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How does SU(N)-natural inflation isotropize the Universe?
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We study the homogeneous and anisotropic dynamics of pseudoscalar inflation coupled to an SU(N)
gauge field. To see how the initially anisotropic universe is isotropized in such an inflation model, we
derive the equations to obtain axisymmetric SU(N) gauge field configurations in Bianchi type-I geometry
and discuss a method to identify their isotropic subsets which are the candidates of their late-time attractor.
Each isotropic solution is characterized by the corresponding SU(2) subalgebra of the SU(N) algebra. It is
shown numerically that the isotropic universe is a universal late-time attractor in the case of the SU(3)
gauge field. Interestingly, we find that a transition between the two distinct gauge-field configurations
characterized by different SU(2) subalgebras can occur during inflation. We clarify the conditions for this
to occur. This transition could leave an observable imprint on the cosmic microwave background and the

primordial gravitational wave background.
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I. INTRODUCTION

It is widely believed that inflation [1-3], a prolonged
phase of the quasi—de Sitter expansion, occurred in the
early Universe. The inflationary mechanism solves the
problems concerning the initial conditions of the standard
big bang model, i.e., the flatness and horizon problems, and
thus naturally explains the homogeneity and isotropy of the
Universe. Inflation can also generate primordial density
fluctuations that are consistent with observations such as
the cosmic microwave background (CMB) anisotropies.

For a given inflationary model to be successful, it is
required that no particular fine-tuned initial conditions
are imposed at the beginning of inflation. For example,
inflation would be spoiled if initial anisotropies were not
diluted away in the early Universe. Fortunately, according
to Wald’s cosmic no-hair theorem [4], all Bianchi models
except type IX isotropize toward de Sitter in the presence of
a positive cosmological constant. However, one has to be
careful when applying this theorem to models of inflation,
because the actual inflationary expansion is caused not by
a cosmological constant but by a potential energy of a
dynamical scalar field. In the case of power-law inflation,
this point was addressed in Refs. [5-7]. The inflationary
isotropization process is particularly nontrivial in the
presence of vector fields. In fact, it is possible to construct
an inflationary model with a U(1) gauge field coupled to a
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scalar field through a particular coupling function that
violates the cosmic no-hair theorem, though the amount of
remaining anisotropies is slow-roll suppressed [8] [see
Ref. [9] for the extension of multiple U(1) gauge fields].
This anisotropic inflationary model has been extended to
the cases of a SU(2) gauge field [10] and a SU(3) gauge
field [11] coupled to a scalar field. These examples show
that an inflationary universe does not always isotropize in
the presence of a vector field [12,13].

The chromo-natural inflation (CNI) model [14] is a model
of inflation well motivated by particle physics in which a
pseudoscalar axion and an SU(2) gauge field are coupled
through the Chern-Simons coupling (see Ref. [15] for a
review). It has been shown in Refs. [16—18] that the Bianchi
type-I metric in the CNI model generically isotropize and the
isotropic solution is an attractor in favor of the cosmic no-
hair theorem. Although the CNI model is an interesting class
of inflationary models, the model was already excluded
according to observations [19] (see, however, some extended
models compatible with observations [20,21]).

The CNI model has been extended to the case with a
general SU(N) gauge field in Ref. [22]. It has been shown
that this SU(N)-natural inflation model admits an isotropic
configuration of the gauge field forming an SU(2) sub-
algebra in SU(N) on a homogeneous and isotropic space-
time [22]. The amplitude and energy density of the gauge
field depend on the gauge coupling g, and a parameter 4,
which characterizes the embedding of an SU(2) subalgebra
through the combination of g4A. Linear perturbations
of SU(N)-natural inflation have been investigated in
Ref. [23], showing that the perturbation dynamics and
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linear predictions depend on A only through the same
combination g44. As the dynamics of SU(N)-natural
inflation is thus obtained simply by replacing g, of CNI
with g44, the former model cannot be distinguished
observationally from the latter unless, for instance, a
gauge-field configuration of one of the SU(2) subalgebras
is unstable and transits to another isotropic configuration
during inflation.

In this paper, we study the homogeneous dynamics
of SU(N)-natural inflation in more detail, improving the
previous analysis of [22] in two respects. First, we inves-
tigate whether or not the isotropic solution is the late-time
attractor when starting from anisotropic initial configura-
tions. Our analysis is more rigorous than that of Ref. [22]
because we solve the Einstein equations and the equations
of motion for the gauge fields and the scalar field
consistently. Second, we clarify the conditions for the
transition from an isotropic gauge-field configuration of
one of the SU(2) subalgebras to another to occur.

This paper is organized as follows. In the next section,
we review the isotropic solution of the SU(N)-natural
inflation model. We then derive the conditions for a
configuration of SU(N) gauge fields to be axisymmetric,
and consider the isotropic limit as a candidate for the late-
time attractor in Sec. III. We also show that the spacetime
metric is istropized once the x, y, and z components of the
gauge fields have the same norm. In Sec. IV, by restricting
ourselves to the case of SU(3), we provide several examples
of axisymmetric gauge field configurations. In Sec. V,
we present the results of our numerical analysis on the
dynamics of the axisymmetric SU(3)-natural inflation. On
the basis of our numerical results, we draw our conclusions
in Sec. VL

II. REVIEW OF SU(N)-NATURAL INFLATION

In this section, we review the SU(N)-natural inflation
model and introduce its homogeneous and isotropic cos-
mological solution [22]. The SU(N)-natural inflation
model is described by the Lagrangian

_9¢
4f
where ¢ is the inflaton scalar field, V(¢) is its potential, and

S is a constant parameter. The field strength Fj, of the
SU(N) gauge field A% and its dual %" are defined by

1 1 )
L=—FuFd =509 = V($) - ZFuFe, (1)

qu = a/AAZ - avAZ + gAfabCAZAi’ (2)
MY 1 UUpA Ira
Fa - 5 Fp/l’ (3)

where f¢ is the structure constant of the SU(N) algebra,
g, is the gauge coupling constant, and "4 = e#P*/ . /=g
is the Levi-Civita tensor with €123 = 1.

Let us consider homogeneous and isotropic cosmology
in this model. The Friedmann-Lemaitre-Robertson-Walker
metric is given by

ds? = —df® + a®(1)(dx® + dy? + dz?), (4)

where a(t) is the scale factor. Here we assume the spatial
flatness. It is nontrivial to include the spatial curvature in
the Universe with a similar gauge-field configuration [24].
Throughout the paper, we use the temporal gauge, A§ = 0.
It has been shown in Ref. [22] that the SU(2) subalgebra of
the SU(N) algebra allows for an isotropic solution. The
isotropic gauge field configuration can be expressed as

Ai(t) = a(tly ()T, (5)

where 7; is the generator of the SU(2) subalgebra. The
SU(2) generators can be expressed as a linear combination
of the SU(N) generators T%: 7, =n¢T" The SU(2)
generators satisfy the commutation relation and the nor-
malization condition,

Ag(t) =0,

1

[Ti’Tj] = l./lé‘l'jka, 7 ijs

(6)
where 4 is a number that is different depending on the
choice of the SU(2) subalgebra of SU(N).

