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We apply Low’s theorem to soft gluon emission from heavy quark scattering in the nonperturbative
strongly interacting quark-gluon plasma (sQGP). The sQGP is described in terms of the dynamical
quasiparticles and adjusted to reproduce the EoS from lattice QCD at finite temperature and chemical
potential. Since the emitted gluon is soft and of long wavelength, it does not provide information on the
detailed structure of the scattering, and only the emission from incoming and outgoing partons is enough. It
simplifies the calculations making the scattering amplitude factorizable into the elastic scattering and the
emission of soft gluon. Imposing a proper upper limit on the emitted gluon energy, we obtain the gauge-
invariant scattering cross sections of heavy quarks with the massive partons of the medium as well as their
transport coefficients (momentum drag and diffusion) in the QGP and compare with those from the elastic
scattering without gluon emission.
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I. INTRODUCTION

Heavy flavor is one of the important probes for the
properties of the quark-gluon plasma (QGP) produced in
ultrarelativistic heavy-ion collisions [1–8]. The production
of heavy flavor is reliably described by perturbative
quantum chromodynamics (pQCD), since a large energy-
momentum transfer is required. However, the hadronization
of heavy quark to a heavy meson or heavy baryon is a soft
process whose realization depends on the model. If the
heavy quark has a large momentum, phenomenological
models such as heavy quark fragmentation functions work
well [9]. On the other hand, the hadronization of soft heavy
quarks often adopts the coalescence model where the heavy
quark combines with an antilight quark or with a diquark to
form a heavy meson or a heavy baryon, respectively [6,7].
The production and hadronization processes of heavy

flavor are common in pþ p and heavy-ion collisions. The
difference between the two collisions is the presence or
absence of a hot dense nuclear matter with which the heavy
quark interacts and changes energy momentum. A heavy
quark with a small momentum is shifted toward a larger
momentum by collective flows, while the one with a large
momentum is suppressed due to energy loss in the QGP.

They are expressed by the nuclear modification factor
which is the heavy flavor distribution in heavy-ion colli-
sions scaled by that in pþ p collisions and the number of
nucleonþ nucleon binary collisions.
A heavy quark interacts with matter through elastic

scattering and inelastic scattering. The former brings about
the collisional energy loss of a heavy quark, while the latter
the radiative energy loss because it induces gluon emission.
The collisional energy loss is dominant at low or inter-
mediate momentum of a heavy quark, which is taken over
by the radiative energy loss at high momentum of heavy
quark [1,3,10].
The parton-hadron-string dynamics (PHSD) adopts the

dynamical quasiparticle model (DQPM) to describe the
strongly interacting partonic matter as well as partonic
interactions with massive off-shell quasiparticles, contrary
to the massless pQCD partons, whose properties are
described by the complex self-energies and spectral func-
tions. The real part of self-energy is related to the pole
mass and the imaginary part to the spectral width of
partons that are taken in the form of the hard thermal loop
(HTL) calculations. The DQPM is adjusted to reproduce
the lattice equation of state (EoS) through the strong
coupling that depends on temperature and baryon chemical
potential [11–16]. It has been found that the DQPM which
is extended to heavy quark interactions in the QGP
reproduces the heavy quark transport coefficients from
lattice calculations as well as the experimental data on
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heavy flavor production in heavy-ion collisions [6,7,17,18].
One limitation of the DQPM for heavy quarks is the
absence of radiative energy loss. Though it can be justified
at low and intermediate energies of heavy quarks due to the
large gluon mass in the DQPM, the radiative energy loss
cannot be neglected at large momenta of heavy quarks [19].
The radiative processes play an important role in

quantum electrodynamics (QED). Bremsstrahlung photons
are emitted from charged particles that are accelerated or
decelerated by scattering (interaction). According to
Refs. [20,21] a low-energy photon is emitted from the
external charged particles in Feynman diagrams. In other
words, the complicated inner structure of scattering can be
ignored in the limit of low energy photon emission, as
shown in Fig. 1. Then the Feynman diagram can be
factorized into an elastic scattering part and photon
emission part. The reason for ignoring the inner structure
of the scattering in the soft photon limit is found in
Ref. [21] where the bremsstrahlung photon spectrum
becomes soft with the increasing stopping time of the
charged particle, while a low-frequency (low-energy)
photon is not affected by the stopping time, because the
low-frequency photon cannot provide microscopic infor-
mation on the scattering but only the macroscopic infor-
mation, for example, incoming and outgoing momenta of
the charged particles before and after scattering.
In this study we extend the soft photon approximation to

QCD, i.e., to the soft gluon emission from strong inter-
actions. This extension is reasonable because (anti)quarks
and gluons have a color charge. A difference from QED is
that the color charge is in SU(3) and is noncommutative.
We prove that the soft gluon approximation satisfies the

Slavnov-Taylor identities in quark-quark and quark-gluon
scatterings, as the soft photon approximation satisfies the
Ward-Takahashi identity. Then it is applied to the heavy
quark scatterings with light quark or gluon with a soft gluon
emission in the strongly interacting quark-gluon plasma
(sQGP) as described by the DQPM.
There have been several studies that deal with the soft

gluon emission from partonic scatterings [22–24]. Most of
them are focused on gluon emission from the scattering
of energetic partons such as jet. In this case forward
scattering is dominant and the light-cone coordinate system
is convenient, because

ffiffiffi
s

p
is the largest energy scale,

compared to the energy-momentum transfer for the scatter-
ing and the emitted gluon energy. The present study,
however, does not assume close to the forward scattering
but deals with all possible scattering angles, and treats soft
gluon emission systematically up to the leading order of
(q=p) with q and p being the energy-momenta of emitted
gluon and scattered parton, respectively, such that the
Slavnov-Taylor identities are satisfied and the results are
explicitly gauge invariant.
This paper is organized as follows: in Sec. II the soft

photon approximation is rederived up to the leading order
for both boson and fermion scatterings, which is extended
to QCD in Sec. III. Then the soft gluon emission is applied
in Sec. IV to partonic interactions in the QGP where
partons are dressed and thus massive. The final state phase
space and the scattering cross sections with the soft gluon
emission are discussed in Sec. V, with which the transport
coefficients of heavy quarks are calculated in Sec. VI. A
summary is given in Sec. VII.

