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We study quantum effects of recently discovered kink solitons which are constructed self-consistently
by coupling to a single, excited fermion bound state. Our studies are based on the observation that in a
semiclassical expansion the energies of this single level and of the Dirac sea should be treated equally.
For these kink solutions we compute the energy of the Dirac sea as the fermion vacuum polarization
energy. We find it to be substantial and to typically outweigh the energy gain from binding the single

level.
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I. INTRODUCTION AND MOTIVATION

By Derrick’s theorem [1] scalar field theories in one time
and one space dimension (D = 1 4 1) wherein spontaneous
symmetry breaking produces discrete degenerate vacua, are
almost certain to contain (static) soliton solutions. These
solutions have localized energy densities [2-4]. Low-
dimensional soliton models are frequently considered as
toy models for more complex theories in higher dimensions
that have applications in many branches of physics: in
cosmology [5], condensed matter physics [6,7], as well as
hadron [8] and nuclear physics [9].

The field equation for a soliton is equivalent to minimiz-
ing its classical energy, E;. The leading, one-loop quantum
correction to E, is the renormalized sum of the shifts of the
zero-point energies of the quantum fluctuations. These
shifts reflect the polarization of the vacuum induced by the
soliton and thus this quantum correction is frequently called
the vacuum polarization energy Evpg (VPE). By now
techniques have been developed that make it relatively
straightforward to compute the VPEin D = 1 + 1 [10,11];
this is particularly the case when the potential for the
quantum fluctuations is reflection symmetric. In general,
E, and Eypp exhibit different dependences on the
model parameters. This feature is, for example, fundamen-
tal for the soliton picture of baryons in effective theories for
quantum chromodynamics [12]. If the model parameters
are chosen such that £, ~ Eypg one would expect that
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higher-loop corrections are not negligible.' In such cases
the VPE is not a reliable approximation for the quantum
correction and its computation is merely of academic
interest. Of course, this observation does not at all lessen
the value of the groundbreaking studies on the VPE about
half a century ago [14].

Yet, there are scenarios in which the VPE is indeed of
significant importance and must be included. First, £, may
be degenerate with respect to a certain (variational) para-
meter for the soliton but Eypg is not.” In that case the VPE
is decisive for the favorable soliton configuration albeit
E, > Eypg. Ref. [11] explores cases in which the inclusion
of the VPE even destabilizes classically stable solitons
(Higher-loop corrections may reverse this picture.).
Second, the field equations are usually derived by minimiz-
ing an energy functional. This functional may contain
components that in some expansion scheme are of the same
order as the VPE. This feature can be delicate because the
particular parameter dependences may be hidden when the
model is constructed in terms of dimensionless variables and
coordinates. It is this scenario that we focus on in this study.
Third, with different topological sectors and associated
topological charges Q, the VPE may be decisive for binding
energies as in E(2Q) —2E(Q) [15].

The second scenario described above applies to models that
recently attracted renewed interest. In these models a scalar
boson with a nonlinear self-interaction that allows sponta-
neous symmetry breaking has a Yukawa coupling with a
fermion. Typically the scalar field assumes a kink type
structure connecting different vacua at positive and negative

'See e.g. Ref. [13] for estimates beyond one loop.
Translational invariance usually holds for both, though there
are exceptions [10].
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spatial infinity (and is thus topologically stable). Novel local
minima of the energy functional were obtained [16—18] when
the scalar couples to a single fermion that dwells in an exited
bound state. We call these configurations local minima
because the fermion could decay into a lower energy state
while the kink radiates small amplitude fluctuations without
changing its topological structure. The resulting configura-
tion would have a smaller total energy and the classical kink
mass would be its lower bound. We want to revisit these local
minima for two reasons. First, in their construction the Dirac
sea contribution was omitted. As we will explain later, in any
suitable expansion scheme this contribution to the energy is of
the same order as the one from the single level. Second,
solutions with the single fermion occupying a negative energy
level were also constructed. The Dirac sea must be included to
give a physical interpretation because the negative energy
level is a hole in the sea. But then the solution to the field
equation becomes the charge conjugation of a configuration
where the boson couples to a positive energy fermion level.

