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As is well known, in order to generate magnetic fields of observed amplitudes during inflation, the
conformal invariance of the electromagnetic field has to be broken by coupling it either to the inflaton or to
the scalar curvature. Couplings to scalar curvature pose certain challenges even in slow roll inflation and it
seems desirable to consider couplings to the inflaton. It can be shown that, in slow roll inflation, to generate
nearly scale invariant magnetic fields of adequate strengths, the nonconformal coupling to the inflaton has
to be chosen specifically depending on the inflationary model at hand. In a recent work, we had found that,
when there arise sharp departures from slow roll inflation leading to strong features in the scalar power
spectra, there inevitably arise sharp features in the spectra of the electromagnetic fields, unless the
nonconformal coupling functions are extremely fine tuned. In particular, we had found that, if there occurs
an epoch of ultra slow roll inflation (that is often required either to lower scalar power on large scales or to
enhance power on small scales), then the strength of the magnetic field over large scales can be severely
suppressed. In this work, we examine whether these challenges can be circumvented in models of inflation
involving two fields. We show that the presence of the additional scalar field allows us to construct coupling
functions that lead to magnetic fields of required strengths even when there arise intermediate epochs of
ultra slow roll inflation. However, we find that the features in the spectra of the magnetic fields that are
induced due to the departures from slow roll inflation cannot be completely ironed out. We make use of the
code MagCAMB to calculate the effects of the magnetic fields on the anisotropies in the cosmic microwave
background and investigate if the spectra with features are broadly consistent with the current constraints.
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I. INTRODUCTION

Magnetic fields are ubiquitous in the universe. They are
observed at different strengths over a wide range of scales,
ranging from planets [O(0.5 G)] and stars [O(1 G)] to
galaxies and clusters of galaxies [O(107° G)] (for reviews
on magnetic fields, see Refs. [1-10]). The Fermi/LAT,
HESS and MAGIC observations of TeV blazars over the
last decade indicate that even the voids in the intergalactic
medium may contain magnetic fields [O(10~15 G)][11-18].
While astrophysical processes involving the battery mecha-
nism may be sufficient to explain the origin of magnetic
fields in galaxies and clusters of galaxies (in this regard,
see, for example, Refs. [3,4]), one may have to turn to a
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cosmological phenomenon to explain the magnetic fields
observed in voids (in this context, see the reviews
[5,6,8-10]).

Without any doubt, the inflationary scenario is presently
the most attractive paradigm to explain the origin of
perturbations in the early universe. Hence, it seems natural
to turn to inflation for the generation of the primordial
magnetic fields (PMFs). However, since the standard
electromagnetic action is conformally invariant and the
Friedmann-Lemaitre-Robertson-Walker (FLRW) universe
is conformally flat, the strengths of minimally coupled
electromagnetic fields are diluted considerably by the end
of inflation. Therefore, it becomes necessary to break the
conformal invariance of the action governing the electro-
magnetic field in order to generate magnetic fields of
observed strengths today.

The conformal invariance of the electromagnetic action
is typically broken by coupling the electromagnetic field
to either the scalar curvature or the scalar field driving

© 2023 American Physical Society
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inflation (see, for example, Refs. [19-33]; for discussions
on effects due to the addition of a parity violating term, see
Refs. [34-43]). It can be easily established that, if the
nonconformal coupling function, say J, behaves as e?",
where N denotes the number of e-folds, then one can arrive
at a nearly scale invariant spectrum for the magnetic field
with a strength that is dependent on the fourth power of the
Hubble scale during inflation. In a recent work, we had
argued that while the coupling to the scalar curvature, say
R, works satisfactorily in power law inflation, it poses a
problem in slow roll inflation [44]. The reason being that,
since the scalar curvature hardly varies during slow roll
inflation, one has to raise R to a very high power in order to
achieve the desired variation in the coupling function which
leads to magnetic fields with nearly scale invariant spectra.
In contrast, it is relatively easy to achieve the desired
evolution of the coupling function (i.e., J o e*) when the
electromagnetic field is coupled to the inflaton. However,
there exists no universal form for the coupling function
(in terms of the dependence on the inflaton) and its form
has to be chosen depending on the inflationary model being
considered.

There has been a constant interest in the literature toward
examining whether specific features in the inflationary
scalar power spectrum improve the fit to the cosmic
microwave background (CMB) and the large scale structure
data (in this context, see, for instance, Refs. [45-58]).
Moreover, over the last few years, there has been an interest
in investigating the nontrivial signatures of strong features
at small scales which can lead to enhanced levels of
formation of primordial black holes (PBHs) and also
generate secondary gravitational waves of possibly detect-
able amplitudes (for a short list of efforts in this regard,
see Refs. [59—66]). Such features are often achieved by
considering inflationary potentials that lead to departures
from slow roll inflation. In our recent work [44], we had
shown that, unless the form of the nonconformal coupling
function is extremely fine tuned, the deviations from slow
roll inflation that lead to features in the scalar power
spectrum inevitably lead to features in the spectra of the
electromagnetic fields as well. For instance, in the case of
single field models of inflation that permit a brief phase of
ultra slow roll, the spectrum of the magnetic field has a
strong scale dependence on small scales. Moreover, the
amplitude of the magnetic fields is strongly suppressed on
large scales depending on the time of onset of the ultra slow
roll epoch.

In this work, we shall examine whether these challenges
can be circumvented in two field models of inflation (for
some recent discussions on generating features in two
field models at large and small scales, see, for example,
Refs. [67-72]). The presence of the additional field permits
aricher dynamics in two field models, and one can possibly
utilize the second field to overcome the challenges faced in
single field models. As we shall see, with suitable choices

for the nonconformal coupling function, we are able to
generate magnetic fields of desired strengths even in
situations wherein there arises an intermediate period of
ultra slow roll. However, it seems difficult to avoid the
presence of features in the spectra of the electromagnetic
fields. In order to understand the viability of such electro-
magnetic spectra, we shall consider two specific infla-
tionary models with suitable couplings, and roughly
compare the smoothed strengths of the generated magnetic
fields with the constraints from the CMB data [73].
Moreover, for one of the two models that we consider,
we shall also evaluate the imprints of the PMFs on the
angular power spectra of the CMB using the publicly
available codes CAMB [74] and MagCAMB [75].

This paper is organized as follows. In Sec. II, we shall
briefly review the challenges that arise in single field
inflationary models and explore possible nonconformal
coupling functions that can help us overcome the chal-
lenges. In Sec. III, we introduce the two field models of
inflation that we shall consider. We shall focus on two
models that lead either to a suppression in power on large
scales or to an enhancement in power on small scales.
Thereafter, we shall go on to construct suitable noncon-
formal coupling functions that allow us to arrive at
magnetic fields of desired strengths over the CMB scales.
We shall discuss the cases of nonhelical as well as helical
magnetic fields. As we shall illustrate, despite the presence
of the additional field, it seems impossible to completely
iron out the features that arise in the spectra of the
electromagnetic fields. In Sec. IV, we shall first examine
if the amplitudes of the magnetic fields that we obtain in
the two inflationary models are broadly consistent with
the constraints on the PMFs from the CMB data. Then,
focusing on the nonhelical case, using MagCAMB, we shall
compute the angular power spectra of the CMB generated
by the so-called passive and compensated magnetic modes
[75]. We shall carry out such an exercise for one of the two
models which leads to a nearly scale invariant spectrum for
the magnetic field over large scales. We shall also approx-
imately calculate the spectrum of the curvature perturba-
tions induced by the magnetic field during inflation
[76,77], and compute the corresponding angular power
spectra of the CMB using caMB [74]. We shall compare
these quantities with the contributions due to the primary
scalar and tensor power spectra generated from the Bunch-
Davies vacuum. We shall conclude in Sec. V with a
summary of the results obtained. We shall relegate some
of the related discussions to three appendices.

At this stage of our discussion, let us clarify a few points
regarding our conventions and notations. We shall work
with natural units such that # = ¢ = 1, and set the reduced
Planck mass to be Mp = (82G)~'/2. We adopt the sig-
nature of the metric to be (—,+,+,+). Note that Latin
indices will represent the spatial coordinates, except for k
which will be reserved for denoting the wave number.
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We assume the background to be the spatially flat FLRW
universe described by the following line element:

ds? = —df> + a*(t)dx* = a*(n)(—=di? +dx?), (1)

where ¢ and 5 the denote cosmic time and conformal time
coordinates, while a represents the scale factor. Also, an
overdot and an overprime will denote differentiation with
respect to the cosmic and conformal time coordinates,
respectively. Moreover, as mentioned before, N represents
the number of e-folds. Lastly, H = a/a and H = aH =
@'/ a shall represent the Hubble and the conformal Hubble
parameters, respectively.

II. CHALLENGES IN SINGLE FIELD MODELS

In this section, we shall briefly highlight the challenges one
faces in certain single field inflationary modes to generate
magnetic fields of the desired amplitudes and spectral shapes.
Before we go on to describe these challenges, in order for this
paper to be self-contained, let us quickly recall a few essential
points that we will require later for our discussion.

A. Electromagnetic modes and power spectra

We shall consider electromagnetic fields described by
the action [21,23,25,26,31,34-36,38-43]

1 -
S[A”] = _E/Cﬁx\/__gjz((ﬁ) |:F;wFlw _%FﬂDFﬂD ’ (2)

where J(¢) denotes the nonconformal coupling function
and y is a constant. As usual, the field tensor F,, is
expressed in terms of the vector potential A, as F,, =
(0,A, —9,A,), while the dual field tensor F* is defined as
Frv = (e[ /=g)F .5, with ¢"? being the completely
anti-symmetric Levi-Civita tensor. The second term in the
above action leads to violation of parity and, during
inflation, this term amplifies the electromagnetic modes
associated with one of the two states of polarization
compared to the other [34-36,38-43].

In the spatially flat FLRW background of our interest,
to arrive at the solutions describing the electromagnetic field,
it proves to be convenient to work in the Coulomb gauge
wherein A, = 0 and 0;A" = 0. We shall denote the Fourier
modes of the three-vector potential A’ as A;, where the
subscript k represents the wave number. If we write A, =
Ay /J, then, in the Coulomb gauge, the mode functions A,
are found to satisfy the differential equation [34-36,38—43]

207k’ J"

Am/ k2 -
g +< + 7

)Ag =0, (3)

where o = £ corresponds to the two helicities. The power
spectra of the magnetic and electric fields, viz. Pg(k) and
P (k), are defined as (see, for example, Refs. [5,23])

where pp and pg are the energy densities associated with the
magnetic and electric fields, respectively, while the expect-
ation values are to be evaluated in the Bunch-Davies
vacuum. It is also useful to note here that we shall define
the spectral index ng of the magnetic field as ng =
(d In Pg(k)/d In k), and we shall refer to the case wherein
ng = 0 as a scale invariant spectrum. The power spectra
Pg(k) and Pg(k) can be expressed in terms of the mode
functions A, and their time derivatives A as follows
[5,23,44]:

kS
Po(k) = o AL P + 147, (52)
k3 ]/ 2 B ]’ _2
PE(k)=4ﬂza4[A,j'—JA,j +‘Ak —S A ] (5b)

In a de Sitter universe, one often chooses the non-
conformal coupling function to be of the form J(y) =
[a(n)/a(n.)]?, where 5. denotes the conformal time coor-
dinate toward the end of inflation. Such a choice for the
coupling function leads to a scale invariant spectrum for
the magnetic field (in this context, see, for example,
Refs. [5,9,23]). In models allowing slow roll inflation,
there exists no universal or model independent form of
J(¢) that leads to the above-mentioned behavior in terms of
the scale factor. However, given a model of inflation that
permits slow roll, based on the evolution of the scalar field,
it is easy to construct a function J(¢) that approximates the
desired behavior of J « a? fairly well. For such a choice of
the nonconformal coupling function, the power spectra of
the electromagnetic fields, evaluated at late times, i.e., as
(kn.) — 0, can be expressed as (see, for instance, Ref. [44])

Po(k)  9H} or>
B 2L ) = Tg GAAO), (60
P (k) _ Pe(k) [, sinh*(2zy) (ko)
e My, 3a(1+7°)f(r) ‘
+ é (1+ 23y + 407 (—kn.)? | (6b)

where Hp represents the Hubble scale during inflation,
A = 2.1 x 107 denotes the observed amplitude of the
scalar power spectrum at the pivot scale, and r represents
the tensor-to-scalar ratio [78,79]. Also, the function f(y) is
given by [44]

sinh(47y)

i) = dry(1+ 5% +4y*)°

(7)
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and we should point out that f(y) reduces to unity in the
limit of vanishing y.

