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The gravitational waves emitted by massive black hole binaries in the Laser Interferometer Space
Antenna (LISA) band can be lensed. Wave-optics effects in the lensed signal are crucial when the
Schwarzschild radius of the lens is smaller than the wavelength of the radiation. These frequency-
dependent effects can enable us to infer the lens parameters, possibly with a single detection alone. In this
work, we assess the observability of wave-optics effects with LISA by performing an information-matrix
analysis using analytical solutions for both point-mass and singular isothermal sphere lenses. We use
gravitational-waveform models that include the merger, ringdown, higher harmonics, and aligned spins to
study how waveform models and source parameters affect the measurement errors in the lens parameters.
We find that previous work underestimated the observability of wave-optics effects and that LISA can
detect lensed signals with higher impact parameters and lower lens masses.
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I. INTRODUCTION

When electromagnetic (EM) waves travel near massive
objects over cosmological distances, they get gravitation-
ally lensed [1]. Gravitational lensing leads to many exciting
observations in the EM band, such as distortions of galaxy
images into long arcs or “Einstein rings,” multiple images
of the same supernova explosion, and statistical distortions
of background radiation in the limit of weak lensing.
Gravitational lensing of EM waves is widely utilized in
cosmology, astrophysics, and astronomy to reveal evidence
of dark matter [2,3], discover exoplanets [4], measure the
Hubble constant [5], and uncover massive objects and
structures that are too faint to be detected directly [6], for
example.

Just like EM waves, gravitational waves (GWs) can also
get gravitationally lensed [7-12]. If observed, lensed GWs
could enable a plethora of new scientific studies. When
combined with EM lensing surveys, they may allow us to
locate merging black holes at a subarcsecond precision [13].
If accompanied by an EM counterpart, the submillisecond
lensing time-delay measurements granted by GW observa-
tions could enable precision cosmography [13—18]. It has
also been suggested that lensed GW's can be used to measure
the speed and polarization content of GWs [19-21], detect
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intermediate-mass and primordial black holes through
microlensing [22-24], and constrain the population of
lenses [25].

The prospect of observing GW lensing at low frequencies
with the Laser Interferometer Space Antenna (LISA) [26] is
particularly exciting. While the geometric-optics approxi-
mation holds for the strongly lensed stellar-mass black
hole binary (BHB) mergers accessible to the ground-based
GW detectors such as LIGO [27], Virgo [28], and
KAGRA [7,9,12,29-32], the massive black hole binaries
(MBHBSs) detectable by LISA emit GWs at much lower
frequencies, allowing the possibility for wave-optics effects
(such as diffraction) to be detected in the lensed signal. If the
Schwarzschild radius of the lens is smaller than the wave-
length A of the GWs, diffraction effects are crucial. For
diffraction to be prominent, the lens mass M must satisfy the
condition [12]

My < 10°M, (é)l (1)

where f is the GW frequency.

Wave-optics effects can lead to frequency-dependent
amplitude and phase modulations in the GW detections.
Therefore, LISA detections of these lensing-induced effects
may be used to measure the lens parameters, such as the
redshifted lens mass M, = (1 + z; )My, where z; is the
redshift of the lens, and the position of the source in
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the source plane. More ambitiously, if the event rates are
large enough, the measurement of lens parameters may
even enable us to probe the lens population. Furthermore,
the characteristic interference patterns observed in the
signal can be used to break the so-called mass-sheet
degeneracy, in part of the wave-optics regime and in the
interference regime, with only one lensed waveform [33].

Wave-optics effects in gravitational lensing of GWs have
been extensively studied in the literature [7,11,12,24,33-38].
In their pioneering work, Takahashi and Nakamura [12]
(henceforth TN) calculated how accurately the lens param-
eters could be measured using an information-matrix analy-
sis. They considered GWs lensed by either point-mass (PM)
or singular isothermal sphere (SIS) lenses in the mass range
My, € [10°,10°]M,. For a LISA MBHB with detector-
frame (redshifted) total mass My, = 2 X 106MO, and mass
ratio g = 1, they found that wave-optics effects allow for the
measurement of the lens parameters for SIS lenses in the
range M, ~ 10°~108M 5. However, TN found that lensing
magnification is negligible and that the lens parameters are
not well measured for My, < 10°M ; therefore, they did not
investigate the case of lower lens masses.

Recent work [34] claimed that over (0.1-1.6)% of the
MBHBs with total (source-frame) mass 10°~10%3 M and
redshift zg = 4-10 could have wave-optics effects detect-
able by LISA even when the impact parameter y is as large
as y ~ 50. This claim is noteworthy for three reasons: (i) if
robust, the lensing probability could be an order of
magnitude larger than what was claimed in previous work;
(i) TN found that, for SIS lenses, wave-optics effects
would be detectable for impact parameters as high as y ~ 3,
considerably smaller than the value (y ~ 50) found in [34];
and (iii) according to Ref. [34], wave-optics effects could
be distinguishable for SIS lenses with M, = 10'-10*M,,
several orders of magnitude smaller than the value of
M;, = 10°M, considered in the TN study. These interest-
ing claims motivated us to revisit the problem.

The authors of Ref. [34] defined detectability in terms of
the so-called “Lindblom criterion” [39-42], i.e., they
assumed the difference 6h = h; — hy between the lensed
waveform #h; and the unlensed waveform hy to be
discernible when (8h|6h) > 1. According to this rough
criterion, the wave-optics effects are measurable if the
signal-to-noise ratio (SNR) of the difference between
the lensed and unlensed waveform is greater than 1. The
criterion may be too optimistic because it assumes that the
deviations from the theoretical waveform are solely due to
lensing and might not account for possible degeneracies
between the source and lens parameters (see, e.g., [43]).

One of the main goals of this paper is to update the
pioneering TN exploration of the detectability and measur-
ability of lensing effects in the GW signals emitted by
MBHBs. The TN study predated the 2005 numerical
relativity breakthrough, and, therefore, used an inspiral-
only waveform based on the restricted post-Newtonian

approximation, which does not take into account the merger,
ringdown, and higher-order modes. In this work we use two
waveform models: (i) IMRPhenomD, a (quadrupole-only)
phenomenological waveform model describing the full
inspiral, merger, and ringdown of aligned-spin BHBs
[44,45], and (ii) IMRPhenomHM, a phenomenological wave-
form model that also includes the higher-order modes [46].
The comparison between IMRPhenomD and IMRPhenomHM
allows us to investigate the effects of higher-order modes
on the measurability of lensing.

