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Muon g —2 anomaly from a massive spin-2 particle
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We investigate the possibility to interpret the muon g — 2 anomaly in terms of a massive spin-2 particle,
G, which can be identified as the first Kaluza-Klein graviton in the generalized Randall-Sundrum model. In
particular, we obtain the leading-order contributions to the muon g — 2 by calculating the relevant one-loop
Feynman diagrams induced by G. The analytic expression is shown to keep the gauge invariance of the
quantum electrodynamics and to be consistent with the expected UV divergence structure. Moreover,
we impose the theoretical bounds from the perturbativity and the experimental constraints from LHC and
LEP-II on our model. Especially, we derive novel perturbativity constraints on nonrenormalizable operators
related to G, which are the natural generalization of the counterpart for the renormalizable operators. As a
result, we show that there exists a substantial parameter space, which can accommodate the muon g — 2
anomaly allowed by all constraints. Finally, we also make comments on the possible explanation of the
electron g — 2 anomalies with the massive spin-2 particle.
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I. INTRODUCTION

The long-standing discrepancy between the measure-
ment of the muon magnetic dipole moment (g — 2), and the
Standard Model (SM) prediction is one of the greatest
puzzles in particle physics [1], which might be the hint to
new physics beyond the SM. This problem becomes more
severe recently since the Muon g—2 Collaboration at
Fermilab has reported a new measurement of the muon
magnetic moment a, = (g — 2) u /2 with the result given

by [2]

afNAL — (116592040 + 54) x 1071, (1)

When combining the earlier data from the experiment at
Brookhaven [3], the anomalous contribution to (g —2), is

given by
Aa, = a;® —aM = (251 £59) x 1071, (2)
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in which the latest SM prediction obtained by combining
various contributions [4-23]is a;™ = (116591810 + 43) x
107! (see, e. g., Ref. [24] for arecent review). More recently,
there are several lattice QCD results [25—-28] on the hadronic
vacuum polarization contribution to the muon g — 2, which
indicate that the discrepancy might be weakened to below
40. Nevertheless, it is still of great importance to take the
muon g — 2 anomaly seriously.

Apart from the strong evidence to muon g — 2 anomaly,
the latest measurement of the fine-structure constant «
would also imply a discrepancy between the SM calcu-
lation and the experimental measurement of the electron
g — 2. In the literature, there have been two recent mea-
surements of a from Laboratoire Kastler Brossel (LKB)
with 8’Rb atoms [29] and at Berkeley with '*’Cs atoms [30],
which lead to the following SM predictions [5,31] for the
anomalous electron (g —2),,

AGE®B = gf® — glKB = (4.8 £3.0) x 10713,

Ad} = df® —af = (-88+3.6) x 1077, (3)

and their deviations of theoretical values from the exper-
imental result a¢"’ [32] are at 1.6¢ and —2.40, respectively.
It is interesting to have a common explanation to both
electron and muon g — 2 data in one single framework.
In the literature, there have already been many attempts
to interpret the muon g — 2 anomaly in terms of various

models beyond the SM (for a recent review see, e.g., [33]
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and references therein). In the present paper, we explore an
alternative explanation to the (g —2),, anomalies, which
are induced by a new massive spin-2 particle G [34-36].
Note that G can naturally arise as the Kaluza-Klein (KK)
graviton in the five-dimensional Randall-Sundrum (RS)
model [37], which is motivated to solve the gauge hierarchy
problem in the SM. It is remarkable to note that the massive
spin-2 particle can couple to the SM particles nonuniver-
sally in the generalized RS models [38-53] due to the
different localization of SM fields in the extra-dimensional
bulk. Especially, we here focus on the spin-2 particle
coupling to the SM leptons and photons, which may give
rise to novel one-loop contributions to the lepton g — 2.

The paper is organized as follows. In Sec. II, we present
the effective interactions between the massive spin-2
particle G and the SM photon and leptons. Then the
one-loop Feynman diagrams and the final analytic expres-
sions for the lepton anomalous magnetic moment (g — 2),
induced by G are presented in Sec. III. Section IV is
devoted to the investigation of the theoretical bounds from
the perturbativity in our model of the massive spin-2
particle. In Sec. V, we explore numerically the parameter
space that can explain the lepton g — 2 anomalies while
satisfying the above theoretical constraints. Section VI is
devoted to the studies of existing collider constraints from
LHC and LEP-II. Finally, we conclude in Sec. VII in which
a short discussion is given for the lepton-flavor-violating
(LFV) and CP-violating (CPV) effects. In the Appendix,
we present details for calculating various one-loop
Feynman diagrams contributing to the lepton g—2 in
our massive graviton model. Especially, we have checked
the gauge invariance of the quantum electrodynamics in the
Barr-Zee-type diagrams [54,55].

II. LAGRANGIAN FOR THE MASSIVE GRAVITON

We are working in the framework of the effective field
theory of the spin-2 particle G, with the relevant
Lagrangian given by [56]

1 v v
‘CG = —KG”D |:CYT¢ -+ Z CfT"; :| s (4)

C=eut

where 7%" and T%" represent the energy-momentum tensors
of photons and charged leptons # defined as follows,

v i v v i DoV L 2
_ - 1 _
_iﬂﬂl’ f}/ﬂaﬂf—f—lmfff—ié”(fy/f)} N
2

v 1 v c 1% 1 v o 1
T :Znﬂ FP FPU_FMPFP—E [;7” (aﬂa A,,Ap—l-—(d"Ap)Q)

— (A A + a”a/’A,,A”)] , (5)

with £ the gauge parameter for the photon field. This
Lagrangian can be easily derived from the generalized RS
model with the massive spin-2 particle identified as the first
KK excitation of the graviton [37-41,48]. Traditionally, in
order to solve the hierarchy problem, this massive graviton
should be strongly coupled to the third-generation quarks
and SM gauge bosons. However, we do not show them here
and only list terms relevant to our discussion of charged
lepton g — 2 anomalies.