Using the ansatz (5), we obtain the equations of motion
for ¢p and v as

) . 3g,4
¢+3H¢+V,¢=—%w2(li/+Hw), (7)

Y + 3Hyjs + (2H? + H)y + 2g30%y° = g%ﬂéﬁwz, (8)
where the dot represents differentiation with respect to ¢ and
H := a/a is the Hubble parameter. The same equations can
be obtained just by replacing g, with g4/ in the inflaton and
gauge-field equations of motion in original SU(2) chromo-
natural inflation [14]. Therefore, one would expect qualita-
tively the same dynamics of homogeneous and isotropic
cosmology as that in the previous chromonatural model.
Assuming slow roll, one obtains a solution for the gauge
field staying at the minimum of its effective potential [14],

_ SV

W?nin = (9)
The solution can also be derived by dropping all the time
derivatives in Eq. (7).

To simplify the following analysis, we use the linear
potential,

4
V(g) = —”7¢, (10)
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where y is a constant having the dimension of mass. In
this simplified setup, we would expect that the isotropic
solution for the gauge field in the slow-roll approximation
reduces to

/3 < w >1/3 (11)
Ymin = | 37— = const.
3gA/1

Since ¢ and g4 are constant model parameters, the slow-roll
value of H'/3y depends only on A as H' 3y, o 47173
Having introduced the SU(N)-natural inflation model
and reviewed the isotropic solution, let us move to discuss
axisymmetric cosmological solutions in that model.

I1I. AXISYMMETRIC CONFIGURATIONS OF
SU(N) GAUGE FIELDS

One of the purposes of this paper is to discuss the
robustness of the isotropic solution in SU(N)-natural
inflation to initial anisotropies. This point was studied in
Ref. [22] for randomly oriented initial gauge field con-
figurations with the fixed scalar-field evolution on a fixed
de Sitter background. In this paper, we improve the
previous analysis by consistently solving all the relevant
equations, i.e., the Einstein equations and the equations of
motion for the gauge fields and the inflaton. To handle this
generalization, we focus on an axisymmetric setup. In this
section, we rigorously derive the equations to obtain
axisymmetric SU(N) gauge field configurations and dis-
cuss a method to identify their isotropic subsets which are
the candidates of their late-time attractor.

A. Conditions for axisymmetric SU(N) gauge fields

Following Refs. [11,25], let us consider axisymmetric
gauge-field configurations in the axisymmetric Bianchi
type-I geometry,

ds? = —d2? + 2 (0)[e™*0dx? + 20 (dy? +dz?)],  (12)

where o() characterizes the deviation from the isotropic
space. Note that the metric (12) is isotropic when ¢ = 0,
because constant o can always be absorbed into a rescaling
of the spatial coordinates.

Since we consider homogeneous SU(3) gauge fields
in the temporal gauge (A = 0), the gauge fields can be
written as

A=A)dx+ A DDy + ANz (13)

We assume that the principal axes of metric and gauge-field
anisotropies point to the same direction. An infinitesimal
rotational transformation around this axis is generated by
the Killing vector & = —zd, + yd,. Under this rotational
transformation, the gauge field transforms as

At AY + e LAY, LA = Aldy — Ajdz, (14)
where € is an infinitesimal parameter. Even if the
gauge field configuration is not invariant under the above
transformation, the configuration is regarded to be axisym-
metric as long as there exists a gauge transformation that
cancels the effect of the rotational transformation. There
is a residual global gauge symmetry, A — UAU, and in
the case of an infinitesimal transformation with U =
1 + ieuT* the gauge field transforms as

At > AT+ e5, A% 5,A% = —frcubAc, (15)
where u“ is a constant vector. To maintain the rotational
invariance, we require that the two transformations are
compensated:

LA+ 5,4 = 0. (16)

We thus obtain the conditions for the axisymmetric
configuration as

fuPAS=0, foheubAS=A2,  freubAS=-A%. (17)

For given u“, the above equations can be used to determine
the possible configurations of A. We see that A¢ is
determined independently. Eliminating A¢, we get the
equation solely for Af:

A; — MabAl;, M = facefbdeucud' (18)
The explicit form of the (N> — 1) x (N? — 1) matrix M4?
depends on u“. This equation may be considered as an
eigenvalue equation, and then A{ must be an eigenvector
with eigenvalue one. We shall solve the above equations
explicitly in the case of SU(3) gauge fields in the next
section.

B. Conditions for isotropic subsets

In the previous subsection, we derived the conditions for
axisymmetric configurations of the SU(N) gauge field. In
this subsection, we further discuss conditions for the
isotropic configurations, which are included in the axisym-
metric SU(N) configurations as subsets. In the isotropic
solution (5), the gauge field takes the form of A; = V2R T,
with the common norm v/2R := ay and the generators 7 ;
of the SU(2) subalgebra. Multiplying the commutation
relation (6) of the SU(2) generators by the squared norm
2R?, we find the condition satisfied by the isotropic solution,

A, A} = V2ide i RA,. (19)

This condition enables us to remove anisotropic components
and identify the isotropic configuration in the axisymmetric
configurations. In the next section, we will use Eq. (19) in
some cases of axisymmetric SU(3) gauge field configura-
tions to identify their isotropic subsets.
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C. Isotropization of the metric

We now show that the spatial metric is isotropized
when the norms of the gauge field are equal in the
following sense. In an axisymmetric Bianchi type-I
universe, we decompose the gauge field in the temporal
gauge (A =0) as

AL = y(0)a(1)e )+ y(0)a(r)e|dy
+yé(1)]a(t)e”]dz, (20)
where i = 1,2,3and @ = 1, ..., N> — 1. Note that ¢ does

not include the metric variables (i.e., a and o). The above
|

a—1

wi =V2R(nfé(t),  nf=

N2—2

Hsin@l-b

b=l
where 0<6(t)<z (@a=1,..,N*=3) and 0<

6V’ ~2(1) < 2. Furthermore, it is convenient to decompose
R; into the geometric mean and the anisotropic part as

