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We study the double-gluon hybrid states with the quark-gluon contents q̄qgg (q ¼ u=d) and s̄sgg. We
construct twelve double-gluon hybrid currents with various quantum numbers, five of which are found to be
zero due to some internal symmetries between the two gluon fields. We use the remaining seven currents to
perform QCD sum rule analyses. Especially, the masses of the double-gluon hybrid states with the exotic
quantumnumber JPC ¼ 2þ− are calculated to beMjq̄qgg;2þ−i ¼2.26þ0.20

−0.25 GeV andMjs̄sgg;2þ−i ¼2.38þ0.19
−0.25 GeV.

Their two- and three-meson decay patterns are also investigated.

DOI: 10.1103/PhysRevD.107.034010

I. INTRODUCTION

A hybrid state is composed of one valence quark, one
valence antiquark, and one or more valence gluons. Some
of the hybrid states have the exotic quantum numbers
JPC ¼ 0−−=0þ−=1−þ=2þ−=3−þ=4þ−= � � � that cannot be
accessed by the conventional q̄q mesons [1]. These hybrid
states are of particular interest, and have been studied in
various experimental and theoretical investigations in the
past half century [2–13].

Up to now there are four candidates observed in
experiments with the exotic quantum number JPC ¼ 1−þ,
including the π1ð1400Þ [14], π1ð1600Þ [15,16], and
π1ð2015Þ [17] of IGJPC ¼ 1−1−þ as well as the
η1ð1855Þ [18,19] of IGJPC ¼ 0þ1−þ. Especially, the last
onewas recently reported by the BESIII Collaboration in the
ηη0 invariant mass spectrum of the J=ψ → γηη0 decay
with a statistical significance larger than 19σ [18,19].
These candidates are possible single-gluon hybrid states,
which are composed of one valence quark-antiquark pair
and one valence gluon. Besides, they may also be explained
as the compact tetraquark states and the hadronic molecular
states [20–28], etc.
The above candidates have been intensively studied

within the hybrid picture using various theoretical

methods and models, such as the MIT bag model [29–31],
flux-tube model [32–36], constituent gluon model [37–39],
AdS/QCD model [40,41], Dyson-Schwinger equation [42],
lattice QCD [43–53], and QCD sum rules [54–63],
etc. [64]. However, their nature is still elusive due to our
poor understanding of the “valence” gluon:

(i) It is not easy to experimentally identify the hybrid
states unambiguously, and there is currently no
definite experimental evidence of their existence.
This is partly because it is rather difficult to differ-
entiate the hybrid states from the compact tetraquark
states and the hadronic molecular states. This tough
problem needs to be solved by experimentalists and
theorists together in the future.

(ii) It is also not easy to theoretically define the gluon
degree of freedom. There have been some proposals
to construct glueballs and hybrid states using the
constituent gluons [65–70], but a precise definition
of the constituent gluon is still lacking.

In this paper we shall further investigate the double-
gluon hybrid states, which are composed of one valence
quark-antiquark pair and two valence gluons. Some
previous QCD sum rule studies on these states can be
found in Refs. [71,72]. In this paper we shall study the
double-gluon hybrid states with the quark-gluon contents
q̄qgg (q ¼ u=d) and s̄sgg. We shall construct twelve
double-gluon hybrid currents with various quantum
numbers, five of which are found to be zero due to some
internal symmetries between the two gluon fields. We
shall use the remaining seven currents to perform
QCD sum rule analyses. Especially, the masses of the
double-gluon hybrid states with the exotic quantum
number JPC ¼ 2þ− are calculated to be smaller than
3.0 GeV:
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Mjq̄qgg;1þ2þ−i ¼ Mjq̄qgg;0−2þ−i ¼ 2.26þ0.20
−0.25 GeV;

Mjs̄sgg;0−2þ−i ¼ 2.38þ0.19
−0.25 GeV:

These mass values are accessible in the BESIII, GlueX,
LHC, and PANDA experiments. In this paper we shall also
investigate their possible decay patterns for both the two-
and three-meson final states.
This paper is organized as follows. In Sec. II we

construct twelve double-gluon hybrid currents, five of
which are found to be zero. We use the remaining seven
currents to perform QCD sum rule analyses in Sec. III, and
then perform numerical analyses in Sec. IV. The obtained
results are summarized and discussed in Sec. V.

II. DOUBLE-GLUON HYBRID CURRENTS

In this section we construct the double-gluon hybrid
currents by using the gluon field strength tensorGn

μνðxÞ, the
dual gluon field strength tensor G̃n

μν ¼ Gn;ρσ × ϵμνρσ=2, the
light quark field qaðxÞ, and the light antiquark field q̄aðxÞ.
In these expressions, a ¼ 1…3 and n ¼ 1…8 are color
indices, and μ, ν, ρ, σ are Lorentz indices.
Some of the double-gluon hybrid currents have been

constructed in Ref. [71]:

J0þþ ¼ q̄aγ5λabn qbdnpqg2sG
μν
p G̃q;μν; ð1Þ

J0þ− ¼ q̄aγ5λabn qbfnpqg2sG
μν
p G̃q;μν; ð2Þ

J0−þ ¼ q̄aγ5λabn qbdnpqg2sG
μν
p Gq;μν; ð3Þ

J0−− ¼ q̄aγ5λabn qbfnpqg2sG
μν
p Gq;μν; ð4Þ

Jαβ
1þþ ¼ q̄aγ5λabn qbdnpqg2sG

αμ
p G̃β

q;μ − fα ↔ βg; ð5Þ

Jαβ
1þ− ¼ q̄aγ5λabn qbfnpqg2sG

αμ
p G̃β

q;μ − fα ↔ βg; ð6Þ

Jαβ
1−þ ¼ q̄aγ5λabn qbdnpqg2sG

αμ
p Gβ

q;μ − fα ↔ βg; ð7Þ

Jαβ1−− ¼ q̄aγ5λabn qbfnpqg2sG
αμ
p Gβ

q;μ − fα ↔ βg; ð8Þ

Jα1β1;α2β2
2þþ ¼ q̄aγ5λabn qbdnpqS½g2sGα1β1

p G̃α2β2
q �; ð9Þ

Jα1β1;α2β2
2þ− ¼ q̄aγ5λabn qbfnpqS½g2sGα1β1

p G̃α2β2
q �; ð10Þ

Jα1β1;α2β2
2−þ ¼ q̄aγ5λabn qbdnpqS½g2sGα1β1

p Gα2β2
q �; ð11Þ

Jα1β1;α2β22−− ¼ q̄aγ5λabn qbfnpqS½g2sGα1β1
p Gα2β2

q �; ð12Þ

where S represents symmetrization and subtracting trace
terms in the two sets fα1α2g and fβ1β2g simultaneously.
The above double-gluon hybrid currents all contain

the color-octet quark-antiquark field q̄aγ5λabn qb with the

S-wave spin-parity quantum number JP ¼ 0−, so these
currents may couple to the lowest-lying double-gluon
hybrid states. Their color structure is

3q ⊗ 3̄q̄ ⊗ 8g ⊗ 8g → 8q̄q ⊗ 8g ⊗ 8g → 1Sq̄qgg ⊕ 1Aq̄qgg;

ð13Þ

where 1Sq̄qgg denotes the symmetric color configuration
dnpqq̄aλabn qbGpGq, and 1Aq̄qgg denotes the antisymmetric
color configuration fnpqq̄aλabn qbGpGq, with dnpq and fnpq

the totally symmetric and antisymmetric SUð3Þ structure
constants, respectively.
More double-gluon hybrid currents can be constructed

by combining the color-octet quark-antiquark fields

q̄aλabn qb; q̄aλabn γμqb; q̄aλabn γμγ5qb; q̄aλabn σμνqb; ð14Þ

and the color-octet double-gluon fields

dnpqGαβ
p Gγδ

q ; fnpqGαβ
p Gγδ

q ; ð15Þ

together with some Lorentz matrices Γμν���αβγδ. Note that
some of these currents can mix with the above currents
defined in Eqs. (1)–(12) when they have the same spin-
parity quantum numbers.
Each of the four currents, J0�� defined in Eqs. (1)–(4),

couples to either the positive- or negative-parity hybrid
state. For example, the current J0þþ couples to the double-
gluon hybrid state of JPC ¼ 0þþ through

h0jJ0þþjX; 0þþi ¼ fjX;0þþi; ð16Þ

while it does not couple to the state of JPC ¼ 0−þ.
The other eight currents of spin-J, Jαβ

1�� , and Jα1β1;α2β2
2��

defined in Eqs. (5)–(12), have 2 × J Lorentz indices with
certain symmetries, e.g., the spin-2 current Jα1β1;α2β2

2þþ has
four Lorentz indices, satisfying

Jα1β1;α2β2
2þþ ¼ −Jβ1α1;α2β2

2þþ ¼ −Jα1β1;β2α2
2þþ ¼ Jβ1α1;β2α2

2þþ : ð17Þ

Each of these eight currents couples to both the positive-
and negative-parity hybrid states. We briefly explain how to
deal with them as follows.
We use the current Jαβ ¼ c̄σαβc as an example, which

can be separated into (α, β ¼ 0, 1, 2, 3 and i, j ¼ 1, 2, 3):

Jαβ ¼ c̄σαβc

�
c̄σijc; P ¼ þ;

c̄σ0ic; P ¼ −:
ð18Þ

Therefore, it couples to both the positive- and negative-
parity charmonia through

h0jJαβjhcðϵ; pÞi ¼ ifThcϵ
αβμνϵμpν; ð19Þ
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h0jJαβjJ=ψðϵ; pÞi ¼ ifTJ=ψðpαϵβ − pβϵαÞ; ð20Þ

with fThc and fTJ=ψ the decay constants. We can further
isolate the hc at the hadron level by investigating the two-
point correlation function containing

h0jJαβjhcihhcjðJα0β0 Þ†j0i
¼ ðfThcÞ2ϵαβμνϵμpνϵ

α0β0μ0ν0ϵ�μ0pν0

¼ −ðfThcÞ2p2ðgαα0gββ0 − gαβ
0
gβα

0 Þ þ � � � ; ð21Þ

while the correlation function of J=ψ does not contain this
coefficient. Instead, the J=ψ can be isolated more easily
through the dual current

J̃αβ ¼ ϵαβγδ × Jγδ; ð22Þ

which couples to the J=ψ and hc in the opposite ways:

h0jJ̃αβjJ=ψðϵ; pÞi ¼ if̃TJ=ψϵ
αβμνϵμpν; ð23Þ

h0jJ̃αβjhcðϵ; pÞi ¼ if̃Thcðpαϵβ − pβϵαÞ: ð24Þ

Accordingly, we can use the two currents Jαβ and J̃αβ to
separately investigate the two charmonia hc and J=ψ .
The above process can be applied to generally inves-

tigate the currents Jαβ
1�� and Jα1β1;α2β2

2�� , with the couplings
defined as

h0jJαβ
1��jX; 1��ðϵ; pÞi ¼ if1��ϵαβμνϵμpν; ð25Þ

h0jJα1β1;α2β2
2�� jX; 2��ðϵ; pÞi ¼ if2��ϵμ1μ2pν1pν2

× S½ϵα1β1μ1ν1ϵα2β2μ2ν2 �: ð26Þ

Here jX; 1��i and jX; 2��i are the double-gluon hybrid
states that have the same parities as the components Jij

1��

and Ji1j1;i2j2
2�� (i; i1; i2; j; j1; j2 ¼ 1, 2, 3), respectively.

