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Study of neutrino mass matrices with vanishing trace and one vanishing minor
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In this paper we carry out a systematic texture study of the neutrino mass matrix with the Anséitze—(i) one
vanishing minor and (ii) the zero sum of the mass eigenvalues with the CP phases (henceforth vanishing
trace). There are six possible textures of a neutrino mass matrix with one vanishing minor. The viability of
each texture is checked with 3¢ values of current neutrino data by drawing scatter plots. In our analysis we
are motivated to use the ratio of solar to atmospheric mass-squared differences R, for its precise
measurement (and also the atmospheric mixing angle 6,3) to constrain phenomenologically first the Dirac
CP phase ¢ in the range of 0°-360° for a given texture with the solutions of the constraint equations.
Subsequently we employ this constrained § to determine the range of completely unknown Majorana CP
phases (a and /) for all the viable textures. We also check the neutrinoless double beta decay rate |m,, | and
the Jarlskog invariant J,., for the textures. Finally the symmetry realization of all the viable textures under
the flavor symmetry group Zs via seesaw mechanism is implemented along with the FN mechanism to

determine mass hierarchy structure.
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I. INTRODUCTION

The phenomenon of neutrino oscillations, i.e., the change
from one flavor to another has been decisively confirmed by
the results of the neutrino oscillation experiments carried out
for the last few decades. The neutrino oscillation theory
predicts massive neutrinos and flavor mixing. Many neutrino
oscillation experiments [1-5] have entered the regime
of precision measurement of the three mixing angles
(012,053,013) and two mass-squared differences (Am3,,
Am3;). The ordering of neutrino masses is not yet known
but can be probed in the experiments, viz., the JUNO
experiment [6], long baseline experiment with the Hyper-
Kamiokande detector and J-PARK accelerator [7], and
DUNE experiment [8]. The absolute scale of neutrinos is
also not yet experimentally known, but the information
about the upper bounds obtained from the KATRIN [9],
GERDA [10], EXO [11], and KamLAND-ZEN [12] experi-
ments and some cosmological observations indicate the
sub-eV scale.

Theoretical understanding of the origin of such small
neutrino masses and large mixings is a very important
issue to be addressed in the leptonic sector of particle
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physics. In the three neutrino flavor scheme, the neutrinos
are described by a symmetric 3 x 3 mass matrix M, which
is diagonalized by the Pontecorvo-Maki-Nakagawa-Sakata
(PMNS) mixing matrix, Vpyns giving the mass eigenvalues
of light neutrinos. The textures of the effective neutrino
mass matrix have been investigated with different proposals
in the literature, e.g., the vanishing minors [13-19], zero
elements [20-30], equality of elements/minors [31-34],
zero trace [35,36], zero determinant [37], etc., that are
phenomenologically viable in light of the current neutrino
data. Such texture study restricts the possible structures of
neutrino mass matrix and also reduces the free parameters.
From the point of model building, this approach is useful
and economical. Again, the canonical seesaw mechanism
is a simple and theoretically appealing framework beyond
the Standard Model of particle physics to generate tiny
masses and large mixing of observable neutrinos. In this
framework, M, is built from two more fundamental mass
matrices: (i) the Dirac neutrino mass matrix M, and
(ii) the heavy right-handed Majorana neutrino mass matrix
My. We adopt a principle that any texture of M, acquired
is a result of the combined effect of the textures of M, and
M, via the canonical seesaw formula. The lepton sector is
not yet completely known. In the seesaw framework,
neutrinos would be completely described by three masses
(my, my,ms3), three mixing angles (6,,,0;3,6,3), one
Dirac CP phase 8, and two Majorana CP phases (a, f3).
Currently we have the experimental data on two mass-
squared differences and hence the ratio of these two mass-
squared differences R,, three mixing angles, the strength
of CP violation, the Jarlskog invariant J-p, and the
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neutrinoless double beta decay rate |m,.|. Now in phe-
nomenology, the texture study of M, maybe a useful tool
for predicting values of the other unknown parameters on
the basis of currently available data. Such conditions on
M, theoretically indicate some underlying flavor sym-
metry and hence the origin of such textures becomes
important in model building.