In their study, TN approximated lensed waveforms using
either the geometric-optics limit or the short-time-delay limit.
They also used the low-frequency approximation for the
detector response, as opposed to the full response. We use
analytical solutions to the lensing diffraction integral in the
wave-optics regime for both PM and singular isothermal
sphere (SIS) lenses and use these solutions to obtain analyti-
cal derivatives of the lensing diffraction integral. We use
these analytical derivatives to determine the precision with
which the lens parameters can be measured by extending the
information-matrix calculation implemented in the LISABETA
code [47], which computes the LISA detector response in the
Fourier domain. Our 13-dimensional matrices include all
source parameters (including aligned spins) as well as the lens
parameters and account for possible degeneracies between
them. In this way, we can estimate the errors in the lens
parameters for MBHBs in a wide range of lens masses M| , €
[10',10°]M, and impact parameters y € [0.01,200].

The paper is organized as follows. In Sec. II, we review
wave-optics effects in the gravitational lensing of GWs and
provide analytical solutions to the diffraction integral for
both PM and SIS lenses. In Sec. III, we describe the effect
of lensing on GWs and provide examples of lensed
waveforms and the information-matrix formalism used to
estimate measurement uncertainties in the MBHB and lens
parameters. In Sec. IV, we discuss the measurement errors
of lensing parameters, and in Sec. V, we present conclu-
sions and possible directions for future work. Throughout
the paper, we assume a ACDM cosmology with cosmo-
logical parameter values matching Planck 2018 [48]:
Hubble constant H, = 67.4 kms~' Mpc~!, and matter
density €,, = 0.315. Unless specified otherwise, we work
in geometrical units (G = ¢ = 1).

II. GRAVITATIONAL LENSING
AND WAVE OPTICS

The effect of a lens on GW propagation can be obtained
by solving the complex-valued diffraction integral1 for a
given source frequency f [12]:

'We prefer to call this quantity the diffraction integral (rather
than the “amplification factor,” as it is also known) because, in the
regime of interest for this paper, lensing can induce frequency-
dependent modulations in both the amplitude and phase of
the GWs.
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Ds(1 +21.)&

F(f.y) = DD

JTC/ dPxexp2zifta(x.y)].  (2)

The integral is over all possible paths, including those
which are not geodesics. Here, Dy, Dg, and D;g are the
angular-diameter distances from the observer to the lens,
from the observer to the source, and from the lens to the
source, respectively. The dimensionless 2-vectors x and y
are defined as

D
x= and y=n—— (3)

£
$o &oDs’
where € and 7 are the physical coordinates of the image in
the lens plane and of the source in the source plane,
respectively.

The arbitrary length normalization &, is usually chosen
to be the relevant scale of the problem. The time delay for a
given path is defined as

D&2
Iq (x7y) - DLSDI(_),S

(1420 3Py +90)[. @

where y(x) is the deflection potential. The quantity ¢(y)
sets the zero point of the time delay for a given source
position y, and it does not affect the relative time delay
between different paths. For convenience, we set ¢(y) so
that the minimum possible time delay min, 74(x,y) is zero.

From now on, for simplicity, we will restrict our
discussion to spherically symmetric lenses. In this case,
the problem becomes one dimensional, so y(x) = y(x),
and ¢(y) = ¢(y), where x = |x| and y = |y|. Without loss
of generality, the angular integral in Eq. (2) can be
performed by aligning the reference direction of the polar
coordinates with y, resulting in

Flvy)=Yesp {2440 |
x A ” xdxexp {iw [%—w(x)] }Jo(wxy). (5)

Here,

WEDS(S%(I +ZL)<2”f) (6)
DDy s

is a dimensionless frequency, and J, denotes the zeroth-
order Bessel function. We will now apply Eq. (5) to two
specific mass distributions.

A. Point-mass lens

Let us first consider the simple case of a PM lens, for
which the mass density ppy(r) = M 8°(r). Here, 5°(r) is
the three-dimensional Dirac delta function. A natural
choice for &, is the Einstein radius, i.e.,

4M; D; D 1/2
= (MDs) )
S

With this choice, we have w(x) =Inx, and the radial
integral can be solved analytically with the result [12]

2 2

2
XF<1—51)1F1<51,1;TZ>. (8)

Here, w = 8zMy (1 +z1)f, ¢(y) = (x; —y)?/2—Inx,,
x, = [(»* +4)/2 +y]/2, and | F,(a, b; z) is the confluent
hypergeometric function.

F(w,y) = exp {% +is [lnE - 2(/)@)} }

B. Singular isothermal sphere lens

For a singular isothermal sphere (SIS) with velocity
dispersion o,, the mass density reads pgs(r) =02/ (2x|r|?).
For an axially symmetric gravitational lens, the lens mass
M;, is defined as the amount of mass enclosed within the
Einstein radius of the lens. Therefore, the total mass of the
lens and the lens mass are equivalent for a point-mass lens.
This may not be the case for other lens profiles; for
example, the total mass of a dark matter halo with the
SIS profile is different from the lens mass of the halo. For
the SIS profile, the lens mass is related to o, as

47%6* Dy D
ML: -0, Uy, LS' (9)
Dg

The Einstein radius is

) = 4HG%DLDLS _ (4MLDLDLS> 1/2’ (10)

Dy Dg

and w = 8zMy (1 4 z)f (as in the case of a PM lens).

We choose the normalization to be &, giving w(x) = x
and ¢(y) =y+1/2 in Eq. (5) for the SIS lens. The
resulting formula for the radial integral can be found in
Ref. [12]. The numerical evaluation of this formula is
difficult for large values of w and y since both the
exponential and Bessel-function factors in the integrand
can oscillate rapidly.

Several different numerical approaches have been pro-
posed to tackle this problem [12,49,50]. Here, we propose
and implement a simple, effective method based on a
Taylor expansion” of the exponential factor exp[—iwy (x)]

“After our preprint appeared on the arXiv, Ryuichi Takahashi
brought to our attention that a perturbative expansion of the
lensing potential to find analytical solution of the diffraction
integral for SIS lenses was also proposed in Ref. [S1].
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in Eq. (5). We begin our evaluation by defining the
integral3

1(w.y) = / T X2 o (way)dx (11)
0

-1 (%)NF(N)IH (N, I —iWTyZ), (12)

where N = (n + 2)/2. We also define the series expansion
of the exponential of the potential,

¥, (w (13)
=0

Y(w, x) = e~ M)

n

Using these definitions, Eq. (5) can then be evaluated by
integrating the expansion term by term, which gives

Fw,y) = —eXp{ {2+¢(y)”§;‘l‘n(vv)l w

This series is usually only conditionally convergent or even
divergent, but it can be summed with the help of series
acceleration techniques. For an SIS lens, w(x) = x, so
¥,(w) = (—iw)"/n!, and the Shanks transformation (e.g.,
see [53]) performs well in accelerating the summation.
When (w,y) approaches the geometric-optics limit, this
series requires very high floating-point precision and
sufficiently many terms to provide satisfactory conver-
gence. So, in practice, we use a piecewise strategy to
evaluate F(w, y) with the help of geometric-optics approxi-
mation, detailed in Appendix A.

