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In this work we study the doubly charmed baryon decays =" — 2" 7+ within the framework of the
nonrelativistic quark model (NRQM). Factorizable amplitudes are expressed in terms of transition form
factors, while nonfactorizable amplitudes arising from the inner W emission are evaluated using current
algebra and the pole model and expressed in terms of baryonic matrix elements and axial-vector form
factors. Nonperturbative parameters are then calculated using the NRQM. They can be expressed in terms
of the momentum integrals of baryon wave functions, which are in turn expressed in terms of the harmonic
oscillator parameters a, and a; for p- and A-mode excitation. The measured ratio R of the branching fraction
of ZfF — B¢tz relative to £/." — Ef 7" can be accommodated in the NRQM with a,; and @, being in

the vicinity of 0.51 and 0.19, respectively, where a,,; is the &, parameter for 2" and a,, for EE/H. Decay
asymmetries are predicted to be —0.78 and —0.89 for Ef z" and E/* z" modes, respectively, which can be

tested in the near future. We compare our results with other works and point out that although some other

models can accommodate the ratio R, they tend to lead to a branching fraction of /.~ - Efz" too large
compared to that inferred from the LHCb measurement of its rate relative to /.7 - Af K-zt z™.

DOI: 10.1103/PhysRevD.107.034009

I. INTRODUCTION

Hadronic decays of the doubly charmed baryon Z/." have
been measured through the decays Z1," - AF K~z zt [1]
and 2" — Bzt [2]. Recently, the decay E5" — Efz™
was first observed by LHCb [3] and its branching fraction
relative to that of 27 — Efz" was also reported

B(Eit — Er'n)

BELF - B

R=

= 1414£0.17+0.10,  (1.1)

while the branching fraction of Z;F — Efzt relative to
BN > AFK ztxt was measured to be [2]
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B(Ei' — Ein') x B(E! » pK-a')
BEL - A K a'n) x B(A] — pK-7")
= 0.035 £ 0.009(stat) = 0.003(syst).

(1.2)

Both two-body decay modes Zz" and =z proceed
through the topological diagrams, external W-emission T
and inner W-emission C’ (see Fig. 1)."! Many early studies
focused only on the factorizable contribution from 7' [4—7].
It turns out that light-front quark model [4,6] and QCD sum
rules [7] lead to a rate of Ef;" — EFz" larger than that of
E;T — EfaT. This implies that factorizable contributions
alone will yield R < 1. Nonfactorizable inner W-emission
C’ has been considered in Refs. [8-11] and partially in
Ref. [12]. In Ref. [11], nonfactorizable effects were
estimated based on the final-state rescattering. The inter-
ference between T and C' in E};" — Efz™ was found to
be destructive in Refs. [8—10] but constructive in Ref. [11].

'Color-suppressed internal W-emission diagram is denoted by C.
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FIG. 1. Topological diagrams contributing to Z/" — 2

decays: external W-emission 7 and inner W-emission C’.

On the contrary, a large constructive interference in the
P-wave amplitude was obtained in Ref. [12], while non-
factorizable corrections to the S-wave one were not
considered (see Table III below).

We have mentioned that factorizable contributions alone
will usually lead to R < 1. A possibility of accounting for
the observation of R > 1 is to consider the Ef —E/F
mixing

|2H) = cos |3) + sin 0|=F),

Eit) = —sin0|E3) + cos 9]=8),

(1.3)

where E, and E.. are physical states, and Eg@ are antitriplet
(sextet) charmed baryons. As pointed out in Ref. [13], the
ratio R = 0.56 predicted in Ref. [6] can be enhanced to
1.41 when the mixing angle 0 is either 16.27° or 85.54°.
However, we have to keep in mind that the effect of inner
W emission needs to be taken into account eventually.
Recently, the effect of E. — E, mixing was studied in
Ref. [14] in an attempt of resolving the tension between the
experimental measurements and theoretical expectations
in 20 - E-etv,. The mixing angle was found to be
0 = £0.137(5)7 = +(24.7 £ 0.9)°.

Most of the studies in the literature aim at the accom-
modation of the ratio R. Although the absolute branching
fractions have not been directly measured, we nevertheless
can get some information on B(E/; — Efz"). Using the
measurements B(Af — pK z") = (6.28 £0.32)% and
B(Ef - pK—n") = (0.62 £ 0.30)% [15], it follows from
Eq. (1.2) that

B(E: — Eix')

—cc

= 0.35 £0.20.
BE/S - AfK ntnh)

(1.4)

As pointed out in Ref. [9], it is plausible to assume
that B(E,L = AK ntn") »3B(EL - ZITKY).
Since EfF — ZFTK*0 is a purely factorizable process,
its rate can be reliably estimated once the relevant
form factors are determined. Taking the latest prediction

B(EL - T K0) =5.61% from [16] as an example,
we obtain’

B(EL = B rt ) ~ (133 £ 0.74)%.

expt ~

(1.5)

Therefore, there exist two constraints: the ratio R and
the absolute branching fraction of E/;" — Efz" inferred
from the LHCb measurement of its rate relative to
B> AfK ntat.