II. SOFT PHOTON APPROXIMATION

In this section we rederive the formalism for the soft
photon emission from both boson and fermion scatterings,
which corresponds to the first dominant term in Low’s
calculations [20].

A. Emission from pseudoscalar particles

The transition amplitude for photon emission from the
scattering of two pseudoscalar particles, as shown in Fig. 2,
is given by

M2→2þγðp1; p2;p3; p4; qÞ ¼ ε�μðqÞfM2→2ðp1 − q; p2;p3; p4ÞGðp1 − qÞVμðp1;p1 − qÞ
þM2→2ðp1; p2 − q;p3; p4ÞGðp2 − qÞVμðp2;p2 − qÞ
þ Vμðp3 þ q;p3ÞGðp3 þ qÞM2→2ðp1; p2;p3 þ q; p4Þ
þ Vμðp4 þ q;p4ÞGðp4 þ qÞM2→2ðp1; p2;p3; p4 þ qÞg; ð1Þ

where ε�μðqÞ is the polarization vector of the emitted photon, andGðpÞ and Vμðpþ q;pÞ are, respectively, the propagator of
the photon-emitting particle and the electromagnetic vertex with photon momentum q, which are expressed for the
pseudoscalar particle (or pion) as [25]

FIG. 1. According to Refs. [20,21] a complicated scattering
process on the left-hand side is simplified to the right side
Feynman diagram, if the emitted photon is soft.
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GðpÞ ¼ i
p2 −m2 þ iε

;

Vμðpþ q; pÞ ¼ −iQð2pþ qÞμ: ð2Þ
Adopting the soft-photon approximation (q ≪ p1, p2,

p3, p4), Eq. (1) is simplified into [26]

M2→2þγðp1;p2;p3;p4;qÞ

¼ ε�μðqÞ
�
−
Q1p

μ
1

p1 · q
−
Q2p

μ
2

p2 · q
þ Q3p

μ
3

p3 · q
þ Q4p

μ
4

p4 · q

�
×M2→2ðp1; p2;p3; p4Þ; ð3Þ

which satisfies theWard-Takahashi identity: qμðM2→2þγÞμ¼0

where M2→2þγ ¼ εμ�ðqÞðM2→2þγÞμ.

B. Emission from fermions

The photon emission from a fermion is more compli-
cated than the emission from a boson due to the spin of
fermion. For example, both propagator and vertex include a
gamma matrix:

GðpÞ ¼ i
=pþm

p2 −m2 þ iε
;

Vμðpþ q; pÞ ¼ −iQγμ: ð4Þ
If a photon goes out from p3 as in the lower left diagram

of Fig. 2, the spinor of p3 is substituted by

ūsðp3Þ → −ūsðp3ÞiQ3γ
μi

=p3 þ =qþm
ðp3 þ qÞ2 −m2 þ iε

ε�μðqÞ

¼ −ūsðp3ÞiQ3γ
μi
urðp3 þ qÞūrðp3 þ qÞ
ðp3 þ qÞ2 −m2 þ iε

ε�μðqÞ

¼ Q3

ūsðp3Þγμurðp3 þ qÞ
2p3 · q

ε�μðqÞūrðp3 þ qÞ: ð5Þ

Making use of the Gordon decomposition [27],

ūsðp3Þγμurðp3 þ qÞ

¼ 1

2m
ūsðp3Þfð2p3 þ qÞμ − iσμνqνgurðp3 þ qÞ

≈
pμ
3

m
ūsðp3Þurðp3Þ ¼ 2pμ

3δsr ð6Þ

in the limit q ≪ p3, where the superscripts s and r are spin
indices and

σμν ¼ i
2
½γμ; γν�; ð7Þ

one finds that the modification of the transition amplitude
in Eq. (5) is the same as that for a pion in Eq. (3):

ūsðp3Þ → ε�μðqÞ
Q3p

μ
3

p3 · q
ūsðp3 þ qÞ ≈ ε�μðqÞ

Q3p
μ
3

p3 · q
ūsðp3Þ:

ð8Þ

Therefore the soft photon approximation of Eq. (3) is
applied not only to pseudoscalar particle scattering but also
to fermion scattering.

III. SOFT GLUON EMISSION

Now we apply the same approach to gluon emission,
assuming that the emitted gluon is soft and has a long
wavelength.

A. Emission from (anti)quarks

As shown in Fig. 3 gluon emission is the same as photon
emission except for a color factor. The quark propagator
and gluon vertex are given by

GijðpÞ ¼ i
=pþm

p2 −m2 þ iε
δij;

Vμ;a
ij ðpþ q; pÞ ¼ igγμTa

ij; ð9Þ

where i, j, and a are, respectively, the color indices of quark
and gluon. Making the same substitution as in Eq. (5),

ūsi ðp3ÞM2→2;i

→ −gūsi ðp3ÞγμTa
ijε

a�
μ ðqÞ =p3 þ =qþm

ðp3 þ qÞ2 −m2 þ iε
M2→2;j

¼ −g
ūsi ðp3ÞγμTa

iju
r
jðp3 þ qÞ

2p3 · q
εa�μ ðqÞ

× ūrjðp3 þ qÞM2→2;j; ð10Þ

one can see that Eq. (10) is very similar to Eq. (5) except the
color factor Ta

ij. The transition amplitude turns out as

FIG. 2. Photon emission from the four external legs of 2-to-2
scattering.
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Mkl;ij
2q→2qþgðp1; p2;p3; p4; qÞ

¼ gεa�μ ðqÞ
�

pμ
1

p1 · q
Mkl;mj

2q→2qT
a
mi þ

pμ
2

p2 · q
Mkl;im

2q→2qT
a
mj

−
pμ
3

p3 · q
Ta
kmM

ml;ij
2q→2q −

pμ
4

p4 · q
Ta
lmM

km;ij
2q→2q

�
; ð11Þ

where i and j are the color indices of the incoming quarks
and k and l those of the outgoing quarks.