Diffraction integrals computed using Eq. (8) (for PM
lenses, top panels) and this analytical solution (for SIS
lenses, bottom panels) are shown in Fig. 1. For a given
impact parameter y, at sufficiently small values of the
dimensionless frequency w, the lensing effect is negligible
because the lens size is negligible compared to the wave-
length of GWs. As w increases, the effect of lensing starts to
be visible through the oscillations of F(w,y) as a function
of w. The value of w marking the transition between these
two regimes depends on the impact parameter y.

In closing this section, let us note that the total mass of the
SIS profile is, strictly speaking, infinite. This nonphysical
behavior is conventionally regularized by introducing an
outer boundary at r = r, such that pgis(ra) = Ap,,, Where
A is a dimensionless constant (we set A = 200), and p., =
3H? /(87) is the critical density of the Universe at the redshift
7z, with the corresponding Hubble parameter H;. In
Appendix B, we demonstrate that this truncation does not
affect our results.

(14)

This integral corresponds to Eq. (6.631.1) in Ref. [52] if we
make the substitutions@ = —iw/2, = wy,u = n+ l,andv = 0.

ITII. LENSED GRAVITATIONAL WAVEFORMS
AND INFORMATION-MATRIX FORMALISM

The lensed gravitational waveform in the frequency
domain A%(f;6%) = h: — ih% is given by the product of
the diffraction integral F(w,y) and the unlensed waveform

h(f).

R-(£36°,60%) = F(w, y)h(f:6%), (15)
where w =8zMy,f, and y and F(w,y) are given
by Egs. (3) and (5), respectively. The vector 65 =
{Mr,.q.d. te. 1., A By, Y. xp}  includes 11 source
parameters: the detector-frame total mass Mr,, mass ratio
g, luminosity distance to the source d;, coalescence time f,
inclination angle 1, coalescence phase ¢., right ascension 4,
declination f, polarization angle y, and two parameters—
the “effective spin” y, = (my, + moy,)/(m; + m,) and
the asymmetric spin combination y,, = (my; — myy,)/
(m; + m,)—for the spins of the binary components,
which we assume to be aligned with the orbital angular
momentum. The vector 8% = {M,,,y} includes, in con-
trast, the lens parameters. Using the decomposition of the
waveform in spin-weighted spherical harmonics 71( 1,05 =
S vm Y emhen(f:65), and Eq. (15), it is straightforward
to derive the expression of the lensed GW modes

L (£:65) as

h%m(f;os’aL) = F<W7 y)ilfm<f; 05) (16)

A GW signal causes a shift in the frequency of the laser
traveling between spacecraft pairs in the LISA constella-
tion. This effect can be described using three reduced TDI
observables: a(f), e(f) and 7(f). These observables are
mutually independent, and they represent a particular
combination of the shifts in the laser frequency between
spacecraft pairs that reduces the effect of the laser noise.
Their definition is

(Nl(f ZTaet hfm f 0 ) (17)

where Tgf;"l( f) are mode-by-mode transfer functions
describing the response of the LISA detector to the passage
of the GW signal defined in Eq. (20) of Ref. [54], and
g (f) are the modes of the gravitational radiation crossing
the LISA detector. In the case of a lensed signal, the GW
modes /., (f;6°%) should be replaced by the lensed modes
R (f;605,6%) defined in Eq. (16).

In Fig. 2, we show the amplitude of the three reduced
TDI observables as a function of the GW frequency for a
reference source with binary parameters M, =6x 10°M,,
=2, 1=242, ¢.=184, 1=03, p=0.3, and
w = 0.94. We compare the unlensed GW signal with the
same signals lensed by either PM or SIS lenses with
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|F(w,y) = 1] xy

X f [Hz]
10~ 1073 102 107!

102 107! 10° 10! 102

FIG. 1.

Left panels: absolute value of the diffraction integral “contrast”

arg F'(w,y)
X f [Hz].
10~# 1073 102 107!
+m/2

" m -
1072 107! 10° 10! 10?
w
F(w,y) — 1|, multiplied by the impact parameter y to compensate

for the dynamic range. Right panels: phase factor arg F(w, y). These quantities were computed by evaluating the diffraction integral for the
PM lens (top row) and SIS lens (bottom row), and they are shown as functions of the dimensionless frequency w = 8zM; , f and impact
parameter y. The top x axis in each panel shows the physical frequency (in Hz) corresponding to a redshifted lens mass M, = 10°M,.

redshift z; = 1, redshifted lens mass My, =2 x 10’ Mg,
and impact parameter y = 1.0. Diffraction effects are
clearly visible, and the amplitude and frequency of the
wave-optics modulations depend on the structure of the
lens. Both the PM and the SIS lenses induce strong
oscillations in the amplitude of the TDI reduced observ-
ables at frequencies around 0.1 mHz because lensing
causes GWs to travel through different path lengths and
therefore produces interference.

We use the information-matrix formalism (or linear
signal approximation) [12,55-57] to determine the uncer-
tainties in estimating the parameters of the MBHB system
and the lens. This formalism is valid in the large-SNR limit,
and therefore it is expected to be accurate for most LISA
MBHBEs. In the linear signal approximation, the likelihood
associated with each reduced TDI observable in Eq. (17) is
a multidimensional Gaussian of the form

1 -
p(A0)) :Nexp{—EF?;AHiAHJ}, (18)

where 6 = {65,0"}, Fl% is the information matrix associ-
ated with each observable X € {@,&,7}, and N =

v/det(T'/2z) is a normalization factor. The information
matrix for each reduced TDI observable reads

; oX | oX
I = (ﬁ ) (19)

90
where the inner product is defined as

(alb) E4Re/ooodf%?f*)(f), (20)

and S, (f) is the sciDRv1 [58] LISA power spectral density
(PSD). In practice, for each binary, we fixed the initial
frequency of the integral in Eq. (20) to obtain a time to
merger of at most one year, with a lower boundary of
fmin = 107 Hz. The detailed calculation of the derivatives
of X appearing in Eq. (19) is given in Appendix C. Since
the TDI observables are independent, the total likelihood is
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FIG. 2. Comparison between the frequency-domain amplitude of unlensed waveforms (solid lines) and waveforms lensed by a PM
(dotted) or SIS (dashed) lens. Left panel: blue and red lines refer to the time-delay interferometry (TDI) observables @ and é,
respectively. Right panel: TDI observable 7, where the signal amplitude is much smaller. All results refer to a redshifted lens mass
My, =2 x 107 Mg, a lens redshift z; = 1, and an impact parameter y = 1.0. The source parameters are M1, = 6 x 10°M, zg = 2,
1=242, ¢, =184,2=03, =03,y =094, and y,, =y, = 0.

the product of the likelihoods, and therefore the total
information matrix is

=T +T5+ 1 (21)
The uncertainties on the parameters @ can then be found
from the variance-covariance matrix (the inverse of the
information matrix):

(AO'AGTY = (T1)i, (22)

IV. RESULTS

In this section, we investigate how waveform models and
source parameters affect the measurement of the lens
parameters for both PM and SIS lenses. We first investigate
how the measurement of the lens parameters is affected by
different waveform models (Sec. IV A) and source param-
eters (Sec. IV B). Then we present an extensive exploration
of lens-parameter measurement accuracy for a wide range
of lens masses and impact parameters, considering first PM
lenses (Sec. IV C) and then SIS lenses (Sec. IV D).