Moreover, there should be the lepton flavor off-diagonal
interactions with the massive spin-2 particle such as

G v
=M e T, + Heel, (6)

with
i P ]
T, = Zf’(y”d” + 7Y — 1 (HC'y + ')
- _ 1 -
— i | £y 0 + imp L' _Eap(f/ypf) . (D

where £’ and ¢ denote different charged lepton flavors and
mg, 18 a parameter with unit mass dimension, which is
determined by the extra-dimensional wavefunctions of the
massive graviton and various lepton fields. These inter-
actions would lead to the charged lepton LFV observables,
such as pu — ey [57], y*™ — eTeTe™ [58], u~ — e~ con-
versions in nuclei [59] and so on, which has been
stringently constrained experimentally. On the other hand,
due to the non-Hermitian nature of stress-energy tensors
T, the coupling coefficients c,, should be complex in
general so that they can induce the CPV effects like the
electric dipole moments (EDMs) of the electron [60] and
muon [61], which should also be strongly suppressed as
required by experiments. Hence, given the impressive LFV
and CPV constraints on these flavor off-diagonal inter-
actions, it is expected that their contributions to the lepton
magnetic dipole moments should be subdominant to those
induced by the flavor diagonal interactions presented in
Egs. (4) and (5). We will come back to this issue later.

III. MASSIVE SPIN-2 PARTICLE
CONTRIBUTIONS TO CHARGED LEPTON (g-2),

In this section, we study the massive spin-2 particle
interpretation of the possible lepton (g — 2) 4 anomalies.
Given the Lagrangian in Eq. (4), we can draw one-loop
Feynman diagrams shown in Fig. 1, which give the leading-
order contributions to the anomalous lepton magnetic
moments. Since the calculation of these Feynman diagrams
is tedious, here, we only present the final results but leaving
the details in the Appendix. First of all, with the simple
power counting rules, it is easy to see that all loop integrals
are highly power-law divergent, with the largest divergence
of order of sixth power. However, it can be shown that for
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FIG. 1.

the contributions to the lepton g — 2, the leading divergence
can be merely of quartic, i.e., of O(A*) with A identified as
the UV cutoff scale appearing in the effective action in
Eq. (4). Furthermore, explicit calculations show that the
diagram (c) cannot contribute to lepton magnetic moments,
while, up to O(A*), the result of Aa, from the diagram (a)
vanishes identically. On the other hand, Feynman diagrams
(by,) and (d, ) do give rise to the leading-order nonzero
contributions to the charged lepton (g — 2) with their total
results given by

o (m\2( AN cfcy>

Aag = (A) <mG> (487:2 uz) B
Note that, when computing these one-loop Feynman
diagrams, one encounters loop integrals with quartic
divergence. Also, since the photon is a gauge boson of
quantum electrodynamics, it is required that the final result
of (¢9—2), should be gauge invariant. Here, we have
applied the loop regularization [62,63] method to preserve
both the correct divergence power and the gauge structure
at the same time, which is impossible for the traditional
dimensional regularization [64].

Note that the single massive spin-2 particle contributions
to the muon g — 2 from the same set of Feynman diagrams
in Fig. 1 were calculated in Ref. [34], where the author
found that all of these Feynman diagrams could give rise to
the logarithmically divergent expressions. In particular,
when the photon and leptons share a universal coupling
to the spin-2 field G, i.e., ¢, = c,, the total contribution
became remarkably finite. It was argued in Ref. [34] that
the decrease of the degree of UV divergence was caused by
the gravitational Ward identity so that terms containing two
or more k,’s in the numerator of the massive spin-2 field
propagator in Eq. (A3) vanished in these loop calculations.
However, our complete and explicit computations of

gl

(=0 {0~

(dy) (d2)

One-loop Feynman diagrams (a-d) giving rise to the leading-order contributions to the muon g — 2.

Feynman diagrams in Fig. 1 have invalided the above
argument. It is those terms in the diagrams (b, ,) and (d| ,)
proportional to inverse powers of mg in the numerator of
the massive graviton propagator that generate the dominant
power-law divergent contribution to the lepton g — 2, which
was simply ignored in Ref. [34]. Indeed, the gravitational
Ward identity, which was closely related to the diffeo-
morphism invariance, i.e., the gauge symmetry of the
massless graviton, is not expected to be applied to the
massive spin-2 field, which does not possess any gauge
symmetry at all. Therefore, our result of the lepton g — 2
induced by the massive spin-2 field G obeys the conven-
tional power counting rule, which is in contrast with the
g — 2 contribution from an interesting model in Ref. [65]
with extra fermions. Moreover, in the previous studies
[34-36] of the massive graviton contribution to the lepton
g — 2, it was always assumed a universal coupling of G to
all fields in the SM. In contrast, here, we concentrate on the
nonuniversal couplings case in which G couplings to the
SM particles are independent of each other, along with
the dependence of the final results on different couplings.
Furthermore, Refs. [34,36] computed the total contribu-
tions to the muon ¢g—2 from the whole tower of KK
graviton states in the large extra dimensional model [66],
the RS model [37], and the clockwork gravity [67].
Especially, Ref. [36] found that the leading-order contri-
bution in the small extra-dimension curvature limit was
universal, while the subleading contributions could reflect
the geometry of extra dimensions. However, in the present
work, we only consider a single massive graviton contri-
bution to Aa, in Eq. (8) by assuming that it dominates the
anomaly. If we change our viewpoint by assuming that
other higher KK excitations also give rise to similar effects,
then we also need to sum them together. Given that Eq. (8)
only provides the leading-order contribution in the expan-
sion in terms of A%, we expect that it can give us the precise
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(a)

[ o

FIG. 2. Two-loop Feynman diagrams that would contribute to the lepton g — 2.

leading-order muon ¢g—2 in the small curvature limit.
As for the subleading-order contributions, they cannot be
accurately calculated since the single-massive-graviton
expression of Aa, at least up to subleading order in A?
is required, which is very complicated and is out of the
scope of the present paper.