3
R=R(0, R=[RRR]P Y p=0. (23)

14
From the symmetry, we assume that R, = R,. To summa-
rize, we can express the component of the gauge field as

A¢ = ylae¥ = \2aReP = (no sum overi),  (24)

where we introduced the vector X; = (—20,0,0) that
represents the anisotropic part of the spatial metric. Thanks
to the redefinition (20), we now easily extract the terms
involving the anisotropic part of the spatial metric ¢ from
our Lagrangian to get

L, =3M36° —260,(R? - Rf) —4H&(R2 — Rg)

+ 6%(4R3 + 2R;). (25)

Since there is a symmetry under a constant shift of the

anisotropic part of the spatial metric, ¢ — ¢ + const, we

have a conserved quantity (denoted as D). One can thus
integrate the equation of motion for ¢ to obtain
. D/ +0,(R} — R}) + 2H(R} - K})

7= 3ME, + 4RE + 2R '

(26)

If the anisotropic part of the gauge field decays away,
p: = 0, then one has R; — R, and hence & — 0 at late
times. The spatial metric is therefore isotropized if the
norm of the gauge field defined by Eq. (21) settles down to

cosQ?HsinHé’ (a=1,...
b=1

equation can be understood as a redefinition of the gauge
field A{ into w¢, and its benefit will be seen below. We
define the norm of the gauge field for each i as

1N2—1 1/2
Ri(1) = [2 Z (1//?)2:| (no sum overi). (21)

a=1

This expression implies that v/2R; corresponds to the radial
coordinate in the (N? — 1)-dimensional spherical coordi-
nate system when y¢ is viewed as the Cartesian coordinate.
One can thus parametrize the components of the SU(N)
gauge field using the spherical coordinates for each i as

N2 =2)
(no sum over i), (22)

(a=N?*-1)

[
R, = R, = R, regardless of n{. We can extend this result to
the general Bianchi type-I case (see Appendix B).

In Sec. III B, we discussed the condition for the isotropic
solution forming the SU(2) subgroup. That condition not
only requires that the three norms are equal R; = R but also
determines the internal configuration of the gauge field n¢
such that 7; = n{T*. However, we have seen above that
requiring only the former condition leads to the isotropic
space. Therefore, the condition of the SU(2) subgroup (19)
is in fact a sufficient condition for the metric isotropization.

Here we stress that ¢ can be disregarded in some cases.
One can always find a coordinate system in which 6(¢) = 0
once o stops evolving, since we have the freedom to shift
the value of ¢ by a coordinate rescaling. In this convenient
coordinate system, we can easily study some conditions for
the isotropic gauge field in the isotropized universe without
having o. In what follows, therefore, when we discuss
the isotropic configuration of the gauge field, we work in
such a coordinate system where ¢ vanishes, given that the
Universe has been isotropized. In such cases, we simply
have A{ = ay¢. In contrast, when we discuss axisymmetric
configurations of the gauge field, we cannot eliminate o
and will take it into account. This is because axisymmetric
configurations will be used as an initial condition of our
numerical calculations in which the Universe is still
anisotropic, and then A{ contains nonzero ¢ as in Eq. (20).

IV. EXAMPLES OF AXISYMMETRIC
CONFIGURATIONS OF SU@3) GAUGE FIELD
AND THEIR ISOROPIC SUBSETS

In this section, we compute axisymmetric configurations
and their isotropic subsets of the SU(3) gauge field by
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solving the conditions derived in Sec. III. In principle, by
solving Eq. (18) for generic u“ one can find the general
axisymmetric configuration of the SU(N) gauge field.
However, it is difficult to analytically find the general
solution to Eq. (18). For this reason, we consider the SU(3)
case with some simple choices of u“. See Appendix A for a
brief summary of the SU(3) algebra.

In the next section, we will perform numerical calcu-
lations to clarify whether and how the Universe is iso-
tropized in SU(3)-natural inflation by using axisymmetric
configurations as the initial conditions. It is known that
the SU(2) subgroups in SU(3) are classified into two types
characterized respectively by A =1 and A= 1/2. The
axisymmetric configurations desirable for our purpose
contain the isotropic solutions with both A =1 and 1/2
as the subsets, and we therefore seek such configurations
that have a parameter allowing us to switch between the
two possible types. Fortunately, we can find such a case
with a simple choice of u?, as we will see below.

A. Example 1: u' =2 and others=0

Let us consider the case where u!

the other u“s are zero, namely,

is nonvanishing, but

u® = (k,0,0,0,0,0,0,0), (27)

with k being a real number. Then, the matrix M appearing
in Eq. (18) has only its diagonal components as

2R R
M = diag( 0.2 2= = 2 o). (28
mg( 54404 > (28)

As discussed below Eq. (18), the solution A§ of Eq. (18)
may be regarded as an eigenvector whose eigenvalue is
unity. Therefore, we have two branches of the solutions:
k = +1 and k = £2. Note that the cases with a minus sign
only invert the sign of A,, and hence it suffices to focus on
the cases with a plus sign.

It is pedagogical to describe the calculation for u' =
k = 2 in detail. In this case, since the fourth, fifth, sixth, and
seventh diagonal components of the matric M are unity,
only A}, A3, AS, A] are nonzero and the other components
of A, vanish. Then, A, and A, can be easily obtained by
solving Eq. (17). One finds the axisymmetric configuration
of the SU(3) gauge field for u! = k =2 as

A, =AT' +AMTS, A, = AT + AST° + ASTS + ATT7,
A, = —A]T* + ASTS — ASTS + AT, (29)

where the six coefficients, A}, A}, A}, A}, AS, A/, are arbi-
trary. We have thus obtained an example of the axisym-
metric configurations of the SU(3) gauge field.

To determine the isotropic solutions within the axisym-
metric configuration (29), we substitute Eq. (29) into the

commutation relation (19). Two branches of the solution
are found. One branch has A% # 0 and the other has A% = 0:

PR =2A02 = (A} + (A2, AV =+V3Al,
AS—4A% AT=4A3,  (AB£0), (30)
1 1
PR = 2 (ALP = S[(AD? + (AD)? + (A9 + (4])2),
AJAS + AT =0, (A} =0), (31)

where the common norm of A; is given by

N[ =

8
Z (A9)? (no sum overi).  (32)

Using this expression for R, one finds that Egs. (30)
and (31) correspond to 4 =1 and A = 1/2, respectively.

