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Soft photon propagation in a hot and dense medium to next-to-leading order
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We present the first complete calculation of the soft photon self-energy to the next-to-leading order in a
hot and/or dense ultrarelativistic plasma in QED. The calculation is performed within the real-time
formalism utilizing dimensional regularization in 4 — 2¢ dimensions, while the result is reported including
explicit O(e) terms in the zero-temperature limit. This information is required to extend the perturbative
calculation of the pressure of cold and dense QED matter to partial next-to-next-to-next-to-leading order in
a weak-coupling expansion, reported in a companion paper. These results pave the way for a similar future

calculation in quantum chromodynamics.
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I. INTRODUCTION

Perturbative thermal field theory is a frequently used
technique in a number of subfields of theoretical high energy
physics, ranging from studies of early Universe cosmology to
heavy-ion phenomenology and the physics of neutron stars.
In high-order computations, a common and at times prob-
lematic issue has to do with the infrared (IR) sensitivity of
different physical quantities, originating from the contribu-
tions of long-range massless (bosonic) fields and leading to
uncancelled divergences in naive perturbation theory (see
e.g., [1] for a review). This has lead to the need to develop
both resummation techniques and -effective-field-theory
methods for taming this so-called soft sector of various
quantum field theories, culminating in the development
and application of dimensionally reduced [2—4] and hard-
thermal-loop (HTL) effective theories [5,6]. The dimension-
ally reduced effective theories are applicable to static
observables at high temperatures 7 (see e.g., [7]), while
the HTL framework is more versatile, remaining functional
even at zero temperature and for time-dependent quantities.

In the context of quantum chromodynamics (QCD) at
nonzero temperature and/or density, efforts to determine the

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP’.

2470-0010/2023/107(3)/036012(24)

036012-1

pressure, or equation of state, have reached such a high order
[8—13] that physical contributions can no longer be classified
as being purely hard (corresponding to scales such as z7 or y,
where u is the chemical potential of quarks) or soft (scales
proportional to electric or magnetic screening masses).
Instead, these modes also interact with each other in ways
that have recently been characterized at zero temperature
[12], leading to the generation of so-called mixed contribu-
tions to physical quantities. In the particular case of the 7 = 0
pressure of cold quark matter, such contributions enter at
O(a?) in the strong coupling constant a,, and require the
dressing of gluon propagators with self-energies that go
beyond the usual leading-order (LO) one-loop HTL expres-
sion, encountered already in lower-order computations.
Given that the LO HTL approximation amounts to
studying one-loop self-energies (and vertex functions) in
the limit of soft external momenta, there are two indepen-
dent ways in which one can proceed beyond this limit to
next-to-leading order (NLO). On the one hand, we may
expand the one-loop self-energy of the full theory beyond
LO in powers of the soft momentum. On the other hand, we
may consider two-loop corrections at LO in the momentum
expansion.' In the context of the Abelian theory quantum

'In principle, there is a third possible source of NLO
corrections as well, corresponding to soft loop momenta in the
one-loop self-energy diagrams. These corrections will, however,
turn out to be of subleading order for the calculation performed in
this paper [14].
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electrodynamics (QED) and QCD, the one-loop photon,
and gluon HTL self—energies2 at finite temperature and
nonzero density were first computed by Toimela in
Ref. [15]. Recently, the photon self-energy was extended
to two loops at nonzero temperature but vanishing density
in the limit of soft external momenta’ and massless
fermions [17]. The main goal of the present paper is to
generalize this two-loop computation to nonzero chemical
potentials.

The reason to consider QED in the present work is
twofold. First, owing to the lack of self-interactions
between photons, the evaluation of the photon two-point
function to NLO both in a loop and small-momentum
expansion is considerably more straightforward than in
QCD. Thus, it makes sense to begin by considering this
more tractable—and yet very nontrivial—limit, and return
to the subtleties related to the non-Abelian nature of QCD
later. Second, QED is of course an interesting physical
theory on its own, although due to the small value of the
fine-structure constant «,, weak-coupling expansions per-
formed there tend to converge considerably better than in
QCD. Evaluating the two-loop self-energy in QED enables
us to analyze the function at various coupling strengths,
and to study the interesting physics contained therein.
Furthermore, this allows the evaluation of the mixed
contributions to the QED pressure at next-to-next-to-
next-to-leading order (N3LO), including the determination
of the complete O(a} Ina,) term at zero temperature. This
calculation will be described in the associated companion
paper [18].

The present article is organized as follows. In Sec. II, we
introduce to the reader both our notation and the technical
background of our computation. This includes a detailed
description of how the two-point function is evaluated in
the real-time formalism of thermal field theory, and an
introduction of the general structure of the photon self-
energy tensor and its low-momentum HTL expansion. In
Sec. III, we then present the detailed computation of the
one- and two-loop photon self-energies with arbitrary soft
external momenta within the framework of dimensional
regularization in 4 — 2¢e dimensions. Section IV on the other
hand contains a summary of the main results for the photon
self-energies and an analysis of the resulting dispersion
relations for transverse and longitudinal photon modes. In
Sec. IV C, we then compute the explicit O(¢) term for the
one- and two-loop self-energies in the limit of soft external
momenta at zero temperature. These results become useful
when considering higher-order vacuum diagrams for the
pressure in which the self-energy appears. Finally, in Sec. V
we draw our conclusions and consider the implications of

>The computation was also done including the full kinematics.
*In the full kinematics, the computation was performed in
Ref. [16].

our work, while many technical details of the calculations
are explained in the Appendix.

II. ORGANIZING THE COMPUTATION

In this section, we provide the reader with the back-
ground toolkit needed to follow the details of our compu-
tation. In particular, we introduce the formalism ranging
from dimensional regularization to real-time HTL compu-
tations. In addition, we discuss the mathematical properties
of real-time propagators, the photon self-energy tensor and
the low-momentum expansion, relevant for our work. A
reader familiar with the topic may want to move directly to
the following section.

A. Conventions and notation

We work in D =4 —2¢ spacetime dimensions and
d= D —1 spatial dimensions with the Minkowskian
metric g,, = diag(—1,+1,...,41) and with the fermion
Clifford algebra defined by {y*,y"} = —2¢". All four-
vectors are denoted by uppercase letters and the magnitudes
of spatial vectors with lowercase letters,

P=(p’p), p=Ipl (1)
where the individual spatial components are p’,
i=1,...,d. The D-dimensional integration measure is
defined as

/_ et A2 “—"/ ap /oo de/ @
P\ 4rx 2m)P w27 )y

where the spatial part of the integration measure can be
written as [19]

e A2\ % [ dp
[=Car) [
4 eYE/_\Z 35_4 © 1 d=3
= : d d—l/ dz(1-2%)7.
(4n)d%r(d;')(4n> A ppt [ 41=20)
(3)

Here, the variable z =K - p parametrizes an angle with
respect to some external vector k and A is the MS

renormalization scale. The factor (e’t/47)3~4/2, with yg
the Euler-Mascheroni constant, is introduced as usual to
simplify the final expressions.

B. Real-time formalism

We calculate the self-energies using the r/a (or Keldysh)
basis representation of the real-time formalism (for a recent
review see e.g., Ref. [1]), where propagators and self-
energies are 2 X 2 matrices
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FIG. 1.
rr-propagator sources the flow.

D DR 0 I
() (o )
respectively. In terms of the r/a indices, the retarded/
advanced propagator is written as DR/ = D"/ while
for the self-energy, the corresponding result reads TT*/4 =
[1¢/7¢_In Feynman gauge (¢ = 1), the gauge-boson propa-
gators are then given by

DM (P) = g ARA(P), D (P) =g ,Ay(P), (5)

and the fermion propagators by

SRA(P) = —pARIA(P).  §7(P) = —PAE(P).  (6)

where the retarded and advanced scalar parts are written as

ARA(P) = 1 7
with # > 0.
The scalar rr-propagator is related to the retarded and
advanced ones through the Kubo-Martin-Schwinger
relation,

where the functions Ny and N are written in terms of the
bosonic and fermionic distribution functions ngr(p°) =
(e”/T 7 1)~! as

Nu(P) =3+ ma(p). NE(P) =3 = ne(p0 £ ). (9)

2

respectively. Here, the difference of the retarded and
advanced propagators is, by definition, the spectral function
A, which may be expressed as & functions by using the
Sokhotski-Plemelj formula,

A4(P) = AR — A* = 2zsgn(p?)5(P?)

= %(5(19 -p%) =é&(p+p°). (10

In the computations to follow, we frequently rely on the
parity properties of the above functions,

The r/a propagators may be represented as arrows describing the flow of causality from r fields to a fields. The cut in the

AA(P) = AR(=P),
Np(P) = —Np(—P).

AY(P) = =A4(=P),
Ni(P) = =Ni(=P). (11)

The different propagators in the r/a basis may be inter-
preted as describing the flow of causality (see Ref. [1]).
This interpretation leads to an intuitive graphical represen-
tation of the various r/a assignments contributing to a
certain diagram. In particular, the propagators are drawn as
causal arrows from a fields to r fields as shown in Fig. 1.