Before performing QCD sum rule analyses, let us further
examine the twelve currents J���

0=1=2�� defined in Eqs. (1)–
(12). We find some internal symmetries between the two
gluon fields, which make the five currents J���

0�−=1�þ=2−−

vanish:
(i) The current J0−− contains two totally antisymmetric

gluon fields (their Lorentz indices are symmetric and
their color coefficient fnpq is antisymmetric), so it
vanishes due to the Bose-Einstein statistics:

J0−− ¼ � � � × fnpqGμν
p Gq;μν

¼ � � � × fnqpGμν
q Gp;μν

¼ − � � � × fnpqGμν
p Gq;μν

¼ −J0−− : ð27Þ

(ii) The current J0þ− vanishes through some similar
deductions:

J0þ− ¼ � � � × fnpqGμν
p G̃q;μν

¼ � � � × fnqpGμν
q G̃p;μν

¼ − � � � × fnpqG̃μν
p Gq;μν

¼ − � � � × fnpqGμν
p G̃q;μν

¼ −J0þ− : ð28Þ
(iii) The current Jαβ

1−þ contains two totally antisymmetric
gluon fields (their Lorentz indices are antisymmetric
and their color coefficient dnpq is symmetric), so it
vanishes due to the Bose-Einstein statistics:

Jαβ
1−þ ¼ � � � × dnpqðGαμ

p Gβ
q;μ − Gβμ

p Gα
q;μÞ

¼ � � � × dnqpðGαμ
q Gβ

p;μ − Gβμ
q Gα

p;μÞ
¼ − � � � × dnpqðGαμ

p Gβ
q;μ − Gβμ

p Gα
q;μÞ

¼ −Jαβ
1−þ : ð29Þ

(iv) The current Jαβ
1þþ vanishes because

J01
1þþ=ðg2s q̄aγ5λabn qbÞ
¼ dnpqðG0μ

p G̃1μ
q −G1μ

p G̃0μ
q Þ

¼ dnpqðG02
p G̃12

q þG03
p G̃13

q −G12
p G̃02

q − G13
p G̃03

q Þ

¼ dnpq

2
ðG02

p G03
q −G03

p G02
q þG12

p G13
q −G13

p G12
q Þ

¼ 0: ð30Þ
(v) The current Jα1β1;α2β22−− contains two totally antisym-

metric gluon fields (their Lorentz indices are sym-
metric and their color coefficient fnpq is
antisymmetric), so it vanishes due to the Bose-
Einstein statistics:

Jα1β1;α2β22−− ¼ � � � × fnpqS½Gα1β1
p Gα2β2

q �
¼ � � � × fnqpS½Gα1β1

q Gα2β2
p �

¼ − � � � × fnpqS½Gα2β2
p Gα1β1

q �
¼ − � � � × fnpqS½Gα1β1

p Gα2β2
q �

¼ −Jα1β1;α2β22−− : ð31Þ

Interestingly, the current Jα1β1;α2β2
2þ− does not vanish, e.g.,

J01;02
2þ− ¼ � � � × fnpqS½G01

p G̃02
q �

¼ � � � × fnpqðG01
p G̃02

q þ G02
p G̃01

q Þ

¼ � � � × fnpq

2
ð−G01

p G13
q þ G02

p G23
q Þ

≠ 0: ð32Þ
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III. QCD SUM RULE ANALYSES

In this section we use the seven currents J���
0�þ=1�−=2�þ=2þ−

to perform QCD sum rule analyses. We use the current J0þþ

defined in Eq. (1) as an example. Based on Eq. (16),
we study its two-point correlation function

Πðq2Þ ¼ i
Z

d4xeiqxh0jT½J0þþðxÞJ†
0þþð0Þ�j0i; ð33Þ

at both the hadron and quark-gluon levels.
At the hadron level, Eq. (33) can be expressed by the

dispersion relation as

Πðq2Þ ¼
Z

∞

s<

ρðsÞ
s − q2 − iε

ds; ð34Þ

where s< ¼ 4m2
q is the physical threshold. The spectral

density ρðsÞ≡ ImΠðsÞ=π is parametrized as one
pole dominance for the possibly existing ground state
X ≡ jX; 0þþi together with a continuum contribution

ρphenðsÞ≡
X
n

δðs −M2
nÞh0jJ0þþjnihnjJ†

0þþj0i

¼ f2Xδðs −M2
XÞ þ continuum: ð35Þ

At the quark-gluon level, Eq. (33) can be calculated by
the method of operator product expansion (OPE), from
which we can extract the OPE spectral density ρOPEðsÞ. We
perform the Borel transformation at both the hadron and
quark-gluon levels, and approximate the continuum using
ρOPEðsÞ above the threshold value s0, from which we obtain
the sum rule equation