IV. THEORETICAL CONSTRAINTS FROM
PERTURBATIVITY

In the previous discussion, we have shown that the
introduction of a massive spin-2 field G to the SM can lead
to new contributions to the anomalous lepton magnetic
moment Aa¢, which might potentially solve the long-
standing (g —2),, anomalies. However, the theory still
suffers from the theoretical constraints by requiring the
validity of the perturbation expansion. In this section, we
shall consider this perturbativity bound on our model.

Note that we have assumed implicitly that the leading-
order contribution to Aa, comes from the one-loop
Feynman diagrams induced by the massive graviton.
Such a perturbativity requirement implies that the loop
expansion should be valid; i.e., the lower-loop contribu-
tions need to be larger than the higher-loop ones. For
example, let us consider one particular two-loop Feynman
diagram on the left panel of Fig. 2, in which we attach an
additional massive graviton line onto the internal lepton of
the diagram (b;). According to the general naive power
counting rule, we can estimate the leading-order size of
Aa, as follows:

3 2 8
@) |cfcy| mg A
A~ — — . 9
‘ (16”2>2 <A> (mG ©)

In contrast, the corresponding one-loop diagram () can be
order-of-magnitude estimated as follows:

cecy,| (m\2[ A4

pal) Jeeerl (mey? (A NE 10
e 1622 \ A meg (10)
Now the requirement of the perturbativity indicates that the

one-loop contribution dominates over the two-loop one,
which gives the following constraint:

lccel (me)2 (AN dezel (me\? (AN (11)
167> \ A ) \mg (167%)2 \ A mg

which leads to

ley| < 4;:(%)2. (12)

Moreover, if we apply almost the same argument to the
right two-loop Feynman diagram in Fig. 2, the following
similar constraint to the photon-massive-gravity coupling
¢, can be obtained,

e, < 47;(%)2. (13)

Note that the perturbativity constraints in Eqs. (12) and (13)
are natural generalizations of that for a dimensionless
coupling constant g with its bound as |g| < 4z [68].

V. NUMERICAL STUDIES

Given the one-loop analytic expression of the spin-2
particle contribution to the lepton (g — 2) in Eq. (8) and the
constraints from perturbativity presented in Sec. IV, we
now explore the viable parameter space to explain the
(9 —2),, anomalies. In our study, the latest measurement
of Aa, by the Muon Collaboration at Fermilab in Eq. (2) is
taken in its 20 allowed region. On the other hand, there
are currently two incompatible theoretical predictions of
the electron anomalous magnetic moment AalXB at the
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A=800 GeV, mg=200 GeV

A=1TeV, mg=200 GeV

2.0

N

Ci Ci

FIG. 3. The parameter space in the c,-c, plane for the massive graviton mass fixed at mg = 200 GeV and the cutoff scale at
A =800 GeV (left panel) and 1 TeV (right panel). The blue and yellow shaded regions show the parameter space that can explain the
Aa, and Aak®B anomalies in 20 range, while the areas colored in red are excluded by the theoretical perturbativity constraints,
respectively.

Laboratoire Kastler Brossel (LKB) [29] and AaP at  Thus, in what follows, we shall consider the experimental
Berkeley [30], both of which deviate the SM value  results of Aat®® and AaP separately.

substantially. Note that the differences are caused by their Figures 3 and 4 show the parameter space in the c,-c,
respective measurements of the fine structure constant @.  plane for the massive graviton mass mg = 200 and

NA=1TeV, mg=500 GeV

—rr T T T

N=2 TeV, mg=500 GeV

-1

-2

-3

-4

-5

Ci Ci

FIG. 4. The parameter space in the c,-c, plane for the massive graviton mass fixed at mg = 500 GeV and the cutoff scale at
A =1 TeV (left panel) and 2 TeV (right panel). The color coding is the same as that in Fig. 3.
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A=1TeV, c, =1
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FIG. 5. The parameter space in the mg-c; plane with A =1 TeV and ¢, = 1 (top-left panel), 0.5 (top-right panel), 0 (bottom-left
panel), and —1 (bottom-right panel). The color coding is the same as that in Fig. 3.

500 GeV, where the cutoff scales are taken to be A =
800 GeV and 1 TeV in the former case, while A = 1 and
2 TeV in the latter. In all the plots, the blue and yellow
shaded regions represent those parameter spaces allowed
by the muon (g—2), and LKB (g -2), data at 26 CL,
while the red shaded regions are excluded by the pertur-
bativity bounds, respectively. Note that here, ¢, = ¢, and
¢, when explaining the muon and electron anomalous
magnetic moments, respectively. It is seen from these plots
that, although the perturbativity strongly constrains c, ¢,

there is still an ample viable parameter space in which the
massive graviton induced contributions can explain both
Aa, and Aab*® discrepancies. By comparing the two plots
in Figs. 3 and 4, we see that the increase of the cutoff scale
A for a fixed mg would make the parameter space allowed
by perturbativity shrink greatly. Also, as the spin-2 particle
becomes heavier with A fixed, the Wilson coefficients c,
and ¢, would be pushed into larger values in order to
compensate for the mg suppression, as is evident from the
Aa¢ formula in Eq. (8).
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NA=1TeV, mg=200 GeV

20

NA=1TeV, mg=500 GeV

Ci

FIG. 6. The parameter space in the c,-c, plane for the cutoff scale fixed at A =1 TeV and the massive graviton mass at mg =
200 GeV (left panel) and 500 GeV (right panel). The color coding is the same as that in Fig. 3, except that the yellow region now
represents the parameter space predicted by the Berkeley data of AaP.

In Fig. 5, the relevant parameter space is also shown in the
mg-c, plane by fixing A = 1 TeV as wellas ¢, = 1, 0.5, 0,
and —1, respectively. When ¢, = 1, the blue bands that could
explain the muon g — 2 anomaly with mg < 500 GeV are all
excluded by the perturbativity constraints on c,. As ¢,
decreases, more and more muon g — 2 signal region becomes
allowed by perturbativity. In particular, for the case with
¢, =0, the Barr-Zee contributions [54,55] displayed as
(by,) in Fig. 1 are effectively turned off, while the term
induced solely by the lepton-G couplings ¢, in Eq. (8) can
interpret the anomalies in Aa,, and Aay®¥ without disturbing
any theoretical validity. Moreover, as shown in Figs. 3-5, the
current measurements by the Muon g — 2 and LKB experi-
ments still allow us to take a lepton universal coupling ¢, =
¢, = ¢, in our spin-2 particle model. However, as illustrated
in the next section, when considering the collider constraints,
such a lepton flavor universal case has already been dis-
favored by the existing data.

