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Renormalization in a wavelet basis
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Discrete wavelet-based methods promise to emerge as an excellent framework for the non-perturbative
analysis of quantum field theories. In this work, we investigate aspects of renormalization in theories
analyzed using wavelet-based methods. We demonstrate the nonperturbative approach of regularization,
renormalization, and the emergence of flowing coupling constant within the context of these methods. This
is tested on a model of the particle in an attractive Dirac delta function potential in two spatial dimensions,
which is known to demonstrate quintessential features found in a typical relativistic quantum field theory.
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I. INTRODUCTION

The wavelet-based methods have emerged as a strong
contender for the nonperturbative analysis of quantum
field theories (QFTs). Discrete wavelet-based methods
provide ways to analyze these QFTs akin to the
Euclidean lattice approach and yet allow the study of
real-time dynamics [1-9]. The discrete and multiscale
nature of compactly supported wavelets holds the promise
of providing a systematic framework for classical and
quantum simulations of these continuum QFTs [10-14].
Discrete wavelets have also been used for analyzing
statistical field theories [15-18]. Methods developed based
on continuous wavelets provide a complementary perspec-
tive [19-22]. Both approaches, discrete and continuous,
have considered regularization, renormalization, and gauge
invariance in field theories. Wavelet-based representation
of light-front quantum field theories has been formu-
lated [23-25] to gain an advantage from the unique
properties of being on the light front [26]. In this paper,
we investigate the approach to renormalization when
working within the framework of Daubechies wavelet-
based quantum theories.

The fundamental theories of elementary particles and
their interactions are described by local QFTs formulated
on (3 + 1)-dimensional Minkowski space-time. The quan-
tization of these field theories is usually done using
canonical quantization approach or via path integral meth-
ods. As a part of the quantization process, it is common to
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resolve the field using the plane wave basis into its
momentum modes. In the plane wave basis, the free field
part of the Hamiltonian represents these momentum modes
as uncoupled oscillators, while the interaction Hamiltonian
represents the couplings between the different momentum
modes of the field. When computing the S-matrix elements,
it is common to adopt a manifestly covariant approach to
perturbation theory to effectively deal with the ultraviolet
divergences and reexpress the theory in terms of renor-
malized masses and couplings [27,28]. However, in doing
so, the central role played by the Hamiltonian eigenvalue
problem does get compromised.

The lattice approach allows one to analyze QFTs beyond
perturbation theory systematically. One defines the field on
a Euclidean lattice with a presumed underlying lattice
cutoff. The quantum field theory is studied as an equivalent
statistical field theory with the partition function defined as
a path integral over the Euclidean action. The discrete
nature of the lattice makes the field theory computationally
tractable. The presence of the explicit cutoff regulates the
ultraviolet divergences (beyond perturbation theory), but it
explicitly violates Euclidean invariance. There is often a
trade-off between the need for nonperturbative analysis and
the desire for full covariance. Within the lattice approach,
the continuum limit of QFT is obtained by maintaining
criticality in the limit of vanishing cutoff. With the
exception of the Hamiltonian lattice approach, Euclidean
lattice makes it challenging to work with the Hamiltonian
energy eigenvalue problem directly.

The discrete wavelet-based formulation of quantum
field theory allows one to commit to the Hamiltonian
framework while maintaining the discreteness of the lattice
approach, yet not compromise the continuum nature of
space. Daubechies wavelets and scaling functions consti-
tute an orthonormal basis (generally referred to as wavelet
basis in the rest of the paper) of compactly supported
functions [29-31]. Roughly speaking, each basis function
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is characterized by its location (translation index) and
length scale (resolution). The quantum fields, when
expanded in the wavelet basis, lead to its representation
as an infinite sequence of operators characterized by a
location and resolution index. This approach allows natural
volume and resolution truncations of the QFT. The trun-
cated theory is an ordinary quantum mechanical theory
with multiple discrete degrees of freedom organized by
location and length scale. The maximum resolution plays
the role of ultraviolet cutoff.

In this paper, we use an example of the two-dimensional
Dirac delta functional potential to illustrate aspects of
renormalization within the discrete wavelet-based approach.
Several authors [32—49] have studied this potential to under-
stand the nuances of renormalization in an elementary
setting. In this work, we showcase the emergence of
asymptotic freedom within the wavelet approach. The outline
of the paperis as follows: In Sec. II, we introduce the essential
basic properties of Daubechies wavelets, following which, in
Sec. ITI, we show how this discrete wavelet basis can be used
to address problems in quantum mechanics. In Sec. IV, after a
brief discussion on renormalization within the wavelet
framework, we present the analysis of the two-dimensional
Dirac delta function potential using wavelet based approach.
Section V contains concluding remarks and future outlook.