Πðs0;M2
BÞ≡ f2Xe

−M2
X=M

2
B ¼

Z
s0

s<

e−s=M
2
BρOPEðsÞds: ð36Þ

It can be used to further derive

M2
Xðs0;MBÞ ¼

R
s0
s<
e−s=M

2
BsρOPEðsÞdsR

s0
s<
e−s=M

2
BρOPEðsÞds

: ð37Þ

In this paper we have calculated the Feynman diagrams
depicted in Fig. 1. Since the gluon field strength tensor Gn

μν

is defined as

Gn
μν ¼ ∂μAn

ν − ∂νAn
μ þ gsfnpqAp;μAq;ν; ð38Þ

it is naturally separated into two parts: the former two terms
are represented by the single-gluon line, and the third term
is represented by the double-gluon-line with a red vertex;
e.g., see the diagram depicted in Fig. 1(c–3).
We have calculated ρOPEðsÞ up to the dimension eight

condensates, including the perturbative term, the quark
condensates, the quark-gluon mixed condensates, the

two-/three-gluon condensates, and their combinations.
We have considered all the diagrams proportional to
α2s × g0s and α2s × g1s , while we have only considered three
diagrams proportional to α2s × g2s , as depicted in Fig. 1(e–i).
We have included the strange quark mass, while we have
neglected the up and down quark masses.
All the obtained spectral densities are given in the

Appendix. Especially, the one extracted from the current
J0þþ with the quark-gluon content q̄qgg (q ¼ u=d) is

ρq̄qgg
0þþ ðsÞ¼ α2ss5

4320π4
−
5α2shg2sGGis3

6912π4

þ
�
80α2shq̄qi2

27
−
5αshg3sG3i

48π3

�
s2

þ
�
−
80α2shq̄qihgsq̄σGqi

9
−
5hg2sGGi2
288π2

�
s; ð39Þ

and the one with the quark-gluon content s̄sgg is

(a)

(b–1) (b–2) (b–3) (b–4)

(c–1) (c–2) (c–3) (c–4)

(d–1) (d–2) (d–3)

(d–4) (d–5) (d–6)

(e–1) (e–2) (e–3)

FIG. 1. Feynman diagrams for the double-gluon hybrid state:
(a) and (b–i; i ¼ 1 � � � 4) are proportional to α2s × g0s ; (c–i;
i ¼ 1 � � � 4) and (d–i; i ¼ 1 � � � 6) are proportional to α2s × g1s ;
(e–i; i ¼ 1 � � � 3) are proportional to α2s × g2s .
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ρs̄sgg
0þþ ðsÞ ¼ α2ss5

4320π4
−
α2sm2

ss4

144π4
þ
�
−
5α2shg2sGGi
6912π4

−
5α2smshs̄si

27π2
þ 5α2sm4

s

36π4

�
s3 þ

�
80α2shs̄si2

27
−
5αshg3sG3i

48π3
þ 10α2smshgss̄σGsi

9π2

−
20α2sm3

shs̄si
9π2

�
s2 þ

�
−
80α2shs̄sihgss̄σGsi

9
−
5hg2sGGi2
288π2

þ 40α2sm2
shs̄si2
9

þ 5αsm2
shg3sG3i
8π3

�
s: ð40Þ

Note that the double-gluon hybrid states in the same isospin
multiplet have the same extracted hadron mass within our
QCD sum rule framework, since we do not differentiate the
up and down quarks in the OPE series.

IV. NUMERICAL ANALYSES

In this section we use the spectral densities listed in
Eqs. (39) and (40) as well as those given in the Appendix to
perform numerical analyses. To begin with, we show
them in Fig. 2 as functions of s. The two spectral densities
ρq̄qgg
0þþ ðsÞ and ρs̄sgg

0þþ ðsÞ (black curves) are both negative when
0 ≤ s ≤ 14 GeV2. This suggests that they are both
nonphysical in this energy region, and the masses
extracted from them should be significantly larger thanffiffiffiffiffi
14

p
GeV ≈ 4 GeV. However, the two spectral densities

ρq̄qgg
2þ− ðsÞ and ρs̄sgg

2þ− ðsÞ (red curves) are both positive
definite, and the masses extracted from them can be much
smaller.
We use the spectral density ρq̄qgg

0þþ ðsÞ listed in Eq. (39) as
an example. It is extracted from the current J0þþ with the
quark-gluon content q̄qgg (q ¼ u=d), so we denote its
corresponding state as

X ≡ jX; 0þþi≡ jq̄qgg; 0þþi: ð41Þ

The following values will be used for various QCD
parameters at the renormalization scale 2 GeV and the
QCD scale ΛQCD ¼ 300 MeV [1,73–80]:

αsðQ2Þ ¼ 4π

11 lnðQ2=Λ2
QCDÞ

;

ms ¼ 93þ11
−5 MeV;

hq̄qi ¼ −ð0.240� 0.010Þ3 GeV3;

hs̄si ¼ ð0.8� 0.1Þ × hq̄qi;
hgsq̄σGqi ¼ ð0.8� 0.2Þ × hq̄qiGeV2;

hgss̄σGsi ¼ ð0.8� 0.2Þ × hs̄si;
hαsGGi ¼ ð6.35� 0.35Þ × 10−2 GeV4;

hg3sG3i ¼ ð8.2� 1.0Þ × hαsGGi GeV2: ð42Þ

Equation (37) indicates that the mass MX depends on
two free parameters: the threshold value s0 and the Borel
mass MB. We use three criteria to determine their proper
working regions: (a) the convergence of OPE is sufficiently
good, (b) the pole contribution is sufficiently large, and
(c) the mass dependence on these two parameters is
sufficiently weak.
In order to ensure the good convergence of OPE, we

require that the α2s × g2s terms are less than 5%, the D ¼ 8
terms are less than 10%, and the D ¼ 6 terms are less
than 20%:

CVG≡
����Π

gn¼6
s ð∞;M2

BÞ
Πð∞;M2

BÞ
���� ≤ 5%; ð43Þ

CVG0≡
����Π

D¼8ð∞;M2
BÞ

Πð∞;M2
BÞ

���� ≤ 10%; ð44Þ

FIG. 2. The spectral densities ρq̄qggJPC ðsÞ and ρs̄sggJPC ðsÞ as functions of s.
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CVG00≡
����Π

D¼6
11 ð∞;M2

BÞ
Π11ð∞;M2

BÞ
���� ≤ 20%: ð45Þ

As depicted in Fig. 3 using three dashed curves, we
determine the minimum Borel mass to be M2

B ≥
6.12 GeV2.
Then we require the pole contribution (PC) to be

sufficiently large, that is larger than 40%:

PC≡
����Πðs0;M

2
BÞ

Πð∞;M2
BÞ
���� ≥ 40%: ð46Þ

As depicted in Fig. 3 using the solid curve, we determine
the maximum Borel mass to be M2

B ≤ 6.92 GeV2, when
setting s0 ¼ 38.0 GeV2.
Altogether we determine the Borel window to be

6.12 GeV2 ≤ M2
B ≤ 6.92 GeV2 for s0 ¼ 38.0 GeV2. We

redo the same procedures by changing s0, and find that

there are nonvanishing Borel windows as long as
s0 ≥ smin

0 ¼ 34.9 GeV2. We choose s0 to be slightly larger,
and determine the working regions to be 30.0 GeV2 ≤ s0 ≤
46.0GeV2 and 6.12 GeV2 ≤ M2

B ≤ 6.92GeV2, where we
calculate the mass of the double-gluon hybrid state
jq̄qgg; 0þþi to be

Mjq̄qgg;0þþi ¼ 5.61þ0.29
−0.27 GeV: ð47Þ

Its uncertainty is due to the threshold value s0, the Borel
mass MB, and the QCD parameters listed in Eq. (42).
We show the mass Mjq̄qgg;0þþi in Fig. 4 as a function

of the threshold value s0 and the Borel mass MB. From the
left panel, we find a mass minimum around s0 ∼ 28 GeV2,
and the s0 dependence is acceptable inside the region
30.0 GeV2 ≤ s0 ≤ 46.0GeV2. From the right panel, we
find that the mass curves are sufficiently stable inside the
region 6.12 GeV2 ≤ M2

B ≤ 6.92GeV2.
Similarly, we perform numerical analyses using the rest

of the double-gluon hybrid currents with the quark-gluon
content q̄qgg (q ¼ u=d). The obtained results are summa-
rized in Table I. Besides, we also perform numerical
analyses using these currents with the quark-gluon content
s̄sgg. The obtained results are also summarized in Table I.
Especially, the mass of the double-gluon hybrid state
js̄sgg; 0þþi is calculated to be

Mjs̄sgg;0þþi ¼ 5.72þ0.29
−0.32 GeV: ð48Þ

For completeness, we show it in Fig. 5 as a function of the
threshold value s0 and the Borel mass MB.

V. SUMMARY AND DISCUSSIONS

In this paper we study the double-gluon hybrid states
with the quark-gluon contents q̄qgg (q ¼ u=d) and s̄sgg.
We systematically construct twelve double-gluon hybrid
currents using the color-octet quark-antiquark field
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FIG. 3. CVG [short-dashed curve, defined in Eq. (43)], CVG0
[middle-dashed curve, defined in Eq. (44)], CVG00 [long-dashed
curve, defined in Eq. (45)], and PC [solid curve, defined in
Eq. (46)] as functions of the Borel mass MB, when setting
s0 ¼ 38.0 GeV2. These curves are obtained using the spectral
density ρq̄qgg

0þþ ðsÞ extracted from the current J0þþ with the quark-
gluon content q̄qgg (q ¼ u=d).
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FIG. 4. Mass of the double-gluon hybrid state jq̄qgg; 0þþi as a function of the threshold value s0 (left) and the Borel massMB (right).
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B ¼ 6.12=6.52=6.92 GeV2, respectively. In the right panel the
dotted/solid/dashed curves are obtained by setting s0 ¼ 30.0=38.0=46.0 GeV2, respectively. These curves are obtained using the
spectral density ρq̄qgg

0þþ ðsÞ extracted from the current J0þþ with the quark-gluon content q̄qgg (q ¼ u=d).

SU, CHEN, CHEN, and ZHU PHYS. REV. D 107, 034010 (2023)

034010-6



q̄aγ5λabn qb;

and the color-octet double-gluon fields

dnpqGαβ
p Gγδ

q ; fnpqGαβ
p Gγδ

q :

Since the field q̄aγ5λabn qb has the S-wave spin-parity
quantum number JP ¼ 0−, these currents may couple to
the lowest-lying double-gluon hybrid states.
We apply the method of QCD sum rules to study these

currents, and the obtained results are summarized in
Table I. Note that the five currents J���

0�−=1�þ=2−− vanish
due to some internal symmetries between the two gluon

fields, but this does not indicate that the double-gluon
hybrid states with these quantum numbers do not exist,
since more currents can be constructed by combining the
color-octet quark-antiquark fields

q̄aλabn qb; q̄aλabn γμqb; q̄aλabn γμγ5qb; q̄aλabn σμνqb;

and the above color-octet double-gluon fields. We shall
systematically investigate them in the near future.
As shown in Table I, only the masses of the double-gluon

hybrid states jq̄qgg; 2þ−i and js̄sgg; 2þ−i are calculated to
be smaller than 3.0 GeV:

TABLE I. QCD sum rule results of the double-gluon hybrid states jq̄qgg; JPCi and js̄sgg; JPCi, extracted from the seven currents
J���
0�þ=1�−=2�þ=2þ− with the quark-gluon contents q̄qgg (q ¼ u=d) and s̄sgg, respectively. The five currents J���

0�−=1�þ=2−− vanish, so their

results are not given.

