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Dilepton production from hot and magnetized hadronic matter
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The rate of dilepton emission from a magnetized hot hadronic medium is calculated in the framework of
real time formalism of finite temperature field theory. We evaluate the one-loop self-energy of neutral rho
mesons containing thermomagnetic propagators for the charged pions in the loop. The in-medium
thermomagnetic spectral function of rho obtained by solving the Dyson-Schwinger equation is shown to be
proportional to the dilepton production rate. The study of the analytic structure of the neutral rtho-meson
spectral function in such a medium shows that in addition to the usual contribution coming from the
Unitary cut beyond the two-pion threshold there is a nontrivial yield in the low invariant-mass region
originating due to the fact that the charged pions occupy different Landau levels before and after scattering
with the neutral tho meson and is purely a finite magnetic-field effect.

DOI: 10.1103/PhysRevD.107.036017

I. INTRODUCTION

The primary objective of modern heavy ion collision
(HIC) experiments at Large Hadron Collider (LHC) and
Relativistic Heavy Ion Collider (RHIC) is to study hot and
dense nuclear matter. The collision of two nuclei at ultra-
relativistic energies leads to the liberation of the funda-
mental constituents of the nucleons forming a deconfined
state of quarks and gluons in local thermal equilibrium.
This form of the nuclear matter is known as the quark-gluon
plasma (QGP), which, as suggested by the phenomeno-
logical studies, is the most perfect fluid created in nature
[1-3]. The fireball produced in HICs, cools via rapid
expansion under its own pressure gradient going through
various stages of evolution. However, the possibility of
direct observation is strongly hindered as the QGP is very
transient (~few fm/c). Thus, to extract microscopic as well
as bulk properties of QGP, one has to rely on indirect
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probes and observables such as spectra of electromagnetic
probes (photon and dileptons), heavy quark production,
quarkonia suppression, jet-energy loss, collective flow, J /y
suppression, etc. (see Refs. [4-7] for a broad overview).
Among these, electromagnetic probes [8—16], owing to
large mean free paths, tend to leave the system without
much interaction and, therefore are expected to carry the
information of the stage from where they are produced.
This is the major advantage of the electromagnetic probes
over hadrons which are emitted from the freeze-out hyper-
surface after undergoing rescattering.

The study of different n-point current-current correlation
functions or in-medium spectral functions of local currents
is one of the primary theoretical tools to examine various
properties of QGP. The electromagnetic spectral function is
one such example which is obtained from the vector-vector
current correlator which, in turn, is connected to the
dilepton production rate (DPR) from the hot and dense
medium [10,11,14—17]. In the QGP medium, the asymp-
totically free quarks can interact with an antiquark to
produce a virtual photon, which decays into a dilepton.
The emission rate resulting from these reactions has been
extensively studied in Refs. [9,12,13]. However, there exist
several other sources of dileptons (thermal and nonthermal)
in HIC experiments [4,13,14,18] which provide a substan-
tial background. Among these, the contribution from the
Drell-Yan process is well understood in the framework of
perturbative quantum chromodynamics (QCD) [4,14,19-21].
Dileptons can also be produced from the decays of hadron
resonances, such as, 7°, p, w, J/y, for which the yield can
be estimated experimentally by invariant mass analysis [4].

Published by the American Physical Society
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However, the task to disentangle the photons and dilepton
from the hadronic medium, produced after the phase
transition/crossover, is a more daunting task. Therefore,
a proper theoretical estimation of the photon and/or
dilepton yield from hot and dense hadronic medium along
with the possible modification of the hadronic properties
below the critical temperature of the phase transition is of
major importance to detect the electromagnetic signals
from QGP. A significant amount of research has been
carried out to evaluate the dilepton emission rate from hot
and dense hadronic phase and it has been observed that the
emission rate in the low invariant-mass region is substan-
tially modified [8,11,17,22,23].

Recent studies suggest that in noncentral or asymmetric
collisions of two heavy nuclei, very strong magnetic fields
of the order ~10'® Gauss or larger might be generated due
to the receding spectators [24,25]. The produced magnetic
field decays very rapidly within few fm/c. However, it is
found that both the QGP as well as hadronic medium
possess finite electrical conductivity [26-29] which is
expected to modify the decay process of this transient
field according to relativistic magneto-hydrodynamics
[30-35]. Beside this, strong magnetic fields may also exist
in several other physical systems. For example, in the
interior of magnetars [36,37], magnetic field ~10'> Gauss
can be present. Moreover, it is conjectured that in the early
Universe during the electroweak phase transition, magnetic
fields as high as ~10?* Gauss might have been produced
[38,39]. Since the strength of these magnetic fields is
comparable to the typical QCD energy scale (e¢B ~ AéCD),
significant modifications can be found in various micro-
scopic and bulk properties of the hadronic matter. For
example, shear and bulk viscosity of magnetized hadronic
matter using different methods has been studied in
Refs. [40-43]. Estimation of the electrical and the Hall
conductivity of a hot and dense hadron gas in presence of
uniform background field has been done in Refs. [44,45].
In Ref. [46], the magnetic field dependence of thermo-
electric coefficients such as Seebeck, Nernst, etc. of a
hadron gas are examined.

The modification of the DPR in the presence of a
uniform background magnetic field from the QGP medium
has been extensively studied in the literature using different
approaches [47-57]. However, as the system cools down, it
is expected that hadronic matter will be generated from
QGP via a phase transition or crossover which has sub-
stantial contribution in the dilepton emission in the low
invariant-mass region. As discussed earlier, the presence of
an external magnetic field leads to nontrivial modifications
in transport properties of the hadronic matter. Hence, it will
be interesting to examine the effect of background mag-
netic field on the DPR from a hot and dense hadronic
medium. An estimation of which is not readily available
in the literature. The most important component in the
calculation of DPR which determines the thresholds as well

as the intensity of emission of dileptons is the imaginary
part of the electromagnetic vector-current correlator [14,15].
The latter quantity will be significantly modified owing
to the thermomagnetic modification of the propagators of
charged mesons. This will in turn modify the DPR from
magnetized hadronic matter.

In this work, we study the DPR from magnetized hot
hadronic matter in terms of the spectral function of the
neutral tho meson which is obtained from the electromag-
netic vector current correlation function evaluated using the
real-time formalism (RTF) of thermal field theory (TFT).
The general formalism for the DPR is derived in the next
section. In Sec. III the DPR is expressed in terms of the rho
spectral function at finite temperature. This is extended to
the case of nonzero magnetic field in Sec. IV making no
approximations on the strength of the field. Section V
contains the numerical results and we summarize in
Sec. VI. Some details are provided in the Appendix.