II. DAUBECHIES WAVELETS

In this section, we summarize the key aspects of
the construction of Daubechies wavelet basis and their
associated properties, which are used through out this
paper [1,16,17,29-31]. The basis elements consist of
scaling functions and wavelet functions, which are gen-
erated starting from a single function s(x) (often referred to
as the mother scaling function) defined through the linear
renormalization group equation:

2K-1

s(x) =Y h,DT"s(x). (1)
n=0

D and T denote the scaling and translation operations,

respectively. These unitary operations are defined by
Ds(x) = V2s(2x), Ts(x) = s(x—1). (2)

T translates the function as a whole by one unit to the right

without altering its form, while D shrinks the support of the
function by a factor of 2 while maintaining its norm,

/s(x)dx =1. (3)

In Eq. (1), K represents a fixed integer that in turn will
determine the extent of smoothness and the support of the
basis functions.

The action of the operators D and 7' are shown for a
typical function f(x) in Fig. 1.

Equation (1) defines s(x) as a specific linear combina-
tion of 2K translated and scaled copies of itself. This is
visually represented in Fig. 2 for K = 5.

Given the solution of Eq. (1), we define the kth
resolution scaling functions by applying n unit translations
followed by k dyadic scale transformations on the mother
scaling function,
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FIG. 1. Any generic function f(x) (blue color). The action of

(a) translation operator 7 and (b) scaling operator D on that
function (magenta color).

0.5

0.0

-0.5

0 2 4 6 8

FIG. 2. The red dotted line shows the mother scaling function
s(x) for K = 5 formed as a weighted sum of 10 translated copies
of s(x) scaled to half of the original support.
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The scaling functions s%(x) are orthonormal,

/%@ﬁmw—%m (5)

and arbitrary linear combination of these functions generate
the space H* of resolution &:

= {70110 = Y Fuh 1P < o} (6)

From scaling equation Eqgs. (1) and (6), it follows that
HE c H (7)
and, more generally, for any m > 0
HE c HEEm (8)
this means that the kth resolution space is a linear subspaces
of the (k + m)th resolution space.

Now we define the mother wavelet function w(x) such
that it is orthogonal to the mother scaling function:

2K-1
w(x) =Y g,DT"s(x), )
n=0
where
Gn = (=1)"hog_1_. (10)

The mother wavelet function w(x) will be used to con-

struct the orthogonal complement w*(x) of H* in H**!.

Towards this end, we define the wavelet function w¥ (x) as

wh (x) == D*T"w(x). (11)
The wavelet functions are orthonormal

/mmwmwz%% (12)

and arbitrary linear combination of these generates the
space W of resolution k:

W= { £l = b <o (13)

By design, the scaling functions and wavelet functions are
orthogonal to each other

/ S (whH (x)dx = 0, 1320, (14)

and
HH = HE @ W, (15)

The space of square integrable real functions, L?(R), can be
generated by recursive use of Eq. (15).

L*(R)=H e W@ Wt @ W20 (16)

This has been visually represented in Fig. 3.

There are two possible choices of basis for #*, one could
either work with the scaling function basis of resolution k
({sk(x)}> _,,) or a combination of resolution k — 1 scaling
and wavelet functions ({s%~1(x)} _ U {wk=1(x)}2 _ ).
These two bases are related to each other through an
orthogonal transformation given by

2K-1

SN =) sk, (). (17)
=0
2K-1

Wi (x) = > ik, (x), (18)
=0

S]rcl (x) = Zhn—ZmS];n_l (x> + Zgn—meﬁrl(x)' (19)

By induction, for any fixed value of k, the scaling
functions and wavelet functions,

{sit o U Wi 122 (20)

n=-—oo,m=k’

\
[
T
!
1
"
]

FIG. 3. Euler diagram for spanning of Hilbert space with
wavelet basis.
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will form the basis for L?>(R). Any square integrable
function, f(x) can be expanded in this basis

T COEDS Zf“ (0 @)

n=—o0o n=-—oo [=

such that

Z 3 + Z Z\f (22)

n=-—00 n=—oo [=

An alternative way to construct L>(R) is via an infinite
resolution limit of H*.

L>(R) = lim H*. (23)

k—o0

We are going to use this approach for the rest of the paper.