In the r/a basis, there are two distinct ways to assign r/a
labels to three-point vertices (relevant in QED), namely rra
and aaa. Additionally, the latter vertices are multiplied
with an extra factor of %. Using the graphical causal arrow
representation we introduced for the propagators, the two
vertices are drawn in Fig. 2.

C. Tensor representation

In QED, one defines the self-energy (or polarization
tensor) I1*” of the photon field through the Dyson-
Schwinger equation as

il¥ (K) = (D7')*(K) = (Dg'*(K).  (12)

where D**(K) is the full dressed photon propagator and
Dy’ (K) is the bare propagator. The definition above implies
that the self-energy I1** is given as +i times the appropriate
Feynman diagram. The current conservation in QED
requires that the photon self-energy is transverse

K" (K) =0, (13)
and gauge invariance requires that in a covariant gauge
K,K,D'"(K) = —ig, (14)

where the parameter £ fixes the gauge. In QED, both of
these constraints hold in the vacuum as well as in
medium [20].

r r a a

FIG. 2. Two possible r/a labelings for the three-point vertex.
The vertex with three a indices has an extra factor of %.
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Introducing a thermal medium breaks the Lorentz
symmetry of the vacuum by specifying a special frame
of reference, the rest frame of the thermal bath. In that
frame, the remaining symmetry is associated with spatial
rotations, and the four-velocity of the medium has
the form u* = (1,0). Consequently, the tensor basis for
the photon self-energy extends to four different tensors
- K, K, u,u,, and u, K, + u, K,. Further, requiring the
transversality property (13) reduces the number of available
independent basis tensors to two, allowing us to write*

M (K) + P (K)L(K), — (15)

where the scalar functions I and I} are the transverse and
longitudinal components of the self-energy tensor, respec-
tively. The associated orthogonal projection operators read

KK
ootk =1 (-2

(K) = Pr(K)

k2
Pu(K) = Pp"(K) — P (K), (16)
with
K+*KY
Py (K) = ¢ == (17)

These above projectors are D-dimensionally transverse
as required by Eq. (13), and additionally P*(K) is
d-dimensionally transverse with respect to k.

Using the properties of the two projectors, we can
determine the coefficients seen in Eq. (15) via the trace
and 00-component of the full self-energy tensor. The
explicit d-dimensional identities are given by

2
th(6) = 1 () + 1) )

I, (K) = -5 1(K). (18)

D. HTL limit

In calculations involving a thermal medium, it is often
convenient to extract the vacuum contribution from the
self-energy tensor as

I = (I — lim I1%) + lim I =TI + T, (19)
T.u—0 T.u—0

where the vacuum-subtracted ITy; is the matter contribution
and II{/ is the ultraviolet (UV) -divergent vacuum

*Note that in QCD the transversality (13) does not generally
hold beyond the leading order HTLs [20]. Hence, the corre-
sponding decomposition for the gluon includes all four basis
tensors.

contribution independent of the medium. However, when
considering the self-energy at small external momentum K,
it is beneficial to write the small-K expansion without
explicitly separating the vacuum and matter parts,

o) 2 2\ n
k) =g (“5) e ur o n. - (20)

n=0

where e is the electric charge, m% is an O(e?) effective
thermal mass scale (to be defined below), and the ¢/ are
dimensionless functions.” Since ITi ~K? by Lorentz
symmetry, only IT}; contributes to the n = 0 term. It also
follows that the n = 1 term is a sum of I}, and the O(K?)
piece of IIy, each of which separately contains terms
proportional to In(K?), but in the sum they cancel out,
leaving only ratios of mass scales In(7//A) and In(u/A).
(Here and throughout, In denotes the complex logarithm).
Further, it is worth noting that the structure of Eq. (20)
implies that the n = 1 term (unless ¢{” has a very particular
form) includes nontrivial and noncovariant structures
originating from ITj; that are nevertheless independent of
T and p and may thus be easily confused for vacuum terms.
In reality, this is a side effect of writing the series expansion
in exactly d = 3 dimensions, and in a more general setting
these terms would depend on the mass scale mg as
expected. This is explicitly seen in the & corrections
considered below in Eqs. (119) and (120) at 7 = 0, where
the noncovariant terms appearing in the first nontrivial term
of the expansion reappear with the factor In(2u/A) multi-
plying them at O(¢).

In this work, we compute the one-loop and two-loop
parts of the n = 0 term of Eq. (20), of which the former is
the usual LO HTL self-energy, as well as the one-loop
part of the n = 1 term, dubbed a “power correction.” The
contributions are denoted by Il o, Ilyio, and Ilpg,
respectively.

III. DETAILED EVALUATION OF THE
PHOTON SELF-ENERGIES

In this section, we present the detailed computation of
Iy o, Ipyy, and Iy o with arbitrary soft external momenta
in a hot (nonzero-temperature) and dense (nonzero-
chemical-potentials) QED plasma, generalizing the results
of [17,21,22] to nonzero density. The results of the com-
putation are collected in their entirety in the following
section. However, the results follow the notation defined in
this section, so we encourage the reader to review also the
present section at least cursorily.

*Note that in general they can also depend on “mixed” ratios of
thermal and momentum scales. However, for the power correc-
tions the angular and radial integrals are expected to factorise in
such a way that this does not happen. In the one-loop case this is
evident from the calculations performed in this paper.

036012-4
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K+ P

P

FIG. 3.
is aligned with the momenta of fermions.

The calculations are performed within the standard
r/a-basis representation of the real-time formalism. We
work in the massless-fermion limit and, as discussed above,
use dimensional regularization to regularize all the inter-
mediate singularities in the MS renormalization scheme.

A. One-loop photon self-energy

There are two ways to draw the r/a arrows to a retarded
one-loop photon self-energy as shown in Fig. 3. An
application of Feynman rules to the assignments yields

—i(TIR,), (K) = - / F,o (K. P){AM(P)AY(K + P)

+ AY(P)AR(K + P)}, (21)

where the overall minus sign stems from the fermion loop.
The numerator algebra is contained in the tensor F,, and
simplifies to

F/w(l(7 P) = Tr[(iVM)P(iVD)(K + PH?
= —4¢*(2P,P,+ K,P,+ P,K,
— (P> +K-P)g). (22)

where iV, = iey, stands for the free electron-photon vertex
function.

Next, we should bring Eq. (21) to a form where the
o-functions and distribution functions in the rr-propagators
depend only on the loop momentum P, so that the
distribution functions become independent of the angle
between k and p, making the angular integral easier to
handle. To this end, we shift the loop momentum in the first
term by P+ —K — P. The numerator is invariant under
this change of variables due to the cyclicity of the trace and
the symmetry under y <> v. Hence, we obtain

—i(TTR,), (K) = - / F, {NF(P) + N{(P)}AF

x (K + P)AY(P). (23)

K+ P

K

P

The two r/a assignments for the retarded one-loop photon self-energy diagram. By convention, the direction of fermion flow

where we utilized the parity properties of the propagators
and distribution functions we introduced in Eq. (11).
From the expression in Eq. (23), we can then compute
the trace (TTf, )% and 00-component (TTf; )o, of the photon
self-energy.

1. Trace

Contracting the metric tensor with the numerator in
Eq. (22) gives

Fi = 4¢(D - 2)K - P, (24)

where the spectral function A sets P on shell, P> = 0.
Substituting the above numerator into Eq. (23) and writing
the AR propagator out explicitly yields the result

(Ifo )4 (K) = —4¢*(D - 2) 1’ AY(P){NF(P) + N (P)}

K-P

s r 25
“2K-P+ K2 (25)

To avoid clutter, the in from the retarded propagator has
been absorbed into k° since we can write (K + P)? —
in(k® + p°) = (K + P)*|z0_ 0., for small . Hence, later
on we should remember that the O-component of the
external momentum has a small imaginary part and replace
k° with k% + in in our expressions.

In the HTL limit, we are interested in the behavior of the
photon self-energy when the external momentum KX is soft.
A convenient shortcut for extracting the limit is to expand
the integrand for K < p. Strictly speaking, we should first
integrate over p° properly, but since A? is proportional to
5(p° — p) = 8(p° + p), it has already been done implicitly
by the o-functions. Before expanding, we should therefore
set P? = 0 to obtain the correct expansion. Hence, we can
directly expand Eq. (25) for small K and pick out the
leading terms, yielding

(Mo ) (K) = =2e*(D —Z)AN’(P){NE(P) +Np(P)}-

(26)

036012-5
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In general, expressions become more symmetric in the
HTL limit, which is the reason we have taken the limit
before integrating explicitly. In our case, the expression in
the curly brackets in Eq. (26) is odd in P, so we can carry
out the p® integral by employing the formula

[ aeim - / f(pr) 27)

where f is an odd function of P (A“ is odd, making the
integrand even). This is a direct consequence of the
definition of A? in Eq. (10).