In Ref. [9] we have considered the two-body decays
of doubly charmed baryons within the framework of the MIT
bag model. The branching fractions of E/f — Efz" and
B — Bt were found to be 3.60% and 4.65%, respec-
tively. At this level, R = 1.29. Because of a large destructive
interference between T and C’ occurred in the former mode,
its branching fraction is reduced from 3.60% to 0.69%,
whereas the latter mode is almost not affected by the internal
W emission owing to the Pati-Woo theorem [18]. Although
the final branching fraction of E/;" — Efz™ is consistent
with Eq. (1.5), the ratio R is enhanced from 1.29 to 6.74,
which is evidently too large compared to the experiment.
Since the interference is destructive in Ef z" and negligible
in 2/ 7", this means that in order to account for the measured
value of R, one should have R < 1 before the inner W
emission is turned on.

Very recently, it was pointed out in Ref. [19] that the
difficulty with the bag model calculation can be overcome
by considering the Ef — E/f mixing. At § = —24.7°, one
will have branching fractions 2.24% and 3.25%, respec-
tively, for 2" - Efz* and E/;* - Efz". Hence R =
1.45 is accommodated nicely and the rate of Efz™ is
consistent with Eq. (1.5).

To explore the possibility of accounting for both the ratio
R and the absolute branching fraction of B/ — Efz™
inferred from Eq. (1.2) within a phenomenological model,
in this work we shall focus on the nonrelativistic quark
model (NRQM) to see if we can achieve both aforemen-
tioned goals. This paper is organized as follows. In Sec. II
we follow Ref. [9] to express the factorizable and non-

factorizable amplitudes of Z1," — gVt decays in terms
of the form factors and baryonic matrix elements that in
turn are evaluated using the NRQM. Numerical results are
presented in Sec. III. We summarize our results in Sec. I'V.
Appendix A recapitulates the essences of the NRQM.
Derivations of the nonperturbative parameters in the quark
model are shown in Appendix B.

II. FORMALISM

The amplitude of the two-body baryonic weak decay
B; — B;P is given by

Our previous number (1.83+1.01)% given in Ref. [9]
is modified as the world average of the branching fraction of
Ef — pK~z" has been updated due to a new measurement from

LHCb [17].
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where B;(B;) is the initial (final) baryon and P is a
pseudoscalar meson. The decay width and up-down decay
symmetry have the expressions

roPe (m; +ms)* —m (m; —my)* —m}

2
LlAPR +

= BJ?
87 m? m? 1B

_ 2xRe(A"B) 22

AP+ '

with k = p./(E; + m;), where p, is the c.m. momentum
in the rest frame of the mother baryon. The S- and P-wave
amplitudes of the two-body decay generally receive both
factorizable and nonfactorizable contributions

A :Afac +Anf’ B = Bfac _|_an. (23)

For doubly charmed baryon decays 2" — V" 2t the
relevant effective Hamiltonian reads
Gr
V2
0, = (3¢)(ud),

Heff = V’;chs(c*lOl + 6’202) + H.C.,

0, = (uc)(3d),

(@192) = @17, (1 = 75) - (2.4)
Factorizable amplitudes read
Afac _ GF V* .V 2
= ﬁal,z ud csfP(mBL.E - mBg)fl(q ),
. G
B = —ZLg v V. fp(mg +m 2), (25
NG 12V5aVesfp(ms,, 5)91(q%).  (2.5)
where f and g; are the form factors defined by
(Be(p2)ley (1 = ys)ulBee(p1))
= ir[f1(q ) e urs + - Juy (2.6)

For nonfactorizable contributions we follow Ref. [9] to
evaluate them using current algebra and the pole model.
The expressions are

Anf(Eich - E?Tﬁ) = f_ (—asjag)’
pa
AM(EL — B ) = (—azizy),

f e Bee
/

1 Mg+ + Me+ +
= —_ Zie Z. A(nh)
B (B - Efn) = Agrgr — g+
fﬂ Me+ — Mt SccSec
= =cc

1
an(.:.z.r:r i .:’CJFH'JF) = — | dg/t+m+

BB =ttt
Mg+ — Mgt
= =cc

—cc=cc

Mgie + Mzs g )
b
T

(2.7)

where ag 5 = (Bf|Hg|B;) are baryonic matrix elements

with He being the parity-conserving part of the effective
(P)

Hamiltonian and 9?3’8 are axial-vector form factors. The
matrix element can be recast to the form

Vi Vesc_(B;|OPC|B,), (2.8)

agB;, = 5 \/—

where ¢ = ¢ £ ¢, and O, = (5¢)(uad) £ (5d)(uac).
In the NRQM, the nonperturbative parameters f, g,

g‘g,(g), and (B;|O_|B;) can be expressed in terms of the

momentum integrals of baryon wave functions X, Y, and Z
given in Eq. (B11) (see Appendix B for details)