The paper is organized as follows. In Sec. II we will give
a formal and brief discussion on the role of the Dirac sea
when a single fermion level is occupied. We will then
review the construction procedure of Ref. [16] modified
such that the hole character of the negative energy levels is
respected. In Sec. IV we will list and explain the formulas
relevant to compute the vacuum polarization energy in the
no-tadpole renormalization scheme. We present the results
of our numerical simulations in Sec. V and conclude with a
summary in Sec. VI.

I1. DIRAC SEA

In order to make the arguments from the introduction
explicit, we start with a short discussion of the role of the
Dirac sea when certain fermion levels with energy eigen-
values E, are occupied. For a charge conjugation invariant
background we can formally, i.e. before regularization and
renormalization, write the total energy as

Eo=Eaty_n|E) =Y 0(-E,)|E,|~0(-E")|E)

(1)

Here E is the classical energy of the scalar background and
n, = 0, 1 are occupation numbers that describe the occupa-
tion of particular levels. The second sum adds the Dirac sea
contribution’ where we have subtracted the trivial back-
ground equivalent (indicated by the superscript). The differ-
ence in that second sum measures the change in the spectrum
and is called the vacuum polarization energy (VPE).

’If the background was not charge conjugation variant we
would write 1 3 |E, | for the Dirac sea contribution. Even though
the trace of the Dirac Hamiltonian vanishes formally, the two
prescriptions may yield different results because particular regu-
larization prescriptions may cause this trace to be no longer zero.

Typically only a single level is selected, call it n so that
n, = 1 and n,., = 0. We classify a configuration as clas-
sically stable if E + |E, | < m, where m is the mass of the
Dirac field. The kink is the soliton for a model without
fermions. Its classical energy is Ey;,- We call a configura-
tion whose total energy is E\ < m + Ey;y topologically
stable because the sum on the right-hand side is the minimal
energy of the system of an isolated free fermion and a boson
field with a nontrivial topological structure. This is a sensible
comparison because the change required for the boson field
to get from E to Ey;, does not alter that structure.

When E, > 0 we simply occupy that level. It is more
interesting to consider E,, < 0. Then we can write

E,| = > [0(-E)I|E,| - 0(-EX) EX|]

0 0
==Y 0(-E)IE,| + > 0(-ED)|E

v#n

’

which means that we have created a hole in the Dirac sea
corresponding to an antiparticle state. Obviously the inclu-
sion of the Dirac sea is essential for a consistent particle
or antiparticle interpretation of the solutions to the Dirac
equation. The need for combining the level and sea con-
tributions was actually noted quite early in the context of
nontopological soliton models for baryons [19,20], though
those studies only focused on the case when the lowest non-
negative energy bound state was occupied. Also renormal-
ization is an issue for those higher-dimensional models.
In our analysis we first follow the procedure of Ref. [16]
and minimize E + |E,| to construct the static kink profile
®,. We will subsequently compute the Dirac sea contri-
bution for this kink profile. In principle the Dirac sea
component must also be included when constructing the
profile from the minimum condition for the total energy.
However, that is quite complicated as highly nonlocal field
equations (would) emerge. So far this has only been
performed in variational approximations or in nonrenor-
malizable theories, cf. Refs. [21,22] for reviews.

III. THE KINK MODEL

In D =1+ 1 the scalar field ® is dimensionless while

the fermion spinors ¥ have canonical energy dimension %

To make the Yukawa coupling constant g dimensionless we
write the Lagrangian as’

*For quantized fermion fields we should actually write the
fermion part of the Lagrangian as

L= (¥ g¥) —gﬁw, ¥

to properly account for charge conjugation. This gives rise to the
factor sign(E,,) in Eq. (3). The commutators are for the fermion
creation and annihilation operators.
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1 yl M*\? \/}
= 0,000 -2 (@ =) + P — g\ /PO
£=3% 4( 2,1) ¥ =9\/3
(2)