A. Effect of the merger, ringdown, and higher-order
modes on the measurement of the lens parameters

Our goal is to improve over the pioneering TN analy-
sis [12] by considering the effects of the merger, ringdown,
and higher harmonics. In their work, the errors in the lens
mass and impact parameter were estimated for a single
MBHB and scaled by the source SNR to estimate the
measurement uncertainty of lens parameters for other
lensed MBHBs. More importantly, the TN analysis

predated the 2005 numerical relativity breakthrough and
therefore included neither the merger and ringdown nor
higher harmonics. Furthermore, their work does not include
an exploration of how other source parameters (such as the
binary’s inclination angle and component spins) affect the
measurement of the lens parameters.

We estimate measurement uncertainties on M;, and y
for O(100) MBHBs with fixed intrinsic parameters (to
begin with, we fix the detector-frame total mass My, =
2 X 106M®, mass ratio g = 1, and redshift zg = 1), and
randomly sampled extrinsic parameters (inclination angle z,
coalescence phase ¢,., right ascension 4, declination f, and
polarization angle y) over uniform distributions. To under-
stand the effect of the merger/ringdown, higher-order
modes, and spins, we focus on four representative wave-
form models: (i) a nonspinning IMRPhenomD model where
the signal is truncated at the innermost stable circular orbit
(henceforth ISCO), which includes only the inspiral part of
the waveform and closely mimics the TN results; (ii) a
nonspinning IMRPhenomD model including the merger
and ringdown (MR); (iii) a nonspinning IMRPhenomHM
model including both MR and higher-order modes
(HM); (iv) an IMRPhenomHM model with extremal spins
aligned with the orbital angular momentum (y; = y, = 1),
henceforth IMRPhenomHM+; and (V) an IMRPhenomHM model
with extremal spins antialigned with respect to the
orbital angular momentum (y; =y, = —1), henceforth
IMRPhenomHM—.

Figure 3 shows how well the observation of a “typical”
MBHB by LISA could constrain the mass of a PM lens in
the redshifted lens-mass range My, € [10°,10°]M. For
concreteness, we focus on a single value of the impact
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103 104

Relative uncertainty on the redshifted lens mass, AM;,/M;,. Left: comparison between the “inspiral only” version of

iMRphenomb truncated at the ISCO (orange), the IMRPhenombD model including the merger and ringdown (red), and the IMRPhenomHM
including also the higher harmonics (green). Right: comparison of IMRPhenomHM waveforms with different spin magnitudes. Green curve
refers to nonspinning binaries, while blue (brown) curves refer to the IMRPhenomHM— (IMRPhenomHM+) extremal antialigned (aligned) spin
models. All results are for O(100) MBHBs with My, =2 x 10°My, ¢ = 1, and zg = 1, with extrinsic parameters (1, ¢, 4, 3, and )
randomly sampled over uniform distributions. Dark solid lines show the median value of AM; ,/ M ,, while the shaded regions correspond to
1o confidence intervals. Here we consider PM lenses with a range of redshifted lens masses M ,, but we fix the impact parameter toy = 0.1.

parameter y = 0.1. We consider the five waveform models
listed above, and we do not normalize the results by the
SNR. The general trend with mass is similar to the findings
of the inspiral-only TN analysis (see the left panel of Fig. 7
in [12]), but our calculations allow us to quantify the effect
of the merger/ringdown, higher harmonics, and spins. By
comparing nonspinning binaries with the signal truncated
at the ISCO with those including merger and ringdown
(MR), we see that the inclusion of merger and ringdown
leads to improvements by about one order of magnitude in
the measurement of the lens mass. Models with higher
harmonics (IMRPhenomHM, in green) lead to further improve-
ments in measurement accuracy relative to models without
higher harmonics (IMRPhenomD, in red), as expected. The
dependence of the waveform on the angles is more
pronounced when we include higher harmonics. As a
consequence, the measurement errors for IMRPhenomHM
have a larger “spread” around the median compared to
the measurement errors for IMRPhenomD. It is also well
known that aligned (antialigned) spins typically increase
(reduce) the SNR because of the orbital hang-up effect [59],
and indeed we find that measurement errors are smallest for
extremal aligned spins (IMRPhenomHM+, in brown) and
largest for extremal antialigned spins (IMRPhenomHM—, in
blue). For lens masses M;, = 10’ M, the geometric-optics
limit is a good approximation, and AM;,/M;, depends
solely on the SNR and the impact parameter y [12]. Since in
this calculation we have fixed y, the uncertainties in the
large-M;, regime shown in Fig. 3 are inversely propor-
tional to the SNR of the signal.

Given the intrinsic parameters of an MBHB, we are
interested in estimating the “critical lens mass” M,
defined as the lowest lens mass for which we can extract
information on either My, or y. We (somewhat arbitrarily)
define this threshold as the lens mass corresponding to a
100% relative uncertainty on the respective parameter.
For the MBHB considered in Fig. 3, we find M{i =
1.0870% x 10°M, for IMRPhenomD truncated at the ISCO,
M = 4737793 x 103M  for IMRPhenomD, M =
3.19799 x 103M, for MRPhenomHM, Mt = 1.497062 x
10°M, for IMRPhenomHM-+, and M$ = 6.63739° x 10°M
for IMRPhenomHM—. The quoted values correspond to the
median and 68% confidence interval of each critical
lens mass. We find that the critical lens mass decreases
when we include the merger and higher harmonics in
the waveform model, as well as for MBHBs with large
aligned spins, in agreement with the trends described
earlier.