Integrating over p° gives next

(I ) (K) = ~26X(D — 2) / % (N7 (p) + NE(p)}.
= —2¢X(d — YN R, Ay = m, (28)

where N7 (p) is understood as Nz (P)] ,0_, ,. Characteristic
to the HTL expansion, the radial and angular spatial
integrals factorize making their separate calculation pos-
sible. Here, we have introduced the notation of the
Appendix, where the radial integrals are denoted by R;
and angular ones by A;. The normalization of the integra-
tion measure given by Eq. (3) has been absorbed into the
factor

4 ere A2\ 7
N= (4@%‘(%)( 4 ) ' (29)

We also defined mg as the d-dimensional in-medium
effective mass scale for the photon.

Next, we apply the results for the spatial integrals found
in the Appendix. The integrals are regulated by dimen-
sional regularization in d spatial dimensions but neither in
R, nor A, divergences are present. To obtain the finite part,
we may then set d = 3 everywhere leading to the result

(k) = (2 1) = m 30
(ME)i(K) = (5 +75 ) =miles. (30)

which gives the well-known d = 3-dimensional value
for mg.

2. 00-component

Next, we repeat the above steps for the 00-component.
Picking out the 00-component from the numerator in
Eq. (22) gives

Foy = —4€*(2p2 4+ 2k°p° + K - P), (31)

and inserting this expression into Eq. (23) leads to

(T )0 (K) = 4¢2 / A(P){NF(P) + N} (P)}

X2p3+2k°p°+K-P
2K - P+ K?

(32)

The HTL limit is obtained by expanding in small K,
resulting in

(I )0 (K) = 262 / AY(P){NF(P) + N{(P)}

ZkOpO K2p2 2P2
1 - 0 o). (33
X( Txop (K-P)2+K~P> (33)

The last term in the round brackets behaves parametrically
as O(1/K) and leads the small-K expansion. However, the
term vanishes due to symmetry since the corresponding
integrand is an odd function of the D-dimensional vector P.
The remaining terms become leading, and since their
integrands are even, we can use Eq. (27) to integrate
over p°,

(I )0 (K) = 262 / %{N;@) +NE(p)}

v-K (v-K)*)’
= 2€2NR2 (A() + 2k0A1 - KZAZ), (34)

where v = (1,p) so that v - K = —k° + kz. The radial and
angular integrals in Eq. (34) are finite, allowing us to set
d = 3, which leads to

(Hfo)oo(K) = —mfzz|d:3(1 - kOL(K))» (35)
with
0
L(K) = %m%. (36)

B. Power corrections to one-loop photon self-energy

Next, we will consider the leading power correction to
the one-loop photon self-energy at nonzero temperature
and density. As in the leading-order HTL case, we start
from the retarded photon self-energy tensor in Eq. (23) and
consider the kinematical approximation where the external
momentum is soft K <« P. As discussed in Sec. II D [see
Eq. (20)], the power corrections are then obtained by
expanding the argument of the one-loop photon self-energy
in powers (K2)", where n = 0 gives the leading HTL result
and n = 1 corresponds to the power correction, the latter of
which receives contributions from both the vacuum and
matter parts.

036012-6
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Concentrating first the trace part of the self-energy
tensor, we obtain for the first subleading (~K?) power
correction term

(37)
where the integral over p° yields

(M 4K) = =5 (0=2) [ (Ni(p) + N5(p))

K4
X 9
(v K)?

2
- —%(d— DK*N R A,. (38)

Next, we concentrate on the 00-component of the self-
energy tensor, for which the leading power correction term
is given by

eZ
(M (k) = =5 [ AP)NF(P) + NE(P))

6,2 4(57,0 .0 .
(Gem " wn )

(K- Py
where the integral over p° yields

62

M doolK) = =5 [ S AN7 () + Nt ()}

P
o ( K° B 2k0K* B K* )
(v-K)* (v-K)?* (v-K)?

2
=- %K4/\/R3(K2A4 = 2k°A; = Ay). (40)

Here, the radial and angular integrals factorize and are
computed up to O(e) in the Appendix. Note that the radial
integral R; is proportional to

/ PP p(p =) = np(p )} (41)
0 P

which is divergent when d — 3. As can been seen from the
form of the three parts of Eq. (41), the first term is a vacuum
contribution, while the two latter terms are matter parts.
In the small-p limit, the integral is convergent due to a
cancellation between the vacuum and matter parts. On
the other hand, in the large-p limit, the matter parts

are exponentially suppressed, while the vacuum part is
divergent. Thus, the integral in Eq. (41) contains a 1/¢
divergence that is a UV divergence of QED rather than
the HTL theory, even though the use of dimensional
regularization might obscure this fact. To verify that this
is indeed a UV divergence of full QED, one can perform
the calculations discussed after Eq. (20), namely separa-
tely compute the textbook one-loop vacuum contribution
and the one-loop matter part [15], both unexpanded in
the external momentum K. The former is IR finite due
to the external scale, but UV divergent, and behaves
like ~K?[1/e —#; In(K?) + - -], while the latter is com-
pletely finite and has a subleading term of the form
~K?[#,In(K?) 4 - -] in the HTL limit.° The power cor-
rection is then the sum of these two contributions [note that
the In(K?) terms cancel], which indeed contains a full-
theory UV divergence, arising from the full-theory vacuum
part. Consequently, the divergence seen here will be
canceled upon the UV renormalization of the full theory.
The structure of the divergences is discussed more exten-
sively in the context of the pressure in Ref. [12].

Using the results given in the Appendix, we may finally
write

e’ K? 1 2e7ET 1
Ik —_ () 4o
() = =S { ok (W2 1)

(4 kolnk°+k+in
2k KO —k+in

—Lil"(—ef) - Lil" (e ) } (42)

1 + (1 2e7ET 1
— n — —
2¢e A

1 k2 K KO+k+i
o (3-2) (1=
2 k 2k kO —k+in

— Li{ (—ef) - Lig,U(-e—%)}, (43)
where we have introduced the notation Li(()l)( ) =
lim,_,o —== aLlS( ) with Li, standing for the standard polylogar-

ithm functlon As mentioned above, the UV divergence in
these expressions is eliminated with UV renormalization,
specifically by renormalizing the wave function. In the
MS scheme, the wave function renormalization constant
Zj for the photon field reads Z; = 1 — ;55 35 This leads to
the renormalized expressions which will be presented
in Sec. IV.

®The leading term in the expansion of the matter part is just the
LO HTL term computed in Sec. IIT A.
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C. Two-loop photon self-energy

We are now finally able to move on to a detailed
presentation of the calculation of the retarded two-loop
photon self-energy in the HTL limit, which generalizes the
calculation of Carignano et al. [17] to finite density. We
have explicitly checked that the u — 0 limit of II§;  agrees
with the result of Ref. [17].
|

K+P

\K+P+Q K+P/'
(45)
/P

i

respectively.

Before moving to the actual computation, let us first
present a useful relation between the distribution functions
Ny and N7. At two-loop level, the integrals contain
products of two distribution functions which obey the
relation

N3%(P1)NE(Py) + N (Py)Ng(P3) + Ny(P3)N%(Py)

1
— = 4
+4 0, (46)

where the momenta satisfy P; + P, + P3 = 0. Since the
last constant term on the lhs in the above relation is a pure
vacuum term not contributing to the HTL limit, it will be
persistently ignored in the following.

—i(TIR )

cat ;w

+ AY(P)AF (Q)AY(PO)AM (K

P)AF(KPQ
+ A7 (P)AF(Q) A% (PQ)AR(KP)AK(
+AY(P)AR(Q)AF (PQ)AY (KP)AR(KPQ

KPQ

There are three diagrams that contribute to the self-energy
at the two-loop order, which we call the cat’s eye graph,
watermelon 1 (denoted by M1) and watermelon 2 (M2)

(HﬁLO)ﬂv = (Héeat);w + (Hll\sll)/w + (Hf/IZ);w’ (44)

and which are represented by the graphs’

+Q

1. Cat’s-eye diagram

Applying the Feynman rules to the cat’s-eye diagram
without specifying the r/a assignments yields

- [ [ mavas e, )sipe)iv.s (kpo)
% (iV,)S* (KP)IDY(Q). (47)

where the indices p, ¢, r, s, and ¢ will be replaced with the
appropriate r/a labels. To save space, we have compacti-
fied the notation by suppressing plus signs in the arguments
of propagators: KPQ = K + P+ Q, etc. The overall
minus sign originates from the fermion loop present in
the diagram. Applying the r/a-basis Feynman rules to the
above expression yields now the assignments (see Fig. 4):

= - | | Fe. .0yt (P)a (0187 (o)A (kP)¥(KPO)

+ AY(P)AF(Q)AY(PQ)AY (KP)AR(KPQ)
+ AF(P)AR(Q)AY (PQ)AR(KP)AR(KPQ)
+

)
) r
) + AY(P)AY(Q) A (PQ)AY (KP)AY (KPQ)
)

+ AR (P)AY(Q)AY(PQ)AR(KP)AY (KPQ)}. (48)

We have only included assignments with thermal contributions and dropped all purely vacuum terms, i.e.,

those not

containing any rr-propagators. Additionally, assignments with closed loops of retarded or advanced propagators have been

discarded since they integrate to zero.
The numerator algebra above simplifies to

FEU =Tr[(iV, )PV, (P + 0)(iV,)(K+ P+ 0)iV,)(K+ P)lg
= Trly, Py (P+ Q) (K + P+ D)y,(K+ P)]. (49)

"As above, the direction of the fermionic flow is aligned with the momentum assignments.
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RGOS
S0 D

FIG. 4.