The simplest color structure of Mkl;ij
2q→2q is from the one-

gluon exchange:

Mkl;ij
2q→2q ∼ Tb

kiT
b
lj ¼

1

2

�
δjkδil −

1

Nc
δikδjl

�
: ð12Þ

Substituting Eq. (12) into Eq. (11), one finds that the
transition amplitude satisfies the Ward-Takahashi identity:

qμM
μ;a;kl;ij
2q→2qþgðp1; p2;p3; p4; qÞ ¼ 0; ð13Þ

where

Mkl;ij
2q→2qþg ¼ εa�μ ðqÞMμ;a;kl;ij

2→2þg : ð14Þ

We note that the Ward-Takahashi identity is equivalent to
the Slavnov-Taylor identities in the case of on-shell
external gluons.
The transition amplitude squared is given by

jM2q→2qþgj2 ¼ −
g2

2Nc

�
ðN2

c − 1Þ
�

m2
1

ðp1 · qÞ2
þ m2

2

ðp2 · qÞ2
þ m2

3

ðp3 · qÞ2
þ m2

4

ðp4 · qÞ2
�
−

4p1 · p2

ðp1 · qÞðp2 · qÞ
−

4p3 · p4

ðp3 · qÞðp4 · qÞ
þ 2p1 · p3

ðp1 · qÞðp3 · qÞ
þ 2p2 · p4

ðp2 · qÞðp4 · qÞ

− 2ðN2
c − 2Þ

�
p1 · p4

ðp1 · qÞðp4 · qÞ
þ p2 · p3

ðp2 · qÞðp3 · qÞ
��

jM2q→2qj2: ð15Þ

The detailed derivations of Eqs. (13) and (15) are presented
in Appendix A.
One may think of soft gluon emission from the

exchanged gluon as in Fig. 4, which is expressed as

εa�μ ðqÞgfabc½gνμð−p1 þ p3 − 2qÞλ þ gλμð−p1 þ p3 þ qÞν

þ gνλð2p1 − 2p3 þ qÞμ� −i
ðp1 − p3 þ qÞ2 ðM

kl;ij
2q→2qÞbcνλ ;

ð16Þ

considering that the one gluon propagator and a three
gluon vertex are attached to the original 2-to-2 Feynman
diagram. Since

ūðp3Þð=p3 − =p1Þuðp1Þ ¼ 0;

ūðp4Þð=p3 − =p1Þuðp2Þ ¼ ūðp4Þð=p2 − =p4Þuðp2Þ ¼ 0;

Eq. (16) is simplified in the limit q → 0 into

−igεa�μ ðqÞ 2ðp1 − p3Þμ
ðp1 − p3Þ2 þ 2ðp1 − p3Þ · q

fabcðMkl;ij
2q→2qÞbc:

ð17Þ

Removing ðp1 − p3Þ2 in the denominator, it looks similar
to the terms in Eq. (11). Comparing Eqs. (11) and (17)
without M2q→2q, the former is of the order of 1=q and the
latter of the order of 1=p ¼ 1=qðq=pÞ where q and p are,
respectively, the momenta of the soft gluon and of the

FIG. 3. Gluon emission from qþ q → qþ q scattering.

FIG. 4. Soft gluon emission from the exchanged gluon in
quark-quark scattering.
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scattering parton. Since q=p ≪ 1, the diagram in Fig. 4 is
of higher order than those in Fig. 3, if the transition
amplitude is expanded in term of q=p:

Fig: 3 ∼
1

q

�
A0 þ A1

�
q
p

�
þ � � �

�
;

Fig: 4 ∼
1

q

�
B1

�
q
p

�
þ � � �

�
: ð18Þ

If the diagram of Fig. 4 is taken into account, one should
also include the next-to-leading order term in Fig. 3, that is,
A1ðq=pÞ in the above equation, for the final results to be
gauge invariant. There is one more important advantage in
taking only the leading order in (q=p). The soft gluon
emission from the exchanged virtual gluon is rather simple
in qþ q → qþ qþ g, but much more complicated in qþ
g → qþ gþ g which will be explained in the next section.
That is why the soft gluon emission is studied only in
quark-quark scattering in Refs. [22,24]. Some works [1,10]
include qþ g → qþ gþ g to study the radiative energy
loss of heavy quark in QGP. However, they consider only
the gluon emission from the t-channel which is dominant in
high-energy scattering, though it is not gauge-invariant
without s- and u-channels.
In spite of the order counting in Eq. (18), ðp1 − p3Þ2 in

the denominator of Eq. (17) can be smaller than the second
term, ðp1 − p3Þ · q, near forward scattering. Therefore,
Eq. (11) is not a good approximation for nearly forward
scattering and the valid kinematic region must properly be
restricted. It will be discussed in the next section.
One can think about gluon emission from antiquark

scattering (q̄þ q̄ → q̄þ q̄) as in Fig. 5. Then Eq. (10)
changes into

M2q̄→2q̄;ivsi ðp3Þ

→ gM2→2;j
=p3 þ =q −m

ðp3 þ qÞ2 −m2 þ iε
εa�μ ðqÞγμTa

jiv
s
i ðp3Þ

¼ gM2→2;kvrkðp3 þ qÞ

×
v̄rjðp3 þ qÞγμTa

jiv
s
i ðp3Þ

2p3 · q
εa�μ ðqÞ: ð19Þ

The Gordon decomposition for the antifermion cur-
rent is the same as in Eq. (6) except for an overall
minus sign:

v̄rjðp3 þ qÞγμvsi ðp3Þ

¼ −
1

2m
v̄rjðp3 þ qÞfð2p3 þ qÞμ þ iσμνqνgvsi ðp3Þ

≈ −
pμ
3

m
v̄rjðp3Þvsi ðp3Þ ¼ 2pμ

3δsr: ð20Þ

Therefore, the expression of Eq. (11) is valid not only for
qq but also for q̄ q̄ and qq̄ elastic scatterings.