We can estimate in a similar way the critical impact
parameter y°* below which we can extract information on
at least one of the lens parameters. We consider the same
MBHB, but we now assume a PM lens with fixed
redshifted mass My, = 10’Mg, and we vary the impact
parameter in the range y € [0.01,200]. The relative uncer-
tainty in y follows the same qualitative trends as the
uncertainties in M, as we vary the waveform model,

and the critical impact parameters are yt = 52.67] for

IMRPhenomD truncated at the ISCO, yit = 92471243

166
for IMRPhenomD, y“'=92.077%7 for IMRPhenomHM,
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yit = 114732 for IMRPhenomHM-+, and y“it = 86.8775 for
IMRPhenomHM—.

In summary: the inspiral-only waveforms used in TN
lead, in general, to an overestimate of measurement
uncertainties in the lens parameters relative to waveforms
including also the merger and ringdown. For this reason,
their results should be regarded as conservative. The
merger, ringdown, and higher-order modes can signifi-
cantly improve our ability to measure the lens mass, and the
“critical” measurable lens mass M0t varies by a factor of
~2 or 3 for MBHBs with large (anti)aligned spins.

B. Effect of the source parameters on the
measurement of the lens parameters

We now focus on the effect of the source parameters on
the measurement of My, and y. We consider IMRPhenomHM
MBHB waveforms with M, = 10'My, ¢ = 1.2, zg = 5,
and five selected values of the aligned binary component
spins: y; = y» € {—1,-0.5,0,0.5,1}. To begin with, we
focus on PM lenses with y = 0.1 and My, € [10%,10°] M.

We examine the effect of various parameters, namely: the
inclination angle ; the magnitude of the spins; and, finally,
the sky location angles (right ascension A and declination
), mass ratio ¢, coalescence phase ¢., and polarization
angle y. We consider O(100) random values for each set of
parameters that we vary and fix all angles that are not being
varied to an “intermediate” value of /3.

When we explore the effect of each source parameter, we
either normalize the resulting errors in the lens parameters
to a reference SNR = 1000, or we consider MBHBs at
fixed redshift. This allows us to understand whether the

E Normalized to SNR
lo—l -
S
=
~
N
5
1072 -
[ — =0
—_—1=1/2
1073 PR | PR | PR | PR | P
104 10° 106 107 108 10°
My, [M(D]

lens parameter estimation accuracy is dominated by the
SNR of the source or by more subtle features related to the
specific parameter we vary. For example, higher harmonics
(when detectable) can reduce correlations between param-
eters, and the relative importance of higher harmonics is
strongly affected by the inclination of the binary. We will
now describe our findings for each parameter.

1. Inclination angle

In Fig. 4, we plot AM; ,/M,, as a function of M, for a
sample of O(100) MBHBs obtained by drawing : uni-
formly in arccos(z) € [—1,1]. Left panel: all errors are
normalized to SNR = 1000; Right panel: the binary is
located at a fixed redshift zg = 5.

Consider, first, the left panel. Face-on (: = 0) and face-
off (1 = =) binaries yield the same lens mass uncertainties,
as we would expect based on symmetry, and therefore we
only show errors for : = 0. Face-on and face-off binaries
yield the largest errors in My, in the small-M;,, wave-
optics regime. This is because the amplitude of higher-
order modes, which are important to remove degeneracies
between parameters, are suppressed for these values of 1.
Indeed, the errors are smallest for edge-on binaries
(t = z/2), when higher-order modes matter the most. In
the large-M;,, geometric-optics regime, AM;,/M;,
depends only on the impact parameter y and on the
SNR of the binary [12]. Since all of our binaries have
the same SNR = 1000 and we fix y = 0.1, AM,/M;,
tends to a constant for large My,, as expected.

Similar trends can be observed in the right panel. In the
large-M;, (geometric-optics) regime, the errors depend

100: T T rrrrog
107! 3
N 3
=
~
N
]
1072 3
[ — 120
— =12
1073 raa il Ll raa il MR | L
10* 10° 10° 107 108 10°
My, [Ma)]

FIG. 4. Effect of the MBHB inclination angle  on the estimation accuracy of the redshifted lens mass M ,. Results are for an MBHB
with My, = 10'My, g =12,z =5,y = y» =0, and ¢, = A = f = w = 7/3, and a PM lens with impact parameter y = 0.1. We
show O(100) random realizations of ¢ (in beige) but also plot results for two selected values of 1 =0 and z/2 (blue and green,
respectively). In the left panel, all uncertainties have been rescaled to a fixed SNR = 1000. In the right panel, this normalization was not

applied.
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Effect of the MBHB spins y; and y, on AM;,/M;,. Results are for the same setting as in Fig. 4, but now we fix 1 = z/3, and

we vary the spins in the range y; = y, = {—1,-0.5,0,0.5, 1} (blue, red, green, orange, and brown, respectively).

solely on the SNR of the binary because y = 0.1 is fixed:
edge-on binaries (1 = #/2, which have the smallest SNR)
yield the highest errors, while face-on and face-off binaries
(1 =0 and 1 = &, which have the highest SNR) yield the
smallest errors. The situation is partially reversed in the
wave-optics regime because higher-order modes remove
degeneracies, partially compensating for the smaller SNR
of the edge-on binaries.

The critical redshifted lens mass above which lensing
effects become detectable is M = 9.91728! x 10*M,, for
fixed SNR, and M = 1.23702¢ x 10°M, for MBHBSs at
fixed distance. Therefore, variations in the inclination angle
1 lead to a relative uncertainty of ~30% (~20%) within the

100 ¢ Ty
b Normalized to SNR
107! E
3
N
~
3
1072
| I 100 Randomizations
10—3 MR | L | ' | L | MR
10* 10° 10° 107 108 10°
My, [MG]

lo credible interval for binaries at fixed SNR (fixed
distance, respectively).

We explored different values of the impact parameter and
SIS lenses, finding qualitatively similar conclusions. We
also studied MBHBs with different total masses and mass
ratios. In general, higher harmonics are more important for
unequal-mass binaries, and this results in larger variances
in Mt as we vary 1.

2. Spins

In Fig. 5, we show how spins affect the estimate of the
lens mass. We consider five different spin combinations:
X1 = X2 S {—1, —0.5, 0, 05, 1}

10° ¢
107! |
&
=
~
3
1072 2
10—3 sl | N sl N sl Lo
10* 10° 100 107 108 10°
My, [MG]

FIG. 6. Effect of the MBHB sky location (right ascension and declination) on AM , /M| ,. Results are for the same setting as in Fig. 4, but
now ¢ = z/3. Right panel: median error is shown in black; the 1o confidence interval is shown by dashed black lines, and the individual
realizations are in blue. Left panel: we only show the median since errors are dominated by the SNR and the dispersion is minimal.
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Mr, = 108 M, My, =103 M), q=
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FIG. 7. Relative errors in the redshifted lens mass AM;,/M;, (left panels) and impact parameter Ay/y (right panels) in the (M, y)
plane for a PM lens. The rows refer to three different MBHBs, with parameters listed in the legend. White contour lines correspond to
100, 10, and 1% relative errors. In the black regions, the relative errors are larger than 100%, and the corresponding parameter is
unmeasurable. The MBHBs’ unlensed SNR is 697.0, 715.8, and 181.8 from top to bottom.
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When we normalize to the SNR (left panel), large aligned
(antialigned) spins produce lower (larger) errors in the wave-
optics regime. All errors converge to the same value in the
geometric-optics regime for the reasons explained above.
The same trend is visible and more pronounced for binaries
at fixed redshift (right panel): large aligned (antialigned)
spins produce lower (larger) errors in both the wave-optics
and geometric-optics regimes.

