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We present a full phenomenological and analytical study for the neutrino mass matrix characterized by
two vanishing 2 x 2 subtraces. We update one past result in light of the recent experimental data. Out of the
fifteen possible textures, we find seven cases can accommodate the experimental data instead of eight as in
the past study. We also introduce few symmetry realizations for viable and nonviable textures based on non-

Abelian (A4 or S,) flavor symmetry within the type-II seesaw scenario.
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I. INTRODUCTION

The fact that neutrinos are massive was the first firm sign
of physics beyond standard model. Many flavor models for
neutrino mass matrix were conceived, motivated by phe-
nomenological data on neutrino oscillations, and the
examination of specific textures became a traditional
approach to the flavor structure in the lepton sector.

Zero textures were studied extensively [1-4], but other
forms of textures were equally studied, such as zero
minors [5,6], and partial 4 — 7 symmetry textures [7]. The
main motivation for such a phenomenological approach is
simplicity and predictive power, especially when the texture,
under study, has a small number of free parameters but,
nonetheless, leads to simple relations and interesting pre-
dictions for observables. Most of the textures with only
one constraint were found able to accommodate data, such
as the one vanishing element (or minor or subtrace)
textures [8—10]. Textures with more constraints are more
restrictive and many fail to be viable [2,3,5,6,11-15]. One
way to constrain the number of free parameters in the
neutrino mass matrix is to work in the subspace of vanishing
nonphysical phases, which has the additional benefit of
simplifying the resulting formulas [16].
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In [17], a particular texture of vanishing two subtraces
was studied. Therein, analytical expressions for the meas-
urable neutrino observables were derived, and numerical
analysis was done to show that eight patterns, out of the 15
independent ones, can accommodate data. However, new
bounds on experimental data have appeared since then, in
particular the nonvanishing value of the smallest mixing
angle [18], and the objective of this work is just to
reexamine the texture of vanishing two subtraces in light
of the new data. Moreover, we shall carry out a complete
numerical analysis, where all the free parameters are
scanned within their experimentally accepted ranges, in
contrast to [17] where slices of the parameter space were
chosen by picking up some admissible values for the
mixing angles, some of which correspond to the now
obsolete value 5° for the smallest mixing angle, and
scanning over the remaining few free parameters.’ Seven
patterns are found to accommodate data, with one of them
allowing for two types of hierarchies, another one accepting
normal hierarchy (NH) alone, and five textures accommo-
dating only inverted hierarchy (IH) type.

Furthermore, we present in this work a strategy for
justifying the textures viability/unviability by studying the
correlations, by which we mean certain formulas involving
the correlated observables under study, in the “unphysical”
subspace of vanishing solar mass squared difference 6m?.
Actually, even if experimental data preclude a vanishing

"The procedure in [17] consisted of fixing the solar mass
squared difference, and 6,3, to their best-fit experimental mea-
surements, then picking up the value of § which, for given (6,5,
0,3) chosen within their allowed experimental ranges, would
make R, acceptable, noting the very sensitive dependence of
R, on 6.
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ratio of solar to atmospheric squared mass differences R,,
however its value is of order 1072, small enough to
approximate the full true correlations by those resulting
from imposing a vanishing R, where the analytical expres-
sions become easier to handle and would allow to test
directly the viability. Actually, we shall distinguish between
various correlations of different precision levels. The
utmost precision level corresponds to the full numeric
correlation, possibly written as an expansion showing an
approximate truncation term, with no approximations to
Sm? at all. Then comes the intermediate precision level
correlation which originates from equalling to zero the
exact expression of ém?, and it can be presented in a
truncated form as well. The least precision level correlation,
which we shall consider in our work, results when putting
equal to zero an approximate truncated part of the &m?
exact expression. We could see that the resulting correla-
tions are in many cases very similar to the true non-
approximate correlations, which are the ones depicted in
the presented figures.

We motivate our study as follows: First, the two zero
textures can be seen as two 1 x 1 vanishing subtraces.
Therefore, the two vanishing 2 x 2 subtrace textures can be
considered as a nontrivial generalization of the two zero
textures. Second, like the two zero textures, the two
vanishing trace conditions put four real constraints on
the neutrino mass matrix, which leave only five free
parameters. Third, our model is very predictive concerning
the CP-violating phases. There exist strong restrictions on
them at all o levels with either hierarchy types for all cases.
Fourth, one can look at the two vanishing subtraces texture,
comprising 15 cases, as a special case of the broader class
characterized by two antiequalities between elements,
which would contain 105 cases. Actually, the authors of
[11] have studied the class of 65 textures characterized by
two equalities, with no condition on the nonphysical
phases, so some of the studied textures, there, are equiv-
alent physically to the case where some equalities are
replaced by antiequalities. However, in our study, we shall
study neutrino patterns whose equivalent matrices with
vanishing nonphysical phases have the form of two
vanishing subtraces, providing thus more constraints on
the studied texture, and the study cannot be considered
related to that of [11].

The simple results one obtains are suggestive of some
nontrivial symmetries or other underlying dynamics. While
Abelian symmetries are simple and were used abundantly
within type-I and type-Il seesaw scenarios (e.g., see
Refs. [10,16] and references therein), non-Abelian discrete
symmetries are considered a far richer and more interesting
choice for the flavor sector. Model builders have tried to
derive experimental values of quark/lepton masses and

mixing angles by assuming non-Abelian discrete flavor
symmetries of quarks and leptons. In particular, lepton
mixing has been intensively discussed in the context of
non-Abelian discrete flavor symmetries, as seen, e.g., in the
reviews [19,20]. We present two examples of non-Abelian
symmetries within the type-II seesaw scenario, the first one
based on the alternating A, group (even permutations of
four objects) leading to a texture where the two vanishing
traces in question lie on the diagonal, then present a second
example based on the symmetric group S, (permutations of
four objects) where the two traces in question do not lie on
the diagonal.

The plan of the paper is as follows. We present the
notations in Sec. II, followed in Sec. III by the texture
definition. In Sec. IV, we present the simple viability check
strategy based on imposing a vanishing solar mass squared
difference and studying the consequent correlations. In
Sec. V, we present the numerical analysis of all seven (out
of fifteen) viable patterns, where for each one we present
the analytical results and the correlation plots. In Sec. VI,
we present symmetry realizations for two cases, and end up
with conclusions and summary in Sec. VII. In Appendix A,
we present the analysis of the eight failing patterns,
whereas in Appendix B we state the analytical formulas
for the Majorana phases for the viable patterns. Appendix C
is devoted to the group theory of A4, whereas in
Appendix D, we present the group theory basics for
(S,,n=1,...,4) useful to understand the corresponding
realization.

II. NOTATIONS

In the “flavor” basis, where the charged lepton mass
matrix is diagonal, and thus the observed neutrino mixing
matrix comes solely from the neutrino sector, we have

ny 0 0
ViMyvi=1 0 m 0 |, (1)
0 0 ms

with (m;, i = 1, 2, 3) real and positive neutrino masses. We
adopt the parametrization where the third column of V' is
real, and work in the subspace of vanishing nonphysical
phases. The lepton mixing matrix V contains three mixing
angles and three CP-violating phases. It can be written as a
product of the Dirac mixing matrix U (consisting of three
mixing angles and a Dirac phase) and a diagonal matrix P
(consisting of two Majorana phases). Thus, we have

PMai = diag(e™, €', 1),
U = Ry3(023)R13(013)diag(1, e 1)R15(615),  (2)
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TABLE 1.

The experimental bounds for the oscillation parameters at 1-2-3¢ levels, taken from the global fit to

neutrino oscillation data [22] [the numerical values of Am? are different from those in the reference which uses the
definition Am? = |m% - m%| instead of Eq. (4)]. Normal and inverted hierarchies are respectively denoted by NH

and IH.
Parameter Hierarchy Best fit lo 20 30
5m? (10_5 eVz) NH, IH 7.50 [7.30, 7.72] [7.12, 7.93] [6.94, 8.14]
Am? (10‘3 eVz) NH 2.51 [2.48, 2.53] [2.45, 2.56] [2.43, 2.59]
IH 2.48 [2.45, 2.51] [2.42, 2.54] [2.40, 2.57]
01, (©) NH, IH 34.30 [33.30, 35.30] [32.30, 36.40] [31.40, 37.40]
013 (°) NH 8.53 [8.41, 8.66] [8.27, 8.79] [8.13, 8.92]
IH 8.58 [8.44, 8.70] [8.30, 8.83] [8.17, 8.96]
0,3 (°) NH 49.26 [48.47, 50.05] [47.37, 50.71] [41.20, 51.33]
IH 49.46 [48.49, 50.06] [47.35, 50.67] [41.16, 51.25]
6 (%) NH 194.00 [172.00, 218.00] [152.00, 255.00] [128.00, 359.00]
IH 284.00 [256.00, 310.00] [226.00, 332.00] [200.00, 353.00]
C12€13€ip 512013€i6 S13
V =UPM = | (—cpys53813 — s12023¢ 7)€ (=s12503513 + c1oc3e™)e®  spes |, (3)
(—c12¢23813 + S12523€7 )P (=s12003813 — C1p823€70)e” cx3cy;
I
where R;;(6;;) is the rotation matrix through the mixing 3
angle 6;; in the (i, j) plane, (5, p, o) are three CP-violating X= m. (7)
i=1

phases, and we denote (cj, = cosb,...).

The neutrino mass spectrum is divided into two catego-
ries: normal hierarchy (NH) where m; < m, < ms, and
inverted hierarchy (IH) where ms; < m; < m,. The solar
and atmospheric neutrino mass-squared differences, and
their ratio R,, are defined as follows:

om?

5 R =,
Y Am?

4)

1
2 2 2 2|2 24 2
dm*=m5;—my, Am*=|\m5—=(mj+ms3)

2

with data indicating (R, < 1). Two parameters which put
bounds on the neutrino mass scales, by the nuclear experi-
ments on beta-decay kinematics and neutrinoless double-
beta decay, are the effective electron-neutrino mass:

3
> (Vailmd), (5)

i=1

and the effective Majorana mass term (m),,:

<m>ee = |mlvg] + m2V§2 + m3V§3| = |Mu11|' (6)

13 ”

Cosmological observations put bounds on the “sum
parameter X:

The last measurable quantity we shall consider is the
Jarlskog rephasing invariant [21], which measures CP
violation in the neutrino oscillations defined by

_ 2 o
J = $12¢12523€23513¢73 SIN . (8)

The allowed experimental ranges of the neutrino oscil-
lation parameters at different ¢ error levels as well as the
best fit values are listed in Table I [22].

For the nonoscillation parameters, we adopt the upper
limits, which are obtained by the KATRIN and Gerda
experiment for m, and m,, [23,24]. However, we adopt for
2 the results of Planck 2018 [26] from temperature informa-
tion with low energy by using the simulator SIMLOW:

¥ < 0.54 eV,
My, < 0.228 eV,
m, < 1.1 eV. (9)

’In [25], a more recent lower upper bound of 0.9 eV for m, was
reported. However, the results of Table V show that adopting this
newer limit will not change the conclusions and viability of the
patterns.

035017-3



A. ISMAEL, E. 1. LASHIN, and N. CHAMOUN

TABLE II. The fifteen possible textures of two traceless submatrices. In the last column, we stated the current
viability with the accommodated hierarchy type, to be contrasted with that of [17] in that I, ceases now to be
allowed.

Texture Symbol” and viability in [17] Independent constraints Current viability
(C33,Cy3) Dy, v M,+M, =0M,+M, =0 IH
(C22,C33) Dz, \/ Mee+MMﬂ :O,Mee—FM”:O NH, IH
(C11.Ch2) D;, v/ M, +M, =0M,+M, =0 IH
(C135C23) Nl»‘/ Me;t+M;rr:0*Mee+Mm':0 NH
(Cl3’C12) N23X M€M+MﬂT:0’M€M+M‘L’T:O

(C337C23) 117)( Mee+M;t/4:07Mee+Mm':0

(C33’C]2) 127‘/ Mee+My/4:O7ME/4+Mn:0 IH
(C|3,C]1) 13"/ Mey +M/41:0,MM4 +Mrr:0 IH
(C117C23) 14"/ MﬂM+MTT:O’ME€+MMT:0

(C225C23) ISsX Mee+MrT:07Mee+M;n:0

(C33’C11) IG’X Mee+M,u/4:()7Mml+M‘n’:0

(CZZVCIZ) 17’ v M(?E+MTT:07ME/4+MTT:O IH
(C22’C]1) I, X M€E+MTT:O’MMH +M1r:0

(C22,C13) No symbol,X M66+MTT:0’M6M+M;41:0

(Cs3,Cpy) No symbol, X M,+M, =0M,+M,=0

*The symbols (D, N, I) corresponded, respectively, in [17] to [“degenerate” (m; ~ m, ~ ms), normal, inverted]
ordering type, for some candidate benchmark points taken in each pattern with “testable” @, tuned to accommodate
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allowed values of (R,, 0,, 0,), whereas no such ¢, was possible in the last two patterns.

Actually, for the parameter X, we did not opt to take neither
the most constraining cosmological bound (£ < 0.09 eV)
[27] using data from supernovae la luminosity distances
with baryon acoustic oscillation observations and determi-
nations of the growth rate parameter, nor the strict con-
straint of Planck 2018 combining baryon acoustic
oscillation data in ACDM cosmology, which amounts to
(£ < 0.12 eV) [26], nor the bound (£ < 0.2 eV) stated in
PDG Live® originating from fits assuming various cosmo-
logical considerations, for the following reasons. First,
since this constraint, as we shall see, proves to be quite
severe ruling out many viable patterns, then by relaxing this
“cosmological” constraint, we give more weight to col-
liders’ data in testing our particle physics model. Second,
we note that, even cosmology wise, this bound assumes
some cosmological assumptions which are not anonymous.
For example, in [28] it was argued that adopting the
assumption of decaying neutrino into invisible dark radi-
ation, on timescales of the age of the Universe, will
alleviate the X bound and push it higher up to
(£ < 0.9 eV). Having said this though, we shall comment
on the effect of adopting the severe bounds, coming from
cosmology, where at least some patterns remain viable.
For simplification and clarity purposes regarding the
analytical formulas, we henceforth denote, in line with the
notations of the past study [17], the mixing angles as follows:

O0p=0,. Op3=0, 053=0,. (10)

*https://pdglive.lbl.gov/DataBlock.action 7node=S066MNS.

However, we shall keep the standard nomenclature in the
tables and figures for rapid consultation purposes.

III. TEXTURES WITH TWO
TRACELESS SUBMATRICES

The matrix M, is a 3 X 3 complex symmetric matrix.
Thus, it has six independent 2 x 2 submatrices. When they
are taken into pairs, we obtain 15 possibilities. Each
location at the (7, j) entry of the 3 x 3 symmetric neutrino
mass matrix M, determines, by deleting the ith line and jth
column, a 2 x 2 submatrix, denoted by C;. We are
considering the texture characterized by two traceless such
submatrices, which are shown in Table II.