We shall now make a few clarifying remarks regarding
the results we have quoted above. Let us first discuss the
shape of the electromagnetic spectra in slow roll inflation
before we turn to comment on their amplitudes. In the case
of helical fields (i.e., when the parameter y is nonzero), it is
the first term within the square brackets in the expression
(6b) for P (k) that dominates, and hence one finds that the
power spectra of both the magnetic and electric fields are
scale invariant, with their amplitudes being determined
by the tensor-to-scalar ratio r (or, equivalently, H;) and
the function f(y). When y vanishes (i.e., in the case of
nonhelical fields), the function f(y) reduces to unity and
one finds that the spectrum of the magnetic field Pg(k)
continues to remain scale invariant. However, in such a
limit, it is the last term within the square brackets in the
expression for Pg(k) that survives, indicating that the
power spectrum of the electric field behaves as k2.

Let us now understand the amplitudes of the spectra in
slow roll inflation. Clearly, in the helical case, for y ~ O(1),
the strengths of the scale invariant spectra of the magnetic
and electric fields are comparable and are primarily
determined by the tensor-to-scalar ratio r. But, in the
nonhelical case, due to the k2 dependence, the spectrum
of the electric field is considerably suppressed over large
scales when compared to the scale invariant amplitude of
the magnetic field. We find that, for 10~ < r < 1072, upon
assuming instantaneous reheating, inflationary magneto-
genesis leads to nonhelical magnetic fields of strength in
the range of 107 < By, < 107! G today. It should be clear
that the function f(y) grows exponentially with y [see
Eq. (7)]. As a result, the amplitude of the helical fields can
be considerably enhanced at late times when compared to
the nonhelical case. It can be shown that, for inflationary
models wherein r ~ 1072, if the backreaction due to the
helical electromagnetic fields has to be negligible, then one
has to work with y < 2.5 [44]. When considering helical
fields, we shall work with y = 0.25. For y = 0.25, we find
that f£(0.25) ~ 3, which implies that the strengths of the
helical magnetic fields will be higher by such a factor when
compared to the nonhelical case.

B. Difficulty in ultra slow roll inflation

We had mentioned above that, in models permitting slow
roll inflation, based on the evolution of the field arrived at
in the slow roll approximation, it is possible to construct a
function J(¢) so that the desired behavior of J o a? is
achieved. Now, consider situations wherein there arise
deviations from slow roll. In single field models of inflation
involving the canonical scalar field, typically, departures
from slow roll occur because of features in the inflationary
potential, such as a step, a bump, a dip, a burst of

oscillation, or a point of inflection. If the deviations from
slow roll are small, then one can work with the form of
J(¢) that is constructed using the slow roll approximation
in the absence of the feature in the potential. Under
such conditions, in our earlier work [44], we had shown
that the departures from slow roll inflation generate features
in the spectra of the electromagnetic fields in much the
same manner as they produce features in the scalar power
spectrum. The small deviations from slow roll induce
brief departures from scale invariance in the spectrum of
the magnetic field. However, we had found that, for a
given choice of the coupling function J(¢), say, chosen
based on the slow roll evolution at early or late times,
strong departures from slow roll inflation generically lead
to prominent features in the spectra of the electromagnetic
fields.

Strong departures from slow roll inflation are usually
considered in two contexts. They are invoked either to
suppress the scalar power over large scales in order to
explain the lack of power observed at the low multipoles
[45,48,49,52,53,56] or to boost the power over small scales
leading to enhanced formation of PBHs [59-66]. These
features are often achieved with the aid of an epoch of ultra
slow roll inflation during which the first slow roll parameter
decreases exponentially [80,81]. While the first slow roll
parameter remains small during this period, the second and
higher order slow roll parameters prove to be large resulting
in a violation of the slow roll conditions. In single field
models of inflation driven by the canonical scalar field, a
period of ultra slow roll, in turn, seems guaranteed, if there
is a point of inflection in the potential. In our earlier work
[44], we had found that, in models which permit a period of
ultra slow roll inflation, the nonconformal coupling func-
tion hardly evolves during the phase of ultra slow roll. Due
to this reason, the spectra of both the magnetic and electric
fields behave as k* for wave numbers that leave the Hubble
radius after the onset of ultra slow roll inflation. Moreover,
the amplitude of the spectra on large scales are suppressed
by the factor of e~*e=N1)_ where N, and N, represent the
e-folds at the onset of the epoch of ultra slow roll and the
end of inflation, respectively. In arriving at these spectra,
we had considered coupling functions that are based on the
behavior of the scalar field during the initial slow roll
regime. One may wonder if it is possible to arrive at the
desired nonminimal coupling function (i.e., one wherein
J(¢) « a?) by fitting for the entire evolution of the scalar
field. As we have illustrated in Fig. 1, we find that this is
indeed difficult to achieve. This primarily occurs due to the
fact that, generically, the scalar field virtually ceases to
evolve once the epoch of ultra slow roll begins, until the
very end of inflation. As we shall discuss in this work, due
to the additional degree of freedom available, it is possible
to circumvent such a challenge in the case of two field
models.
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FIG. 1. The evolution of the nonconformal coupling function J (on the left) and the quantity 3 = J”/(Ja?H?) (on the right) in a
model involving a single, canonical scalar field that leads to an epoch of ultra slow roll inflation—the potential (58) in our earlier paper
[44]—have been plotted as functions of e-folds N. These plots illustrate the challenge faced in such scenarios. In our previous paper, we
had worked with a coupling function J(¢) that was arrived at by fitting the numerical solution for the scalar field with a fourth order
polynomial until the onset of the ultra slow roll regime (plotted here in cyan). Apart from such a choice for the coupling function, we
have plotted the coupling function J(¢) as well as the quantity y% wherein the entire evolution of the field (i.e., from the initial time until
the end of inflation) has been fit to fourth, sixth, and eighth order polynomials (in red, blue, and green, respectively). Note that J  e?V
and p2 =~ 6 until the onset of the ultra slow roll regime (indicated by the vertical dashed black lines in the two figures), which are required
to lead to a scale invariant spectrum for the magnetic field. However, it seems impossible to achieve such a behavior for J and 43 after the

onset of ultra slow roll. This can be primarily attributed to the fact that the field hardly evolves during this period.

III. CIRCUMVENTING THE CHALLENGES IN
TWO FIELD MODELS

In this section, we shall illustrate the manner in which the
challenges with the epochs of ultra slow roll inflation can
be circumvented in two field models. We shall begin by
introducing the inflationary models of our interest before
we go on to discuss the choice of the nonconformal
coupling functions and the resulting spectra of electromag-
netic fields.

A. Models of interest

We shall consider a system of two scalar fields, say, ¢
and y, that are described by the action [82]

Sp.2) = [ drv=g [—%aﬂqﬁaﬂqﬁ

_f9)

: (8)

00y — V(cM)} :

Clearly, while ¢ is a canonical scalar field, y is a
noncanonical scalar field due to the presence of the
function f(¢) in the term describing its kinetic energy.
We shall work with potentials V (¢, y) that are separable.
As a result, the two fields essentially interact through the
function f(¢), which we shall assume to be of the form
F(g) = 9.

The equations of motion describing the evolution of the
scalar fields are given by [82]

¢ +3Hp+ V= bye??, (9a)

7+ (3H +2byp)y + e‘ZbVZ =0, (9b)
where the subscripts ¢ and y denote differentiation of the
potential V(¢,y) and the function b(¢) with respect to
the corresponding fields. Also, it is useful to note that the
Hubble parameter and its time derivative are governed by
the following equations:

1 (¢ -
H = <¢7+e2b%+v), (10)
Pl
d 1 72 2b 22
H:—2M2 (@~ +e*p%). (11)
Pl

Let us now discuss the specific models that we shall
consider.

1. Suppression of power on large scales

The first of the two models that we shall consider leads
to a suppression of power on large scales. In our earlier
work, we had discussed the so-called punctuated infla-
tionary models which result in a suppression of power
over large scales that are comparable to the Hubble radius
today. We had also mentioned that such models can mildly
improve the fit to the CMB data (for early discussions in
this context, see Refs. [45-49,52,53]; for a recent discus-
sion, see Ref. [56]). We had shown that the punctuated
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inflationary models leave strong imprints on the spectra of
the electromagnetic fields. In particular, we had found that
the strengths of the magnetic fields on large scales are
considerably suppressed and their spectra behave as k* on
small scales. Our aim in this section is to investigate
whether such challenges can be overcome in inflationary
models involving two fields.

To achieve a suppression in the spectrum of curvature
perturbations on the largest scales, we shall consider a
simple quadratic potential for the field ¢ and a KKLTI-like
potential for the field y [83], so that the complete potential
is given by [67]

X

¢2
P+ Vo5—>
)(+)(

Vig.x) = (12)

Moreover, we shall assume that b(¢) = b, where b is a
constant. We shall work with the following two sets of
values of the parameters involved: (m,/Mp, Vo/M3. x0/

Mp, bMp)) = (1.672 x 107°,2.6 x 1071°,1/3,1.0)  and

(1.688 x 1073,2.65 x 10~ 10,[,2.0). We shall choose
the initial values of the fields to be ¢; = 8.8Mp,,
2i = 5.76Mp,;, and set e; = 2.47 x 1072, for both these
sets of parameters. In fact, we shall choose a very small
value of y so that y does not evolve at all during the initial
phase. For these choices of the parameters and initial
conditions, there arise two stages of inflation with distinct
values of the first slow roll parameter €. In Fig. 2, we have
plotted the evolution of the two scalar fields and the first
slow roll parameter in the model for the above sets of
parameters and initial conditions. It should be clear from
the figure that the first stage is driven by the field ¢ with
€, ~ 1072, The second stage begins when the field ¢ has
reached the bottom of the quadratic potential and the field y
begins to drive the accelerated expansion. In other words,
there arises a turning in field space. During the transition,
the first slow roll parameter falls exponentially in a manner
somewhat similar to the single field models that admit
an epoch of ultra slow roll inflation. The first slow roll
parameter is very small (with €; ~ 1073) during the early
phase of the second stage and it slowly begins to rise
leading to the end of inflation. We find that for the
parameters and initial conditions that we have worked
with, inflation lasts for 78—79 e-folds.

2. Enhancement of power on small scales

The second model we shall consider leads to enhanced
power on small scales. As in the first model, this is achieved
through a turning in field space, which briefly increases
the strength of the coupling between the curvature and the
isocurvature perturbations as well as induces a tachyonic
instability. If the turning occurs at a sufficiently late stage
of inflation, these two effects combine to lead to an

enhancement in the spectrum of curvature perturbations
on smaller scales [67-70].