Observe that A has dimension energy squared and that m =
gM
2
ing that generates the vacuum expectation value (®)

is the fermion mass from spontaneous symmetry break-
— M
R
The field equations for the scenario in which the scalar field
only couples to the level n are (with the convention y° = o,

and y! = ioy)

BD, = 10| D2 - - \/jlsi n(E,)¥ o, ¥
= _—— — nG n
x=n n 2 g 2 g n 1
. A
Eann = _IGZalen +g\/;q)n0]lpn' (3)

These equations are supplemented by the normalization
condition f dx‘PI,‘P,, = 1. Accounting for the fermion
source term in the scalar field equation has been phrased
backreaction in Ref. [16].

In order to find the most generic, i.e. parameter inde-
pendent, formulation and also for numerical practicality it
is appropriate to introduce dimensionless quantities

@,(x) = = h(E) and W,(0) =\ @)
where & = %x. (4)

For simplicity we omit the subscript on the new fields.
After this transformation the normalization condition is
[ déy (é)y(&) = 1. The field equations become

P =20 F (O~ 1) +953sign( ow (@)
and ey (&) =—iow' (&) +gp(&)ory(§), (5)

where ¢ = % is also dimensionless and primes denote
derivatives with respect to £&. The dimensionless fermion
mass in this parametrization is m ~ g.

The classical mass is the integral

- om0 40)]

3
:% / dE[@P (&) + (97(&) = 1) =

where we understand the last equation as the definition of
€. Then we combine

3

M 22
Bat | =57 |eatygld @)

AsinRef. [19] we call this the quasiclassical energy. We make
the important observation that the contribution from the
fermion levels scales with the relative factor % This, of
course, is then also the case for the energy from the Dirac sea
because that is the sum of the single fermion energies obtained
from the very same wave equation. This different parameter
dependence is not surprising since in a semiclassical expansion
the VPE has an extra factor of /2. Apart from the above particle-
hole interpretation we have thus another strong motivation to
include the Dirac sea. In Ref. [16] only the particular parameter
choice M = /24 was considered. To some extent this hides
the crucial detail that the classic scalar and fermion quantum
energies have different scaling behaviors.

Introducing upper and lower spinor components
w = ("), the profiles are subject to the differential equations

492
¢ =2(¢ ~ 1)+ sign(e)uv.
W =ev—gpu and v =—cu+ gpv. (8)

For g=0 the soliton is the well-known kink,
¢(x) = tanh(x). For completeness we recall that one then

finds eq =4, or Eq = Eyp = L. The kink is odd under
spatial reflection. This reflection property is maintained
when ¢ is smoothly increased and we can write

e = / Td©+ PO -1 )
0

From ¢(—¢) = —¢(&) it is furthermore obvious that there
are two parity cases for the fermion spinors. The first has
even u and odd v; the second has even v and odd u. These
cases are called A- and B-type solutions in Ref. [16]. We
keep that notation. Additional integer labels on A and B
count the number of zero crossings of u on the half line
x > 0, including the one at x = 0 for the B-type.

Equations (8) are invariant when changing the signs of u
and e but keeping the sign of . Hence the spectrum is
symmetric for a given profile ¢p. Furthermore, occupying a
particle or an antiparticle level with equal |e| (which is
equivalent to digging a hole into the Dirac sea) yield
equivalent solutions.

The fermion equations have two € = 0 solutions

) =New |-y [(ao@)]. v =0 wna
w(E =0, o(&) =Nexp [g / gdﬁ’rf)(é’)} (10)

Without loss of generality we take sign(¢) = sign(&). Then
only the first solution is normalizable so that there is
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exactly one normalizable zero mode in the A, channel for
any prescribed ¢. In either case uv = 0 so that there is no
fermionic source term in the wave equation for ¢ which is
then solved by the kink profile.

