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We investigate the skewness of galaxy number density fluctuations as a possible probe to test gravity
theories. We find that the specific linear combination of the skewness parameters corresponds to the
coefficients of the second-order kernels of the density contrast, which can be regarded as the consistency
relation and used as a test of general relativity and modified gravity theories. We also extend the analysis
of the skewness parameters from real space to redshift space and derive the redshift-space skewness
consistency relation.
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I. INTRODUCTION

It is one of the biggest challenges of modern cosmology
to understand the physical origin of the present cosmic
acceleration of the Universe. It might eventually require the
presence of a new type of energy component, usually called
dark energy. Another possibility is that the accelerated
cosmic expansion could arise due to a modification of
general relativity on cosmological scales. Among various
cosmological observational data, measuring the growth
history of density contrast of a large-scale structure is
one of the most popular tools to test the nature of
dark energy and the modification of the theory of gravity
responsible for the present cosmic acceleration. Although
current observational data have already constrained the
growth of structure at the linear level, there is no evidence
of the deviation from the value predicted by the standard Λ
cold dark matter (ΛCDM) model. Hence, further inves-
tigation of the cosmological model landscape requires
introducing other observables to capture the modification
of gravity theory.
The power spectrum, or its Fourier counterpart, the two-

point correlation function, is one of the most popular
statistics used to characterize cosmological observables
such as cosmic microwave background and large-scale
structure (e.g., [1]). Since this can fully characterize the
random Gaussian field, it can be treated as a good statistical
quantity for a large-scale structure on sufficiently large

scales, or sufficiently early time, and cosmic microwave
background. The cosmological structure generally grows
nonlinearly in time due to gravitational interaction, which
naturally introduces nonvanishing non-Gaussianity on a
small scale, or in late time, even in the case of the initial
Gaussian field. Much information in such a non-Gaussian
random field cannot be captured by solely using the power
spectrum. A straightforward way to extract information on
the non-Gaussianity of such a field is to consider higher-
order spectra such as bispectrum, trispectrum, and so on
(e.g., [2]). However, it is challenging to measure these
higher-order correlation functions accurately, since these
are functions of scales with many arguments. Hence, it
would be important to use other statistical tools for probing
non-Gaussianities of random fields. The skewness, which is
a measure of the asymmetry of the probability distribution
of a random variable about its mean, is one of the popular
measures to investigate the non-Gaussianity. The relation
between higher-order spectra and the skewness para-
meters is derived analytically when the non-Gaussianity is
weak [3,4]. In particular, the leading order contributions of
the higher-order spectra to the skewness parameters are
determined through the integration of wavevectors of the
bispectrum. Therefore, the skewness parameters can be
used to extract the information of the bispectrum and
higher-order spectra for the nonlinear density field.
In this paper, we consider the quasinonlinear growth of

large-scale structure as a way to provide new insight into
the modification of the gravity theory that would not be
imprinted in the linear perturbation theory. It has been
discussed in the literature that such a quasinonlinearity can
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be explored by observing the higher-order spectra of
galaxies [5–12] and cosmic microwave background [13].
In particular, a possible parameter to trace the nonlinear
growth of structure is the time evolution of the coefficients
of the second-order kernels for density contrast, the so-
called second-order indices, which was originally devel-
oped in Refs. [7,13]. However, Ref. [12] pointed out that
the features of the quasinonlinear growth are partially
hidden by the uncertainty of the nonlinear galaxy bias
functions. In order to extract the information of the
modification of gravity theory obtained from the quasinon-
linear growth, we need to carefully construct the combi-
nation of observables. In this paper, we focus on the
skewness of the galaxy number density fluctuations as
another probe of the underlying gravity theory. In particu-
lar, we use not only a common skewness parameter of the
density field but also other skewness parameters which
involve spatial derivatives of the density field. We inves-
tigate how the effects of the quasinonlinear growth appear
in the skewness parameters and construct their combination
of the skewness parameters that can be used to extract the
information of the modification of gravity theory. Even in
the case of the ΛCDM Universe with general relativity, the
resultant expression represents the consistency relation
between the skewness parameters.
This paper is organized as follows. In Sec. II, we

summarize the skewness parameters derived in the previous
works and develop the skewness parameters for the galaxy
number density fluctuations as one of the actual observables
of large-scale structure observations. We then derive the
single consistency relation for the three real-space skewness
parameters. In Sec. III, we extend the analysis to the redshift
space, in which the effect of the anisotropic effect due to
the redshift-space distortion should be properly included.
We then derive the three consistency relations for the five
independent redshift-space skewness parameters. Finally,
Sec. IVis devoted to a summary and conclusion. Throughout
this paper, as our fiducial model, we assume a ΛCDM cos-
mological model with parameters: Ωm;0 ¼ 0.3111, Ωb;0 ¼
0.0490, ΩΛ ¼ 0.6889, h ¼ 0.6766, As ¼ 2.105 × 10−9,
ns ¼ 0.9665, and kpivot ¼ 0.05 ½Mpc−1�.

II. SKEWNESS CONSISTENCY RELATION
IN REAL SPACE

In this section, we first summarize the description of
the skewness parameters, following [4,14]. We then cal-
culate the skewness parameters from the bispectrum for the
galaxy number density fluctuations, which includes the
effects of the nonlinear gravitational clustering and galaxy
biasing, as natural observables of large-scale structure
observations. Combining the resultant expressions, we then
derive a consistency relation of skewness parameters in real
space.

A. Real-space skewness parameters

We consider three-dimensional density field ρðxÞ. We
denote the density contrast by δðxÞ ¼ ρðxÞ=hρðxÞi − 1,
where h� � �i represents the ensemble average. We assume
that the density contrast is smoothed by a smoothing
function WR with smoothing length R, defined as

δRðxÞ ¼
Z

d3x0WRðjx − x0jÞδðx0Þ: ð1Þ

In this paper, we use a Gaussian kernel function to obtain
the smooth density field as

WRðxÞ ¼
e−x

2=ð2R2Þ

ð2πÞ3=2R3
: ð2Þ

The variance of density contrast smoothed on a scale R is
defined as

σ20 ¼ hδ2Ri: ð3Þ

Let us introduce the three real-space skewness parameters,
which are defined as

Sð0Þr ¼ hδ3Ric
σ40

; ð4Þ

Sð1Þr ¼ 3

2

hδRj∇δRj2ic
σ20σ

2
1

; ð5Þ

Sð2Þr ¼ −
9

4

hj∇δRj2ΔδRic
σ41

; ð6Þ

where h� � �ic denotes the three-point cumulants and we
have defined σ1 as

σ21 ¼ hj∇δRj2i: ð7Þ

To connect the statistical properties of the density
contrast with the skewness parameters, it is convenient
to consider the Fourier transform of the density field as

δ̃ðkÞ ¼
Z

d3xe−ik·xδðxÞ: ð8Þ

The Fourier transform of the smoothed density contrast
is given by δ̃RðkÞ ¼ δ̃ðkÞWðkRÞ, where WðkRÞ denotes
the Fourier transform of the kernel function WRðxÞ as
WðkRÞ ¼ R

d3xe−ik·xWRðxÞ. For the Gaussian smoothing,
we have WðkRÞ ¼ e−k

2R2=2. The power spectrum and
bispectrum of the density contrast in the Fourier space
have the forms

hδ̃ðk1Þδ̃ðk2Þi ¼ ð2πÞ3δ3Dðk12ÞPðk1Þ; ð9Þ
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hδ̃ðk1Þδ̃ðk2Þδ̃ðk3Þi ¼ ð2πÞ3δ3Dðk123ÞBðk1; k2; k3Þ; ð10Þ

where kij ¼ ki þ kj, kijk ¼ ki þ kj þ kk. With these nota-
tions, the skewness parameters are written as [14]

SðaÞr ¼ 1

σ4−2a0 σ2a1

Z
d3k1
ð2πÞ3

d3k2
ð2πÞ3

d3k3
ð2πÞ3 ð2πÞ

3δ3Dðk123Þ

×sðaÞðk1;k2;k3ÞBðk1;k2;k3ÞWðk1RÞWðk2RÞWðk3RÞ;
ð11Þ

where the kernel functions are given by

sð0Þ ¼ 1; ð12Þ

sð1Þ ¼ −
3

2
k1 · k2; ð13Þ

sð2Þ ¼ −
9

4
ðk1 · k2Þk23: ð14Þ

Thus, once the bispectrum for the density contrast is
specified, we can calculate the skewness parameters by
using the formula Eq. (11).