Working Regions

State [JPC] Current smin
0 ½GeV2� M2

B½GeV2� s0½GeV2� Pole [%] Mass [GeV]

jq̄qgg; 0þþi J0þþ 34.9 6.12–6.92 38� 8.0 40–50 5.61þ0.29
−0.27

jq̄qgg; 0−þi J0−þ 24.4 5.34–5.78 27� 5.0 40–48 4.25þ0.32
−0.39

jq̄qgg; 1þ−i Jαβ
1þ− 32.1 5.51–6.31 35� 7.0 40–50 5.46þ0.25

−0.18
jq̄qgg; 1−−i Jαβ1−− 20.0 4.60–4.91 22� 4.0 40–47 3.74þ0.30

−0.35
jq̄qgg; 2þþi Jα1β1;α2β2

2þþ 20.0 5.39–5.76 22� 4.0 40–46 3.74þ0.27
−0.32

jq̄qgg; 2þ−i Jα1β1;α2β2
2þ− 6.4 1.61–1.78 7� 2.0 40–48 2.26þ0.20

−0.25
jq̄qgg; 2−þi Jα1β1;α2β2

2−þ
16.8 4.39–4.81 19� 4.0 40–49 3.51þ0.29

−0.35

js̄sgg; 0þþi J0þþ 35.3 6.22–7.61 41� 8.0 40–57 5.72þ0.29
−0.32

js̄sgg; 0−þi J0−þ 24.5 5.36–5.95 28� 6.0 40–50 4.34þ0.36
−0.46

js̄sgg; 1þ−i Jαβ
1þ− 32.5 5.60–6.79 37� 8.0 40–55 5.52þ0.29

−0.27
js̄sgg; 1−−i Jαβ1−− 20.2 4.62–5.07 23� 5.0 40–50 3.84þ0.35

−0.44
js̄sgg; 2þþi Jα1β1;α2β2

2þþ 20.4 5.45–6.11 24� 5.0 40–51 3.91þ0.32
−0.39

js̄sgg; 2þ−i Jα1β1;α2β2
2þ− 7.1 1.79–2.01 8� 2.0 40–50 2.38þ0.19

−0.25
js̄sgg; 2−þi Jα1β1;α2β2

2−þ
17.1 4.44–5.00 20� 4.0 40–51 3.61þ0.28

−0.34

M
as

s 
 [

G
eV

]

8.0

7.0

6.0

5.0

4.0

8.0

7.0

6.0

5.0

4.0
23.0 33.0 41.0 49.0 59.0

s   [GeV  ]0
2

M
as

s 
 [

G
eV

]

8.0

7.0

6.0

5.0

4.0

8.0

7.0

6.0

5.0

4.0
4.0 5.0 6.22 7.61 9.0 10.0

Borel Mass   [GeV  ]2 2

FIG. 5. Mass of the double-gluon hybrid state js̄sgg; 0þþi as a function of the threshold value s0 (left) and the Borel massMB (right).
In the left panel the dotted/solid/dashed curves are obtained by settingM2

B ¼ 6.22=6.91=7.61 GeV2, respectively. In the right panel the
dotted/solid/dashed curves are obtained by setting s0 ¼ 33.0=41.0=49.0 GeV2, respectively. These curves are obtained using the
spectral density ρs̄sgg

0þþ ðsÞ extracted from the current J0þþ with the quark-gluon content s̄sgg.
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Mjq̄qgg;2þ−i ¼ 2.26þ0.20
−0.25 GeV;

Mjs̄sgg;2þ−i ¼ 2.38þ0.19
−0.25 GeV:

These two states are coupled by the current Jα1β1;α2β2
2þ− with

the quark-gluon contents q̄qgg (q ¼ u=d) and s̄sgg. They
are quite interesting because they both have the exotic
quantum number JPC ¼ 2þ− that cannot be reached by the
conventional q̄q mesons. Since we do not differentiate the
up and down quarks within the QCD sum rule framework,
the masses of the double-gluon hybrid states in the same
isospin multiplet are calculated to be the same:

Mjq̄qgg;1þ2þ−i ¼ Mjq̄qgg;0−2þ−i ¼ 2.26þ0.20
−0.25 GeV;

Mjs̄sgg;0−2þ−i ¼ 2.38þ0.19
−0.25 GeV:

The double-gluon hybrid states jq̄qgg; 1þ2þ−i and
jq̄qgg; 0−2þ−i have been studied in Ref. [71], and their
possible decay patterns have also been partly derived there.
In this paper we further study the decay patterns of its
partner state js̄sgg; 0−2þ−i. As shown in Fig. 6, a double-
gluon hybrid state can decay after exciting two q̄q=s̄s pairs
from two gluons, followed by reorganizing three color-
octet q̄q=s̄s pairs into two or three color-singlet mesons.
The amplitudes of these two decay processes are both at the