= (B Mbube|B:1)X

= (B} |blb.o.|B )X

= (B bjbo.|Bi)Y,
(Bt (b4, bg,)1 (bisby,)s
x (1-6-6,)|B1)Z

93/
<Bf|(‘]1‘12)<613Q4)|B >
(2.9)

where the subscripts 1 and 2 appearing in the last line
indicate that the quark operator acts only on the first and
second quarks, respectively, in the baryon wave function.
The coefficients (B,71|---|B;1) depend on the spin-flavor
functions of baryons and they are displayed in Table I. The
momentum integrals can be expressed in terms of the
harmonic oscillator parameters a, and a; for p- and A—mode
excitation, respectively. We shall use a,, ay; for BX.F, ap,
ay, forboth Ef and Z¢F, and a3, a3 for 2. Explicitly (see

Appendix B),
1O 2) 32

_ 8( 0103051 Q)3 )3/2
bl
(a%I + a%)(aﬁl + a23)

Z= 128\/57;3/2[ Q030,003 ]3/2
4(1%2 + a/213 + 4(1/2)3

X — (16(ms + m,) oy ana
D, + D,

(2.10)

TABLE 1. Nonperturbative parameters relevant for =l —
”E Mt decays in the NRQM.

Eft > Efat Bl > Bt
fi o x Lx
1 5v2
" e X X
n 1 1
=Lal —5Y —3Y
(Bf|o_|B;) 4/67 0
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TABLE II.  Form factors f, g;, the axial-vector form factor gg/g) and baryonic matrix elements (B;|O_|3;) calculated in the NRQM
with the specified harmonic oscillator parameters (a,, a,,) in units of GeV. The results of Ref. [9] obtained from the bag model are also

shown here for comparison.

A

(@, ) f1(m}) g1 (m3) g (B/l0_|B;)
2 > Efnt
Case 1 (0.50, 0.21) 0.709 0.236 —0.333 0.0310
Case 2 (0.51, 0.19) 0.574 0.191 —0.333 0.0247
Case 3 (0.53, 0.17) 0.425 0.141 —0.333 0.0191
Cheng et al. [9] 0.577 0.222 —-0.217 0.0214
ELF > St
Case 1 (0.50, 0.21) 0.397 0.662 —0.333 0
Case 2 (0.51, 0.19) 0.323 0.538 —0.333 0
Case 3 (0.53, 0.17) 0.240 0.400 —0.333 0
Cheng et al. [9] 0.386 0.703 -0.217 8.4 x 107

where

Dy = (mg +m, )[4, + () + day)],

Dy = o, [(2m, + m, Y’y + 4(mie, + [my + m,Pady)].

(2.11)
and
16m, 1i 16m, 14
%:&MHWJ%“ %ZBMAWJ%*
2 1
e T el @1

Thus only a,;, a,,, and a,3 are independent.

III. NUMERICAL RESULTS

In the NRQM we shall take the parameters as follows:
my = 0.45 GeV, m, = m,; =0.33 GeV for light quark
masses [20] and m,. = 1.6 GeV for the charm quark mass.
The parameter @, is a harmonic oscillator parameter in the
spatial wave function of the p-mode excitation between the
two charm quarks. It has been taken to be a,; = 0.47 GeV
as in the charmonium system [21].* The parameter a,, was
determined to be 0.25 GeV in Ref. [22]. Notice that for A},
a, ranges from 0.26 to 0.32 GeV [20,23,24]. For a3, we
shall take a,3 = a,; as it should be the same as a,,; in the
isospin limit.

’It should be stressed that a set of the Jacobi coordinate
defined in Eq. (A16) has been adopted in Ref. [21] so that the
harmonic oscillator parameters @&, and @&, respect the relation
a, = [3m,/(2mgy + m,)]"*@,. The tilde and untilde harmonic
oscillator parameters are related through Eq. (A18). We have
translated the result of &, =0.66 GeV in Ref. [21] into

a, = 047 GeV.

Form factors f| and g, the axial-vector form factor g/;,(g),
and baryonic matrix elements (B|O_|B;) are calculated in
the NRQM using Eq. (2.9) and Table I. The numerical results
are exhibited in Table II with several specified harmonic
oscillator parameters (a,;.a,,) to be discussed below. We
also show the bag model results obtained in Ref. [9] for
comparison. Notice that the matrix element for 2/ — ="
transition receives contributions only from the small com-
ponent of the quark wave function in the bag model and
hence it vanishes in the NRQM. In the bag model the matrix
element for E/7 — E.* transition is nonzero, but it is quite

We plot in Fig. 2 the allowed regions for the harmonic
oscillator parameters a,,; and a , constrained by the ratio of
branching fractions R [see Eq. (1.1)] and the absolute
branching fraction of 21" — EF 7z inferred from Eq. (1.5).
It is clear that the allowed range of 0.505-0.545 GeV for
@, is compatible with the value of 0.47 GeV inferred from
the charmonium system. However, the preferred range of
@, (0.145-0.195) GeV, is somewhat smaller than the naive

0.35

. o

B (10)

0.25

ag (GeV)

0.201

l \x

0.10t

0.40 0.45 0.50 0.55 0.60
ap (GeV)

FIG. 2. Allowed regions for the harmonic oscillator parameters
a,; and a,,, constrained by the ratio R and the absolute branching

—
=

fraction of 2.7 — Zfz™ inferred from Eq. (1.5).
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TABLE III.