In the present work we intend to explore the texture of
neutrino mass matrices with two Ansétze imposing simul-
taneously: (i) one vanishing minor and (ii) the zero sum of
the mass eigenvalues with the CP phases [38]; henceforth it
will be termed as the vanishing trace. The following are the
primary motivations of considering these two Ansétze in
our work:

(a) In seesaw mechanism neutrino mass matrix is given
by M, =-MpMz'ML obtained from the Dirac mass
matrix Mp and the heavy right-handed Majorana mass
matrix My which are considered to be more fundamental.
Now the zeros in M, and My propagate to M, and manifest
as its vanishing minor(s) or texture zero(s) via the seesaw
formula. On the other hand, the zeros in M and My
represent the underlying flavor symmetry that may be
realized by the discrete symmetry group Zy [39,40]. These
Z are a subgroup of the U(1) Abelian gauge group, which
gives a strong theoretical foundation in this approach.

(b) Some of the nonoscillation experiments, viz., neu-
trinoless double beta decay, tritium beta decay end point
spectrum, etc., can measure the absolute mass scale
directly, whereas the oscillation experiments can measure
the mass-squared differences of neutrinos known as solar
and atmospheric mass splittings, and ordering of neutrino
masses. It is also noted that authors in their paper [41]
showed that the traceless condition enabled one to calculate
the absolute masses of neutrinos in the normal hierarchy
(NH) or in the inverted hierarchy (IH) mass pattern from the
current neutrino data.

|
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where (6,,, 6,3, 013) are the solar, atmospheric, and reactor
mixing angles, respectively; o is the Dirac CP phase; and a,
p are the Majorana CP phases.

Now we can recast the neutrino mass matrix in the
following strategic form:

A 0 0
M,=U[0 2 0 |U, (3)
0 0

where A; = my, Ay = mye®®, )3 = m;e* P+ Now using
Eq. (3) any element of the neutrino mass matrix M, can be
expressed as

We have six possible textures of M, each having one
vanishing minor and vanishing trace. Each texture has two
simultaneous constraint equations in two variables defined
from the ratio of mass eigenvalues with CP phases. With
the solutions we plot R, (and also #,3) versus 6 to check the
viability of the particular texture. The 3¢ values of R, and
0,5 either restrict a texture to the subrange of 6 out of the
full range 0°-360° or completely rule it out. Then we
explore the range of Majorana CP phases by plotting a and
p against the allowed range of & for viable cases. The
viability of those allowed textures are further checked in
the light of |m,,| and J.,. The successful textures in our
proposed investigations are subject to the symmetry reali-
zation under the flavor group Zs in the seesaw mechanism
which is further augmented by the Froggatt-Nielsen (FN)
mechanism [42,43] to know the mass pattern.

The paper is organized as follows: In Sec. II, we present
the framework of the neutrino mass matrix having one
vanishing minor and vanishing trace, followed by the
texture analysis in Sec. III. In Sec. IV we have done the
symmetry realization of viable textures. Finally we present
results and discussion in Sec. V.

II. NEUTRINO MASS MATRIX FRAMEWORK

At first we consider the neutrino mass matrix M, as

mp 0 0
M,=v| o m o |VT, (1)
0 0 ms

where (m;, m,, m3) are the neutrino mass eigenvalues and
V is the diagonalizing PMNS matrix with the following
parametrization [44] in the basis of the diagonal charged-
lepton mass matrix:

—id

C13512 S13€
ClaCo — S12813503€"°  cp35p3 | diag(l, e, eiwﬁs))’ (2)
—C12823 — 0235125136"s C13€23
|
3
(Ml/)mn = Z UmiUnili- (4)
i=1

The cofactors of the off diagonal elements of the symmetric
matrix M, can be written in the following form,

Cmn = (_1)m+n((MI/)(m+1,n—l)(MIJ)(m+2,n+1)
- (Mb)(erl,nJrl)(Mv)(m+2.n+2))’ (5)

and that for diagonal elements can be written as
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Cmm = (_l)zm(<MI/)(m+1,m+1)(Ml/)(m+2,m+2)
- <MI/)(m+1,m+2) (Ml/>(m+2,m+1))' (6)

For m+1, n+1>3, we have to take the values
(m+1)—3, (n+1)—3. Here m, n can take values
(1, 2, 3), and [ = 1, 2. Now we impose the condition for
vanishing minor, i.e.,

Cpn =0, Coum = 0. (7)
Solving Eq. (7) we get

mlm2€2iaA3 4 m2m362i(a+/)’+5)A1 + mym, e2i(/)’+5)A2 =0,
(8)

where

Ai - (UijqurkUsk - Utquijkka) + (] < k)’ (9)

here (i, j, k) is a cyclic permutation of (1, 2, 3). Therefore
the two constraint equations are

Az + hAA + 344, =0, (10)

M+ A+ 243 =0. (11)

Considering 4; > 0 and defining X :j—? and Y = j—?,
Egs. (10) and (11) become

XA;+ XYA| + YA, =0, (12)