B. Emission from gluon

Now we turn to the soft gluon emission from qþ g →
qþ g scattering in pQCD as shown in Fig. 6. The gluon
propagator and three-gluon vertex are, respectively,
given by

Gμν;abðpÞ ¼ −igμν

p2 þ iε
δab;

Vμνλ;abcðpþ q; pÞ ¼ gfabc½gνμðpþ 2qÞλ þ gλμð−2p − qÞν
þ gνλðp − qÞμ�; ð21Þ

FIG. 5. Gluon emission from q̄þ q̄ → q̄þ q̄ scattering. FIG. 6. Gluon emission from qþ g → qþ g scattering.

SOFT GLUON EMISSION FROM HEAVY QUARK SCATTERING … PHYS. REV. D 107, 036009 (2023)

036009-5



where μ, ν, λ are Lorentz indices and a, b, c are color
indices of the emitted, incoming, and outgoing gluons,
respectively.
Making the similar substitution as in Eq. (5),

εb�λ ðp4ÞMλ;b
2→2 → −igfbdcεb�λ ðp4Þεc�μ ðqÞ½gμνðp4 þ 2qÞλ

þ gλμðp4 − qÞν þ gλνð−2p4 − qÞμ�

×
1

2p4 · q
Mν;d

2→2

≈ igfbdcεc�μ ðqÞ pμ
4

p4 · q
× εb�ν ðp4ÞMν;d

2→2; ð22Þ

because pλ
4ε

c�
λ ðp4Þ ¼ 0 and p4νM

ν;b
2→2 ¼ 0. Similarly,

εaλðp2ÞMλ;a
2→2 → igfadcεc�μ ðqÞ pμ

2

p2 · q
× εaνðp2ÞMν;d

2→2: ð23Þ

From Eqs. (11), (22), and (23) one gets

Mμ;jbc;ia
qþg→qþgþgðp1; p2;p3; p4; qÞ

¼ g

�
pμ
1

p1 · q
Mjb;ma

qþg→qþgT
c
mi −

pμ
3

p3 · q
Tc
jmM

mb;ia
qþg→qþg

þ i
pμ
2

p2 · q
fadcMjb;id

qþg→qþg þ i
pμ
4

p4 · q
fbdcMjd;ia

qþg→qþg

�
;

ð24Þ
where a and b are, respectively, the colors of the incoming
and outgoing gluons, and i and j are the colors of the
incoming and outgoing quarks, respectively.
Considering that the color structure ofMjb;ia

qþg→qþg is given
by ½Ta; Tb�ji or ifabcTc

ji, the matrix element in Eq. (24)
satisfies current conservation

qμM
μ;jbc;ia
qþg→qþgþgðp1; p2;p3; p4; qÞ ¼ 0; ð25Þ

where

Mjb;ia
qþg→qþgþg ¼ εc�μ ðqÞMμ;jbc;ia

qþg→qþgþg; ð26Þ
and the transition amplitude squared is given by

jMqþg→qþgþgj2 ¼ −g2
�
N2

c − 1

2Nc

�
m2

1

ðp1 · qÞ2
þ m2

3

ðp3 · qÞ2
�
þ 1

Nc

p1 · p3

ðp1 · qÞðp3 · qÞ

−
Nc

2

�
2p2 · p4

ðp2 · qÞðp4 · qÞ
þ p1 · p2

ðp1 · qÞðp2 · qÞ
þ p3 · p4

ðp3 · qÞðp4 · qÞ
þ p1 · p4

ðp1 · qÞðp4 · qÞ

þ p2 · p3

ðp2 · qÞðp3 · qÞ
��

× jMqþg→qþgj2: ð27Þ

We note that the transition amplitude, in principle, must be
divided by 2, for the two gluons in the final state are
indistinguishable. Since it is assumed that one gluon is the
hard gluon involved in the elastic scattering and the other
gluon is the soft gluon emitted from the scattering, 2 is not
divided in Eq. (27). The proof and the derivation are
presented in Appendix B.

IV. SOFT GLUON EMISSION IN THE SQGP
WITHIN THE DQPM

In the DQPM, the quark and gluon are dressed in the
sQGP and gain effective masses (mq;g) and spectral widths
(Γq;g) which depend on temperature and quark chemical
potential [16]. Main properties and parameters of the
DQPM are described in Appendix C. The finite width is
reflecting the dynamical modification of the spectral
function of quasiparticles during their propagation in the
sQGP medium. In the DQPM the propagators of quark and
gluon are modified, respectively, into

GijðpÞ ¼ i
=pþmqðT; μÞ

p2 −m2
qðT; μÞ þ ijp0jΓqðT; μÞ

δij;

Gμν;abðpÞ ¼ −igμν

p2 −m2
gðT; μÞ þ ijp0jΓgðT; μÞ

δab: ð28Þ

Then the scalar products of the external momentum pi
and the soft gluon momentum q in the denominators of
Eq. (15) are modified as

p1 · q → p1 · q −m2
g=2 − ijp0

1 − q0jΓq=2;

p2 · q → p2 · q −m2
g=2 − ijp0

2 − q0jΓq=2;

p3 · q → p3 · qþm2
g=2þ ijp0

3 þ q0jΓq=2;

p4 · q → p4 · qþm2
g=2þ ijp0

4 þ q0jΓq=2;

and in Eq. (27) ΓgðT; μÞ is introduced for p2 · q and p4 · q:

p2 · q → p2 · q −m2
g=2 − ijp0

2 − q0jΓg=2;

p4 · q → p4 · qþm2
g=2þ ijp0

4 þ q0jΓg=2:
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Since the product is now replaced with a complex
function due to the imaginary term, the following sub-
stitution must be made:

1

ðpi · qÞðpj · qÞ
→ Re

�
1

ðpi · qÞðpj · qÞ
�

¼ 1

2

�
1

ðpi · qÞðpj · qÞ�
þ 1

ðpi · qÞ�ðpj · qÞ
�
: ð29Þ

For example,

1

ðp1 · qÞðp3 · qÞ

→
1

2

�
1

p1 · q −m2
g=2 − ijp0

1 − q0jΓq=2

×
1

p3 · qþm2
g=2 − ijp0

3 þ q0jΓq=2

þ 1

p1 · q −m2
g=2þ ijp0

1 − q0jΓq=2

×
1

p3 · qþm2
g=2þ ijp0

3 þ q0jΓq=2

�
: ð30Þ

Furthermore, the first term in the square bracket of
Eq. (27) has additional terms that vanish for massless
gluons:

−
N2

c − 1

2Nc

�
m2

ðp1 · qÞ2
þ m2

ðp3 · qÞ2
�

→

−
N2

c − 1

2Nc

�
m2

q

jp1 · q −m2
g=2 − ijp0

1 − q0jΓq=2j2

þ m2
q

jp3 · qþm2
g=2þ ijp0

3 þ q0jΓq=2j2
�

− Nc

�
m2

g

jp2 · q −m2
g=2 − ijp0

2 − q0jΓg=2j2

þ m2
g

jp4 · qþm2
g=2þ ijp0

4 þ q0jΓg=2j2
�
: ð31Þ

V. PHASE SPACE AND CROSS SECTION

The cross section for 2-to-3 scattering is given by

σ2→3 ¼
1

4pi
ffiffiffi
s

p
Z

d3p3

ð2πÞ32E3

Z
d3p4

ð2πÞ32E4

Z
d3q

ð2πÞ32Eg

× ð2πÞ4δð4Þðp1þp2−p3−p4−qÞjM2→3j2; ð32Þ

where pi is the initial three momentum in the center-of-
mass frame and the line over the transition amplitude
squared implies spin-color average. Introducing the vari-
able p ¼ p3 þ p4,

σ2→3 ¼
1

4pi
ffiffiffi
s

p
Z

d4p
Z

d3p3d3p4

ð2πÞ64E3E4

δð4Þðp−p3 −p4Þ

×
Z

d3q
ð2πÞ32Eg

ð2πÞ4δð4Þðp1 þp2 −p− qÞ ¯jM2→3j2

¼ 1

32πpi
ffiffiffi
s

p
Z

d3q
ð2πÞ32Eg

jp3jffiffiffiffiffi
s2

p
Z

d cosθjM2→3j2

ð33Þ

with the constraint of energy-momentum conservation in
the second equation. In the above equation s2 ¼ ðp3 þ p4Þ2,
and jp3j and θ are, respectively, the three-momentum and
scattering angle of p3 in the center-of-mass frame of
p3 þ p4:

jp3j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fs2 − ðm3 þm4Þ2gfs2 − ðm3 −m4Þ2g

4s2

s
: ð34Þ

Assuming that the emitted gluon is soft, the center-of-
mass frame of p3 þ p4 is similar to that of p1 þ p2 and the
differential cross section is approximated as

dσ2→3

d cos θ
≈

1

32πpi
ffiffiffi
s

p
Z

d3q
ð2πÞ32Eg

jp3jffiffiffiffiffi
s2

p jM2→3j2

≈
dσ2→2

d cos θ

Z
d3q

ð2πÞ32Eg
jϵ · Jj2 jp3j

ffiffiffi
s

p
pf

ffiffiffiffiffi
s2

p ; ð35Þ

where

jM2→3j2 ≡ jϵ · Jj2jM2→2j2

¼ 32πsjϵ · Jj2 pi

pf

dσ2→2

d cos θ
ð36Þ

with

pf ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fs − ðm3 þm4Þ2gfs − ðm3 −m4Þ2g

4s

r
: ð37Þ

We note that jp3j
ffiffiffi
s

p
=ðpf

ffiffiffiffiffi
s2

p Þ in Eq. (35) is responsible for
the reduction of the phase space of p3 þ p4 in the 2-to-3
process, compared to the 2-to-2 process, because s2 is
always smaller than s [15].
For simplicity we patch gluon energy-momentum to

2-to-2 elastic scattering, ignoring energy-momentum
conservation:

p1 ¼ ðE1; 0; 0; p1 Þ;
p2 ¼ ðE2; 0; 0; −p1 Þ;
p3 ¼ ðE3; 0; p1 sin θ; p1 cos θ Þ;
p4 ¼ ðE4; 0; −p1 sin θ; −p1 cos θ Þ;
q ¼ ðEg; q sin θ0 cosϕ0; q sin θ0 sinϕ0; q cos θ0 Þ;

ð38Þ
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which will be used to calculate jϵ · Jj2 in Eq. (36). The
integration in Eq. (35) is then expressed asZ

d3q
Eg

¼
Z

Emax

mg

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2
g −m2

q

q
dEgd cos θ0dϕ0; ð39Þ

where Emax is the maximum energy of the soft gluon. From
energy conservation it is given by

q2max¼
fs−ðm3þm4þmgÞ2gfs−ðm3þm4−mgÞ2g

4s
ð40Þ
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FIG. 7. Differential and integrated cross sections for cþ qðgÞ → cþ qðgÞ and cþ qðgÞ → cþ qðgÞ þ g with the kinematic and
realistic upper limits of soft gluon energy, which are, respectively, displayed by dashed, dotted, and solid lines as a function of (upper)
the scattering angle of the charm quark, (middle) scattering energy, and (lower) temperature.
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with Emax ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

g þ q2max

q
.

However, we have neglected gluon emission from the
interaction region which is figured as a blob in the Feynman
diagrams, because the wavelength of the emitted gluon is
assumed larger than the scattering scale which is roughly
1=

ffiffiffiffiffi
−t

p
with t ¼ ðp1 − p3Þ2. Therefore, a more reasonable

limit for our calculations to be valid will be

Emax ¼ min½Emax from Eq: ð40Þ; ffiffiffiffiffi
−t

p �; ð41Þ
which also justifies ignoring Fig. 4. From here on the upper
limit from Eq. (40) will be denoted the kinematic upper
limit and Eq. (41) the realistic upper limit.
Now we apply the formula, which has been derived, to

the soft gluon emission from charm quark elastic scattering
in the QGP with the charm quark mass being 1.5 GeV.
Figure 7 shows the differential and integrated cross

sections for cþ qðgÞ → cþ qðgÞ and cþ qðgÞ → cþ
qðgÞ þ g scattering with the kinematic and realistic upper
limits of gluon energy, which are, respectively, displayed
by dashed, dotted, and solid lines, as a function of the
scattering angle of the charm quark, scattering energy, and
temperature.
One can see that the differential cross sections for gluon