B. Reduced formula for real-space galaxy bispectrum

In the standard cosmological perturbation theory, gravi-
tational nonlinear growth of structure gives non-negligible
contributions to the nonlinear density field, which naturally
leads to the nonvanishing bispectrum for the density field.
Moreover, the density contrast is indirectly related to the
observables of a large-scale structure such as the galaxy
number density fluctuations. Hence, it is natural to apply
the formulation derived in the previous subsection to the
bispectrum of the galaxy number density fluctuations,
which includes the effects of the nonlinear gravitational
clustering and the galaxy biasing. In the standard pertur-
bation theory, the nonlinear density contrast in Fourier
space, δ̃ðkÞ, is formally expanded in terms of the linear
density contrast δ̃LðkÞ as

δ̃ðkÞ ¼ δ̃LðkÞ þ
Z

d3k1
ð2πÞ3

d3k2
ð2πÞ3 ð2πÞ

3δ3Dðk12 − kÞ

× F2ðk1; k2Þδ̃Lðk1Þδ̃Lðk2Þ þ � � � : ð15Þ

Here, the explicit form of the kernel function F2 will be
shown in the subsequent subsection. To connect the non-
linear density field δ with the galaxy number density
fluctuations δg, we need some relation. We assume that
the galaxy number density fluctuations δgðxÞ up to the
second order in the perturbative expansion of the density
contrast δðxÞ is well described by the combination of the
linear bias b1, the second-order bias b2, and the tidal bias
bK2 as [15]

δgðxÞ ¼ b1δðxÞ þ
1

2
b2f½δðxÞ�2 − hδ2ig

þ bK2f½sijðxÞ�2 − hs2ijig þ � � � ; ð16Þ

where

sij ¼
�
∂i∂j

∂
2
−
1

3
δij

�
δðxÞ: ð17Þ

Here, the terms hδ2i and hs2iji ensure the condition
hδgðxÞi ¼ 0. Combining these, the Fourier transform of
the galaxy number density fluctuations δ̃gðkÞ in real space
can be written in terms of the linear density contrast δ̃LðkÞ:

δ̃gðkÞ ¼ b1δ̃LðkÞ þ
Z

d3k1
ð2πÞ3

d3k2
ð2πÞ3 ð2πÞ

3δ3Dðk12 − kÞ

× Z2;rðk1; k2Þδ̃Lðk1Þδ̃Lðk2Þ þ � � � ; ð18Þ

where

Z2;rðk1; k2Þ ≔ b1F2ðk1; k2Þ þ
1

2
b2 þ bK2

�
ðk̂1 · k̂2Þ2 −

1

3

�
;

ð19Þ

with k̂a ≔ ka=jkaj. We now assume that the linear density
contrast δ̃LðkÞ obeys the Gaussian statistics with the
power spectrum PLðkÞ defined through hδ̃Lðk1Þδ̃Lðk2Þi ¼
ð2πÞ3δ3Dðk12ÞPðk1Þ. Hereafter, we consider the skewness
parameters for the galaxy number density fluctuations
instead of the density contrast since δg is the actual obser-
vable obtained from large-scale structure observations.
The power spectrum and bispectrum of galaxy number

density fluctuations are defined as

hδ̃gðk1Þδ̃gðk2Þi ¼ ð2πÞ3δ3Dðk12ÞPgðk1Þ; ð20Þ

hδ̃gðk1Þδ̃gðk2Þδ̃gðk3Þi ¼ ð2πÞ3δ3Dðk12ÞBgðk1; k2; k3Þ: ð21Þ

In the lowest-order approximation of the perturbation
theory, the real-space galaxy bispectrum due to the non-
linear growth is given by

Bg;rðk1; k2; k3Þ ¼ 2Z2;rðk1; k2Þb21PLðk1ÞPLðk2Þ þ ðcycÞ;
ð22Þ

where “þðcycÞ” denotes the cyclic permutation with
respect to the arguments k1, k2, and k3.
Let us evaluate the skewness parameters with the

Gaussian smoothing kernel, following the method origi-
nally developed in Ref. [3]. The galaxy skewness param-
eters we consider in this paper are given by
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Sð0Þg;r ¼
hδ3gic
σ4g0

; ð23Þ

Sð1Þg;r ¼ 3

2

hδgj∇δgj2ic
σ2g0σ

2
g1

; ð24Þ

Sð2Þg;r ¼ −
9

4

hj∇δgj2Δδgic
σ4g1

; ð25Þ

where the quantities σgj for the galaxy number density
fluctuations are given by

σ2gj ¼ b21

Z
d ln kk2j

k3

2π2
PLðkÞW2ðkRÞ: ð26Þ

Using the expression of the galaxy bispectrum Eq. (22), we
obtain the real-space galaxy skewness parameters as

SðaÞg;r ¼ b21
σ4−2ag0 σ2ag1

Z
d3k1
ð2πÞ3

d3k2
ð2πÞ3s

ðaÞðk1;k2Þ

× ½2Z2;rðk1;k2ÞPLðk1ÞPLðk2ÞþðcycÞ�e−ðk21þk2
2
þk1·k2ÞR2

:

ð27Þ

To evaluate the skewness parameters, it would be conven-
ient to introduce the symmetrized kernel function sðaÞ;sym
defined as

sðaÞ;symðk1; k2; k3Þ ≔
1

3
sðaÞðk1; k2; k3Þ þ ðcycÞ; ð28Þ

where ðcycÞ denotes the cyclic permutations of the previous
term. The explicit calculation shows

sð0Þ;sym ¼ 1; ð29Þ

sð1Þ;sym ¼ 1

2
ðk21 þ k22 þ k1 · k2Þ; ð30Þ

sð2Þ;sym ¼ 3

2
½k21k22 − ðk1 · k2Þ2�: ð31Þ

Once we replace sðaÞ → sðaÞ;sym in Eq. (11), the bispectrum
for the density contrast can be replaced by the following
function:

SðaÞg;r ¼ b21
σ4−2ag0 σ2ag1

Z
d3k1
ð2πÞ3

d3k2
ð2πÞ3 s

ðaÞ;symðk1; k2Þ6Z2;rðk1; k2Þ

× PLðk1ÞPLðk2Þe−ðk21þk2
2
þk1·k2ÞR2

: ð32Þ

By using the rotational invariance, we can reduce the
dimensionality of the integrals for the skewness parameters.
Introducing the coordinate system as

k1 ¼
p
R
ð

ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ν2

p
; 0; νÞ; k2 ¼

q
R
ð0; 0; 1Þ; ð33Þ

the integrals for the skewness parameters analytically
reduce to

SðaÞg;r ¼ b31
8π4R2aþ6σ4−2ag0 σ2ag1

Z
∞

0

dp
Z

∞

0

dqe−ðp2þq2ÞS̃ðaÞg;r ðp;qÞ

×PL

�
p
R

�
PL

�
q
R

�
; ð34Þ

where S̃ðaÞg;r ðp; qÞ are kernel functions defined as

S̃ðaÞg;r ðp;qÞ ¼ 6p2q2

b1

Z
1

−1
dνs̃ðaÞ;symðp;q;νÞZ2;rðp;q;νÞe−pqν;

ð35Þ

with

s̃ð0Þ;sym ¼ 1; ð36Þ

s̃ð1Þ;sym ¼ 1

2
ðp2 þ q2 þ pqνÞ; ð37Þ

s̃ð2Þ;sym ¼ 3p2q2

2
ð1 − ν2Þ: ð38Þ

Therefore, once the explicit expression of the second-order
kernel of the density contrast, F2, is given, we evaluate the
skewness parameters by integrating the above formula.