II. FORMALISM

The formalism to obtain the dilepton production rate
(DPR) from a thermal system of hadrons has been discussed
by many authors (see e.g. Refs. [9,10,15,23,58-62]). Here
we outline some essential steps following Ref. [23]. The
emission rate of dileptons with four-momenta ¢* = (¢°, q)
per unit space-time four-volume can be written as

dN a?

Fd'g :We_ﬁ%L(qz)(—gﬂyM“”), (1)

2 2
where L(g%) = (1 + 2;'%)\ /11— %, my, is the leptonic mass

and M is the Fourier transform of two-point vector-
current correlator

mow = [ e () 0) )

in which (- - -) denotes thermal ensemble average and J/, (x)
is the electromagnetic current of hadrons. The quantity M
can be calculated using standard techniques of finite temper-
ature field theory as follows.

In the RTF of TFT, the two-point correlation functions
assume a 2 X 2 matrix structure on account of the shape of
the contour in the complex-time plane [23,63]. We start
with the Fourier transform of the time-ordered two-point
function

My =i [ dxe s TSSO, )

where T, indicates time ordering with respect to the time
contour c. The thermal indices a, b € {1,2} correspond to
the fact that the two points can be chosen on either of the
two horizontal segments of the contour c. The quantity in
Eq. (3) can be expressed in diagonal form as
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M"”—U(Mﬂv 0 )U (4)

0w

by means of the matrix U = (V)2 \fn%) where n = -1 —

ePlaol -1
is a thermal distributionlike function in which g = 1/T is
the inverse temperature. The diagonal element M* appear-
ing on the right-hand side of Eq. (4) is an analytic function
and is obtainable from any one of the components of M", .
It is related, say for example to the 11-component as

ReM*(q) = ReM"(q);

ImM*(g) = tanh <%> ImM'{(q). (5)

Now, using a spectral representation [23], one can relate the
quantity M appearing in Eq. (2) with the imaginary part
of the analytic function M** as

2ePao
P + 1

v
M (q) = 20

= a7 MM (q) = e(q")

mM?(q)
(6)

where €(q°) is the sign function. Substituting Eq. (6) into
Eq. (1), we get the DPR in terms of M* as

dN a? 1
d*xd*q  3nq* el — 1

L(¢*) (=g, ImM*(q)). (7)

In order to calculate M|, we now require the explicit
form of the hadronic local vector current J/(x).
Considering only the isovector rho mesons in VDM
[16,23,59,64,65], the hadronic current can be expressed as

() = I (3) = Fymyph(x), (®)

where p#(x) is the Heisenberg field corresponding to the p°
meson and the coupling F, = 156 MeV is obtained from
the decay rate I'y_,,- =7.0keV [23]. Substituting
Eq. (8) into Eq. (3), and applying the Wick’s theorem,
we arrive at

ImM'{(q) = Fym3ImD(q), ©)

where D/[(q) is the 11-component of the exact thermal
propagator of the p° meson. Making use of Egs. (9) and (6),
Eq. (7) can be written as

dN & 1
d*xd*q  mg? el — 1

1 _
L) (~ 3 ulmD* (o))

(10)

where, D* is the diagonal element corresponding to the
real time interacting p° propagator and is related to D1 (q)

by means of relation analogous to Eq. (5). The term within
the large parenthesis on the right-hand side of Eq. (10) can
be identified as the in-medium spectral function of the p°
meson i.e., A(q;T) = —%g"”ImDW(q). Thus, in terms of
spectral function, the DPR in Eq. (10) can be written as

dN a? D D
m:ﬂqufBE(QO)L(‘I VF,m;A(q:T), (11)

where fpg(x) = (e — 1)7! is the Bose-Einstein thermal
distribution function. Our next task is to calculate the
p°-meson spectral function A(g; T) in a thermal medium in
the presence of external magnetic field. For the sake of
completeness and continuity, we will first calculate A(g; T)
in absence of magnetic field in the next section. Later in
Sec. TV, we will evaluate A(q;T,eB) for a general
thermomagnetic background.

III. RHO SPECTRAL FUNCTION AND DPR IN
ABSENCE OF MAGNETIC FIELD

As discussed in the last section, the essential quantity in
the DPR which contains the dynamics of the hadronic
medium is (imaginary part of) the exact rho-meson propa-
gator or the in-medium spectral function. The diagonal
component of the real time exact p° propagator D* can be
obtained in terms of the bare p°-propagator D’(‘g) and the

analytic thermal self-energy function I, by solving the
following Dyson-Schwinger equation [23,63]:

D = D’(‘(’)’> - D’Z(‘)”)ﬁaﬂbﬂ”, (12)
where
= q"q" -1
Dlya) = (-0 +25) )
©) ms ) q* —m3 + ie

The analytic thermal self-energy function I1% (which is the
diagonal element of U~'TI%U~! in thermal space), can be
obtained from the 11-component HT/I} by means of relations
analogous to Eq. (5). The latter is now evaluated in
perturbation theory using the effective-field theoretic
Lagrangian [66]

'Cint = _gpﬂf[(aﬂpl/> ’ (a#” X aun.)’ (14)

where, p, and 7 are the isovector fields corresponding to
the rho mesons and pions respectively, and, g,., =
20.72 GeV~? is the value of the coupling constant deter-
mined from the decay width I',_,,, = 155.8 MeV.

Using Eq. (14), the expression for the 11-component of
the one-loop self-energy matrix of p° obtained by applying
Feynman rules to the graph shown in Fig. 1 is given by
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7T

q—> ‘u 14

7T

FIG. 1. Feynman diagram for one-loop self-energy of p meson.