Specializing the axisymmetric configuration (29) to the
case of Eq. (30) (A = 1), we obtain

Ay = AY(T' +V3T¥), (33)
Ay = AY(TH+T°) + AT + T7), (34)
A, =—-A(T*+T°) + AN(T° + T7). (35)

To rewrite the above expression in the manifestly isotropic
form, A; = V2RT ;» we define the SU(2) generators 7; as

T! 378
T, = ;\[ (36)
2
4 T6 TS + T7
T, =cos0 + sin@ , 37
T4+ T° °+71
Ty = —sinQL—i—cosﬁ + , (38)
V2 V2

where we introduced spherical coordinates A‘y‘ = R cos 0,
A} = Rsin6, with R = v2AL It is easy to see that 7
satisfies the properties of the SU(2) generators, Eq. (6),
with 4 = 1.

We repeat the same procedure in the case of Eq. (31)
(A = 1/2) and find that the gauge field can be written in the

form A; = v2RT; with

Al = V2R, A} = AlcosOcosp, A) = A} cosbsing,

AS = —Alsin@sin g, A] = A}sinfcosg. (39)
The SU(2) generators here are given by

Tl - Tl, (40)
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T, = cosOcos pT* + cos O sin pT>
— sin@sin pT® + sin @ cos T, (41)

T 5 = —sin@cos pT* — sin O sin pT°
— cos @sin pT® + cos @ cos T (42)
These generators
with 1= 1/2.

As we have seen, the present example admits the two
SU(2) subgroups, which is exactly what we want.

satisfy the SU(2) subalgebra (6)

B. Example 2: u' =1 and others =0

Let us consider again the case where u“ is of the form
of Eq. (27) and hence the matrix is given by Eq. (28), but
now k = 1. The calculation can be done in a similar way to
the case with kK = 2. The axisymmetric configuration for
u' = k =1 reads

A, =AIT' + AST®, A, = AJT? + A]T,
A, = -AJT* + A3T°. (43)

Having thus obtained the axisymmetric configuration,
we further impose the conditions (19) for the isotropic
subsets, we obtain

(AD)? = (A} + (492, A¥ =0, (44)

and then the isotropic solution of the form A; = V2R T,
can be obtained with the SU(2) generators

T,=T", T, = cosOT? + sin T3,
T3 = —sinOT? + cos OT>. (45)

These SU(2) generators satisfy the commutation relation (6)
with 4 = 1, and no other isotropic solution is available in
the u! = 1 case. Thus, the axisymmetric configuration for
u' = 1 does not include the isotropic solution with A = 1/2.

C. Comments on the other cases

In the previous two subsections, we consider u¢ with the
single nonvanishing component, u' # 0. Let us comment
on the other cases. In the case where only a single
component of u“ other than u' and #® is nonvanishing,
we have essentially the same results as in the above two
examples. Therefore, for u* =2 (a = 2, ...,7) there is an
axisymmetric configuration that involves both 4 =1 and
A = 1/2 isotropic solutions. In contrast, in the case where
only u® is nonvanishing, we have an isotropic configuration
forming only the 4 = 1 SU(2) subalgebra. One could also
consider more general cases where multiple components of
u® are nonvanishing. There are some (rather simpler) cases
that are analytically tractable, but in general the analysis
would be so complicated that an exhaustive investigation is

TABLE 1. Parameters.
S H ga
3 x 107 Mp, 1074 My, 2x 107

hindered. It should be emphasized, however, that we have
already obtained the physically interesting axisymmetric
configuration that admits both A = 1 and 4 = 1/2 isotropic
limits in the case of u' = 2.

V. NUMERICAL RESULTS

In the previous section, we obtained the axisymmetric
configurations and the associated isotropic configurations
of the SU(3) gauge field. We are interested in whether or
not the SU(3) gauge field in an axisymmetric configuration
at some initial moment evolves into the isotropic solution
associated with that. To address this question, we run
numerical calculations. Interestingly, there exists a non-
trivial variety of the ways how the SU(3) gauge field
isotropizes the Universe, as we will see below.

The parameters used in our numerical calculations are
listed in Table I. In the following numerical calculations we
use the units in which Mp; = 1. First, we consider the case
with u' = 1 discussed in Sec. IV B. We rewrite the gauge
field as

Al = ae 2oy, A2 = aey,,

A = ae’y, AY = ae 27y, (46)
Note that the energy density of the gauge field remains
constant if y, =const (a = 1, 2, 3, 8) as well as H = const
and ¢ = const. We solve the equation of motion for the
inflaton ¢, gauge fields y,, and the metric variables a
and o, which are given by Egs. (C1)-(C7) in Appendix C 1.
The initial condition for the scalar field at # = 0 is set as
(¢(0), $(0)) = (=3Mp,,0), and the velocity of the gauge
field is set as y,(0) =0 so that the gauge constraints
Eq. (C15) are satisfied. We set the initial amplitudes of the
gauge fields so that all of them are of the same order.
The scale factor at =0 is set as a(0) = 1. The initial
conditions are thus placed in the slow-roll regime, with the
energy density of the gauge field being much smaller than
that of the scalar field. We therefore choose to use the initial
value of the Hubble parameter that is of the same order as
its slow-roll value, H;:= H(0) = /3u?/\/f = 10~°Mp,.
We then determine the initial metric anisotropy &(0) by
using the Friedmann equation (C8). From these initial
conditions and Eq. (C13), the integration constant D is
determined. In our numerical calculations, we confirm that
the Friedmann equation and Eq. (C13) are satisfied with
sufficiently high accuracy at each time step.

In Fig. 1, we present an example of our numerical
results for the time evolution of the gauge field in terms
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FIG. 1. The evolution of the gauge field amplitudes, y; (blue), y, (orange), w53 (green), and yg (red) defined in Eq. (46), in linear scale
(left) and in log scale (right). The black dashed line shows the late-time behavior yg  1/a [Eq. (48)]. The initial condition is the u' = 1
axisymmetric configuration (43) with its four components being of the same order. After some transient evolution for a few e-folds, v,
y», and y3 stay constant, forming the isotropic solution. However, yg, which is not compatible with the SU(2) subalgebra for this initial

configuration, quickly decays.
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FIG.2. The left panel shows w3 — w3 — 3. The right panel presents the evolution of the metric anisotropy &. These results indicate the
Universe is isotropized in a few e-folds. The initial condition is the same as that taken in Fig. 1.

of vy, v, w3, and yg. The initial configuration is given
by Eq. (43) with (y,y5,y3,w3) = (0.09Mp, 0.08Mp;,
0.05Mp,0.1Mp;). One can see from Fig. 1 that y, >,
and y; settle down to constant values within several
e-foldings, while g continues to decay. Indeed, we can
analytically argue that A% should decay in this case of the
initial configuration (43). The Chern-Simons term reads

2.9

R =

O, f up ALALAS]. (47)