The two vanishing-trace conditions are written as

M, +M,.q= 0,
Mz/ij+Myklzov (11)

where (ab) # (c¢d) and (ij) # (kl). We write Eq. (11) in
the terms of the V matrix elements as

3
Z(Uamme + Uchdm)lm =0,

m

3
Z(Uim Ujm + UkmUlm)lm = 0’ (12)

m=1

where

035017-4


https://pdglive.lbl.gov/DataBlock.action?node=S066MNS
https://pdglive.lbl.gov/DataBlock.action?node=S066MNS
https://pdglive.lbl.gov/DataBlock.action?node=S066MNS
https://pdglive.lbl.gov/DataBlock.action?node=S066MNS

TEXTURE OF TWO VANISHING SUBTRACES IN NEUTRINO ...

PHYS. REV. D 107, 035017 (2023)

/11 == m1€2i‘0, 12 == m262[", ﬂ3 = ms. (13)

By writing Eq. (12) in a matrix form, we obtain
A
A A T A
< 1 2> 7 :_< 3>’ (14)
B, B, :lﬁ B;
3

Ay = Ui Upm + U U g,
B, = UimUjm + Ui U

where

m=1,2,3. (15)
By solving Eq. (12), we obtain

A - A3B, — AyB;
A3 BjA,—AB,’
A AB; —A3B,

- ‘> 16
A3 BiA, —AB; (16)

Therefore, we get the mass ratios and the Majorana phases
in terms of the mixing angles and the Dirac phase

m ‘A3Bz —AyB;

"= s 7 BiA = A B
m _Mm _ AB; — A3B, (17)
2T my | BiA, —AB,|
and
2°°\B,A, —A,B,)’
1 AB; — A3B
o =—arg| > 371 (18)
2°°\B,A, - A,B,

The neutrino masses are written as

Sm?
ms= S 3
My3 — N3

my=msz Xnz, Ny=mszXmyp3. (19)
As we see, we have five input parameters corresponding to
(0x.6,.6..6, om?), which together with four real con-
straints in Eq. (12) allow us to determine the 9 degrees
of freedom in M,.

IV. R, ROOTS AS A SIMPLE STRATEGY
FOR VIABILITY CHECKING

In [17], one noted the sensitivity of R, to J, in that
imposing the “small” allowed values of R, singled out two
corresponding §’s symmetric with respect to z. To see this,
we note that the expression of the U’s involving e®
[cf. Eq. (2)] means that doing the transformation

6> 2r—6 (20)

would correspond to complex conjugating A and B, and so
the ratios (3, n»,3), and consequently R,, remain invariant
as we have from Eq. (17):

m§3 - m%3
|1 =3 (miy + m3,)|

R, = ~1072. (21)

Also, since R, < 1 is a very restrictive constraint on the
allowed points, one can approximate the allowed parameter
space with that corresponding to vanishing R,, i.e. to a zero
for the (m3 — m?) expression. This means that any allowed
point (6, 8, 0., 5, 5m) would lie in the vicinity of the point
0,,0,,0,5,6m = 0). In our textures, R,, being a function
of A and B and thus of U, is a function of the angles (6, 0, 0,
and §), so aroot of R, or equivalently of (m3; — m3;), would
impose functional relations between these angles corre-
sponding to correlations quite approaching the real ones.
We shall see that the zeros of (m3; — m?;) play a decisive role
in determining the correlation between the mixing and Dirac
phase angles, and that would reflect on all other correlations
depending on these angles, like those of p and .

In fact, imposing, in the textures under discussion, a zero
for (m3; — m?,) leads to determining & as a function of the
angles (6,,0,.6,). Taking into consideration that the range
of variability for the allowed 8, is quite tight, we can fix it
to its best fit value 0, ~ 8.5, and obtain 6 as a function of
(6. 0,). Drawing two curves obtained by fixing (6,) to its
extreme values, one gets the approximative correlation
region between 6 and 6, delimited by the former two
curves. Exchanging the roles of 6, and 6, leads to the
correlation (8, 6,).

We illustrate this in Fig. 1 where in the left (right) part,
for one pattern to be studied later, we take the minimum

FIG. 1. Intersection of the zero surface (m; = m,) with that of
(m3; — m3y) (as a 2-dim surface in &, 0, after fixing 6,) gives an
approximate correlation (6y, 6), in the texture (C,,, C 12), whose
delimiting curves correspond to extreme values for 6,.

035017-5



A. ISMAEL, E. 1. LASHIN, and N. CHAMOUN

PHYS. REV. D 107, 035017 (2023)

TABLE III.  Various precision-level correlations.

Observable expression using

S5m?* # 0 (physical world)

Sm* = 0 (nonphysical world)

Complete formula

Full Exact

Expansion up to a certain order in s,

Truncated full

Approximate/truncated exact

(maximum) allowed value of 0, =6, = 31.4°(37.4°).
Then, the surface of (m3; —m3;) as an expression in
(8,0, = 053) intersects with the surface (m3; —m7; = 0)
in a curve representing the correlation (6,6,) for the
considered (@_,6,). Thus, the extreme corresponding
“intersection” curves of (6,0, = 0,3) delimit the corre-
sponding correlation region.

Another remark applies here in that if the zeros of
(m3; —m?};) imply (m3 =1), then the corresponding
pattern is failing and cannot accommodate data. This
comes because one cannot here get the good order of
magnitude for |m3 —1(m} + md)| = Am? ~ 1073, since,
up to order 107 = (m3 — m?), we have m; = m, leading
to Am*=3%(m3 —mi) =0(107) which cannot be
amended to 1073, We shall see that two patterns are failing
due to this remark. In general, one can plug any expression
resulting from imposing zeros of (m3; —m?;) into the
expression of m ;3 to deduce the hierarchy type.

In practice, we should distinguish between various
kinds of correlations at successive levels of precision.
First, there are the “full” correlations, where no approxi-
mation was used, and all experimental constraints were
taken into consideration in the numerical scanning. One

|

myz = f = fo+O(s,),
(g=0= myz3=h=hy+O(s;)),

then we have (ky = hj) and the following meanings:

full means: m; = f,
exact means:m3 = h,

approximate means:nm; = k.

We checked that the exact correlations are very near the
full ones in all patterns, whereas the approximate correla-
tions may represent a non-negligible deviation unless one
expands up to sufficiently high order in s,.

V. NUMERICAL RESULTS

In this section, we introduce the numerical and analytical
results for all seven viable two-vanishing-subtraces cases,
and present the corresponding correlations graphs (we shall

can take successive terms up to a certain order in the
expansion of these full correlations in powers of s, to get
“truncated full” correlations. Second come the approach-
ing correlations resulting from equating the exact expres-
sion of the squared mass difference (m3; — mi;) to zero,
which we would call “exact” correlations. These correla-
tions, formulas involving the observables, can in their turn
be expanded to some order in powers of s, to get
“truncated exact” correlations. Third, the squared mass
difference expression may form a complicated analytical
expression of (6,,6,.0,,6), so one might resort to
expanding this expression in increasing powers of s,
and get “approximate” correlations resulting from putting
equal to zero the expansion, up to a fixed order in s, of the
(m3, —m?;) expression. We illustrate these different
correlations in Table III, where the first column corre-
sponds to the “physical world” with (§m? # 0), whereas
the second column corresponds to the “nonphysical
world” where (§m? = 0) leading to exact or approximate
correlations. Concretely, for the measurable quantity m3,
suppose we have the following mathematical expressions
[where, to fix the ideas, we assume the expansion is done
up to O(s,)]:

myy —miz =g =gy + O(s,),

(90 =0= my3 =k =ko+ O(s,)), (22)
truncated full means:m 3 = f,
truncated exact means:m 3 = hy = ko,
(23)

|
justify the nonviability of the remaining eight cases in
Appendix A. For each texture, we give the analytical
expression for the coefficients A and B of Eq. (15), and
the leading expansion of the parameter R,. Because of
cumbersomeness, we do not present the expressions of the
other observables (m3, m»s, p, 0, m,,, m,), some of which
appear in [6], but rather make use of the roots of the 5m?
expression to find approximate formulas allowing to
interpret their correlations. However, for completeness,
we put in Appendix B the leading orders of the
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Majorana phases (p, o), whose detailed study helps in
justifying their relatively tight extents, even though, as said
above, we shall use the R, -roots strategy in order to
interpret, when possible, the general feature of the CP
violation phases’ narrow ranges.

As mentioned before, the free parameter space is fifth
dimensional corresponding, say, to the three mixing angles
(0, 0y, 0,), the Dirac phase §, and the solar neutrino mass
difference sm?. We throw N points of order (10’-10'%) in
the five-dimensional parameter space (6y,6,,0., 6, sm?),
and check first the type of the mass hierarchy through
Egs. (17) and (19). Second, we test the experimental
bounds of Am? besides those of Eq. (9) in order to
determine the experimentally allowed regions. We notice
from Table I that the experimental bounds of the neutrino
oscillation parameters are different, except for 6, and 5m?,
in the two hierarchy cases, and so we have to repeat the
sampling for each hierarchy case. The various predictions
for the ranges of the neutrino physical parameters
(¢9x,t9y, 0,.0,p,0,my,my, my,m,,,m,,J) at all ¢ error lev-
els with either hierarchy type are introduced in Table V.

We find that out of the 15 possible textures, only seven
can accommodate the experimental data. Only the texture
(Cy, Cs33) is viable for both normal and inverted hierar-
chies, whereas the texture (C;3, C,3) can accommodate the
data only for normal hierarchy, and the textures (Css, C;3),
(Cy,Cs3), (C11,C1a), (C33,Cr2), (Cyy1, Ci3), (€2, C2)
are viable for inverted hierarchy only. All cases can
accommodate data at all three o levels except the textures
(Cy,, Cs3) in normal ordering and (C, Cy,), which is of
inverted type, accommodating data only at the 3¢ level, and
the textures, of inverted type, (Cs3,Cj») and (Cy,, C5)
which fail at the 1o level.

We also find that neither m; for normal hierarchy nor mi5
for inverted hierarchy does approach a vanishing value, so
there are no signatures for the singular textures. From
Table V, we see that the allowed ranges for 6, are strongly
restricted for the texture (C,,, C33) in normal ordering and

in the texture (C,;,Cy,), which is of inverted ordering,
at the 3-¢ level. There exist acute restrictions on the allowed
ranges of the CP-violating phases (8,p,0) at all o
levels with either hierarchy type for all textures. We note
from Eq. (8) that the J parameter depends strongly on &
(J «x sind) because of the tight allowed experimental
ranges of the mixing angles, which makes J variations,
due to these angles’ changes, tiny compared with those
resulting from 6 changes. The allowed values of the J
parameter at the 1-o level for the texture (C,3, C,3), which
is of normal ordering, are negative. Therefore, the
corresponding Dirac phase § lies in the third or fourth
quarters. Table V also reveals that m,, < 0.04 eV for the
textures (Cy3, Cy3), (C33, C12), (€3, Cyy) and (Cypp, Ciy).
However, it has a bit higher upper bound m,, < 0.17 for the
remaining cases.

If we adopt the tightest bound of the sum parameter
(£ <0.09eV), or the strict Planck 2018 bound
(X <0.12 eV), we find that only the texture (C,,, Cs3)
in normal ordering can accommodate the data, in line with
the conclusions of [27] that this low bound highly com-
promises the viability of the inverted mass ordering. Five
patterns remain viable [(C,y,Cs3) with (Cy3,Cy) in
normal ordering, and (Cy,, C;,) with (Cs3, C},) and with
(Cy, Cy3) in inverted ordering] if we assume the constraint
Y < 0.2 eV as Table IV shows. However, as said earlier, we
shall take the relaxed Planck 2018 bound X < 0.54 eV as
we believe that by relaxing cosmological bounds, labo-
ratory data are made to carry more weight than non-
anonymously agreed upon cosmological data.

We introduce 15 correlation plots for each viable texture,
in any allowed hierarchy type, generated from the accepted
points of the neutrino physical parameters at the 3-¢ level.
The red (blue) plots represent the normal (inverted) order-
ing. The first and second rows represent the correlations
between the mixing angles and the CP-violating phases.
The third row introduces the correlations amidst the CP-
violating phases, whereas the fourth one represents the
correlations between the Dirac phase ¢ and each of J, m,,

TABLE IV. The parameter X predictions, evaluated in eV, in the viable patterns adopting a relaxed Planck 2018 constraint
(£ < 0.54 eV). The second (third) line shows the corresponding viability adopting a strictest (more constrained) bound from [27] (PDG

Live).
Texture (C2,Cs3) (Cx.Cyy) (C11,C2) (Cs3,Cy2) (Cs3,Cy3) (C11,Cy3) (Ci3,Cx3)
Ordering N&I I I I I I N
Predictions N:X e 0.192<x2< 0532<x2< 0125 <2< 0291 <2< 0.151 <2< 0163 <X<
[0.089, 0.211] 0.205 0.540 0.136 0.330 0.163 0.213
I.Xe
[0.467, 0.539]
2 < 0.09 v X X X X X X
X
Y <02 v v X v X v v
X
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and m, parameters, respectively. The last row shows the
degree of mass hierarchy plus the (m,,, m,) correlation.

In order to interpret the numerical results, we write
down, for each pattern of the fifteen possible ones, the
complete analytical expression of (5m? = m3; —m3,),
possibly written as an expansion in s, when the exact
expression turns out to be too complicated, and analyze its
zeros analytically and numerically. By assuming these
zeros, we can justify the viability/nonviability of the pattern
and its ordering hierarchy type, say by examining respec-
tively the resulting (R,,m3). Moreover, whenever the
texture is viable, by assuming the zeros of the complete
(leading order of the) om” expression we get exact
(approximate) correlation spectrum properties which would
provide some explanations for the distinguishing features in
the corresponding full correlation plots presented at the 3-¢
level, such as those involving (p, o).

Finally, we reconstruct M, with either allowed hierarchy
type for each viable texture from the one representative
point at the 3-o level in the five-dimensional parameter
space. The point is chosen to be as close as possible to the
best fit values for mixing and Dirac phase angles.

A. Texture (sz,C33) = (Mee +M". =0,Mee +M[l[l =0>
A and B are given by

Ap =22+ (—cpeys, + s.5,670)2,
Ay = s2c + (=s.cys, — c,5,670)2,
Ay =st+cic?

By = c2ct + (—c,sy5, — s,c,670)2,

B, = s2c2 + (=SySys, + cxcye_’é)z,

By =52+ s’%cg. (24)

We have the following truncated expression for R,:

R, = s, + O(s?). (25)

From Table V, we see that (C,,, Cs3) texture is not viable at
the 1-2-0 levels for normal ordering. We find that the
mixing angles (6,,0,) extend over their allowed exper-
imental ranges with either hierarchy type. However, there
exists a strong restriction on 6, in the case of normal
ordering to lie in the interval [44.87°,45.13°]. For normal
ordering, there exists a mild forbidden gap [252.5°,288.4°
for 6, whereas the phases p and ¢ are restricted to the
interval [74°,106°]. For inverted ordering, we find a tight
forbidden gap for 6 and p around 270° and 90° respectively
at the 3-¢ level. The phases 6, p, and o are tightly restricted
at all o levels; they are bound to the intervals
[267.36°,272.53°], [87.42°,92.68°], and [87.11°,92.66°
respectively at the 3-o-level. Table V also shows that
neither m; for normal hierarchy nor ms; for inverted

hierarchy does reach zero at all error levels. Thus, the
singular mass matrix is not predicted for this texture at all &
levels.