4

) [ dk
H’fl(q;T)Zt/

N (q,k)Dy,(k)Dyy(p = q + k),

(2m)*
(15)
where
N¥(q. k) = Gualad* kK + (q - k)*q"q* — ¢*(q - k)
x (g"k* + q"k)] (16)

Rell*(q°, q; T) = Rellp,. v, (q) + / (27[)37’

2a)k

I’k |:fk

contains the factors coming from the interaction vertices
and Dy, (k) is the 11-component of the real-time thermal-
pion propagator expressed as [23,63]

Dy (k) = —+ 2zin(k - u)5(k* — mg).

k* —m2 + ie (17)
in which 7(x) = O(x)fge(x) + O(—x)fge(—x), u* is the
medium four-velocity and m,, is the pion rest mass. In the
local rest frame (LRF) of the medium, ufzr = (1,0). As
mentioned earlier, the analytic thermal self-energy function
[1*(g) can be obtained from IT{](g) using the relations

Rell*(q°, q) = Rell{] (4%, q);

0
= q v
(. q) = o (i (). 1)

On substituting Eq. (17) into Eq. (15) and performing the
dk® integration we get the real and imaginary parts of
p-meson thermal self-energy function using Eq. (18) as

{ N (KO = —ay) N# (KO = o) }
(@° =) = (0,)*  (¢°+ @) = (@)

Jr {Nﬂy(ko =—q'~w,) Nk =-¢"+ w”)H (19)
20, | (¢° +@,)* = (00)* (" —@,)* = (0)* | |
= . 19| Pk 1
ImI1*(¢°,¢;T) = —tanh<ﬁ>ﬂ/ (20 dwyar, [(L+ fe+fp+2fcfp)
X {AN# (k0 = —1)5(q° — wp — w,,) + N (K = 0)5(q° + wy + )}
+ (fx + fp + 2fef PHN(K = —)8(q° — oy + @,) + N (K0 = 0)8(q° + o — @,)}],  (20)

where, = /m I, @, =/mz+pP=/m;+ (g +k)%,
fx = fee(@y), f, = fee(w,), and P denotes the Cauchy
principal value integration. In Eq. (19), the quantity
RelTppe.vac(4) is given by

H’lgll/er-VaC (Q)
= / i N™(q.k)
(2m)* (k* — m2 +ie){(q + k)* — m2 + ie}

(21)

which is the temperature independent pure vacuum con-
tribution to the self-energy. We also note that one of the
integrations d(cosf) of Eq. (20) can be analytically
performed using the Dirac delta functions present in the
integrand. The arguments of delta functions in Eq. (20)
correspond to energy-momentum conservation and they are

|
nonvanishing in certain domains of energy (¢°) for a given
three momentum ¢. They are responsible for producing
branch cuts of the self-energy function in the complex ¢°
plane. The branch cuts due to the four Dirac delta functions
in Eq. (20) are termed as Unitary-I, Unitary-1I, Landau-II,
and Landau-I cuts respectively as they appear in the
equation. The nonvanishing kinematic domains for the
Unitary-I and II are +/q*> +4m2 < ¢° < 00 and —c0 <
q° < —\/q* + 4m2, respectively. For the two Landau cuts,
the same is given by |¢°| < |g|. The cut structure of the self-
energy function is shown in Fig. 2. The cuts represent
different physical processes such as decay or scattering.
The Unitary-I cut corresponds to the decay p° — ztz~
(and the time reversed process) and the Landau cuts
indicate the scattering of p° off pions in the medium. In
the physical timelike region (defined by ¢° > 0 and
g*> > 0), only the Unitary-I cut contributes. It may be
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Im(q°)
Vg* +4m3 —lql T lq| Vg? +dm7
. . » Re(q")
Unitary-II. s Landau - Unitary-I

FIG. 2. Analytic structure of T1**(¢°, ¢) in complex plane of ¢° for a given g. Unitary-I (denoted by blue line) corresponds to the

domain of physical dilepton production.

noted that if the loop particles were of different masses, a
nontrivial Landau cut would have appeared in the physical
timelike region. The kinematic domain for such nontrivial
Landau cut would be |g| < ¢° < \/¢* + Am? where Am is
the mass difference between the two loop particles (in our
case Am = 0).

Having obtained the self-energy, we now proceed to
obtain the exact propagator by solving Eq. (12). It is
convenient to decompose the self-energy tensor into
independent covariants as [67]

(T = TPy + T Py, (22)
where
g @ i i
R (s e Cy

in which i## = u* — (L3)g" is a vector orthogonal to ¢*. The
form factors [y and I1; appearing on the right-hand side of
Eq. (22) comes out to be

1 1 1
M = <gﬂynﬂv - uﬂuvl_[””>; T, = — u,u,T*.
u u

2

(24)

Using Eqgs. (13) and (22), Eq. (12) is solved to get the
interacting p°-meson propagator as

Py Py 7'q

2,2
qm,

D(T) =

(25)

q* —m3 + 1y q2—mg+HL

whose imaginary part gives the in-medium spectral func-
tion of the rho meson as

1 _
A(q»T) = _ggﬂUImD;w

1 2ImlI1;
3 |(g? — m2 + Relly)? + (ImII;)?
ImIT;,

26
i (¢* = mj; + Rell,)* + (ImIT,)? (26)

Having obtained the spectral function A(g;T), it is now
straightforward to calculate the DPR by substituting

Eq. (26) into Eq. (11). We note that the kinematic domain
for dilepton production is shown in Fig. 2 by the blue line
(Unitary-I cut) where the spectral function is nonzero, and
there is no contribution to dilepton production from the
Landau cuts for physical dileptons having ¢° > 0 and
g*> > 0. For comparison, the DPR from the hadronic matter
commonly obtained in the literature (for example in
Refs. [10,22] by C. Gale and J. Kapusta) is provided in
Appendix A.

IV. RHO SPECTRAL FUNCTION AND DPR IN
PRESENCE OF MAGNETIC FIELD

Let us now consider a constant background magnetic
field B along the positive Z direction in addition to finite
temperature. In such a thermomagnetic background, the
11-component of one-loop self-energy of neutral rho
meson in Eq. (15) modifies to

4

. [ d%
Hﬁltl(q;T’eB)_l/(zﬂ_y

N*(q,k)DF,(k)DF,(p = g +k),
(27)
where, e is the electronic charge of a proton, D’fl (k) is the

11-component of the real-time charged pion propagator in
the Schwinger representation given by [67,68]

DF (k) = " 2(=1)'e™%L;(2a)
=0
-1 2 2
X m+27[17’](/€ u)o(ki—mi)|. (28)
[ !