Since the structure constants of SU(3) satisfy fg1. = fgo =
fg3. =0, A% does not appear in this term or in the self-
coupling terms between the gauge fields [see Eq. (C5)].
Therefore, A? cannot be sourced and is diluted with the
cosmic expansion. It is easy to see analytically the late-time
behavior of wg. Ignoring H, &, and & at late times, the
solution of Eq. (C5) is given by

1

Yg X Ev (48)

where we discarded another independent solution that
decays more quickly. One can see from the right panel

of Fig. 1 that our numerical solution reproduces this
behavior at late times. In the left panel of Fig. 2, we show
the difference between the norm of A, and that of A, in
terms of 2(R? — R2) =y} — (w3} +y3), from which we
see that RZ — R? — 0 within several e-foldings. In the right
panel of Fig. 2, we plot the time evolution of the metric
anisotropy 6, which is seen to decrease to zero, indicating
that the metric is isotropized. We have confirmed that the
same behavior can be seen in all our numerical runs with
different initial values of the gauge field. We thus conclude
that this initially anisotropic configuration is attracted to
the isotropic solution. The result matches the associated
isotropic configuration with the SU(2) subalgebra predicted
in Eq. (45). Therefore, we confirm that the axisymmetric
configuration of the SU(3) gauge field evolves into the
isotropic one forming the SU(2) subgroup.'

'Note that our numerical solution at late times does not satisfy
(A})? — (A3)? — (A2)? = 0 [Eq. (44)] in general. This is because,
while the spatial part of the isotropic metric is assumed to be of the
form a®(dx? + dy? + dz?) when writing Eq. (44), in the actual
numerical calculation we have a*[e~*°dx? + €2°(dy? + dz?)] with
o = const at late times. After rescaling the spatial coordinates
appropriately, our numerical solution does satisfy Eq. (44).
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FIG. 3. The evolution of the mean amplitude ¥(¢) of the gauge

field defined in Eq. (49). The initial conditions of ¥ are chosen in
the range W(0) € [0.5, 5] with positive random amplitudes of the
gauge field. The additional initial condition 5 = wg = wg = 01is
imposed only for the blue lines. The black dashed horizontal lines
represent the isotropic solutions in Eq. (11); the upper and lower
line shows the 1 = 1/2 and A = 1 solutions, respectively. All the
cases with w5 =g =g =0 (blue lines) converge into the
A = 1/2 solution, while the A = 1 solution is the attractor for
generic initial conditions.

Next, let us consider the case with u! = 2. We solve the
equations of motion (C17)—(C25) given in Appendix C 2.
The parameters and the initial conditions are the same as
those in the numerical calculations for the u' =1 case
except for the initial amplitudes of the gauge fields as
explained below. It is convenient to introduce the normal-
ized mean amplitude of the gauge field as

(49)

u 3

39aH(1)\ '3 i (1))
¥ = ( AL

a,i
The normalization factor here is chosen so that we expect
¥ - 171/3 as the solution approaches to either of the
isotropic ones [see Eq. (11)]. This quantity is therefore

useful for discriminating between the isotropic solutions
with different 1. The initial conditions range over ¥(0) €
[0.5, 5] with positive random amplitudes of the gauge field
components.

In Fig. 3, we display 50 realizations of the mean
amplitude of the gauge field (49). Each line represents
the time evolution of W(7) and the colors denote the initial
values of the gauge field: the solutions with the initial
conditions A = AS = A} = 0 are colored in blue and the
solutions for which at least one of Aj, AS, and A} is
nonvanishing initially are colored in red. Aside from these
restrictions, we randomly distribute the initial values of the
gauge field components that are included in the u' =2
axisymmetric configuration (29). We can see that all the
lines converge into either of the two isotropic attractor
solutions inferred in Sec. IVA. The branching of the
solutions is determined by the initial conditions of the
gauge fields. We find that the solution with 1 =1/2 is
realized when setting A) = AS = A} =0 at the initial
moment. The condition A} = AS = A} = 0 then continues
to hold for ¢ > 0. Indeed, by inspecting Egs. (C20), (C21),
and (C23) in Appendix C 2, we see that y5(1) = ye(t) =
ws(t) =0 is the solution of the system with the initial
conditions w5 =y = wy = s = g = g = 0. This sol-
ution satisfies Eq. (31), and hence in the isotropic limit the
system settles down to the 4 = 1/2 solution. Our numerical
calculations imply that other generic initial conditions
result in the A = 1 isotropic solution.

The left panel of Fig. 4 shows an example of the mean
amplitude of the gauge field with a tiny initial value of yg
(the blue and red lines). The system temporarily approaches
the A = 1/2 isotropic solution with negligibly small y5, y,
and g, but eventually these components become non-
negligible, forcing the system to evolve into the A =1
isotropic solution. The system thus exhibits a transition
from an approximate isotropic state with 1 =1/2 to the
A =1 isotropic final state. The moment at which the
transition occurs depends on the initial conditions, and

0.020 _ogs [
25 ] 0.015 | —288F
0.010 | 290 F
20F ] 1
-~ 0.005 | W -292
T v
= =
15 1 & o0.000 I —294f
)
(A ————— -0.005 —2.96
L O e
~0.010 298 F
05 ) . ) ) ) ] 0015, , , , , , R , , . , , ,
0 5 10 15 20 25 30 0 5 10 15 20 25 30 [ 5 10 15 20 25 30
Hit Hit Hit

FIG. 4. The mean amplitude of the gauge field P(7) exhibiting the transitions from the A = 1/2 solution to the 2 = 1 one (left). For the
blue and red lines, we impose the additional initial condition 5(0) = w(0) = 0 and employ a tiny but nonzero value of y(0). For the
green line, we have nonzero initial values of y5(0), y(0), and y5(0), and they are comparable to the other components, i.e., the initial
amplitudes are not small. However, the values of y,we + wsy; and wg become very small for 5 < H;t < 10. The black dashed

horizontal lines are the same as those in Fig. 3. We also plot the time evolution of ¢ (center) and ¢ (right). The initial condition is the

same as that used for plotting the red line in the left panel.
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during the transition the anisotropies in the metric and the
gauge field temporarily grow. In the central and right panels
in Fig. 4, we show the time evolution of ¢ and ¢ at around
the transition, respectively. The evolution is not trivial (in the
sense that they do not stay the same) but can be understood
simply as follows. We can see that ¢ becomes smaller after
the transition, and this is because ¢ is proportional to A%/3,
The evolution of ¢ tracks that of H, because in the slow-roll
regime H is determined by the potential, which in the present
model is equal to ¢ multiplied by the constant —u*/ f. In the
above discussion, we considered the case with a tiny initial
value of yg. However, we can develop the following
comprehensive argument including tiny initial values of
s and g altogether.