OðαsÞ order, so the three-meson decay patterns are not
suppressed severely compared to the two-meson decay
patterns.
We list in Table II some possible two- and three-

meson decay patterns for the double-gluon hybrid
states jq̄qgg; 1þ2þ−i, jq̄qgg; 0−2þ−i, and js̄sgg; 0−2þ−i.
Accordingly, we propose to search for jq̄qgg; 1þ2þ−i in the
two-meson decay channels ρf0ð980Þ=ωπ=K�K̄ and the
three-meson decay channels f1ωπ=ρππ, etc.; we propose to
search for jq̄qgg; 0−2þ−i in the two-meson decay channels
ρa0ð980Þ=ρπ=K�K̄ and the three-meson decay channels
f1ρπ=ωππ, etc.; we propose to search for js̄sgg; 0−2þ−i in
the two-meson decay channels ϕη=K�K̄ and the three-
meson decay channel ρKK̄, etc.
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APPENDIX: SPECTRAL DENSITIES

In this appendix we list the spectral densities extracted
from the double-gluon hybrid currents J���

0−þ=1�−=2�þ=2þ− with
the quark-gluon contents q̄qgg (q ¼ u=d) and s̄sgg. The
five currents J���

0�−=1�þ=2−− vanish, so their results are not

given.

Hybrid

M1

M2

M2Hybrid

M1

M3

FIG. 6. Two- and three-meson decay processes of the double-
gluon hybrid state.

TABLE II. Possible two- and three-meson decay patterns of the double-gluon hybrid states jq̄qgg; 1þ2þ−i, jq̄qgg; 0−2þ−i, and
js̄sgg; 0−2þ−i. The results of the former two are partly taken from Ref. [71]. We have used the notations: h1 ¼ h1ð1170Þ,
h01 ¼ h1ð1415Þ, f1 ¼ f1ð1285Þ, f01 ¼ f1ð1420Þ, a0 ¼ a0ð980Þ, f0 ¼ f0ð980Þ, a1 ¼ a1ð1260Þ, b1 ¼ b1ð1235Þ, a2 ¼ a2ð1320Þ,
K�

0 ¼ K�
0ð700Þ, K1 ¼ K1ð1270Þ=K1ð1400Þ, and K�

2 ¼ K�
2ð1430Þ.

Two-Meson jq̄qgg; 1þ2þ−i jq̄qgg; 0−2þ−i js̄sgg; 0−2þ−i
S-wave K�

2K̄
�
0

P-wave h1π; a1π; a2π; b1η; b1η0; ρf0;ωa0 b1π; h1η; h1η0; ρa0;ωf0 h01η; h
0
1η

0

K1K̄; K1K̄�; K�
2K̄; K�K̄�

0

D-wave ρþρ−;ωπ; ρη; ρη0 ρπ;ωη;ωη0 ϕη;ϕη0

K�K̄; K�K̄�; K1K̄�
0

Three-Meson jq̄qgg; 1þ2þ−i jq̄qgg; 0−2þ−i js̄sgg; 0−2þ−i
S-wave f1ωπ; a1ρπ f1ρπ; a1ωπ � � �
P-wave ρππ;ωηπ;ωη0π; ρηη ωππ; ρηπ; ρη0π;ωηη ϕηη

πK�K̄; ρKK̄;ωKK̄;ϕKK̄; πK�K̄�; ρK�K̄;ωK�K̄; ηK�K̄
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ρq̄qgg
0−þ ðsÞ ¼ α2ss5