—ki /eB, L(z ) i
Laguerre polynomial of order [, m; = /m2 + (21 + 1
1s the effective Landau level dependent pion mass,
KL 9‘le with g” = diag(1,0,0,—1) and ¢ =
diag(0,—1,—1,0). Note that in this convention kﬁ = (k§ —
k?) and k3 = —(k2 + k2) < 0.
Now, substituting Eq. (28) into Eq. (27) and performing
the dk° integration and using Eq. (18), we get the real and
imaginary parts of the p° self-energy as

Here [ is the Landau-level index, o; =
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Ll fh f M =el) R —0l) )

20 L(¢° = w})* = () (¢° + @))* = (0

f {W(ko =—¢"—p) Nk =—-¢"+ w?;)H (29)
205, | (¢° + @p)* = (@p)* (" —w})” = (@})?
Iml1*(q°,q; T, eB) = — tanh 19l iiﬂ/ﬁ;[{ + fo+ 21y
e 2T ) = (27)? 4wk ke k
< AN (K = ~0})6(q° — w) — o) + Ny (K = 0})8(¢° + o) + o)} + {fi + £} + 213}
X AN (K = ~})8(¢° — ) + @) + Niy (kK = 0})6(¢q° + 0}, — )], (30)

where ) = \ %z k+mi, oy =\/plt+m,  f :_fBE(wi)s fb = fee(w}),  and Ny (q. kys ky) =
4(=1)"H e~ L;(2a4)L,(2a,)N*. The expression for Relly, (g.eB) is given in Appendix B. Now performing the
d’k, integrations of Eqgs. (29) and (30), one obtains

Rell*(q; T, eB) = Relly;, (g, eB) +ZZ/

n=0 [=

Ji [Nu(q. K = —awj. k)  Ni(q.k® = o). k)
[ { @ -l = (@) (@t - <w;>2}
f_Z{NW(q,kO —4° -l k) N (q,ko——q —l—a)p,kz)}}
200, (4" + w})? —(wk)2 (¢° — w})* = (w)? ’

(31)

Ty (- |q0| N oo dk 1 n n n
ImIT (q,T,eB)-—tanh(zT Ty > I (U F f 4 21 NG (4K =~} k)5 (q" — ) — o)

w 27 4wl
+NU (g, K0 = 0 k,)8(q° + o) + @)} + (fi+ f1 + 211 ) {NG (4. K = -k, k,)8(q° — o), + o'})
+ N (. k0 = ), k.)5(q° + o) — @)p) }], (32)

where

Wik = | g‘f Ok k). (33)

The dk, integration in Eq. (32) can now be performed using the Dirac delta function and we get

1229 _ |q |
ImiT (q,T,eB)-—tanh( ZZMI /2

S I+ f A f2f0)

=0 1=0 q”’ml’mn)ke{ki
x {Nt:ﬁ(q,kO—wk,k 10"/ @2+ (my-+m,)?) + N (g0 = k)© (—¢° q§+<ml+mn>2)}
+ (L5 2L AN (q.5° = =0} k. )O(g° —min(q.. E*))O(=¢" + max(q..E¥))
+N(q.K = 0} k. )O(—¢° —min(q,.E*))O(¢° + max(q.. E*)) }]. (34)

|

where A(x,y,z) = x> +y* + 72 —2xy — 2yz —2zx is the  nontrivial Landau cut contribution may appear in the
Kéllén function, ki:#[—yqz:HqOMl/ 2(qﬁ,m12,m%)], y = (physical) timelike kinematic domain (even if the loop-
particles have the same masses). This happens when the

pions in the loop occupy different Landau levels. Physically
Eq. (32) contains four Dirac delta functions similar to  this means that a rho meson can be absorbed by means of
Eq. (20) representing the Unitary and Landau cuts. Because  scattering with a pion in lower Landau level producing a
of dimensional reduction, they contain only the longi-  pion in higher Landau levels in the final state (and the time
tudinal dynamics. Unlike the vanishing eB case, here a  reversed process). The contributions from Unitary-I and

(q” +m? —m3), and Ei 2z g2 + (m; = m,)

\m,im |

036017-6



DILEPTON PRODUCTION FROM HOT AND MAGNETIZED ...

PHYS. REV. D 107, 036017 (2023)

Unitary-Il are nonvanishing in the kinematic regions
V@ +4(m2+eB) <q’ <o  and
—\/q? + 4(m2 + eB), respectively. On the other hand,
the nonvanishing kinematic domain for both the Landau
cuts is |¢°| < max(q,, E*).

The analytic structure of the self-energy is easier to
understand if we consider the case of ¢, = 0. In this
situation, Eq. (34) will be simplified as / will lie between
(n—1) to (n+ 1) for a given value of n, so that

-0 < ¢q° <

Ny (qp.q.0 = 0,k)

eB
= 4G5 (= 1) (KK g} + d] 4] (9)-K))?

,eB
= (Kqt + ki q})ai(q)-k)) 16} + gjd x

x {nd' — (2n+ 1)87 + (n + 1)87 1] (35)
As a result, kinematic domain of Landau cuts will be
modified and the nonvanishing region for both the Landau

cuts is |¢°] < \/q§ + (v/m2 + eB — \/m2 + 3eB)?. The
cut structure of the thermomagnetic self-energy function is
shown in Fig. 3.

In order to solve the Dyson-Schwinger equation for the
complete p°-propagator, we use the following Lorentz
decomposition of the self-energy at finite temperature
under external magnetic field [67]

(T, eB) = I, P& + TIzPY + TP + T, PY  (36)

where the basis tensors are
|

y L g writ b
P[/t\ = (gﬂ - q2 - 2 - 52 ’ (37)
. b , it
Py = 7 Py = P (38)
Py = L@+ b, (39)
Vi b?
In Egs. (37)-(39), b* = b* — ( Dygt — (&) a#, where, b =

55 € Ftug in which F&X' is the electromagnetic field-
strength tensor corresponding to the external magnetic
field. It may be noted that in LRF, by = (0,2) points
along the direction of external magnetic field. Also, the
vector b* is orthogonal to both ¢* and @*. The form factors

in Eq. (36) comes out to be

I, = }2 U, 1 (40)

e = m{u b0 — (b )T, } (41)

I, :%{bﬂbvﬁ’“’ + “’L;tf‘)z —2b u u,b H“”} (42)
Iy = (gﬂl/ﬁﬂy — 11, - Ip). (43)

Thus, using Egs. (13) and (36), Eq. (12) is solved to get the
complete thermomagnetic p°-meson propagator as

A _ Py (q> = mj + 11, ) Py’ TP
DH(T, eB) = — 2.1 2 2 (a2 2] 2 (2 2 1L V(a2 o0 2
q _mp+ A (q _mp+ B)(q _mp+ L)_ C (q _mp+ L)(q _mp+ B)_ C
(¢* —m, 2+ g)PY q'q"

It turns out that the consideration of vanishing transverse
momentum ¢; = 0 simplifies the form factors signifi-
cantly; in particular, we get [14(¢;, = 0) =Tlz(g, =0) =
I1; (say) and [1-(g, = 0) = 0. The imaginary part of D**

Im(¢°)

(qz_mp+HB)(q _mp+HL) _H%‘ q2m2

(44)

|

in Eq. (44) gives the thermomagnetic spectral function of
tho meson as A(q; T, eB) = —%g””ImDW which is to be
plugged into Eq. (11) to calculate the DPR. We emphasize
that in case of nonzero magnetic field, physical dileptons

ﬂq% +4(m% +eB)

& Re(q")

—Jq% +4(m%r +eB) —Go

Unitary-II

FIG. 3.