To obtain a peak in the power spectrum at smaller scales,
we interchange the potentials for the two fields we had
considered earlier [see Eq. (12)]. In other words, we
consider a model of inflation driven by a KKLTI-like
potential for ¢ and a simple quadratic potential for y, so that
the complete potential is given by [70]

2 2

Vig.x) = R+ + Z (13)

¢o

We shall again assume that b(¢p) = b¢p. We shall work with
the following two sets of values of the parameters:
(Vo/M3y, o/ Mpy. m,/Mpy, bBMp) = (7.1 x 10710, /6,
1.19164 x 107°, 7.0) and (7.31 x 107'°,1/6,1.209 x 107,
7.8). We assume that ¢; = 7.0Mp;, y; = 7.31Mp; and
€; =4.32 % 10~*. Also, as in the earlier model, we shall
choose a small value of y so that y hardly evolves during
the first phase. With these choices of the parameters,
we obtain about 84—85 e-folds of inflation. In Fig. 2,
we have plotted the evolution of the two fields as well as the
behavior of the first slow roll parameter. Clearly, as in the
previous case, there arise two stages of inflation, with
the first stage again driven by the field ¢ and the second
stage driven by the field y. Moreover, at the transition,
the first slow roll parameter ¢, decreases briefly before
increasing to unity leading to the termination of inflation.
Further, we find that, in contrast to the single field case, the
first slow roll parameter does not decrease to considerably
low values [say, to O(107°=1077)] in order to lead to a
significant enhancement in power.

B. Scalar and tensor power spectra

Let us now briefly discuss the spectra of curvature and
isocurvature perturbations that arise in the two models we
discussed above. Let us begin by recalling a few essential
points regarding the scalar perturbations in two field
models. As is well known, in two field models of inflation,
the scalar perturbations can be decomposed into the so-
called adiabatic (say, dc) and entropy (say, ds) components
[82,84,85]. In field space, while the adiabatic perturbations
are parallel to the background trajectory, the entropy
perturbations are orthogonal to it.

If 6¢p and Oy denote the perturbations in the two scalar
fields, the adiabatic and entropic perturbations are defined
as [82,86]

86 = cos 0S¢ + e’ sinO 5y, (14a)

5s = —sinO ¢ + e’ cos O 5y, (14b)

where cos = ¢/, sinf = y/6, and &2 = ¢* + 2042,
Upon using the background equations (9), one can arrive
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FIG. 2. The evolution of the two scalar fields, viz. ¢ (in solid red and dashed green) and y (in solid blue and dashed cyan), in the
models described by the potentials (12) and (13) have been plotted (on the left, in the top and bottom panels, respectively) as functions of
e-folds. We have plotted the results for two sets of values of the parameters involved (with the first set in solid lines and the second in
dashed lines). We have also plotted the corresponding evolution of the first slow parameter (in solid red and dashed blue, on the right).
Moreover, we have indicated the e-folds (as vertical black lines) when the transition from the first to the second stage of inflation occurs
in the two models of our interest, viz. around N ~23.7 in the first model (on top) and N ~ 71 in the second model (at the bottom),
respectively. Note that, for a given potential, the primary difference between the values of the two sets of parameters is the value of b.
However, it should be clear from the above plots that the difference in b does not lead to a significant difference in the evolution of the
fields. In the figure, we have also indicated (as dotted curves) the analytical solutions for the fields ¢ (in purple) and y (in orange) that
can be arrived at in the slow roll approximation (for details, see Appendix A). It should be clear that the analytical solutions are a
reasonably good approximation to the exact numerical results during the two slow roll regimes. As one would expect, the analytical
solutions fail to capture the dynamics around the point of transition from the first to the second stage of inflation.

at the following equations that govern the adiabatic field o In the spatially flat gauge, the Mukhanov-Sasaki
and the angle 6: variables associated with the curvature and isocurvature
. . perturbations are given by v° = adc and v° = ads.
6+3Hp+V,=0, (152)  The equations of motion describing the evolution of the
v Mukhanov-Sasaki variables can be obtained to be
14
.. . "
where the quantities V, and V are given by v 4 <k2 - ZZ> v = 2(15”2)/7 (17a)
V,=cosOV,+e?’singV,, (16a)
" o\ /
st 2 9 oY s e[ Yk
Vy=—sin@V,+ecosdV,. (16b) U <k . Ha >U"_ Zé(z) ’ (17b)
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where z = a6/H, & = —2aV /&, while y? is given by

wr =V — (?)2 + by (1 + sin*0) cos OV,
+ bycos?@sin OV, — (by + by )67, (18)
with V, being defined as
Vo =sin’0V,, —e’sin20V,, + e cos’0V,,. (19)

As is done in the case of single field models, the Bunch-
Davies initial conditions are imposed on the Fourier modes
when they are sufficiently inside the Hubble radius, and the
scalar and tensor power spectra are evaluated when the
modes are well outside the Hubble radius. While comput-
ing the scalar power spectra numerically, we impose the

initial conditions when k ~ 10?,/7"/z and evaluate the
spectra at the end of inflation. To ensure that there are no
correlations between the curvature and the isocurvature
perturbations at early times, when the modes are inside the
Hubble radius, the scalar perturbations are evolved from
two sets of initial conditions [82,84]. In the first set, the
standard Bunch-Davies initial conditions are imposed on
the Mukhanov-Sasaki variable v, while the variable v is
set to be zero. In the second set, the initial conditions on
v{ and vj are interchanged. The curvature perturbation
R and the isocurvature perturbation S are related to the
Mukhanov-Sasaki variables as follows: R, = v{/z and
Sy = v;7/z [67,70]. Let (Ryy.Sk) and (Ryo. Sio) denote
the curvature and the isocurvature perturbations evolved
from the two sets of initial conditions mentioned above.
The spectra of curvature and isocurvature perturbations
are evaluated from both these sets of solutions and are given
by [67,70,82,86]

3

k

Pr(k) = 2 (IR l* + [Rel?). (20a)
k3

Ps(k) = By (ISu > + [Sal?)- (20b)

In our discussion below, we shall focus on the spectrum of
curvature perturbations Pr (k). Also, we should mention
that the tensor power spectrum is evaluated in the same
manner as in single field inflation.

The evolution of the scalar fields in the two models of
our interest can be obtained by solving the background
equations (9) numerically as discussed in the previous
subsection. Recall that, we had illustrated the behavior
of the scalar fields and the first slow roll parameter as
functions of e-folds in Fig. 2. In the case of the potential
(12), the field ¢ slowly rolls down the potential until it
reaches the bottom of the potential when N ~ 23.7, while
the field y remains frozen during this period. At this point
of transition, for the set of parameters we have worked with,

the values of the fields ¢ and y are ¢, = 6.55 x 107* Mp,
and y; = 5.722 Mp;, respectively. After the transition,
while ¢ oscillates about the minimum of the potential,
the field y drives inflation until the end. Also, the first slow
roll parameter €; decreases exponentially soon after the
transition, giving rise to a brief period of ultra slow roll,
before it eventually rises to unity leading to the end of
inflation. A similar behavior of the fields and the slow roll
parameter are observed in the case of the potential (13) as
well, with the transition point occurring at a much later
time, viz. at the e-fold N ~ 71. In this case, we choose the
point of transition to be when the oscillations of the field ¢
have substantially died down. At the transition point, the
values of the fields ¢ and y are found to be ¢; = 1.694 x
1072 Mp, and y, = 6.3 Mp,, respectively. In Fig. 3, we
have presented the spectra of the curvature and tensor
perturbations arising in the two models for the two sets of
parameters we have considered. In the case of the potential
(12), we obtain a suppression in power in the spectrum of
curvature perturbations on the largest observable scales,
while over the CMB and smaller scales, the scalar power
spectrum is nearly scale invariant. The imprints of these
scalar and tensor power spectra on the anisotropies in the
CMB have been discussed earlier (in this context, see
Ref. [67]). For the potential (13), we obtain nearly scale
invariant scalar and tensor power spectra over the CMB
scales, whereas there is a significant enhancement in scalar
power on small scales. We find that, at the pivot scale of
k, = 0.05 Mpc~!, the scalar spectral index and the tensor-
to-scalar ratio turn out to be ng = 0.96 and r = 0.02, which
are consistent with the constraints from the CMB data [78].
As has been illustrated earlier in the literature, the turning in
field space briefly increases the strength of the coupling
between the isocurvature and the curvature perturbations.
It also induces a tachyonic instability. These two effects
combine to lead to the increased scalar power on smaller
scales over modes which leave the Hubble radius just prior
to or during the turning in field space [67-70]. Earlier, we
had seen that for a given potential, despite the difference in
the values of the parameter b, the evolution of background
scalar fields were very similar (see Fig. 2). However, as
should be clear from Fig. 3, the resulting inflationary scalar
power spectra are considerably different. This can be
attributed to the difference in 2 [cf. Eq. (18)] that arises
due to the difference in the values of b and the resulting
amplitude of the tachyonic instability that occurs due to the
turning in field space (for a detailed discussion in this
context, see Ref. [67]).

C. Construction of the nonconformal coupling function

Recall that, our main reason for considering two field
models of inflation in this paper is to circumvent the
challenges that we face in single field models, especially
those that permit an epoch of ultra slow roll inflation. Our
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The spectra of curvature (in solid red and dashed green) and tensor (in solid blue and dashed cyan) perturbations, viz. Pr (k)

and Pz (k), have been plotted for the two field inflationary models that we have considered. We have plotted the spectra with features
over the CMB scales (on the left) arising in the potential (12) and with a peak in the scalar power at small scales (on the right) occurring
in the potential (13), for the two sets of parameters (as solid and dashed lines) we have mentioned earlier. In arriving at these spectra, we
have assumed that the pivot scale k, = 0.05 Mpc~! leaves the Hubble radius 50 e-folds before the end of inflation. It is the scalar spectra
with a sharp rise in power on small scales that are often considered to produce significant number of PBHs. Recall that, for a given
potential, the two sets of parameters primarily differed in the value of 5. As we had seen in the previous figure, there was hardly any
difference in the evolution of the background for the two sets of parameters. However, note that the spectra of curvature perturbations
differ significantly for these two sets. This can be attributed to the tachyonic instability that arises for nonzero values of b. It is found that,
even small differences in b can significantly alter the evolution of the curvature perturbations, leading to very different scalar power

spectra.

goal is to overcome these hurdles and arrive at electro-
magnetic spectra of desired shapes and strengths. In our
earlier work [44], we had shown that, in slow roll inflation
driven by a single field, say, ¢, it is possible to construct
analytical forms for the nonconformal coupling function
J(¢) that lead to the required time dependence (viz. J « a?)
and therefore generate nearly scale invariant spectra for the
magnetic field. However, when strong departures from
slow roll occur, we had to turn to a numerical approach to
construct the coupling function. Since the dynamics in the
two field models of our interest is fairly nontrivial, we shall
adopt the numerical approach here as well. We shall now
outline the procedure to construct the required J(¢, ). We
should mention that, in Appendix A, we have discussed the
construction of an analytical form for the coupling function
J(¢,y) and the resulting power spectra of the electromag-
netic fields that we obtain in such a case.