The real weights h,, associated with the order K mother
scaling function can be determined for an integer value of K
by solving the following system of equations:

2K-1

> hy = V2, (24)
n=0

2K-1
Z hnhn—Zm = 5mO’ (25)
n=0
2K-1 2K—1
Z n" 9n = Z ( l)nhZK—l—n’
n=0
—0, m<K. (26)

Equation (24) is the necessary condition for the scaling
equation to have a solution. Equation (25) tells us that the
integer translation of scaling functions are orthonormal to
each other. Equation (26) ensures that the linear combina-
tion of integer translates of the wavelet functions are
orthogonal to degree K — 1 polynomials [1].

The coefficients h, for K =1, 2, and 3 are given in
Table 1.

TABLE 1. £ coefficients of Daubechies wavelets for different
values of K.

h, K=1 K=2 K=3

ho 1/vV2 (1+V3/4V2)  (1+10+/5+2110)/16v2
ho1/V2 3+ V342 (5+10+3/5+2V10)/16V2
hy 0 (3-V3)/4V2 (10-2y/10+2V/5+21/10)/16v2
hy 0 (1-+3)/4V2 (10-2v/10-21/5+2v10)/16V2
hy 0 0 (5 + V10 = 3v/5 4+ 2v/10)/16V/2
hs 0 0 (1+V10 - /5 +2v10)/16v2

Using the weights 4, we can determine s(x) and w(x) at
each point x from Egs. (1) and (9) [50,51]. It can be shown
that the mother scaling function s(x) and mother wavelet
function w(x) have compact support on the interval
[0,2K — 1]. A graphical view of s(x) and w(x) for a sample
value of K =2, 4, and 6 is shown in Fig. 4. The basis
functions sX (x) and w¥ (x) have compact support smaller by a

factor 2% in comparison with the s(x) and w(x).

sk(x),wk(x) £0 Vxe (

(2K -1)
2k

(0—n) 2K-1 —n)>
2k 7 2k

=> support size =

The degree of analyticity of the basis functions depends
on the value of K. For example, the basis functions for

1.5¢ — scaling function
1.0f wavelet function
0.5} \
0.0 \[
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10 — scaling function
- wavelet function
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K=4
10 — scaling function
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K=6

FIG. 4. Scaling and wavelet functions for different values of K.
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K =1, 2 are not differentiable, K =3, 4 are singly

differentiable, K = 6 are doubly differentiable, and so on.

The extension of the basis in two dimensions can be done

by forming direct products of one-dimensional scaling and
wavelet functions.

sﬁ,.nz (X) = s]rcl] (xl )s]rclz (XZ) (27)

and we introduce another notation wj,(x), which we call
generalize wavelets having the following forms:

W;Z,nQ.l,b(X) = Sﬁl (xl)wlfé (x2), (28)
Wzll,nz,lkl (X) = Wﬁ]l (xl )s]r(tz (.Xz), (29)
Wzl,,nz,S,kl,kz( X) = Wﬁ]l (Xl)Wﬁi (x2). (30)

m represents the smallest wavelet scale appearing in the
product and «a indicates the values of k;, k, and the four
types of products that are appearing in the basis function.
Any square integrable function in two dimensions can be
expanded in this basis as follows:

anl 1y nl nz

ny,ny

z:wlm m z:
+ f”l”z n1n21k7 + f”1”2 n1n22k1 )

i ny
ky>k ky=k

+Zf;lvf”:; n|n23k1 kz(X) (31)

xl,X2

such that

DmJQNMHZWﬁ

ny.ny n] 1y ”l n2

+ZW%_ (32)

’I] le
T ky =k

Here, the summation over n;, n, goes from —oco to oo and
summation over k;, k, goes from k to oo.

III. TWO-DIMENSIONAL DIRAC DELTA
FUNCTION POTENTIAL PROBLEM
IN WAVELET BASIS

The energy eigenvalue equation for the 2D Dirac delta
function potential in natural units (;m = 1, 2 = 1)is given by

1S~ 0
23

We approximate the state space of the system to the
resolution subspace F*. Within this approximation, by

gé(xoa(xz)]w(xl,xz)=Ew<xl,x2>. (33)

expanding eigenfunction y(x;,x,) in the scaling function
basis,

-xl’x2

ZV/nl R n] nz (34)

ny,n,

we can express Eq. (33) as a matrix eigenvalue equation

E Hs My, N3, n4l//ng ny

n3,ny

= Eyy, n,» (35)
where the Hamiltonian matrix elements are given by

2
o n1 ny xl’x2 }'l'; n4 xlvx2)
SNy gy T E

Hk

gsh <x1,x2>5<x1>5<x2>sﬁ3.n4<x1,x2>)
X dxldxz. (36)