emission with the two different upper limits of the gluon
energy are almost the same except near cos θ ¼ 1, i.e., near
forward scattering where t is small and thus the realistic
upper limit of the soft gluon energy is low.
The middle panels show that the integrated cross sections

for gluon emission are suppressed at low energy, because
the collision energy is not enough or hard to produce a
massive gluon in the final state. The integrated cross section
for the kinematic upper limit is much larger than for the
realistic upper limit, since the forward scattering cross
section is very large which, however, is suppressed in the
latter case.
Finally, comparing 2-to-2 scattering cross sections

and 2-to-3 scattering cross sections in the lower panel,
the temperature dependence is stronger for the latter. The
reason is that the former is proportional to α2s while the
latter to α3s , and αs is very large near Tc. Therefore, charm
quark scattering with gluon emission is more suppressed
than the elastic scattering with increasing temperature.

VI. TRANSPORT COEFFICIENTS OF HEAVY
QUARK IN THE SQGP

Charm quarks change their energy momentum in the
QGP with time through scattering, which is expressed in a
Fokker-Planck equation as [28]

∂fðpÞ
∂t

¼ ∂

∂pi

�
AiðpÞfðpÞ þ

∂

∂pi
½BijðpÞfðpÞ�

�
; ð42Þ

where fðpÞ is the charm distribution function and the drag,
transverse/longitudinal diffusion coefficients and q̂ of the

charm quark in the medium, supposing that the charm
quark moves in the z-direction, are defined as

AðpÞ ¼ −
A⃗ðpÞ · p⃗

jp⃗j ¼ −
dhΔpi
dt

¼ ⟪ðp − p0Þz⟫; ð43Þ

BLðpÞ ¼
1

2

pipj

jp⃗j2 BijðpÞ

¼ 1

2

dhðΔpLÞ2i
dt

¼ 1

2
⟪ðp − p0Þ2z⟫; ð44Þ

BTðpÞ ¼
1

4

�
δij −

pipj

jp⃗j2
�
BijðpÞ

¼ 1

4

dhðΔpTÞ2i
dt

¼ 1

4
⟪p02

x þ p02
y ⟫; ð45Þ

q̂ðpÞ ¼ dhðΔpTÞ2i
dz

¼ 4E
pL

BTðpÞ; ð46Þ

where pL and pT are, respectively, the longitudinal and
transverse momentum of the charm quark.
The double bracket in Eqs. (43) to (46) implies [18,29]

⟪O�⟫≡ X
i¼q;q̄;g

Z
dmidmfdmgAiðmiÞAiðmfÞAgðmgÞ

×
Z

d3k
ð2πÞ3 fiðkÞO

�vicσic; ð47Þ

for the scattering of off-shell partons, wheremi,mf, andmg

are, respectively, the incoming and outgoing parton masses
and the emitted gluon mass, and Ai, Af, and Ag their
spectral functions whose pole masses and spectral widths
are presented in Appendix C; fiðkÞ is a distribution
function of parton i, and vic and σic are the relative velocity
and the scattering cross section of the charm quark and
parton i, respectively. We note that the scattering cross
section in Eq. (47) is multiplied by 2 in order to reproduce
the lattice data on the spatial diffusion coefficient and
the experimental data on heavy flavors in heavy-ion
collisions [30].
Figure 8 shows the drag coefficients and q̂=T3 of the

charm quark without and with soft gluon emission for the
kinematic and realistic upper limits of soft gluon energy at
T ¼ 200 MeV and 400 MeV. One can see that 2-to-3
scattering hardly changes the transport coefficients at low
momentum, because the scattering energy of a slow charm
quark with a thermal parton is not large enough to produce
a massive gluon. As a result, the spatial diffusion coef-
ficient of a heavy quark in the QGP, which is obtained from
the drag coefficient in the static limit of charm quark, is not
much affected by the 2-to-3 scattering:
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Ds ¼ lim
pc→0

T
mcðA=pcÞ

; ð48Þ

where A is the drag coefficient shown in the upper panels
of Fig. 8.
The spatial diffusion coefficient is presently available in

lattice calculations [31], and it is well reproduced within the
DQPM [18,32]. Therefore, this good reproduction will not
change even after including the 2-to-3 processes in the
DQPM, as shown in Fig. 9.
On the other hand, the radiative energy loss enhances the

drag and q̂ of the charm quark at large momentum, which
is not consistent with the PHSD results presented in
Refs. [6,7], because the RAA of D mesons in heavy-ion
collisions at RHIC and LHC are well reproduced only with
elastic scattering. Recently we have found in Ref. [19] that
the strong coupling αsðTÞ—extracted from the lattice EoS
—seems to overestimate jet quenching and the mixture of
αsðTÞ and a constant strong coupling may be more realistic,
because an energetic parton is far off thermal equilibrium.
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FIG. 8. (Upper) Drag coefficients and (lower) q̂=T3 of the charm quark at T ¼ 200 MeV (left) and 400 MeV (right) without and with
cþ qðgÞ → cþ qðgÞ and cþ qðgÞ → cþ qðgÞ þ g for the kinematic and realistic upper limits of soft gluon energy, which are,
respectively, displayed by dashed, dotted, and solid lines.
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This kind of change of the strong coupling at large
momentum will help the PHSD to reproduce experimental
data with the radiative energy loss, too.
We note that the transport coefficients from the kin-

ematic upper limit and those from the realistic upper limits
are not much different from each other, while the difference
of the scattering cross sections is huge in Fig. 7. The reason
is that the two cross sections mostly differ near the forward
scattering, which is not so effective to increase the transport
coefficients.
Figure 10 is the same as Fig. 8 except that the charm

quark is substituted with the bottom quark whose mass is
taken to be 4.8 GeV. Compared with Fig. 8, the transport
coefficients of the bottom quark seem to be less affected by
the gluon emission. In fact, it is attributed to the large mass
of the bottom quark which is about 3 times larger than the
charm quark mass. A fair comparison between charm and
bottom will be made when pT of the bottom quark is
rescaled by 3 times, because the interaction rate is propor-
tional to heavy quark velocity. We also note that q̂ of
bottom quark is a bit rising at low momentum, because q̂ is
defined as dhðΔpTÞ2i=dz rather than dhðΔpTÞ2i=dt in

Eq. (46). The transport coefficients of the bottom quark
are in general smaller than those of the charm quark,
because the differential cross section of the bottom quark is
more highly peaked in the forward direction due to the large
mass [30].