C. Consistency relation in real space

To proceed the analysis, let us consider the specific type
of the second-order kernel of the density contrast, F2. In
this paper, we will consider the following form [5–12]:

F2ðk1; k2Þ ¼ κ

�
1þ 1

2
ðk̂1 · k̂2Þ

�
k1
k2

þ k2
k1

��

−
2

7
λ½1 − ðk̂1 · k̂2Þ2�; ð39Þ

where κ and λ are time-dependent parameters correspond-
ing to the coefficients for the terms with characteristic
wavevector dependence and they depend on the underlying
gravity theory. It is known that this specific form of the
second-order kernels describes a wide variety of the
modified theory of gravity since the modification of gravity
theory alters the clustering properties of nonlinear struc-
tures. In the Einstein-de Sitter universe with general
relativity, one finds κ ¼ λ ¼ 1 [5], while in the case of
the ΛCDM universe, λ slightly deviates from unity. In the
limit of Ωm ≈ 1, λ can be well approximated as λ ≈ 1 −
3
572

ð1 − ΩmÞ [2,7,16]. If the gravity theory is described by
the Horndeski scalar-tensor gravity theories [17–19], κ still
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takes the standard value, but the deviation of λ from unity
contains the information from the underlying gravity model
[5,7]. In the case of a broader class of scalar-tensor gravity
theories called degenerate higher-order scalar-tensor
(DHOST) theories [20–24] (see [25,26] for a review)
which is a natural extension of the Horndeski theory, both
κ and λ can depend on time and deviate from unity [8–12].
Therefore, the time dependence of the coefficients of the
second-order kernel, namely κ and λ, yields a powerful
probe of modified gravity theories. Hereafter, we consider
how we can extract the information of κ and λ from
observations of the skewness parameters.
In order to evaluate the skewness parameters in this

setup, we substitute Eq. (39) into Eq. (19) with the
coordinate of Eq. (33) to obtain the real-space Z2 kernel as

2

b1
Z2;rðp; q; νÞ ¼ g0P0 þ g1P1 þ g2P2; ð40Þ

where

P0¼P0ðνÞ; P1 ¼
�
p
q
þ q
p

�
P1ðνÞ; P2 ¼P2ðνÞ; ð41Þ

with PiðνÞ being the Legendre polynomials. Here, we have
introduced gi (i ¼ 0, 1, 2), which are written in terms of κ,
λ, and the bias functions as

g0 ¼ 2κ −
8

21
λþ b2

b1
; ð42Þ

g1 ¼ κ; ð43Þ

g2 ¼
4

3

�
2

7
λþ bK2

b1

�
: ð44Þ

In the case of the Einstein-de Sitter universe without
introducing the nonlinear bias factors, these are written
as g0 ¼ 34=21, g1 ¼ 1, and g2 ¼ 8=21. The kernel func-
tions given in Eq. (35) reduce to

S̃ð0Þg;r ¼ −6½g1ðp2 þ q2Þ þ 3g2�
�
coshðpqÞ − sinhðpqÞ

pq

�
þ 6ðg0 þ g2Þpq sinhðpqÞ; ð45Þ

S̃ð1Þg;r ¼ −3½g0p2q2 þ g1ðp2 þ q2Þð2þ p2 þ q2Þ þ g2ð3þ p2Þð3þ q2Þ�
�
coshðpqÞ − sinhðpqÞ

pq

�

þ 3½g0ðp2 þ q2Þ þ g1ðp2 þ q2Þ þ g2ð3þ p2 þ q2Þ�pq sinhðpqÞ; ð46Þ

S̃ð2Þg;r ¼ 18½g0p2q2 þ 3g1ðp2 þ q2Þ þ ð18þ p2q2Þg2�
�
coshðpqÞ − sinhðpqÞ

pq

�
− 18½g1ðp2 þ q2Þ þ 6g2�pq sinhðpqÞ: ð47Þ

When substituting g0 ¼ 34=21, g1 ¼ 1, and g2 ¼ 8=21 into the above expressions, one can easily reproduce the results
derived in [14]. An important observation is that all the parameters gi linearly appear in the above expression of the
skewness parameters. Therefore, gi can be rewritten in terms of the linear combination of the skewness parameters. To do
so, it would be convenient to introduce the matrix Mr, whose components are given by

MðaÞ
r ðiÞ ≔

∂SðaÞg;r

∂gi
¼ b31

8π4R2aþ6σ4−2a0 σ2a1

Z
∞

0

dp
Z

∞

0

dqe−ðp2þq2ÞM̃ðaÞ
r ðiÞðp; qÞPL

�
p
R

�
PL

�
q
R

�
: ð48Þ

Here one can easily extract the explicit form of

M̃ðaÞ
r ðiÞðp; qÞ ≔ ∂S̃ðaÞr ðp; qÞ=∂gi from Eqs. (45)–(47). Once

the shape of the linear power spectrum PLðkÞ is given, the
matrix components can be obtained by integrating Eq. (48)
numerically. With this convention, the set of three equa-
tions for the skewness parameters can be rewritten in a
simpler form

SðaÞg;r ¼
X2
i¼0

MðaÞ
r ðiÞgi: ð49Þ

At least in the standard cosmology with our fiducial
parameter set, it is numerically confirmed that the

determinant of M is nonzero. We therefore solve the above
equation in terms of gi as

gi ¼
X2
a¼0

½M−1
r �ðiÞðaÞSðaÞg;r : ð50Þ

This is one of the main results of this paper. However, κ and
λ always appear with the nonlinear galaxy bias function
in g0 and g2 terms, as seen in Eqs. (42) and (44), which
indicates that there is a strong degeneracy between κ, λ, b2,
and bK2 . The signals of gravity theory existing in g0 and g2
terms would be hidden by the uncertainty of the nonlinear
bias factors. Therefore, the meaningful consistency relation
comes only from the g1 term:
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g1 ¼ κ ¼ ½M−1
r �ð1Þð0ÞSð0Þg;r þ ½M−1

r �ð1Þð1ÞSð1Þg;r þ ½M−1
r �ð1Þð2ÞSð2Þg;r :

ð51Þ

As discussed above, the confirmation of the deviation of
g1 ¼ κ from unity would indicate a departure from the
Einstein gravity, in particular, the specific types of the
modification of gravity theory, the DHOST theory beyond-
Horndeski class [8–12], which can be tested once we
measure the skewness parameters. On the other hand, when
gravity is described by the Horndeski scalar-tensor theory
including general relativity, we have g1 ¼ κ ¼ 1; therefore,
Eq. (51) can be regarded as the consistency relation among
the three skewness parameters in the theory.
Before closing this section, as a demonstration, we show

the consistency relation for the real-space skewness param-
eters Eq. (51) with explicit numerical coefficients for a
given smoothing scale. To calculate it explicitly, we need to
specify the statistical nature of the linear density field. The
linear density field δL is related to the primordial curvature
perturbation Φ through

δLðkÞ ¼ MðkÞΦðkÞ; ð52Þ

where the function MðkÞ is defined as

Mðk; zÞ ¼ 2

3

DþðzÞ
Dþðz�Þð1þ z�Þ

k2TðkÞ
H2

0Ωm;0
; ð53Þ

with DþðzÞ being the linear growth rate, and z� represents
an arbitrary redshift at the matter-dominated era. TðkÞ is
the matter transfer function normalized to unity on large
scales [27]. The power spectrum for the linear density field
is related to that of the primordial perturbations as
PLðkÞ ¼ M2ðkÞPΦðkÞ, where PΦðkÞ denotes the power
spectrum for the primordial curvature perturbations. With
these, we now calculate the matrix components of Mr and
the corresponding consistency relation:

Mr ¼
1

b1

0
B@

3.4930 −2.1752 0.21206

3.4049 −1.9486 0.17288

4.2484 −3.0878 −0.34998

1
CA; ð54Þ

1

b1
κ ¼ −4.621Sð0Þg;r þ 5.094Sð1Þg;r − 0.283Sð2Þg;r ; ð55Þ

for R ¼ 10h−1Mpc, and

Mr ¼
1

b1

0
B@

3.9437 −3.2262 0.41878

3.8551 −3.0347 0.37766

4.9700 −4.2711 −0.17060

1
CA; ð56Þ

1

b1
κ ¼ −7.168Sð0Þg;r þ 7.789Sð1Þg;r − 0.354Sð2Þg;r ; ð57Þ

for R ¼ 30h−1Mpc. We show in Fig. 1 the coefficients of
the consistency relation for the real-space skewness param-
eters, namely j½M−1

r �ð1ÞðaÞj=b1 with a ¼ 0 (red solid), a ¼ 1

(blue dot-dashed), and a ¼ 2 (green dashed), as a function
of the smoothing length R½h−1 Mpc�. This implies that the

contribution from Sð2Þg;r is suppressed by an order of
magnitude compared to the other two contributions, while
the other two are of the same order of magnitude.