()

Comparison of the predicted S- and P-wave amplitudes (in units of 102G, GeV?) of E/;7 — E 7" decays, their

branching fractions (in units of 1072) and the decay asymmetry parameter a in various approaches with only the central values being
cited. For the predictions of Sharma and Dhir [12], we quote only the flavor-independent pole amplitudes for both NRQM and heavy
quark effective theory (HQET). Two bag models are considered in the work of Liu and Geng [19]: the static bag (SB) and homogeneous

bag (HB) models.

Afac Anf Atot Bfac an Btot B a R
Bl > Efxt
This work
Case 1 9.1 -15.6 —-6.5 -=16.0 274 11.4 3.01 -0.78
Case 2 74 —12.4 =50 -13.0 21.8 8.8 1.83 -0.78
Case 3 5.5 -9.6 —4.1 -9.6 16.8 7.2 1.20 -0.78
Cheng et al. [9] 74 =108 -34 -15.1 18.9 3.8 0.69 -0.41
Gutsche et al. [8] -8.1 11.5 34 13.0 -—18.5 -5.6 0.71 -0.57
Sharma and Dhir [12]
NRQM 7.38 0 7.38 —16.77 —-2495 -41.72 6.64 —-0.99
HQET 9.52 0 9.52 —19.45 -2495 -44.40 9.19 -0.99
Shi et al. [10]
LCSR + HQET (light cone sum rules) 9.52 —-16.67 -7.18 —-19.45 -20.47 -39.92 6.22 +0.99
Ke and Li [13]
0 =16.27° 2.14 -0.09
0 = 85.54° 2.14 -0.95
Liu and Geng [19]*
SB (0 = —24.7°) 483 =999 -5.16 5.16 13.6 18.8 2.24 -0.93
HB (0 = 24.7°) 7.08 =203 -—-132 =221 33.0 10.9 10.3 -0.30
ORI A
This work
Case 1 4.6 0 46 —45.6 0 —45.6 432 -0.89 1.44
Case 2 3.7 0 3.7 =371 0 -31.0 2.86 —-0.89 1.56
Case 3 2.8 0 2.8 =27.6 0 -27.6 2.16 —-0.89 1.32
Cheng et al. [9] 4.5 -0.04 45 —48.5 —-0.06 —-48.4 4.65 —-0.84 6.74
Gutsche et al. [8] —-4.3 -0.1 —4.4 37.6 1.4 39.0 3.39 -0.93 4.33
Sharma and Dhir [12]
NRQM 4.29 0 429 -53.65 0 —53.65 5.39 -0.78 0.81
HQET 5.10 0 5.10 —-62.37 0 —62.37 7.34 -0.79 0.80
Shi et al. [10]
LCSR + HQET 5.10 -0.83 427 -6237 -—-8.86 —-71.23 8.85 —0.64 1.42
Ke and Li [13]
0 =16.27° 3.02 -0.99 1.41
0 = 85.54° 3.02 -0.51 1.41
Liu and Geng [19]
SB (0 = —24.7°) 738 —4.82 256 -51.0 7.26 —-43.7 3.25 -0.63 1.45
HB (0 = 24.7°) 0.61 9.65 103 -28.1 —-174 455 891 -0.96 0.87
LHCb [3] 1.41 +£0.20

*We wish to thank C. W. Liu and C. Q. Geng for providing us the numerical values of the S- and P-wave amplitudes in their work.

expectation of 0.25 GeV. Accordingly, in Table II we
choose three sets of harmonic oscillator parameters denoted
by cases 1, 2, and 3 with (@, a,,) being in the vicinity of
0.51 and 0.19 GeV, respectively.

With the input for various parameters from Table II we
are ready to compute the factorizable and nonfactorizable
amplitudes for both S and P waves using Egs. (2.5) and
(2.7). The numerical results of individual S- and P-wave
amplitudes, branching fractions of E/;" — EE'H;# decays
and their decay asymmetries are shown in Table III for three
different sets of the harmonic oscillator parameters a,,; and

@, given in Table II. Evidently, the interference between
the factorizable diagram 7 and the nonfactorizable C’ is
destructive in Z/f - ZXz". On the contrary, the decay
Bl — Bzt does not receive nonfactorizable contribu-
tions. This is consistent with the so-called Pati-Woo
theorem [18], which results from the facts that the (V —
A) x (V —A) structure of weak interactions is invariant
under the Fierz transformation and that the baryon wave
function is color antisymmetric. As a consequence of this
theorem, the quark pair in a baryon produced by weak
interactions be antisymmetric in flavor. Since the sextet =/,

034009-5
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is symmetric in light quark flavor, it cannot contribute to C'.