\/q§+(\/m,2,+eB— \/m2 + 3eB)>.

domain of physical dilepton production.

Landau

Analytic structure of TI(g% ¢,;T,eB) in complex plane of ¢°

| 9z | qo
Unitary-I

for a given value of ¢,. Here, gy,=

Unitary-I and some portion of the Landau cuts (denoted by blue line) corresponds to the
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(having ¢° > 0 and ¢> > 0) can be produced from both the
Unitary-I and Landau cuts (as shown by blue region in
Fig. 3) where the spectral function is nonzero.

V. NUMERICAL RESULTS

In this section, numerical results for several quantities,
such as, imaginary part of p° self-energy and complete p°-
propagator, dilepton production rate etc. are presented in
different physical scenarios. It should be noted that while
calculating the components of ImIT** in presence of non-
zero magnetic field, we have to perform sum over infinite
number of Landau levels [see Eq. (34)]. However, for all
numerical results, we have taken up to 500 Landau levels
which ensures the convergence of the sum. We present our
results for 7 = 130 and 160 MeV which are representative
temperatures of the hadronic phase. Since the hadronic
phase is formed in the late stage of the evolution, a weaker
magnetic field eB = 0.02 GeV? has been considered in
the numerical results. However, some higher values e.g.
eB =0.03,0.05 GeV? are also considered to show the
dependency of the magnetic field on the numerical results

eB:b
eB=0.02 GeV?>
eB=0.03 GeV?>
eB=0.05 GeV> —-—-

0.6

T=130 MeV

q,=150 MeV :
q; =0.0 MeV .

H

i

i
e

HY ...;.__”:_-' (a)
0.6
q (GeV)

4

|
}
0.2 0.4

(eB=0)
T=130 MeV ——
T=160 MeV —-—-

0.6

(eB =0.02 GeV?)
T =130 MeV
T=160MeV --------- '

N
~

| q, =150 MeV
q;=0.0MeV ; H

.O
o

Im 1,779 (GeV?)

S i

. ©
0.8 1

0.6
q (GeV)

0.2

N
~

as our calculation is valid for arbitrary values of magnetic
field. The representative values ¢, = 150 MeV and ¢, =
150 MeV are chosen which are of the same order as the
temperature. We also show results of DPR for different
values of g, and g,. We have taken rest mass of pion
as m, = 140 MeV.

We first consider the case of zero transverse momentum,
ie.,, g, = 0 and longitudinal momentum ¢, = 150 MeV
in Figs. 4-6. In Figs. 4(a) and 4(b), we have shown
the contribution of the Unitary cut in ImlIl; and ImlII,,

respectively as function of ,/qﬁ at temperature 7 =

130 MeV for different values of external magnetic field.

From Fig. 4(a), it is evident that ImITy;™™ consists of

spikelike structures separated from each other by a finite
value for nonzero values of eB and the form factor
oscillates about the eB = 0 plot. The appearance of these
spikes is due to the so called “threshold singularities” at
each Landau level [51,67,69,70]. Mathematically this can
be understood from Eq. (34) where the Killén function
appearing in the denominator goes to zero at each threshold
of the Unitary cut defined in terms of the unit step

0.6F eB=) —— | A
eB=0.02 GeV? - - - - - T=130 MeV
eB=0.03 GeV> - q,= (1)5(? I\l/\{/[e\}/
< eB=0.05 GeV> — —- q =00 Me
8 04+ 0.04 4 3
> /
ol 4
£ 0.02 |
—
Z 02
a 0 //
B /‘/
T (b)
0 : ‘
0.4 0.6 0.8 1
q (GeV)
. : - )
06} (eB=0) (€B=002GeV) /7
T=130 MeV —— T=130MeV ----- 4
— T=160 MeV — —- T=160 MeV --------- /./
N?, ; ‘ — 7
S 04r 0.004 1 q=150MeV 7
2 0.003 | 1 a=00Mev /
g 0.002 | A Y
— L /
= 0.001 | e | y
Eoo2f - ! y
03 035 04 045 A
P
(d
0 s ' .
0.4 0.6 0.8 1
q (GeV)

FIG. 4. Unitary cut contributions in (a) ImIl; and (b) ImI1; at 7 = 130 MeV, (c) ImI1; and (d) ImII; at 7 = 130 and 160 MeV as a
function of g for g, =150 MeV, ¢, = 0.0 for different eB values.
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1

T = 130 MeV ' ' '
( 2 v q, =150 MeV, q; = 0.0 MeV
eB=0.02 GeV™ —— |
o 085 eB=0.03GeV” ----- |
8 (T = 160 MeV)
T o6k eB=0.02 GeV> i |
= o eB=0.03 GeV? -—-= ‘
X
]
T o4t 017 1 ‘ ]
e
= 0.05 ] ]
é 021 T 4
0 ‘ . i
0.08 0.082 0.084 . R
O L L P 14!./!; =T i
0 0.02 0.04 0.06 0.08 0.1
q (GeV)
FIG. 5. Landau cut contributions in ImlII; as a function of g at

q, =150 MeV for T =130 and 160 MeV for different eB
values.

functions. As discussed below Eq. (34), the threshold for
the Unitary cut for different values of e¢B can be determined
from the following condition,

,/qﬁ > 24/m2 + eB.

Furthermore, Eq. (45) also predicts that the threshold of the

(45)

Unitary cut should shift towards higher values of , /qﬁ as
eB increases which is evident from Fig. 4(a). In Fig. 4(b),
we have plotted ImIT;™™ as function of 1/qﬁ. Unlike

ImIT" ™Y, ImITY™™™  does not contain any spikelike
structure. This is due to an extra factor of Killén function
coming from the component N% (which contributes to
ImI1; ), canceling the same in the denominator of Eq. (34).