I+X+Y=0. (13)

Solving Egs. (12) and (13) we get the following ratios:

v (A=A —Ay) £ V(A Ay - Ay —4A 1A,
+= 24, )

(14)

(Ay—A1 —A3) £ V(A5 — A —Ay)* —4A,A,

Y =
* 24,

(15)

For the solution pairs (X,,Y_) and (X_,Y,) we get the
Majorana phases as

a=LArg (A3 —A; —Ay) £ /(A3 — A —A;)" — 4414,
2 24, ’
(16)
1, (A=A A £V (A=A - A) -4 A |
1

(17)

The other two solution pairs (X,,Y, ) and (X_,Y_)
satisfy the constraint equations under the condition
(A3 — A —A,)? —4A,A, = 0. For these two solution pairs
we have the Majorana phases as

1 (A; —A - Ay)
= —AI' _—
* 2g{ 24, ’
1 (A=A = A3) ;
= _Aro |2 1 T/ 206 18
p 2@[ oA, e (18)
The ratios of the neutrino masses
m2 2
=| =@ 19
P =€ (19)
and
=| 25 p2ip 20
c - e (20)

are related to the ratio of solar and atmospheric mass-
squared differences

om? 2(p* = 1)
RD = p— s
Am? 26 -p* -1

(1)

where 6m* = m3 — m? is called the solar mass splitting and

Am? = |m3 — 1 (m3 + m})| the atmospheric mass splitting.
For NH, the ratio R, = 5—5 if we consider p = 1 + € for m

and m, being very close to each other with the values

0.013 < € < 0.017 on 36 range. For IH, R, = 2/(522;1]). From
the 3o values of Am3, and |Am3,| we obtain the range
R, = (0.026-0.035) (refer to Table I).

The measure of CP violation, i.e., the Jarlskog invariant

[45] is given by

Jep = %sin 260, sin 20,3 sin 263 cos O3 sins.  (22)
The nature of the neutrino is still unknown whether it is
the Dirac or the Majorana type. The observation of
neutrinoless double beta decay would indicate the process
of the lepton number violation and confirm the Majorana
nature of neutrinos. The rate of neutrinoless double beta
decay depends on the effective Majorana mass of the
electron neutrino:

M| = |myciyeis + mysiycise®™ + mysise®”]. (23)
Various ongoing and upcoming neutrinoless double beta
decay experiments such as CUORICINO [46], CUORE
[47], GERDA [10], MAJORANA [48], SuperNEMO [49],
EXO [11], and GENIUS [50] aim to achieve a sensitivity
up to 0.01 eV for |m,,|. The most constraint upper limit

035012-3



SANGEETA DEY and MAHADEV PATGIRI

PHYS. REV. D 107, 035012 (2023)

TABLE 1. Current neutrino oscillation parameters from global fits [51]. Here Am3, = Am2, > 0 for normal
hierarchy and Am3; = Am3, < 0 for inverted hierarchy.

Normal ordering

Inverted ordering

Parameter Best fit +10 30 range Best fit 1o 30 range

0, 3345107 31.27-35.86 33.457078 31.27-35.87
N 421503 39.7-50.9 49.0173 39.8-51.6

05 8.62:1012 8.25-8.98 8.611014 8.24-9.02
dep 230552 144-350 278+ 194-345
Am3, /107 eV? 742595 6.82-8.04 7421021 6.82-8.04
|[Am3,[/107% eV? 2.51010927 2.430-2.593 2.490700%6 —2.57410 —2.410

has been set to |m,,| < 0.061-0.165 eV at 90% CL by the
KamLAND-ZEN Collaboration [12].

III. TEXTURE ANALYSIS

We undertake the following strategy for the systematic
and comprehensive study of the six possible textures of
vanishing minors with the collateral condition of vanish-
ing trace.

(i) For a given texture of C;; = 0 with vanishing trace
>~ 4; = 0, we construct Egs. (12) and (13) with the
ratios j—: =X andj—f = Y. Since Eq. (12) is having the
cross term of X and Y, so we have two solutions for
each of X and Y. Now there are four options of
solution pairs, viz., (X, Y,), (X,, Y_), (X_, Y,),
and (X_, Y_) for texture study to be carried out.

(i) Using the above solution pairs in Eq. (21) via
Egs. (19) and (20), we generate the random num-
bers for R, allowing three mixing angles 6;,, 0,3,
6,3 to pick up random numbers in their correspond-
ing 30 values and the Dirac phase ¢ in the range
0°-360°. Then we plot R, versus & for normal and
inverted mass ordering. If R, retains its values
within the experimental limits, the texture is con-
sidered for further phenomenological study within
this allowed range of §; otherwise, it is rejected. The
range of ¢ so obtained is further checked by plotting
the atmospheric mixing angle 6,5 against 6 also for
subsequent use.