Now, we use linear analysis to investigate that the
solution of 4 = 1/2 can be unstable and a transition can
occur in the axisymmetric case. We consider the 1 = 1/2
isotropic solution where y, w4, w; form the SU(2)
subalgebra. Then, at leading order in the slow-roll approxi-

mation, vy, Yy, ¥y, and ¢ are given in the form

2H V2H
Vi = ——my, Yo =W7 = My, (50)
9a 9a
¢ 1
B —_ 51
i ™ 51
where m,, is a dimensionless gauge field amplitude and

the amplitude of the gauge field is chosen to satisfy
w? =3 + w3 Equation (51) is determined from the
background of Eq. (C18) with iy, y,6,H =0 and
w? =w3i+w3 On the top of the above background
solution, we introduce nonzero s, g, and g as small
perturbations. The linearized equations of motion for s,
Ve, and yg are written as

Ys
V" +3V + MV =0, V=1 ws |,
Vg
3m5, 3m3, —\/5
M= 3m2 3mZ V6 |. (52)

-2v/6 =26 2+6m3,

where a prime (') denotes a derivative with respect to the
e-folding number N :=Ina. The matrix M can be dia-
gonalized by some matrix P, and three eigenvalues are
found to be 0, 6m;, + 6, and 6m?, — 4. The third eigenvalue
can be negative when the normalized gauge field amplitude
m,, satisfies

—\/% <m, < \/2; (53)

Then the equation of motion for a certain linear combina-
tion of s, g, and yrg associated to this negative eigenvalue
reads

V" 437 — (4 —6my,)0 =0, (54)
where # is the third component of the vector P~'V. The
general solution of the above equation is

~ 341 — 2 31 — 2
7 =ca 5t/ 25—24m;, +Cza =3/ 25 24’":;/’ (55)

where c¢; and ¢, are integration constants. The first term
grows under the condition (53), and hence the 1 =1/2
solution is unstable.

Figure 5 shows an example of our numerical results for
the evolution of the gauge field components with tiny g
and w5 = e = 0 at the initial time. In this case, when the
background components settle at the A = 1/2 isotropic
solution, we have y; ~0.038Mp,, H ~5.73 x 107" Mp,,
and g, =2 x 107, which leads to m,, =~ 0.067. Using
Eq. (55), we present our analytic estimate of the growth
rate of these perturbations as the black line in Fig. 5. It is
clear that the analytically obtained slope matches the
numerical result very well. Therefore, we confirm that
the 4= 1/2 solution is unstable for —/2/3 <m, <

v/2/3 and it exhibits a transition to the A = 1 solution.
It is interesting to note that although the transient 1 = 1/2

Sp—— /
0.010¢ / EmE e
o
%o
457
0.001 £ /%
,//
,//
///
- 0,50
1074 ¢ /7
,//
,//
4,5

1075¢ 4,57

s

,//

4

6 45
10 /17
4,57
%
10—7 u"”‘H”H‘”HHHH”HHHH‘
5 10 15 20 25 30 35
H;t

FIG. 5. The evolution of the gauge field amplitudes as com-
pared to the analytic estimate of the growth rate. The background
value of the gauge field are y, (blue), y, (orange), and v,
(green). The perturbations of the gauge field are s (dashed
cyan), ¢ (dashed purple), and g/ V/3 (dashed red). The initial
conditions of the background gauge field v, w4, y; are a few
times 0.01, and for the perturbations of the gauge field we set the
initial conditions w5 =y = 0 and wg ~ 10~7. The black line
shows the analytic estimate of the growth rate in Eq. (55). One
can see that the small perturbations grow and cause the transition.
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5

FIG. 6. The evolution of the gauge-field mean amplitude P(z).
The initial conditions are chosen in the range ¥(0) € [0.5, 5] with
positive random amplitudes of the gauge field. The parameter g4
is set as g4 = 7 x 107>, The colors show the initial value of .
The black horizontal lines represent the isotropic solution (11),
with the upper and lower lines corresponding to 4 = 1/2 and
A =1, respectively.

solution and the final A = 1 solution are both isotropic, a
small anisotropy appears during the transition.

In Fig. 6, we display 200 realizations of the mean
amplitude of the gauge field (49) generated in the same
way as the red lines in Fig. 3. Here, we use the larger value
for the coupling parameter, g, = 7 x 107>, to make m, a
marginal value satisfying Eq. (53), that is, m,, is slightly
smaller than /2/3. Then, the perturbations around the
A = 1/2 solution have a small growth rate, and the gauge
fields are expected to stay there for a longer time compared
to the red line in Fig. 3. Indeed, the transient stay at the
A = 1/2 solution and the subsequent transition to the 1 = 1
solution are prominent in Fig. 6. We also expect that some

14 T T T T T T 3

12f

1/2

The time spent in A
[e>]

-14 -13 -12 -1 -10 -9

log(/s” +e>+s°)

FIG. 7. The initial value of log(y? + w? + w3) vs. the “time
spent close to 4 = 1/2”, which is defined as the duration that the
solution is in the range 2'/3 4- 0.01. The initial conditions for v,
ws, and y; are fixed as (yy,yu, ) = (1.3 x 1072,9.1 x 1073,
9.1 x 107?), which leads to log(w? + w3 + w3) ~ 8.

solutions can be stabilized at the A= 1/2 solution if
Eq. (53) is violated, e.g., for an even larger coupling
constant g,. Therefore, the evolution of the gauge fields
depends on the value of g,, despite the Universe being
eventually isotropized in any case.

In Fig. 7, we show the initial value of log(wg + l,t/é +y3)
vs the “time spent close to A= 1/2” with the initial
conditions for v, w4, and y; being fixed. Here, we defined
the “time spent close to A = 1/2” as the duration that the
solution is in the range 2!/3 4 0.01. It can be seen that
the smaller w? + w2 + w3 is, the longer the solution stays
at 1=1/2.

VI. CONCLUSIONS AND OUTLOOK

In this paper, we have studied the homogeneous and
anisotropic dynamics of SU(N)-natural inflation. We have
focused mainly on axisymmetric gauge-field configura-
tions in the axisymmetric Bianchi type-I geometry to see
whether and how the anisotropies dilute in SU(N)-natural
inflation. This simplified axisymmetric setup allows us to
solve the FEinstein equations and the equations of motion
for the inflaton and gauge fields consistently instead of
relying on the test field approximation in the fixed
cosmological background, thus improving the earlier
analysis of Ref. [22].