IV. FERMION VPE

The construction of fermion continuum scattering sol-
utions with a kink type background is not straightforward
because the mass parameters at positive and negative
spatial infinity have opposite signs; though this is only a
problem for practical calculations rather than a conceptual
one. Fortunately for a static system which is invariant under
charge conjugation we can formally write the effective
action, from which the VPE is extracted, as

/—TrLog[a) H] = /—TrLog[a) - H?, (11)

where the trace goes over the eigenstates of the Dirac
Hamiltonian H. This shows that the VPE of the fermion
system can be obtained from the average VPE of two scalar
systems [23]. More explicitly we have from Eq. (8)

:( 0 —éé—i—gqﬁ) so that
a§+g¢ 0
—R - gt + P 0
HZ_( ol ) (12)
0 —0} + g9’ + g*¢*

The potentials of the two scalar systems are straightfor-
wardly identified as
Vs=g(#*=1)—g¢/ and Vs=g*(¢*—1)+g¢'.  (13)
With ¢ being odd, these potentials are even in the
coordinate £ and the VPE in the no-tadpole renormalization
scheme can be computed by standard techniques [11,21]. In
this scheme, the Lagrangian counterterm proportional to
(®* — (®)?) is adjusted such that there are no quantum
corrections to the vacuum expectation value of the scalar
field. The related, ultraviolet-divergent tadpole Feynman
|

evpelo] = A ” j—; {m [G(t, 0) (G(t, 0)—-G

Here we have introduced the integration variable 7 =
/1> — ¢ to mitigate an integrable singularity at ¢ = g.

The imaginary axis formalism also avoids ambiguities from
the multivalued logarithm of complex numbers that might have
occurred in earlier studies on the fermion VPE from (pseudo)
scalar backgrounds [23,25,26].

diagram is a loop with a single insertion of the potential and
thus does not depend on the Fourier momentum of Vg (or
VVS). In turn the diagram is completely canceled by this
counterterm.

The basic ingredients for the nonperturbative part of the
VPE are the Jost functions for imaginary momenta in the
positive and negative parity channels. The Jost functions
are extracted from the Jost solutions f(k,&) which are
solutions to the Schroedinger equations with the potentials

Vg and V; Asymptotically (¢ — oo) the Jost solutions are
incoming plane waves. In general there are contributions to
the VPE from the bound and continuum scattering states.
The latter contribution is the momentum integral over the
single particle energies weighted by the density of states. In
a given parity channel the difference of the densities of
states with and without the background potential is
the derivative of the phase shift with respect to the
momentum [24]. Next we use that the phase shift is the
logarithm of the Jost function which has simple zeros at the
imaginary momenta of the bound state energies. Hence,
when writing that continuum integral as a contour integral
in the complex momentum plane the singularities and
residues resulting from the logarithmic derivative cancel
the explicit bound state contributions to the VPE. All what
is left stems from the discontinuity of the dispersion
relation @ = \/k* + ¢ along the imaginary axis.” With
k = ir we are then left with an integral over ¢ € [g, o0].

To facilitate the calculation we factorize the plane-wave
component of the Jost solution after continuing to imagi-
nary momenta: f(it,£) = e “G(t,£) and establish the
second-order differential equation

G"(1.8) = 21G'(1.£) + 0(§)G(1.£). (14)

Here o is either Vg or {/VS With the boundary condition
lim:,,G(1,&) =1 we extract the Jost functions from

G(1.0) and G'(1,0) =24
reflections properties (of the scattering wave function)

for the positive and negative parity channels. Putting things
together yields the vacuum polarization energy [11,21]

1 I
[

The two factors under the logarithm are the Jost functions
in the odd and even parity channels, respectively while the
subtraction with ( fo déo(&) takes out the contribu-
tion that is assoc1ated with the tadpole diagram. Since that
diagram and the counterterm cancel exactly, the subtraction
in Eq. (15) implements the no-tadpole renormalization
condition and renders the 7 integral ultraviolet finite.

l—o to accommodate the
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The total renormalized VPE is simply the sum (note the
overall sign for a fermion)

Eypg = _%(GVPE[VS] + eype[Vs)).- (16)

For this average the subtraction under the integral in
Eq. (15) is proportional to

(Vs + Vg) = g%w dE@-1). (1)

N[ =

It indeed equals the contribution from the counterterm that
cancels all quantum corrections to the scalar vacuum
expectation value.