RONNOS
L e

r/a assignments contributing to the thermal parts of the cat’s eye diagram. Here, the distinction between photon and fermion

lines is not necessary since assigning the r/a labels depends only on the topology of a given diagram.

where the Dirac trace can be computed in D dimensions by
employing well-known y-matrix identities. However, the
resulting expression is rather lengthy and we choose not to
write it down explicitly. As the trace and 00-component end
up being the only components we need, we may utilize that
the diagonal elements (¢ = v) of Fi;;} are invariant under the
following changes of integration variables

(1) P> -K—P -0, (50)
|

—i(IR))

cat ;u/

(2) P~ —-K—-P, O~ —0. (51)

Next, our goal is to make the integration more manageable
by bringing Eq. (48) into a form where the A functions and
distribution functions depend only on single momenta. This
is significantly more complicated than in the one-loop case,
but can be achieved using the relation between the distri-
bution functions in Eq. (46). That relation, together with the
variable changes (1) and (2) allows us to simplify Eq. (48) to

/ / Fe(K. P.Q)AY(P)AR(K + P){2N4(Q)[NF(P) + Ni(P)|AR(K + P + Q)

x [AY(P + Q)AP(Q) + AY(Q)A?(P + Q)]
+ [Nf(P)N7(K + P+ Q) + NE(P)NF (K + P + Q)] x AY(Q)AY(P + Q)AYK +P+Q)},  (52)

where we utilized the parity properties of the functions listed in Sec. II B and introduced the notation A? = (AR + A%)/2.

By introducing another two changes of variables,

3) 0 -K-P-0, (53)

(4) 0~ Q-P (54)

and making use of Eq. (46) again, we can bring Eq. (52) into the form

_i(nfat)ﬂy(K

+ AR(K + P)AR(K + Q)AR(K + P + Q)[NF(P)N£(Q) 4+ Ni(P)N7(Q)|Flu

+ AR(K 4+ P)AP (P — Q)AR(K + Q)[N

_ / / A4(P)AY(Q) {2AR(K + P)AP(P + Q)AR(K + P+ Q)N (Q)INF(P) + Nj (P)JF
PJQO

cat(3)

cat(4)

F(P)NE(Q) + N (P)N; (Q)IFw ™}, (55)

where the variable changes (3) and (4) have not left the numerator F' fj;‘ invariant, and we have denoted the results of those

changes by F,C,?f(i)

, with (i) referring to the particular change of variables.

2. Watermelon diagram 1

Next, we concentrate on the watermelon diagram 1 shown in Eq. (45). When applied to it, the Feynman rules yield

- / /Q Te{(iV,)S7 (P)(iV,)SU(KP)(iV,)S" (KPQ) (iV,)S* (KP)|Di"(Q). (56)
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O OO
-O--O--C

FIG. 5.

r/a assignments contributing to the thermal parts of the watermelon diagram.

to which we assign the appropriate r/a labels as shown in Fig. 5. Again, contributions independent of distribution functions
(i.e., the vacuum parts) and contributions containing closed causality loops are neglected. This leads to the expression

i) (K) = - [ / FMI(K. P, 0){AF(P)AF(Q)AR(KP) AR (KP) AR (K PQ)

+ AA(P)AR(Q)AY (KP)AR(KP)AR(KPQ) + AA(P)AY (Q)AF (KP)A(KP)AM(KPQ)
+ AA(P)AR(Q)AR(KP)A(KP)AF (KPQ) + AY (P)A(Q)AR(KP)AR(KP)AY (KPQ)

+ A% (P)AY(Q)AY (KP)AR(KP)AY (KPQ) + AY(P)AR(Q)AY (KP)AY(KP)AY(KPQ)}.  (57)

where the numerator reads

Fyl = Tr[(iV, )PV, )(K + P)EV,) (K + P+ 2)(iV) (K + P)lg”.
= ' Ty, Pr.(K+ P)r" (K + P+ )1, (K + P). (58)

The expression in Eq. (57) contains so-called pinch singularities, which are generated when retarded and advanced
propagators with the same momentum arguments multiply each other as in AR(KP)A*(KP). They arise when a
0-component integration contour gets squeezed between two poles, which approach a point on the contour from opposite
sides. In this case, a pole from a retarded propagator and another from an advanced propagator pinch the contour when
taking the limit # — 0. Fortunately, these ill-defined terms cancel each other when using Eq. (46) to simplify Eq. (57),
leaving us with

i), (K) = - | / M (K. P, Q){ A} (P)AR(KPRIAN (Q)AF (KPQ) + A (Q)AR(KPQ)]
T A(P)AF (Q)N7(KP)[AR(KP)2AR(KPQ) — AM(KP)A(KPO)
N > 7 (KPO)N(KP)[A(Q)AR(KP)? — AR(Q)AA (KPY]}. (59)
[
s T Stuncton wonld tividize the. O-component | " P =1 / " i) e 2(;’3), (60)

integral.

To proceed further, it is convenient to write the terms
with the missing J-function in terms of the difference
A4 = (AR)? — (A*)2, which resembles the spectral func-

tion A? except the retarded and advanced propagators

which effectively reduces it to an integral over A<
Equation (60) follows directly from the residue theorem
upon (i) rewriting the integral on the left-hand side as a
contour integral circulating the two poles of the function

are squared. The main motivation behind defining
A¢ is that an integral over A§ can be carried out
with the help of the result (that holds for sufficiently
regular f),

1/(P?)?, (ii) picking up the residues from those poles, and
then (iii) deforming the contour back into the integral on the
right-hand side. Replacing (A%)? with —A{ + (AR)?
Eq. (59), we find
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(TR, / / FMI(K, P.Q){ A} (P)AR(KP)2[AN(Q)A (KPQ) + Af(Q)AR(KPQ)]

+ A% (P)AS(KP)N7(KP)[AR(Q)AY (KPQ) + AF (Q) AN (KPQ))

+a4(p )A (KP)? AR (Q)AF (KPQ)}. (61)
where on the last line we have used Eq. (46). After this procedure, Eq. (61) is free of pinch singularities and every term
contains a d-function, trivializing the O-component integrals.

As before, we change variables so that A9, A¢, and distribution functions depend only on a single loop momentum.
Introducing an additional change of variables,

(5)P»-K-P, Q—P+0, (62)
we then arrive at
=T (K) = —/P/QN’(Q){AR(K + P2AR(K + P+ Q)AY(P)NF(P) N3 (Q)FM + N:(Q)Fu' ™)

+ AR(K + P)AR(P + Q)AY(P)NE(P)IN(Q)Fi'® + N3(Q)Fin' ]

+ AR(K + P+ Q)AA(P + Q)2AY(P)NE(P)N(Q)Fa' V). (63)
|
In this case, the changes of variables have not left the . » . q . . .
numerator F})’,’,‘ invariant, as indicated by the notation - Z, /QTIKIV#)S (P)(iV,)$1(PQ)(iV,)S"(P)(iV,)
F,%l(l), which denotes that the change of variables (i) x §5(KP)|D?°(Q). (64)

has been performed in the numerator.

3. Watermelon diagram 2 The r/a assignments are the same as for the first watermelon,

For the second watermelon diagram, applying the  but with the replacement R <> A as the diagrams have the
Feynman rules gives opposite directions of momentum and fermion flows:

_|_
>
=3
=
>
b
=
>
%3
S
>
=
>
=
>
=
~
e
+
>
>
>
)\’
E
@
>
=
>
=
>
P
~
S

+ A7 (P)AY(P)AR(Q)AR(KP)AY (PQ) + A%’(P)AR(P)AA( )AR(KP)A;“F(PQ)}- (65)

The numerator here reads

a2 =Tr[(iV,)PGV,) (P + 0)(iV) PV, (K + P)lg”.
= Trly, Py (P + @)y, Pr.(K + P)l. (66)

Since we already manipulated the first watermelon diagram, we are familiar with the necessary steps to take next. By
canceling the pinch singularities, introducing the Ag propagator, and performing suitable changes of variables, we arrive at

~i(Myp)  (K) = = [) /Q AY(Q){AR(K + P)PAR(K + P+ Q)AY(P)NE(P)IN3(Q)Fu® + Np(Q)Fou ™)

+ AR(K + P)AA(P + Q)A4(P)NF(P) N5 (Q)FM2 + N£(Q)Fu )
+ AR(K + P+ Q)AR(P + Q)2 A4(P)N7(P)Ny(Q)Far "}, (67)
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where we have introduced a sixth variable change,

(6) Q> —-P-0. (68)
The notation F,]:/,l,z(i’j> in Eq. (67) indicates the result
obtained when performing the changes (i) and (j) con-
secutively in the respective order.