(iii) With the phenomenologically allowed range of o
obtained via (ii), scatter plots are drawn to find the
values of the Majorana phases a and  which may be
measured by the experiments in future.

(iv) The viable textures are further explored for the
effective Majorana mass of electron neutrino |m,,|
indicating the rate of neutrinoless double beta decay
and the Jarlskog invariant, J., representing the
strength of CP violation in neutrino oscillations.

To avoid making the paper loaded with a number of plots,
now we choose to present the detailed analysis of two
textures C;; = 0 and C, = 0 only as representative cases,

and the results for other textures shall be summarized in
Tables II and III.

A. Case Ci;=0

For this texture we have

A = 0%20%3’ (24)
Ay = S%zc%y (25)
Az = s}e?. (26)

Now we first consider the solution pair (X, Y_) to plot
R, [Eq. (21)] for both NH and IH.

In Fig. 1(a), the ratio R, lies within the allowed
experimental values that constrain the Dirac phase 0 in
the range of (50°, 150°) & (220°,320°) for NH, while in
Fig. 1(b) the ratio R, lies outside the allowed range, and
hence the same texture is phenomenologically ruled out at
the 3o level for IH. Then with the allowed range of 6 for
NH, the scatter plots are drawn for @ and f in Fig. 2. From
the plots we obtain the Majorana phases a in the range of
(—25°,25°) and S in (—45°,45°).

A similar procedure is followed for the solution pairs
(X_, Y, ),(X,,Y,),and (X_,Y_) of the texture, but plots
show that R, acquires values far beyond the experimental
range. Hence all these solutions of the texture are ruled out.

Now to explore further phenomenology of the texture,
|Me|-Mygness and |m,,|-p are plotted for neutrinoless
double beta decay where the mass of the lightest neutrino
is bound within 0.037 eV and 0.042 eV for NH and IH,
respectively, at 95% confidence [52]. We also plot J . ,-6 for
CP violation. From Fig. 3 we observe that |m,,| lies within
the experimental bounds, whose results are similar to those
in Ref. [53]. Again, in Fig. (4), we find J ., within the range
(0.018-0.04). Thus Cy; =0 is found viable under the
phenomenological study for normal mass ordering in the
case of the solution pair (X, Y_) of the texture.
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R, plots (a) for NH and (b) for IH.
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FIG. 3.
shows the allowed region for (X, Y_) for NH.

B. Case C1,=0
For this texture A;, A, and A are the following:

_ 2 —i5

A| = c1p812023€13 + €038 135377, (27)
_ 2 —is

Ay = —C12512603€13 + 815C 13813523777, (28)

Az = —S23S13C13€i5- (29)

Now we consider the solution pair (X,,Y_) for the
texture.

|| versus mygneq and f3 plots for (X, Y_) for NH. Region in magenta indicates the experimental bounds, and in light blue

Figure 5 shows that § is constrained in the range
(20°,31°) @ (45°,55°) @ (128°,135°) @ (148°, 152°) &
(225°,231°) @ (300°,315°) @ (331°,342°) for NH. It is
found that for IH the ratio R, lies outside the allowed
experimental range.

On plotting the graphs for a and $ in Fig. 6, we obtain
a = (—6°6°) and p = (—45°,-20°) @ (0,45°).

Now we consider the solution pair (X_, Y ,).

The plot for R, in Fig. 7 shows that it lies within the
experimental range for § = (82°,92°) @ (270°,276°) for
IH only, while the texture is ruled out for NH. In Fig. 8 we
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FIG. 4. J., plot for NH for the solution pair (X, Y_).
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FIG. 5. R, plot for NH for the solution pair (X,,Y_).

find highly constrained values of a and f as (—6°, —3°) @
(3°,6°) and (—45°, —35°) @ (35°,45°), respectively, for [H.

A similar prescription has been used for the solution
pairs (X,,Y.) and (X_,Y_).

Figure 9 shows that the pairs (X, Y, ) and (X_,Y_) are
viable only for NH in the entire range of §, i.e., (0,360°).
Figure 10 gives the Majorana phases a = (—10° 10°)
and f = (—50°,50°).

Now we have plotted |m,,|, J..,, and 6,5 for viable cases
only in Figs. 11,12, and 13. In Fig. 11, we observe that
|m,,| lies within the allowed range, and Fig. 12 gives J ., =
(0.01,0.04) for NH for (X, Y_), (0.023,0.04) for IH for
(X_,Y,), and (0,0.04) for NH for both (X,,Y,)
and (X_,Y_).