For normal ordering plots (Fig. 2), we see a tight
forbidden gap for ¢, around 45° together with a mild
forbidden region for the phase 6. We find a strong linear
correlation between p and o. One also notes the sinusoidal
relations for (p, §) and (o, 8) correlations. We also find a
moderate mass hierarchy where 0.32 < m3 < 0.79 besides
a quasidegeneracy characterized by 1.01 < Z—? <1.13.

For inverted ordering plots (Fig. 3), we find narrow
disallowed regions for p and 6 around 90° and 270°
respectively. We also see a narrow forbidden gap for 6,
around 45° as in normal ordering. We notice a quasidege-
neracy characterized by m| = m, ~ mj.

In order to justify these observations, we compute
the mass-squared-difference full and approximate expres-
sions, and we use the abbreviation “Num” (“Den”) for
“Numerator” (“Denominator’):

S Den(m3; —mis)

1
2 2V_ 4.2 2 2
Num(m23—m]3)—4czc2y(§s2ys2x(cz—2)szc5+c2y02xsz ,

Den(ma; —mi;) = _S%xs%y(l +c?)sic;

2
52,82y CoyCox(2+€2)5,C5

1
2 2 4.2 2 .2
_Zs2xs2yczsz oy o (26)
2t),t5,CsS
2 2 “h2ytaxtedz 2
a3 T M =T +0(s7). (27)
x

Few remarks are in order here. First, we see from Eq. (27)
that we should have #,,cs >0 in order to meet the
constraint m, > m, and thus we should have

V3 3r
9y<Z:>5>7,

T 3z

which is observed in the correlations between 6 and 6, in
both NH and TH. Second, from Eq. (25), we see that both
0, =% and 6 = %” are separately forbidden, as each will
give a too high value for R, unable to be brought back to the
small experimental order of magnitude 1072, This explains
why we observe a narrow gap around (6, = %) and around
6= 37”) in the relevant correlations for both NH and ITH.
Third, and as was stated before, studying the zeros of
(m3, — m?};) would put us near the allowed points in the
parameter space. From Eq. (26), we see that this corre-
sponds to two regimes.
(i) ¢y ~0=0,~7= NH:
In this regime, we get
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2 (C? - 2)2
m = =
13 23 et +4(1 4 c?)c3
1
~ 5 <1, (29)
1 + 8c;
1 NoXY T
~o=—tan"! ~+0(s.), (30
pro= g (55) +5+06). (0

ms

———i—(’)(s ) (31)

e = +8c2

From Eq. (29), this regime corresponds to NH. In
this regime, o can take any of this texture’s allowed
values, except the narrow band around 3z/2. The
correlations, resulting from Eq. (30), of p and ¢ with
respect to 6 are observed in the corresponding NH
plots. Likewise, Eq. (31) justifies the shape of the
correlation (m,,, 0) observed in this NH regime.
(i) (382y82,(c? =2)s,05+ CoyCap52 ~0)F = TH:
Here we have
§2
miy=my;=14+—5575>1, (32)
yeytz
so this regime corresponds to IH. In this regime, we
find, by putting (¢, ~ 1) in the approximative re-
gime-defining constraint (), the following:

2
R« 1, (33)
t2yt2x

—0.0167 — 0.0034
0.0080 + 0.0003:
0.0067 + 0.0004i

M, =

0.0080 + 0.0003:
0.0167 + 0.0034i
0.0348 — 0.00351

and so from the allowed values of § € [200°, 3537]
(see Table I in the TH case) we see that 6 should be
around the value 37/2 without hitting it, whereas no
restrictions over 6, apart from disallowing the value
z/4. This is what we observe in the relevant TH
correlation plots.

Now, with § ~ 37/2 one finds

pro=3+0(.). (34)

which we observe in the full, i.e. nonapproximate,
numerical results. Thus, we could interpret the very
tight ranges of the CP violation phases with
(6~37/2,p ~n/2 ~ o). Finally, with Eq. (32), we
find a quasidegenerate spectrum (m3 = my; = 1)
and that m,, matches this common mass scale,
which we observe in the plots.
Finally, we reconstruct the neutrino mass matrix for a
representative point. For normal ordering, the representa-
tive point is taken as the following:

(012,023, 013) = (34.0696°, 45.1044°, 8.4838°),
(5.p.0) = (195.8781°,95.4176°,95.3851°),
(my.ms, m3) = (0.0180 eV,0.0199 eV, 0.0530 V),
(mye.m,) = (0.0171 €V, 0.0200 eV), (35)

the corresponding neutrino mass matrix (in eV) is

0.0067 + 0.0004
0.0348 — 0.0035i |. (36)
0.0167 + 0.0034i

For inverted ordering, the representative point is taken as the following:

(012,023.013) =

(my,my, mz) =
m,) =

( 66’

The corresponding neutrino mass matrix (in eV) is

—0.1660 — 0.00011:
0.0324 — 0.0001:
0.0377 + 0.0001:

M, =

0.0324 — 0.0001:
0.1660 + 0.0001:
—0.0074 — 0.0001:

(34.3118°,49.2414°, 8.4204°),
(5.p.06) = (269.0126°,90.8634°, 88.2051°),
(0.1733 eV,0.1735 eV, 0.1659 eV),
(0.1660 eV,0.1732 eV). (37)

0.0377 + 0.0001i
—0.0074 — 0.0001i |. (38)
0.1660 + 0.0001i
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FIG. 2. The correlation plots for (C,,, C33) = (M,, + M., =0,M,, + M 4 = 0) texture, in the normal ordering hierarchy. The first
and second rows represent the correlations between the mixing angles (6, 653) and the CP-violating phases. The third row introduces
the correlations amidst the CP-violating phases, whereas the fourth one represents the correlations between the Dirac phase 6 and each
of J, m,, and m, parameters, respectively. The last row shows the degree of mass hierarchy plus the (m,,, m,) correlation.

B. Texture (sz,clz) = (Mee +M,, =0’Me;¢ +M,, =0) R, = 4C§S§C§S§C§ + chcxsxsg(z — C%)szca‘
A and B are given by + 252+ 3t =232+ e (41)

Ay = 22 + (—cycys, + s,p8,670)2, Ry = 8c2siclsicl + 2cyc,5,00,(4 + ¢ — 6¢2)cs
Ay = 522 + (=550, — Cys,e70)2, + (=6¢2s% 4 1)cy —4c3.c3 +2c3,. (42)
Ay =52+ 32, Table V shows that (C,;, C;,) texture cannot accom-
B _is _is\2 modate the experimental data in the case of normal
1= CxCo(=Casys: = 526y€7%) + (—epys: + sesyeT)%, ordering, whereas it is viable at the 2-3-¢ levels for
By = 5,¢,(—5,8y5, + cxcye_i‘s) + (=s,cy8, — cxsye‘i‘s)z, inverted ordering. The allowed experimental ranges of
the mixing angles (6,,0,,6,) are covered at all ¢ levels.

B; = s,c.5, + cicl. 39 0 7y Uz

3T S5 T 65 (39) We find wide disallowed regions for & such as
[236.26°,322°] at the 2-o level and [244.54°,353°] at the
Then R, is given by 3-0 level. The phases p(o) are bounded to the intervals
[102.59°,106.02°]([32.23°,39.70°]) at the 2-c level and
264 (€ 4 26,0,5,C5) [95.33°,107.77°)([14.34°,46.26°]) at the 3-c level. One
R, =—2 2 Yool 4 O(s.), (40) also notes that m3 does not approach a vanishing value,

[Ra[sgn(R,) thus the singular mass matrix is not predicted.

From Fig. 4, we see that 6, increases when CP-violating

where phases tend to increase. We also see a strong linear relation
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FIG. 3. The correlation plots for (Cy,, C33) = (M, + M,, = 0,M,, + M,, = 0) texture, in the inverted ordering hierarchy. The first
and second rows represent the correlations between the mixing angles (6, 6,3) and the CP-violating phases. The third row introduces
the correlations amidst the CP-violating phases, whereas the fourth one represents the correlations between the Dirac phase 6 and each
of J, m,, and m, parameters, respectively. The last row shows the degree of mass hierarchy plus the (m,,, m,) correlation.

for (0,0) correlation as well as quasilinear relations for In order to explain the correlation plots, one com-
(p,0) and (p, o) correlations. We notice that one finds a  pute the mass-squared-difference full and approximate
quasidegeneracy characterized by 1.35 <m 3 <139 and  expressions:

my & m,.

may — My =
Num(m%3 - m%%) = SZnycé[Cg(Cz - 2>C§ + 2(203 - 3)Cz(szczcy - S%)C% + S%(—SCZSE + zsysz)}

— ¢, [(Tey = 2¢5 = 1)t 4 25,5, (4c5 + ¢y — 1)ed + (2 - 6¢)) e — 2s,5,(=1 +3¢5)c, + o)) (43)

4
2 a2 cy(cox + 2¢y8ccC5) +0(s.) (44)
mys m13—4s2,2222+2 2 1+ 52)cs + 0252 + 2 ¢4 — 2 Sz)-

YCESYCyCy Cy8y8,CxCoy s3)Cs + chcsy + c5,.C5 — €3,

|
We checked that the zeros of Num(m3, —m?;) give  However, the zeros of the leading term of the mass-squared
exact correlations in excellent agreement with the full  difference, i.e. of (¢, + 2¢ys,c,c5), would lead to approxi-
correlations, which are calculated based on numerical — mate correlations which agree mediocrely with the full and
exact calculations taking all constraints into consideration.  one needs higher orders inclusion in order to have a better
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FIG. 4. The correlation plots for (Cy,,C,) = (M,, + M, =0,M,, + M, = 0) texture in the case of inverted hierarchy. The first
and second rows represent the correlations between the mixing angles (65, 0,3) and the CP-violating phases. The third and fourth rows
show the correlations amidst the CP-violating phases and the correlations between the Dirac phase § and each of J, m,, and m,
parameters, respectively. The last row shows the degree of mass hierarchy plus the (m,,, m,) correlation.

agreement. As an illustrative example, we find that the
full range for m 3, spanned by the allowed points consid-
ering all experimental constraints, is [1.35, 1.39]. Now, if
we impose a zero for the (m3;—m3;) expression
[(cax 4 2¢y5,c,c5) expression], in terms of (6,.6,.0,,6),
then one gets J, say, in terms of 6,, 0, 6., and so m 3 is
expressed in terms of these mixing angles which, when
scanned over their allowable ranges, give the exact
(approximate) range for m;; found to be [1.342, 1.376]
([1.35, 1.75]). This corresponds to a good (mediocre)
approximation, indicating we have an IH. Moreover,
plugging the zeros of (m3; —m?;) in the expression of
my3 leads to

25,8
=/2+82(1 -5 O(s2).
mi3 + >< c?(l +C§) + O(s?)

(45)

We can now calculate the truncated exact range, corre-
sponding to scanning the leading term in Eq. (45), and we
would have found [1.03, 1.32], indicating again a TH,
albeit the agreement of this correlation with the full range is
again mediocre.

Moreover, one can fix 6, ~ 8.5, and for any given 6, we
draw the surface of (m3; — m?;) varying 6, and & over their
experimentally allowed regions, then the intersection of this
surface with the (m3; —m?}; =0) determines an exact
correlation between 6, and 5. We checked that juxtaposing
such curves, upon varying 6,, generates approximately well
the full correlation (6,, 6). In the left (right) part of Fig. 1,
we take the minimum (maximum) allowed value of
0, =0, =31.4°(37.4°), and find that the corresponding
intersection curves of (6, 6, = 03) delimit the correspond-
ing correlation region.

035017-14



TEXTURE OF TWO VANISHING SUBTRACES IN NEUTRINO ...

PHYS. REV. D 107, 035017 (2023)

Finally, fixing 6, =~ 35°, we find from Table V that we
can take the representative points p ~ 90°, ¢ ~ 30, and so,
with  m; ~m, ~0.07 eV in m,, ~|m cos*(35%)e™ +
sin?(35%)e'™/3 + mssin’(6.)| we get a partial cancellation
of the contributions of (m;, m,) and we get m,, ~ 0.04 eV.

Reconstructing the neutrino mass matrix for inverted
ordering, the representative point is taken as follows:

—0.0319 + 0.0003:
M, = | —-0.0319 4 0.0003:
0.0564 — 0.0004i

C. Texture (C;{,Cy,) =
A and B are given by

(MW +M, =0.M,, +M,, =0)

Ay = 252 + s2e7%0,

A, = s,%s% + e,
2

A3 = CZ’

B = cyc (—cy8ys, — 5,0ye70) + (—cpeys, + 5,5,670)2,

s

By = 5,¢,(—5.8y8, + € ce7?) 4 (=s,cy8, ~i5)2

By = s,c.s, + cict. (48)

—CySye

The R, approximate expression will be

2
2(82,CyC5Cay — czxczy)

|C%y(1 - 2S§C]26) - s2xc2xcyc2yc5|

R, = +0O(s;). (49)

From Table V, we find that (C;;, C;,) texture can
accommodate the experimental data only at the 3-c level
for inverted ordering. We find that the allowed experimen-
tal ranges for the mixing angles (6., 8,) extend over their
allowed experimental ranges. However, the allowed range
for 6, is strongly restricted to the interval [51.16°, 51.25°].
We also notice that the phases o, p and ¢ are bounded
to the intervals [262.79°268.92°, [5.71°,9.54°] and
[168.06°, 173.00°], respectively. Table V also reveals that
ms does not reach a vanishing value. Therefore, the singular
mass matrix is not expected for this texture.

From Fig. 5, we see that 6, increases when the CP-
violating phases tend to increase. We also find a quasilinear
correlation between ¢ and 6. There exists a quasidegener-
acy characterized by m| & m, ~ ms.