Finally, we turn to the spin-2 particle interpretation of
the Aa, anomaly and the Berkeley measurement on the
electron anomalous magnetic moment Aa?, with the
numerical results given in Fig. 6. Note that the Berkeley
measurement of the fine structure constant prefers a
negative Aa®, which is in stark contrast with its positive
muon counterpart Aa,. Thus, it is rather difficult in
explaining the Aa® and Aa, anomalies simultaneously.
In the present spin-2 particle model, the Feynman diagrams
(d,,) always give positive contributions to the lepton
anomalous magnetic moments, while the sign of Aa, from

the Barr-Zee diagrams (b;,) depends on that of the
combination c,c,. Hence, if the Barr-Zee diagrams domi-
nate the contribution to Aa, and c,c, > 0, then it provides
us a nice explanation on the opposite sign between Aa,, and
AaB. In this case, it usually requires a large value of lc, |,
which has, unfortunately, been strongly disfavored by the
perturbativity constraints as evident from Fig. 6. Therefore,
it seems that the current simple spin-2 particle explanation
of the muon g — 2 result cannot offer a viable simultaneous
solution to the Berkeley anomaly on (g —2),.

VI. COLLIDER CONSTRAINTS

Note that the explanation of the (g—2),, anomalies
requires a relatively light spin-2 particle with its mass
around several hundred GeV and substantially large cou-
plings to charged leptons and photons, which indicates that
this massive graviton would have considerable decay rates
to the dilepton and diphoton final states. Thus, the present
massive graviton scenario is well suitable to be tested by
collider experiments, such as LHC and LEP-II. In fact,
there have already been many searches at the LHC for the
spin-2 resonance in the dilepton and diphoton channels at
both ATLAS [69,70] and CMS [71-73]. For the original RS
model with a universal coupling to all SM particles, the
lower bounds on the cutoff scale from the £7 and yy
channels have been A/cgy ~ O(100 TeV) [51] for the
massive graviton mass below 1 TeV, which has excluded
the possibility to explain the lepton g —2 anomalies in
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AN=2 TeV, mg=500 GeV

Ci

A=1TeV, mg=500 GeV

Ci

FIG. 7. The parameter space in the c,-c, plane for the graviton mass fixed at mg = 500 GeV and the cutoff scale at A = 2 TeV (left
panel) and 1 TeV (right panel) when considering the LEP-II constraints. The gray and cyan areas are excluded by the LEP-II lower
bounds on the gravitational mass scale M from the e™e™ and yy final states with gray dashed and cyan dotted curves denoting their
respective boundaries. Other color codings are the same as those in Fig. 3.

terms of G. However, in the generalized RS models with
nonuniversal SM particle couplings, the above conclusion
does not apply any more. Note that the current experimental
limits from LHC are only placed on 6(pp — G) x B(G —
¢¢ or yy) with 6(pp — G) and B denoting the production
cross section and decay branching fractions of the spin-2
particle. If the G production rate or its decay branching
fractions to £ and yy are suppressed, then the above
constraints on G can be relaxed. For example, in the model
of Refs. [47,52], the unconventional power counting rule
predicts the dominant massive graviton decay channel is 7,
and the branching fraction of G decaying to yy is given by
B(G — yy) ~ 1074, which leads to a much lower available
cutoff scale A/c, > O(200 GeV) from the extension of the
diphoton upper bound in Fig. 6 of Ref. [52] to the low mg
region. Such a small cutoff scale is exactly what is needed
to explain the (g—2),, anomalies. More recently, both
ATLAS and CMS have updated their resonance searches in
the channels such as #f [74,75], dijet [76,77], diboson
[78,79], diphoton [70,72], and dilepton [69,71], which have
made the lower bounds on the cutoff scale in Ref. [52]
somewhat outdated. Nevertheless, we still expect that
there is still much room for the cutoff A < 1 TeV available
to accommodate the spin-2 particle explanation of the
muon g — 2.

The present spin-2 particle model can also be tested by
LEP-II [80-82], which was an electron-positron collider
with its center-of-mass energy running from the Z pole up
to 209 GeV. In particular, the LEP-II experiments have

investigated the quantum gravity model by measuring the
total and differential cross sections in the yy, eTe™ and
up~ channels [82], which are the most relevant to our
present study. Following the conventions in Ref. [82], the
constraint for each channel is placed on the parameter
€ = A/ M}, where 1 is a dimensionless coefficient of O(1),
and M is the gravitational mass scale. For references, we
list the corresponding constraints for different channels as
follows. For the diphoton final state, the limit is M} >
868(1108) GeV for A = £1 [82], where A = £1 corre-
spond to the cases of positive and negative interferences
with the SM amplitudes, respectively, and the superscript
on M, denotes the channel. For the eTe™ channel, M¢ >
1.09(1.25) TeV when A = +1 [82], while for ™ p~, M%§ >
0.695(0.793) TeV for A = £1 [80]. All the upper limits are
given at the 95% confidence level. In the present model, we
can approximately express € in terms of model parameters
as follows:

A CeCren

ereH =
(ME)E ™ A2m

(14)

where the massive graviton mass mg is assumed to be
larger than ~200 GeV so that the internal G propagator can
be contracted into a pointlike contact interaction. Then we
can map the LEP-II experimental constraints of the extra-
dimensional models onto our parameter space of interest,
which are shown in Fig. 7. Note that here, we have only
used the lower bounds on M, from the yy and eTe”
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channels since they are more restrictive than the one from
u* . Even though we can still find very limited parameter
regions as in the left panel of Fig. 7 such that the muon
g — 2 anomaly and the LKB (g — 2), data can be explained
with a universal coupling ¢, = ¢, = ¢,, most parameter
space for this kind of models has been excluded by the
LEP-II data, especially for the cutoff scale A <1 TeV as
illustrated on the right panel. Therefore, the massive
graviton explanation of the muon g — 2 anomaly with a
lepton flavor-blind coupling c, is now disfavored in view
of the LEP-II constraints. Here, we should emphasize that
the LEP-II measurements can only restrict models with ¢,
of similar size as c,, especially for the lepton-universal
coupling case. When |c,| < O(0.1), the LEP constraints
can be easily evaded, while the model is not in conflict with
the LKB (g — 2), data. The couplings c, and ¢, chosen as
in the blue bands in Figs. 3-5 can still provide us a viable
explanation on the muon g — 2 anomaly.