Because the form factor g; in the E;" — ZEf 7" mode is
larger than that in Efz" (see Table II), the P-wave
amplitude of the former is much higher than that of the
latter. Consequently, the branching fraction of the =tz ™
mode is larger than the 2z one. Taking case 2 as an
example, we have the results

BEL - Efnt) =1.83%,  a(Efx")=-0.78,
BEL - Efn") =2.86%,  a(Efx") = -0.89,

(3.1)

and hence R = 1.56.

In Table III we also compare our results with other
approaches. The nonfactorizable effects have been evalu-
ated in two entirely different approaches: current algebra
and the pole model in Ref. [9] and the covariant confined
quark model in Ref. [8]. It is interesting to notice that
both approaches yielded a large destructive interference in
=X —> Efzt and obtained similar branching fractions of
order 0.70%. Although this is consistent with the exper-
imental value of Eq. (1.5) to the lower end, the predicted
ratios 6.74 in Ref. [9] and 4.33 in Ref. [8] are too large
compared to the LHCb value of 1.41 £ 0.20 [3]. In the
work of Sharma and Dhir [12], a large constructive
interference in the P-wave amplitude was found, while
nonfactorizable corrections to the S-wave one were not
considered. From Table III we see that the P-wave
amplitude in this model is much larger than other works.
B(E{ - Efz") of order (7-9)% [(13-16)%] for flavor-
independent (flavor-dependent) pole amplitudes was
obtained in this work, which is obviously too large
compared to Eq. (1.5).

In the recent work of Shi et al. [10], nonfactorizable
internal W-emission contributions to Ej — EE»,>+7I+
decays were evaluated using light-cone sum rules, see
A™ and B™ terms shown in Table III. Factorizable con-
tributions were then taken from the work of Sharma and
Dhir [12] under “HQET.” The sizable nonfactorizable
contribution to the P wave of Ef;F — Zf 7T seems to
be an issue in view of the Pati-Woo theorem. From Table III
we see that the S-wave amplitude denoted by A" for
BT — Efat is modified from 9.52 to —7.18 owing to the
presence of a destructive nonfactorizable contribution.*
Consequently, S- and P-wave amplitudes are of the same
sign in this model and yield a positive decay asymmetry
a = 0.99, which is in sharp contrast to the other works
where the decay asymmetry is always predicted to be
negative. Hence, even a sign measurement of a(2fz ") will
allow to discriminate the model of Shi et al. from others.

*Recall that the relative sign convention between S and P
waves is defined in Eq. (2.1).

As discussed in the Introduction, the external
W-emission diagram 7 alone usually leads to R < 1.
It was first pointed out by Ke and Li [13] that the
observation of R > 1 can be accommodated by considering
the Ef —E" mixing. Two mixing angles were found,
60 = 16.27° or 85.54° (see Table III). However, when the
nonfactorizable effect due to internal W emission is turned
on, the mixing angle will be affected. As noticed in passing,
when the E} — Z/F mixing effect is applied to the static bag
model calculation performed in Ref. [9], Liu ad Geng [19]
have shown that at the mixing angle § = —0.137x, the ratio
R is well accommodated and the branching fraction of
BT > EfaT is consistent with the constraint derived
from Eq. (1.5).

However, there is one issue with the static bag model,
namely, a static bag is not invariant under space translation
and it is impossible for a static bag to be at rest. The
unwanted c.m. motion of the bag model is an issue and it
should be removed for a consistent treatment [25]. For
example, the bag model calculation for the heavy-flavor-
conserving decays are improved by removing c.m. motion
corrections. The predictions for 22 - Afz~ and E; —
Agﬂ‘ are both in good agreement with experiment [26]. It is
clear from Table III that nonfactorizable S- and P-wave
amplitudes of Z1;" — Zz™ are no longer subject to the
constraint from the Pati-Woo theorem because of the con-
tribution from Z/ — (E3)*2". Unfortunately, the same
bag model without c.m. motion will lead to an even smaller
ratio, R = 0.19 [19]. When the ZF — =" mixing is included,
R is increased to 0.90 at @ = 24.7°, but the branching
fraction of E/" — ="z becomes 10.3%, which is too
large compared to the constraint inferred from Eq. (1.5).

IV. CONCLUSIONS

In this work we have studied the doubly charmed baryon
decays El" — 2% 7+ within the framework of the
NRQM. Factorizable amplitudes are expressed in terms
of transition form factors, while nonfactorizable amplitudes
arising form the inner W emission are evaluated using
current algebra and the pole model and expressed in terms
of baryonic matrix elements and axial-vector form factors.