Using integration by parts and the compact support of the
scaling functions, we can rewrite Eq. (36) as

Hk . — liasﬁl,nz('xl’xé) as£3~”4('xl’x2)
S,y IN3,0y 2 axi ax,-

i=1

- gsﬁl.nz (x17xz)5(x1)5(x2)sﬁ3,n4 (x1, xz))
X dxldxz. (37)

From the separable nature of the two-dimensional scaling
basis functions, we can rewrite the Hamiltonian matrix
elements involving different overlap integrals as

1

H]scnl nyingamy E[ ]s(s,n1n3 X 5n2n4 + Dlscs.nzm; S 5n1n3}
+ ngs N3 I]scs,nzm ) (38)
where
Dy = / % ()t (x)dx, (39)
Iy = / 5(x)sk, ()4 (x)dx. (40)
-0

We can evaluate these integrations analytically from the
properties of scaling functions using the procedure described
in the Appendix.

The resulting Hamiltonian matrix has to be truncated for
carrying out numerical computation of its eigenvalues.
The first kind of truncation is volume truncation, which
identifies the region of physical space accessible to the
physical system. In the present problem, we define the
volume truncation by —L < x, y < L. The other truncation
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Bound state energy (E) Vs Resoluton (k)

—~ Volume=12

I
-
o

U
N
o

Bound State Energy (E)
5 &

|
[<.)
o

|
(2]
o

0 1 2 3 4
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FIG. 5. Negative divergence of bound state energy for fixed

volume (V = 12) with fixed coupling constant (g = 1.848694)
versus increasing resolution plot.

involves choosing a value for the resolution k. This implies
the inclusion of all length scales down to (2K — 1)/2* and
excluding all length scales finer than this limit. For a fixed
value of bare coupling constant g and resolution, the low-
lying eigenvalues remain unchanged with increasing L.
This saturation of eigenvalues is intuitively expected as
most of the dynamics happens around the origin due to
short range of the potential. From here on, all computa-
tional results will be reported by choosing an adequately
large value of L. There exists a minimum value of coupling
constant g,;,» beyond which one gets exactly one bound
state. For example, if L = 6 and resolution k£ = 0, this
minimum value is around g,,;, = 1.18. For any fixed value
of the bare coupling constant, the bound state eigenvalue
diverges to negative infinity (Fig. 5). This signifies the
appearance of ultraviolet divergences within the wavelet
based framework. We deal with these divergences by
renormalizing the theory. The following section demon-
strates the renormalization and continuum limit within this
wavelet-based approach.

IV. RENORMALIZATION

The concept of renormalization first arose in context of
relativistic quantum field theories. The QFTs defined in the
continuum have points in the underlying space-time that
can come arbitrarily close to each other. In other words,
there does not exist any short-distance (ultraviolet) cutoff.
When these quantum field theories are analyzed perturba-
tively, one encounters divergences at each order of pertur-
bation theory, whose origin can be traced to the lack of
underlying short-distance cutoff. The concept of renorm-
alization provides the essential element to derive physical
predictions from the perturbative QFT. At each order of
perturbation theory, the ultraviolet divergences are regu-
lated by the introduction of an artificial ultraviolet cutoff,
following which the dependence of the bare couplings on
the ultraviolet cutoff is determined by demanding that it
reproduces the experimental values of a finite set of

Coupling Constant (g) Vs Resolution (k)

— Volume=12
B 1.5}
<
ol
2]
5 1.0}
8t
(o))
£
S
3 0.5}
(@]
0.0t ) ) ) 3
0 1 2 3 4

Resolution (k)

FIG. 6. Renormalized coupling constant (g(k)) versus Reso-
lution (k) plot.

physical observables. For a perturbatively renormalizable
theory, this process of renormalization renders all observ-
ables of the quantum field theory finite and ultraviolet
cutoff independent. In other words, a local limit can be
established for a renormalizable theory within the pertur-
bative framework.

Within the wavelet framework, each quantum state of the
system can described as an expansion in scaling and
wavelet functions. The expansion coefficients of the scaling
functions describe contributions from the coarsest length
scale down to (2K —1)/2*, while the expansion coeffi-
cients of the wavelet functions represent contribution on all
lengths scales finer than (2K — 1)/2%. We can impose a
short distance cutoff to regulate the theory at a non-
perturbative level by truncating the basis function expan-
sion to include only the scaling functions. In other words,
the Hilbert space of the system is restricted to HX.
Likewise, all operators (for example, the Hamiltonian)
are defined in terms of their action on H*. The bare
coupling constants of the truncated theory are tuned to
reproduce the experimental values of a finite set of physical
observables. The process of renormalization consists of
constructing the local limit by solving a series of truncated
theories with increasing resolution.