Most of these trends are explained by the fact that
aligned (antialigned) spins increase (reduce) the SNR
because of the orbital hang-up effect [59]. Aligned spins
affect the measurement of the lens mass even at constant
SNR because the orbital hang-up effect causes the binary to
spend more cycles in band and therefore reduces parameter
estimation errors.

By sampling O(100) MBHBs with y, y, uniformly
distributed in the range [—1, 1], while keeping all other
parameters fixed, we find a critical redshifted lens mass of
Mt = 7,631 x 10*M, (relative uncertainty of ~25%)
for fixed SNR, and M1t = 1.1570¢7 x 10°M, (relative
uncertainty of ~50%) for fixed distance.

Qualitatively, we find similar results when we vary the
impact parameter, consider the SIS lens model, or change
the MBHB masses.

3. Sky location, mass ratio, coalescence phase,
and polarization angle

In Fig. 6, we consider O(100) MBHBs with sky location
(right ascension and declination) uniformly distributed on
the celestial sphere. The minimal dispersion of the uncer-
tainties seen in the left panel shows that while sky location
affects AM; ,/M,,, the effect is predominantly due to the
different SNR of binaries located at different positions
in the sky. The critical redshifted lens mass MSMit =
8.357305 x 10*M, (with a relative uncertainty of ~45%)
when the redshift is fixed; the median is the same (but with
a minimal relative uncertainty <1%) when we fix the SNR.

To understand the effect of varying mass ratio ¢, we
varied ¢ uniformly in the range [1, 10] O(100) times. We
found MM = 1.877097 x 10°M, (with a relative uncer-
tainty of ~50%) at fixed distance, and M1t = 7.34101 - x
10*M, (with a relative uncertainty of approximately
~15%) at fixed SNR. As expected, varying the mass ratio
affects how pronounced the higher-order modes are, which
can lower measurement uncertainties. However, changing
the mass ratio also affects the SNR of the signal. Therefore,
both the effects (degeneracy removal by higher-order
modes versus reduced SNR) affect the result when the
SNR rescaling is not applied. This is similar to the case of
varying the inclination angle.

We also varied the coalescence phase in the range
¢. € [0,27]. We found Mt = 1.08107 x 10°My, (with
a relative uncertainty of ~10%) at fixed distance, and an
even smaller uncertainty (<6%) at fixed SNR. By varying

the polarization angle uniformly in the range y € [0, 27| we
find M = 1.231008 x 10°M g (~6% uncertainty), with
an even smaller uncertainty (<5%) at fixed SNR.

Once again, the results are qualitatively similar when we
vary the impact parameter, consider the SIS lens model, or
change the MBHB masses.

C. Point-mass lens

So far, we have investigated how the measurement of
lens parameters is affected by waveform modeling and
source parameters. We will now consider three represen-
tative MBHBs and compute lens parameter estimation
accuracy for a wide range of lens masses and impact
parameters. In this section, we focus on PM lenses with
y € [0.01,200] and M, € [10°,10°|M,.

In Fig. 7, we show contour plots of AM;,/M;, (left
panels) and Ay/y (right panels) in the (My,,y) plane.
Different rows refer to three different nonspinning MBHBs
with detector-frame mass My, = 103Mg, g = 1.2, zg = 1
(top); Mr,=10'Mg, g=12, zg=35 (middle); and
My, = 10°Mg, g = 1.2, zg = 8 (bottom). These masses
and redshifts have been chosen as representative of typical
MBHB systems observable by LISA (see, e.g., [60-62]).
To reduce computational time, the angles ¢, ¢.., 4, #, and
were all set to n/3. The range of variability of the
results around these intermediate values was discussed in
Sec. IV B above.

The SNRs of the unlensed signals from these MBHBs
are 697,716, and 182 for the top, middle, and bottom panels
in Fig. 7, respectively. When the signals are lensed, the
SNRs increase up to ~5970, ~9180, and ~2050 for the top,
middle, and bottom panels, respectively.

Three white contour lines in each panel highlight the
100, 10, and 1% relative uncertainty boundary regions. In
the black regions (outside the outermost white contour), the
relative uncertainty is greater than 100%, and therefore at
least one of the lensing parameters is unmeasurable. In fact,

TABLE I.  Four binaries of various redshifted total masses (first
column), mass ratio (second column), and redshift (third col-
umn), we list the lowest redshifted lens mass Mffzi‘ and highest
impact parameter y*t for which M|, is measurable (fourth and
fifth columns); and the largest impact parameter y*"i‘ for which y
is measurable (sixth column). The first three rows refer to the
binaries considered in Fig. 7; the fourth row refers to the binary
shown in Fig. 3 (where we fix the angles ¢, ¢, 4, 5, and y to z/3).
All results in this table are for PM lenses.

AMLZ/MLZ Ay/y
M, [M) q zs M [M) yert yerit
108 1.2 1 >10° <30 <40
107 1.2 5 >10° <30 <40
10° 1.2 8 >5x 10* <15 <20
2 x 10° 1 1 >4 % 10° <60 <80
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in some regions of the parameter space, we can measure  y =~ (.1: in this case the lens mass can be measured with
only one of the lens parameters. ~10% relative uncertainty, but y is unmeasurable. For this

Consider, for example, an MBHB with My, = 10®Mg at  same binary, M;, is measurable when y < 30 and M, =
zs = 1 (top row) with lens parameters My, ~ 10'My and ~ 105M,, (top-left panel), while y is measurable when

AMLZ/MLZ Ay/y

Mr, = 108 Mo,
SIS

SIS
My, =108 M, ¢

103 104 10° 100 107 108 103 104 10° 100 107 108

My, =107 M, g
SIS

Relative Uncertainty

103 104 10° 10° 107 108 103 104 10° 100 107 108
My, [M;]

Mr, =10 My, g=12, zg=8
SIS

NS
My, =10 My, g=12, z5=8
I < 10—3
103 104 10° 100 107 103 104 10° 100 107
My, [M@] My, [ML]

FIG. 8. Same as Fig. 7, but for an SIS lens.
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vy < 40 (top-right panel). These “detectability boundaries”
are slightly different for lighter binaries. We show
representative examples in Table I. Based on this extensive
analysis, we conclude that the critical values of y*t and
Mt are more optimistic than the TN predictions for PM
lenses because the merger/ringdown and higher-order
modes sensibly reduce the errors in the lens parameters.