4320π4
þ 35α2shg2sGGis3

3456π4
þ
�
80α2shq̄qi2

27
þ 5αshg3sG3i

144π3

�
s2 þ

�
−
80α2shq̄qihḡsqσGqi

9
þ 5hg2sGGi2

288π2

�
s; ðA1Þ

ρs̄sgg
0−þ ðsÞ ¼

α2ss5

4320π4
−
α2sm2

ss4

144π4
þ
�
35α2shg2sGGi

3456π4
−
5α2smshs̄si

27π2
þ 5α2sm4

s

36π4

�
s3

þ
�
80α2shs̄si2

27
þ 5αshg3sG3i

144π3
−
20α2sm3

shs̄si
9π2

þ 10α2smshgss̄σGsi
9π2

−
25α2sm2

shg2sGGi
192π4

�
s2

þ
�
5hg2sGGi2
288π2

−
80α2shs̄sihgss̄σGsi

9
−
5αsm2

shg3sG3i
24π3

þ 40α2sm2
shs̄si2
9

−
25α2smshg2sGGihs̄si

24π2
þ 25α2sm4

shg2sGGi
32π4

�
s; ðA2Þ

ρq̄qgg
1þ− ðsÞ ¼ α2ss5

20160π4
−
7α2shg2sGGis3
15360π4

þ
�
4α2shq̄qi2

9
−
αshg3sG3i
64π3

�
s2 þ

�
−
8α2shq̄qihḡsqσGqi

9
−
hg2sGGi2
192π2

�
s; ðA3Þ

ρs̄sgg
1þ− ðsÞ ¼ α2ss5

20160π4
−
α2sm2

ss4

720π4
þ
�
−
7α2shg2sGGi
15360π4

−
α2smshs̄si
30π2

þ α2sm4
s

40π4

�
s3

þ
�
4α2shs̄si2

9
−
αshg3sG3i
64π3

−
α2sm3

shs̄si
3π2

þ α2smshgss̄σGsi
6π2

þ 5α2sm2
shg2sGGi

1024π4

�
s2

þ
�
−
hg2sGGi2
192π2

−
8α2shs̄sihgss̄σGsi

9
þ αsm2

shg3sG3i
12π3

þ 4α2sm2
shs̄si2
9

þ 5α2smshg2sGGihs̄si
96π2

−
5α2sm4

shg2sGGi
128π4

�
s; ðA4Þ

ρq̄qgg1−− ðsÞ ¼ α2ss5

20160π4
þ 3α2shg2sGGis3

2560π4
þ
�
4α2shq̄qi2

9
þ αshg3sG3i

192π3

�
s2 þ

�
−
8α2shq̄qihḡsqσGqi

9
þ hg2sGGi2

192π2

�
s; ðA5Þ

ρs̄sgg1−− ðsÞ ¼
α2ss5

20160π4
−
α2sm2

ss4

720π4
þ
�
3α2shg2sGGi
2560π4

−
α2smshs̄si
30π2

þ α2sm4
s

40π4

�
s3

þ
�
4α2shs̄si2

9
þ αshg3sG3i

192π3
−
α2sm3

shs̄si
3π2

þ α2smshgss̄σGsi
6π2

−
15α2sm2

shg2sGGi
1024π4

�
s2

þ
�hg2sGGi2

192π2
−
8α2shs̄sihgss̄σGsi

9
−
αsm2

shg3sG3i
24π3

þ 4α2sm2
shs̄si2
9

−
5α2smshg2sGGihs̄si

48π2
þ 5α2sm4

shg2sGGi
64π4

�
s; ðA6Þ

ρq̄qgg
2þþ ðsÞ ¼ α2ss5

483840π4
þ
�
αshg2sGGi
6912π3

þ 19α2shg2sGGi
248832π4

�
s3 þ

�
α2shq̄qi2

27
−
αshg3sG3i
13824π3

�
s2

þ
�
−
10α2shq̄qihḡsqσGqi

81
−
5αshg2sGGi2
165888π3

þ 5hg2sGGi2
6912π2

�
s; ðA7Þ

ρs̄sgg
2þþ ðsÞ ¼ α2ss5

483840π4
−

α2sm2
ss4

72576π4
þ
�
19α2shg2sGGi
248832π4

−
α2smshs̄si
972π2

þ α2sm4
s

648π4
þ αshg2sGGi

6912π3

�
s3

þ
�
α2shs̄si2
27

−
αshg3sG3i
13824π3

−
α2sm3

shs̄si
36π2

þ α2smshgss̄σGsi
72π2

−
α2sm2

shg2sGGi
1152π4

−
5αsm2

shg2sGGi
3456π3

�
s2

þ
�
5hg2sGGi2
6912π2

−
35α2smshs̄sihg2sGGi

6912π2
þ 5αsm2

shg3sG3i
3456π3

þ 35α2sm4
shg2sGGi

9216π4
þ 5α2sm2

shs̄si2
81

−
5αsmshg2sGGihs̄si

648π
þ 5αsm4

shg2sGGi
864π3

−
5αshg2sGGi2
165888π3

−
10α2shq̄qihḡsqσGqi

81

�
s; ðA8Þ

LIGHT DOUBLE-GLUON HYBRID STATES FROM QCD SUM … PHYS. REV. D 107, 034010 (2023)

034010-9



ρq̄qgg
2þ− ðsÞ ¼ α2ss5

80640π4
þ
�
αshg2sGGi
3840π3

þ 7α2shg2sGGi
61440π4

�
s3 þ

�
α2shq̄qi2

9
−
αshg3sG3i
1536π3

�
s2

þ
�
−
2α2shq̄qihḡsqσGqi

9
−
αshg2sGGi2
18432π3

�
s; ðA9Þ

ρs̄sgg
2þ− ðsÞ ¼ α2ss5

80640π4
−
α2sm2

ss4

2880π4
þ
�
7α2shg2sGGi
61440π4

−
α2smshs̄si
120π2

þ α2sm4
s

160π4
þ αshg2sGGi

3840π3

�
s3

þ
�
α2shs̄si2

9
−
αshg3sG3i
1536π3

−
αsm2

shg2sGGi
384π3

−
α2sm3

shs̄si
12π2

þ α2smshgss̄σGsi
24π2

−
3α2sm2

shg2sGGi
2048π4

�
s2

þ
�
−
αshg2sGGi2
18432π3

−
α2smshs̄sihg2sGGi

128π2
−
αsmshs̄sihg2sGGi

72π
þ αsm2

shg3sG3i
384π3

þ αsm4
shg2sGGi
96π3

þ 3α2sm4
shg2sGGi

512π4
þ α2sm2

shs̄si2
9

−
2α2shs̄sihgss̄σGsi

9

�
s; ðA10Þ

ρq̄qgg
2−þ ðsÞ ¼ α2ss5

414720π4
þ
�
αshg2sGGi
6912π3

−
25α2shg2sGGi
1990656π4

�
s3 þ

�
α2shq̄qi2

81
−
7αshg3sG3i
13824π3

�
s2 þ

�
−
5αshg2sGGi2
165888π3

þ 5hg2sGGi2
13824π3

�
s;

ðA11Þ

ρs̄sgg
2−þ ðsÞ ¼

α2ss5

414720π4
−

α2sm2
ss4

16128π4
þ
�
−
25α2shg2sGGi
1990656π4

−
5α2smshs̄si
3888π2

þ 5α2sm4
s

5184π4
þ αshg2sGGi

6912π3

�
s3

þ
�
α2shs̄si2
81

−
7αshg3sG3i
13824π3

−
5αsm2

shg2sGGi
3456π3

−
α2sm3

shs̄si
108π2

þ α2smshgss̄σGsi
216π2

þ 5α2sm2
shg2sGGi

36864π4

�
s2

þ
�
−
5αshg2sGGi2
165888π3

þ 5hg2sGGi2
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