10
5 |'
C o’
s /
] [
-5}
g0 b
0 50 100 150 200 250 300 350
6(°)
(a)

FIG. 6.

All the remaining textures Cij3 =0, Cy, =0, Cy3 =0,
and Cs3 = 0 have been examined following our procedure
of analysis. The detailed analyses are not shown in this
paper, but the results are presented in Tables II and III. We
also checked the atmospheric mixing angle 6,5 plotted
against 6 for all other viable textures, and the range is
always found in (40°, 45°).

IV. SYMMETRY REALIZATION

The most appealing theoretical approach for generating
tiny masses of the light left-handed neutrinos is the seesaw
mechanism with the following formula (type I):

M, = -MpMz'M5. (30)
We carry out a systematic study to realize all the viable
textures of M, in our present work, by means of the type |
seesaw mechanism with an Abelian flavor symmetry.
Again, zero textures or vanishing minors of M, funda-
mentally originate from the zero textures M and My
through the seesaw mechanism. It is possible to enforce
zero in an arbitrary entry of a fermion mass matrix by
means of an Abelian flavor symmetry [40]. We also note
that in the lepton sector of the Standard Model, there are
three right-handed charged-lepton singlets l; and three
left-handed lepton doublets, D;;, (i = 1, 2, 3). Further, for
the seesaw mechanism, three right-handed neutrino singlets
vy, are required to be added. Now to build fermion mass
matrices M;, Mp, and My under an Abelian flavor
symmetry group, for each nonzero entry of M; or M)
one needs one Higgs doublet, with appropriate transfor-
mation properties under the symmetry group, connecting
two fermion multiplets corresponding to that entry, and for
each nonzero entry of My, one requires one scalar singlet
with appropriate transfomation properties under the group.
Conversely, without admitting a required Higgs doublet or
scalar singlet, a zero in an entry of a fermion mass matrix
can be enforced.

We present here a detailed analysis of how to realize the
structure of the viable neutrino mass matrices presented in

60
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-40f . \ \

-606 5.0 11..‘)0 1.50 2(.10 250 3(.)0 35.30
6(°)

(b)

B(°)

a and p plots for NH for the solution pair (X,,Y_) where & lies within the range (20°31°) @ (45° 55°)

@ (128°,135°) @ (148°,152°) @ (225°,231°) @ (300°, 315°) @ (331°, 342°).
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FIG. 7. R, plot for IH with the solution pair (X_, Y. ).
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Table II with one vanishing minor. We implement a Zs
Abelian flavor symmetry group to enforce zeros in fermion
mass matrices. A Zs consists of the group elements

2 3

(1, w,0*, @, @),

where @ = €% is the generator of the group.
Additionally the FN mechanism [42,54] is also aug-
mented to determine the hierarchies between neutrino
masses. The FN mechanism is such an appealing approach
that can explain the hierarchical structures of quarks and

| v
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—a0f Y
0 50 100 150 200 250
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a and f plots for IH for the solution pair (X_, Y ).

3.0

25

1.0

2.0

o 1.5

0.5f

0 50 100 150 200 250 300 350
6(°)

(b)

FIG. 9. R, plots for both the pairs (X,,Y,) and (X_,Y_). (a) for NH, and (b) for IH.
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a and f plots for the pairs (X ,Y,) and (X_,Y_).
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(Xi, Yo), (X, Yo, (X, Ya) /(XL Y).
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FIG. 12. J., plots (a), (b), and (c) for (X,.,Y_), (X_,Y,), (X;.Y,)/(X_,Y_), respectively.
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FIG. 13. 6y plots (a), (b), and (c) for (X,,Y_), (X_,Y,), (X,,Y,)/(X_,Y_), respectively.

035012-8



STUDY OF NEUTRINO MASS MATRICES WITH VANISHING ...

PHYS. REV. D 107, 035012 (2023)

TABLE II. Viable cases under normal hierarchy (NH), inverted hierarchy (IH), and neutrinoless double beta
decay.

(X..Y) (X_.Y,) (X4 Yy)/ (X Y)
Case NH IH NH IH NH IH Neutrinoless double beta decay
Cy v X X X X X All the viable cases are allowed.
Cy v X X v v X
Ci3 X X X X v X
Cyn v X v X X X
Cy X X X X X X
Cs; v X X X X X

charged leptons. The basic idea of this mechanism is to
introduce U(1) global symmetry and invoke an SU(2),
singlet scalar field @ known as a flavon field that acquires
the vacuum expectation value (VEV) and breaks the U(1)
symmetry. This symmetry breaking is communicated to the
fermions so that their effective coupling matrix elements

can be expanded in powers of a small positive parameter

{

% with A, the corresponding energy scale of flavor
dynamics. Thus the hierarchical textures of fermion masses
can intuitively be interpreted as powers of this expansion
parameter €. This is the most striking feature of the FN
mechanism.