Therefore, Sð0Þg;r and Sð1Þg;r would essentially determine the
consistency relation.
Before closing this section, we would like to comment

on the scales for which these consistency conditions are
valid. In Ref. [14], the authors showed that the skewness
parameters in the N-body simulations, which can probe a
fully nonlinear regime, are qualitatively reproduced
by the tree-level perturbation theory on large scales within
5% precision level for R≳ 30h−1Mpc, while its accuracy
decreases to more than 10% for R≲ 20h−1Mpc. Therefore,
in the case of the small smoothing length, e.g.,
R≲ 10h−1 Mpc, the nonlinear corrections are needed in
the analytic formula.

III. SKEWNESS CONSISTENCY RELATION
IN REDSHIFT SPACE

In redshift space, the radial position of galaxies is given
by the observed radial component of its relative velocity to
an observer. The peculiar velocity field of the underlying
matter density, v, distorts the observed position of the
galaxy along the line of sight. The mapping of a
galaxy from its position x in real space to its position s
in redshift space along the line-of-sight direction n is
expressed as

sðxÞ ¼ xþ v · n
aH

n: ð58Þ

FIG. 1. The absolute value of the coefficients appearing
in the consistency relation for the real-space skewness para-
meters, ½M−1

r �ð1ÞðaÞ=b1, as a function of the smoothing length
R½h−1 Mpc� with a ¼ 0 (red solid), a ¼ 1 (blue dot-dashed), and
a ¼ 2 (green dashed).
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Hence, in redshift space, the density contrast should be
treated as a statistically anisotropic quantity. Even in the
presence of anisotropy in the direction along the line of
sight, all statistical measures should be independent with
respect to sky rotations in the plane perpendicular to the
line of sight. We will consider the skewness parameters in
the plane-parallel approximation.

A. Skewness parameters in redshift space

To take into account the effect of redshift-space dis-
tortions, we need to treat the line of sight and the
perpendicular directions separately. Hence, it is obvious
that there are other independent parameters of skewness in
anisotropic redshift space (see [28] for similar quantities).
In this subsection, we would like to derive the redshift-
space skewness parameters describing the statistically
anisotropic quantities. In redshift space, we have several
possibilities for the skewness parameters, e.g.,

3

2

hδgj∇kδgj2ic
σ2g0σ

2
gk

;
3

2

hδgj∇⊥δgj2ic
σ2g0σ

2
g⊥

; ð59Þ

for the extension of Sð1Þ,

−
9

4

hj∇kδgj2Δkδgic
σ4gk

; −
9

4

hj∇⊥δgj2Δ⊥δgic
σ4g⊥

;

−
9

4

hj∇⊥δgj2Δkδgic
σ2g⊥σ2gk

; −
9

4

hj∇kδgj2Δ⊥δgic
σ2gkσ

2
g⊥

; ð60Þ

for the extension of Sð2Þ, where we have introduced

σ2gk ¼ hj∇kδgj2i; ð61Þ

σ2g⊥ ¼ hj∇⊥δgj2i: ð62Þ

However, as shown below, some of these possibilities are
not independent. To construct the independent set of the
anisotropic skewness parameters, we first develop the trial
function and check its behavior. Based on this consider-
ation, let us consider the trial functional form of the
skewness parameter for the anisotropic bispectrum as

SðaÞ;trialαβ ¼ 1

σ4−2ag0 σagασ
a
gβ

Z
d3k1
ð2πÞ3

d3k2
ð2πÞ3

d3k3
ð2πÞ3 ð2πÞ

3

× δ3Dðk123ÞsðaÞ;trialαβ ðk1; k2; k3ÞBg;sðk1; k2; k3Þ
×Wðk1RÞWðk2RÞWðk3RÞ; ð63Þ

where Bg;s denotes the galaxy bispectrum in the redshift
space, α represents 0, ⊥, k, and we have introduced the
seven kernel functions:

sð0Þ;trial00 ¼ 1; ð64Þ

sð1Þ;trialkk ¼ 3

4
k2
3k; ð65Þ

sð1Þ;trial⊥⊥ ¼ 3

4
k23⊥; ð66Þ

sð2Þ;trialkk ¼ −
9

4
ðk1kk2kÞk23k; ð67Þ

sð2Þ;trial⊥⊥ ¼ −
9

4
ðk1⊥ · k2⊥Þk23⊥; ð68Þ

sð2Þ;trial⊥k ¼ −
9

4
ðk1⊥ · k2⊥Þk23k; ð69Þ

sð2Þ;trialk⊥ ¼ −
9

4
ðk1kk2kÞk23⊥: ð70Þ

One can confirm that Eqs. (59) and (60) can be written as
Eq. (63) thanks to the symmetry of k1, k2, and k3 in the
kernel functions of Eq. (63). Hereafter, instead of using the
symmetrized bispectrum, let us use the symmetrized

version of sðaÞ;trialαβ which is given by

sðaÞ;trial;symαβ ðk1; k2; k3Þ ≔
1

3
sðaÞ;trialαβ ðk1; k2; k3Þ þ ð2 cycÞ:

ð71Þ

The symmetrized kernels for the spin 1 and 2 are given by

sð1Þ;trial;symαα ¼ 1

2
½k21;α þ k22;α þ k1;α · k2;α�; ð72Þ

sð2Þ;trial;symαβ ¼ 3

4
½k21αk22β þ k21βk

2
2α − 2ðk1α · k2αÞðk1β · k2βÞ�:

ð73Þ

The explicit form of the symmetrized kernel Eq. (73) shows
the symmetry of the spin-2 kernel function:

sð2Þ;trial;symkk ¼ 0; ð74Þ

sð2Þ;trial;symαβ ¼ sð2Þ;trial;symβα ; ð75Þ

which indicates that some of the trial functions of the
skewness parameters Eq. (63) can be rewritten in terms of
other skewness parameters. We, therefore, find that the
independent number of the skewness parameters for the
anisotropic bispectrum is five. Furthermore, the kernel

functions sð1Þ;trial;sym⊥⊥ and sð2Þ;trial;sym⊥⊥ can be written in terms
of the combination of sðaÞ;sym defined in Eqs. (30) and (31)

in addition to sð1Þ;trial;symkk and sð2Þ;trial;sym⊥k :
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sð1Þ;trial;sym⊥⊥ ¼ sð1Þ;sym − sð1Þ;trial;symkk ; ð76Þ

sð2Þ;trial;sym⊥⊥ ¼ sð2Þ;sym − 2sð2Þ;trial;sym⊥k : ð77Þ

Hence, we can use the real-space kernels sð1Þ;sym and sð2Þ;sym

instead of the anisotropic kernels sð1Þ;trial;sym⊥⊥ and sð2Þ;trial;sym⊥⊥ .