4. Trace

The expressions become quite lengthy when one
writes the numerator functions out explicitly. Since we
are already familiar with the general structure of the
computation from the one-loop case, we choose to
highlight here only a few important intermediate steps
before presenting the final result. To obtain (IT{ ), we
proceed as follows:
(1) Sum the different contributions from Egs. (55), (63),
and (67) according to Eq. (44).

(2) Contract the numerator functions with g, and
evaluate the Dirac traces, obtaining factors of D
(which turn out to be essential).

(M¥Lo)4 (K) =

In the first term inside the braces, the two-loop integral
has factorized into two one-loop integrals. In the second
term, which vanishes at u = 0, the integrals are coupled
and such factorization does not occur. It is also worth
noting that before the above symmetrization steps, our
expression contained factors of 1/(P - Q). These factors
diverge in d = 3 dimensions when the three-momenta p
and q become collinear. Such terms are absent in Eq. (69),
as these divergences cancel upon symmetrization in the
HTL limit.

Next, we perform the O-component integrals using
Eq. (27) and express the resulting d-dimensional spatial
integrals in terms of the radial and angular integrals defined
in the Appendix. This leads to

®Expanding in small K before doing the 0-component integrals
is justified as in the one-loop case. As a check, we have also
verified that expanding after performing the O-component inte-
grations yields the same result.

°The retarded prescription has been absorbed into k°. In the
final result, we must replace k° — k° + in.

/ / 2(P)a%(0){ (2Nu(Q) N (Q) - N7 (@) (0-2

] re) - e -N ) [

(3) Use the prescription for A4 propagators given
by Eq. (60).

(4) Set the loop momenta on shell, P> = Q? = 0, which
is justified since every term contains the prod-
uct AY(P)AY(Q).

(5) Expand in powers of the small external momentum
K and keep the leading terms in order to obtain the
HTL limit.*

(6) Symmetrize the integrand using

£(P.Q) = / (f(P.Q) + F(~P.0)
PO PQ
+ f(P.-Q) + f(-P.-Q))/4

discarding terms that would vanish by symmetry
upon integration.

(7) Symmetrize the integrand by interchanging the
labels of the loop-momenta P and Q according
tOfPQf(P,Q fPQ PQ+f(QP))/2

After performing the above operations, we have

obtained’

d Nz(P)+N;(P)
dp® 2p°

wrriE o)
(69)

(K-P)(K-Q)

[
({0 (K)
1

_ _ewz{ml R k(d— D2(Rs - Ry) Ay
—(d- 1)K2R3A2]

3= RIKAT + (PG - A, (0

where A is given by Eq. (29). The only divergent integral
in Eq. (70) is R, which contains a 1/¢ divergence.

Let us study the Rjs-proportional part of the square
brackets on the second line of Eq. (70) a bit more closely. It
becomes

—2R3{(Ag + K2 Ay) — QA + K2 Ay) + O(e7)} - (71)

upon substituting d = 3 — 2¢. By applying the results for the
angular integrals, one can show that A, + K>A, = O(e).
Thus, the part inside the curly brackets of Eq. (71) becomes
O(e¢), canceling the 1/& divergence from the radial integral,
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and making the whole expression finite.'’ It was essential to
evaluate the Dirac trace in D dimensions to obtain this
cancellation as the explicit factors of € in Eq. (71) originate
from there.

Consequently, after reinserting the finite result of
Eq. (71) into Eq. (70), and taking ¢ — O everywhere, we
arrive to the final result:

et u? KO K +k+in
MR, E(K) = —~— (122 ) (14 Sl 2500
(Mo )i (K) 87r2< +7r2>< % nko—k—f—i’?)
et u? K3 KO KO+ k+in\2
4r* k 2k k' —k+in
(72)

Here we have reintroduced the retarded prescription +izn
for k0.

5. 00-component

The remaining task is to repeat the above steps for
the 00-component of the self-energy. Following the recipe
from above Eq. (69) and picking out the 00-components
from the numerator functions (instead of contracting with
gu) leads to

oK) =0 -2)3 [ [ st 2Na(@) - N50) - Ni(@)

PJO
1 2 2k0 0 2 2k2
" [_(N;(P) N (P)><p_%+ (II;PI; " (KI-<P)2 B (K-;)z)
2,0 0
+ <dip0 (NE(P) +N}(P)>> (#—%+ I?kpﬂ + (N7(P) = N:(P))(N7(Q) = N£(Q))
(K2)2p0q0 2K2k0p0

) [(K PRK-0? (K-PP(K-0)

In this case, all of the two-loop integrals have factorized into
products of one-loop integrals. In addition, collinear diver-
gences have completely canceled. At this point, we make a
remark on the peculiar behavior of the 00-component at
small external momentum K. Should one consider contri-
butions from the individual diagrams, the 00-components of
the two watermelon diagrams would each behave as O(1/K)
for small K. These contributions are also proportional to
odd powers of y, but thankfully cancel when summing the
diagrams together. The leading term in Eq. (73) is thus
O(K"), as expected within the HTL paradigm.

After performing the O-component integrals in Eq. (73), we
are left with the following d-dimensional spatial integrals:

(M0)oo(K) = e*(d— 1)%/\/2{(2731 -R,)
X Ao[—R3(Ag + 2Kk A3 + K2 Ay —2k3A,)
+Rs(Ag—K>A, +2k°A))]
+RA(K?)2 A3 -2K*K° A, A, + K3 A%
(74)

"This UV divergence stems from the self-energy and vertex-
correction subgraphs inside the two-loop expressions. The
cancellation occurs since the QED renormalization constants
Z, and Z,, respectively, for the vertex correction and the electron
wave function, satisfy Z; = Z,.

’ <K-P;<§K- Q)] }

(73)

Once again, the only divergent integral appearing here is R,
so we inspect the term proportional to it inside the first square
brackets:

By evaluating the angular integrals in Eq. (75), one finds the
expression in the parentheses to be O(¢), canceling the 1/&
divergence coming from R. Substituting the finite result of
Eq. (75) into Eq. (74) and taking e — 0 everywhere, gives us
the final expression for the 00-component:

ot r 2
(MFL6)oo(K) = 32 <T2 + p) <1 +F02>

64 MZ kO k0+k+i77 2
——=|l-——Ih———| . (76
+47r27t2< 2knk0—k+i;7) (76)

IV. RESULTS

In this section, we summarize and inspect the results of
our computation. First, we collect all results in a condensed
fashion, the study the propagation of soft photons in detail,
and finally extract the explicit O(¢) terms for ITj o, ITpqy,,
and Iy o in the zero-temperature limit.

A. Summary of the results

Here, we summarize the results obtained in the previous
section by expressing the self-energy components in the
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basis of transverse and longitudinal projectors using Eq. (18). We suppress the label R standing for the retarded prescription
from now on.
The leading-order (in the coupling e¢) HTL self-energy components for the photon read

T? k? K3\ KO KO+ k+in
50 = 1- —Ih——
2(3+ ){k2+( k2>2knk0—k+m}’
T> 12 k2 K kO +k+in
Mmoo —2( 42 )V (1=29) 1= Zqp—" "™ 77
L e<3+n2)< kzﬂ 2knk0—k+i;1]’ (77)

where # > 0. The corresponding renormalized power corrections (see the discussion in Sec. III B) arising from the low-
momentum expansion of the one-loop self-energy are

2 2K?* (, 2e7eT 1 K? K kO +k . .
n;owz—e——{ln = —1+—+<1——> [1 lnﬂ} Lig”(_eT)_Lig“(-e—f)},

472 3 4 4k? 2k k0 —k+in
. e 2K* ( 2e7rET K? K kK +k+in (1), & (1), ok
e ——4—7{1“ X _1+<1+W)[1 2klnk°7k+n} Lo (=e) = Lig (e >} %)

(1)

where Lij’(z) = lim,_q dL' @)

and Li; is the standard polylogarithm function. Note that the UV divergence in these
expressions has been ehmlnated using the photon wave function renormalization counterterm in the MS scheme.

The logarithms appearing in Eq. (78) make the limits of vanishing temperature or chemical potential nontrivial. First, we
study the power corrections at vanishing chemical potential, for which we get

K . H 2
lim[Li'" (=) + Lil") (—=e~#)] = In=. (79)
u—0 T
Hence, we obtain
e? 2K? (. me"ET 1 K? KO kO +k+ip
li HPOW:—— n————1+4+-+(1-—|(1-=In—7——)}, 80
ek 4 3 {n A +4+< 4k2>< 2knk°—k+i;1>} (80)
e 2K* (. me T K? K KO+ k+in
mIPoY = - — = {In—=— =1+ (14+— |1 -In"57——— | }. 81
ki 4 3 {“ A +< +2k2>< 2knk°—k+in>} (1)

In the case of vanishing temperature, we can study the leading asymptotic behavior of

lim [Li{" (—e*) + Li{"! (~e™)] » —Inx — . (82)

X—00

where the ratio x = u/T — oo. Hence, we obtain

22K% (. 2u 1 K? K K+ k+in
HmITEeY = — = In=Z—1 l—— (1= 5, 83
790 T 4n% 3 { A +4+< 4k2>< 2knk°—k+in>} (83)
e? 2K? 2u K? K kK +k+in
mIPoY = —— " {InZT =1+ (1 +—5 ) (1 -Inm ] 5. 84
7o L 42 3 { A +< +2k2)< 2knk°—k+i;1>} (84)

The expressions obtained in Egs. (80)—(84) are in agreement with Ref. [22].11

"Due to the different conventions of the two papers the agreement of our results with those of [22] follows only after the following
substitutions in our result: K> — —K?, ¢ - —¢, and A> — 4ze7e12, In addition, our definition for IT; differs from the one in [22] by an
overall factor of —k%/K>.
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Finally, the NLO (in the coupling e) contribution to the
photon HTL self-energy at nonzero 7" and y reads

4 2 0 0 .
NLo _ € 2 KO\ KL K+ ki
Ty —‘@(T +;>ﬂlnk0—k+ir;’

4 2 4 2 2

Moo -~ (1) -2 (18

8z T Ar° & k

KO KO+ k + in]?