In fact, the procedure that needs to be adopted to
construct the desired nonconformal coupling function
J(p,y) is fairly straightforward. In the two models of
our interest, we have seen that, at any given time during
inflation, one of the two slowly rolling fields largely
determines the dynamics of the background. Essentially,
we need to make use of the dominant field to construct
the coupling function in a given domain. Thereafter, we can
utilize the step function to stitch together the coupling
functions in the two domains to arrive at the complete
function. Let us first consider the model described by the
potential (12). In the model, during the first domain,
the field ¢ rolls down the potential largely determining

the background dynamics, while the field y remains frozen.
After having solved the Eq. (9) numerically to arrive at
¢(N), we assume an ansatz for the functional form of
N(¢). We choose the functional form of N(¢) in the first
regime to be given by the following fourth order poly-
nomial:

¢4 3 2 ¢
N@)=a—r+b~=+tc5+d——+e. (21)
M %1 M 1331 M 12>1 Mp
We then determine the values of the constants

(ay, by, cy,dy, e;) by fitting the polynomial to the numeri-
cal solution for ¢(N) during the initial regime, thereby
arriving at N(¢). Similarly, after the transition, as the field
starts to dominate the background dynamics, we choose
N(y) to be a fourth order polynomial of the following form:

4 3 2
X X X X
N =a,>—+ b, 4+ +dES—+ .
() MM, MR My,

(22)
We fit the polynomial to the solution y(N) in the second
regime to determine the constants (a,, by, ¢, d,, ;) and
arrive at N(y). We should clarify here that we have chosen
to work with fourth order polynomials for N(¢) and N(y)
above since they seem sufficient to lead to the desired
behavior of J in the two slow roll regimes on either side of
the transition. With the forms of N(¢) and N(y) at hand, we
can combine them to construct the complete nonconformal
coupling function to be
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FIG. 4. The evolution of the nonconformal coupling function J(¢b, y) given by Eq. (23) (on the left) and the quantity 43 (on the right)
have been plotted as a function of e-folds for the two models described by the potentials (12) (in red) and (13) (in blue). Since the
background evolution is very similar for the two sets of parameters we have worked with, the corresponding J(N) prove to be essentially
the same in both the models. The vertical lines (in corresponding colors) represent the points of transition at N ~23.7 and N ~ 71,
respectively. It is clear from the figures that J o a® and p =~ 6 for most of the evolution except for the domain near the transition. Recall
that, in the single field case, it was impossible to achieve such a behavior for J and u3 after the onset of ultra slow roll. Clearly, the
presence of the additional field in the two field models allows us to circumvent this difficulty.

Jy) = % { [1 + tanh (";—;“ﬂ exp [1N(¢)]

+ [1 — tanh (ﬂf;—;'ﬂ exp [nN(;()]}, (23)

where y is the value of the field y at the transition (that we
had mentioned earlier). Note that the quantity within the
square brackets involving the hyperbolic tangent function
in the above form for J(¢,y) essentially acts as a step
function for a suitably small value of Ay. Evidently, it is
the first and second terms in the above expression that
contribute prior to and after the field crossing y,. Lastly, we
should mention that we need to choose J, suitably so that
J(¢, ) reduces to unity at the end of inflation. As we shall
soon illustrate, for n =2, the above coupling function
largely behaves as J o a?.

Recall that, in each of the two models described by the
potentials (12) and (13), we had worked with two sets of the
parameters involved. Since the dynamics of the background
fields for these two sets of parameters are not significantly
different (in this context, see Fig. 2), we find that the
coefficients characterizing the polynomial fitting functions
N(¢) and N(y) [cf. Egs. (21) and (22)] largely prove to
be the same. For the model described by the potential (12),
we obtain the values of the fitting parameters to be
(ay.by,cy.d; e;) = (2.7558 x 1073,-0.06,0.227,—1.8556,
231717) and (az, bz, Co, dz, 62) = (—00421, 5.47 x 10_3,
—0.2443,-0.4516,78.3998). Similarly, in the case of the
potential (13), we find that the fitting parameters are
given by (a;,by,cy,d;,e;)=(-0.01619,-0.1027,0.3857,
—2.0208,69.4198) and (a,,b,,c,.dy,e5) = (2.7745x 1074,

—6.0702 x 1073,-0.2810,—0.2805,85.0065).  Moreover,
we shall assume that the width of the step described by
the hyperbolic tangent function is given by Ay = 1073 My,
In Appendix B, we have discussed the effects of modifying
the transition point y; and the width Ay on the spectra of
the electromagnetic fields. We find that the values of y; and
Ay we shall work with are optimal, as they do not introduce
spurious features in the spectra of the magnetic field.

In Fig. 4, we have plotted the evolution of the coupling
function J(¢, y) as well as the quantity u3 = J"/(Ja*H?)
for the two potentials. In contrast to the single field case,
where the coupling function almost ceased to evolve after
the onset of ultra slow roll (see Fig. 1), we find that the J’s
we have constructed in the two field models grow as a’
even after the transition. Moreover, clearly, ,ul% ~ 6 for most
of the evolution apart from the domain around the tran-
sition. This behavior suggests that the spectrum of the
magnetic field will remain scale invariant apart from the
effects arising due to the transition. In Fig. 5, we have
plotted the resulting spectra of the electromagnetic fields
arising in the two models for the above choices of the
coupling functions. In addition to the nonhelical case, in
Fig. 5, we have plotted the spectra in the helical case. It is
evident that, in the helical case, the spectra of the magnetic
and electric fields are nearly scale invariant and are of the
same amplitude apart from the domain over wave numbers
which leave the Hubble radius around the time of the
turning in the field space. Around these wave numbers, the
spectra exhibit a burst of oscillations. These oscillations
occur over large scales in the first model described by the
potential (12), whereas they occur over small scales in the
second model governed by the potential (13). While we
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described by the potentials (12) (in red) and (13) (in blue) for the coupling function J(¢, y) given by Eq. (23). Apart from the nonhelical
case (plotted as solid curves), we have also plotted the results for the helical electromagnetic fields (as dashed curves) with y = 0.25. The
spectra of both the magnetic and electric fields are nearly scale invariant in the helical case. Also, in the nonhelical case, while the spectra
of the magnetic field are nearly scale invariant, the spectra of the electric field behave as k>. Moreover, as expected, all the spectra exhibit
bursts of oscillations over wave numbers which leave the Hubble radius around the time of the turning in the field space. This is because
of the fact that the coupling function J(¢, y) contains deviations from the behavior J & a? during the time of the transition. We should
mention that we have worked with y = 0.25 so that the amplitudes of the present day magnetic field generated in the two models of our
interest are approximately consistent with the current constraints (see our discussion in Sec. IV). Note that, since f(0.25) ~ 3, the scale

invariant nonhelical and helical amplitudes differ by a factor of three.

have been able to largely iron out very strong features in the
power spectra of the electromagnetic fields, the oscillations
are unavoidable unless we further fine tune the form of
the nonminimal coupling function J(¢, ). We shall make
some additional comments on this point in the concluding
section.

IV. IMPRINTS ON THE CMB

In this section, we shall examine the observational
imprints of the PMFs on the anisotropies in the CMB,
which have been extensively discussed in the literature
[8,75-77,87-93]. In what follows, we shall adopt the
approach discussed earlier [76,77] and make use of the
publicly available packages CAMB [74] and MagCAMB [75]
to calculate the angular power spectra of the anisotropies in
the CMB generated by the PMFs.

Cosmological magnetic fields can be constrained via the
measurement of the anisotropies in the temperature (T) and
polarization (E and B modes) of the CMB (see Ref. [94];
for bounds from Planck, see Ref. [73]). We are specifically
interested in the angular spectra of the CMB sourced by the
PMFs in the epochs before and after neutrino decoupling.
Recall that, neutrino decoupling takes place at an energy
scale of about 1 MeV, after which they start streaming
freely. However, before that epoch, neutrinos are strongly
bound to the photons and baryons. During this regime,
the anisotropic stresses in the magnetic fields source the
scalar and tensor perturbations, and these contributions are
referred to as the passive magnetic modes [76,92]. After the

neutrinos decouple from the photons, they begin to stream
freely and, in the process, they can develop a nonzero
anisotropic stress that compensates the anisotropic stress of
the PMFs [93]. During this period, the PMFs generate the
so-called compensated modes which are somewhat similar
to the isocurvature perturbations [76,92]. Apart from the
passive and compensated modes, it has been shown that
there arises a contribution to the angular power spectra of
the CMB due to the curvature perturbations induced by the
magnetic fields generated during inflation (in this context,
see Refs. [31,77]). The spectrum of these secondary
curvature perturbations depend on the model being con-
sidered for the generation of the magnetic field. Also, we
should clarify that the secondary curvature perturbations
are induced in addition to the primary adiabatic perturba-
tions generated during inflation. In our analysis below, we
shall take into account the effects arising from all these
contributions in the calculation of the angular power
spectra of the anisotropies in the CMB. We should stress
that, in this section, we shall confine our discussion to
nonhelical magnetic fields.

A. Contributions due to the passive
and compensated modes

In order to evaluate the contributions due to the passive
and compensated modes of the PMFs to the angular power
spectra of the CMB, we shall make use of the publicly
available package MagCAMB [75], which is a modification
of cCAMB [74]. Similar to CAMB, the package computes the
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multipole moments of the CMB, viz. the C,’s, arising due
to various contributions of the PMFs, for a given cosmo-
logical model. However, to reduce the computational
complexity in estimating the integrals involved in arriving
at the C,’s, MagCAMB assumes a power law spectrum for the
PMFs. In fact, we find that the power law form for the
spectrum is hardcoded in the package. Note that, among
the two inflationary models we have considered—viz. the
models described by the potentials (12) and (13)—it is only
the second potential which leads to a nearly scale invariant
power law spectrum for the magnetic field over the CMB
scales (see Fig. 5). Therefore, using MagCAMB, we shall
explicitly compute the angular power spectra of the
anisotropies in the CMB generated by the passive and
the compensated modes for the case of the second potential
(13). Moreover, since the potential (13) permits slow roll
inflation during the early stages, as we shall discuss in
the next subsection, it is also possible to approximately
evaluate the angular power spectra of the CMB due to the
curvature perturbations induced by the magnetic field. For
the first model described by the potential (12), we find that
it is challenging to carry out such an analysis, due to the
complicated nature of the power spectrum for the magnetic
field over large scales. Hence, in what follows, we shall
only check if the strength of the magnetic field generated in
this model is roughly compatible with the observational
constraints.

Before going on to compute the angular power spectra of
the CMB generated by the passive and compensated modes
of the PMFs, let us examine if the magnetic fields generated
in the two inflationary models of interest are broadly
consistent with the current constraints. To do so, we need
to evaluate the amplitude of the magnetic field, say B, that
has been smoothed over a coherence scale A [8,75]. In
practice, the quantity B is obtained by integrating the
spectral energy density of the PMFs [i.e., the spectrum of
the magnetic field, see Eq. (4)] with a Gaussian window
function of width 4 = 1 Mpc, and it is defined as

B = Ak e 4Py (k) (24)
A ) 4nk? B

For instantaneous reheating, the smoothed amplitude today,

say BY, is given by

B’ =B, <ae>2, (25)

where B, is the smoothed strength of the magnetic field
generated during inflation, while a. and a, denote the scale
factors at the end of inflation and today, respectively. The
ratio of these scale factors is given by [44]

H
20028 x 10— —
a. 1075 My

1/2
) e
where Hj is the Hubble parameter during inflation.

Let us now evaluate the quantity Bg in the two infla-
tionary models of our interest. In the case of the first
potential (12), upon using the resulting power spectrum for
the magnetic field (as illustrated in Fig. 5) and carrying out
the integral (24) numerically over all scales (viz. 107> <
k < 10" Mpc™!), we obtain that B = 1.079 x 10720 M3,
Thereafter, upon using the relation (25), we obtain an
estimate of the smoothed strength of the magnetic field
today to be BY=~277x 1072 nG, corresponding to
H;~4.07 x 107 Mp,. We should mention that, to arrive
at this result, we have used the conversion factors 1Mp =
2.43 x 10" GeV and 1G = 6.91 x 1072° GeV?. Similarly,
in the case of the second potential (13), for the spectrum of
the magnetic field illustrated in Fig. 5, we obtain that
B? =9.69 x 1072! M}, which leads to the present day
strength of BY ~2.05 x 10~ nG, corresponding to Hj=
5.26 x 1077 Myp,. These estimates suggest that the spectra
of the magnetic fields from the two inflationary models
are broadly in agreement with the observational bound of
Bg < 1 nG on the strength of the magnetic field today (in
this context, see, for instance, Ref. [31]).