We have derived the equations to obtain axisymmetric
configurations of the SU(N) gauge field and discussed
the conditions under which they are isotropic, and thus
identified the candidates of their late-time attractor. On the
basis of this argument, we have presented an interesting
explicit example of axisymmetric configurations of the
SU(3) gauge field admitting two different SU(2) subalge-
bras characterized by a number A appearing in the com-
mutation relation of the SU(2) generators. (In this case, we
have A =1 and A = 1/2.) We have performed numerical
calculations to see the dynamics of this system in detail.
First, we have confirmed that SU(N) natural inflation does
indeed isotropize the Universe. Second, and more interest-
ingly, we have found that under certain conditions the
isotropic solution with the 4 =1/2 SU(2) subalgebra
exhibits a transition to the isotropic A = 1 solution which
is therefore more stable. This feature was not seen in the
numerical study of the previous work [22], essentially

because of a simplifying assumption ¢ =const there. By
performing a linear stability analysis, we found the con-
dition for the transition (53) and the growth rate of the
instability (55).

The study of cosmological perturbations in SU(N)-
natural inflation has shown that the linear predictions
depend on 4 through Ag,, where g, is the gauge coupling
constant, implying that one cannot tell which isotropic
solution is realized at the level of linear perturbations [23].
This degeneracy, however, is broken if the transition occurs
and A changes its value during the observable period of
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inflation. Since the amplitude of gravitational waves
sourced by a SU(N) gauge field is exponentially sensitive
to the background gauge field amplitude [23] and the
different isotropic solutions, such as A =1 and A = 1/2 in
the SU(3) case, have different amplitudes, the transition of
the background solutions would lead to a step-like feature
in the spectrum of the sourced gravitational waves.
Therefore, the transition could leave a detectable signature
on the B-mode polarization of the cosmic microwave
background radiation or the stochastic gravitational wave
background at the interferometer frequency range depend-
ing on when it occurs. It would be interesting to further
study these potential observable imprints of SU(N)-natural
inflation and we leave it for future work.
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APPENDIX A: A QUICK RECAP OF SU(3)

In this appendix, we very briefly summarize the SU(3)
algebra. The generators 7, of SU(3) can be chosen as
T, = 1,/2 with the Gell-Mann matrices

010 0 —i 0
=1 00|, n=|i 0 o],
00 0 0 0 0
1 0 0 00 1

=0 -1 o], M(ooo), (A1)
0 0 0 1 00
0 0 —i 00 0
=10 0 o [, 46(001),
i 0 0 0 0
00 0 10 0

Jy = 00—1,181(01 0 (A2)
0 i 0 o 0 22

|

a—1

TABLE II. The nonvanishing structure constant of SU(3).
abc 123 147 156 246 257 345 367 458 678
fee 1 1/2 172 1/2 1/2 1/2 -1/2 \/§/2 \/§/2

These generators satisfy the commutation relation

[T4.Ty) = if*™T.. (A3)
where f?¢ is the structure constant that is completely

antisymmetric. The structure constant is summarized in
Table II.

APPENDIX B: THE CONDITIONS FOR
ISOTROPIZATION IN GENERAL BIANCHI
TYPE-I GEOMETRY

We extend the result of Sec. III C to the general Bianchi
type-I universe. The general Bianchi type-I metric is
given by

ds? = —d2 + az(t) [€—4G+(t)dx2 + eZa+(r)+2\/§0'_(t)dy2
+ 626+(1)_2\/§0’<t)dZ2]. (Bl)

In general Bianchi type-I universe, we decompose the

SU(N) gauge field in the temporal gauge (A = 0) as

At =yt (1)[a(r)e 20+ 0] dx 4y (1) [a(r) e )+ V3o-(]dy
(1) ]a(r) e+ (0=V3o-]dg, (B2)

where i=1, 2, 3 and a=1,...,N*— 1. We define the
norm of the gauge field for each i as

1/2

(no sum overi). (B3)

Ri(1) = BNZ wer|

This expression implies that v/2R; corresponds to the radial
coordinate in the (N? — 1)-dimensional spherical coordi-
nate system when y¢ is viewed as the Cartesian coordinate.
One can thus parametrize the components of the SU(N)
gauge field using the spherical coordinates for each i as

COSQ?Hsian’ (a=1,...,N*=2)

b=1

N>-2
I] sine?
b=1

, (no sum overi), (B4)

(a=N*-1)
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where 0<0%(t)<z(a=1,...., N> =3)and 0 < OV 2(1) <
2x. Furthermore, it is convenient to decompose R; into the
geometric mean and the anisotropic part as

3
R, =R(1)e#, R=[RRR]' > p;=0. (BS)

From the symmetry we assume that R, = R.. To summa-
rize, we can express the component of the gauge field as
A¢ = ylae® = \/2aReP=n?,  (no sum overi), (B6)
where we introduce the vector as X; = (—2o—+, o, + \/§a_,
o, — \/50_) that represents the metric anisotropy.

The Chern-Simons term in the action can then be
written as

a fhv 29 ijk apAbpc
F”DFZ - gﬁaf(ej fahcAiAjAk)s
8v/2g -
= \/_—gA 5:[(aR)3fabc”f§”§n§], <B7)

from which we see that, while R(t) and the directions in the
internal space, n¢(t), come into play, the anisotropic part f3;
of the gauge field does not make any contributions to the
Chern-Simons term. The anisotropic part of the gauge field

_D./d’ +0,2R ~ R} — R?)/2 + H2R} — R} — R?) — V30_(R} ~ R?)

p; is not sourced by this term. It implies that the inflaton’s
energy is not directly transferred to the anisotropic part and
one naively expects that the anisotropic part simply decays
as the Universe expands in the same way as free gauge
fields. Nevertheless, there is a possibility that the isotropic
part of the gauge field sources it through self-interaction.
To check this possibility we performed numerical calcu-
lations in the axisymmetric cases. As shown in the bulk of
this paper (see Fig. 2), our numerical results indicate the
anisotropic part is not sourced but quickly decays in the
axisymmetric cases. Therefore, we can also conjecture that
the norm of the gauge field is isotropized R; — R in the
general Bianchi type-1 geometry.

We now extract the terms involving the metric anisotropy
o, from our Lagrangian to get

L, =3My(6% +62) —6.0,2R: — R} — R?)
+V36_0,(R2 — R?) - 2Hé, (2R? — R2 — R?)
+2V36_(H+6,)(R: - R2)

+ 6% (4R% + R} + R?) + 362 (R} + R?). (B8)

Since there is a symmetry under a constant shift of the
metric anisotropy, o+ — 6. + const, we have a conserved
quantity (denoted as D). One can thus integrate the
equation of motion for . to obtain

7 3M2, + 4R? + R? + R?

_D_/a® +V30,(R} — R3)/2 + V3(H + 6, ) (R} — KY)

, (B9)

3(M§, + R: + R?)

