observation of golden dark BNS by
DECIGO-I.

FIG. 21. The localization of BNS, NSBH, and BBH detected by DECIGO-I within 1 year.
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