X |1l—-—=In———| . 85
[ 2k K" —k+in (85)
These expressions generalize the result obtained in
Ref. [17] to nonzero density. As in the zero-u case, we
find that the intermediate UV and IR singularities are fully
canceled, and that the resulting final expression for the

NLO contribution is finite.

The terms proportional to (72 + ’;—3) in Tl and IT;, follow
from the radial integral

A ™ dpp(2ng(p) + np(p — ) + np(p + 1))

2 2
_ % (T2 +”—2> (86)

T

where the bosonic and fermionic distribution functions have
the usual forms ng/r(x) = (e¥/7 F 1)7'. Note that the
fermionic part in Eq. (86) is identical to the one appearing
in the LO expressions in Eq. (77). In addition, the longi-
tudinal component in Eq. (85) includes a new HTL structure
containing a squared logarithm, which is only present at
finite density. This term arises from the radial integral

A ® dp(ne(p — ) — np(p + 1))

=Thn(1+e/")=TIn(1+e*T)=pu. (87)

Interestingly, at d = 3 this integral is independent of 7. We
also observe that due to the more complicated radial integral
structure at NLO, the medium dependent mass scale mg|,;_5
[defined in Eq. (30)] does not factorize out from Eq. (85) as
in the LO case.

We can now apply our results to compute the electric
screening length, which follows from I = —(k*/K?)I;,
in the static infrared limit limy_, 1% (k, = 0, k). Utilizing
our LO and NLO expressions for I} in Eqs. (77) and (85),
respectively, we obtain

2 4 2
% (ky = 0.k — 0) = — {e——e—} <T2 +3i2> +0(ed).
T

3 8x?
(38)
Note that in QED this quantity is directly related to the
. o 20p(Ta) (2 i
equation of state p(T,u) via e Tz” (e*x electric

susceptibility). It is straightforward to check that our result
is in agreement with known results [23]. We also note that

the O(e*) result is sensitive to both terms in Eq. (85),
including the second one which is only present for u > 0.
This thus constitutes a nontrivial check of our new results.

B. Soft photon propagation at NLO

As an application of our self-energy results, we will next
study the NLO corrections to the HTL-resummed soft
photon propagator. Let us first recall the main features
of the LO case (see e.g., Ref. [1] for a review). In the
timelike region, both transverse and longitudinal compo-
nents exhibit zero-width plasmon poles (collective quasi-
particle excitations) at the scale mg. At k =0 the fre-
quencies of the transverse and longitudinal modes reduce to
the plasma frequency, w, = o (k=0) = tmg/ V3,
while at high momenta, k > mg, the transverse mode
acquires an asymptotic mass, m, = mg/v/2, and the pole
of the longitudinal mode approaches the light cone with an
exponentially vanishing residue. On the other hand, in the
spacelike region the components of the propagator have a
Landau cut (originating from the branch cut of the
logarithm in the LO self-energies) leading to a nonvanish-
ing spectral function. Next, we consider the NLO correc-
tions to this LO soft photon propagator. Note that in this
subsection, we use mg to denote the three-dimensional in-
medium effective mass scale mi = e*(T?/3 + p*/n?)
instead of the d-dimensional version given by Eq. (28).

The (dressed) retarded photon propagator is defined in
the &-covariant gauge as

KtKY
K4
(89)

DY (K) = P (K)D1(K) + P (K)Dy (K) — i&

’

where the transverse and longitudinal components read

—i

iKY = o k)

Ie{T,L}, (90)
and the projectors P4 are defined in Sec. II C. The retarded
prescription further implies that the O-component of K has a
small imaginary part, i.e., that we need to substitute
k® — k° + in, where 5 > 0.

It is convenient to study the photon propagator through
the spectral function, p* = D%’ — D\’ = 2ReD’. More-
over, we can inspect the transverse and longitudinal
components in a gauge-independent way by projecting
p" onto the conserved currents J, satisfying K*J, = 0.
With Ji = k'k//k*J; being the spatially longitudinal cur-
rent, we may write

Jpu(K)JY = (3P =3 )pr(K) + JipL(K),  (91)

where the components of the spectral function are defined
by p; = 2ImA; with
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FIG. 6. Transverse and longitudinal NLO plasmon dispersion relations at different coupling strengths a, compared to the LO relations.
The values of a, are chosen rather large for illustrative purposes. For @, < 1, the results remain qualitatively the same, and the large «,

values are used merely to emphasize the effects of the corrections.

1
A0 k) = ———
) = e
K2 1
AN K = —— . 92
L( ) k(z) K2+HL(k0,k) ( )

In our case, the features of the spectral function are
qualitatively different in the timelike and spacelike
regions, so it is useful to consider those regions separately.
By assuming that the widths of the plasmon poles are
infinitesimal ? and positive in the timelike region, i.e.,
Im(AT po_go44,) = O(n)  and  sgnIm(A7'[po_p0,,,) =
—sgn(k®) for |k°| > k, we straightforwardly obtain

pi(K) = |Z(k)| x 2zsgn(k®)5(k§ — wf (k))
+ pi(K)O(k — |K°]). (93)

Here, w;(k) are the locations of the plasmon poles
(dispersion relations), given as the solutions to the equa-
tions Ar'(wy, k) =0, and Z(k) are the corresponding
residues, given by

20 = =g (54)
where the auxiliary functions ¥} are defined as
Yr(w, k) = 0,1t (w, k),
¥ (w,k) =9, % (95)

In QED, the widths of the plasmon poles are beyond-NLO
effects.

The form of the spectral function in Eq. (93) holds to all
loop orders assuming the above conditions hold for the
self-energy.

We now focus on the NLO corrections to the soft spectral
function by using the NLO soft photon self-energy results
calculated in this work. First, we consider the locations of the
plasmon poles in the timelike region of the spectral function.
For soft photons at NLO, the dispersion relation reads

o} = k* + IO (wy, k) + doy(wy, k), (96)

where §T1; = ITP° + IO, To work consistently at order
e’mZ, we expand Eq. (96) around the leading order result

wr10- given by @i, o = k* + % (w1 0. k), as
of = o]0 + 8i(w; 10, k)
+ (of - w%,Lo)aaﬁLOHILO(wl.LOv k) +0(e’mg). (97)
from which we obtain
ol (w; 10, k)

S 2 = 2 — 2 — 0 3.2 .
“ “ wl’LO - awz H{‘O(a)l,LO’ k) * (e mE)

(98)

Applying the LO self-energy results from Eqs. (77)—(98)
then yields

> 20’%,Lo(k2 - w%,LO)

2 T1
W = @ 1) [ k
T T.LO (kz w%",L )2 ]ziw%",L T( T.LO> )’

20?
LLO 5 O (@10, k), (99)

> 2
ey SN R —— S .
L Lot s 3
k* —wp 0+ mg

where we dropped the higher order O(e3m3) terms. These
NLO dispersion relations are shown in Fig. 6 with different
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FIG. 7. Difference between the NLO and LO dispersion relations evaluated at various u/7. The longitudinal component has been
plotted only up to the point where it crosses the light cone. Here a, = 1/137.
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FIG. 8. Transverse and longitudinal NLO residues of the

plasmon poles at various values of a, compared to the LO case.

values of the fine-structure constant a, = .532/47r.13 The
effect of varying u/T is further illustrated in Fig. 7 by
plotting the difference between the NLO and LO results.
As indicated by the figures, the NLO correction shifts the
LO result downward and causes the dispersion curve to
pierce the light cone at a finite value of k. For the transverse
component, the piercing happens only at very high values
of k/mg (~exp(1/e?)) unless a, is large [i.e., O(1)], but
for the longitudinal component, the dispersion curve
hits the light cone at relatively small values of k/mg
(~In(1/e'/?)) even with small a,.

For convenience, the renormalization scale A is chosen such
that In (2e7+T/A) — 1 — Lil") (=ef) — Li{" (~e™#) = 0. Further,
we choose #7T = pu > 0. These apply to all figures unless
otherwise stated.