Furthermore, sð1Þ;trial;symkk and sð2Þ;trial;sym⊥k include the infor-

mation of the isotropic kernel functions such as sð1Þ;sym and
sð2Þ;sym. To extract the independent information of the
anisotropic skewness parameters, we also impose that in
the limit of the isotropic Universe, the anisotropic compo-
nents of the skewness parameters reduce to zero.
To summarize, we introduce the five independent skew-

ness parameters in redshift space, three of which are the
same as the real-space skewness parameters defined as

SðaÞg;s ¼ 1

σ4−2ag0 σ2ag1

Z
d3k1
ð2πÞ3

d3k2
ð2πÞ3

d3k3
ð2πÞ3 ð2πÞ

3δ3Dðk123Þ

× sðaÞ;symðk1; k2; k3ÞBg;sðk1; k2; k3ÞWðk1RÞ
×Wðk2RÞWðk3RÞ; ð78Þ

with a ¼ 0, 1, 2, and the remaining two characterize the
anisotropy due to the redshift-space distortion, defined as

Sð3Þg;s ¼ 1

σ2g0σ
2
gk

Z
d3k1
ð2πÞ3

d3k2
ð2πÞ3

d3k3
ð2πÞ3 ð2πÞ

3δ3Dðk123Þ

× sð3Þ;symðk1; k2; k3ÞBg;sðk1; k2; k3Þ
×Wðk1RÞWðk2RÞWðk3RÞ; ð79Þ

Sð4Þg;s ¼ 1

σ2g⊥σ2gk

Z
d3k1
ð2πÞ3

d3k2
ð2πÞ3

d3k3
ð2πÞ3 ð2πÞ

3δ3Dðk123Þ

× sð4Þ;symðk1; k2; k3ÞBg;sðk1; k2; k3ÞWðk1RÞ
×Wðk2RÞWðk3RÞ; ð80Þ

where the convenient choice of the five independent kernel
functions of the skewness parameters in redshift space is
given by the set of three known functions:

sð0Þ;sym ¼ 1; ð81Þ

sð1Þ;sym ¼ 1

2
ðk21 þ k22 þ k1 · k2Þ; ð82Þ

sð2Þ;sym ¼ 3

2
½k21k22 − ðk1 · k2Þ2�; ð83Þ

and two new functions:

sð3Þ;sym ¼ 1

2
½k2

1k þ k2
2k þ k1kk2k� −

1

3
sð1Þ;sym; ð84Þ

sð4Þ;sym ¼ 3

4
½k21k22k þ k2

1kk
2
2 − 2ðk1kk2kÞðk1 · k2Þ�−

1

3
sð2Þ;sym:

ð85Þ

B. Galaxy bispectrum in redshift space
and reduced formula

To write down the galaxy number density fluctuations in
redshift space, we need to describe the peculiar velocity
field as well as the matter density field. In the standard
perturbation theory, the Fourier counterpart of the linear
velocity divergence field θ ≔ ∇ · v=aH can be expanded in
a similar way as the matter density field, Eq. (15):

θ̃ðkÞ ¼ f

�
δ̃LðkÞ þ

Z
d3k1
ð2πÞ3

d3k2
ð2πÞ3 ð2πÞ

3δ3Dðk12 − kÞ

× G2ðk1; k2Þδ̃Lðk1Þδ̃Lðk2Þ þ � � �
�
; ð86Þ

where f is the logarithmic growth rate defined as
f ≔ d lnDþ=d ln a. Hereafter we will consider the sec-
ond-order kernel G2 in the form [5,6,8–12]

G2ðk1; k2Þ ¼ κθ

�
1þ 1

2
ðk̂1 · k̂2Þ

�
k1
k2

þ k2
k1

��

−
4

7
λθ½1 − ðk̂1 · k̂2Þ2

�
: ð87Þ

Assuming the matter sector is minimally coupled to gravity,
the continuity and Euler equations for the matter give
the relation between the coefficients of F2 and G2

kernels as

κθ ¼ 2κ − 1þ _κ

fH
; ð88Þ

λθ ¼ λþ
_λ

2fH
: ð89Þ

Since the time dependence of κ and λ strongly depends on
the underlying theory of gravity, as mentioned in Sec. II B,
the time dependence of κθ and λθ can be also used to
constrain the modification of gravity. We note that κθ ¼ 1
in the case of the Horndeski scalar-tensor theory including
general relativity, but κθ deviates from unity in the case of
the beyond-Horndeski class of gravity theory [8–12].
The Fourier transform of the galaxy number density

fluctuations in redshift space is given by

δ̃g;sðkÞ ¼ Z1ðkÞδ̃LðkÞ þ
Z

d3k1
ð2πÞ3

d3k2
ð2πÞ3 ð2πÞ

3

× δ3Dðk12 − kÞZ2ðk1;k2Þδ̃Lðk1Þδ̃Lðk2Þ þ � � � ; ð90Þ
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where the linear- and second-order perturbative kernels in
redshift space are [29]

Z1ðkÞ ¼ b1ð1þ βμ2Þ; ð91Þ

Z2ðk1; k2Þ ¼ b1

�
F2ðk1; k2Þ þ βμ212G2ðk1; k2Þ

þ βk12μ12
2

�
μ1
k1

Z1ðk2Þ þ
μ2
k2

Z1ðk1Þ
��

þ 1

2
b2 þ bK2

�
ðk̂1 · k̂2Þ2 −

1

3

�
: ð92Þ

Here, μa ¼ ka · n=jkaj with n being the line-of-sight vector,
μ12 ¼ ðk1 þ k2Þ · n=jk1 þ k2j, and β ¼ f=b1. In the tree-
level approximation, the bispectrum in redshift space is
given by

Bg;sðk1; k2; k3Þ ¼ 2Z1ðk1ÞZ1ðk2ÞZ2ðk1; k2ÞPLðk1ÞPLðk2Þ
þ ðcycÞ: ð93Þ

Then, the redshift-space skewness parameters can be
rewritten as

SðaÞg;s ¼ 1

σ4−2ag0 σ2ag1

Z
d3k1
ð2πÞ3

d3k2
ð2πÞ3 s

ðaÞ;symðk1; k2Þ6Z1ðk1ÞZ1ðk2ÞZ2ðk1; k2ÞPLðk1ÞPLðk2Þe−ðk21þk2
2
þk1·k2ÞR2

; ð94Þ

for a ¼ 0, 1, 2, and

Sð3Þg;s ¼ 1

σ2g0σ
2
gk

Z
d3k1
ð2πÞ3

d3k2
ð2πÞ3 s

ð3Þ;symðk1; k2Þ6Z1ðk1ÞZ1ðk2ÞZ2ðk1; k2ÞPLðk1ÞPLðk2Þe−ðk21þk2
2
þk1·k2ÞR2

; ð95Þ

Sð4Þg;s ¼ 1

σ2g⊥σ2gk

Z
d3k1
ð2πÞ3

d3k2
ð2πÞ3 s

ð4Þ;symðk1; k2Þ6Z1ðk1ÞZ1ðk2ÞZ2ðk1; k2ÞPLðk1ÞPLðk2Þe−ðk21þk2
2
þk1·k2ÞR2

; ð96Þ

where the variances for the anisotropic derivatives for
galaxy density contrast are given by

σ2gk ¼ b21

Z
d3k
ð2πÞ3 ð1þ βμ2Þ2k2μ2PLðkÞW2ðkRÞ; ð97Þ

σ2g⊥ ¼ b21

Z
d3k
ð2πÞ3 ð1þ βμ2Þ2k2ð1 − μ2ÞPLðkÞW2ðkRÞ:

ð98Þ

These can be rewritten in terms of σg1 as

σ2gk ¼
�
1

3
þ 2

5
β þ 1

7
β2
�
σ2g1; ð99Þ

σ2g⊥ ¼ 2

�
1

3
þ 2

15
β þ 1

35
β2
�
σ2g1: ð100Þ

To evaluate the skewness parameters numerically, it is
convenient to introduce the following coordinate system
(see Fig. 2) as

n ¼ ð0;
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − μ2

q
; μÞ; ð101Þ

k1 ¼
p
R
ð

ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ν2

p
cosϕ;

ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ν2

p
sinϕ; νÞ; ð102Þ

k2 ¼
q
R
ð0; 0; 1Þ: ð103Þ

By adopting this coordinate system, the integration can
reduce to

Z
d3k1
ð2πÞ3

d3k2
ð2πÞ3 →

1

32π5R6

Z
∞

0

p2dp
Z

∞

0

q2dq
Z

1

−1
dμ

Z
1

−1
dν

Z
2π

0

dϕ; ð104Þ

and the skewness parameters can be simplified as

Sða¼0;1;2Þ
g;s ¼ b31

8π4R2aþ6σ4−2ag0 σ2ag1

Z
∞

0

dp
Z

∞

0

dqe−ðp2þq2ÞS̃ða¼0;1;2Þ
s ðp; qÞPL

�
p
R

�
PL

�
q
R

�
; ð105Þ
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Sð3Þg;s ¼ b31
8π4R8σ2g0σ