In order to explain the correlation plots, one computes the
mass-squared-difference full and approximate expressions:

—0.0319 + 0.0003:
0.0531 — 0.0003:
0.0068 + 0.0003i

(012,053, 0,3) = (34.3208°,49.2183°, 8.5319°),

(5.p.0) = (222.6055°, 101.8830°, 30.2439°),
(0.0724 eV,0.0729 eV, 0.0527 eV),
(0.0319 eV,0.0721 eV), (46)

(my,my, my) =

(mEC’ m )

and the corresponding neutrino mass matrix (in eV) is

0.0564 — 0.0004i
0.0068 + 0.0003; |. (47)
0.0319 — 0.0003i

2 2 Num(m3; — mi;) |
M3 = M3 = (m2, —m2)
enimas — M3
Num(m%3 - m%) = —c%{szxcy [c%(6c§ -3)
+ ¢85, 52, + 4s3]cs
— €3y Coy(C 00y +25.5,) ), (50)
2
$2xCyCoyCs — €5, Cox
m%3 - m%3 = c2s262 -
—25,8

vz

2
g 252¢,cyC0,00.CF
y X

o
= 5,c5(ci (=583, +4) + 553,35 + ¢3y)
( 5 )c2y5202x]+0( ) (51)

The zeros of Num(m3; — m3;) give exact correlations in
excellent agreement with the full correlations, and all
correlations can be determined from these zeros.
However, the zeros of the zeroth order leading term of
the mass-squared difference would lead to (zeroth-order)
approximate correlations which do not agree well with the
full ones, and one has to go, say, up to the next-to-leading
term in order to get (first-order) approximate correlations
with a better agreement. Actually, even the zeroth-order
leading term of the (m3; — m?;) expression can give useful
interconnections. For example, from the constraint
my > my, we need to have ¢,,c; > 0, whence, considering
the experimental constraints on (6y,5), we have the
following observed relations:

0>270° = 6, <45°, 5 <270° = 6, > 45°. (52)

Also, we have the (zeroth-order) approximate correlation:

05 = 22, (53)

Szxcy
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=0,M,, + M, = 0) texture in the case of inverted hierarchy. The first

and second rows represent the correlations between the mixing angles (0,5, 0,3) and the CP-violating phases. The third and fourth rows
show the correlations amidst the CP-violating phases and the correlations between the Dirac phase é and each of J, m,, and m,
parameters, respectively. The last row shows the degree of mass hierarchy plus the (m,,, m,) correlation.

giving an approximate range (5 € [260°,275°]). Plugging
the zeros of (m3; — m3,) in the expression of m 3 leads to
an exact correlation whose truncated approximation is

given by
2
_ _ )
myz = mp3z = 1"’?“‘0(5‘:)21

This truncated correlation leads m 3 X 1, so the ordering is
of IH type. Taking 6, in its allowed range, we see that the
spectrum is quasidegenerate (m; ~ m, ~ ms) and X = 3m;.

From Table V, we find that in this texture we
have (6 ~170°,p~7%), so in the expression of m,, =
|myc2e?? + m,sie®e|, where we put ¢, ~ 1 and neglect the

(54)

contribution of mj as it is proportional to s2, we have
m,, = m,. Similarly, we can show that m, ~ m,.

Finally, we find that the bounds on X ~ 3m5 and m,, ~
m3 in Eq. (9) are the severe ones by which, using

m% =
)7’!23

;2 , most of the 0, range is excluded, and only
13

a narrow neighborhood around the value 6, ~51.2° is
allowed with m3 =~ 1.04 [cf. Eq. (54)].
For inverted ordering, the representative point is taken as

follows:

(012,023,013) =
(6.p,0) =
(ml,mz, m%)
m,) =

( eev

035017-16

(34.3178°,51.2346°,8.5674°),
(265.0845°,6.7720°, 169.8108°),
(0.1811 eV,0.1814 eV, 0.1745 eV),
(

0.1744 eV,0.1811 eV). (55)
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The corresponding neutrino mass matrix (in eV) is

0.1742 + 0.0087i
0.0305 — 0.0002i
—0.0379 — 0.0019i

M, =

D. Texture (C33.Cyz) = (M, +M,,=0.M,, + M, =0)
A and B are given by

Ay =clc? + (=c,s sycpe”0)2,

s «Cy

¥z

) —i5\2 2. 22
Ay = 5307 + (=5,8,8, + c,ce7?), Ay = 57 + sy¢3,
By = c,c (—cysys, — sxcye_“s) + (—cpeys, + sxs),e_’5)2,

B, = sxcz(_sxsysz + Cxcye_ié) + (—SnySZ - stye—ié)z’
By =s,c,5, + cﬁcz. (57)

vtz z

Therefore, R, takes a form

205,851 = 3¢3)(1 4 ty,¢y05)

= + O(s,):
‘ R, |sgn(R,) )
Rl = —4C§C§,S%C§ - S2XS§C)'<1 + Cg)chcé
+ 53(—=1 4 ci(4—c3)s3) + O(s,),
Ry = —8cicisisics — sy.¢y53(1 4 3¢3)caccs

+ (3 — 10c3s3)cy — 4cisicy — 14 6¢is3. (58)

Num(m§3 - m%) .

2 2

m —m = .
23 13 2 2

Den(mj; — m1;)

0.0305 — 0.0002i
0.0305 — 0.0002i
0.1719 + 0.0002:

—0.0379 — 0.0019:
0.1719 4 0.0002i |. (56)
—0.0305 +- 0.0002:

Table V shows that (Cs3, C;,) texture is not viable at all
o error levels for normal ordering, whereas it can accom-
modate the experimental data for inverted ordering at 2-3-¢
levels. The allowed experimental ranges of the mixing
angles (6,,6,,0,) are covered at all allowed & levels. The
Dirac phase § is bounded to the interval [231.94°,248.79°]
at the 2-0, and the range tends to be wider at the 3-¢ level
being [226.89°,254.21°]. There exist acute restrictions on
the phases p(o) at the 2-3-¢ levels. They belong to the
intervals [100.59°,105.16°]([38.47°,51.29°]) at the 2-c
level and [99.40° 106.17°]([34.65°,57.53°]) at the 3-c
level. Table V also reveals that m; does not reach zero,
so the singular mass matrix is not predicted.

From Fig. 6, we see that 6, increases when the CP-
violating phases tend to increase. We also see a quasilinear
relation for (6,,p) correlation. Figure 6 also shows a
moderate mass hierarchy characterized by 2.34 < mj; <
2.67 together with a quasidegeneracy characterized by
my & nj.

In order to explain the correlation plots, one computes the
mass-squared-difference full and approximate expressions:

Num(m3; — mis) = sp.¢,¢5[3 — €3 (=24 ¢5)c? + 25,5,(=2 + ¢} )ct + (=2 4 12¢5 + 6¢})c?

+25,5,(3 + ¢c3)c2 — capc, — 25,5, — 2, [(4 4 ¢§ — 8c3 ) + 2¢3s,s,
(=4 +3c3)c? + (2¢§ — 4+ 6¢3)c: + 2c35,5,¢, — €3y (59)
Num(m3; — mi;) = 33(1 - 303)(32x0y05 +¢,) + O(s;). (60)

The zeros of Num(m3, — m3;) give exact correlations in
excellent agreement with the full correlations (e.g., the
exact interval for m 5 is [2.33, 2.64] to be compared with
the mentioned full interval [2.34, 2.67]). Also, the zeros of
the leading term of the mass-squared difference numerator
[i.e. the zeros of (sy,cycs+ ¢y )] lead to approximate
correlations which are good, but less, when compared to
the full ones.

Plugging the zeros of (m3; — m3;) in the expression of
mi3 leads to an exact correlation whose truncated approxi-
mation is given by

1 2

Sy

Scanning over the allowed values of 6, and 6., we
find that this truncated correlation leads to (1 < m ;3 €
[2.12,2.44]), so the ordering is of IH type. As to m,,
we find a value around [0.054 x |cos?(35%)e?!1037/180 1
sin?(35°)e2477/180| ~ 0.0339 eV].
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FIG. 6. The correlation plots for (Cs3,Cy,) = (M,, + M, =0,M,+M,= 0) texture in the case of inverted hierarchy. The first
and second rows represent the correlations between the mixing angles (65, 6,3) and the CP-violating phases. The third and fourth rows
show the correlations amidst the CP-violating phases and the correlations between the Dirac phase § and each of J, m,, and m,
parameters, respectively. The last row shows the degree of mass hierarchy plus the (m,,,m,) correlation.

A corresponding benchmark point is taken as

(012.03.0,3) = (34.2034°,49.4333°, 8.5030°),
(8,p.6) = (240.4593°,102.7186°, 44.6611°),
(my, my, m3) = (0.0531 eV, 0.0539 eV, 0.0208 eV),
(M. m,) = (0.0315 €V, 0.0528 eV), (62)

with the reconstructed neutrino mass matrix (in eV) given as

—-0.0314 + 0.0014; —0.0212 4+ 0.0012i  0.0367 — 0.0017i
M, = | —-0.0212 +0.0012;  0.0314 —0.0014;  —0.0076 + 0.0013i |. (63)
0.0367 —0.0017;  —0.0076 +0.0013;  0.0212 — 0.0012:
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E. Texture (C33.Cy3) = (M, +M,,=0.M,, + M, =0)
A and B are given by

Ay = 22+ (—cys,5, — s,c,670)2,

Ay = stc 4 (=s,8,5, + cycpe70)2, Ay = st 4 s,
B = c,c (—c,sy5, — s,c,e70)

+ (—cu8ys, = s,cpe70) (—c ey, + 5,5,677),
By = s,¢,(—5.5y8, + c.ce7?)

+ (=5,8y5, + ¢xcpe™)(=s,cy5, — c,5,677),

- . 2.
By = s.5,¢, + syczcy.

(64)

The leading order truncated approximation for R, is
given by

o3
% +O(s.):

R =
: |S2xCZyC5 - Cszy<1 + c§)|sgn(R1) )

__h42 2 2
Ry = =2cys5,¢5 + €y855,85, (1 + ¢5)caCs

—2cks3(—cisicl = 3sici + 1).

We see from Table V that (Cs;, Cy3) texture can
accommodate the experimental data in the case of inverted
hierarchy at all ¢ levels. However, the texture is not viable
for normal hierarchy. We find that the mixing angles
(6x.0,.0.) extend over their allowed experimental ranges
at all o levels. The Dirac phase ¢ is tightly restricted at all o
levels, and is bound to be in the range [262.85°,267.59°] at
the 3-0 level. We notice that the Majorana phases p(o) are
strongly restricted at all statistical levels to lie in the
intervals [92.56°,95.16°|([78.67°,84.28°]) at the 3-¢ level.
Table V also reveals that m; does not reach a vanishing at
all o levels. Therefore, the singular texture is not expected
with either hierarchy type at all ¢ levels.

We see from Fig. 7 that the mixing angle 6, increases
when the phases ¢ and o tend to decrease. However, we
notice that 9), increases when p tends to increase. We also
see that 8, increases when the CP-violating phases tend to
increase. We find the quasidegeneracy characterized by
my~my and 1.11 <m3 < 1.14.

In order to explain the correlation plots, one com-
putes the mass-squared-difference full and approximate
expressions:
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FIG. 7. The correlation plots for (Cs3,C3) = (M, + M i = 0,M,, + M, = 0) texture in the case of inverted hierarchy. The first
and second rows represent the correlations between the mixing angles (65, 6,3) and the CP-violating phases. The third and fourth rows
show the correlations amidst the CP-violating phases and the correlations between the Dirac phase § and each of J, m,, and m,
parameters, respectively. The last row shows the degree of mass hierarchy plus the (m,,, m,) correlation.
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—2)—c.co—§

2
CyS2xS2yS3Cs

2¢3s,cy53 4 c2(6¢2 = 2¢§ — 1) +4s,c.c 57 — ¢,

y ZEyny

cy], (66)

Z

2 2
2 » _ Num(m3; —mi;)
Moy =3 = (m2y — mly)
en(ms; — mi,
2 2y _ 4202
Num(m23 - m13) - ZCZSZXS},C&[CZC),(C), - 3)
2 3 2. (2
+ 4 syca[cicyy — s czey(cy
2 2
ms; —m
23 13~ 42 2
Cy85,C5 —

We understand now why ¢ around 270° is singled out, as
this would make (m3;—m3;) as small as possible
[cf. Eq. (67)], and, moreover, substituting (5 = 270°) in
the truncated approximation we get

o 2
2 — m2 5270 Cy52xS2ySyC5
23 13~ 202222
s Cy( CxSxC\ xcx )

As the coefficient in front of cs in the numerator is positive
for allowed 6,, 6,, whereas the denominator is always
positive, we deduce (m3; —m}; = 0F) = (5§ > 270°7).
The higher order terms make (6 — 270°7).

The zeros of Num(m3; — m?,) give exact correlations in
excellent agreement with the full correlations. However, we
found that the zeros of the leading plus next-to-leading
terms of the mass-squared difference numerator (i.e. the
expansion of m3, —m?; in the form of a linear form
¢y + cys,) lead to approximate correlations which are
not accurate, when compared to the full ones, and one
needs to go to higher orders to match the full correlations.

Plugging the zeros of (m3; — m3;) in the expression of
m3 leads to an exact correlation whose truncated approxi-
mation is given by

—0.1005 + 0.00017
0.0076 — 0.00011:
0.0372 + 0.0001:

M, =

F. Texture (C;;,Cy3) =

1 2 2
3 CyS2x82y (1 4 €5)caces + 535

0.0076 — 0.0001:
0.1005 — 0.0001:
—0.0076 4 0.0001:

O(s.). 67
J(—cisicy —3stci 4 1) +O(s:) (67)

25?
m13—1+22+0( 2). (68)

SyCy

Scanning over the allowed values of ,.6,, we find that this
truncated correlation leads to (m;; € [1.165,1.205]),
whereas the exact range, coming from the zeros of
(m3, — m?y), is [1.114, 1.143], which is very near the full
correct range, so the ordering is of IH type. As to m,,, and
since we have p~o~90° in this pattern we have
(m, ~ my). Actually, at leading order, § ~ 3 would lead
to (pro=r7).

For inverted ordering, the representative point is taken as
follows:

(012,023, 013) = (34.1770°,49.4202°, 8.6885°),
(5.p.0) = (264.9329°,94.2458°, 80.6349°),
(my.ms, m3) = (0.1076 eV,0.1080 eV, 0.0955 V),
(M. m,) = (0.1005 €V, 0.1074 eV), (69)

the corresponding neutrino mass matrix (in eV) is

0.0372 + 0.0001i
—0.0076 + 0.0001i |. (70)
0.0957 — 0.0001i

My +M,.=0.M,, +M,, =0)

The coefficients A and B are obtained from Eqs. (48) and (64). A and B are given by

A = cls? + s2e72P, Ay =52

By = cyc (—cpsys, — s,c,e7) + ( c

Xy

— 2
By = s.5,¢, + syczcy.

The analytical approximate truncated expression for R, is

2 4 (2o Ay =c?

4

1SyS, = S.Cye )(cchrsse“s),
(—=s

By = 5, (—58,8y8, + cycpe™ ) 4 (—s,8,8, + ¢ cpe?)

xsye_l(s)7

(71)
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o 4(s2xC5 - 262xsy)
v |S}'<2S%x - 4) + S4XC5|

+ O(s,). (72)

From Table V, we find that (C;;, C;3) is not viable
at all o levels for normal hierarchy. However, it can
accommodate the experimental data at all ¢ levels in the
case of inverted hierarchy. The mixing angles (6, 6, 0.)
extend over their allowed experimental ranges at the
all o levels. We find that the allowed range for § is very
tight at all o levels. It tends to be wider at the 3-o level
to be approximately [292°,322°. As for the Dirac
phase &, the Majorana phases p(o) are strongly
restricted at all o levels. They belong to the intervals
[165.23°,167.75°)([46.81°,52.37°]) at the 1-6 level,
[163.81°,169.35°)([43.84°,56.57°]) at the 2-o level and
[162.53°,170.80°)([39.98°,60.41°]) at the 3-c level. One
also notes that m5 does not reach a vanishing value. Thus,
the singular mass matrix is not expected.