D. Singular isothermal sphere lens

We now consider the same MBHBs as in Sec. IV C, but
we extend the analysis to SIS lenses with y € [0.01,200]
and My, € [10',108]M,. In Fig. 8, we show contour plots
of AM; /M, (left panels) and Ay/y (right panels) in the
(My,,y) plane. Once again, we set all angles (¢, ¢, 4, B, y)
equal to z/3.

The SNRs of the unlensed signals were listed in Sec. [V
C. When the signals are lensed, the SNRs increase up to
~2620, ~7660, and ~1180 for the top, middle, and bottom
MBHBs in Fig. 8, respectively.

For the binary with My, = 108M (top row), M, is
measurable when y < 20 and M, 2 6 x 10°M, while y is
measurable when y < 45. In some regions of the parameter
space, we can measure only one of the lens parameters. A
qualitative difference with respect to PM lenses is that y°rit
is no longer (approximately) constant, but it depends on
My, (as expected from, e.g., Fig. 10 of TN). We summarize
the results for each binary in Table II.

For the binary with M, = 10’ M, (middle row), we find
that the highest y“ corresponds to M, ~ 10*M,.
Reference [34] found the maximum value of the inner
product defining the Lindblom criterion, (5h|5h) ~ 6, occurs
for a comparable value of M ,, and that (5h|5h) decreases—
while still satisfying the condition (5k|5h) > 1—for lower
values of Mp,. Note, however, that, according to our
analysis, none of the lens parameters is measurable for
My, <3 x 10°M,. This implies that the Lindblom criterion
is necessary but not sufficient to conclude whether lensing is
observable.

Our findings are significantly more optimistic than those
in TN: by including the merger, ringdown, and higher
harmonics, we can measure lens parameters for higher
values of y and lower values of M;, than previously
thought. Even if we consider a more stringent measurability
criterion (setting the threshold at, say, 10% relative uncer-
tainty), we still find that we can extract information about

TABLE II. Same as Table I, but for an SIS lens.

AMLZ/MLZ Ay/y
MTz [ M O] q Zs Mch;t [ M@] ycrit ycrit
10° 1.2 1 =6 x 109 <20 <45
107 1.2 5 >3 x 10* <25 <40
106 1.2 8 >2 x 10* <10 <20

the lens parameters for higher values of y and lower values
of M, than estimated by TN. As in the case of PM lenses,
the values of Mt and y“i* have a strong dependence on the
parameters of the source and the lens. The simple estimates
of lensing probability by TN assumed y°* to be constant,
but a more careful estimate should consider the dependence
of MStt or y“rit on the source and lens parameters.

V. CONCLUSIONS AND OUTLOOK

Wave-optics effects in lensed GW signals emitted by
MBHBs in the LISA band are important when the
Schwarzschild radius of the lens is smaller than the
wavelength of radiation [cf. Eq. (1)]. If detected, these
frequency-dependent wave-optics effects could lead to a
plethora of applications, such as precision cosmology or
constraints on the population of lenses.

We have studied the observability of wave-optics effects
by LISA. We computed the parameter-estimation errors
using analytical solutions for both PM and SIS lenses.
These analytical solutions allow us to compute the deriva-
tives of the diffraction integral F(w,y). In the context of
lensing, this is (to our knowledge) the first study using
gravitational-waveform models that include the merger,
ringdown, higher harmonics, and aligned spins. We found
that the inspiral-only waveforms used in previous work
overestimate measurement uncertainties in the lens param-
eters by about an order of magnitude. The merger, ringdown,
and higher-order modes significantly improve our ability to
measure M, and y. The critical value of the redshifted lens
mass for which such measurements are possible varies by a
factor of ~2 or 3 for MBHBs with large (anti)aligned spins.

We selected three representative MBHBs that could be
detectable by LISA and performed an extensive parameter
estimation survey for a wide range of lens masses and
impact parameters. The results for PM (SIS) lenses are
shown in Fig. 7 (Fig. 8) and Table I (Table II). We found
that the critical values of the lens mass and impact
parameter for which lensing is measurable depend very
strongly on the source parameters. Therefore, assuming
these critical parameters to be constant can lead to incorrect
estimates of the lensing probability.

As claimed by Ref. [34], the lens parameters could be
measurable for SIS lenses with impact parameters satisfy-
ing y > 3. However, (contrary to the claims of Ref. [34])
we found that none of the SIS lens parameters are
measurable for My, <3 x 103M@: this shows that the
Lindblom criterion is not accurate enough to determine
whether lensing is observable.

Our parameter-estimation study shows that GW lensing
of MBHBs with LISA may be more easily observable than
previously thought. Estimating the rate of observable
lensing events requires population studies based on astro-
physical models [60-62], and it is an exciting topic for
future work.
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APPENDIX A: EVALUATION OF F(w,y) FOR
SINGULAR ISOTHERMAL SPHERE LENSES

We evaluate F(w,y) for an SIS lens using a piecewise
strategy: we sum the series in Eq. (14) for small (w, y), and
we use the geometric-optics approximation for large (w, y).
More in detail, we set

o |V? = ilu_|V? exp(2iwy) (v £ 1),
Fgeom(w’ y) = 1/2
|| (y>1),
(A2)

where py = +1 4 1/y is the magnification of the images in
the geometric-optics limit.

When numerically evaluating F,..(w,y), we use
the NSUM function from the package for real and com-
plex floating-point arithmetic with arbitrary precision
MPMATH vi2.1 [66], with a floating-point precision
parameter dps = 50 and the options {‘method’ :
‘shanks’, ‘tol’ :1e-15}. We have verified that
these options can ensure convergence of the series, as well
as the convergence of the series expansions required to
evaluate the derivatives (see Appendix C 2), in the (w,y)
region relevant for our study. When using the geometric-
optics approximation Fyeom(w,y), we have also verified
that the error is always <10%.