VII. CONCLUSIONS AND DISCUSSIONS

Motivated by the latest measurement on the muon
anomalous magnetic moments (g—2), by the Muon
g — 2 Collaboration at Fermilab [2] and those of electrons
(9 —2), at LKB [29] and Berkeley [30], we have explored
the possibility to explain these anomalies in terms of the
presence of a massive spin-2 particle G, which can be
identified as the first KK excitation of the ordinary graviton
in the generalized RS scenario. By calculating the asso-
ciated one-loop Feynman diagrams, we have given the
analytic expression of the leading-order contributions to the
lepton anomalous magnetic moments induced by G. Note
that the integrals over the loop momentum in the Feynman
diagrams are all of highly power-law divergence, i.e., of
O(A*), with A representing the UV cutoff scale. Moreover,
in the Barr-Zee type diagrams [54,55], the gauge invariance
involving the internal photon line should be preserved,
which is another difficulty in our computation. In order to
keep the gauge invariance and the power-law divergence
structure, the loop regularization method [62,63] has been
applied. In particular, we have explicitly checked the
photon gauge invariance by performing our calculation
of Barr-Zee diagrams in both the Feynman-’t Hooft gauge
and the general gauge with the parameter £ free. Based on
our general formulas for the spin-2 particle contribution to
the lepton g— 2, we have performed phenomenological
studies on the present model. We have considered the
theoretical bounds from the perturbativity and the exper-
imental constraints from LHC and LEP-II. Interestingly, we
have given a new cutoff-dependent perturbativity constraint
on the associated Wilson coefficients of the nonrenormaliz-
able operators, which is a natural but nontrivial generaliza-
tion of the counterpart for dimensionless renormalizable
operators. As a result, we have shown that there exists a
substantial amount of parameter space to accommodate the

muon g — 2 anomaly without disturbing the perturbativity
and collider constraints. Note that the (g — 2), anomaly and
the LKB (g — 2), datastill allow the spin-2 particle couplings
to leptons to be universal, ie., ¢, = ¢, = ¢,, which is,
however, disfavored by the existing LEP-II data. Moreover,
the present simple massive graviton framework seems
impossible to take into account the Berkeley’s result of
the electron’s anomalous magnetic moment, due to the strong
theoretical bounds from the perturbativity.

Besides the constraints from the perturbativity, another
criterion to determine if our perturbative calculations
remain under control is the tree-level unitarity bounds
[83—86], which give extra constraints to our spin-2 particle
model [48]. However, the examination of unitarity bounds
requires the careful calculation of 2-to-2 scattering ampli-
tudes of £=¢% — £=¢% and yy — yy for various helicity
assignments of external particles. However, since the
detailed calculation of unitarity bounds is rather involved,
we would like to discuss it in a separate work, which is still
under progress [87].

Finally, we would like to mention several salient features
in the flavor physics for the massive graviton model with a
lepton-universal coupling, though it is not favored by the
LEP-II data. As shown in Sec. II, the general theory of the
massive graviton admits the flavor off-diagonal terms
between G and charged leptons in Egs. (6) and (7), which
would give rise to the LFV processes, such as y — ey [57],
ut —> etete [58], and u — e conversions in nuclei [59].
Moreover, the Wilson coefficients of these effective inter-
actions cp, are generically complex so that they would also
lead to CPV observables like the electron and muon EDMs
[60,61]. Therefore, it is generally expected that such lepton
flavor off-diagonal terms are stringently constrained.
However, when the G-lepton couplings are flavor universal,
ie., ¢, = ¢, = c,, the total energy-momentum tensor 77"
of the charged lepton sector coupled to G is the same as that
defined in the SM. If the charged lepton mass matrix is
diagonalized in one basis, this property would be inherited
by the G-charged-lepton couplings with the associated
energy-momentum tensor. Then the LFV processes can
only be induced by the interactions with active neutrinos so
that they are well known to be highly suppressed by the tiny
neutrino masses, remaining to be unobservable under the
present experimental status. Furthermore, due to the self-
Hermitian nature of the total charged lepton energy-
momentum tensor 77, its universal coupling to G can
only be real, which automatically avoids the appearance of
CPV vertices. Unfortunately, such an interesting case is
now well restricted by the LEP-II data. As far as we know,
there are not any other natural mechanisms to forbid the
complex flavor off-diagonal couplings as well as the
associated LFV and CPV effects. The detailed discussion
of these flavor issues is out of the scope of the present work,
and we would like to leave it for future researches.
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|
. _ . 2 ieo-/wqy 2
iM(y? = ¢) = i(ky)(=iQc) | er, F1(q%) + m, Fyq?) |ulky), (A1)
where Q, = —1 and m, stand for the electric charge and mass of the charged lepton #, and its magnetic moment can be

obtained by taking a, = F,(0). Our task now is to compute the massive spin-2 particle induced contribution to this
amplitude and the associated (g —2),.