Let us now turn to the explicit evaluation of the imprints
of the passive and compensated modes induced by the
PMFs on the CMB using MagCAMB. As we have already
mentioned, in MagCAMB, the primordial power spectrum
of the magnetic field is assumed to be of the power law
form, say, Pg(k) o k", where 7y is the spectral index. We
find that the spectral index ng we have defined [see our
comments following Eq. (4)] is related to the spectral index
ng of MagCAMB as iz = —3 + ng. The quantities required
to compute C,’s due to the PMFs using MagCAMB are the
smoothed amplitude BY that we discussed above and the
spectral index 7ig [75]. As mentioned earlier, in the scenario
described by the potential (12), since the magnetic power
spectrum contains strong features over large scales, we
are unable to use MagCAMB. For the model described
by the potential (13), as the magnetic power spectrum is
nearly scale invariant over large scales, we have provided
MagCAMB with the smoothed amplitude B/? and the spectral
index ng to arrive at the angular spectra of the CMB
corresponding to the passive and compensated modes. We
find that the spectral index over the CMB scales for the
spectrum of the magnetic field illustrated in Fig. 5 is
ng = —0.0112. So, we have supplied the following values
of the parameters to MagCAMB: Bg =2.05x 107! nG,
ng = —3.0112, and set the pivot scale to be k, =
0.05 Mpc~!. Using these parameters, we have computed
the contributions of the PMFs to the angular power spectra
of the CMB through the passive and compensated modes.
We shall present and discuss the results in Sec. IV C.
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B. Contributions due to the induced curvature
perturbations

Next, we investigate the contributions to the angular
power spectra of the CMB due to the curvature perturba-
tions induced by the magnetic fields generated during
inflation, which are often referred to as the inflationary
magnetic modes [76,77]. These modes are unique to
inflationary magnetogenesis and are absent if the PMFs
are generated after inflation. They remain unaffected by the
behavior of magnetic fields after the termination of infla-
tion. Once again, to examine the imprints on the angular
power spectrum of the CMB due to these modes, we restrict
ourselves to the model described by the potential (13), as
the sharp features in the spectrum arise only over small
scales and we can work with the de Sitter approximation to
compute the observables over the CMB scales.

In the slow roll approximation, the strength of the
curvature perturbation, say R} -, induced by the magnetic
fields during inflation (for the case wherein J « a?) can be
written as [76,77]

. 2H? k
PR (n.) = 3M_21€1 Cpm(k) In <k_> . (27)
Pl e

where ¢; is the first slow roll parameter and k. represents
the wave number that leaves the Hubble radius at the end of
inflation (i.e., at ,), when the strength of the perturbations
is evaluated. The quantity Cgy(k) is determined by the
expression

I Pgv(k)  Hp
= Cpm(k), 28
,035 3M]231 EM( ) ( )

where Pgy; (k) is the power spectrum of the fluctuations in
the energy density of a given mode of the electromagnetic
field which is defined through the relation (C1), and p,
denotes the energy density of the scalar field(s) driving the
inflationary background. In Appendix C, we have initially
arrived at a generic expression for the power spectrum
P (k) and have then gone on to evaluate the quantity for
the case wherein J o« a2, which leads to a scale invariant
spectrum for the magnetic field Pg(k). But, evidently, in
the model described by the potential (13), there arise
deviations from slow roll. Also, the resulting spectrum
of the magnetic field is not scale invariant, as should be
clear from Fig. 5. However, note that the departures from
slow roll occur at late times and, due to this reason, the
deviations from the nearly scale invariant behavior arise
only over very small scales. Moreover, the deviations from
scale invariance are mostly in the form of oscillations.
Therefore, over the CMB scales, we believe that the slow
roll approximation leads to a reasonable estimate of the
power spectrum of the curvature perturbations induced by
the magnetic field. We can arrive at the strength of the

induced curvature perturbation at late times, i.e., R} (1),
by using the result (C4) for Pgy (k) in Egs. (27) and (28)
and the fact that p,, = 3H>M3,. The scalar power spectrum
associated with the inflationary magnetic mode can be
obtained to be

2nr( L)) o

where P) = H}/(8z%¢,) is the standard scalar power
spectrum evaluated in the slow roll approximation.
Having obtained the spectrum of curvature perturbations
induced by the magnetic field, we proceed to compute the
corresponding contributions to the angular power spectrum
of the CMB. We should stress that the contributions due to
the inflationary magnetic mode arise in addition to the
contributions due to the primary curvature perturbations
generated from the quantum vacuum during inflation. This
enables us to treat it in the same manner as the primary
curvature perturbations and use the standard apparatus of
CAMB to compute the corresponding angular power spectra.
To evaluate the C,’s, we make use of the scalar power
spectrum obtained in Eq. (29). Since we are working with
the de Sitter approximation over the CMB scales, the
parameters that we require to compute the amplitude Pg°
are Hy and €, evaluated at the e-fold when the pivot scale
exits the Hubble radius. Moreover, to obtain Px"®(k), we
require k,,;,, and k.. We assume k,,;, to be 10~7 Mpc~!. In
the model of our interest [viz. the potential (13)], for the
values of parameters we have worked with, we find that
k. ~ 10" Mpc~'. We should further note that, since the
electromagnetic field possesses anisotropic stress, apart
from inducing secondary scalar perturbations, they will
also generate secondary tensor perturbations (in this con-
text, see, for example, Refs. [36,95-100]). Such a tensor
mode will also contribute to the B-mode polarization of the
CMB, apart from the contributions to the temperature and
E-mode polarizations. In this work, we have not calculated
these contributions due to the induced tensor perturbations.

C. Angular power spectra of the CMB

In Fig. 6, we have illustrated all the contributions to the
CMB angular spectra arising due to the PMFs for the model
described by the potential (13) which generates enhanced
scalar power on small scales. For reference, we have also
plotted the standard CMB spectra obtained from CAMB,
where there are no contributions from the PMFs. We should
mention that these standard spectra of TT, TE, EE, and BB
are obtained by supplying the numerically computed scalar
and tensor power spectra from our inflationary model
(illustrated in Fig. 3) to cAMB. In arriving at these spectra,
we have included the effects due to nonlinear lensing. We
have then presented the contributions due to the scalar
inflationary magnetic mode, obtained using our modified
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FIG. 6. We have illustrated the contributions of the magnetic modes to the temperature and polarization angular power spectra of the
CMB due to the total (i.e., scalar plus tensor) passive (in green) and the total compensated (in cyan) modes. We have arrived at these
quantities using MagCAMB corresponding to a magnetic field with smoothed strength of BY Mpe = 2:05 % 107" nG today and a spectral
index of 75 = —3.0112. In addition, using CAMB, we have plotted the standard angular power spectra of the CMB (in red) induced by the
primary scalar and tensor perturbations. Moreover, we have also presented the contribution due to the curvature perturbation induced by
the magnetic field during inflation (in blue), which we have computed using cAMB. Note that, apart from the contributions due to the
primary tensor perturbations to the angular power spectrum of the CMB (in particular, to the B-mode polarization, which we have
illustrated in red in the plot on the bottom right corner), there will also arise a contribution due to the tensor perturbations induced by the
magnetic field during inflation. We should mention that we have not calculated this additional contribution in this work.

setup of CAMB as described above. This mode contributes
only to the CMB temperature and E-mode polarization
spectra. We should clarify that, in computing these spectra,
we have ignored the effects due to nonlinear lensing.
As is evident from the plots, this contribution is lower in
amplitude when compared to the standard CMB spectra by
O(10*). We have further illustrated the contributions due to
the passive and compensated modes to the angular power
spectra of the CMB, which have been computed using
MagCAMB. We have computed these contributions using the
parameters obtained from the power spectrum of magnetic
field arising in the model, viz. Bg =7.25x 107! nG and

ng = —3.0112. As can be seen clearly, although the spectra
due to the passive and compensated modes have different
amplitudes, their shape is roughly similar to the standard
CMB spectra. It is evident from the figure that the
contributions to the CMB angular spectra due to the
PMFs are substantially smaller in magnitude for the model
we have considered. The largest contribution arises from
the inflationary magnetic mode and it is still at least O(10%)
lesser in magnitude than the standard spectra.

Though we could not carry out a similar exercise for the
model described by the potential (12), which leads to a
suppression in the scalar power spectrum over large scales,
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the estimate of BY in that case suggests that the corre-
sponding contributions to C,’s would be of amplitudes
lesser than the case that we have discussed. Recall that, for
these additional contributions, C, o (BY)* and hence the
overall amplitude of the passive and compensated contri-
butions can be expected to be of lesser magnitude for the
model (12) than in the model (13) wherein we have
explicitly have computed these contributions. However,
there can arise a difference in the shape of C,’s at the lower
multipoles due to the sharp features in Pg(k) over large
scales. In particular, the scalar power spectrum associated
with the inflationary magnetic mode in this case can have
interesting features, and being the largest of the contribu-
tions, it may leave discernible imprints on the total angular
power spectrum of the CMB. But it is challenging to
compute these contributions induced by the magnetic field
using analytical methods for spectra with strong features.
We would have to employ numerical procedures to com-
pute the induced scalar spectra over large scales. This is a
nontrivial exercise and we believe that it is beyond the
scope of the current work.

V. CONCLUSIONS

In our earlier work [44], we had shown that, in the case
of single field models involving strong deviations from
slow roll, there arise certain challenges in obtaining nearly
scale invariant power spectra for the magnetic field. We had
shown that even finely tuned nonconformal coupling
functions may not help us avoid strong features generated
in scenarios involving an epoch of ultra slow roll inflation.
To overcome such challenges, in this work, we have
examined two field models of inflation where a turning
in the background trajectory in the field space gives rise to
departures from slow roll. We have considered two field
models where such deviations from slow roll lead to either
a suppression in the scalar power over large scales or to an
enhancement over small scales.

We have constructed model dependent coupling func-
tions numerically using the background dynamics of the
two fields in these models. Using these coupling functions,
we have been able to obtain the desired amplitude and a
nearly scale invariant form for the power spectra of
magnetic fields in the models of interest. While we have
been able to mostly circumvent the challenges faced in
single field models, we find that it is not entirely possible to
remove the strong features over the range of scales that
leave the Hubble radius during deviations from slow roll.
For the potential that gives rise to an enhancement in scalar
power over small scales, we obtain a power spectrum for
the magnetic field which is nearly scale invariant over large
scales, but contains a rapid burst of oscillations over small
scales. Similarly, for the potential that generates a sup-
pression in the scalar power over large scales, the power
spectrum of the magnetic field exhibits strong oscillations
over very large scales and turns scale invariant over smaller

scales. In the first model, the oscillations have higher
amplitude than the scale invariant part, whereas they have
same amplitude in the second model. In both these models,
we obtain amplitudes of the smoothed magnetic fields,
which lie in the current range of observations,
ie., 10719-107° G.

Further, for the model that generates enhancement in
scalar power over small scales, we have also computed the
contributions of the PMFs to the anisotropies in the CMB
using MagCAMB. Apart from calculating the contributions
due to the passive and compensated modes, using CAMB,
we have also evaluated the contribution due to the curvature
perturbation induced by the magnetic field during inflation.
These contributions to the angular power spectra of the
CMB are of roughly similar shape as the standard spec-
trum, but are of lower amplitudes. Moreover, we find that,
the corresponding value of the smoothed amplitude Bg is
well within the upper bound on the parameter obtained
earlier (in this context, see Ref. [75]).