(B10)

If the anisotropic part of the gauge field decays away, #; — 0, then one has R; — R, and hence 6, — 0 at late times. The
spatial metric is therefore isotropized if the norm of the gauge field defined by Eq. (21) settles down to R, = R, = R,

regardless of n{.

APPENDIX C: THE FIELD EQUATIONS

In this appendix, we present the field equations for the inflaton, the gauge field, and the metric. As discussed in Sec. IV,
we investigate the gauge-field configurations characterized by the conditions u; # 0 and others = 0, and we have two

cases: u; = 1 and u; = 2.

1. Field equations for u; =1

The scalar-field and gauge-field equations of motion are given by

. . 4 A
¢ +3H¢p —P}Sin? = _g%[( 1+ 3Hy ) (w3 +w3) + 291 (s + yaps)], (C1)
. . . : A
Y+ 3Hyry +y [2(H + 6)(H = 26) + H = 26 + 2g3 (3 + y3)] = g%qﬁ(l//% +w3). (€2)
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; : : o gal .
Yo + 3Hyjry + yo|(H + 6)(2H = 6) + H + 6 + g (w} + w3 +w3)] === dyy.,

; : : N gal .
Y3 + 3Hyrs + y3[(H + 6)(2H = &) + H + 6+ g3 (w3 +wd + wd)] === dyys,

yis + 3Hyrg +wg[2(H + 6)(H — 26) + H —26] = 0.

The Einstein equations read

M3(2H +3H? 4+ 36%) = —py — p1. (C6)
3M3(6+3HE) = S [y + ya(H - 26))
a=1,8
=Y i+ wa(H +6)P
a=23
—qalwi w3 —v3)(y3 +v3), (CT)
3My(H? = 6%) = py + p1, (C8)
where
L, u
——¢*-= C9
Py =59 7 b, (C9)

5— D/a® + iy — yows — s + Wsws + H(yd — w3 — w3 +yi)

7 (C3)
7 (C4)
(Cs)
|
Py =%¢2+”74¢, (C10)

1 . .
=y > e+ wa(H=26)]
a=1.8

+ 3 e+ ya(H + )P
a=23

2
g
+ 7*‘(!//% +w3) (2wt + w3 +y3),  (Cll)

=—. Cl12
P1 3 ( )

The equation of motion for the metric anisotropy can be
integrated once to give

where D is an integration constant. We see that if

wi(t) +wi(r) = wi(t) +yi(1),

then 6 — 0 at late times (D/a® — 0) and we have the
isotropic universe. In this configuration, the gauge con-
straint is obtained as

) (C13)
3MR + 29t + w3 + 3+ 203
|
2. Field equations for u;=2
We write the gauge field as
(C14)
Al =ae ™y, A} =aey,, A} =aeys,
AS = ae®ys, Al =aey,,  AY = ae Py (C16)

e*a* (yryr3 —wary) = 0. (C15)

Therefore, the gauge constraint is automatically satisfied if
li/z = l/‘/3 = 0 holds.

3
¢ +3H¢ 7

_ V3gal

B gl iy
—sin?:——Zwly/zFH—i-(w——i-Z
= 1

Then, the scalar-field and gauge-field equations of motion
are

4 Wy W Vs W
W [(l/w//ﬁ +wsyr) <3H + —8> +yWaye <—4 + —6> + sy <—5 + —7” . (€1
f Vs V4 Ve Vs Y7
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Wi+ 3Hyr, + vy [2(H + 6)(H - 26) + H — 26]

9
+ﬂwm+%+%+wﬂdfwmw+ww»—fwﬁ+%+%+%% (C18)
Wi+ 3HYry + yy[(H + 6)(2H — &) + H + 6]
9 gal -
+ 3 st + i+ wE -+ Tyg + w3+ 3u) + 2w Gusyr + V3uwg)] = 2 by +V3peys),  (C19)

Wis + 3Hyss + ws|(H + 6)2H = &) + H + 6]

9 ga
+ 5 ws(ud +wd s g+ 7w+ 3uR) + 207 By + V3yys)] = o7 Ps + V3yaps).  (C20)
Yie + 3Hyre + wol(H + 6)(2H — &) + H + 6]
7
+ T oyt + Twd + w3 + g+ v+ 3uR) + 20 Guisyr + V3yyy)] = —f¢(v/1v/6 +V3uays).  (C21)
Y7 + 3Hyjry + o [(H + 6)(2H — 6) + H + 6]
Ja
+ 3 lwr (Wi i+ w5+ v+ w3+ 3u) + 2w Guays + V3uws)] = —f¢(v/1v/7 +V3ysys),  (C22)
vig -+ 3Hyrs + ws[2(H + 6)(H — 26) + H — 26]
2
g V3944
+ 5 Bys (Wi +vE +wg +y7) + 2V (ays +wsyr)] = fA D(wawes + wsyr). (C23)
The Einstein equations read
M3 (2H + 3H? + 36%) = —p; — pa, (C24)
7 92
M (6 +3HE) = D o +ya(H =260 =D e +wa(H +6) = -0 + 3w3) (Wi +v5 + w5 +v3)
a=1,8 a=4
a % i
+p R+ wd)? + W3+ w)? + g (wivs + wivd) — T (waws +yewr)?
22 2-V3q C25
+59i(Waye +ysy) Gy 1ws(Waws + wswr), (C25)
3My(H? = 6%) = py + . (C26)
where
1 ! g
pr=5 > WatwaH=200P + > lira+ya(H + )]+ (wi +3v§) (Wi + w3 +v5 +v3)
a=1,8 a=4
% G J 7
g W+ wd)? T WS w) = (aws —wewn)® + 3 Ga(Waws +wisya)” + V3@wiws(waws + wsyr).
(C27)
p
p2= 32 (C28)
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The equation of motion for the metric anisotropy, o, can be integrated once to give

5= D /a + vy 1y + WsWs — WaWa — WsWs — YeWe — YWy + HWT +w§ —wi —wi —wi —y7)

3M3, + 2yt + i + vk +we + v + 2w

where D' is an integration constant. We see that if

wi(0) +wi () = wi() +wi() +wg () +wi().  (C30)
then we have 6 — 0 at late times (D’/a® — 0) and thus the
Universe becomes isotropic. We need to consider gauge
constraints, i.e.,

0,F0 + gu freAPFD = 0. (c31)

. (29

[
In our configuration, these components are obtained as

e a (wary = wairs +welrs — ysirg) = 0, (C32)

e at (yayrs — wsirs + yeirs —wag) = 0. (C33)

Thus, the gauge constraints are automatically satisfied if the
initial condition is taken as y, =0 for a =4, ...,7.
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