APPENDIX B: SINGULAR ISOTHERMAL
SPHERE WITH AN OUTSIDE BOUNDARY

In the main text, we noted that the total mass of the SIS
profile is formally infinite and that this divergence is
usually regularized by introducing an outer boundary at
r = rp such that pgig(ra) = Apg, Where A is a dimension-
less constant. Solving for r, as defined above yields
ra = [4/(3A)]'?6,/H;, which leads to a normalized
lens-plane coordinate x, = rp/&,. For the lensing con-
figurations relevant to this paper, x, is in the single-image

FyaeW.y) (W <250 A wy < 250), regime. We can thus compute the corresponding impact
F(w,y) = { . (A1) parameter y, = x, — 1, with the result
Foeom(w,y) (otherwise).
H . . 1 1 Dg
ere, F\..(w,y) denotes the right-hand side of Eq. (14), YA = —1. (B1)
and Fyeom(w.y) is the geometric-optics approximation: 2zv/3A \o,Hy ) \DLDy5
= 5
0 Y200, 'MLZ—]-O Mo | .
N
- 2 - - -
0 1 1 1 1 0 1 1 1 0 1 1 1 1
0 2 4 6 8 10 0 2 6 8 10 0 2 4 6 8 10
21, ZL 21,
FIG. 9. Impact parameter y,, corresponding to the r,y, boundary as a function of the lens redshift z; and the source redshift zg for

three redshifted lens masses (left to right): My, = {103,107, 10°} M.
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The velocity dispersion o, can then be related to the
redshifted lens mass M}, using Eq. (9). In Fig. 9, we plot
Yoo s a function of z;, and zg for three selected values of
M;,. We conclude that for the lensing configurations
relevant to this paper, the impact parameter y,q, corre-
sponding to the r,y, boundary is greater than ~100, and
thus the truncation of the SIS profile is irrelevant in the
range of potentially detectable values of y.

APPENDIX C: ANALYTICAL DERIVATIVES

Equations ~(16) and (17) imply that the reduced TDI

observables X* of a lensed MBHB have the form
XL(0",0%) = F(w,y)X(05). (C1)

From the analytical expressions of F(w,y) for the PM and
SIS lenses, we can get analytical expressions for the
derivatives of the lensed waveform appearing in the
information matrix as follows.

Using Eq. (C1), the partial derivative of the lensed
waveform with respect to any parameter y reads

yL/gL pS

0X7(67.6°) _ (0F(w.y) ow  9F(w.y) dy X(6%)
oy ow oy dy oy

X (6%)

+ F(w,y) 3

(€2)

If y €6, all terms proportional to dX(0%)/dy vanish.
Similarly, if y € 63, all partial derivatives of F(w,y) with
respect to y vanish. We compute the numerical derivatives
with respect to the source parameters using the software
LISABETA [47]. The derivatives with respect to the lens
parameters are computed below, first for PM lenses and
then for SIS lenses.

In summary: the derivatives of the lensed waveforms
with respect to M, involve Egs. (C5) and (C9) for PM
lenses, and Eq. (C14) for SIS lenses. The derivatives with
respect to y are given by Eq. (C10) for PM lenses, and
(C15) for SIS lenses. Once these derivatives are known, we
can use Egs. (21) and (22) to estimate the errors in any of
the 13 source and lens parameters y.

1. Point-mass lens

The diffraction integral F'(w, y) depends only on the lens
parameters My, and y. From Eq. (8), we see that we need
derivatives of the gamma function I'(z) with respect to w,
and derivatives of the confluent hypergeometric function
1F1(a, b; z) with respect to both w and y. The derivatives of
the other terms in Eq. (8) are trivial. The gamma function in
the Weierstrass form [67] can be written as

o= (e T (-]}

r=1

where c is the Euler-Mascheroni constant [67], and z € C.
Differentiating, we get

(C4)

where W(z) is the digamma function [52].
Now, set z =1 —wi/2 to find

W: —%il‘(l —%i)‘l‘(l —gi) (C5)

The confluent hypergeometric function can be written as

1
Filabiz) = 1454 20 (Co)

SR

Since b = 1, the only required derivatives are those with
respect to a and z. The partial derivative of Eq. (C6) with
respect to z is given by

0,F\(a,b;z) a
IT:ZIFl(a+1’b+1’Z) (C7)
The partial derivative of Eq. (C6) with respect to a is
given by

0,Fi(a.b;z) =(a)¥Y(a+k)Z*
da B kz:; k\(b),

- ¥(a),Fi(a.b;2), (C8)
where (a), =T'(a + k)/T'(a) is the Pochhammer symbol,
and W(z) is the digamma function as before.

Using Egs. (C7) and (C8), we can find the partial
derivative of | Fy(a, b; z) with respect to w:

0,F (a,b;z) 0,F(a,b;z) da
ow a da
i 0,F,

(a,
2 da

da 0,F(a,b;z2) oz
ow 0z ow

b;z) 0,F(a,b;z)

N

2
yo.
+21

Then, 0F (w, y)/ow can be obtained by using Egs. (C5)
and (C9) and applying the product rule. Setting w =
8zM;,f and using the chain rule gives oF (w,y)/0My,.
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Similarly, the partial derivative of |F,(a,b;z) with
respect to y is given by

0,F(a,b;z) :Wyi_a1F1(a’b§Z)
dy 0z
wy w . wy?
= - 2 1F1 §l+1,2,71 . (ClO)

Then, dF (w,y)/dy can be obtained using Eq. (C10) and
applying the product rule.

2. Singular isothermal sphere lens

The diffraction integral F(w,y) for the singular iso-
thermal sphere lens can be analytically obtained by the
perturbative expansion described in Sec. II B. In this case,
F(w,y) is given by Eq. (14), and, again, it is only a function
of My, and y. To get the corresponding derivatives of
F(w,y), we need the derivative of ¥,(w) = (—iw)"/n!
with respect to w, and the derivatives of I,(w,y) with
respect to w and y. The derivatives of the other terms in
Eq. (14) are trivial.

The derivative of ¥, (w)
is given by

= (—iw)"/n! with respect to w

W) (="

ow (n—1)!

(C11)

To obtain the derivative of I,(w,y) [Eq. (11)] with
respect to w, we need to differentiate | F (N, 1; —iwy?/2)
with respect to w, where N = (n + 2)/2. Using Eq. (C7),
we get

A ) (i)

1 wy2
—— F N, 1;— .
o (=)

(C12)

ol,(w,y) wy (20\N wy?
LA — | F/(N+1,2;—i—).
dy lN2 w ()1 Fy +”12

(C13)
Using Egs. (C11)—(C13), we get
oF (w,y) 0E(w Y) o
¥, (w)I
aW HZ:; n n(Wy
i G\Pn( w,y)
ow Il
ol,(w.y)
g , Cl4
i, m 220 (C14)

where E(w,y) = (w/i)exp {iw[y*/2 + ¢(y)]}. The partial
derivative of F(w,y) with respect to My, can be obtained
by using the chain rule as before.

Finally, we have

oF (w,y) 0E(wy .
5 2;‘*‘ W)L, (w.y)
E(w,y) i ) (C15)
=0
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