We see from Fig. 8 the quasilinear correlations with
negative slope between #, and CP-violating phases. We
also see a strong linear relation for the correlation (o, d)
together with quasilinear relations for (p,c) and (p,d)
correlations. We also find a mild mass hierarchy where
1.68 <my3 < 1.79 as well as a quasidegeneracy charac-
terized by m; = m,.

In order to explain the correlation plots, one computes the
mass-squared-difference full and approximate expressions:

mly —my = Num(m3; —m7;) .
* Den(m3; —mi)

1
Num(m%3 - m%g) =d4c3 Eszxsyc{;((l - 3c§)c§

2 2
- CySZZSy + C2y) + Cysyc2x<cycz + Sz)

(73)
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FIG. 8. The correlation plots for (C;,C3) = (M, + M i = 0,M,, + M, = 0) texture in the case of inverted hierarchy. The first
and second rows represent the correlations between the mixing angles (65, 6,3) and the CP-violating phases. The third and fourth rows
show the correlations amidst the CP-violating phases and the correlations between the Dirac phase § and each of J, m,, and m,
parameters, respectively. The last row shows the degree of mass hierarchy plus the (m,,, m,) correlation.
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2s (C5s2x —2s C2x)
- 5————+ O(s,).

CPS%

2 2 _
My — M3 =

(74)

The zeros of Num(m3; — m?,) give exact correlations in
excellent agreement with the full correlations. Likewise, we
found that the zeros of the leading term of the mass-squared
difference numerator [i.e. of (css,, —2s,cy,) giving
(cs = 25, coty,)] lead to approximate correlations between
the mixing and phase angles which are also good when
compared to the full ones.

Plugging the zeros of (m3; — m73;) in the expression of
m3 leads to an exact correlation whose truncated approxi-
mation is given by

the exact range, coming from the zeros of (m3; — m?;), is
[1.7, 1.8], which is very near the full correct range, so the
ordering is of IH type. As to m,,, and since we have p =
167°,0 =~ 50° in this pattern, we have, taking 6, ~ 359,
m, = 0.06 eV, the value (m,, ~ 0.06|cos?(35%)e?!167#/180 1
sin?(357)e297/180| % 0.032 eV).

For inverted ordering, the representative point is taken as
follows:

(012,023, 0,3) = (34.2712°,49.4721°, 8.6197°),
(5.p.0) = (306.3395°, 166.5813°,49.8309°),
(my.ms, my) = (0.0601 eV,0.0607 ¢V, 0.0338 V),
me) = (

4s2c2
— 2 Y
ms =1 4s}’(1 I —1—45\) +O3). (79) (Mee- 0.0334 eV, 0.0598 V). (76)
Scanning over the allowed values of 6, 6, we find that this
truncated correlation leads to (m3 € [1.68,1.79]), whereas ~ The corresponding neutrino mass matrix (in eV) is
|
0.0334 4+ 0.0004i —0.0322 —0.0000;  0.0378 — 0.0001i
M, = | —0.0322 - 0.0000; 0.0127 —0.0000i  0.0322 + 0.0000i (77)
0.0378 —0.0001;  0.0322 + 0.0000i —0.0127 4 0.0000i
G. Texture (C3.Cy3) = (M, +M,, =0.M,, +M,, =0)
A and B are given by
Ap = cye(—cysys, — 5,0,670) 4 (=cysys, — s,0,670) (=5, 4 s.5,e770),
Ay = 5,0, (=5,8,5, + €0 e7) + (=s,8y5, + c0e7?) (=508, — cp5,670),
Az =s.5,0, + 3, cgc),
B, = c2c +(css syCye ) (—c ey, + 5,5,677),
By = s3c2 + (=s,8,5, + ¢ cpe7)(=s,cy5, — 5,677,
By =2 + sycycf. (78)
The leading order expression for R, is given by
252(cox + $2.€4C
R, = 3 G 2 y5)2 .2 + O(s,):
|52,53,€3 + 52,€2,8,(2 = 5,¢,)cs + (1 — 652¢2)c2 — 255,522 — 3, [sgn(Ry)
Ry = —2sy,83¢i¢5 — $5,.C0.8, (1 = 5y¢y)c5 — sicicy + (Scist — 1)} + syysici + 1 —3sici (79)

We see from Table V that (Cy3, C,3) texture is viable at all
o levels for normal ordering. However, it cannot accom-
modate the experimental data for inverted ordering. The
allowed experimental ranges for the mixing angles
(0., 0.0 .) can be covered at all ¢ levels. The Dirac phase
5 is bounded to the intervals: [202.90°,217.99° at the
l-o level, [152.02°,232.55°] at the 2-6 level and
[128.01°,242.79°] at the 3-o level. We find that p is tightly

|
restricted at all ¢ levels, and its allowed range tends to be
wider at the 3-¢ levels to fall approximately in the interval
[73°,108°]. For the phase o, one notes that there exists a
strong restriction at the 1-o level besides wide forbidden gaps
at the 2-3-¢ levels. The allowed values for the J parameter at
the 1-c level are negative, consistent with ¢ lying in the third
quarter at this o level. Table V also shows that m; cannot
reach zero. Thus, a singular mass matrix is not predicted.
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From Fig. 9, we see forbidden gaps in the correlations
between the mixing angles (6,,0,) and CP-violating
phases. We also see the quasilinear relations for the
correlations between the CP-violating phases. Figure 9
also shows a mild mass hierarchy characterized by

expressions:
|

2 Num(m%3 - m%z) .

2 _
My — mMyz =

Den(m3; — mis) -

0.68 < my3 <0.79 together with a quasidegeneracy char-
acterized by m; ~ m,.

In order to explain the correlation plots, one com-
putes the mass-squared-difference full and approximate

Num(m3; — m?;) = sz){cé[c‘z‘sy@cg -1- cysi) + szsgcg ($2y — sg) +c2((2- SC};)Sy - c).s)z,cb)
—5.C,853(82y + Cay) + 8,00y] + s5¢a.[2 (52, + 1 =3¢3) —2¢,5.¢2(2 + 5,¢y)

+Cz(02y - 52)7) + 2SZC),]
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FIG.9. The correlation plots for (C,3, Co3) = (M ent My =0,M,, +M, = 0) texture in the case of normal hierarchy. The first and
second rows represent the correlations between the mixing angles (6,,,6,3) and the CP-violating phases. The third and fourth rows
show the correlations amidst the CP-violating phases and the correlations between the Dirac phase § and each of J, m,, and m,
parameters, respectively. The last row shows the degree of mass hierarchy plus the (m,,,m,) correlation.
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The zeros of Num(m3, — m?,) give exact correlations in
excellent agreement with the full correlations. Likewise, we
found that the zeros of the leading term of the mass-squared

difference numerator giving (c5 = — - L) lead to approxi-

mate correlations between the mixing angles (6,, 6,) and the
Dirac phase angle § which are also good when compared to
the full ones. Moreover, we see that c5 < 0, which interprets
the observation that § lies in the second or third quadrant.

Plugging the zeros of (m3; — m73;) in the expression of
m3 leads to an exact correlation whose truncated approxi-
mation is given by

syy/14c2
y Y (1
\/1+s2,+cisy

One can see, for the allowed values of (6,), that the zeroth-

. syn/ 1+¢2 . .
order leading term ﬁ < 1, so the ordering is of
+852y 1y 8y

+3(s3'+c§)sz>+0(s2). (81)

3= 1+6¢5 ‘

—0.0232 - 0.0001:
—0.0232 - 0.0001:
0.0503 +- 0.0002:

M, =

VI. THEORETICAL REALIZATION

We present now some realizations of the texture under
study characterized by two vanishing subtraces, irrespec-
tive of whether the corresponding texture is viable or not
regarding phenomenological data. We present first a
symmetry based on the non-Abelian group A, leading to
a texture with the related subtraces consisted of the sum of
diagonal elements. Second, we present a symmetry based
on the non-Abelian group S; where one of the related
subtraces corresponded to nondiagonal elements. In the
realization, we introduce new scalars, but we have not
discussed the question of the scalar potential and finding its
general form under the imposed symmetry. Having these
scalars may lead to rich phenomenology at colliders, and
asking for just one SM-like Higgs at low scale requires a
situation where fine-tuning of the many parameters in the
scalar potential, to ensure new scalars are out of reach at
current experiments, is heavily called upon.

Note that for each presented realizable pattern, there are
automatically two other realizable patterns by transposi-
tion. Thus, by presenting an S, realization for the hitherto
viable but now disallowed (C;;, C»3), then automatically
we have, by the transposition (1 <> 3), a realization for the
viable pattern (Cs3, C»1), and another realization, by doing
now the transposition (2 <> 3) on the latter, for the unviable
pattern (C,,, C3p). Similarly, the A, realization of the viable
pattern (C,,, Cs3) can automatically be translated into a

—0.0232 - 0.0001:
0.0624 — 0.0001:
0.0232 4 0.0001:

NH type. Scanning over the allowed values of 6, 0., we
find that the truncated correlation, up to order O(s?), leads
to (m3 € [0.69,0.82]), whereas the exact range, coming
from the zeros of (m3; — m3,), is [0.69, 0.79], which is very
near the full correct range [0.68, 0.79].

For normal ordering, the representative point is taken as
follows:

(012,023, 013) = (34.1349°,49.3654°, 8.5098°),
(5.p.0) = (214.0038°, 100.1902°,23.9810°),
(my.ms, m3) = (0.0594 eV,0.0600 eV, 0.0777 V),
(M. m,) = (0.0232 €V, 0.0600 eV). (82)

The corresponding neutrino mass matrix (in eV) is

0.0503 + 0.0002i
0.0232 4 0.0001i |. (83)
0.0391 — 0.0002i

realization of the unviable patterns (Cy,
(Cs3, Crp).

Cll) and

A. A4-non-Abelian group realization

We present a realization based on the non-Abelian
group A, leading to a texture of two vanishing subtraces
where the related elements lie on the diagonal. We
summarize the irreducible representations (irreps) of Ay
in Appendix C.

1. Ay realization of two equalities: (M1 =M, =M 33)

We review briefly the setup given in [11] leading to a
texture of two equalities (M,;; = M,p, = M,;33). Taking
the matter content shown in Table VI, one could form a
“neutrino” singlet under SU(2), gauge, A4 flavor and
Lorentz symmetries as

TABLE VI. Matter content and symmetry transformations,
leading to texture with two equalities. i = 1,...,3 is a family
index.

Fields Dy, O, b1 b2 ?3 A; Ay
SU(2), 2 1 2 2 2 3 3
Ay 3 3 1 1y 17 3 1

035017-24



TEXTURE OF TWO VANISHING SUBTRACES IN NEUTRINO ...

PHYS. REV. D 107, 035017 (2023)

L3 Y[(D},Cit,A\Dy, + DI.C™'it,A\ Dy,
+ (DT.CYit,AyDy, + DT, C ity AyD, )
+ (D}, C Vit AsDyy, + DY,Cl iy AsD, )]
+Y'[D},CityAyDy, + D], Cit,AyDy,
+ D! Clit,AyD,), (84)

. . . . AF V2ATY
where 7, is the weak isospin matrix, and A; = ( 5, ", )
i i

is the Higgs triplet with i =1,...,4 as a family index.
When A; acquires a small vacuum expectation value (VEV)
along the neutral direction (A%),, then we get (M,;; =
M, >, = M, 33). As to the charged lepton mass matrix, we
have

L3 Y (Dy.eg+ Dyyug + Ditr)
+Y2(Dyeer + O)DL;U“R + @Dy, 7R) by
+ Y3(Dpeer + (OZDLMR + @Dy, 7). (85)

When ¢; acquire a VEV then we get a diagonal charged
lepton mass:

M, = diag(Y ((¢1)o + Ya(d2)o + Y3(h3)o
Yi(1)o + Y20 () + Y30 ($3)0. Y1{(d1)o
+ Y207 () + Y30(h3)0)- (86)

The charged lepton matrix has enough free parameters
{Y:, (¢h;)o} to produce the observed mass hierarchy.

2. A, realization of two antiequalities:
(—M,11=My2,=M,33)

We show here how one can transform the past setup from

two equalities into two antiequalities.

(1) Strategy of basis choice.—Actually, one can con-
sider the two-equalities texture as arising from
invariance under symmetry defined by the gener-
ators G such that

G"™M,G = M, = equalities. (87)

If one performs a similarity transformation on the
generators G — G' = I"'GI such that I is unitary
(I"' = I'), then we see that the form invariance of
M, under G is equivalent to the invariance of M), =
I"M,I under the generators (G'):

G'M,G=M,= I"GT"I"' "M II"'GI = I"M,I
= G™M,G = M, (88)

The question is thus to find / such that equalities in
M, translate as antiequalities in M’. Actually, in
order to flip the sign of the element at the entry (1,1)

035017-25
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while keeping the signs of the entries (2,2) and
(3,3) intact, it suffices to take I = diag(—i,1,1),
such that

My =My =M 3= M, =M, =M,3;. (89)

Basis B’ = (S’, T').—For the irrep 3, considering
the expressions of B = (S, 7T) in Appendix C, we
have

(X} xh xX5)T = 1(xy, %0, x3)" = (=i, x,x3)",

S'=1'SI =S = diag(1,-1,-1),

0O ¢ 0
T'=r1I=(0 0 1]. (90)
- 0 0

Note here that the combination (x}y| + x5y +x5y%),
whose “unprimed” version appears in the singlet
decomposition of 3 ® 3 in the basis (S, T), is not
invariant under the basis (S, 7"). Actually, from
Eq. (90), we find the following:

(X1y1 4 %252 +x33); = (=x)y] + X505 + x3¥5);
(11 + @*x2y5 + @x3y3)y

= (=X} + @’xpy) + ox3yy )y
(X114 @x25 + @*x3y3 )y

= (=xy) + oxih + 0Py) )y 1)

One can check that when (x/,x5, x5 )7 transforms
under 77, i.e. under (x] — ix}, x5 — x5, x5 — —ix}),
idem for y, then (3 ® 3); = (x5y5 + x5y, X3y +
X}y, Xy + x5y))T transforms under 7%, The same
applies for (3 ® 3)3=. = (xhyh — x5y5, X5y, — X}y,
X1y = xpv)"

Basis B"* = (S'*, T"*).—For the irrep 3, we have T
as a complex matrix in the basis B’. This pushes us to
consider the basis B* = (8", T"").