Unitary

Similar to ImIT; ™", it can also be seen that with nonzero

values of eB, ImII;"™™ is approximately same as the

(T = 130 MeV) TZ160MeY) ()
21 ¢B=0.02 GeV? eB=0.02 GeV> — —-
" eB=0.03 Go 0. 2 o
10 CB=0.03 Gev2 -~ - ¢B=0.03 GeV> -~ |
& B=0.05 GeV? - €B=0.05 uGeV T /.§
; o
g 10 R B
8 10F  Z 150 Mev P !
<) o |
g q;=0.0 MeV : | |
S 10k e ]
A | |
; | |
. | |
108} | N
| |
-10 o 1.
70 0.05 0.1 015
q (GeV)

eB =0 curve but the oscillation frequency is much

smaller as compared to ImITy"™”. Moreover, analogous
to Fig. 4(a), the threshold of the unitary cut moves towards

higher values of , /qﬁ with the increase in magnetic field as

clearly shown in the inset plot. In Figs. 4(c) and 4(d)
we have presented the variation of ImIT;™™? and ImIT, "™

with ,/qﬁ for a fixed value of the background field

(eB = 0.02 GeV?) for two different values of 7. In both
the figures, the corresponding curves for eB = (0 case
are shown for comparison. It is evident that for different
values of temperature the qualitative behavior of both
ImITy"™ and ImIT,™™ remains similar. However, there
is an increase in the magnitude of both the contribution
of the Unitary cut in ImIl; and ImII; for higher value
of T owing to the availability of larger thermal phase
space.

As pointed out earlier while discussing the detailed
analytic structure of the self-energy of a p° meson, a
nontrivial Landau cut contribution might be generated in
the presence of an external magnetic field even if the loop
particles carry equal mass. In this case, the nonzero Landau
cut contribution will only appear in ImIl; as can be
understood from Eq. (BS) or Eq. (35) where g, N, (which
contributes to ImIl;) contains two additional Kronecker
delta functions 5;@[ as well as 6. However, from Eq. (B6)
or Eq. (35), it is evident that such feature is absent in the
expression of N% (which contributes in ImIl;). In Fig. 5,
we have depicted the contribution of the Landau cuts in

ImIl; as a function 1/qﬁ at T =130 and 160 MeV for

different values of magnetic field. Comparing with
Figs. 4(a) and 4(c), it can be observed that the magnitude
of ImITF % js ~ x 10~* smaller compared to ImIT;"“Y
and the Landau cut contributions also contain the threshold

singularities. Now again as discussed below Eq. (35), the

102F (T=130MeVv) ®) |
eB=0.0 GeV> -~ -
eB=0.02 GeV> ——
10'  eB=0.03GeV> --- -
o €B=0.05 GeV~ ===
>
[
© 10°F ! i
|
g ‘ g, =150 MeV, q; = 0.0 MeV
=)
a0l ) i (T = 160 MeV) ]
E P | eB=0.0 GeV> -~ -
» | i eB=0.02 GeV2 — —
107 | ‘ eB=0.03 GeV; ~— 1
i I } eB=0.05 GeV> — -
A I
03 04 05 06 07 08 09 1
q (GeV)

FIG. 6. The variation of (a) Landau cut and (b) Unitary cut contributions in the complete p° propagator as a function of q) at

q. = 150 MeV for different eB-values at 7 = 130 and 160 MeV.
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q,=150 MeV, q;=150 MeV

F T=130 MeV

_2)

-Im D (GeV

eB=0.0 GeV?>
eB=0.02 GeV> ——
eB=0.03 GeV?>
eB=0.05 GeV? -—--—

0.6 0.8 1

(T=130 MeV)
eB=0.0 GeV?>
f eB=0.02 GeV> ——
eB=0.05 GeV? -—--—

—_
(=]
=4

(T=160 MeV)
eB=0.0 GeV> -
eB=0.02 GeV? —-—-
eB=0.05 GeV>

.2)

-Im D (GeV

| I q,=150 MeV, q;=150 MeV

0.8 1

FIG. 7. The variation of the complete p° propagator as a function of g at g, = 150 MeV, ¢, = 150 MeV for different eB-values at

(a) T =130 MeV and (b) 160 MeV.

kinematic domain for the Landau cut can be determined
from the following condition

,/qﬁ < \/m,2,+3eB—\/m,2,—|—eB.

This explains the fact that the Landau cut contributions in
ImIl; extend towards higher values of , /qﬁ with the

increase in eB as evident from Fig. 5. Moreover, for higher
T value, due to the enhancement of the thermal factor,
which in turn increases the available thermal phase space,
the magnitude of ImIT/%" g Jarger. It should be noted that
both the Unitary and Landau cut threshold, determined by
Eqgs. (45) and (46) respectively, are independent of the
temperature of the medium. All the observations made in
Figs. 4 and 5 are in agreement with the results obtained
in [67].

Itis clear from Eq. (44) and discussion below that, for the
vanishing transverse momentum of p°, the complete
propagator of a p° meson consists of three structure factors
in a magnetized medium. Out of these, two are found to be
degenerate, implying two distinct structure factors for the
propagation of p°. A detailed study of these structure
factors can be found in [67]. In Figs. 6(a) and 6(b), we
illustrate the variation of Landau and Unitary cut contri-
butions respectively in the complete p°-meson propagator

as a function of , /qﬁ for different eB-values at 7 = 130

and 160 MeV, ¢, = 0.0 and ¢, = 150 MeV. Both the plots
contain spikelike structure owing to the threshold singu-
larities at each Landau level as discussed earlier. The
increase (decrease) in Landau (Unitary) cut threshold with
increase in magnetic field can be explained in a similar
fashion using Eq. (46) (Eq. (45). From Fig. 6(b), it can be
seen that for a particular value of background field, the
overall width of ImDY™@Y broadens with the increase in
temperature. This corresponds to the enhancement of the

(40)

decay process p’ — 7z~ in that medium indicating that p°
meson becomes more unstable at high temperature (see
Ref. [67] for more details). For nonzero transverse momen-
tum of p° meson, the complete p° propagator has four
structure factors in thermomagnetic medium [see Eq. (44)].

Figure 7(a) depicts ImD as a function of \/? at nonzero
value of g, and ¢, for different values of background
magnetic field. With finite value of ¢, the threshold of
unitary cut shifts towards the lower invariant mass and the
threshold of Landau cut shifts towards the higher invariant-
mass region leading to a continuous spectrum in ImD
which is an interesting observation at nonvanishing trans-
verse and longitudinal momenta of p°. There is an overall
increase in ImD with increasing temperature in lower

V@ (< \/4(m2 + eB) + ¢%) region. However, the nature
of ImD [in Fig. 7(b)] is same as ImDV™™Y [in Fig. 6(b)] in
higher \/¢2(> \/4(m% + eB) + ¢ ) domain.