We showcase the application of this wavelet based
approach to renormalization in the context of two-dimen-
sional Dirac delta function potential. We have shown in the
previous section that, for a fixed value of bare coupling
constant, the ground state energy diverges to negative
infinity with increasing resolution. In order to have a
physically meaningful theory containing a bound state,
we bring in a renormalization prescription that the theory
truncated at resolution k should reproduce the ground state
eigenvalue which we fix at —1. We tune the coupling
constant value in order for the truncated theory to reproduce
this experimental observable. Repeating this process for a
series of truncated theories with increasing resolution, we
arrive at the observation that the coupling constant flows
with resolution. In particular, it becomes weaker with
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TABLEII. The values of renormalized coupling constant with a
different resolution cutoff.

Resolution (k) Coupling constant (g)

4 0.7053401
3 0.8349675
2 1.021796
1 1.312652
0 1.848694

increasing resolution as is expected in the context of this
problem. See Fig. 6 and Table II.

V. SUMMARY AND CONCLUSIONS

The purpose of this work has been to examine renorm-
alization in a discrete wavelet based quantum theory. The
attractive two-dimensional Dirac delta function potential
was chosen as the model of study as it contains many of
the nontrivial features that are observed in a relativistic
quantum field theory such as ultraviolet divergences,
asymptotic freedom, and dimensional transmutation.
Working with models such as this one will provide insights
that will be valuable when working with realistic quantum
field theories within the wavelet based framework.

For quantum systems with finite number of dynamical
variables, the operator energy eigenvalue problem is con-
verted to matrix eigenvalue problem using the discrete
Daubechies wavelet basis, in which the rows and columns
of the matrix can be organized by length scales. The off-
diagonal Hamiltonian matrix elements have a natural
interpretation of coupling between length scales.
Specifically, each Hamiltonian matrix element carries a
pair “location” and resolution indices. By imposing an
upper and lower bound on the “location” index, one can
define the region of physical space in which the system
would be studied. Setting an upper bound on the resolution
index essentially amounts to imposing an ultraviolet cutoff
and as such plays the role of the ultraviolet regulator at a
nonperturbative level.

We have shown that, if the bare coupling constant is held
fixed, then as the resolution is increased the ground state
energy diverges as is expected. To make physical sense of
this theory, one demands that the bare coupling constant
flows with resolution in such a way as to maintain the
physical value of the ground state energy. The coupling
constant becomes weaker as resolution is increased which
attests the asymptotically free nature of the two-dimen-
sional Dirac delta function potential.

In the context of QFTs, the field operator can be
expanded in terms of scaling and wavelet basis function
with operator valued coefficients. This decomposition leads
to the quantum field (the operator valued distribution)
being replaced in terms of a countably infinite number of
operators with different spatial resolutions. One define a

volume truncation by retaining only those basis function
terms in the field operator expansion, that have support
lying within a specified volume. The resolution truncation
admits only those basis function terms in the field operators
expansion that are coarser than a specified resolution. This
truncated QFT, which is now a theory with finite number of
degrees of freedom, should in principle be solvable. The
infinite volume and infinite resolution limit needs to be
constructed as a limit of a sequence of truncated theories.
Further investigations in this direction are highly desirable.
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APPENDIX: OVERLAP INTEGRALS

Here we describe the analytical method to compute the
overlap integrals involving product of scaling functions and
their derivatives, such as the one appearing in Eq. (39). This
method, due to Beylkin [52], has been described in [3,16].
We describe this approach in the context of the overlap
integrals appeared in Egs. (39) and (40). The results for the
overlap integrals involving the delta function, Eq. (40) are
new and have not been reported in literature previously.

The following identities are used to compute these
integrals:

1
s',§ x)dx = ——, Al
[ shwas == (A1)
DT* = T*D, (A2)

d d
—D =2D—, A3
dx dx (A3)
Dx = 2xD, (A4)
Tx =(x—1)T. (AS)

In addition, the scaling equation, the definition of wavelet
and the derivatives of these equations are used in the
following form:

S&(x) = ZHmnsﬁJrl(x)’ (A6)
(1) = 25 Hpsk ™ (1), (A7)

where
Hmn = hn—2m- (AS)
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The general matrix element of the kinetic energy term can
be the found out from the following matrix element.