Next, we study the residues of the transverse and
longitudinal plasmon poles at NLO. Expanding the all-
order result in Eq. (94) around the LO one, given by
70 = 1/[1 = YO (@, 1 0, k)], results in

Zy = Z1°{1 + Z° (8% (w; 1.0 k)

+6wio,. Wr(wrio.k)]} +0(e).,  (100)
where the O(e?) terms may be dropped as higher-order
contributions. In Fig. 8, we plot the above NLO residues
of the transverse and longitudinal photon modes. As seen
in the figure, the correction to the transverse residue is
positive for the values of momenta k shown, whereas the
one for the longitudinal component starts positive and
eventually changes sign as k increases. While the LO result
for the longitudinal residue approaches zero exponentially,
it is worth noting that the corrected results reach zero at a
finite value of k.'"*

Finally, we consider the spectral function in Eq. (93) in
the spacelike region, k > |k°|, where it remains nonzero
due to the Landau cut in the propagator. Expanding around
the leading order results pk© = 2ImAL° leads to the NLO
corrections

ST,

Sp1=p1—pr® = —2Im (AILO K2+ IO
1

) + 0(e’mg?),
(101)

where we may drop the higher order O(e*mg?) terms.
These corrections to the components of the soft spectral
function in the Landau cut are plotted for @, = 1/2 in Fig. 9

"We have observed that the NLO longitudinal residue goes to
zero only if T > 0.
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FIG. 9. NLO corrections to the transverse and longitudinal components of the spectral function in the Landau cut. Note that the
longitudinal component has been scaled by k3/k* here as well as in Figs. 10 and 11. Here a, = 1/2.

alongside the full NLO results in Fig. 10. Further, to
visualize the corrections at various coupling strengths, we
plot slices of the spectral function with fixed momentum
in Fig. 11. We observe from the figures that for z7 =
1 > 0 the NLO corrections are mainly positive except in
the vicinity of the light cone, where even the full NLO
spectral function becomes negative. The near-light cone
behavior stays qualitatively the same with different values
of u/T.

The above results for the NLO HTL-resummed photon
propagator (spectral function) display peculiar behavior
near the light cone. The plasmon dispersion curves hitting

the light cone together with the negative spectral function in
the Landau cut is related to a breakdown of the HTL
resummation as K2 — 0. Indeed, the NLO correction of
relative order e? eventually becomes greater than the
LO result as K?> — 0, which can be seen by noting
that Tly /K> diverges faster than Il /K? as K*> — 0
[cf. Egs. (85) and (77)]. This breakdown of perturbation
theory implies that we can trust our results only up to some
small distance from the light cone. It also (partly) explains
the unexpected behavior of the resummed propagator as
K? — 0. However, the longitudinal dispersion curve pass-
ing through the light cone is a physical effect that has

0.0

0.5 1.0 1.5 0.0

0.5 1.0 1.5 2.0

k [mg]

FIG. 10. Transverse and longitudinal components of the NLO photon spectral function with a, = 1/2. Vertical slices at k = my/2 are

shown in Fig. 11.
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already been predicted, at least in scalar QED [24], non-
relativistic QED [25], and even in QCD [26,27].

In scalar QED, the failure of the NLO HTL resummation
near the light cone has been investigated thoroughly in
Ref. [24]. There, the NLO soft photon dispersion relations
display qualitatively similar behavior to the presently
studied case of physical QED, even though the NLO
corrections in scalar QED arise in an entirely different
way.15 In Ref. [24], the breakdown of the HTL resumma-
tion is caused by hard massless particles running in the
loops, which leads to collinear singularities in the small-K
expansion of IT* at K> = 0. We suspect that to obtain
correct behavior of the HTL expressions in our case one
must also carry out additional resummations, such as
including ladder-type diagrams [28] when considering
photon propagation near the light cone.

In the perturbative region sufficiently far from the light
cone, our results are applicable for soft momenta, k& < mg.
From the obtained NLO results, we can then take various
IR limits, provided that k% # k. For instance, the NLO
photon plasma frequency w,, given by the equation

w} = p(w,,0) =TI (v,,0), reads

,  m e? [37 97272 2e77ET
oy ==V == |5 t572 7 ——=
3 67° |12 27°T= + 6pu A

+LilY (—ef) + Lil! —e‘%)} } (102)

BIn scalar QED, the NLO corrections to the soft photon self-
energy arise from fully soft HTL-resummed one-loop diagrams
resulting in O(em?) terms (cf. the e?m} corrections presented in

this paper).

4' AL R S L S S BN S N B
I —10

3I  _a,=1/5 1
1 @, =1/2
léu 2r @, =1 i
=
NQ [
= 1r .
L\}D L
~

of

_1: n n n n 1 n n n n 1 n n n n 1 n n n n 1 n n n n
00 01 02 03 04 05

K° [mg]

NLO photon spectral functions with fixed momentum k = mg/2 compared to the LO ones.

On the other hand, the NLO Debye mass (electric screening
mass), defined here by m3 = —Tly(0, k)| 2, 1S

—>—mD’
given by16
62 7 2e7ET 1 u
+ Lig“(_e—%)} } (103)

Obtaining the asymptotic mass of the transverse photon
mode m, to NLO, however, requires information about the
self-energy near the light cone. As our results become ill-
behaved in this region, we cannot extract the full NLO
value of this quantity. Nevertheless, we find a contribution
to the NLO asymptotic mass of the transverse photon
mode, given by w3 (k > mg) = k> + mZ,

=R 1 e (M) o).

12722 \ #°T? + 3%
(104)

where we exclude the relative order O(e?) terms. Those
terms contain logarithmic k—dependence17 and we expect
them to be related to the breakdown of our expressions near
the light cone.

®r¢ is easy to check that w, and myp, are renormalization scale
invariant up to and including O(e’mg) terms, dmf/dA =
dw% /dA = 0.

""We find that this logarithmic k-dependence still remains even
after renormalization of the LO result.
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C. The O(¢) terms in the zero-temperature limit

Next, we consider the O(g) terms for I1; o, Ip,,,, and
IIN1o. These terms become useful when considering
higher-order diagrams in which the self-energy appears.
Here, we only write the explicit results in the zero-
temperature limit, which become relevant e.g., in the
calculation of the cold and dense QED pressure [18].
Following the notation introduced in Ref. [12], we first
expand the d-dimensional (d = 3 — 2¢) expressions for the
self-energies determined in Sec. III in a series

f), = ()Y + e(m){" + 0(»),  1e{T.L},

(105)

where the subscript X € {LO, NLO, Pow}, and then deter-
mine the unknown coefficients. Here, (II§_,,); also contains
a single vacuum UV divergence so the corresponding

POW)E g term.

It is straightforward to extract the O(e) terms in
Eq. (105) using the d-dimensional results for the radial
and angular integrals in the Appendix. Applying these
results to the LO self-energy in Eqs. (28) and (34) yields

expansion in Eq. (105) also has a (TI§

(o) (K) = (ITF)S (K) + (TR, (K) + O(e?),
(I )00 (K) = (TIE)0) (K) + (TR )0 (K) + O(e2),

(106)

where the coefficients (ITX,)\"(K) and (IT Lo)élg(K) for
i =0, 1 are given by

(I )i (K) = 0, (107)
and
(I8)00 (K) = —m3 (1 — KOL(K)),
(IR, (K) = —mEkOH(K). (108)

The function L(K) is defined in Eq. (36) and we further
define

K2
H(K)= L(K)[2+ln< kzﬂ
1 K+ k K —k
—— |Lip{ +— ] —Lib ) |- (109
2k[ 12<k°—k> lz<k°+k>} (109)
Note that the trace of the one-loop HTL self-energy in
Eq. (28) is defined to be m% In d dimensions, the in-

medium effective mass scale at nonzero density reads (see
also Ref. [12])

(110)
which agrees with Eq. (30). The coefficients of the

expanded transverse and longitudinal components are
finally given by

o) ) =" (34 (1-38) o2

m2 2
o)) =" { 1= (1-2) 1w k) + 0 H(K) |
(111)
and
2
(o)) =z (1-2) 1 - LK)
1o 1) = mi (118 )08 1) (112)

At NLO, the expression for the trace part of the HTL
self-energy in Eq. (70), generalized to d dimensions, reads

(2 o)\ (K) + (T o) (K) + O(€2),
(113)

(HIISILO)Z(K) =

where the coefficients (HI’fILO)ff)” (K) for i =0, 1 are
given by

(112, ) (K) = g {1 2L (K)
—"—2)0 k°L<K>>2},

(
o) = 1 {1+ (1-38) 0 - K20y

x (1 - kOL(K))] kOH(K)}. (114)

Similarly, the NLO expression for the 00-component in
Eq. (74), also generalized to d dimensions, yields

(I8 o)o0) (K) + (T8 o) (K) + O(&2),
(115)

(HIIsILO)OO (K)

where the coefficients (HﬁLO)E)i())(K) for i=0, 1 are
given by
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2
(M0l (K) = 2% { K 20— LK) }

(o)1 (K) = 4—;; (1- k°L<K>>{1 _IOL(K)

+k—2—2k0H( )} (116)

K2

The coefficients of the expanded transverse and longi-
tudinal components read

4
m
(HNLO>”(FO)(K) = _8_:2]‘014([(),
4
m
(HNL0>(TI)(K) = g—ﬂEszH(K), (117)

and

(M)t (K) =

8ﬂ%{1+2<1—:—§) (1 —kOL(K))Z},

E (1 ZOL(K)

(o) (K) =5

x {1 + (1 —i—2> (1-kOL(K) - ZkOH(K))}.