Now, we turn our attention to the dilepton production
rate (DPR) from the hot hadronic matter in the presence of
a background magnetic field. In Figs. 8(a) and 8(b), we
have presented DPR as a function of the invariant mass at
g, =00, g,=150MeV and temperatures 130 and
160 MeV respectively, for different values of the magnetic
field. The corresponding curves in absence of the back-
ground field (gray dotted line) are also shown for
comparison which is consistent with the earlier observa-
tions by C. Gale and J. Kapusta in Refs. [10,22]. It can be
noticed that in both the figures, when the magnetic field is
turned on, DPR receives contributions from both Landau
cut as well as Unitary-I cut which is understandable from
the discussions below Eq. (34) and Eq. (35). Since the
mass of the leptons are much smaller compared to that of z
mesons, the threshold invariant mass for dilepton pro-
duction for all eB values coincides with Unitary-I cut
threshold of ImD as evident from Figs. 8(a) and 8(b).
Moreover, as we have already justified that both Unitary
and Landau cut thresholds are independent of the

036017-10



DILEPTON PRODUCTION FROM HOT AND MAGNETIZED ... PHYS. REV. D 107, 036017 (2023)
10°F ] 10°F 3
4= 0.0 MeV @) q; = 0.0 MeV ~
1 ~ {\
% 107 ¢ | 1 % 107
O r O
< | . \ ¥ .
& i - f & C g=
R ‘ : q,=150 MeV S 10 A q,=150 MeV
*Q | i ES | T=130 MeV ‘*g ! | T=160 MeV
! 1 / 1
T 00 e B L eB=00GeV: - -] 30 ; i eB=00GeV. ~ - -]
Z o ' .| eB=0.02GeV: —— 1 Z ‘ .| eB=0.02GeV: ——
I . I ! . I eB=0.03 GeV; - -~ -~ I ! . I eB=0.03 GeV; -~~~
[~ v ! ! . eB=0.05 GeV> -—--— 22 [ ! . eB=0.05 GeV> -—--—
B0 Do F - | Do 3
@ ol ‘ Co A : b
IR L
0.2 0.4 0.6 0.8 04 0.6 0.8 1
Invariant Mass (GeV) Invariant Mass (GeV)
10°F ] 10¢
8 e
> >
[5) [} 8
O O 10
' I ' ‘= q,=150 MeV, q=150 MeV
R} 2=
w; : q,=150 MeV, q,=150 MeV v\; T=160 MeV
= | T=130 MeV {200 ]
s s
T 2 S 2
Z eB=0.0 GeV~ ------- Z eB=0.0 GeV~ -------
= 2 o 2
1 I eB=0.02GeV. —— | 1 eB=0.02 GeV™ —— |
& | | eB=0.03GeV? oo g 10 eB=0.03 GeV> -+
A " eB=0.05GeV> -— R eB=0.05 GeV> ~— "~
14 L ‘ ‘ 14 L ; ‘ ‘
10 0 0.2 0.4 0.6 0.8 10 0 0.2 0.4 0.6 0.8 1
Invariant Mass (GeV) Invariant Mass (GeV)
FIG. 8. Dilepton production rate as a function of the invariant mass at ¢, = 150 MeV for different values background magnetic field

forg, =0at(a) T =130 and (b) T = 160 MeV, for g, = 150 MeV at (¢c) T = 130 and (d) 7 = 160 MeV (corresponding eB = 0

curves (gray dotted line) are also shown for comparison).

temperature of the medium, the thresholds of Landau cut
contributions which is a purely magnetic field dependent
effect, also remain same as observed in Fig. 6(a) for
different values of eB. The appearance of nontrivial
Landau cut contributions, leads to significant enhance-
ment in the DPR in the lower invariant mass region which
was forbidden in the absence of the background field.
Furthermore, at vanishing transverse momentum, for
finite values of eB, dilepton production is kinematically
forbidden between the Landau and Unitary cut thresholds
which can be observed in both the figures [Figs. 8(a)
and &(b)]. The width of this forbidden gap is independent
of T and increases with eB which can be understood
from Egs. (45) and (46). Dilepton production considering
nonzero values of ¢, and g, is presented in the Figs. 8(c)
and 8(d). Here, the most interesting observation is that
the dilepton production rate becomes continuous and the
forbidden gap (existing between Landau cut and Unitary
cut when ¢, =0) vanishes. In addition, the DPR is
significantly enhanced in the low invariant-mass region
(Landau cut region). It may be noted that for vanishing ¢ ,
a pion in Landau level (n) could interact with a pion at

Landau levels (n —1),n, (n + 1) producing a p° meson,
but there is no such restriction on Landau levels for
nonvanishing ¢, which can be understood by Eq. (35)
and discussions below. The spikelike structures can be
seen over the whole range of allowed invariant mass
for dilepton production which is a manifestation of the
well-known phenomena of ‘threshold singularities’ as
discussed earlier. These singularities due to landau level
quantization of pions of magnetized hadronic matter
can be attributed to the functional dependency of the
dilepton production rate as discussed earlier. For given
values of the other parameters, we have found that for
eB # 0, the overall dilepton production rate is about
the same as eB =0 at higher invariant mass, i.e.,
V@ > \/4(m2 +eB) + ¢%. On the other hand, the
dilepton production rate is enhanced in the low invari-
ant-mass region, i.e., \/_ \/4 21 eB)+ qL (which
is absent for eB = 0) as evident from Figs. 8(c) and 8(d).
Finally, it can be inferred that for higher values of
temperature, as a consequence of enhancement in the
availability of the thermal phase space, the overall
magnitude of the DPR increases which is evident from
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FIG.9. Dilepton production rate as a function of the invariant mass at T = 160 MeV, eB = 0.02 GeV? (a) for different values of ¢ | at

q, = 150 MeV, (b) for different values of ¢, at ¢, = 150 MeV.

the comparison of Figs. 8(a) and 8(b) or Figs. 8(c)
and 8(d).

Figures 9(a) and 9(b) show dilepton production rate for
different values of ¢, at g, = 150 MeV and different
values of g, at g, = 150 MeV respectively considering
eB =0.02 GeV? and T = 160 MeV. A similar trend as in
Fig. 8(d) is observed in both high and low invariant-mass
regions. Moreover, Fig. 9(a) shows that, with the increase
of the value of ¢ |, the Unitary cut threshold shifts towards
the lower invariant-mass region and the Landau cut thresh-
old shifts towards the higher invariant-mass region which is
understandable from the discussions below Egs. (34) and
(35). So, there is a combined effect (of Landau and Unitary
cut) on the dilepton production rate for the whole range of
invariant mass when g% > 4(m2 + eB). On the other hand,
Fig. 9(b) shows that DPR decreases with the increase in g,
due to the thermal suppression.