V. NUMERICAL RESULTS

The numerical treatment Egs. (8) is simplified by the
parity properties that we have discussed in Sec. IIl. For a
given parity channel it suffices to solve the equations on the
half line £> 0. In addition to ¢(0) =0 we have the
following initial conditions for the spinors

A-type: u(0) =1,

B-type: u(0) =0, (18)

At a large &, in both channels the boundary conditions
_ _9=t )2 2
U(lmax) =1 and v(&Epa) ==—— with 1=14/g"—€¢* (19)
€

ensure that the fermion profiles are proportional to e™*
outside the realm of ¢(&) as required for a bound state
with |e] < g.

To self-consistently construct the profile that minimizes
the quasiclassical energy € + % le| we first compute the
bound state energies and wave functions as a function of ¢
for the kink profile ¢(x) = tanh(x). In this process the
fermion differential equations in Eq. (8) are solved with the
initial and boundary conditions from Egs. (18) and (19).
Solutions that are continuous over the whole £ half line only
exist for particular values of e. These are the energy
eigenvalues which we identify with a nested interval
algorithm. The resulting fermion profile functions are
normalized to [° dé[u® + v*] = % At small g only the
A zero mode is bound. We then increase g until the desired
mode gets bound with a significant binding energy. This
desired mode could, for example, be B; which is the one
with the lowest positive energy eigenvalue in the negative
parity channel. We substitute the corresponding fermion
profiles into the differential equation for ¢. For this
equation we employ a shooting method for the slopes of
¢(&) at £ =0 and & = &, > 1/g such that both ¢ and ¢’
are continuous. We then iterate this procedure until con-
vergence under the iteration is observed. This convergence

is measured by €. + % le| being stationary. As we further
increase ¢, guessing a good initial profile ¢ becomes
problematic as we observe that the success of the iteration
is quite sensitive to this initial guess. In most cases a linear
(over)relaxation procedure has proven to be successful:
Assume ¢! and ¢@ are self-consistent solutions for
Yukawa couplings g; < ¢,, respectively. Then

) (93 - 91)’ (20)

with the fudge factor { 2 1, turns out to be a good initial
guess for the profile associated with g3 2 ¢.

In all numerical simulations we set the scale by choosing
M =2 and eventually vary A. Stated otherwise, to get
energies in terms of physical units, the results below have to
be multiplied by M /2 with M measured in electron volts,
for example. This choice for M is convenient since
then £ = %6 =e.

In Ref. [16] solutions to Egs. (8) were obtained for many
choices of the occupied level. To make our arguments clear
it suffices to focus on the lowing lying excitations in the
two parity channels B and A;. For these channels we have
reproduced the kink solitons of Ref. [16] when M? = 2. In
addition we have constructed solutions deviating from this
particular relation between the model parameters. A few
profiles are displayed in Fig. 1. Their construction turned
out to be somewhat cumbersome for M? < 21 since this
effectively corresponds to increasing ¢ in the differential
equation for ¢. Accordingly the larger the ratio # the
larger the deviation of the kink profile from tanh(&).

For the discussion of the energetic stability we recall
from the previous sections the three energies to consider:
(i) classical E, (ii) quasiclassical Ey + E, and (iii) semi-
classical E\, = E + E + Eypg. As argued in Secs. III (i)
and (iii) are leading and subleading fermion contributions,
respectively, while (ii) cannot be associated with a par-
ticular truncation of an expansion scheme.