0 —i 0
S =8T"=|0 0 1|=U'TJJ
i 0 0
= diag(-1,1,1) =
(W3 25,250 = T3]0, )T = (=2 24)

= J[(xl,xz,X3)T
= diag(i, 1, 1)(xy, x5, x3)7
= (ixy, x5, x3)". (92)



A. ISMAEL, E. 1. LASHIN, and N. CHAMOUN

PHYS. REV. D 107, 035017 (2023)

“

®

Q)

From Egs. (90) and (92), we find the following:

(=x7y) + 255 + x5y5); = (X7y] + 255 + X555) 1
(=X} V) + @ Xy + Xyl )y

= (X}y] + @? X505 + ox'5y5) .
(=X + wxbys + wzxgyg)l//

_ Ea Ik, PANESN,
= (X1y] + ox'5yh + 0™ X'5Y5 )y

(93)
Matter content.—It is the same content expressed in
Table VI, but the generators of A, are taken to be
expressed in the (B’ = {S’, T'}) basis. Note here that

(DI ® D.);, = (D], Dy +Di.Dy,.D}.Dy,
+ D{eDLT’ D{eDL;l + D{yDLe)T
(94)

transforms as 3*.
Neutrino mass matrix.—With the Lagrangian

L >3 Y[(D],City,A\Dy + D,C ity A Dy )
+ (D7,ClityAy Dy + D C7lity Ay D)
+ (D7, C ity A3Dy, + DT, C™l ity AsDy, )]
+Y'[-D[,C ity AyDy, + DI, Cl ity AyDy,
+ DI Clit,A4Dy ] (95)

we get, upon acquiring small VEVs for A?,i =
1,...,4, the characteristic constraints (—M,;; =
M, = M 33 =). Note that the Y term represents
the trivial singlet expression in Eq. (93), using
Eq. (94), whereas the Y’ term represents the trivial
singlet expression of Eq. (91).

By giving appropriate values to the four VEVs

(A?,i=1,...,4) and to the two couplings (Y, Y),
one can reconstruct the mass matrix of normal type
[Eq. (36)] leading to the spectrum of mixings of
Eq. (35), or of inverted type [Eq. (38)] leading to the
spectrum of mixings of Eq. (37). Thus, we have built
an explicit A,-flavor model which predicts the
masses, mixing angles and CP phases. Moreover,
one should mention that for type-II seesaw, the
Yukawa couplings (Y, Y’) are of order unity and
the four VEVs (A?,i=1,...,4) are quite small
compared to the electroweak scale due to the heavy
triplet mass term.
Charged lepton sector.—Note that if D, transforms
under (B’ = (§',T')), then D;; would transform
under B = (8", T'*). Hence, with the expressions
representing the singlets of Eq. (93) and the rule
1" ® 1”7 =1 (cf. Appendix C), the Lagrangian

L3Y(Dy.eg+ Dyyug + Dy.tr)
+ Y>(Dpeg + @Dy g + @*DyytR) s

+ Y3(Dpeeg + @*Dyypg + oDy, tr)ds  (96)
leads, when ¢); acquire a VEV, to a diagonal charged
lepton mass:

M, = diag(Y((¢1)o + Yald2)o + Y3(¢3)o
Yi{1)o + Ya0(h2)o + Y30 (h3)0. Y1 {d1)o

+ Y20% ()0 + Ys0(h3)o)- (97)
The charged lepton matrix has enough free param-
eters {Y;, (¢;)o} to produce the observed mass
hierarchy.

The method elaborated above allows us to move from
any realization imposing a texture involving equalities, to
another realization leading to the corresponding texture but
with equalities replaced by antiequalities. Moreover,
switching indices, say 1 and 2, allows to move from the
texture under study, which is viable even when the strict
lower bound of X > 0.09 eV is taken, to that characterized
by (M, = —-M,, = M,33) which cannot accommo-
date data.

B. S4-non-Abelian group realization of the texture
My11=-M,y; and M,33= -

We proceed now with a realization based on the non-
Abelian group S, leading to a texture with two vanishing
subtraces, where the related elements do not lie all on the
diagonal. For completeness, we summarize the irreps of
(S,,n=1,...,4) in Appendix D. Although the realized
texture is unviable vis-g-vis data, however by switching
the indices (1 <> 3) one has a realization model for the
viable texture (Mb33 = _My2] and My” = —Myzz) WhiCh,
as we saw, remains viable when the lower bound of X
reaches 0.2 eV.

122)

1. S, bases

The symmetric group of order 4 has two generators, and
can be defined minimally as

Sy ={d.b:d* = b’ =1,db*d = b)

=(T,S:T*=8>=(ST)> =1), (98)
leading to dbd = bd*b from the first minimal definition,
and to (T'S)* = 1 from the second one, and where one can
take (T = d, ST = b) linking the two sets of two gener-
ators. S, has five inequivalent irreps (1,1’,2,3 and 3'). In
Appendix D 3, we stated the expressions of the generators
in a certain B basis. As was done in the previous subsection,
and in order to flip the sign in the texture, we carry out a
similarity transformation to go from the B basis to another
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basis, call it the B basis, where the symmetry assignments

b —ayb,
for the matter fields will be given, and where the texture of a bl | =B “lab
the mass matrix is of the required form. We choose to do a ), ® | b2 - 2 B1P3 T
this only for the triplet irreps with similarity matrix. given b ¥ _§a1 b, + %Clz by /),
by U = diag(1,—1, 1), whereas the doublet, and evidently b
the singlets, will remain the same. Thus we have “o
[d(/'”), b(/,//) refer to 3(3/’ 2)] [Cf. Eq. (D25)] @ —‘/7§a2b3 —%Cllbz s (104)
—‘/T§a2b2—a1b3 3
d = U'd,U = diag(—1,—i, i),
I o[
e 1 - a ® | by = (a\by —ayb3 —azb,),
b=UbLU=|7% 7 1 | (99)
as b3
A1 =i i 3(3) 3(3)
V2 2 2
o arby +3(azbs + asby)
3 (ayby + azh
- 5 (ayby + azbs)
d = U'd,U = diag(1,i,—i), 2
0 \‘/—’5 \_/_IE azby —as by
y=uvbu=|% 3 1| (100) ® | —arbs—ash
L= i ayby +asxb, 3
V2 2 2
—a3b2 +a2b3
@ Clzbl —Cllbz s (105)
&' = dj = diag(1, -1), GLERLIN
- 1f-1 =3
b =bl== . 101
1 2 (\/g _1 > ( ) ap bl
ay | @ | by | = (a1by —ayb; —a3by)y
as b3 ,
One can then check that the following “symmetry adapted 3 3
linear combinations” (SALC) multiplication rules are valid /3
in the adopted working B basis: ® %y (azby + asbs)
—aiby — 5 (aybsy + azb,)
2
ai by
® = (a1by + azhy)y @ (a1, — asby)y —a3by + axbs
az /2 by /»
® | axby —aib,
by —ab
@ arby aoy (102) a1b3 _a3b1 3
(llbz + Cl2b1 2
azbs —axb,
@ —Cllb3 - (l3b1 . (106)
b, ab, arby +aby |
a
l) Q| by = —\/75021%—%01[72 . . . .
a, ), b 7 Noting that v* transforms according to the irrep D* provided
3/ 3 =5 by —a\bs /4 v~ D(i.e.v = Dv), which gives v — v'D", and observing
—ayb, that taking trace and taking conjugate commute, which leads
N . to D being equivalent to D* for S, where the corresponding
® | — 5 abs+3ab; , (103) character table is real (cf. Table X), we state for complete-
V3

—ab, + % arbs | 4 ness the mles inyolving conjugate irreps, stressing'the fact
that the singlet in, say (3 ® 3), changes upon conjugation
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from (a by —ayb; — azb,) to (ajb, + a5b, + ajb;) in

3 ®3) i !
‘ as | ® | by | =(ajby + a3by + ajbs)y
a ). \bs ),
ay bl
<a>lk> ® (b ) = (aTbl —|—a§b2)1 @ (asz - azbl)l/ @ ( —73(613173 + a;bz) )
2/ 2 2/2
a3, — alb, —aib; + 3 (a3b; + asbs)
aib, +ayby /, az03 — a0
(&) a§b1 + ClTb3
—asz—a§b1 3
bl Cl*b] —(13b2 + a;bg,
a*
<ai> ®|b| = _%azb%_*a by | aiby—ash - (1)
2/ 2 * *
b3 3 —%Qsz Fa b3 3 _a1b3 +a2b1 3+
—a2b1
@ | —Laibs+iash, | . (108)
—Barb, +1ashs ) 4 . .
al 1 * 1% * 1% * 1% * %
( *> ® <b*> = (aib; + aibs)y @ (ajbs — a5b7)y-
ay/ » 2/ 2
ayby —ayby
—a'b o 112
) b, 201 (a*{bj%—a;b’f) e
a; \/_ 1% ¥
< *> [139] b2 = - bg+ a2b2
dz 2+
by ), —§a1b2+%a;b3 R
a*bl
® | —Lazby—Lath, | . (109) ) b; ayby
a
~ash,~Laibs ) 4 (%) ®|bs| =|-Labi-laib;
2* * * 1% a‘br
b3 3 —%azb -1 103/ 5
—aib’f
a by ® | —aibi+iasby | . (113)
aj ® | by = (ajby +a3by +a3bs), ~Batbs+iazby ) .
az /) 33 bs 33)
aiby—3(a3b, +a3bs)
@ 3/ *
T(“zb3+a3b2) 2 "
$by+azb i o
—a a i
NS D) el = | —Laby+iaghs
@ | ajb,—a3b, a ), b 7 |
—a’l‘bg—i—a;bl ’ 3) 3+ —Ta b +5 azb 3
3 *b*
a§b3—a§b2 V3 o«
——a b*—— 1D} , (114
®| aibstapy | . (110) ® A e
—ajby—aib, 4 Bashy—3aibi /) 5.
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* *
a; bj
* * _ * 1% * Lk * Ik
a ® | b3 = (ajbi—asb3—azbj),
* *
* % 1 * 1o % * %
(alb1+§(a2b3+a3b2)
\/§ * Ik * Ik
T(a2b2+a3b3) 2+
* ok * Ik
asby—a3b;
* % * Lk
® | —aibi—a3b]
* Ik * Ik
aibs+a;b; 3
—azb; +asb;
* Lk * Ik
@ | aibi—aib} , (115)
* Lk * Ik
ayby—azbi 3
* *
a bi
* * _ * 1ok * Ik * 1ok
a, ® | b3 = (ajb; — a3b3 — a3b2)1/*
* *
a3 J 5. by 3

( B3 a3y + a3b3) )
—aib; = (ash; + ash3) / .

* Ik * ok
—a3bs + asb;

® [ axbi —aibs
aiby-ash; ) |
asb; — a3b}

@ | —ajb; —asb} (116)
aibs +asbi )

2. Type-1I seesaw matter content

We present now a type-II seesaw scenario leading to a
neutrino mass matrix of the required form. The matter
content is summarized in Table VII.

The Lorentz-, gauge- and S,-invariant terms relevant for
the neutrino mass matrix are

L3 2(D1€r1 + Dpalry + Dialrs) s

TABLE VII. Matter content and symmetry transformations,
leading to texture with two antiequalities. i = 1, ..., 3 is a family
index.

Fields Dy, A Ay Cre b u b P

su@, 2 3 3 1 2 2 2 2
S 3 3 1 3 1 2 3 3

E > Y(DLC‘I iTzDLl _DZZC_I iTzDL3 —DZ?’C_I iTzDLz)A4
+ Y’[(D&C‘l iTzDL3 —D{ZC_I iTZDLZ)Al
+ (DL, ClityD 3+ DI Cl ity Dy ) Ay

—(DI,CityDy» + DY, C ity Dy ) A, (117)
The Y(Y’) term picks up the singlet (triplet) combination
from the product of the two triplets (D{’_ and D;)
[Eq. (105)], before multiplying it with the Higgs flavor
singlet A, (triplet A;). We get, upon acquiring small
VEVs for A?,i=1,...,4, the characteristic constraints
(My33 = =M, = Y'(AD)) and (M1 = =M 53 = Y(AQ)).

3. Charged lepton sector

In constructing the charged lepton mass matrix M,, we
did not find a way to construct a nondegenerate diagonal
mass matrix. However, we can build a generic mass matrix
and impose suitable hierarchy conditions in order to
diagonalize M, by rotating infinitesimally the left-handed
charged lepton fields. This means that, up to approxima-
tions of the order of the charged lepton mass-ratios
hierarchies, we are in the flavor basis, and the aforemen-
tioned phenomenological study is valid, especially that,
after all, these corrections due to rotating the fields are not
larger than other, hitherto discarded, corrections coming,
say, from a radiative renormalization group running from
the seesaw high scale to the observed data low scale.

Noting that D, ; transforming under (D) implies that D ;
would transform under D*, one can use Eq. (110) of the
product (3* ® 3) and get output irreps of (1), to be multiplied
by a Higgs flavor singlet ¢b;, and of (2), to be multiplied by a
Higgs flavor doublet ¢;; [cf. Eq. (102)], and of (3*), to be
multiplied by a Higgs flavor triplet ¢;;; [cf. Eq. (110)], and
finally of (3'%), to be multiplied by another Higgs flavor
triplet ¢;;p [cf. Eq. (110)]. The relevant Lagrangian is

. 1, - - 3 . _
+ | D lridu, — 3 (Dp2lro + Distrs)bir, — g (D2l + Dislra) b,

+ 3[(=D13Cra + Dol r3) i, + (Dpilra — Dpslr1)drr, + (=DpiCrs + Diolri Vi)

+ 4[(Drstrs = Dratra)bur, + (DiiCrs + Dialri)bu, — (Diilra + Dislri)bur ).

(118)
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which leads, when ¢;, i € {I, 11,111, III'} acquire a VEV, to
a charged lepton mass:

{0 O 0
My=M0| 0 (d)y O
0 0 (o
{@11,)0 0 0
) 0 —3 (b1, )o —\/7§<¢112>0
0 ~Lldw ~1bu)o
0 (bur)o —(Dur)o
+ 4| (Dun)o 0 (Di11,)0
—(bur)o —{bur)o 0
0 —(bur)o  (bun)o
+ 25| (bur)o  —(bur)o 0 (119)
—(ur,)o 0 (D11 o

We state now two ways to get a generic M.

(i) We assume a VEV hierarchy such that the first
components are dominant and comparable ((¢;), ~
(qﬁ,,l YoR <¢1111 YoR <¢”1’| )o=~ v, whereas other VEV's
can be neglected). We do not study the Higgs scalar
potential, but assume that its various free parameters
can be adjusted to lead naturally to this assumption.
This leads to a diagonal M :

1 1
Merdeiag<ﬂ.1 +j.2,)~1 —522—},3,11 —5/12 +/lg>
(120)

The mass matrix is approximately diagonal with
enough parameters to produce the observed charged
lepton mass hierarchies by taking

1
m, & (A4 + A)v, m, & (/11 —5/12 - g) v,

1

Thus, we are, up to a good approximation which can
be adjusted to be of the order of the mass ratio
<1072, in the flavor basis. The effect of the “small”
neglected nondiagonal terms is to require rotating
infinitesimally the left-handed charged lepton fields,
leading thus to corrections on the observed Vpyg of
the same small order 1072,

(i) Looking at Eq. (119), we see that we have nine free
VEVs and four free perturbative coupling constants,
appearing in nine linear combinations, a priori

enough to construct the generic 3 x 3 complex
matrix. Thus, M, can be cast in the form

a’ aa ab ac
My,=|b" | >MM,=|ba bb bec |,
e’ ca c¢cb cec
(122)

where a, b and ¢ are three linearly independent
vectors, so taking only the following natural
assumption on the norms of the vectors,

lall/lle]l = m,/m, ~3 x 107,

Ibll/llell = m,/m, ~6x 1072, (123)
one can diagonalize MfM; by an infinitesimal
rotation as was done in [8], which proves that we
are to a good approximation in the flavor basis.