VI. SUMMARY AND CONCLUSION

In summary, we have presented an analysis of the
dilepton production rate from hot hadronic matter under
an external magnetic field. We have shown numerical
results for DPR as a function of invariant mass for different
values of transverse and longitudinal momenta of the
dileptons. The principal component in the DPR is the
thermomagnetic in-medium spectral function of the p° i.e.,
the imaginary part of the complete interacting p° propa-
gator which has been obtained by solving the Dyson-
Schwinger equation containing the one-loop self-energy.
The self energy of p° in such a thermomagnetic background
is calculated employing the RTF of finite temperature field
theory and Schwinger proper-time formalism. The analytic
structure is investigated in the complex energy plane; in
addition to the usual contribution coming from the Unitary
cut beyond the two-pion threshold, we find a nontrivial
Landau cut in the physical kinematic region. The appear-
ance of such a nontrivial Landau cut is due to the fact that

the charged pions occupy different Landau levels before
and after scattering with the p° meson which is purely a
finite magnetic field effect. Owing to the emergence of the
Landau cut, the DPR yield in the low invariant mass region
is nonzero whereas it is absent in the zero field case.
The most interesting finding is the continuous spectrum of
DPR owing to shifting of Unitary(Landau) cut thresholds
towards lower(higher) values of invariant mass for finite
values of ¢ | . However, with vanishing transverse momen-
tum we observe that there exists a forbidden gap between
the Landau and Unitary cut thresholds where dilepton
production is not kinematically allowed. The width of the
forbidden gap is independent of 7" and increases with eB.
The enhancement of DPR, in low invariant mass region, is
more prominent in case of ¢ # 0 as compared to ¢, =0
case. This is due to the fact that at ¢, =0 a pion in
Landau level n could interact with a pion at Landau levels
(n—1),n,(n+1) producing a p° meson, but no such
restriction exists for nonvanishing ¢ | resulting in enhanced
production in the latter case. Furthermore, with the increase
in temperature, the overall magnitude of the DPR is found
to increase due to the increase in the availability of the
thermal phase space.

It should be noted that dileptons are produced in all
stages of heavy ion collisions. In order to get the dilepton
spectrum relevant for experimental observation, one has to
integrate the DPR from quark matter as well as hadronic
matter over space and time. Although many calculations
of dilepton production rate from magnetized quark matter
exist in the literature, the emission rate from magnetized
hadronic matter evaluated for the first time in this work is
an essential contribution to obtain the full spectrum of
dileptons from relativistic heavy ion collision.
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APPENDIX A: COMPARISON WITH THE
EXPRESSIONS OF DPR FOUND IN THE
LITERATURE AT B=0

Let us change our Cartesian coordinate system to the
Milne coordinate system via the relation

(¢°.9) = (4" 9. 9,.4)
— (M7 coshy, g7 cos ¢, g sin g, My sinhy),
(Al)
where g7 = /> + qi is the transverse momentum, M, =

\/M2 + g7 = \/q(z) — g2 is the transverse mass, M = \/?
is the invariant mass, and y = tanh~!(q./q") is the rapidity.
Then the infinitesimal four-momentum element d*qg in the
Milne system can be written as d*q = MdMM ;dM rdgdy.
Assuming azimuthal (¢) symmetry, the DPR in Eq. (11),
can be integrated to obtain

AN o AN
[T Mam d dym -2
d*xdM / r@r / ¢ / Y Prdiq

2a °°
= 2y Tl (M) A My

My
X /—oo dy e(MTcoshy)/T _ 1./4

We now substitute the expression of the spectral function A
from Eq. (26) into Eq. (A2) to obtain

(A2)

dN 202 o
2 P2m2L(M? / am
dxam 3e2m " (M7) " r

00 MT
X/_ dy e(MTcoshy)/T -1

®
20mll;
x [(q2 — m3 + Relly)? + (ImIly)?
n ImI1, ]
(¢° = mj; + Rell,)* + (ImIT, )

(A3)

It has been observed that the difference between the
longitudinal and transverse polarization is very small up
to reasonably high temperatures [22,64] for the interaction
considered here, so that ImIT; ~ ImII;, ~ MT',(M). Also,

|

v, (q), B) =

ooy M)

considering approximation Rell;; ~ 0, the dMydy inte-
grals of Eq. (A3) can be analytically performed to get the
DPR due to pion annihilation following Refs. [10,22,64] as

a2 2
Bl = w MTK (ML) )T, ()
(a%)
c 2 m2
_ (3(;‘)4) <4F 2g,,,,,,)MTK (M/T)< ‘ﬁw,;) (AS)

using the Boltzmann approximation where K; is the

modified Bessel function, I',(M) = ]gégz M3(1 - 4&)3/ % s

the p’-meson decay rate in a vacuum [23],

") (A6)

2
FOF = 7 o+ (i )y

is the pion form factor [59,65], and (M) is the pion

annihilation cross section given by

4
o, (M) *%L (M?) |F )P

(A7)

APPENDIX B: eB-DEPENDENT VACUUM
CONTRIBUTION

The expression for Relly;, (g, eB) in Eq. (29) is

d*k,

1.(q, B) zii/ dzk”
vac q, (2”)

n=0 [=

Nﬁ?(q,k)
(kﬁ m%—l—ie)((qﬂ +kH)2—m3+l’€)
(B1)

With g, = 0, the [T{;.(g, eB) can be written as [67]

I (q). eB) = My v () €B) + gy, (g eB).  (B2)

where the explicit form of ITgy,. (g, eB) is

_glzmﬂqﬁ ! A v A 1 w v
307 Adx{A{h«ze_B) }(qg” q"q|)—2e3{1nr<2 B+2> \/2_”}(‘12% —d)qf)

Jy LB Af (A 1
T AT T Y\ T2) TV

(B3)
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where y(z) is the digamma function and A = m2—

x(1 - x)qﬁ — ie.

A =m; —x(1-x)qf —ie. (B4)

For g, = 0, the expression N/ is found in Eq. (35). The
results below can be obtained from Eq. (35)

v n eB
9N (q) k) = (=1)" g —

kY4
< [{qki + (q)-k))*a} —24q](q - k))*}9]
B
-5 a2+ 1)) = (n4 15 = ney))

(BS)

B
N%(gy, k) = (—1)" 142, o~
it (41 K)) = (=) 4G50 o

X [Clﬂk% + (qy - ky)*q5— Zqﬁ(qn k) k)5
(B6)

The corresponding results for zero-magnetic field are
obtained from Eq. (16) as

GuN*(q. k) = Gral Kk q* + (q - k)2 q* —2¢*(q - k)],
(B7)

N®(q.k) = @, [k3q* + (¢ k)>q3 — 24°(q - k)q°k°).
(B8)
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