To investigate the (quasi)classical stability (F + Eg4 < g)
we consider the numerical results for Eq. (7) in Tables I, II
and III. We stress that this is not absolute stability, as the

fermion could still move to the ever present zero mode and
the energy would be that of the classical kink, Ey;, = 3—;

plus the fermion VPE for the kink (to be discussed below).
We observe this stability when the Yukawa coupling g
exceeds a certain value. With M? = 2] this is at about
g =3 and g = 4 for the B; and A, channels, respectively.
As we detune A from this relation, these critical values
decrease as A increases and vice versa. This opposite
behavior is essentially due to the 4 dependence of E.
We recognize that E is smaller for the A; channel than for
the B, channel when M? < 2. This is remarkable because
the distortion of the A; profile is larger in the sense that it is
wider than its B; counterpart.
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FIG. 1.
negative half line is obtained from the reflection ¢(&) = —¢p(=¢).

We next compute the VPE. Occupying the zero mode A,
implies uv = 0, according to Eq. (10). Hence, there is no
backreaction in this case and ¢ (&) = tanh(&). For this
scenario we find Eypg = 0.348, 0.607, 0.943 and 1.359
forg=2.0,9 = 3.0, g = 4.0 and g = 5.0, respectively. The
g = 2.0 result is analytically known to be M (L — ﬁ) ~

V2

0.3479 [23] favorably confirming our numerical simula-
tion. The VPE results for the A, level do not depend on the
particular value for 4 since this parameter enters via the
distortion of the scalar profile only when uv # 0 and as an
overall factor in E. The resulting total energies are listed in
Table IV. In our approximation scheme these are the lowest
energies for the kink topology. In this channel we have
E =0 and Eypg < g so that the configuration is topologi-
cally stable.

Finally, Tables V, VI and VII contain our numerical
results for the fermion contribution to the energy for
configurations that include the backreaction from a par-
ticular fermion level on the kink. This contribution has two
components, the energy of the explicitly occupied level and
the VPE from the Dirac sea. The latter is our main novel
result. In all cases considered, the VPE adds positively and
may indeed be substantial. Similar to the classical energy,
the fermion VPE differs only slightly between the B; and
A channels. For small g the VPE for the A, channel is even
less than for the B; channel. This suggests a lesser

1.0 ——1——7— —

08 b

>

n

0.6

= &5
(] tll) —

v o ®
s S

04— 1

IR B S R
3 4 5 6
;3
S

0.0 PR B
0

Kink profiles in the B, (left panel) and A, (right panel) channels for g = 4.0 and deviations from M? = 21. The profile on the

polarization of the Dirac sea in the A; case. However,
for both channels the fermion VPE is significantly larger
than it is when occupying the A, mode. Hence, the
backreaction has an important impact on the VPE.

In Table V we present the fermion energies in the B; and
A, channels when M? = 2 but for different values of the
Yukawa coupling g¢. For the B; channel we find the
quasiclassical energy to obey E + Eypr < g. This suggests
that the fermionic piece could be stable by itself. However,
that threshold is exceeded within the A, channel. In either
case the gain in energy from binding the single level, g — E,
is essentially compensated by the VPE. To discuss the
topological (in)stability we must consider the semiclassical
energy E,,, which includes the Dirac sea contribution. We
find topological stability (E,; < g + Eyine» With the M? =
24 values for g + Ey;, listed in Table I) merely for small g
in the B; channel. For the A; channel it does not occur at
all. The data in Tables VI and VII show that this picture
does not change qualitatively when we vary A (cf. Tables II
and III, for the respective values of g + E;,). For small g
the level energy increases with the ratio MTZ while the VPE
decreases (in the considered A range). As g increases this
monotonic behavior disappears. The quasiclassical energy
E + Eypg is still smaller than g in the B; channel for g < 5.
This kinematic bound is always exceeded within the A,
channel. Presumably this bound will also be exceeded for

TABLE 1. Energies in Eq. (7) as functions of the Yukawa coupling g for the B, and A channels with M? = 2. For g = 0 the classical
mass i Eyy = g—‘z 1.333.
B, A

g E Ecl E + Ecl g + Ekink g E Ecl E + Ec] g + Ekink
2.6 1.433 1.670 3.103 3.933 2.8 2.227 1.536 3.764 4.133
3.0 1.370 1.812 3.183 4.333 3.0 2.140 1.721 3.861 4.333
4.0 1.039 2.231 3.270 5.333 4.0 2.069 2.079 4.148 5.333
5.0 0.715 2.540 3.255 6.333 5.0 1.749 2.542 4.292 6.333
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TABLE II.  Same as Table I for M? = 1.81 with Eyy =2 = 1.2.