VII. SUMMARY

In this study we have extended the formalism for soft
photon emission from the scattering of electric-charged
particles to soft gluon emission from the scattering of
color-charged particles, i.e., of partons. We have found that
the soft gluon is emitted from incoming or outgoing partons
as the emission of the soft photon, and the scattering
amplitude with the approximation satisfies the Slavnov-
Taylor identities. This is so because the Slavnov-Taylor
identities are satisfied order by order, if the scattering
amplitude is expanded in terms of the emitted gluon energy
divided by the energy of the scattering particles. It enables
the factorization of radiative scattering into elastic scatter-
ing and gluon/photon emission and guarantees gauge
invariance.
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FIG. 10. Same as Fig. 8 but for the bottom quark.
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Heavy flavor is an important probe particle searching
for the properties of an extremely hot and dense matter
produced in ultrarelativistic heavy-ion collisions. We have
applied the formalism for the soft gluon emission to the
heavy quark scattering off massive quarks or gluons in the
sQGP. For the soft gluon approximation to be valid, emitted
gluon energy is restricted up to the energy-momentum
transfer of 2-to-2 scattering.
Comparing the integrated cross sections for elastic

scattering and for soft gluon emission, we have found that
the latter is strongly suppressed at low momentum, because
the scattering energy is not large enough to produce a
massive gluon, and that the scattering for gluon emission is
more strongly suppressed with increasing temperature than
the elastic scattering, because the former is proportional to
α3sðTÞ while the latter to α2sðTÞ.
The results have been extended to the calculations of the

transport coefficients of heavy quarks in the sQGP. For the
same reason as for the cross section the transport coef-
ficients show little change at small momentum of heavy
quark in spite of including gluon emission, which means
that the spatial diffusion coefficient of the heavy quark is
not affected by the radiative scattering. However, the
transport coefficients are enhanced by it with increasing
charm quark momentum. Since the energetic parton is far
off thermal equilibrium, it is doubtable that the thermal
strong coupling extracted from the lattice EoS, αsðT; μÞ,
can be applied to the scattering of the energetic parton.
Instead, a perturbative strong coupling or a mixture of them
may be more reasonable, which will be our next study.
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APPENDIX A

We first show the current conservation of Eq. (13). From
Eqs. (11) and (14) we get

qμM
μ;a;kl;ij
2→2þg ¼ gfMkl;mj

2q→2qT
a
mi þMkl;im

2q→2qT
a
mj

− Ta
kmM

ml;ij
2q→2q − Ta

lmM
km;ij
2q→2qg

∼ Tb
kmT

b
ljT

a
mi þ Tb

kiT
b
lmT

a
mj

− Ta
kmT

b
miT

b
lj − Ta

lmT
b
kiT

b
mj: ðA1Þ

Using Eq. (12) for Mkl;ij
2q→2q,

qμM
μ;a;kl;ij
2→2þg ∼

�
Ta
liδkj −

1

Nc
Ta
kiδlj

�

þ
�
Ta
kjδil −

1

Nc
Ta
ljδki

�
−
�
Ta
kjδil −

1

Nc
Ta
kiδlj

�

−
�
Ta
liδkj −

1

Nc
Ta
ljδki

�
≡ T1 þ T2 − T3 − T4 ¼ 0:

ðA2Þ
Now we turn to the transition amplitude squared, for

which the following combinations of color structure are
needed:

jT1j2 ¼ jT2j2 ¼ jT3j2 ¼ jT4j2 ¼
N2

c − 1

4
CF;

T1T�
2 ¼ T3T�

4 ¼ −
1

2
CF;

T1T�
3 ¼ T2T�

4 ¼ −
1

4
CF;

T1T�
4 ¼ T2T�

3 ¼
N2

c − 2

4
CF; ðA3Þ

where ðTa
ijÞ� ¼ Ta

ji and CF ¼ ðN2
c − 1Þ=ð2NcÞ.

Taking into account the color factors in Eq. (A3), the
transition amplitude squared turns to

jM2q→2qþgj2 ¼ −
g2

2Nc

�
ðN2

c − 1Þ
�

m2
1

ðp1 · qÞ2
þ m2

2

ðp2 · qÞ2
þ m2

3

ðp3 · qÞ2
þ m2

4

ðp4 · qÞ2
�
− 4

p1 · p2

ðp1 · qÞðp2 · qÞ
− 4

p3 · p4

ðp3 · qÞðp4 · qÞ
þ 2

p1 · p3

ðp1 · qÞðp3 · qÞ
þ 2

p2 · p4

ðp2 · qÞðp4 · qÞ

− 2ðN2
c − 2Þ

�
p1 · p4

ðp1 · qÞðp4 · qÞ
þ p2 · p3

ðp2 · qÞðp3 · qÞ
��

jM2q→2qj2; ðA4Þ

where NcCF=2 is absorbed into jM2q→2qj2.
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APPENDIX B

SubstitutingMjb;ia
qþg→qþg with if

abeTe
ji in Eq. (24), one can

show the current conservation as follows:

qμM
μ;jbc;ia
qþg→qþgþgðp1; p2;p3; p4; qÞ ∼ ifabeTe

jmT
c
mi

− ifabeTc
jmT

e
mi − fadcfdbeTe

ji − fbdcfadeTe
ji

¼ −fabefecdTd
ji − fadcfdbeTe

ji − fbdcfadeTe
ji

¼ ð−fabdfced − fcbdfead − febdfacdÞTe
ji ¼ 0; ðB1Þ

which needs the cyclic property of fabc and ½Te; Tc�ji ¼
ifecdTd

ji [33].
Now we turn to the scattering amplitude squared.