We draw some conclusions from our analysis:

(1) Nonperturbative parameters are calculated in the
NRQM. They can be expressed in terms of the
momentum integrals of baryon wave functions,
which are in turns expressed in terms of the
harmonic oscillator parameters @, and @, for p-
and A-mode excitation, respectively.

(2) Denoting the harmonic oscillator parameters @,;, a;;
for 24" and 2., a5, a;, for Ef and E7, we found
that the measured ratio R of the branching fraction
of Eff - Elfz7T relative to Ef;" - Efz™ can be
accommodated in the NRQM with a,; and @, being
in the vicinity of 0.51 and 0.19 GeV, respectively.
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(3) We have compared our results with other ap-
proaches. While the ratio R has been accommodated
in some other models, the predicted branching
fraction of 21, — EF 7z is often too large compared
to that inferred from the LHCb measurement of its
rate relative to E;7 - ATK zat.

(4) Decay asymmetries are predicted to be —0.78 and
—0.89 for Efz" and Ez" modes, respectively,
which can be tested in the near future.

(5) Although the static bag model fails to account for
the ratio R, it is interesting to notice that, when the
Ef — Elf mixing effect is taken into account in the
bag model calculations, data can be nicely accom-
modated with the mixing angle § = —24.7°.
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APPENDIX A: CONVENTION AND EXPRESSION
OF THE WAVE FUNCTION

The quark and antiquark fields are expanded in the
convention adopted in [24]

0= [ (%) Tl e

- (271)% p° .

+v5(p)di (p)e=7],
a(x) = dp ﬂ : i il emirx
1= [ 52 (%) Clnwrio)

+05(p)d,(p)e’™™]. (AT)

associated with anticommutation relations between the
creation and annihilation operators

{b,().bL(")} = {dy(p). d\(p)} = 6,6°(p ~p)). (A2)
and the normalization relations of spinor
0
o) = o) = (2 )0 (a3)

Then the baryon state in momentum space can be expressed
in terms of mock states,

IBP:) ) = Z (L.M:S.S.|J.M) / dpdp,dp6° (py +p> +p3 — P) ¥y, (P12 P3)

S,.My;c;

x )(ff,sfz.S3 6%3 ¢i1.i2.i3bzl,i1.sl,pl cz.iz,sz.pzbz3,i3,s3,p3 0), (Ad)
which is normalized by
<B(P,C>J,M|B<PC>J,M> = 53<P/c - P,). (AS)
In particular, with the quantum numbers defined as
N =2(n,+n;)+1,+1, L=1,+1, (A6)
the baryon spatial wave function in Eq. (A4) is
Y Lstyn s, (PP psps) = 8 (P~ PC)Z<LML‘lpm’ LM = m)W, P o)W1,y -m) (P2)s (A7)
m
associated with quark wave function in momentum space
vant®) = OV [ ] e e () ) (a8)

To describe baryon state, the Jacobi coordinate has been introduced in NRQM. In general, the Jacobi coordinates x; for the

N-body system are defined as
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J

1 .
x; = ?kark -rig. {j=L2..N-1},
0j k=1
1 N
xk:— mkrk5

A9
oy 2 (A9)

where mg; = Zi:l my. For the baryon system we have
Jj = 2 and the coordinates can be chosen as

_myry = maly + msr
m1+m2+m3

p=r —nr,

_mry +mr,
ml—l—m2

R,

rs. (A10)

By introducing masses of p- and A-mode excitation m, =

mym, _ (my4my)my
my+m, and my = (my+my+ms)°

M = my 4+ m, 4+ mj3, the corresponding momentums are

together with baryon mass

p=MR.=p, +p,+p;,

. my my
= m = —_ s
Py P my + m2P1 my + m2p2
p,lzmg/:lzmS(p] +p2) = (m +m2)P3. (A11)

(my + my + ms)

Then the Hamiltonian to describe a particle interacting in
the harmonic oscillator potential, given by

3 2
_ p; 1 2
H=31 i+§K§i<j(r,»—rj), (A12)

=1 <M

R — myry -+ mory + msrs
c ’
ny + nmy + ms

1

with K being a spring constant, becomes the form in terms
of Jacobi coordinate

2 2 2 1 1
L A —l:; + S m,wip? + - muwiA’.
A

H=-—
2M " 2m, ' 2m; 2 2

(A13)

The harmonic oscillator strengths of the two modes can be
further defined as

) 3Km1m2
a=mw, = |———,
o\ 2(my 4 my)
2K
& = myw, = 2Kms (m, + my) (A14)

my + my + ms

for the purpose of convenience. Hence a useful connection
between the two strengths,

o — |: 4m3(m1 +m2)2
4 3m1m2(m1 +m, + I’)’l3)

Ta/,, (A15)

can be found evidently. Notice we have an unity Jacobi
determinant between the Jacobi coordinate and the ordinary
one in current convention.