By A
g E Eq E+Ey 9+ Exin g E Eq E+Eg 9+ Exink
2.6 1.346 1.584 2.930 3.8 3.0 2.090 1.595 3.685 4.2
3.0 1.227 1.765 2.992 4.2 3.5 2.036 1.799 3.835 4.7
3.5 1.026 2.006 3.032 4.7 4.0 1.875 2.068 3.944 52
4.0 0.812 2223 3.035 52 4.5 1.716 2.286 4.003 5.7
TABLE III.  Same as Table I for M? = 2.2 with Ey, = ~1.467.
B, A
g E Eq E+E 9+ Exink g9 E Eq E+Eg 9+ Eging
3.0 1.472 1.887 3.358 4.467 3.0 2.146 1.887 4.039 4.467
4.0 1.226 2.258 3.484 5.467 4.0 2.050 2.304 4.354 5.467
5.0 0.891 2.609 3.501 6.467 5.0 1.813 2.721 4.535 6.467
TABLE IV. Total energy for the A, channel for various model parameters.
Eyink + Evpg
M?/2 g=2.0 g=73.0 g=4.0 g=15.0
1.8 1.548 1.807 2.143 2.559
2.0 1.681 1.940 2.276 2.692
2.2 1.815 2.074 2.410 2.826

TABLE V. The single-level fermion energies E and the renormalized Dirac sea contributions for the case M> = 2/ as a function of the
Yukawa coupling g. Here E,, = E + Eypg + E. Left panel: B channel, right panel: A; channel.

B, A
g E Evpe E + Eypg E g E Evpg E + Evpg Ei
2.6 1.433 0.714 2.147 3.817 2.8 2.227 0.693 2.920 4.456
3.0 1.370 0.990 2.360 4.172 3.0 2.140 0.945 3.091 4.812
4.0 1.039 2.031 3.079 5.310 4.0 2.069 1.999 4.068 6.147
5.0 0.715 3.439 4.154 6.694 5.0 1.749 3.687 5.436 7.978
TABLE VI. Same as Table V for M? = 1.81.

B, A
g E Evpe E + Eypg Ei g E Evpg E + Eypg Ei
2.6 1.346 0.755 2.101 3.685 3.0 2.090 0.984 3.074 4.639
3.0 1.227 1.066 2.293 4.058 3.5 2.036 1.492 3.528 5.327
3.5 1.026 1.597 2.623 4.629 4.0 1.875 2.245 4.120 6.188
4.0 0.812 2.237 3.049 5.272 4.5 1.716 2.990 4.706 6.992
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TABLE VII. Same as Table V for M? = 2.2).

B, A
g E Evpe E + Evpg Ein g E Evpe E + Evpe En
3.0 1.472 0.933 2.405 4.292 3.0 2.146 0.942 3.088 4.975
4.0 1.226 1.871 3.097 5.355 4.0 2.050 2.014 4.064 6.368
5.0 0.891 3.236 4.127 6.736 5.0 1.813 3.612 5.425 8.146
TABLE VIII. The single-level fermion energies E and the eigenvalue of the single level. This was revealed by a

renormalized Dirac sea contributions for the case M?> = 21 as
a function of the Yukawa coupling g. Left panel: B_; channel,
right panel: A_; channel.

B_] A—l
g E Evpg g E Eypg
3.0 -2.762 0.500 3.8 -3.419 0.841
4.0 -3.567 0.680 4.0 -3.592 0.892
5.0 —4.363 0.864 5.0 —4.481 1.133

large enough g in the B channel because E cannot become
less than zero.
In Ref. [16] also configurations that minimize
Ecl + €, Wlth €, <0

have been constructed. Even though such systems do not
have a particle-hole interpretation, we have nevertheless
computed the fermion VPE for B_; and A_, channels.®
These are the first available levels in the negative and
positive parity channels. The resulting data are displayed in
Table VIII. For these cases the binding of the level (E + g)
is small, but so is the VPE and there is no absolute gain
when compared to the mass of a free fermion.