To summarize, using two field models, along with
suitable choices of coupling functions, we have been able
to largely overcome the challenges faced in the generation
of PMFs in single field models of inflation permitting an
epoch of ultra slow roll. Also, we have been able to
approximately evaluate the imprints of the PMFs on the
CMB in the second model that leads to a scale invariant
spectrum for the magnetic field over large scales. But,
clearly, there are some limitations to the approach we have
adopted. For instance, it seems fair to assume that the small
scale features in the power spectrum of the magnetic field
are unlikely to affect the angular power spectra of the CMB.
However, since there arise departures from slow roll at late
times in the second model, the de Sitter approximation
we have worked with to estimate the induced spectrum
of curvature perturbations is likely to be inadequate.
Moreover, as we mentioned, the first model which leads
to features in the spectrum of the magnetic field over the
CMB scales needs to be analyzed numerically to evaluate
the induced spectrum of curvature perturbations and the
corresponding imprints on the CMB. In addition, to
compute the signatures of the passive and compensated
modes in such models, MagCAMB needs to be suitably
modified to take into account features in the power spectra
of the electromagnetic fields. We are presently investigating
such issues.
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APPENDIX A: ANALYTICAL CONSTRUCTION
OF THE NONCONFORMAL COUPLING

In this appendix, using the solutions for the fields ¢ and
x that can be arrived at in the slow roll approximation, we
shall construct analytical forms for the nonconformal
coupling function J(¢,y) in the two inflationary models
we have considered. We shall then make use of the
analytical forms for J(¢,y) to numerically compute the
resulting spectra of the magnetic field and compare them
with the spectra we have obtained earlier.

Let us first discuss the model described by the potential
(12). As we have seen, in the two field models of our
interest, there arise two stages of inflation, with each
regime being driven by one of the two fields. In the case
of inflation driven by the potential (12), during the first
stage, the field ¢ rolls down the potential, while the field y
remains frozen. During this phase, the evolution of the field
¢ in the slow roll approximation can be expressed as [70]

P*(N) = ¢ -

where we have assumed that ¢p = ¢b; at N = 0. To achieve
the desired behavior of J « a?, in the first stage, we can
assume that

(P P
e | (i i) |

The first stage dominated by the field ¢ eventually ends
and, after a few damped oscillations, the field settles down
at the value

4MEN, (A1)

(A2)

¢ ~/
min —

1 <8V0b2MP1;(0> (A3)

2b 3’"4)(1

where W(z) is the so-called Lambert or the product
logarithmic function [101]. The field y drives the second
stage of inflation and, during this period, the solution for
the field in the slow roll approximation can be written as

(G5 +27)? — 8Miyge™ Mo (N = N1)]Y2 = 5,

(A4)

2A(N) =

where N is the e-fold when ¢ = ¢;,. In a fashion similar
to the first phase, to achieve J « a2, we can choose the
coupling function during the second stage of slow roll
inflation to be

2b¢mm

10) = exp{ 2V, = 1 6 487 - 63 4237 |

(AS)

Let us now turn to the second model described by the
potential (13). During the first stage driven by the field ¢, in
the slow roll approximation, the evolution of the field can
be expressed as

¢*(N) = (47 + ¢5)° — SMBdEN]'2 — ¢, (A6)
where we have assumed that the field is at ¢»; when N = 0.
To achieve J  a?, the coupling function can be chosen
to be

J(9) ocexp{ 4R - (@ —¢o>2]}. (A7)

aM l%l¢0

In between the two stages of inflation, ¢ behaves like a
massive scalar field and undergoes damped oscillations
around the minimum [70]. It seems difficult to obtain an
analytical solution during this period since the Hubble
parameter H and the field y experience a jump. We find that
¢ eventually approaches a constant value ¢,,;,, given by the
minimum of its effective potential. The value of y at the
onset of this period can be written as y; = y; — Ay, where
Ay is the jump in y. During the second stage of slow roll
inflation, the solution for y can be written as

PN) = 1 = 4 Pibaat SO (N — ), (AB)
where ¢, = DMEm2¢3/(3V,) and the quantity A is
governed by the equation

EAP dAg
3— A 0 A9
N VR
with m3, being given by
2V
g =204 ST (A10)
0

Therefore, the coupling function during the second stage
can be chosen to be

1 JER
J(){) = exp {2N1 — —eZh[(/’min+A(/’(N)] <_ _ 21 .
2 My M3,
(A1)
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FIG.7. The coupling functions J(N) constructed analytically using Eq. (A12) (on the left), along with the corresponding 43 (N) (in the
middle), and the resulting spectra of the magnetic field (on the right) have been plotted for the models described by the potentials (12)
(on top) and (13) (at the bottom). We have indicated the point of transition in the plots of J(N) and 3 (N) (as vertical black lines). Note
that the above spectra of the magnetic field differ from the spectra we had arrived at earlier in Fig. 5. The differences can be attributed to
the inability of the analytical solutions to capture the dynamics of the fields around the point of transition from the first stage to the

second stage of slow roll inflation.

With the solutions of the coupling functions in the two
stages at hand, we can combine them [in a manner similar
to Eq. (23)] to arrive at the following coupling function:

Joy) = JO{; [1 + tanh(xg);“)}]((p)

1 X=X
— |1 —tanh J ,
+2[ . ( Ay )} (Z)}
where y; is the value of y around the e-fold when the
transition from the first stage of slow roll region to the

second stage occurs. Since we require J to reduce to unity
at the end of inflation, we have

Jo = {% {1 + tanh <%A;)(X1>}J(¢e)

n % {1 — tanh <%A;;“> } T(xe) }_1, (A13)

where ¢, and y. denote the values of the fields at the end of
inflation.

Earlier, in Fig. 2, we had compared the analytical
solutions for the background scalar fields we have obtained
above with the exact numerical results. Clearly, while the
analytical solutions are a good approximation to the exact

(A12)

numerical results in the two domains involving slow roll,
they perform poorly around the transition. In Fig. 7, we
have plotted the nonconformal coupling function J we have
arrived at analytically using the expression (A12) for the
two models of our interest. In the figure, we have also
plotted the quantity u3 = J”/(Ja*?H?) and the resulting
power spectra of magnetic fields Py (k) for the two models.
As should be evident, though the strengths of magnetic
field roughly match the numerical results we had obtained
earlier (plotted in Fig. 5), the shapes of the power spectra
are fairly different. This can be attributed to the discon-
tinuous behavior of the fields around the point of transition
in the analytical case.

APPENDIX B: IMPACT OF THE CHOICE OF
THE PARAMETERS IN THE NONCONFORMAL
COUPLING FUNCTION

Recall that, the nonconformal coupling function J(¢, y)
in Eq. (23) was constructed so that its evolution was
determined by the field driving the background expansion
at any given time. Such a construction had ensured that the
function largely behaves in the manner that we desire, i.e.,
as J(¢,y) « a® (see Fig. 4). The point at which J(¢, y)
switches its dependence on the evolution of ¢ to that of y is
determined by y,. Also, the range over which this switch
happens is determined by Ay. Earlier, while arriving at the
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power spectra of the electromagnetic fields due to such a
coupling function, we had worked with specific values of
these two parameters. In this appendix, we shall discuss the
impact of the choice of these parameters on the power
spectrum of the magnetic field.

It seems natural to choose the value of y; to be the point
at which the turn in the trajectory in the field space occurs
(as marked in Fig. 2). The value of Ay can be chosen to be
that it roughly corresponds to the duration of the transition.
However, we ought to consider the effects that may occur
due to variation of these parameters and quantify the
dependence of the features in the spectrum of the magnetic
field on such variations. Evidently, we should be cautious
so that, even as we try to capture the features that arise from
the intrinsic dynamics of the fields, we do not end up
introducing features from the very construction and para-
metrization of the coupling function.

We have analyzed the effects of the parameters y; and
Ay on the spectrum of the magnetic field in the case of
the first model described by the potential (12). We have
presented the results of the exercise in Fig. 8. Note that, in
our analysis, while we vary y; and Ay, we have retained the
original values for parameters of the model and of the
fitting functions N(¢) and N(y) [cf. Egs. (21) and (22)]. To
begin with, we shall discuss the effects due to variation of
Ay. The value of Ay = 107>Mp, which we have used
earlier, seems to be an appropriate choice since, for such a
value, we are able to achieve the desired behavior of
J(¢,x) « a* without considerable deviations during the
transition. However, for larger values of the parameter, say
that lie in the range 1073 My, < Ay < 107! Mp,, we observe
that, prior to the transition, the coupling function J(¢, y)
turns to be a constant. This essentially arises due to the
smoothing of the hyperbolic tangent function that we had
introduced to effect the transition between the two parts of
J(p,y). A smoother hyperbolic tangent function sup-
presses the contribution due to the evolution of ¢ before
transition and that of y after the transition. Because of this
reason, J(¢,y) settles to a constant over the smoothed
regime. Such a behavior of J(¢, y) leads to extremely small
values of J”/J, which invariably results in the spectrum of
the magnetic field Py (k) behaving as k* over large scales
(as can seen in the plots in left column of Fig. 8). Moreover,
if we make the transition sharper, i.e., if we choose
Ay < 1073Myp,, though the spectrum of the magnetic
field largely retains its shape, there arise oscillations
over a wider window of wave numbers between the two
domains of scale invariance. This is expected since a faster
transition leads to sharp peak in J”/J between the two
regimes. Hence, we can conclude that, to avoid any
artificial features such as either a suppressed power over
large scales or a prolonged burst of oscillations in the
spectrum of the magnetic field, the choice of Ay =
1073 Mp, seems optimal.

Let us now turn to understanding the effects due to the
variation in y;. Upon choosing the value of y; to be greater
than 5.722 Mp;, we observe that the nonconformal cou-
pling function J(¢, ) again turns constant during the initial
epoch, and hence the spectrum of the magnetic field Py (k)
behaves as k* over large scales. This is due to the coupling
function switching its dependence from ¢ to y at an earlier
time, before the turn in the trajectory in the field space
occurs. Such a choice suppresses the dependence of J(¢, y)
on ¢ during the initial regime and makes it follow the
behavior of y which is frozen during this epoch. As a result,
J"/J drops to very small values and, as we have already
discussed, it leads to the k* behavior of the spectrum of the
magnetic field over large scales. For y; < 5.722 My, we
find that the spectrum regains its near scale invariance in the
two asymptotic domains, but the amplitude of oscillations
over the intermediate domain in wave numbers prove to be
larger. Therefore, the ideal value of y; proves to be around
5.722 Mp;, where the turn occurs in the trajectory in the
field space. Otherwise, one may introduce either a sup-
pression or oscillations with large amplitudes, which are
clearly artifacts induced by a nonoptimal value of y;.

APPENDIX C: POWER SPECTRUM OF
FLUCTUATIONS IN THE ENERGY DENSITY
OF THE ELECTROMAGNETIC FIELD

Let pky(n) denote the operator associated with the
energy density corresponding to a given wave vector k
of the electromagnetic field. The power spectrum of
fluctuations in the energy density of the electromagnetic
field for a given mode, say, Pgy(k), is defined through the
relation [76,77]

(Pen(ne) Pl (ne)) — (Pl (1)) (P (1))

— (20 P (k)50 (k — k). (c1)
where, as mentioned earlier, #, denotes the conformal time
coordinate close to the end of inflation. Note that the
expectation values in the above expression are to be
evaluated in the Bunch-Davies vacuum.