In literature, there is another set of conventions for the
Jacobi coordinate giving

p=MR.=p, +p,+ps3,

~ ~ 2 m m
P:ﬁ(’l—"z), p,,—m,,p-x@( p) - : p2>,

~ 2<m1r1+m2r2 >
Yl LA L
3 m1+m2

with p- and A-type masses 7, = -2

P my+my
3 . . .
Slmdm)ms_Then one can derive the harmonic oscillator
2(my+my+ms3)

strengths
az — b = 6Km1m2
T

~/21 =mw, = 3\/2Km3(m1 * mZ) .

and my =

(my +my + my) (A7)

_ oz 3[m3(py +py) = (my + my)ps
Pz—mzfl—\/;{ )

m1+m2

(my 4 my + ms) (A16)

in the tilde convention. The relations of a parameters
between the two conventions,

(A18)

1 . 2.
ap = ﬁ s a = ga/l’

is helpful in the analysis.
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APPENDIX B: MATRIX ELEMENTS OF
QUARK OPERATORS

In the pole model calculation of doubly charmed baryon
decays, nonperturbative quantities such as form factors and
four-quark operator matrix elements play an essential role.
Here the derivations of these nonperturbative parameters in
the NRQM are shown in detail in this section.

1. Form factors

The form factors are defined to parametrize the
baryon matrix element of the bilinear quark operator
|

q,7,(1 = 75)q5 have been given in Eq. (2.6). For a further
calculation of form factors, we follow the treatment in
Ref. [27] and obtain

() = (Bs(Py)|@\voq5|Bi(P))),
91(q*) = (B (P)|d\ 737545 |Bi(P;)). (B1)

in which the Breit frame is adopted. Now by employing
the baryon wave functions in NRQM given by Eq. (A4),
we have

fi(g?) = (=1) x /dPldpzdpsdp4dP5dP6dP/1dP/253(Pl +p> +p3—P)8 (ps +ps +ps — Py)

X Wi (P4, ps5.p6) Wi (p1,p2.P3)5 (P _P/2)<BfT|b;/] bq’2|BiT><0|b6b5b4bn{b/2b;b;b§|0>v

= /dPldpzdP3dP4dP5dP6dP/1dP/253(Pl +p>+p3 = P)5 (ps + ps +pe — Py)

X 53(1’1 —P/2>53(P4 —P3)53(l’2 —P6)5 (p3 —P5>53(P/1 -p5)

X LIJ;(p4’p5’pé)lpi(pl ’p25p3)<BfT|b2/1 bq/z |81T>’

where the baryon wave function defined in Eq. (A7) are
denoted as ¥; ; concisely. Some details are presented in
above two equations. In the first equation, the two matrix
elements are calculated in spin-flavor space and momentum
space, respectively, while the factor —1 results from a
product of two color wave functions. Four-momentum
0 functions have been produced after considering the

|

(B2)

[

anticommutation relations, corresponding to explicit initial

and final state baryons, in the second equation. A more

compact form of f; hence can be expressed as
F1(a?) = (BAAIB], by IBA)X. (B3)

with

X = /dP1dpzdP3dP4dP5dP6dP/1dP/253(Pl +p>+p3 = P)8 (ps + ps +ps — Py)

x 5 (py = p5)5 (P4 — P& (P2 = P6)5 (P53 — 5)5’ (P _PIZ)T;'(IM’PS’PG)\Pi(plvPZ’P3>-

(B4)

To be specific, the convention for matrix element in Eq. (B3) in spin-flavor space keeps the same as our previous work [9].

A similar derivation leads to

g1 (qZ) = <Bfﬂbl/l bq’zaleiT>X7

(B5)

in which a common spatial wave function integral X has been shared with the form factor f;(g?). As for the axial-vector

(P)

form factor 9?3/6 , it differs g; from its spatial wave function integral Y, giving

A KN
Gaw (4°) = (Bit|b by o |B)Y,

with

(B6)

Y = /dP1dpzdP3dP4dP5dP6dP/1dP/253(Pl +p> +p3 = P)8 (ps + ps +ps — Py)

X & (p3 = p5)5 (ps — P18 (P1 = Pa)5 (P2 — P5)5 (P —PQ)T;'(P47P57P6)‘P1‘(P1,Pz,P3)‘

(B7)
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Though the two integrals X and Y formally share the same structure, their difference exists in the wave functions of two
baryons and hence brings a further difference in ¢ functions. In fact, f and g; depict the transition between the initial and

final state baryons while ggfg) is devoted to the one between initial and intermediate (or intermediate and final) baryons.
Therefore such a difference between X and Y is a consequence of the pole model.