VI. CONCLUSION

In this study we have computed the vacuum polarization
energy (VPE) emerging from fermion fluctuations about
recently observed solitons for scalar fields coupled to
fermions in one time and one space dimension. These
solutions deviate from the renowned kink by self-consis-
tently accounting for the backreaction from a single
fermion bound state level. We have argued that this VPE
must be considered for two reasons, at least. First, it equals
the contribution from the Dirac sea. This contribution is
needed for a physically sensible picture when the selected
level has a negative energy eigenvalue. Second, when the
model parameters are consistently incorporated, the VPE is
of the same order in a semiclassical expansion as the energy

®The minus sign in the subscript is added for the negative
energy eigenvalue [16].

careful analysis of the parameter dependence of the energy.
Thereafter, fields and variables could be redefined to
dimensionless quantities suitable for the numerical
simulation.

We have found that the fermion VPE contribution is
substantial and approximately outweighs the binding of
the single level in the parameter regime that leads to a
sizable backreaction. Nevertheless, that configuration
may still be topologically stable for the case that the
single fermion level is the first excited state and the
Yukawa coupling is small; i.e. its total energy is less than
that of a single free fermion and a kink without back-
reaction. For moderate and large couplings this stability is
lost. In other channels it never occurs. We have not found
a configuration that is absolutely stable as the total energy
has always been larger than that of a free fermion
combined with the translationally invariant scalar con-
figuration. Stated otherwise, the local minima of the
quasiclassical energy functional cease to exist for the
semiclassical analog.

In a consistent quantum field theory calculation the Dirac
sea contribution to the energy is obtained from the fermion
effective action. Its nonlocal structure makes it impossible
to construct the minimum of the semiclassical energy from
a set of differential equations. Hence, a variational pro-
cedure [25] that minimizes this energy is the most sugges-
tive extension of the current study.

In many considerations the boson VPE may be neglected
compared to the fermion one because the latter scales with
the number of internal degrees of freedom (for example, the
number of colors in soliton models for the strong inter-
action). In the present model that number is unity and there
is no (obvious) approximation scheme that favors the
fermion VPE. We have seen that it strongly increases with
the Yukawa coupling and for large enough coupling it
dominates (presumably) and thus justifies the omission of
the boson VPE. In any event, such a calculation would be
even more cumbersome as a further backreaction must
then be taken into account, that of the boson fluctuations
on the fermion wave-functions. From the historic studies in
Refs. [2,14] we expect the boson VPE to be negative and
to some extent cancel the fermion counterpart that we
computed here. These studies also suggest a not so obvious
scenario in which the boson VPE is negligible against the
fermion counterpart; the model without fermions also has
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the factor 1/M? for the boson VPE relative to the classical
energy [21]. A consistent model in which higher-order
boson quantum effects are small would thus require
M? > ). To nevertheless have a substantial backreaction
from the fermion level a large Yukawa coupling will be
needed. Exploring this parameter regime certainly is
another interesting extension of the presented study.

In Ref. [16] scenarios with an additional explicit mass
term L,, = —moP¥ were considered. With the kink con-
necting the two distinct vacua at (®) = j:\%—/1 at positive

and negative spatial infinity, its inclusion would lead to
different mass parameters, m, £ %M , in the fermion sector.
Such systems are destabilized by quantum effects [10,27].

The above discussions indicate that our estimate for the
quantum corrections when kinks are bounded to excited

fermion levels leaves space for future extensions. Yet, it
accounts for the important fact that contributions from
distinct energy levels and the Dirac sea are of equal order in
the semiclassical expansion. We have therefore combined
these contributions and our estimate suggests that the Dirac
sea contribution to the total energy outweighs the gain from
binding single levels. This points towards an instability of
such configurations.
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