Recall that, in the nonhelical case, for J « a?, the energy
density of the electric field is negligible at late times.
Therefore, the total energy density of the electromagnetic
field for a given mode can be expressed in terms of
the Fourier modes of the magnetic field, say, By, as
follows:

) [ dq :

k — ,

Phln) =5 / BB 1), (€2)
where B; = ¢;;;(¢/A")/a, B' = ¢"/B;, and By denotes the
Fourier modes associated with the magnetic field. For the
case wherein the spectrum of the magnetic field is scale
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FIG.8. We have presented the behavior of J (¢, y), u3 (N), and the corresponding power spectrum of the magnetic field Pg (k) (on top,
in the middle, and bottom rows, respectively) that arise due to the variation of the parameters Ay (on the left column) and y; (on the right
column) in the case of the first model described by the potential (12). The parameters have been varied around the values of Ay =
1073 Mp, and y; = 5.722 Mp, that we had considered earlier. We should mention that we have retained the original values of the other
parameters in arriving at these results. For larger values of Ay, which lead to a smoother transition of J(¢, y), we find that Py (k) o k*
over large scales, whereas for smaller values of Ay, effecting a sharper transition, we obtain a nearly scale invariant spectrum in the
asymptotic domains (in wave number) with oscillations that extend over a wider range of wave numbers. Moreover, while larger values
of y; lead to the Py (k)  k* behavior over large scales, smaller values result in asymptotically (i.e., in wave numbers) scale invariant
spectra with oscillations that are of higher amplitude over the intermediate domain.

invariant [i.e., Pg(k) = 9H}/(4z%), see Eq. (6)], upon substituting Eq. (C2) in Eq. (C1) and using Wick’s theorem, we find
that the power spectrum Pgy (k) can be expressed as

1 (3H}\* d’q d’q 5
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Upon carrying out the integrals over ¢, we obtain that

16 (3H}\*. [ k
BPpy(k) =— (=L 1 , C4
w5 (o) o)

where we have introduced the infrared cutoff k., to
regulate the integral. It is this result for Pgy(k) that we
have utilized to arrive at the power spectrum for the
curvature perturbations induced by the magnetic field,
viz. PR*(k), in Eq. (29).

[1] D. Grasso and H.R. Rubinstein, Phys. Rep. 348, 163
(2001).
[2] M. Giovannini, Int. J. Mod. Phys. D 13, 391 (2004).
[3]1 A. Brandenburg and K. Subramanian, Phys. Rep. 417, 1
(2005).
[4] R.M. Kulsrud and E.G. Zweibel, Rep. Prog. Phys. 71,
0046091 (2008).
[5] K. Subramanian, Astron. Nachr. 331, 110 (2010).
[6] A. Kandus, K. E. Kunze, and C.G. Tsagas, Phys. Rep.
505, 1 (2011).
[71 L.M. Widrow, D. Ryu, D.R.G. Schleicher, K.
Subramanian, C.G. Tsagas, and R. A. Treumann, Space
Sci. Rev. 166, 37 (2012).
[8] R. Durrer and A. Neronov, Astron. Astrophys. Rev. 21, 62
(2013).
[9] K. Subramanian, Rep. Prog. Phys. 79, 076901 (2016).
[10] T. Vachaspati, Rep. Prog. Phys. 84, 074901 (2021).
[11] A. Neronov and I. Vovk, Science 328, 73 (2010).
[12] E. Tavecchio, G. Ghisellini, L. Foschini, G. Bonnoli, G.
Ghirlanda, and P. Coppi, Mon. Not. R. Astron. Soc. 406,
L70 (2010).
[13] K. Dolag, M. Kachelriess, S. Ostapchenko, and R. Tomas,
Astrophys. J. Lett. 727, L4 (2011).
[14] C.D. Dermer, M. Cavadini, S. Razzaque, J. D. Finke, J.
Chiang, and B. Lott, Astrophys. J. Lett. 733, L21 (2011).
[15] I. Vovk, A.M. Taylor, D. Semikoz, and A. Neronov,
Astrophys. J. Lett. 747, L14 (2012).
[16] A. Taylor, I. Vovk, and A. Neronov, Astron. Astrophys.
529, A144 (2011).
[17] K. Takahashi, M. Mori, K. Ichiki, and S. Inoue, Astrophys.
J. Lett. 744, L7 (2012).
[18] V. A. Acciari et al. (MAGIC Collaboration), arXiv:
2210.03321.
[19] M.S. Turner and L. M. Widrow, Phys. Rev. D 37, 2743
(1988).
[20] B. Ratra, Astrophys. J. Lett. 391, L1 (1992).
[21] K. Bamba and J. Yokoyama, Phys. Rev. D 69, 043507
(2004).
[22] K. Bamba and M. Sasaki, J. Cosmol. Astropart. Phys. 02
(2007) 030.
[23] J. Martin and J. Yokoyama, J. Cosmol. Astropart. Phys. 01
(2008) 025.
[24] K. Bamba and S. D. Odintsov, J. Cosmol. Astropart. Phys.
04 (2008) 024.
[25] M.-a. Watanabe, S. Kanno, and J. Soda, Phys. Rev. Lett.
102, 191302 (2009).
[26] S. Kanno, J. Soda, and M.-a. Watanabe, J. Cosmol.
Astropart. Phys. 12 (2009) 009.

[27] V. Demozzi, V. Mukhanov, and H. Rubinstein, J. Cosmol.
Astropart. Phys. 08 (2009) 025.

[28] C.T. Byrnes, L. Hollenstein, R. K. Jain, and F. R. Urban,
J. Cosmol. Astropart. Phys. 03 (2012) 009.

[29] R.J. Ferreira, R. K. Jain, and M. S. Sloth, J. Cosmol.
Astropart. Phys. 10 (2013) 004.

[30] R.J. Ferreira, R. K. Jain, and M. S. Sloth, J. Cosmol.
Astropart. Phys. 06 (2014) 053.

[31] T. Markkanen, S. Nurmi, S. Rasanen, and V. Vennin,
J. Cosmol. Astropart. Phys. 06 (2017) 035.

[32] K. Bamba, E. Elizalde, S.D. Odintsov, and T. Paul,
J. Cosmol. Astropart. Phys. 04 (2021) 009.

[33] K. Bamba, S.D. Odintsov, T. Paul, and D. Maity, Phys.
Dark Universe 36, 101025 (2022).

[34] M. M. Anber and L. Sorbo, J. Cosmol. Astropart. Phys. 10
(2006) 018.

[35] R. Durrer, L. Hollenstein, and R.K. Jain, J. Cosmol.
Astropart. Phys. 03 (2011) 037.

[36] C. Caprini and L. Sorbo, J. Cosmol. Astropart. Phys. 10
(2014) 056.

[37] K.-W. Ng, S.-L. Cheng, and W. Lee, Chin. J. Phys. (Taipei)
53, 110105 (2015).

[38] D. Chowdhury, L. Sriramkumar, and M. Kamionkowski,
J. Cosmol. Astropart. Phys. 10 (2018) 031.

[39] R. Sharma, K. Subramanian, and T. R. Seshadri, Phys. Rev.
D 97, 083503 (2018).

[40] M. Giovannini, Classical Quantum Gravity 38, 135018
(2021).

[41] M. Giovannini, Phys. Rev. D 104, 123509 (2021).

[42] E. V. Gorbar, K. Schmitz, O.O. Sobol, and S.IL
Vilchinskii, Phys. Rev. D 104, 123504 (2021).

[43] E. V. Gorbar, K. Schmitz, O.O. Sobol, and S.IL
Vilchinskii, Phys. Rev. D 105, 043530 (2022).

[44] S. Tripathy, D. Chowdhury, R.K. Jain,
Sriramkumar, Phys. Rev. D 105, 063519 (2022).

[45] C.R. Contaldi, M. Peloso, L. Kofman, and A.D. Linde,
J. Cosmol. Astropart. Phys. 07 (2003) 002.

[46] R. Sinha and T. Souradeep, Phys. Rev. D 74, 043518
(2006).

[47] B. A. Powell and W. H. Kinney, Phys. Rev. D 76, 063512
(2007).

[48] R. K. Jain, P. Chingangbam, J.-O. Gong, L. Sriramkumar,
and T. Souradeep, J. Cosmol. Astropart. Phys. 01 (2009)
009.

[49] R.K. Jain, P. Chingangbam, L. Sriramkumar, and T.
Souradeep, Phys. Rev. D 82, 023509 (2010).

[50] D. K. Hazra, M. Aich, R. K. Jain, L. Sriramkumar, and T.
Souradeep, J. Cosmol. Astropart. Phys. 10 (2010) 008.

and L.

043501-20


https://doi.org/10.1016/S0370-1573(00)00110-1
https://doi.org/10.1016/S0370-1573(00)00110-1
https://doi.org/10.1142/S0218271804004530
https://doi.org/10.1016/j.physrep.2005.06.005
https://doi.org/10.1016/j.physrep.2005.06.005
https://doi.org/10.1088/0034-4885/71/4/046901
https://doi.org/10.1088/0034-4885/71/4/046901
https://doi.org/10.1002/asna.200911312
https://doi.org/10.1016/j.physrep.2011.03.001
https://doi.org/10.1016/j.physrep.2011.03.001
https://doi.org/10.1007/s11214-011-9833-5
https://doi.org/10.1007/s11214-011-9833-5
https://doi.org/10.1007/s00159-013-0062-7
https://doi.org/10.1007/s00159-013-0062-7
https://doi.org/10.1088/0034-4885/79/7/076901
https://doi.org/10.1088/1361-6633/ac03a9
https://doi.org/10.1126/science.1184192
https://doi.org/10.1111/j.1745-3933.2010.00884.x
https://doi.org/10.1111/j.1745-3933.2010.00884.x
https://doi.org/10.1088/2041-8205/727/1/L4
https://doi.org/10.1088/2041-8205/733/2/L21
https://doi.org/10.1088/2041-8205/747/1/L14
https://doi.org/10.1051/0004-6361/201116441
https://doi.org/10.1051/0004-6361/201116441
https://doi.org/10.1088/2041-8205/744/1/L7
https://doi.org/10.1088/2041-8205/744/1/L7
https://arXiv.org/abs/2210.03321
https://arXiv.org/abs/2210.03321
https://doi.org/10.1103/PhysRevD.37.2743
https://doi.org/10.1103/PhysRevD.37.2743
https://doi.org/10.1086/186384
https://doi.org/10.1103/PhysRevD.69.043507
https://doi.org/10.1103/PhysRevD.69.043507
https://doi.org/10.1088/1475-7516/2007/02/030
https://doi.org/10.1088/1475-7516/2007/02/030
https://doi.org/10.1088/1475-7516/2008/01/025
https://doi.org/10.1088/1475-7516/2008/01/025
https://doi.org/10.1088/1475-7516/2008/04/024
https://doi.org/10.1088/1475-7516/2008/04/024
https://doi.org/10.1103/PhysRevLett.102.191302
https://doi.org/10.1103/PhysRevLett.102.191302
https://doi.org/10.1088/1475-7516/2009/12/009
https://doi.org/10.1088/1475-7516/2009/12/009
https://doi.org/10.1088/1475-7516/2009/08/025
https://doi.org/10.1088/1475-7516/2009/08/025
https://doi.org/10.1088/1475-7516/2012/03/009
https://doi.org/10.1088/1475-7516/2013/10/004
https://doi.org/10.1088/1475-7516/2013/10/004
https://doi.org/10.1088/1475-7516/2014/06/053
https://doi.org/10.1088/1475-7516/2014/06/053
https://doi.org/10.1088/1475-7516/2017/06/035
https://doi.org/10.1088/1475-7516/2021/04/009
https://doi.org/10.1016/j.dark.2022.101025
https://doi.org/10.1016/j.dark.2022.101025
https://doi.org/10.1088/1475-7516/2006/10/018
https://doi.org/10.1088/1475-7516/2006/10/018
https://doi.org/10.1088/1475-7516/2011/03/037
https://doi.org/10.1088/1475-7516/2011/03/037
https://doi.org/10.1088/1475-7516/2014/10/056
https://doi.org/10.1088/1475-7516/2014/10/056
https://doi.org/10.6122/CJP.20150909
https://doi.org/10.6122/CJP.20150909
https://doi.org/10.1088/1475-7516/2018/10/031
https://doi.org/10.1103/PhysRevD.97.083503
https://doi.org/10.1103/PhysRevD.97.083503
https://doi.org/10.1088/1361-6382/abf899
https://doi.org/10.1088/1361-6382/abf899
https://doi.org/10.1103/PhysRevD.104.123509
https://doi.org/10.1103/PhysRevD.104.123504
https://doi.org/10.1103/PhysRevD.105.043530
https://doi.org/10.1103/PhysRevD.105.063519
https://doi.org/10.1088/1475-7516/2003/07/002
https://doi.org/10.1103/PhysRevD.74.043518
https://doi.org/10.1103/PhysRevD.74.043518
https://doi.org/10.1103/PhysRevD.76.063512
https://doi.org/10.1103/PhysRevD.76.063512
https://doi.org/10.1088/1475-7516/2009/01/009
https://doi.org/10.1088/1475-7516/2009/01/009
https://doi.org/10.1103/PhysRevD.82.023509
https://doi.org/10.1088/1475-7516/2010/10/008

CIRCUMVENTING THE CHALLENGES IN THE CHOICE OF THE ...