(118)

Finally, we generalize the power corrections to the one-
loop HTL self-energy in Eq. (78) to d dimensions. The
coefficients of the expanded transverse and longitudinal
components end up reading

2 2
(-1) ec K
(H§OW)T _4”2 3 ’
2 2 2
0 e- K k
(Hfsow)"(l"> - _871'2__3 {1 =21+ <3 +k—g> (1 —kOL(K))},

2 2 2
n K n ko
(g ) __8”2?{4—7—1“2— (3+k2>k°H(K)

+ [2—41— 2-1) <1 —’;—(2;)] (1 —kOL(K))},

(119)

and
(MR YD = oK
Pow /L 471_2 3 ’

er K? K3
0l =~ (3-8 - ponir

2 2 2 2 2
ny K T K3
(MR )1 ___{1_Z+3 (3_P K'H(K)

- fr--n(1-3)] a - e}

(120)

Here, the UV divergence multiplying (u/A)~% in the
integration measure has resulted in explicit factors of
In(u/A) that have been absorbed in the function

152—21n<27ﬂ>.
A

V. DISCUSSION

In the paper at hand, we determined the NLO self-energy
of soft photons traversing a hot and dense electromagnetic
plasma. Our computation generalizes the results obtained in
Refs. [17,21,22] to nonzero electron chemical potential,
and paves the way for a future similar calculation in the
context of QCD. Our main motivation for this work stems
from a desire to extend the determination of the pressures of
cold and dense QED and QCD to full N3LO, where NLO
self-energies are required for the proper physical dressing
of photon (or gluon) propagators. Indeed, the present article
is the long companion paper of a letter [18], where we
determine the O(a?) pressure of dense zero-temperature
QED up to one undetermined coefficient stemming from
the hard sector of the theory. For this reason, we also
determined a number of O(¢) parts to the LO and NLO self-
energies (see Sec. IV C) which are needed in the pressure
calculation.

Our main result for the NLO contribution to the photon
self-energy can be found from Sec. IVA. Similarly to the
zero-u case [17], we find that the UV and IR singularities
are fully canceled between the different dimensionally
regularized two-loop self-energy diagrams, and that the
resulting final expression for the NLO contribution is finite
for D = 4. We also find that, at nonvanishing 7 and u, the
NLO contribution in Eq. (85) contains a very nontrivial
medium dependence, where the medium-dependent mass
scale T? /3 + u?/n* does not factorize out as in the LO case
in Eq. (77). This is due to the more complicated radial
integral structures present in the two-loop diagrams.
Interestingly, our result for the NLO longitudinal self-
energy introduces a new HTL structure with a squared
logarithm [see Eq. (85)]. This term is solely generated by
nonvanishing p.

As a physical application of our result, in Sec. IV B we
studied the transverse and longitudinal components of the
soft photon propagator at NLO. Specifically, we computed
the plasmon dispersion relations and the residues of the
corresponding poles in the timelike region, along with the
spectral function in the Landau cut in the spacelike region.
The plasma frequency and Debye mass were calculated as
specific limits of these results, while a contribution to the
asymptotic mass was also obtained. We found that the NLO
HTL-resummed propagator is well behaved in the region of
soft momenta, k < mg, except in the vicinity of the light
cone, where the HTL-resummation breaks down. In this
region, we suspect that further resummations are necessary.

(121)
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Finally, it is worth acknowledging that while this
article deals with QED and photon propagation therein,
to a large extent this calculation represents a simpler test
case for a similar forthcoming computation in QCD. In
QED, the absence of gauge field self-interactions leads
to an overall lower number of two-loop diagrams
contributing to the gauge-boson self-energy at NLO,
while also simplifying the soft limit of the self-energy at
LO. Likewise, QED obeys simple Ward identities,
reducing the number of basis tensors with potentially
nonzero coefficients (see e.g., Ref. [20]). However, the
methods developed and utilized in this work should
mostly suffice for QCD as well. It is worth reiterating
(see footnote 2) that in QCD there is an additional
correction to the self energy arising from soft loop
momenta in the one-loop self-energy diagrams. Indeed,
this correction turns out to dominate over the corrections
computed in this work in the case of high 7 (see [14]). Such
a contribution requires a different calculation than the
contributions presented here, involving the use of real-time
Feynman rules for the HTL theory, presented in [29]. As far
as applications of the self-energy results go, it should also
be pointed out that the corrections to the 7 =0 quark-
matter pressure arising from these additional soft correc-
tions have already been computed in [12,13]. Given this,
the only remaining self-energy contribution needed to
compute further corrections to the perturbative QCD
pressure at 7 = 0 is the QCD generalization of the results
presented in this paper. These corresponding QCD com-
putations are already underway.
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APPENDIX: RADIAL AND ANGULAR
INTEGRALS

1. Radial integrals

Here we list some results for radial integrals of the
distribution functions defined in Eq. (9). To save space, we
denote the radial part of the integration measure in
d = 3 — 2¢ spatial dimensions [see Eq. (3)] by

o
/E/ dpp!. (A1)
P 0
The results for integrals over the bosonic and fermionic
distribution functions may be written in terms of the
polylogarithm function as

[ pNa) =TT i (D, (a2

| PN ) = T @)Ly (a3
P

where « is a parameter and scale-free parts of the integrands
have been discarded as they vanish in dimensional regu-
larization. Upon integration by parts, we obtain results for
the derivatives of the distribution functions,

d )
/pa@NB(P) = =T 0(d + a)Lig -1 (1), (A4)
P
e d o d+a—1 ; Tr
P @NF(P):_T [(d+a)Ligyq1(—€77). (AS)
14

For the self-energy calculations, we need the leading
terms of the small € expansions for various combinations of
the above integrals for particular values of a,

Ri= [N =T r0e. (a0
”2 2 2

Ro= [ i) + Ni(p) = = 1 o)

(A7)
Ro= [ S Wil) 4 N () = 5, = (e )

+Lil" () + Lil" () + 0(e). (A8)
Ri= / (N7 (p) = N} (p) = =n+ O(e). (A9
R = / e WEP) + V() = 140(e). (A10)
dLi,(z)

where we have used the notation Lié])(z) = lim,_o—5 >
The zero-temperature limit of the radial integrals in

Egs. (A2)-(AS) is straightforward to obtain given the

following limiting behavior of the polylogarithm

limLi;(—e™) = 0,

X—>00

(Al1)
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limLi (—e") = ———

=0, VA
X—00 F(S + 1) § ¢

(Al12)

where x = p/T. In this limit, we can compactly write
the d-dimensional results for the integrals defined in
Egs. (A6)-(A10) as

R, =0, (A13)
N r
Ry = —501__33, (A15)
Ry=— 5,1__22 (A16)

Rs = p=3 (A17)

2. Angular integrals

In d = 3 — 2¢ spatial dimensions, the angular part of the
integration measure in Eq. (3) may be written as

1 d-3
/E/ dz(1-2%)7,
z -1

where z = k - P parametrizes an angle between an external
spatial unit vector k and the spatial unit vector in the
direction of the loop momentum P. According to our
conventions, the “direction” of the on-shell loop four-
momentum P is denoted by v = (1,p), so that v- K =
—k° + kz for the external four-momentum K. In the HTL
limit, we often encounter integrals of the type

Aa= /vm

_TRrE(d-1)] _,,
—T(—ko) 2

(A18)

- al+tadk®
N2 2 2k2
(A19)

for some parameter o. The result has been written in terms
of the hypergeometric function ,F;. The following recur-
sion relation applies for a € Z™,

1 d
Aa+l - _—A(x'

PTG (A20)

Another useful integral is given by

. vi y z ki
A= [ ¥ R A )
(A21)

where we have exploited spatial rotational symmetry. By
denoting

1. KO+k

L(K) Eﬁ nm,

(A22)

we write the small & expansions of the above results at
specific values of a as

Ay = / =24 (1= In(2))4e + O(e2),

z

A= /Z v -IK
= —2L(K) + {ZL(K) In (I,j—zz)

KO —k (K +k
k [le (ko " k) - Li, (—ko — k)} }8 + 0(&?),

(A23)

(A24)
1
4= [ g
= —%—F%(IH(Z) —KL(K))e+0(e?), (A25)
i
A= [
0
=~ g (1 - 2mE)
+ (k3 + k*)L(K)}e + O(€?), (A26)
I
A= | g
2 2
- -%3’E0K2+>3" 2 <1<22)3 {(2=31n(2) + KL(K))K2
+ (1 =1In(2) + 3k°L(K))k*}e + O(€?). (A27)
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