2
gk

Z
∞

0

dp
Z

∞

0

dqe−ðp2þq2ÞS̃ð3Þs ðp; qÞPL

�
p
R

�
PL

�
q
R

�
; ð106Þ

Sð4Þg;s ¼ b31
8π4R10σ2g⊥σ2gk

Z
∞

0

dp
Z

∞

0

dqe−ðp2þq2ÞS̃ð4Þs ðp; qÞPL

�
p
R

�
PL

�
q
R

�
; ð107Þ

where S̃ðAÞg;s ðp; qÞ with A ¼ 0;…; 4 are kernel functions defined as

S̃ðAÞg;s ðp; qÞ ¼ 6p2q2

b31

Z
1

−1
dνe−pqν

Z
1

−1

dμ
2
Z1ðμÞ

Z
2π

0

dϕ
2π

s̃ðAÞ;symðp; q; ν; μ1ÞZ1ðμ1ÞZ2ðp; q; μ; ν; μ1; μ12Þ: ð108Þ

Here, s̃ð0;1;2Þ;sym in this coordinate system has the same form
introduced in Eqs. (36)–(38), and s̃ð3;4Þ;sym is given by

s̃ð3Þ;sym ¼ 1

2

�
ðp2μ21 þ q2μ2 þpqμμ1Þ−

1

3
ðp2 þ q2 þpqνÞ

�
;

ð109Þ

s̃ð4Þ;sym ¼ 3p2q2

4

�
ðμ2 þ μ21 − 2μμ1νÞ −

2

3
ð1 − ν2Þ

�
: ð110Þ

In order to evaluate the skewness parameters Eqs. (105)–
(107), we rewrite the first- and second-order kernels in
redshift space, Eqs. (91) and (92), in terms of the coordinate
system defined in Eqs. (101)–(103). With these notations,
the first- and second-order kernels in redshift space can be
given by

1

b1
Z1ðμÞ ¼ 1þ βμ2; ð111Þ

2

b1
Z2ðp; q; μ; ν; μ1; μ12Þ ¼ g0P0 þ g1P1 þ g2P2

þ βμ212ðg3P3 þ g4P4Þ þ P�;

ð112Þ

where P0;1;2 was already introduced in Eq. (41), and the
remaining P3;4 and P� are defined as

P3 ¼
1

2

�
p
q
þ q
p

�
P1ðνÞ þ 1; P4 ¼ P2ðνÞ − 1; ð113Þ

P� ¼ βμ12

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2þq2þ 2pqν

q �
μ1
p
ð1þ βμ2Þþ μ

q
ð1þ βμ21Þ

�
:

ð114Þ

Here, g0;1;2 has been defined in Eqs. (42)–(44) and we have
introduced two new variables

g3 ¼ κθ; ð115Þ

g4 ¼
16

21
λθ: ð116Þ

In the limit of the Einstein-de Sitter universe without the
nonlinear bias factor, g0 ¼ 34=21, g1 ¼ 1, g2 ¼ 8=21,
g3 ¼ 1, and g4 ¼ 16=21.

C. Consistency relation in redshift space

Even when the redshift-space distortion effect is taken
into account, gI (I ¼ 0;…; 4) appears in the skewness
parameters linearly. Hence the redshift-space anisotropic
skewness parameters can be algebraically rewritten as

SðAÞg;s ¼
X4
I¼0

MðAÞ
s ðIÞgI þ NðAÞ

s ; ð117Þ

where we have introduced the matrix Ms which is
defined as

FIG. 2. Coordinate system and three vectors k1, k2, n for
calculating the redshift-space skewness parameters.
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MðAÞ
s ðIÞ ≔

∂SðAÞg;s

∂gI
: ð118Þ

Unlike the real-space analysis, the above equation includes
the term independent of gI, Ns, which is directly related to
the last term P� in Eq. (112). The explicit forms of the
components Ms and Ns are shown in the Appendix.
Only when the determinant of Ms is nonzero, Eq. (117)

can be solved as

gI ¼
X4
A¼0

½M−1
s �ðIÞðAÞðSðAÞg;s − NðAÞ

s Þ: ð119Þ

As we mentioned in the previous section, the nontrivial
signals of gravity theories appearing in the first and third
equations would be hidden by the uncertainty of the
nonlinear bias factors. Namely, the first and third equations
would not be suitable for extracting the information of g0
and g2. On the other hand, as for the fourth and fifth terms
corresponding to the new contributions from the mapping
from real space to redshift space, Eqs. (115) and (116)
imply that there appear to be no bias contributions. Hence,
the redshift-space anisotropic contributions to the skewness
parameters can be used to extract the information from
gravity theory without suffering from the uncertainty of the
nonlinear galaxy bias. We finally have the three meaningful
consistency relations in redshift space:

g1 ¼ κ ¼
X4
A¼0

½M−1
s �ð1ÞðAÞðSðAÞg;s − NðAÞ

s Þ; ð120Þ

g3 ¼ κθ ¼
X4
A¼0

½M−1
s �ð3ÞðAÞðSðAÞg;s − NðAÞ

s Þ; ð121Þ

g4 ¼
16

21
λθ ¼

X4
A¼0

½M−1
s �ð4ÞðAÞðSðAÞg;s − NðAÞ

s Þ: ð122Þ

These are also the main results of this paper. When gravity
is described by the Horndeski scalar-tensor theory [17–19]
including general relativity, we have κ ¼ κθ ¼ 1, while λθ
generally deviates from unity [5,7]. Therefore, Eqs. (120)
and (121) provide the consistency relations between the
anisotropic skewness parameters, and we can extract the
information on the modification of gravity theory from
Eq. (122). In the case of the extension of the Horndeski
theory such as the DHOST theories [20–23], κ and κθ
also deviate from unity [8–12]. Therefore, if the combi-
nations of the skewness parameters given by the right-hand
side of Eqs. (120) and (121) depart from unity, it would be
the signals of the beyond-Honrdeski class of gravity
theories.
Although the consistency relation for an arbitrary value

of β can be obtained by solving the formulas (120)–(122)

numerically, in order to see the qualitative behavior of these
consistency relations, we consider the small-β approxima-
tion, which corresponds to the case of the large linear
galaxy bias, such as in the case of very massive halos. It is
expected that the asymptotes of the equations for the
redshift-space skewness parameters in the limit of β → 0
should reproduce the real-space ones. The coefficient

matrixMs, the vector N
ðAÞ
s , and the redshift-space skewness

parameters SðAÞs can be expanded in terms of β as

Ms ¼
� Mr 02×3

03×2 02×2

�
þ
�A B

C D

�
βþOðβ2Þ; ð123Þ

NðAÞ
s ¼ δNðAÞ

s β þOðβ2Þ; ð124Þ

SðAÞg;s ¼
�

S̄ðaÞg;s

01×2

�
þ δSðAÞg;s β þOðβ2Þ; ð125Þ

with 0m;n denoting the m × n zero matrix. The inverse of
the matrix Ms is approximately given as

M−1
s ¼

�
03×3 03×2

02×3 D−1

�
1

β
þ
� M−1

r −M−1
r BD−1

−D−1CM−1
r �

�

þOðβÞ; ð126Þ

where the symbol � denotes the arbitrary matrix compo-
nents. This is because this term gives only the Oðβ2Þ
subleading correction in the skewness consistency con-
ditions. Hence, in our situation, considering the OðβÞ term
in M−1

s is enough to provide the leading consistency
relation. The leading order expression of (119) for the
first three gI¼0;1;2 appears at order Oðβ0Þ:

gI ¼
X2
A¼0

½M−1
r �ðIÞðAÞSðAÞg;s þOðβÞ for I ¼ 0; 1; 2: ð127Þ

It is obvious that the above equation is the same as the
consistency relation in real space, Eq. (50), except for the
OðβÞ correction, as expected. Hence, the nontrivial con-
sistency relation in redshift space can be obtained from the
remaining parts. As for the remaining two equations for
I ¼ 3, 4, the Oðβ0Þ equation vanishes and the next-to-
leading-order equations at OðβÞ are given as

βgI ¼ β

�
−
X2
a¼0

½D−1CM−1
r �ðIÞðaÞS̄ðaÞg;s

þ
X4
A¼3

½D−1�ðIÞðAÞðδSðAÞg;s − δNðAÞ
s Þ

�
þOðβ2Þ

for I ¼ 3; 4: ð128Þ
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We note that one cannot use the above equation in the limit of β → 0 since the inverse of the matrixMs, Eq. (126), in such a
limit becomes singular.
Finally, let us evaluate Ms and Ns up to OðβÞ with R ¼ 10h−1 Mpc:

Ms ¼
1

b1

0
BBBBBBB@

3.4930 −2.1752 0.21206 0 0

3.4049 −1.9486 0.17288 0 0

4.2484 −3.0888 −0.34998 0 0

0 0 0 0 0

0 0 0 0 0

1
CCCCCCCA

þ 1

b1

0
BBBBBBB@

2.3287 −1.4501 0.14137 0.80182 −1.0937
2.2699 −1.2991 0.11526 0.81021 −1.0773
2.8232 −2.0585 −0.23332 0.90152 −1.5328
0.86098 −0.51106 0.22433 0.50322 −0.57462
0.84969 −0.61755 −0.07000 0.27046 −0.45984

1
CCCCCCCA
β

þOðβ2Þ; ð129Þ

NðAÞ
s ¼ 1

b1

0
BBBBBB@

1.6036

1.6204

1.8030

0.81884

0.54091

1
CCCCCCA
β þOðβ2Þ; ð130Þ

which immediately leads the leading-order consistency
relations (127) and (128) as

1

b1
κ ¼ −4.621S̄ð0Þg;s þ 5.094S̄ð1Þg;s − 0.283S̄ð2Þg;s þOðβÞ; ð131Þ

β
1

b1
κθ ¼ β

�
−6.373S̄ð0Þg;s þ 3.085S̄ð1Þg;s þ 3.054S̄ð2Þg;s

þ 6.051

�
δSð3Þg;s −

0.819
b1

�
− 7.562

�
δSð4Þg;s −

0.541
b1

��

þOðβ2Þ; ð132Þ

β
1

b1

16

21
λθ ¼ β

�
−3.748S̄ð0Þg;s þ 1.814S̄ð1Þg;s þ 2.231S̄ð2Þg;s

þ 3.559

�
δSð3Þg;s −

0.819
b1

�

− 6.622
�
δSð4Þg;s −

0.541
b1

��
þOðβ2Þ: ð133Þ

The expressions Eqs. (131)–(133) are valid only when β is
nonvanishing but very small. In the case of the realistic
situation with the non-negligible value of β, the numerical
evaluation of all the components of Ms and Ns is needed
through Eqs. (120)–(122). An interesting observation is
that the linear combination of the two equations (132) and
(133) gives the nontrivial equation as

β

�
1

b1
κθ−1.700

1

b1

16

21
λθ

�
¼ 0.739βðS̄ð2Þg;s −5δSð4Þg;s ÞþOðβ2Þ;

ð134Þ

which implies that we can extract the information of the

specific combination of κθ and λθ from Sð2Þg;s and δS
ð4Þ
g;s alone.

Although the detailed structure depends on the definition of
the skewness parameters, this type of relationship between
κθ and λθ can be numerically confirmed for any value of R.
It would be interesting to evaluate the higher-order cor-
rections for this type of relation.

IV. SUMMARY

In this paper, we have investigated the skewness as a
possible probe to test the theory of gravity such as the
Horndeski scalar-tensor theory and the degenerate higher-
order scalar-tensor theory. We have developed the formula
of the skewness for the galaxy number density fluctuations
as realistic observables and have considered how the effect
of the quasinonlinear growth of structure appears in the
skewness parameters.
We have shown that the three time-dependent parameters

including the coefficients of the kernels of the second-order
density contrast can be rewritten in terms of the linear
combination of the three skewness parameters in the real
space. In two of the three equations, the signature of the
modified gravity represented by the second-order kernels is
hidden by the uncertainty in the nonlinear galaxy bias
functions, but the remaining one can be used to extract the
information of the gravity theory, in particular the DHOST
theory, without suffering from the nonlinear bias [see
Eq. (51)]. Even when the gravity is described by general
relativity, the equation can be treated as the consistency
relation among the three skewness parameters, which can
be used as a test of gravity theory.
We then extended the analysis from the real space to the

redshift space and properly identified the five independent
redshift-space skewness parameters to characterize the
anisotropy due to the redshift-space distortions. We found
that three of these are the same as the real-space skewness
parameters, while the two new type skewness parameters
are needed [Eqs. (79) and (80)]. We have developed the
analysis tool for the redshift-space skewness parameters
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and have shown the similar consistency relations to the
real-space one. Unlike the real space, we found three
nontrivial consistency relations, two of which are related
to the second-order kernels of the peculiar velocity field
[Eqs. (120)–(122)]. Using the resultant expressions, one
can distinguish general relativity and the Horndeski scalar-
tensor theory.
In this paper, we have only shown the presence of the

consistency relations for the skewness parameters, but we
have not addressed the forecast for current and future large-
scale observations. Moreover, we have focused only on the
specific type of second-order kernel functions. In the case
of the Horndeski and DHOST theories with the quasistatic
approximation, these expressions can be shown to be valid
[11]. However, if the gravity theory is described by other
types such as vector-tensor and bigravity theories, or if the
quasistatic approximation is partially broken, there may
appear correction terms in the kernel functions. In addition,
in our formulation, the dependence on the linear galaxy
bias function remains intact. Since the bias functions in a

specific type of modified gravity theory may have the scale
dependence, evaluating the linear galaxy bias function
under various gravity theories would be important for
the error estimation. Hence, investigating how the gravity
theory is severely constrained by using the consistency
relation for current and future large-scale structure is
interesting, but it is left for a future issue.
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APPENDIX: REDUCED EXPRESSION

In this section, we show the explicit forms of the kernels
of the skewness parameters by using Eq. (108). For
convenience, let us introduce the matrix and the vector
defined as

M̃s
ðAÞ

ðIÞðp; qÞ ≔
6p2q2

b31

Z
1

−1
dνe−pqν

Z
1

−1

dμ
2
Z1ðμÞ

Z
2π

0

dϕ
2π

sðAÞ;symðp; q; ν; μ1ÞZ1ðμ1Þ
∂Z2ðp; q; μ; ν; μ1; μ12Þ

∂gI
; ðA1Þ

ÑðAÞ
s ðp; qÞ ≔ 6p2q2

b31

Z
1

−1
dνe−pqν

Z
1

−1

dμ
2
Z1ðμÞ

Z
2π

0

dϕ
2π

sðAÞ;symðp; q; ν; μ1ÞZ1ðμ1Þ
b1
2
P�ðp; q; μ; ν; μ1; μ12Þ: ðA2Þ

As a demonstration, let us consider the specific matrix components M̃ðA¼0;1;2Þ
s ðI¼0;1;2Þ. The integration of ϕ and μ can be

done analytically to obtain

M̃ðA¼0;1;2Þ
s ðI¼0;1;2Þ ¼ 3p2q2

Z
1

−1
dνsðA¼0;1;2Þ;symðp; q; νÞPI¼0;1;2ðp; q; νÞe−pqν

��
1þ 1

3
β

�
2

þ 4

45
β2P2ðνÞ

�
: ðA3Þ

One can easily find from the above expression that the leading-order terms at orderOðβ0Þ coincide with the real-space parts
M̃ðaÞ

r ðiÞ ≔ ∂S̃ðaÞr =∂gi derived from Eqs. (45)–(47), and the correction terms appear as those with β up to Oðβ2Þ. The explicit
form of the kernels after the integration of ν yields