€ =

TABLE III.  Allowed ranges of CP phases 6, a, f, |m,.|, and J p for the viable cases.
(Xy.Y) (X_.Y,) (X, Y,)/(X_.Y)
Case NH IH NH IH NH IH
Ci 5 = (50°,150°) & (220°,320°)
a = (-25°25°)
p = (—45°,45°)
|m,.| = (0,0.02) eV
Jep = (0.018,0.04)
Cpy 5§ =1(20°31°) @ (45°,55°) 5= (82°,92°) 5 =(0,360°)
@ (128°,135°) @ (148°,152°) @ (270°,276°)
@ (225°,231°) & (300°,315°)
@ (331°,342°)
a=(—6°06°) a=(3°6°) a=(-10°10°)
@ (—6°,-3°)
B = (—45°-20°) & (0,45°) B = (—45° -35°) B = (=50°50°)
@ (35°,45°)

|m..| = (0,0.02) eV
J.p = (0.01,0.04)

Im,.| = (0.03,0.035) eV
Jep = (0.023,0.04)

Im,.| = (0,0.02) eV
Jep = (0,0.04)

Cis 5 = (55°,130°)
@ (230°,310°)
a=(-9°-3°)

® (3°,9)
B = (=50°,50°)
Ime.| = (0,0.02) eV
Jep = (0,0.04)
Cy 6= (40°90° @ (230°,279°) 5= (0,30°) & (196°,210°)
® (310°,350°) ® (290°,335°)
a = (—45°,-35%) @ (0,45°) a = (—45°,45°)
B = (—45°,45°) B = (=50°,50°)
Ime.| = (0,0.02) eV Im,.| = (0,0.02) eV
Jop = (0,0.04) Jop = (0,0.04)
Cs3 5 = (90°,265°)
a == (—45°45°
|m..| = (0,0.02) eV
Jep = (0,0.04)
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The Lagrangian which is responsible for the generation
of the lepton masses and the hierarchy of the mass matrices
arising from the FN mechanism can be written as

0] Op i+Q ;i _
= (D) s

D)\ 9o, TQu; o= o~
+ <%) jYz('j>DLi¢kl/Rj

(@)

Ql/ I+QA/ N
+ <T) ! % Yl(j]‘())(kl_/Ril/Rj + H.C. (31)

The Q,(a = D;,lg,vg) are the FN charges for the
Standard Model (SM) fermion ingredients under which
different generations may be charged differently. The
flavon ® obtains the VEV(®) that breaks the FN sym-
metry. For all the cases, we assign the FN charges for the
Lepton sector as

Dyys3:(a+1,a,a),
lgi123:(0,1,2),
I/Rl.2,3 . (d, C, b)

Here a comment is in order. The tracelessness of M, does
not speak much about the texture of M, (e.g., possible
zeros) which is supposed to be the result of some deeper
theory [41]. On the other hand, the vanishing minor results
from the seesaw mirroring between M, and My with
diagonal M [54]. Thus one zero texture of My with
diagonal M manifests as vanishing minor of the corre-
sponding element of M,, and hence the symmetry reali-
zation under Zy is actionable for the vanishing minor only.

A. Symmetry realization for C{; =0

We consider the following M, and M for vanishing
minor of the (1,1) element of M,,.

M, = —MpMz' M5,

(=02 + ) ((=&y)xy  (=Ln+ év)xz
=r| €-é&xy —%y? ECyz :
(=Cn+év)xz &z -£27?

(32)

where T = —{n? + 2800 — k.
On implementing Z5 symmetry, the fields of the relevant
particles transform as

3 T 2 7 3
VR = WURys Dy - "Dy, lgi = @’lpy

2
lR2 - @ le

lrs = I3 (33)

DLZ - (U3DL27

D3 — D3,

2
Upy = W"Up,

UR3 = UR3,

Here Dy, lg;.vg;. (i, j = 1,2,3) represents the SU(2),
doublets, the right-handed (RH) SU(2), singlets, and the
right-handed (RH) neutrino singlets, respectively.