PHYS. REV. D 107, 043501 (2023)

[51] M. Benetti, Phys. Rev. D 88, 087302 (2013).

[52] D.K. Hazra, A. Shafieloo, G.F. Smoot, and A.A.
Starobinsky, Phys. Rev. Lett. 113, 071301 (2014).

[53] D.K. Hazra, A. Shaficloo, G.F. Smoot, and A.A.
Starobinsky, J. Cosmol. Astropart. Phys. 08 (2014) 048.

[54] X. Chen, P. D. Meerburg, and M. Miinchmeyer, J. Cosmol.
Astropart. Phys. 09 (2016) 023.

[55] X. Chen, C. Dvorkin, Z. Huang, M. H. Namjoo, and L.
Verde, J. Cosmol. Astropart. Phys. 11 (2016) 014.

[56] H. V. Ragavendra, D. Chowdhury, and L. Sriramkumar,
Phys. Rev. D 106, 043535 (2022).

[57] A. Antony and S. Jain, Eur. Phys. J. C 82, 687 (2022).

[58] M. Braglia, X. Chen, D.K. Hazra, and L. Pinol,
arXiv:2210.07028.

[59] J. Garcia-Bellido and E. Ruiz Morales, Phys. Dark
Universe 18, 47 (2017).

[60] G. Ballesteros and M. Taoso, Phys. Rev. D 97, 023501
(2018).

[61] C. Germani and T. Prokopec, Phys. Dark Universe 18, 6
(2017).

[62] I. Dalianis, A. Kehagias, and G. Tringas, J. Cosmol.
Astropart. Phys. 01 (2019) 037.

[63] N. Bhaumik and R. K. Jain, J. Cosmol. Astropart. Phys. 01
(2020) 037.

[64] H. V. Ragavendra, P. Saha, L. Sriramkumar, and J. Silk,
Phys. Rev. D 103, 083510 (2021).

[65] I. Dalianis and K. Kritos, Phys. Rev. D 103, 023505
(2021).

[66] H. V. Ragavendra, Phys. Rev. D 105, 063533 (2022).

[67] M. Braglia, D. K. Hazra, L. Sriramkumar, and F. Finelli,
J. Cosmol. Astropart. Phys. 08 (2020) 025.

[68] G. A. Palma, S. Sypsas, and C. Zenteno, Phys. Rev. Lett.
125, 121301 (2020).

[69] J. Fumagalli, S. Renaux-Petel, J. W. Ronayne, and L. T.
Witkowski, arXiv:2004.08369.

[70] M. Braglia, D.K. Hazra, F. Finelli, G.F. Smoot, L.
Sriramkumar, and A. A. Starobinsky, J. Cosmol. Astropart.
Phys. 08 (2020) 001.

[71] S. Pi, Y.-1. Zhang, Q.-G. Huang, and M. Sasaki, J. Cosmol.
Astropart. Phys. 05 (2018) 042.

[72] M. Braglia, X. Chen, and D.K. Hazra, J. Cosmol.
Astropart. Phys. 03 (2021) 005.

[73] P.A.R. Ade et al. (Planck Collaboration), Astron. As-
trophys. 594, A19 (2016).

[74] A.Lewis, A. Challinor, and A. Lasenby, Astrophys. J. 538,
473 (2000).

[75] A.Zucca, Y. Li, and L. Pogosian, Phys. Rev. D 95, 063506
(2017).

[76] C. Bonvin, C. Caprini, and R. Durrer, Phys. Rev. D 86,
023519 (2012).

[77] C. Bonvin, C. Caprini, and R. Durrer, Phys. Rev. D 88,
083515 (2013).

[78] Y. Akrami et al. (Planck Collaboration), Astron. Astro-
phys. 641, A10 (2020).

[79] P.A.R. Ade et al. (BICEP/Keck Collaboration), Phys.
Rev. Lett. 127, 151301 (2021).

[80] N. C. Tsamis and R. P. Woodard, Phys. Rev. D 69, 084005
(2004).

[81] W. H. Kinney, Phys. Rev. D 72, 023515 (2005).

[82] Z. Lalak, D. Langlois, S. Pokorski, and K. Turzynski,
J. Cosmol. Astropart. Phys. 07 (2007) 014.

[83] R. Kallosh, A. Linde, and Y. Yamada, J. High Energy
Phys. 01 (2019) 008.

[84] C. Gordon, D. Wands, B. A. Bassett, and R. Maartens,
Phys. Rev. D 63, 023506 (2000).

[85] B. A. Bassett, S. Tsujikawa, and D. Wands, Rev. Mod.
Phys. 78, 537 (20006).

[86] R. N. Raveendran and L. Sriramkumar, Phys. Rev. D 99,
043527 (2019).

[87] T.R. Seshadri and K. Subramanian, Phys. Rev. Lett. 87,
101301 (2001).

[88] A. Mack, T. Kahniashvili, and A. Kosowsky, Phys. Rev. D
65, 123004 (2002).

[89] A. Lewis, Phys. Rev. D 70, 043011 (2004).

[90] F. Finelli, F. Paci, and D. Paoletti, Phys. Rev. D 78, 023510
(2008).

[91] D. Paoletti, F. Finelli, and F. Paci, Mon. Not. R. Astron.
Soc. 396, 523 (2009).

[92] J.R. Shaw and A. Lewis, Phys. Rev. D 81, 043517 (2010).

[93] J. Adamek, R. Durrer, E. Fenu, and M. Vonlanthen,
J. Cosmol. Astropart. Phys. 06 (2011) 017.

[94] J.R. Shaw and A. Lewis, Phys. Rev. D 86, 043510 (2012).

[95] C. Caprini, R. Durrer, and T. Kahniashvili, Phys. Rev. D
69, 063006 (2004).

[96] M. Ballardini, F. Finelli, and D. Paoletti, J. Cosmol.
Astropart. Phys. 10 (2015) 031.

[97] R. Sharma, K. Subramanian, and T. R. Seshadri, Phys. Rev.
D 101, 103526 (2020).

[98] S. Okano and T. Fujita, J. Cosmol. Astropart. Phys. 03
(2021) 026.

[99] A. Brandenburg, Y. He, and R. Sharma, Astrophys. J. 922,
192 (2021).

[100] A. Brandenburg and R. Sharma, Astrophys. J. 920, 26
(2021).
[101] R. M. Corless, G. H. Gonnet, D. E. Hare, D. J. Jeffrey, and

D. E. Knuth, Adv. Comput. Math. 5, 329 (1996).

043501-21


https://doi.org/10.1103/PhysRevD.88.087302
https://doi.org/10.1103/PhysRevLett.113.071301
https://doi.org/10.1088/1475-7516/2014/08/048
https://doi.org/10.1088/1475-7516/2016/09/023
https://doi.org/10.1088/1475-7516/2016/09/023
https://doi.org/10.1088/1475-7516/2016/11/014
https://doi.org/10.1103/PhysRevD.106.043535
https://doi.org/10.1140/epjc/s10052-022-10616-2
https://arXiv.org/abs/2210.07028
https://doi.org/10.1016/j.dark.2017.09.007
https://doi.org/10.1016/j.dark.2017.09.007
https://doi.org/10.1103/PhysRevD.97.023501
https://doi.org/10.1103/PhysRevD.97.023501
https://doi.org/10.1016/j.dark.2017.09.001
https://doi.org/10.1016/j.dark.2017.09.001
https://doi.org/10.1088/1475-7516/2019/01/037
https://doi.org/10.1088/1475-7516/2019/01/037
https://doi.org/10.1088/1475-7516/2020/01/037
https://doi.org/10.1088/1475-7516/2020/01/037
https://doi.org/10.1103/PhysRevD.103.083510
https://doi.org/10.1103/PhysRevD.103.023505
https://doi.org/10.1103/PhysRevD.103.023505
https://doi.org/10.1103/PhysRevD.105.063533
https://doi.org/10.1088/1475-7516/2020/08/025
https://doi.org/10.1103/PhysRevLett.125.121301
https://doi.org/10.1103/PhysRevLett.125.121301
https://arXiv.org/abs/2004.08369
https://doi.org/10.1088/1475-7516/2020/08/001
https://doi.org/10.1088/1475-7516/2020/08/001
https://doi.org/10.1088/1475-7516/2018/05/042
https://doi.org/10.1088/1475-7516/2018/05/042
https://doi.org/10.1088/1475-7516/2021/03/005
https://doi.org/10.1088/1475-7516/2021/03/005
https://doi.org/10.1051/0004-6361/201525821
https://doi.org/10.1051/0004-6361/201525821
https://doi.org/10.1086/309179
https://doi.org/10.1086/309179
https://doi.org/10.1103/PhysRevD.95.063506
https://doi.org/10.1103/PhysRevD.95.063506
https://doi.org/10.1103/PhysRevD.86.023519
https://doi.org/10.1103/PhysRevD.86.023519
https://doi.org/10.1103/PhysRevD.88.083515
https://doi.org/10.1103/PhysRevD.88.083515
https://doi.org/10.1051/0004-6361/201833887
https://doi.org/10.1051/0004-6361/201833887
https://doi.org/10.1103/PhysRevLett.127.151301
https://doi.org/10.1103/PhysRevLett.127.151301
https://doi.org/10.1103/PhysRevD.69.084005
https://doi.org/10.1103/PhysRevD.69.084005
https://doi.org/10.1103/PhysRevD.72.023515
https://doi.org/10.1088/1475-7516/2007/07/014
https://doi.org/10.1007/JHEP01(2019)008
https://doi.org/10.1007/JHEP01(2019)008
https://doi.org/10.1103/PhysRevD.63.023506
https://doi.org/10.1103/RevModPhys.78.537
https://doi.org/10.1103/RevModPhys.78.537
https://doi.org/10.1103/PhysRevD.99.043527
https://doi.org/10.1103/PhysRevD.99.043527
https://doi.org/10.1103/PhysRevLett.87.101301
https://doi.org/10.1103/PhysRevLett.87.101301
https://doi.org/10.1103/PhysRevD.65.123004
https://doi.org/10.1103/PhysRevD.65.123004
https://doi.org/10.1103/PhysRevD.70.043011
https://doi.org/10.1103/PhysRevD.78.023510
https://doi.org/10.1103/PhysRevD.78.023510
https://doi.org/10.1111/j.1365-2966.2009.14727.x
https://doi.org/10.1111/j.1365-2966.2009.14727.x
https://doi.org/10.1103/PhysRevD.81.043517
https://doi.org/10.1088/1475-7516/2011/06/017
https://doi.org/10.1103/PhysRevD.86.043510
https://doi.org/10.1103/PhysRevD.69.063006
https://doi.org/10.1103/PhysRevD.69.063006
https://doi.org/10.1088/1475-7516/2015/10/031
https://doi.org/10.1088/1475-7516/2015/10/031
https://doi.org/10.1103/PhysRevD.101.103526
https://doi.org/10.1103/PhysRevD.101.103526
https://doi.org/10.1088/1475-7516/2021/03/026
https://doi.org/10.1088/1475-7516/2021/03/026
https://doi.org/10.3847/1538-4357/ac20d9
https://doi.org/10.3847/1538-4357/ac20d9
https://doi.org/10.3847/1538-4357/ac1599
https://doi.org/10.3847/1538-4357/ac1599
https://doi.org/10.1007/BF02124750