M̃ð0Þ
s ð0Þ ¼

�
1þ 1

3
β

�
2

M̃ð0Þ
r ð0Þ þ

8

15
β2
�
−3

�
coshðpqÞ − sinhðpqÞ

pq

�
þ pq sinhðpqÞ

�
; ðA4Þ

M̃ð0Þ
s ð1Þ ¼

�
1þ 1

3
β

�
2

M̃ð0Þ
r ð1Þ þ

8

15pq

�
p
q
þ q
p

�
β2
�
−ð9þ p2q2Þ

�
coshðpqÞ − sinhðpqÞ

pq

�
þ 3pq sinhðpqÞ

�
; ðA5Þ

M̃ð0Þ
s ð2Þ ¼

�
1þ 1

3
β

�
2

M̃ð0Þ
r ð2Þ þ

8

15p2q2
β2
�
−6ð9þ p2q2Þ

�
coshðpqÞ − sinhðpqÞ

pq

�
þ ð18þ p2q2Þpq sinhðpqÞ

�
; ðA6Þ

for A ¼ 0,
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M̃ð1Þ
s ð0Þ ¼

�
1þ 1

3
β

�
2

M̃ð1Þ
r ð0Þ þ

4

15
β2
�
−ð3þ p2Þð3þ q2Þ

�
coshðpqÞ − sinhðpqÞ

pq

�
þ ð3þ p2 þ q2Þpq sinhðpqÞ

�
; ðA7Þ

M̃ð1Þ
s ð1Þ ¼

�
1þ 1

3
β

�
2

M̃ð1Þ
r ð1Þ þ

4

15pq

�
p
q
þ q
p

�
β2
�
−fp2q2ð2þp2þq2Þþ 3ð3þp2Þð3þq2Þþ 9g

�
coshðpqÞ− sinhðpqÞ

pq

�

þfð3þp2Þð3þq2Þþ 3gpqsinhðpqÞ
�
; ðA8Þ

M̃ð1Þ
s ð2Þ ¼

�
1þ 1

3
β

�
2

M̃ð1Þ
r ð2Þ þ

4

15p2q2
β2
�
−f54ð5þ p2 þ q2Þ þ p2q2ð6þ p2Þð6þ q2Þg

�
coshðpqÞ − sinhðpqÞ

pq

�

þ f18ð5þ p2 þ q2Þ þ p2q2ð6þ p2 þ q2Þgpq sinhðpqÞ
�
; ðA9Þ

for A ¼ 1, and

M̃ð2Þ
s ð0Þ ¼

�
1þ 1

3
β

�
2

M̃ð2Þ
r ð0Þ þ

8

5
β2
�
ð18þ p2q2Þ

�
coshðpqÞ − sinhðpqÞ

pq

�
− 6pq sinhðpqÞ

�
; ðA10Þ

M̃ð2Þ
s ð1Þ ¼

�
1þ 1

3
β

�
2

M̃ð2Þ
r ð1Þ þ

8

5pq

�
p
q
þ q
p

�
β2
�
9ð10þ p2q2Þ

�
coshðpqÞ − sinhðpqÞ

pq

�
− ð30þ p2q2Þpq sinhðpqÞ

�
;

ðA11Þ

M̃ð2Þ
s ð2Þ ¼

�
1þ 1

3
β

�
2

M̃ð2Þ
r ð2Þ þ

8

5p2q2
β2
�
ð810þ 90p2q2 þp4q4Þ

�
coshðpqÞ− sinhðpqÞ

pq

�
− 6ð45þ 2p2q2Þpq sinhðpqÞ

�
;

ðA12Þ

for A ¼ 2.
Hereafter, we give up showing all of the results since the resultant expressions are very long. Instead, we will show the

kernels before the ν integration. One can easily obtain the result after the ν integration analytically. In the case of A ¼ 0, 1, 2
with I ¼ 3, 4, after the integration of ϕ and μ, we have

M̃ðA¼0;1;2Þ
s ðI¼3;4Þ ¼ 3p2q2β

Z
1

−1
dνsð0;1;2Þ;symðp; q; νÞP3;4ðp; q; νÞe−pqν

×
1

105

�
f7ð5þ 4β þ 2βν2Þ þ 3β2ð1þ 4ν2Þg þ 4βð7þ 3βÞpqνð1 − ν2Þ

p2 þ q2 þ 2pqν

�
: ðA13Þ

Let us move on to the case with A ¼ 3, 4. In this case, the integration of ϕ and μ leads to

M̃ð3Þ
s ðIÞ ¼

p2q2

70

Z
1

−1
dνPIðp; q; νÞe−pqν × ½ðp2 þ q2 þ pqνÞf35þ 14βð2þ ν2Þ þ 3β2ð1þ 4ν2Þg

þ 2βð7þ 3βÞpqνð1 − ν2Þ� − 1

3
M̃ð1Þ

s ðIÞ; ðA14Þ

M̃ð4Þ
s ðIÞ ¼

3p4q4

70

Z
1

−1
dνPIðp; q; νÞe−pqνf35þ 28β þ 3β2ð1þ 2ν2Þgð1 − ν2Þ − 1

3
M̃ð2Þ

s ðIÞ; ðA15Þ

for I ¼ 0, 1, 2, and
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M̃ð3Þ
s ðIÞ ¼

p2q2

210
β

Z
1

−1
dνP3;4ðp; q; νÞe−pqν

�
3pqνf63þ 18βð4þ ν2Þ þ 5β2ð3þ 4ν2Þg

þ 1

p2 þ q2 þ 2pqν
f21½3ðp4 þ q4Þ þ 2p2q2ð2 − 5ν2Þ� þ 18½ðp4 þ q4Þð3þ 2ν2Þ − 2p2q2ð−2þ 4ν2 þ 3ν4Þ�β

þ ½5ðp4 þ q4Þð1þ 6ν2Þ þ 2p2q2ð6þ 3ν2 − 44ν4Þ�β2g
�
−
1

3
M̃ð1Þ

s ðIÞ; ðA16Þ

M̃ð4Þ
s ðIÞ ¼

p4q4

35
β

Z
1

−1
dνP3;4ðp; q; νÞe−pqν

�
21þ 9ð2þ ν2Þβþ 2ð1þ 4ν2Þβ2 þ 2pqνβð9þ 4βÞð1− ν2Þ

p2 þ q2 þ 2pqν

�
ð1− ν2Þ− 1

3
M̃ð2Þ

s ðIÞ;

ðA17Þ

for I ¼ 3, 4. In the limit of β → 0, one explicitly shows that M̃ð3;4Þ
s ðIÞ becomes zero since we imposed that the anisotropic

part of the skewness parameters in the isotropic limit (β → 0) reduces to zero. We note that the OðβÞ correction term of the

specific component, M̃ð4Þ
s ð0;1;2Þ, can be rewritten in terms of the Oðβ0Þ part of M̃ð2Þ

s ð0;1;2Þ.
Finally, we show the expressions for Ñs:

ÑðA¼0;1;2Þ
s ¼ 3p2q2β

Z
1

−1
dνsð0;1;2Þ;symðp; q; νÞe−pqν

�
1

3

�
2þ ν

�
p
q
þ q
p

��
þ 1

15

�
10þ 8ν2 þ 9ν

�
p
q
þ q
p

��
β

þ 1

35

�
6ð1þ 4ν2Þ þ ð11þ 4ν2Þν

�
p
q
þ q
p

��
β2 þ 1

315

�
6þ 16ν2ð3þ ν2Þ þ 5νð3þ 4ν2Þ

�
p
q
þ q
p

��
β3
�
;

ðA18Þ

for A ¼ 0, 1, 2, and

Ñð3Þ
s ¼ 3pq

2
β

Z
1

−1
dνe−pqν

�
1

15
fpqðp2 þ q2Þð5þ 4ν2Þ þ 3ðp4 þ 4p2q2 þ q4Þνg

þ 1

35
fνðp4 þ q4Þð13þ 2ν2Þ þ 4p2q2νð11þ 4ν2Þ þpqðp2 þ q2Þð13þ 32ν2Þgβ

þ 1

63
f12p2q2νð3þ 4ν2Þ þ ðp4 þ q4Þνð13þ 8ν2Þ þpqðp2 þ q2Þð7þ 48ν2 þ 8ν4Þgβ2

þ 1

693
f21ðp4 þ q4Þνð1þ 2ν2Þ þ 9pqðp2 þ q2Þð1þ 12ν2 þ 8ν4Þ þ 4p2q2νð15þ 40ν2 þ 8ν4Þgβ3

�
−
1

3
Ñð1Þ

s ; ðA19Þ

Ñð4Þ
s ¼ −

9p3q3

4
β

Z
1

−1
dνe−pqν

�
4

15
f2pqþ ðp2 þ q2Þνg þ 2

35
f2pqð5þ 4ν2Þ þ 9ðp2 þ q2Þνgβ

þ 8

315
f6pqð1þ 4ν2Þ þ ðp2 þ q2Þð11þ 4ν2Þνgβ2

þ 2

693
f5ðp2 þ q2Þνð3þ 4ν2Þ þ 2pqð3þ 24ν2 þ 8ν4Þgβ3

�
ð1 − ν2Þ − 1

3
Ñð2Þ

s ; ðA20Þ

for A ¼ 3, 4.
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