%mz/ﬁmﬂmm (A9)

Using Egs. (A3) and (A9) can be expressed in the following
form:

D]s(smn =2%D (AIO)

§s,mn»

where

Dy n = /sﬁn(x)s;(x)dx. (A11)

Using translational invariance, we can rewrite Eq. (A11) as

Dss,mn = Dss.O(n—m) = /s’(x)s;_m(x)dx. (Alz)

For K = 3, the scaling function and their derivatives have
support on [0, 5]. This means D, o, will be nonzero only
for the values of ¢ lying between —4 to 4. These nine
nontrivial integrals are related to each other through a set of
equations that we derive below.

Using the unitary nature of scaling operator D, we reduce
the resolutions of the scaling function by a factor of —1:

DYS‘O(] Ds_s 0qg — /s_l/(x)sgll(x)dx‘ (A13)

Now, raising the resolution by a factor of 1 using Eq. (A7),
we arrive at a set of homogeneous equations for D ,:

stq—4ZHOp qr/ ) (x)dx

= 4thhr—2qus.0(r—p) .

p.r

(A14)

We now determine an inhomogeneous equation for the
variable D, (, that, in conjunction with the homogeneous
set of equations (A14), allows us to uniquely determine
D o4- Our starting point is the decomposition 1, x, and x?
in terms of the scaling functions where (x") is called the nth
moment of the scaling function.

1= ZS,,()C)

x = (n 4 (x)su(x).

n

(A15)

(A16)

and

+ (@), (x). (A7)

x? = Z(n + 2n(x) +

n

Here, (x") = [x"s(x)dx are called the moments of the

scaling functlon Equatlon (A15) is a property of the

scaling functions called “partition of unity.”
Differentiating Eq. (A16) and using Eq. (A15) we get,

1= Znsﬁl (x)

Here is yet another differentiation but this time of Eq. (A17)
followed by use of Eq. (A18), and we get

2x:Z(n +2n(x Zn

Multiplying both sides with s'(x) and integrating, we
arrive at

/2xs’(x)dx:zﬂ:<n2/s’(x)s§l(x)dx+2<x>/s’(x)dx>
=-2= Zn /

= 2= Z}’l Dss.On’
n

(A18)

x)+2(x|.]x) (A19)

sp(x)dx

(A20)

the inhomogeneous equation (A20) for variables D .

The linear system of equations (A14) and (A20) can be
solved exactly. These values of Dy, (,, turn out to be rational
numbers and were first calculated in reference [52]. See
Table III.

The overlap integration involving the product of delta
function and two scaling function Eq. (40) can be expressed
in terms of the Oth resolution scaling functions using the
property of scaling operator D and changing the variable of
the integration:

mmz/wmwmww

= 2kIss,mnv (Azl)

TABLE III. The values of overlap integrals of product of
derivative of scaling functions.

Integrals Values
Dy ~3/560
Dss,O(—3) _4/35
Dyyoa) 92/105
Dyso-1) ~356/105
Dy 00 295/56
Devor ~356/105
Dss.02 92/ 105
Dss,03 _4/35
Dss.04 _3/560
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TABLE IV. The values of overlap integrals of product of delta
function and two scaling functions.

Values

0.0000179297
0.000403396
—0.00163377
0.00544679
0.00907591
—0.0367577
0.122546
0.14887
—0.496316
1.65466

Integrals
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where
Iyomn = / S @dx.  (A22)

Now, from the unitary nature of the operator D we can
express 1,,, in terms of I} as follows:

I = / 5(x)s3) (x)s5 (x)d.

- % / 5(6) 8 ()5, (x)dlx, (A23)

= Iss,mn =2x I_l

ss,mns (A24)
and using Eq. (A6) we can find out the set of homogeneous
equation for the integral /,,,,

Iss,mn =2X ZHmpanIss.pq- (AZS)
pP.q

To get the inhomogeneous equation we start with the
definition of delta function and the partition of unity
property of scaling function Eq. (A15).

Z/é(x)sm(x)sn(x)dx =1,
les.mn =L

(A26)

Here, the delta function is centered at the origin. So, the
delta function and two scaling functions will overlap for
—4 < m,n < —1. For all other values of m and n there will
be no overlap among them, so the value of the integration
will be 0. We can solve the set of equations (A25) and
(A26) to get all the possible values of integrals. See
Table IV.
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