Forming the required bilinears dictated by Z5 symmetry
we obtain

o 1 & 1 o &
vivri=| 1 o* @* |, Dpugi=| o 1 o |,
o o 1 0 o 1
1 o &?
Diilgi=| o 1 o
o> 0* 1

We consider the transformation of the singlet scalars
xir (k=1, 2, 3) which is responsible for the Majorana
neutrino mass matrix My, and SM-like doublet scalar ¢
which is responsible for the Dirac neutrino mass matrix
Mp, and the lepton mass matrix M; under Zs trans-
formation as

0 ¢ ¢ x 0 0
Me=|¢ n o, Mp=]|0y 0], X= O, =@,y = oy
v ok 0 0 z ¢ — . (34)
Now the Lagrangian dictated by Zs is
L7 gd+e T .—1 d+by(),, T —1 20yB3),, T -1 ct+by?),, T -1
M = €T MpUR CT Uy + €Yy X 1VR €T VRy €7 Y X3URy €T Ry + €Y ) i lRa €7 URs

2 T o1 d+1 A : A g b AT
+ € mysvpsc gy + €Yy Dpdugy + €Y, Disdpugy + €Y p Dysdugs

+ €Y, Dypylgy + €Y Dpaplry + €“72Y ) Dyslgs. (35)
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Now we construct the mass matrix Mg, Mp, and M, as

: 1
0 etem, y;(mg)(ﬂd”
_ 3 2
Mg = €d+cm12 y}(zi)ﬁezc )’;(523)(260” ’ (36)
1 2
Vo€t y2nett emy,
yDll¢€a+d+1 0 0 yl“¢€a+1 0 0
Mp = 0 Y, e’ 0 . M= 0 yi, et 0 . (37)
0 0 yD33 <;56a+b 0 0 yl33 ¢€a+2
We get the effective neutrino mass matrix M, using seesaw mechanism M, = —M ,Mz'M?%, as
M,
~ 1 ~ 2 ONE
2¢2 ,()’m )(2 - m%y)((zz)}h) €¢2)’D1,pr (m11m33 - )’)(m))’;(rz_Z)m(z) _€¢2yD”yD33 (mn)’;((zz}(z - ymynist)
=Q|  ed’yp, yp,(myms; — yilﬁy;(hixm) ¢2yD22y)(13 7 —my$*yp, Vb, Y;(ms))n )
b 2 1 3
—e?V D, Y, (M1 Vi = VerY st 1X3) ~3*yp, Y0, Yo im #*yh, mi
(38)
where Q = e )
mﬂ ms3 —}';(,]1)3){1 (2m, 1}’;((22)3)(2 —)’91); yfz)zw(z)
B. Symmetry realization for C;, =0
y 0 ¢ x 0 0
Mr=10 n o], Mp=10 y 0],
v « 0 0 z
. (=0 + nr)x? Soxy —{nxz
M, =5 Coxy (=& +yx)y* —yoyz |, (39)
—(nxz ~yoyz mnz’
where ¥ = —{5? — yv* + ynk. The transformations of the relevant particle fields under Zs are shown in Table IV.
C. Symmetry realization for C;3=0
y & 0 x 0 0
Mr=1|& n v, Mp=10 vy 0],
0 » « 0 0 z
TABLE IV. Symmetry transformation for Cj, = 0.
Symmetry under Zs
VR1 = Rl Vgy = 0’py Ugs = @’vps Dy = Dy, Dpy, = ’Dy, D3 — @*Dyy
lpi = Ig gy = 0*lgy Iy = @’lps = o'y X2 = Wy2 X3 = o'y

-9
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TABLE V. Symmetry transformation for C;3 = 0.

Symmetry under Zs

3 7 47 " 7 " 27

Vgl = @WUR; Vry = VR2 Vg3 = @’lp3 Dy = o"Dy, Dy = Dy, Di3 —» o°Dp3
3 3 4 2

[g1 = wlg lgy = Igp lp3 = @’ I3 X1 = @'y X2 = @) X3 = 0)3

b—¢

TABLE VI. Symmetry transformation for C», = 0.

Symmetry under Zs

Vg1 = @Pupy Vgy = @’y Urz — WUR3 Dy — @*Dy, Dpy = @*Dy, Dyz = o*Dys
Igi = @*lg lpy = @Iy Iy = olgs X1 = ox X2 = oM X3 = @'y
¢ -9
. (=0 + nK)x>  —Ekxy Eoxz
M, =5 —EKxy rky? —yoyz | (40)
Evxz —yoyz (=& +ym)z?
where ¥ = —yv? — &k + ynk. The transformations of the relevant particle fields under Zs are shown in Table V.