1. Diagram (a)

Now, we compute the Feynman diagram (a) in which the loop is obtained by inserting two G — £ interaction vertices,
with the corresponding amplitude given by

M, = k) (= 5 PG+ ) 4 17205 +0) = 2" 4 1= 2 )

i . u i _ic_g
Xl+k2—mf(_leQﬂ )l+k1_mf< 4/\)

-B)O' v l
X PR + ) + 1 (2 + 1) — 2 (2 + = 2m)ulky) & Zoear])

202 —m2’

where the massive spin-2 particle propagator is defined with the following factor:

k,k k,k k,k k,k 2 k,k k,k
B (k) — _ b _ K _ e ) 2 _ _%5%e) A3
)= (=22 (=0 + (e =) (0= ) =3 (=) (=) 0

For the denominator, we can complete the square of the loop momentum [/ as follows:

1 1
(o s s MO R e v

(A4)
where

A, = (x+y)’m2 —xyg* + (1 —x — y)mZ. (AS)
Therefore, we can shift the loop momentum as [ — [ — xk; — yk,, which gives the following numerator of the loop integral:

u(ko){y’[l = xky + (2 = y)kao|” + y°[l = xky + (2 = y)ko )P = 2077 [] = xfy + (2 — y)}o — 2my]}
X [J = xpy + (L= y)lo + mr[] + (1 =)}y = ko + my]
X AP+ (2 = x)ky = yhol” + [+ (2 = x)ky = ykoJ* = 20 [J + (2 = x)}y = ylo = 2m]Fu(ky)
X Bpa.ﬂl/(l —xk; = yks), (A6)
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where we have omitted the factors proportional to the
coupling constants and the electric charge. In our work, we
only focus on the leading-order contribution to the muon
anomalous magnetic moment (g — 2) 4+ Note that the above
loop integral is highly divergent so that it should be
dominated by terms of the largest divergence degree.
Note also that the terms of interest should be proportional
to u(k,)(io*q,)u(k,), which flips the lepton chirality in

6414

— (k) {=(ky - Do Jy* = (ko - DTy + my, (ky - DI 4 my(ky - Dy u(ky) =0,

4
2mg;

where we have used the equations of motion of leptons
I/Z(kz)kz = mfﬁ(kz) and klu(k]) = mgu(kl). Note that
here we have not listed all terms at this order but
only those which might potentially generate the desired
dipole operator. Therefore, at the order of quartic diver-
gence, the diagram (a) does not give any contribution
to Aay.

iMp,) = t(ky)(—ieQpr") I—m,

—iA,(l—ky) ([ ic,
o (

4A

A

——) (q- (1= k) CPo 4 DI (g 1 — k) + £ B (g 1 — k)] -

the amplitude. However, the only operator that can achieve
this in the present model is the lepton mass term so that the
final expression should be proportional to m,,. Therefore,
we need to pick terms that are divergent with two powers
less than the top divergence of O(A®), i.e., the terms with
O(1°) in the numerator. With FeynCalc, we can obtain the
following relevant terms:

(A7)

|
2. Diagram (b,) in the Feynman-’t Hooft gauge

Let us turn to the contributions from the Barr-Zee
diagrams [54,55], (b;) and (b,). Since they are symmetric
under the swapping of two vertices along the fermion line,
their contributions are expected to be equal. This sub-
section is devoted to computing the diagram (b;). The
associated amplitude is given as follows:

i (_ ic_f) P (L4 k) + v (L+ k)P =207 (] + = 2my ) |u(ky)

i Baﬁ.pa(l - kl)
2(1=ky)* = mg

_ceeyeQri(ky)ly” (L4 ki) + 77 (L+ ki) =27 (J + J = 2my)Ju(ky)

8A? (2 = mZ](1 = k2)?[(1 = ky)* = mg]

X Ayl = ka)[q - (I = k) CPH* + DP4%(g, 1 = ky) + £ EP4*(q, 1 = k3)|Bap po (1 = K1),

where

PuPy
:77;41/_(1_5) p2 ’

Au(p) (A9)

with £ the gauge parameter. There are two possible
problems related to this Barr-Zee diagram. Firstly, the
amplitude is still highly divergent so that the leading-order
contribution to the lepton g — 2 is expected to come from
the largest divergence. Thus, it is important to keep the
divergence structure of the loop integral. Secondly, this
expression of Eq. (A8) explicitly depends on the gauge
parameter £ However, the gauge invariance of the quantum
electrodynamics requires the final result should not rely on
the choice of this parameter. It is well known that the
traditional dimensional regularization, even though pre-
serving the gauge invariance, cannot keep the divergences
of positive powers, all of which are distorted into the
logarithmic ones. Therefore, it cannot be applied here.
In the literature, one method that can retain both the gauge

(A8)

invariance of a general gauge theory and the divergence
structure is the loop regularization [62,63]. In the follow-
ing, we shall make use of the loop regularization to perform
our calculations.

Note that the loop regularization guarantees the gauge
invariance by demanding the consistency relations [62,63]
among the tensor and scalar-type loop integrals defined
below, rather than at the Lagrangian level like in the case of
dimensional regularization. One can only check the gauge
invariance of the theory by explicit calculations in different
gauges. In this subsection, we shall take the Feynman-'t
Hooft gauge with £ =1, so that A, (p?) =7, in order
to simplify our calculation. We leave the discussion of
computation details with the general gauge in the next
subsection. Moreover, when using the consistency con-
ditions in the loop regularization in Eqs. (A15), we may
encounter 0 in the denominator for quartically divergent
integrals. One way to avoid such a problem is to relax
the power index of the massive graviton’s propagator as
follows,
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ZB;w,/m(k) N i B/w./)r;

— , A10
2 k2 — mé 2[k* - mé]" ( )

and then to take the limit » — 1 in the end of the
calculation. The reason why the photon’s propagator
cannot be relaxed lies in the fact that the photon’s
propagator is closed related to the photon-photon-G vertex
so that for consistency, one cannot modify the propagator
solely without changing the vertex accordingly. As usual,
with Feynman parametrization, we can complete the square
in the denominator of the loop integral as follows,

1
[2 = m)(1 = k2)*[(1 = ky)? = mg]"

_Tnt2) [ !
- T(n) /d 4 (1= xky = yky)? = Ay, "2

(Al1)

with

Ay, = (1=x=y)?m’—xyg* + xm}.  (Al2)

As aresult, we can shift the loop momentum as [ — [ 4 xk; + yk, in the loop integral. Then we can expand it and obtain the

following relevant terms of interest:

1612

=g 1200 = DG Dk 1)+ 4

+ P[=1(ky - Dy + 20 (ky - 1) — PRoK —
- ylzk’ékl + Ik (kl :
+dxmpl(ky - 1) + &L @)r* Ik — Pally + I (k, -

=2myl (ky - 1) + ymo Py + ym Pk + dym 1 (ky - 1)

According to the rules of loop regularization, we can
transform the loop integral of (b;) into the sum of
irreducible loop integrals, which are define as follows:

1
’émz/@fijQv
" #rr
I—Zm (12 M2 m+3

Il“//’o' E/ Hlrple

—2m f (12 _ M2)m+4 ’
where the subscripts on the left-hand side refer to the mass
dimensions of loop integrals with m € Z. In particular,
when these integrals are divergent, then the subscripts stand
for the degrees of UV divergences. With the prescription
of loop regularization, it is easy to prove the following
consistency conditions for the regularized integrals:

(A14)

v '
R —|
—2m 2(2+m> —2m»
) g ! v 00 p VO 5 Zay
—2m (gﬂgo+gﬂg +gygﬂ)—2

42+m)(3+m)
(A15)

For the quadratically and logarithmically divergent inte-
grals with m = —1 and m = 0, respectively, the above
relations are reduced as follows:

— Y + v (k- D -
D)+ 22K = 2Pmek) — mpl (ky - 1) + mexIP R ]+ xm Pk

02 P (kg - D[(x = 2)k + (1 +y)kS)

dyli, (ky - 1)

D —5xI, (ky - 1) — xPR Ky + mpPkE

—my(L- q)r"]+ml'q])}. (A13)

1 1 vpo 1 U AP0 Vo D MO

B =39"h, 17 =g(g" g +g"¢" +979")
v 1 vpo _ 1

Iﬂ _49441110’ II(;/’ :ﬁ(gybgp6+gﬂpgua+gvﬂgﬂa)10'

(A16)

Note that it was proven that the conditions given in
Eq. (A16) are enough to guarantee the gauge invariance
in the renormalizable gauge theories. However, now we
need to extend these relations to the more general case in
Eq. (A15) for nonrenormalizable interactions. After tedious
calculations with repeated usages of the consistency con-
ditions, the terms relevant to the lepton g—2 can be
reduced to

. cyc,eQ 16 _ .
M~ (g el (o, k)
I'(n+2)

/dxdy(l —x—y)"!

4(x+y-1/2) x+y-1
X{ A(n—1)n +2(n—1)}12(3‘">’

(A17)
where the symbol of “~” refers to the equality up to the
leading-order divergence. In general, one cannot simply
integrate over the Feynman parameters, x and y, since the
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loop integral /5(3_,) depends on them. However, here, we
only focus on the leading-order divergent term, which does
not have any reliance on Feynman parameters. Therefore,
we can put the divergent part D[l5;5_,)] out of the

where we have defined

3 cec eQyp
8A2

(_ 16 )m,;[ﬁ(kz)(—idw%)u(kl)]'

A =
(1) 3m‘(1;.§

(A19)

Here, we have transformed the integration over x and y into
that over t = x + y in the first relation. Further, we have
taken the limit n — 1 in the last equality as demanded by
the true photon propagator. Finally, the quartically diver-
gent integral /, can be regularized by the loop regulariza-
tion with the leading-order divergent part given by

i A4

Dll] = 1622 2 °

(A20)

By comparing the definition of Aa, in Eq. (Al), we can
extract the contribution to the muon anomalous magnetic
moment as follows:

1614

integration over x with the notation D[..] denoting the
leading-order divergence of the loop integral. As a
result, the amplitude contributing to the lepton g —2 is
given by

(A18)

Adl) (A21)

ceey (me\2 [ A4
4872 \ A mg)

3. Diagram (b;) in the general gauge

As a proof of gauge invariance of quantum electrody-
namics, we perform the calculation in the general gauge
with & in Eq. (A8) taken as arbitrary values. Following
exactly the same procedure, we can firstly complete the
square in the denominator as follows:

1
= m2)( = k) [~ K P — m]"
_Tm+3) [ 1
T (0) / By e e Z k) = A,
(A22)

After the shift of loop momentum [, the terms in the
numerator relevant to the lepton g — 2 are given by

=38 (2Gy =210y - D (ky - 1) - 630 (ky - 1)+ T2 (k- D[ (x = 2)K; + (14 y)k)]
G

+ P=1(ky - Do + 40 (ky - 1) = PRoJ = YT K + I (ky - D) — 691§ (ks - 1)
— YPKEW + 1R (kg - 1) + 28Ky = 20 m K — my 1 (ky - 1) + myx I ]+ xmy, 2K,
+ 6xm, 1 (ky - 1) + (L @)y* Iy — Pally + 1 (ky - D= Txlfy (ky - 1) — xIPK{ K + m, K,
—dm, I (ky - 1) + ym, M [}, + ymﬂlzkg + 6ym, I (ky - 1) — m, (L - q)y"] + m,l"4])}, (A23)

where we have also suppressed the prefactors involving the coupling constants for simplicity. It is obvious that the gauge
parameter £ has been canceled out completely, which means that our final result is gauge independent. With the general
consistency relations in Eqs. (A15), the corresponding amplitude is given by
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. I'(n+3 a1 ) 20B8x+3y—=2) x+y-1
lM(bl)NA(bl)%/dXd)’)’(l—x—y) l{ ( )+ }12(3—n)

T(n)T(2) dn-Dn T 2m=1)
= Ay Dlla;3-n)] m [6—2(n +2)]
= A Dl ~ S (i) () (A24)

where, in the last line, we have taken the limit n — 1 to recover the original one-loop integral of (b;). The contribution to the
lepton g — 2 is given by

() o, _ CeCy (me)? (A
A - — —, A25
e 4877 < A ) <mG (A25)

which agrees with Eq. (A21) for the fixed Feynman-’t Hooft gauge. Therefore, we have explicitly shown that our result
respects the gauge invariance, which guarantees the consistency of our calculation.