Considering only color factors,

jMjbc;ia
qþg→qþgþgj2ðp1; p2;p3; p4; qÞ

∼ −
				ifabeðTeTcÞji

pμ
1

p1 · q
− ifabeðTcTeÞji

pμ
3

p3 · q

− fadcfdbeTe
ji

pμ
2

p2 · q
− fbdcfadeTe

ji
pμ
4

p4 · q

				2

¼
�
−
N2

c − 1

2Nc

�
m2

ðp1 · qÞ2
þ m2

ðp3 · qÞ2
�

−
1

Nc

p1 · p3

ðp1 · qÞðp3 · qÞ
þ Nc

2

�
p2 · p4

ðp2 · qÞðp4 · qÞ
þ p1 · p2

ðp1 · qÞðp2 · qÞ
þ p3 · p4

ðp3 · qÞðp4 · qÞ
þ p1 · p4

ðp1 · qÞðp4 · qÞ

þ p2 · p3

ðp2 · qÞðp3 · qÞ
��

× NcTr½TeTe�; ðB2Þ

for which the following are useful:

fadefbeffcfd ¼ Nc

2
fabc;

fabcTbTc ¼ i
2
NcTa;

TbTaTb ¼ −
1

2Nc
Ta: ðB3Þ

Since the color structure for qþ g → qþ g is given by

jMjb;ia
qþg→qþgj2 ∼ jifabeTe

jij2 ¼ NcTr½TeTe� ðB4Þ

from fabdfabe ¼ Ncδde, the scattering amplitude squared
for qþ g → qþ gþ g turns to

jMqþg→qþgþgj2 ¼ −g2
�
N2

c − 1

2Nc

�
m2

1

ðp1 · qÞ2
þ m2

3

ðp3 · qÞ2
�

þ 1

Nc

p1 · p3

ðp1 · qÞðp3 · qÞ
−
Nc

2

�
2p2 · p4

ðp2 · qÞðp4 · qÞ
þ p1 · p2

ðp1 · qÞðp2 · qÞ
þ p3 · p4

ðp3 · qÞðp4 · qÞ
þ p1 · p4

ðp1 · qÞðp4 · qÞ

þ p2 · p3

ðp2 · qÞðp3 · qÞ
��

× jMqþg→qþgj2: ðB5Þ

APPENDIX C

Here we recall main properties and parameters of the
DQPM. We fix the strength of the quasiparticle interaction
by adjusting the coupling constant at μB ¼ 0 so that
quasiparticle entropy density reproduces the entropy den-
sity sðT; μB ¼ 0Þ from the lattice QCD calculations pro-
vided by the BMW Collaboration [34,35] in the following
way [36]:

g2ðT; μB ¼ 0Þ ¼ d · ½ðsðT; 0Þ=sQCDSB Þe − 1�f; ðC1Þ

where sQCDSB =T3 ¼ 19π2=9 is the Stefan-Boltzmann limit of
entropy density for massless quarks and gluons and the
dimensionless parameters d ¼ 169.934, e ¼ −0.178434,
and f ¼ 1.14631.
At finite μB the g2 is obtained by employing the “scaling

hypothesis” introduced in Ref. [37]. It assumes that g2 is a
function of the ratio of the effective temperature

T� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2 þ μ2q=π2

q
ðC2Þ

(where the quark chemical potential is defined as
μq ¼ μu ¼ μs ¼ μB=3) and the μB-dependent critical tem-
perature TcðμBÞ defined as in Ref. [36]:

TcðμBÞ ¼ Tcð0Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − αμ2B

q
; ðC3Þ

where Tcð0Þ is the critical temperature at the vani-
shing chemical potential [Tcð0Þ ≈ 0.158 GeV] and α ¼
0.974 GeV−2. Thus, the DQPM effective coupling constant
g2DQPMðT; μBÞ reads

g2DQPMðT; μBÞ≡
�
μB ¼ 0∶ g2ðT; μB ¼ 0Þ
μB > 0∶ g2ðTscaleðT; μBÞÞ

ðC4Þ

with Tscale ¼ T�=ðTcðμBÞ=Tcð0ÞÞ.
In the DQPM the quasiparticle pole masses are adopted

in the form of asymptotic quark or gluon masses, respec-
tively, m∞ ∼mD=2 or

ffiffiffi
2

p
mf, where mD is the HTL Debye

mass and mf is the HTL thermal fermion mass [15,38]:
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m2
gðT;μBÞ¼Cg

g2ðT;μBÞ
6

T2

�
1þ Nf

2Nc
þ1

2

P
qμ

2
q

T2π2

�
; ðC5Þ

m2
qðq̄ÞðT; μBÞ ¼ Cq

g2ðT; μBÞ
4

T2

�
1þ μ2q

T2π2

�
: ðC6Þ

In Eqs. (C5) and (C6) Nc ¼ 3 and Nf ¼ 3 denote the
number of colors and the number of flavors, respectively;

Cq ¼ N2
c−1
2Nc

¼ 4=3 and Cg ¼ Nc ¼ 3 are the QCD color
factors for quarks and for gluons, respectively. The strange
quark has a larger bare mass that enhances its dynamical
mass. This essentially suppresses the channel g → sþ s̄
relative to the channel g → uþ ū or dþ d̄ and controls the
strangeness ratio in the QGP. Empirically msðT;μBÞ ¼
muðT;μBÞ þΔm¼mdðT;μBÞ þΔmwhereΔm¼ 30 MeV

has been used [16]. This model parameter has been fixed
in an empirical way by comparing to experimental data
for strange hadron abundances and the Kþ=πþ ratio
from heavy-ion collisions at relativistic energies obtained
within—the PHSD approach—a microscopic covariant
transport approach.
Furthermore, thermal widths in the DQPM are adopted

in the following form [15,36]:

γjðT; μBÞ ¼
1

3
Cj

g2ðT; μBÞT
8π

ln

�
2cm

g2ðT; μBÞ
þ 1

�
; ðC7Þ

where the parameter cm ¼ 14.4 was fixed in [37], which is
related to a magnetic cutoff. Furthermore, we assume that
all (anti)quarks have the same thermal width: γu ¼ γd ¼ γs.
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