VII. SUMMARY AND CONCLUSION

In this study, we carry out a systematic study of the
Majorana neutrino mass matrix characterized by two 2 x 2
vanishing subtraces. In light of the recent experimental data
for oscillation and nonoscillation parameters, we update the
results of the past study [17]. We introduce the analytical
expressions for A and B coefficients as given by Eq. (15),
and the leading order term in s, for the neutrino physical
parameter R,. Moreover, all full correlations, resulting from
the full numerical analysis taking all experimental con-
straints into consideration, are very well approximated by
exact correlations assuming ‘“zero” solar-to-atmospheric
ratio R,, and in many cases they even do not deviate much
from correlations resulting from roots of the leading order
of R,. This helps in studying analytically the 15 textures
and justifies their viability to accommodate data. Actually,
the two vanishing trace conditions put four real constraints
on M, thus we have only five free parameters correspond-
ing to the three mixing angles (0, = 0,0, = 03,
0, = 0,3), Dirac phase 6 and the solar neutrino mass
difference 6m?. In contrast to [17], we vary the five
parameters in their allowed experimental range and check
whether or not the texture satisfies the bounds of |Am?|
besides those in Eq. (9). We find that only seven textures
out of the 15 can accommodate the experimental data with
only one case viable at both hierarchy types. We notice that
neither m, for normal ordering nor m; for inverted ordering
does reach a vanishing value. Therefore, there are no
signatures for the singular textures for all cases at all o
levels with either hierarchy type. We find the phases &, p
and o are strongly restricted at all ¢ levels with either
hierarchy types. We present 15 correlation plots for each
viable texture for both hierarchy types (red and blue plots
correspond to normal and inverted orderings respectively)
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generated from the accepted points of the neutrino physical
parameters at the 3-¢ level. Moreover, we introduce M, for
each viable texture for both orderings at one representative
point at the 3-¢ level. The point is chosen to be as close as
possible to the best fit values of the mixing and Dirac phase
angles.

Finally, we present the symmetry realization for the two-
vanishing traces texture, irrespective of whether or not it
was accommodating data. We present two examples based
on non-Abelian groups. The first one uses the alternating
group A, within the type-1I seesaw scenario to realize a
texture where the defining elements lie on the diagonal. The
second example uses the symmetry group S, to find a
realization, within type-Il seesaw scenario, of a two-
vanishing-subtraces texture where the elements defining
the texture do not lie all on the diagonal.

We have not discussed the question of the scalar
potential and finding its general form under the imposed
symmetry. Nor did we deal with the radiative corrections
effect on the phenomenology and whether or not it can
spoil the form of the texture while running from the
ultraviolet scale where the seesaw scale imposes the texture
form to the low scale where phenomenology was analyzed.
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APPENDIX A: FAILING TEXTURES

We list now all the unviable eight textures, where, for
each texture, studying the roots of (m3; —m?;) gives a
justification for the failure to accommodate data.

1. Texture (C33,Cy3) =
A and B are given by

(Mo +M,,=0.M,, +M,,=0)

—i6)2

Ay = c3c? + (—cysys, — )°,
Ay = sl 4 (=5,8,5, + cycpe” 5)2, Ay = 5T+ s3c3,
+ (- )
?)

B, =2 CySyS, — TO)(—cyeys, 4 Sesye770),
B, = s2c +(sss + cycpe™)(=s.cy5, — C 5,077,
By =52 +s,c,c2. (A1)
We find

2 » _ S(1=2/1)
My3 — My3 = (1 +s,) + O(s.).
We find that % >1, VO, € [41°,51,3°] implying
m, < my, and this result W111 not be changed by including
higher order terms, or by taking the exact result. Actually
the exact result gives always (m3; — m3;) as negative and
of order unity. Thus, we deduce that this texture is excluded
experimentally.

2. Texture (C117C23) =
A and B are given by

My, +M,=0.M,, +M,,=0)

Ay =cls? +52e7 Ay =822+ c2eH0, A=l

R sxcye_"s)(—cxcysz +5.8,67°),

By = s2c2 + (=s,8,5, + c,cye ) (=s,cp5, — C5,€770),
By =52 +s,c,c2. (A2)
We find
€3 S 859CoruCs(—1+5y0)s
iy = iy = 22y SO s |y (a3

Cox Cox

We find that at order O(s.), we have (m3; —mi; > 0).
However, we checked that by including the order O(s?), the
sign would be inverted (m3; — m?; < 0), such that higher
orders, indeed the exact result, will no longer change this
sign. So, the texture is excluded experimentally.

3. Texture (Cy,,Cy3) =
A and B are given by

(Mee +M11=0’Mee +M1ﬂ =0)

CyCyS, + 8,5,e77%)?

S, — Cy y —t§)2

S, = SyCye 0) (e eys, + s,5,e70),

Al = Cxcz

’

2 22
A, = s2c2 + 5.Cy Az =57 + ¢z,

(=

(=
Bl - Cxcz ( sty

(=

B, = s2c2 + 5,SyS. + cyCye l§)(—stySZ - stye‘ifs),
B; = S% + 5y c (A4)
We find
cy(1-21)
miy — miy = + O(s,). (A5)

SZCQX(I + SZx)

We find that 27, >1, V6, €[41°,51,3°] implying
m, < my, and this result will not be changed by including
higher order terms, or by taking the exact result which
shows that dm? is negative and of order unity. No zeros
were found for the (m3; —m3;) expression. Thus, we
deduce that this texture is excluded experimentally.
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4. Texture (C33,Cyy) = (M, +M,,=0.M,, + M, =0)
A and B are given by

Ay =c2c2+(—c,sy5,—5,0,677°)2,

Ay=sici+(=ssys,+ccpe )2 Ay=sl+sic2,

By =c2s?+52e7%0 B,=s2s2+cle™¥, By=c?. (A6)
We find
‘3
myy — miy = C_zy + O(s.). (A7)
X

We find that the (m3; — m?;)-leading term is positive but
of order unity, for all the allowed values of (6,, Qy). This
fact remains intact in the case of the exact result for the
(m3, — m?;) expression, such that there are no zeros for this
expression for all allowed (0., Hy, 0..6); whence, the
texture is excluded.

5. Texture (sz,cll> = (Mee +Mﬂ. =0, M”” +M‘m’ =0)
A and B are given by

Aj=cic2+(—ccps,+5,5,67°)2,

22 —i5\2 _ 222
Ay =syc;+(=sycys,—cps,e70)%, Ay=s7+cjcs,

By =c2s?+52e7%0, B,=s2s2+cle™¥, By=c?. (A8)
We find
53
y
myy — miy = g + O(s.). (A9)
X

We find that the m3; — m?;-leading term is positive but
of order unity, for all the allowed values of (6,, Qy, 0..0).
This fact remains intact in the case of the exact result for the
(m3, — m?;) expression, such that there are no zeros for this
expression. Actually, for the exact result we have

2 2 Num(m% - m%3) .
ma3 m13—D (m2y —m2y)
en(m3; — mi,
Num(m3; — miy) = —4cte (cic? - cy,)
x (_Cyc2x + S2xszsycé)' (AlO)
The zeros of (Num(m3; — m3,)) give ¢ = —— > 1 for all

1y12,S-
acceptable values of (0., 0,, 6.). Thus, the texture is
excluded phenomenologically.

6. Texture (Cy3,Cy;) = (M, +M,,=0.M,, + M, =0)
A and B are given by

_ -is
Ay = cpe (—cysys, — sccpe™)

+ (—cy8ys, — s,cpe70) (—cyeys, + 5,5,677),
Ay = s,¢,(—5,8y8, + ccpe™)
is

)(=sycys, — cp5,e7),

+ (=585, + cycpe” Sy

— 2
Az = s.5y¢, + syc5Cy,

By = ¢, (=c8y5, = 5,cye™?) + (—ceys, + s,5,670)%,

xCy
By = 5,.(=5,5,5, + €, ™) + (=565, = c,5,6 )2,
B; = syc.s: + cie. (Al1)
We find

4 2.2

385y, 85.(1 —1,))cs — ci85¢
ity =ity = 2L =0 = Een oy (a1g)

stcisici(1 4+ s,y)

We find that the zeros of the m3; — m3;-leading term
2

7&,%?1—:» & [-1,+1]) for acceptable

(6, 6,), and so there are no zeros at O(s.). Actually, we

could find by scanning over allowed values of (6., 0,, 0., 6)

that (m3; — m}; < 0). Thus texture is rejected.

should satisty (c5 =

7. Texture (Cy3,Cy;) = (M, +M,,=0.M,, + M, =0)
A and B are given by

Ay = c e (—cysys, — s,cpe770)

+ (—cy8y5, = s,cpe7 ) (=cpcys, 4 5,8,679),
Ay = s,¢,(—8,8y8, + c ™)

+ (=5,8y5, + ¢xcpe™0)(=s,cy5, — Cp5,e77),

— 2
Az = 5.5, + syczcy,

_ 2.2 —i5\2
By = cyci + (—cxeys, + s,5,670)2,

B, = s2¢2 + (=s,c,5, — c,5,67%)%,
B; = s+ cic2. (A13)
We find
2 _ Num(m3; —mis) |
M3 = M3 =4 2 _ 2"
en(ma; — mi3)
Num(m3; — mis) = =2c.(cjc? = 57)[s2.8,(c257 + )5
+ 8,5,82,Ca,]. (Al4)

The zeros of (Num(m3; —m?;)) give, when plugged in

mp3, M3, the approximation (m;3 = my; = 1). As men-
tioned before, this leads to rejection of the texture. This
comes because we have at these zeros a degenerate
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spectrum (m; & my & m3), and so m3 —m} ~mj —m3,
mz—mz . . .

3s—1 =~ 1), which is rejected.
m

thus forming (R, =~ i
8. Texture (Cy3.Cyp) = Mo+ M, =0.M,, +M_ =0)

A and B are given by
_ 2.2 -is —is

Ay = cie; + (—cysys, = s.cpe™)(=cpeys, + ses,e77°),
_ 2.2 —i —i

Ay = 52¢2 + (=5,8,5, + c e e”) (=505, — . 5,e770),
_ 2 2

Az = 57+ sy¢,c2,
_ —i —i5\2

By = cyc (—cysys, — s.c,e70) + (—cycys, + 5,5,679)2,
- —is —id)2

By = s5,c,(=5,8y5, + cyce™) + (=s,0y8, — cy5,e7°)%,

B; = s,c,5, + cicl. (A15)
We find
Num(m?2, — m?
m%3 _ m% _ (m23 mis) |

Den(m3; — mis) -

Num(m3; — miz) = (57 — czc5){sa[c3 (5 — 53)

—s.c2(1=3sy¢,) — cay(cy + 5,)c,
- SZSZy]CzS — Cox {03(46‘3 - 2)

+ 5,50, (8y +¢y)c, — ¢]} (A16)
The zeros of (Num(m3; —m?;)) give, when plugged in
mys, Moz, the approximation (m; ~ m, ~ ms), which—like
the previous pattern—is rejected phenomenologically, as it
cannot accommodate a “small” value for R,.

APPENDIX B: MAJORANA PHASES

We state here for each of the viable patterns the leading
orders, in powers of s, of the Majorana phases, up to
multiples of /2. Any constraint on (6., 6, and §) stemming
from meeting the acceptable value of (R, ~ 107%) would be
reflected as a constraint on p and o.

(i) Texture (Cy,, Cs3)

p= ltan‘l 732‘5&2‘
2 1 —2s2s3

) + O(s,),

_ Lt _SaCi +O(s,) (B1)
=3 1 —2c2s3 i)
(ii) Texture (Cy,, C»)
p= ltan‘1 <@> +O(s,)
2 PD3 o
1
o =—tan! <—0N3) + O(s,), (B2)
2 op3

(iii)

@iv)

035017-33

where

1 1
PNy = 45,85 [( <c,3 + 4> c§ - c§ - 2> cycfc

1 1
— Esxs%(cg —2)csc? + (cysf,cg +3 cy> Cc,

1

2
_ ESXSyC&:| .

on3 = 255 [( T —=3c2 +2)cs0l

1
- <<2c§ + E) i —2c3 - 1>sxcyc)2(

—syese, — ;sxcys)z,] ,
pp3 = [c2s¢y 4 2(1 = 3¢3) ey + 2cp5]cy
—4s.cy05 {(cﬁ - % ;- cg} cl
— [cascy + (3 —8c})cs + 3cps)c?
2
p3 = [cz,;cff, +2(1 - 3c§)c§ + 2ca5)c3
—4s.cy¢5 {(cﬁ - % ;- cg} c2

— [casch + (1 = 4cj)cs + casley

1
+2s.¢y¢5 {czﬁcg — 2c§ +—lc, + cz,ssf,

(B3)

2
— 5,85CyCs.

Texture (Cy;, Cy3)

_[(eveay —2s.c0c5)s5
tan 1[ -~ + O(s.),
CxCoyCs — SxCyCos
—1 |:(ch2y + 2CnyC5)S5
§,CoyCs + CxCyCo5

p:

(B4)

]

2
L
°73

] + O(s,).

Texture (Cs3, Cy2)

(B5)
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where
_ 2.5 3 2.2\ 4
P2 ==58,C,Cs[25 i35+ (x4 sics)cy

=25, (corFc2)esest ey (si—cl)+2s,00.0,5),

Ony =2¢,Cy85 [(cg -3¢ 42¢,)cics

1 1 1
+2s, (c‘y‘,cg —Zc;‘, —I—Z> c2— cys;‘c,;cx —gsxs%y] ,

1 3
Pp2= _ZS%XCZEC?‘ +82:Cs { (2(3(% _§> - 025] c

+[(—6¢5+8)ci+ (8¢5 —T)ci—caslcy

1
+§S2x05(1 —40)2:)03 [(4c5-9)cy

1
+(=6¢3+7)ct+cp5)c? +§S2x(czx+c;2c)c(scy
+C)2cc2x’

opr =[(2¢§—6¢} +4c3)c—cS+8c)—9c3 +2]cy

3
4.2 4_ 2 3
+4sccycs cycé—é—‘cy—cy—l—é—1 cy

+[(=2¢§+4ct—2¢2) e+ ¢S —9¢)
+11ci=3]c24cys,c5(cy 433 —2)c,
+2ct-3c2+1. (B6)

(V) Texture (C33, C13)

2 Pp1
1

o =—tan"! (@) + O(s,), (B7)
2 Opi1

where

PNt = SySe8s[sy (=1 4 3 (c5 4 2)) = sacc5cs),
pp1 = (cascy —2¢355 — 4¢3 +3)cy

- SZxC)zcsycé(l - 63025)

+ ci53(c5 + 3)cas — €258, (8 + $2,C5¢5),
oyt = Sascileres (1 = 53¢3) = cop + $2c8,65¢5),
op1 = (co5¢y — 2¢253 — 4ck + 3)ct

- Szxc)zcsycé(l - 05025)

— (cas€y = 2¢2 = 2¢3 + 3)c?