D. Symmetry realization for C,, =0

y &€ ¢ x 0 0
Mr=1¢& 0 o |, Mp=10 y 0],
{ v « 0 0 z
—0?x? ($v — &k)xy Eoxz
M= | Co-txy (e @E-phz |, (41)
Evxz (& —yo)yz —£222

where A = 2&{v — yv* — &*. The transformations of the relevant particle fields under Zs are shown in Table VI.

E. Symmetry realization for C33=0

r &€ ¢ x 0 0
MR = 5 n v ) MD = O y 0 )
Z v O 0 0 z
[ foxy  (~Cn+ Eo)
M, =5 Coxy —C%y? (& —ro)yz |, (42)
(=Cn+ ev)xz (& —yo)yz (=& +ym)2
where I1 = —(%5 + 2ECv — yv?. The transformations of the relevant particle fields under Zs are shown in Table VII.
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TABLE VII. Symmetry transformation for Cs3 = 0.
Symmetry under Zs
VR1 = Vri VRy = WURy Ugs = 0*ups Dy = Dy, Dy, —» o*Dy, D3 — ’Dyy
Igi = g1 gy = wlgy lgs = @*lgs X1 = o'y X2 = @0 X3 = 03
¢
For all the viable cases we obtain (1) The viability of the textures was checked on the
basis of the values of 6 within the values of the ratio
e € € of the mass-squared difference R, both at the 3o
My~ e 1 1]. (43) level. In this context, the textures C; = 0, C13 =0,
e 11 Cy» =0, and C33 = 0 have been found viable for

The texture of M, indicates normal hierarchy with g — 7
symmetry, i.e., ;3 =0 and the maximal atmospheric
mixing 6,3 = 4. To achieve experimentally viable textures,
broken y —7 symmetry and deviation from maximal
atmospheric mixing can be done by appropriate perturba-
tion in the neutrino mass matrix.

V. RESULTS AND DISCUSSION

In this work, we have carried out a phenomenological
texture study of the Majorana neutrino mass matrices with
the Ansitze of one vanishing minor and the zero sum of the
eigenvalues with the CP phases. One of the two simulta-
neous constraint equations consists of the cross term of the
variables, so we had the option of four solution pairs of the
equations. Interestingly the solution pairs have interplay
in various possible textures under study. The systematic
numerical analysis has been carried out with the latest 3¢
neutrino oscillation data. Although the current neutrino
oscillation data shed some light on the range of the Dirac
CP phase 6, the Majorana CP phases a and f are still
completely unexplored. As the prime objective of this
work, to step in such an unknown terrain of neutrinos, we
have strategized to find out the phenomenologically
allowed values of the Majorana CP phases a and S for
different viable textures. We have also explored the
neutrinoless double beta decay rate |m,,| and the strength
of CP violation J ., for all viable textures. The ranges of a,
p. 8, |mg,|, and J, in our study have been summarized in
Table III.

To understand the origin of zeros in fermion mass
matrices, we have implemented a Zs flavor symmetry
group. Again to get the information of hierarchy of the
viable textures, additionally the FN mechanism was aug-
mented. The symmetry realization is an important work for
realistic model building.

Now we summarize our observations of this texture
study as follows:

normal hierarchy only, and the case Cj, =0 has
been found viable for both normal and inverted
hierarchies. Again the case C,; = 0 is completely
ruled out. Interestingly the solution pair (X,,Y_)
from our Ansitze supports all the cases except the
case Cj3 =0. The solution pairs (X,,Y.) and
(X_,Y_) support the cases C;, =0 and C;3 =0
for normal hierarchy. Further the solution pair
(X_,Y,) supports Cj, =0 for inverted hierarchy
and C,, = 0 for normal hierarchy. The interplay of
the solution pairs exists in the results.

(i) The Majorana phase a for the textures Cy, = 0 and
C53 = Ois vanishingly small, and the range is highly
constrained.

(iii) For all the viable textures, the atmospheric mixing
angle 0,3 lies in the range (40°, 45°). Thus the
phenomenology of these textures favors the first
quadrant for atmospheric mixing.

(iv) For all the cases both the neutrinoless double beta
decay rate |m,,| and the strength of the Dirac CP
violation J -p remain within the experimental bounds.

(v) Symmetry realization of all the viable textures has
been done under the discrete symmetry group Zs.
Additionally the FN mechanism has been aug-
mented to check the hierarchy of the textures. We
have found that all the cases favor the normal
hierarchy of the neutrino mass pattern.

Finally, we expect that our numerical results of the Dirac
and Majorana CP phases may be verified in the future
neutrino experiments designed for that purpose.
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