2. Matrix elements of four-quark operators

We continue working in the NRQM to calculate the matrix element of four-quark operator (¢'14’5)(¢'3¢'4). With the help
of baryon wave function Eq. (A4), it can be expanded as

<Bf(Pf)|(?1 q/2>(?3q/4)|5i(Pi)> = /dpldpzdpsdmdpsdpsdp’l dP’zdpgdP253(P1 +ps+p3 —P;)5 (ps +ps + s - Py)
X Wi (p4.ps.P6)¥i(p1.p2.p3)5 (P + Py — P —Pl)
X <BfT|(bZ/l bq;)l(bngqg)z(l —61-6,)|B;1)(0|bgbsbyb' b2 3b'4b] b [0),
= /dp,dpzdp3dp4dp5dp6dp’1dp’zdpgdpgé3(p, +p> +p3 = P)8 (ps + ps +pe — Py)
X lP_?(Pzt,Ps’Pﬁ)‘Pi(Pl7P2’P3)53(P/1 +p5—p) —PQ)53<P/2 _P1)53(P£1 —p3)8 (P4 -p1)

x 8% (ps = p5)5° (ps = P2) (B 11(b], by, )1 (b}, by )o(1 = 61 - 02) | Bi1). (B8)

Two equations are presented with the similar treatment to the form factor in Eq. (B3), then a compact form can be
achieved as

<Bf(Pf)|(?1q’z)(?3q’4)|Bi(Pi)> = <BfT|(b;l bq;)l(bggbqg)z(l —0,:6,)|B1)Z (B9)
with
Z= / dpdp,dpsdp,dpsdpedp' dp)dpydp,5° (p) + py + ps — P1)3 (ps + ps + ps — P;)5* (s — p1)8* (bl — p3)

x & (py —P/1)53(175 —P§)53(I’6 —P2)53(P/1 +p5 —p) —PQ)‘P}(P4’P57P6)%(P1apz’P3)- (B10)

Here the spatial integral Z is taken between initial (final) and intermediate baryons with four quark fields involved, which
brings in one more ¢ function compared with the case in integral Y.

3. Momentum integrals of baryon wave functions

After integrating all the 6 functions in Egs. (B3), (B7), and (B8), keeping the momentum conservation, we have concise
expressions of X, ¥, Z in terms of momentum integrals of baryon wave functions,

X = 53(Pi _Pf) / szdP3lP}((Pi — P> —p3).p3.P2) ¥ (P —p2 — p3).p2.P3).
Y = 53(Pi —Pf) / szdeP}((Pi — P2 —p3).P2.P3)Yi((Pi —p2 = P3).P2.P3),
z=5(P —Py) / dpldpzdp4‘l‘}(p4, (Pi =p2 = p4).p2)¥i(p1.p2. (P; = p1 — P2)). (B11)

The integrals X and Y are similar except the interchange of p, and ps in the wave function ¥ ;. Then the remaining task is to
evaluate them. Before proceeding to a detailed calculation, it is useful to firstly deal with the product of two wave functions
as it is the common part in all the three integrals. Taking the one in X as an example, a direct calculation leads to

P2 p2 . P
1 -5 u%+p4+%f =L
_3 “ ) as a, «
Vi (pa.ps.pe)¥i(p1.P2:P3) :;(aplaﬂlap2a/12) e\ A RS (B12)

034009-10



DOUBLY CHARMED BARYON DECAYS ... PHYS. REV. D 107, 034009 (2023)

which is based on the relations between two coordinates

my ny ms my
P, = P — P2, Pyr = Ps— Ps.,
Y my 4+ my my + m, PI gy + ms my + ms

_ ms(py +p,) — (my + my)p3 Py = me(ps + ps) — (my + ms)pg
(my + my + my) & (my + ms + mg) '

i (B13)

)

A replacement of the index 2 — 3 in Eq. (B12) gives the one in ¥ while 1 — 3 provides the corresponding one to Z. Taking
a static limit of initial baryon P; = 0, a further calculation for X yields

1 4>\’
_3 _3
X = _3(0‘/;1(1/1105/;20%2) 2<702> = dX(aplallapZa/ﬁ) 2, (B14)
4 axbyx — =%
associated with the auxiliary parameters, giving
2\ -3/2
dy = 8<aXbX - C—X) , (B15)
with
1 . 1 m? b 1 . 1 . 1 1 . 2m,,
ax=—+t 5+ —— 5. x=>5t+t5+t—>, (x=FFt .
afz)l a,  (mg+ mu)zot/z,2 alz,z a2, 40{/2,1 (131 (my + m,,)oclz,2
Likewise, Y and Z can be derived as
Y= dY(aplalla/Ba/B)_%? Z= dz(“psa,mapz%z)_%, (B16)
together with
2\ -3/2 2\ -3/2
dy =8 (ayby - ZY> ) dy = 8(2”0522)3/2 <azbz - ZZ> ,
1 N 1 1 1
aY = — — aZ = — 5,
a;2;1 0‘,2;3 4"%3 g
1 1 1 1 1 1 1
by=5+—5+-—5+-—, b; =—+—+—5,
0‘%3 a%l 4“?;1 40‘/2)3 4“23 0‘%3 0‘%2
1 1 1 1
Cy =+ CZ:—2<4—2 __2>' (B17)
X A3 a3 a3

Equations (B14) and (B16) give the final expressions of the momentum integrals.
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