4. Diagram (b,)
Similar to the diagram (b;), the amplitude of the Feynman diagram (b,) is given by

_cecyeQrit(kp){y (14 k)" + v (L+ ko) =207 (o + | = 2my) } (] + mp)y*u(ky)
8A? (P =mp)[(l = ky)* = mg](I = ky)?

X Baﬁ.pa(l - kZ){q : (l - kl)ca/f.;uc + D(lﬁ.ﬂk(q’ [ - kl) + é_lEa/i,yK(qv [ - kl)}ch(l - kl) (A26)

iMpy) =

Following the same treatment as for the diagram (b;), the contribution from (b,) to the lepton g — 2 is given by

2/ A\4
Al = S0 ()T (D) (A27)
4871'2 A meg

5. Diagram (c)

According to the Feynman rules, the amplitude of the diagram (c) is given by

] ' d4l 7 —i AKI/ I+ ]
Bappa(1)/2

X [=g - (14 Q)CPH + DP(q,~(1+ ) + £ BV (q. =1+ ) “2 B (A28)
G

where the tonsorial factors A,,(p) and B,,,,(k) are defined in Egs. (A9) and (A3). Explicit calculations show that, by
contracting all Lorentz indices and using the on-shell condition for the external photon in Eq. (A28), the remaining terms are
all proportional to y* so that this diagram cannot contribute to the magnetic dipole of leptons.

6. Diagrams (d,) and (d,)

In this subsection, we present the computational details of Feynman diagrams of (d;) and (d,). Since they are symmetric,
itis expected that both of them give the same result. Straightforward computations confirm this conclusion. Therefore, here,
we only show the necessary steps for the calculation of diagram (d;) in the following.

035008-14



MUON g -2 ANOMALY FROM A MASSIVE SPIN-2 PARTICLE PHYS. REV. D 107, 035008 (2023)

The amplitude of (d,) is given by

My = [ szt (=) 0+ 2+ 70+ 2 =271+ 24 = 2m)

(2m)* 4A
i 1€QpCr s abuw iBap po(1)/2
X,_sz_mbﬂ[ A (CoPt — )h}”(lﬂ)(lziim%
leC? d4l af.uv ap,uv
= - 16A2 / (271_)4 (C P _ n ﬂy]ﬂ )Baﬂ,p(I(l)

o i(ky)[y” (1 + 2ky)7 + v (1 + 2ky)? — 0P (] + 2, = 2m,)|[] + ¥ + myly,u(k,)
(1 + kp)* = m3](I* = mg,)

. (A29)

Like the situation when computing the diagram (b,), the application of the consistency conditions in Eq. (A15) would cause
the denominator to become 0. In order to cure this unphysical pathology, we shall follow Eq. (A10) to relax the power index
of the spin-2 particle’s propagator from 1 to n and take the limit » — 1 in the final expression. With this prescription, we
complete the square in the denominator as follows:

1 _T(n+1) [1 . 1
(T et N A (Eorirvicas (30)
where
Ay =xm%+ (1= x)m% — x(1 — x)k3. (A31)

Now we shift the loop momentum / — [ — xk, so that the numerator in the loop integral can be transformed into

N = (k) {y?[I° + (2 = x)k5] +7°[I° 4+ (2 = x)K5] = 2077 [] + (2 = x) I — 2]}
X [J+ (1= x)fo + mely,u(ky ) (CPH — ) B oo (1 — xks), (A32)

where we have omitted the prefactors for simplicity. By contracting the Lorentz indices and simplifying the expression with
the on-shell conditions of external particles, we find that the terms that potentially contribute at leading order to the lepton
magnetic dipole operator are given by

N = —%{lz[xm,gl”lkz —xmlt(ky - 1) + xky(ky - 1)] +2(x = 1)I#(ky - 1)*]}. (A33)
G

Hence, when written in terms of the irreducible loop integrals, the above amplitude can be expressed as follows:

) eQ c? 32 \I'(n+1) [1 Y oo
lM(dl) - by < ) ( )A dx[xmf[g<3_n>ybk2 + 2()6 - 1)Ig(§_n)7ykzpk25}

C16A7 \ 3mi) T(n)
eQpc (32m,\T(n+1) [1 X (1-x)
ot (o) T 8 s e e
eQecs (32my\, ., Tn+1) [1 x (1-x)
T leA? (%) (i) ) A dx[2(n—1) 2n(n—1)]12(3_”)’ (A34)

where we have applied the consistency conditions in Eq. (A15) and have only kept terms that give rise to the lepton g — 2.
Note that the leading-order divergence denoted as D[I5(;_,)] is independent of the Feynman parameter x so that we can take
it our of the integration over x. As a result, the dominant amplitude proportional to (ic**q,) is given by
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, eQpcy (32my\ . T(n+1) 1 1
~ —ictg ) —— " ) DIJ —
M 16A2 <3m‘(‘; (=io*q.) I'(n) 6] 4n—1) 4n(n-1)
eQuct (32my o T(n+1) 1
- ) L | N [
167 <3mg (=i0" ) =riy Plae-nlg,
eQpcy (8me\, .,
- SMe N (ot g VDIL. A35

where in the last line, we have taken the limit n — 1.
By comparing with the definition of Aa, in Eq. (Al), the
contribution from diagram (d;) to the lepton g—2 is

given by
Aa(fzﬁ): Cbzﬂz LANES 4’
9677-' A mg

where we have used the expression of the top divergence in
Eq. (A20) obtained by the loop regularization.

By explicit calculation of the diagram (d,), we can prove
that it gives exactly the same leading-order contribution to

the lepton g —2 as (d;): Aa(f” = Aa;d])'

(A36)

7. Total contribution to Aa,

By summing up all of the contributions above to the
lepton g — 2, we can obtain the total one-loop contribution
induced by the massive spin-2 field G as follows:

my\2 [ A 2 ¢y
Al = (50) () (g -0k, (A37
e <A> <m;‘;> (487:2 2ar) (A3

We shall apply this analytic expression in our numerical
investigation over the parameter space in the main text.
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