-+ Sy(Sy + SZXC(‘F)’ (Bg)

(vi) Texture (C;;, Cp3)

1 ss(s, — 1,
p =gt [ 28] o

2
$2x8yCs — SxCas

ltan‘l |:2CXS5(C5 + txsy)

== . B
) 25,5,C5+ cxczé] +0(s2) (B9)

(vii) Texture (Cy3, Cyp3)

1
p = —tan”! <pN4> + O(s.),

2 P4
1
o= —tan™! (%) + O(s,), (B10)
2 Op4
where

1
_ 2.2 2.2
Pna = 45,5,85 [—sycxcysxc5 + Esxsy(cxcy — Coy)Cs

1
+ Zcx(syc?ccy + si)} ,
302 2 2 ]
Ong = 28,85 | | ci(ey —2)cs — 25,50y | €5 + 1
2 1 L,
+ cpsyes + Esxcy Sy + Esxcx ,
pps = —4s ey sisicd + 25352 (el — ¢a,)C}

+ s.C.[s2s, — )52 (c2 = 2)]es

+ s2[c2cy + (1 =3c2)ci — sy ciey + o,
ops = [sy¢, + (¢f =3¢+ 2)cos)ch
— 5.Cslsy — ¢ys3(4e; —1)]ed
= [sy¢y + (cf —2¢3 4+ 2)cas)cy

— 5,C,53Cs. (B11)

APPENDIX C: A4-IRREPS

A, is the group of even permutations of four objects. It is
defined in terms of two generators (S, T') such that

§?=T3=(ST)} =1, (C1)

leading also to (T'S)* = 1. It has four irreps (1, 1/, 17, 3)
G 1:85=1,T=1
) 1"S=1,T=w:0’=1
(ii) 1”: S=1,T = &*

1 0 0 01 0
(iv) 3:5:(0 ~1 0>,T:<0 0 1)5(123).
1 0

0o 0 -—
We have

'e1r=1,1"1'=1, 1"®1"=1,191=1, (C2)
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33=101'01"®3,03,: (C3)

(¥, X2 x3)"® (1, y2 ¥3)'
= (x1y1 + X202 + X353 )4
@ (x1y1 + @*x29; + 0x3y3 )y
® (x1y1 + ©x2; + 0 x3y3 )y
@© (X2y3 +X3y2, X3Y1 +X1V3, X1V2+Xoy1 )
® (

X2Y3 —X3Y2, X3Y1 —X1Y3, X1Y2 X2 )3Ta (C4)

APPENDIX D: S,-IRREPS

The symmetric group of order n, S, is the group of
permutations of N, = {1, ...n}. It is of order n!, and for
n > 3, it is non-Abelian. Any permutation can be decom-
posed as a product of cycles with disjoint supports, which
in turn can be decomposed as a product of transpositions.
S is the trivial group consisting of just one element. Any
group G is divided into conjugacy classes according to the
equivalence relation (a ~b < 3¢ € G:b = c 'ac). The
number of equivalence classes is equal to the number of
inequivalent unitary irreps, which is depicted by the
corresponding character table showing, for each irrep D,
listed in upper line of the table, and each equivalence class
C, listed in the leftmost column of the table, the trace
(xp(g)) of the irrep D evaluated at one representative
member g of the class C.

In order to construct, for a group G of order ng, the
character table, for n, classes (the class sC;, = [g] includes
s elements g all of order h*) and n, inequivalent unitary
irreps (the number of inequivalent unitary n-dimenional
irrep D,, is m,,), one usually uses the following rules:

n. =n,, Zmnn = ng. (D1)
neN

E )Ca(a))(ﬂ(a) - nG5aﬂv (DZ)

acG
> dala)ra(b card[ ]5[ a)[b)» (D3)

a€irreps
Xagp(9) = Xa(9xp(9). VgEQG, (D4)
D= @ mea=m, Z—Z;{a p(g),  (DS)
a€irreps G 4eG

*The order of an element g is the order of the subgroup generated
by this element and is equal to (min{n € N\{0}:¢" = 1}). Fora
permutation written as a product of disjoint cycles, the order is the
least common multiplier of the cardinalities of these cycles’
supports.

(D6)

Pup = xi(9)9.¢

geG

The “orthogonality” relations [Eq. (D2)] means that the
columns of the character table are orthogonal and that the
inner product of each column with itself is the cardinality of
the group. Since the product of the character table matrix
with its conjugate is a scalar matrix, then the rows of the
character table are as well orthogonal with squared-norm
equal to ng [Eq. (D3)]. The “direct product” rule [Eq. (D4)]
gives the character for a direct product of irreps, whereas
Eq. (D5) gives the number m, the irrep a appears in the
decomposition of the reducible representation D. In order
to find the linear combination corresponding to a given
symmetry characterized by an irrep, or what the chemists
call the symmetry adapted linear combination (SALC), one
uses Eq. (D6) which gives the projection of the “basis
function” ¢ onto the subspace transforming under the
irrep a.

1. S,

It has two elements: the identity E, and the transposition
A = (12), with A% = 1. We have two classes: (1C, = {E},
1C, = {A}). There are two singlet irreps (1,1’), with
character Table VIII.

Taking (x,x,)7 as the defining (fundamental)
representation  transforming under (E = diag(1, 1),
A= (12) = (%})), then applying Eq. (D6), we find

)Cl + .X'2 ~ 1
X1 —Xp ~ 1/. (D7)
2.8;3

In terms of cycles’ notation, we have the six-elements
symmetry group of order 3: S;={FE,A=(23),B=
(13).C = (12),D = (132), F = (123)} which can be di-
vided into three classes (1C; = {E},3C, = {A,B,C},
2C3 ={D,F}), so we have three unitary inequivalent
irreps, and by applying Eq. (D1),

Zmn:& Zmnn2=6=>m1 =2, my=1.

nenN nenN

(D8)

Applying Egs. (D2) and (D3), we have the character table
of S5 (Table IX).

TABLE VIII. Character table of S,.

Classes/irreps X1 1
1Cy 1 1
1C, 1 -1
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TABLE IX. Character table of Ss.

Classes/irreps X1 xXr X2
1C, 1 1 2
20, 1 1 —1
3C, 1 —1

One can apply Eq. (D6) in order to find the SALC, but,
sometimes, it turns out to be more illuminating to inves-
tigate directly the irreps. Concretely, if one takes the
defining 3-dim representation of the permutations acting
on (x;, x5, X3), then one can check that its character values
for the three classes (1C;,2C5,3C,) are respectively
(3,0,1) which, by applying Eq. (D5), gives 3 =1 & 2).
Now, one can see directly that the combination W =
(x; +x, +x3)/+/3 is invariant under all permutations
expressing, thus, the irrep 1. The corresponding orthogo-
nal subspace, spanned by, say, (V = (x3 —x,)/v/2, and
W = (x, + x3 —2x,)/V/3) is also invariant under the
action of the permutations representation, which gives
the SALC for the irrep 2. The symmetry group Sj is
generated by two elements, like (A,C) or (B, F). In the
space (V, W) spanned by the basis (V, W), we have

A= ( : 0), c:1< ! ﬁ). (D9)
0 1 2\Vv3 -1

We see here the advantage of taking (A, C) as generators
since both belong to the same conjugacy class, having
thus common character, and that A is diagonal in the basis
(V, W), which makes its action evident. For example,
if we take two defining irreps on (V, W) with four linear
combinations,

(X1 x)"~2, (y1.y0)" ~2:

Ly = (xy1 +x22), Ly = (x1y1 = x2)2),

Ly=(x;y2+xy1), Ly=(x;y2—xy), (DI0)
then we have
L, L) =L, ~1,
(LA L) = Ly~ 1,
A(C
(Ly, L) “CA(C)(Ls, L))" = (L, L) ~2. (DI1)

Moreover, if we assume y’ ~ 1’ then it is immediate to
check that (y'x,,—y'x;)T ~2 so we get (1'®2=2).
Similarly, one checks that (1®1~1,17®1 ~1,
'®1~1.1Q2~2).

One could look at the basis (X,Y,Z) as resulting from
applying onto the canonical basis a similarity transforma-
tion defined by the unitary matrix U:

1 9 £
N N
_ 1 1L =1
U=l v % |
1 —1 —1
Vi V2 Ve
100
A =(23)=]0 0 1
01 0
0 0
SA=UlxA™xU=]0 -1 0],
0 0
01 0
com=(12)=|1 0 0
00 1
1 0 0
S C=UxCcomxy=|0 L 21 (D)
0 V3=l
2 2

which shows explicitly that 3 =1 @ 2. Actually, one can
look at (UTgU), ; as the inner product of the ith and jth
columns of the matrix U using g as metric. Another
common similarity transformation, when the generators
are taken as (B, F), is given by U,,:

. 1 1 1
Uy=—7|1 o o |:0=e/3,
V3 2
1l o 0
0 0 1
B =(13)=[0 1 0
1 00
1 0 O
:>B:UI,XBcanwa: 0 0 w],
0 w* 0

0
Fen = (123) = | 0
1

S O =
S = O
N~

—_
o O

S F=U,xF"xU, =

@

(D13)

o o
© 8 ©
)

One notes again that, in this basis, the decomposition 3 =
1 & 2 is explicit. Moreover, since F' is diagonal then its
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action on any defining representation is easy to compute.
Concretely, we have

(tl,tz)TNz,t:X,y =
BF

(X192 + X0y =X Y2 + X2y1) = X1y2 + Xy ~ 1,
B(F)

(X192 = X231 = = (F) (X152 = x231)) = X132 — X0y ~ 1,
B(F)

(xay2, x131)T = B(F) (%22, x191)" = (xay2, x131)" ~ 2,

(D14)

showing2®2=101 & 2.
It is easier in this “complex” basis to find rules involving
conjugate irreps. For example,

(1. x3)T ~25, (v )T ~2 =

B.F * * * *
(xTyl + X5y, = X1y +x2y2) = xjy; + x5y, ~ 1,

* * B(F) * * * *
(Xiy1 = x5y = = () (X]y1 = x5y2)) = xjy; — x50, ~ 1,
B(F)
(x1y2. 591)" = B(F)(x}y2. x531)" = (x}y2. x501)" ~ 2,

(D15)
showing 2* ®2 =11 & 2.

3.8,
In terms of cycles’ notation, we have the 24-elements

symmetry group of order 4: S, = {a; = e, a, = (12)(34),
as; = (13)(24), a, = (14)(23), by, = (243), b, = (142),

by =(123), by=(134), ¢, =(234), ¢, =(132),
ey =(143), ¢, =(124), d,=(34), d,=(12),
dy = (1423), dy = (1324), e, = (23), e, = (1342),
e3 =(1243), ey, =(14), f1=(24), f,=(1432),

f3=(13), f4 = (1234)} which can be divided into five
classes’

1C, = {e},

3C, = {ay. a3, a4},

6C, ={d|,dy, ey, eq4, f1, [3},

8C;5 = {by. by, b3, by, cy. ¢y, 3, ¢4},

6C4 = {d3’d4962’e37f2’f4}’ (D16)

so we have five unitary inequivalent irreps, and by applying
Eq. (D1),

>One can find the order of a product of disjoint cycles as being
equal to the least common multiplier of the cardinalities of cycles’
supports.

TABLE X. Character table of S,.

Classes/irreps 71 xv X2 X3 X3
1C, 1 1 2 3 3
3C, I 1 2 -1 —1
6C, 1 1 0 1 -1
6C, 1 -1 0 -1 1
8C; 1 1 -1 0 0

Zmnn2 =24 = m; =2,

nenN neN

(D17)

Applying Egs. (D2) and (D3), we have the character table
of S, (Table X). It has two generators, and actually it can be
defined as

S, = (D,B:D* = B3 = 1,DB*D = B),

— (T,$:T* = 2 = (ST)* = 1), (D18)

with the first (second) definition leading to DBD = BD*B
((TS)* = 1). One can take (D = d4, B = b,) for the first
set of generators, or (T = D, S = BD™1) for the second set.
In the canonical basis (x|, x,, X3, x4), the linear combina-
tion (x; + x, + x3 + x4) is invariant under the action of the
permutations representation. Thus, the orthogonal subspace
spanned by

Ax X1t Xy — X3 — X4
Ay | =] xi—x+x3-x4 (D19)
A, X1 —Xp — X3+ Xy

is also invariant. The restriction of the permutations
representation onto the 3-dim A-space is the 3 irrep given,
in this A-basis, by

1 000
0 0 1
00 0 1
bsan = =pm=|[100 (D20)
01 0 1
01 0
0010
0010
-1 0 0
dean 0001 = di 0 0 -1 (D21)
4 0100 4
01 0
1000

whereas the 3’ irrep is given, in an A-like basis, by

035017-37



A. ISMAEL, E. 1. LASHIN, and N. CHAMOUN

PHYS. REV. D 107, 035017 (2023)

00 1 1 0 0
pi=|10 0|, a*=]0 0 1|, (D22
01 0 0 -1 0

and the 2 irrep is

b//A — @ 0 d//A — O
! 0 o)’ 4 1

i2r/3

Do

where @ = e¢'“*/°, and one can compute the corresponding
7CA :dft’ )A,S("”>A: S("")AT<"”)A:b(l’ A in these irreps.

Another common basis is the B-basis given by the
unitary similarity matrices Ugoupiers Utriptet:

Udoublet < >
0
1

V2
0
0

1

0
Utipler = ﬁ 1

, (D24)

i =i

so we have

g =i
0 7% 7
~ T
b, trlpletb Utrlplet = | 2 71 71 s
I
N
dy = mpletd Utrlplet = dlag( 1, -1, i>,
i =i
O % A
T _ | L =i =
b Utrlpletb ?Utﬁplet - V2 2 2 s
1 i i
N
dy = mpletd Uiplet = diag(1, i, —i),

1 -1 =3
21 v3 -1 |

N/ ) 1A _
b 1= Udoubletb lUdoublet -

d//4 = U:rioubleld//ﬁ Udoublet = diag(I’ _1)7 (D25)
and one can compute 7, T.7".8.8.5".

One can find the multiplication rules, as was done in the
previous subsection in any basis. However, we refer the
reader to [20] for the B-basis rules, whereas we state
explicitly in Sec. VIB 1 the corresponding rules in the
B-basis adopted to define the texture and the matter field
symmetry assignments.
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