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Boosted dark particles of astrophysical origin can lead to nonstandard nuclear or electron recoil signals
in direct detection experiments. We conduct an investigation of the daily modulation feature of a potential
future signal of this type. In particular, we perform simulations of the dark particle interactions with
electrons in atoms building up the Earth on its path to the detector and provide in-depth predictions for the
expected daily changes in the signal for various direct detection experiments, including XENONNT,

PandaX, and LUX-ZEPLIN.
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I. INTRODUCTION

Dark matter (DM) is certainly one of the greatest
outstanding puzzles in modern particle physics. An enor-
mous scientific effort has been undertaken, both on the
theoretical and experimental sides, to shed more light on its
nature, with great progress achieved in probing the param-
eter space of various particle physics models. Direct
detection experiments offer a particularly promising way
to search for DM, since in many models the DM particle is
expected to undergo measurable recoils of nuclei and/or
electrons in the detector.
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A signal of this type has been hinted by the XENONIT
experiment, which observed an excess of low-energy
electron recoil events [1]. One of the beyond Standard
Model (SM) interpretations involved a boosted dark matter
particle scattering on electrons [2,3]. Although this effect
was recently ruled out by the XENONnT experiment [4],
and was most likely the result of beta decays of tritium, it
still remains interesting to explore the possibility of
detecting such signals in the future in XENONNT itself
and other experiments.

To keep our analysis general, we will not require for the
boosted particle to be the DM, thus we will refer to it
simply as a boosted dark particle (BDP). If the BDP y is
much heavier than the electron, the observed electron
energy deposition signal implies y velocities of O(1071)c.
Such fast-moving BDPs cannot come from the Milky Way
halo and, instead, must be of astrophysical origin, pro-
duced, e.g., via semiannihilation y + 7 — y + X (where X
is a SM particle or a new particle eventually decaying to
SM particles) [5], or via annihilation of a heavier dark
sector particle, y, w + @ — y + jy [6]. Either the Galactic
Center (GC) or the Sun can be the dominant source
of the BDP flux. In [7] specific particle physics models
for y and y are discussed, and y is shown to satisfy
the requirements for a DM candidate, including an
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annihilation cross section leading to the observed DM
relic density.

Searches for such BDPs have been proposed for large
volume neutrino experiments, e.g., Super-Kamiokande [7—
10], ProtoDUNE [11,12], IceCube [13,14], and DUNE
[15-18] (see also [19-22] for related work). Here we focus
on electrophilic BDPs, and our results are applicable to
direct detection experiments like XENONNT, PandaX [23],
and LUX-ZEPLIN [24]. For electrophilic BDPs, when the
BDP-electron scattering cross section is sizable, the elec-
tron ionization signal in direct detection experiments is
expected to exhibit daily modulation due to the Earth
shielding effect [2]. This can be used to distinguish the
BDP signal from various backgrounds. The information on
the phase of the modulation can reveal the direction of the
BDP flux, which would be of high importance for exper-
imental analyses.

In this paper we extend the analysis of the daily
modulation of the BDP signal of astrophysical origin,
and explicitly account for the distribution of various
elements inside the Earth, calculating their contributions
to the BDP-electron ionization cross section. Our results
apply to any direct detection experiment measuring elec-
tron recoil energies. The software used in this research is
publicly available. The ionization form factor is calculated
using AtomlonCale,' which is refined from the software
DarkARC [25,26]. The software realEarthScatterdDM> is used
to simulate the BDP propagation inside the Earth and was
independently developed for this research.

II. BOOSTED DARK PARTICLE
MODEL AND SOURCES

The particle physics model we consider here is a simple
extension of the SM including four new particles: the DM
v, the BDP 4, and the dark mediators V and Z’. The dark
mediator Z' enables the annihilation v + @ — y + %, the
cross section for which is given by [7]
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where g, and g, are the couplings of y and y to 7/,
respectively, and I, is the width of the Z'. There is a wide
range of parameter values for which this yields the correct
DM relic density, i.e., when (o,;v) ~3 x 1072 cm?/s.
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lhttps:// github.com/XueXiao-Physics/AtomlonCalc.
2https://github.com/XueXiao-Physics/realEarthScatterDM.

However, there can also exist other DM annihilation
channels involving SM particles, in which case (o,;v)
can be much smaller. Some representative benchmark
points are provided in [7].

The BDP interacts with electrons through the dark
mediator V, as described by the Lagrangian terms

L3 g,V ar'y + g.V,erte. (2)

If the mediator mass my is much larger than the ~keV
momentum transfer, in the parameter space of interest the
cross section for BDPs scattering on free electrons sim-
plifies to

2.2...2

J— eme

O, = %I R (3)
wmy,

The benchmark points we consider here correspond to BDP-
electron scattering cross sections of &, = 10728 cm?,
103! cm?2, and 10733 cm?. In those scenarios, there is a
wide range of values for the parameters g,, g., and my
consistent with existing experimental bounds (see [2] for
details).

On the other hand, an electrophilic BDP can couple to a
proton at the loop level through a mixing induced by
charged leptons [27]. However, we will not consider the
resulting BDP-nucleus scattering channel for two reasons.
First, the ionization cross section for the BDP, which is
similar to an elastic scattering process on an electron at rest,
typically dominates over the scattering cross section on a
nucleus for m, below 100 MeV. If we take oxygen as a
benchmark, which dominates the inside of the Earth, the
ratio is approximately 28 for m,, = 100 MeV. Furthermore,
the coupling between a leptophilic BDP and a nucleon can
be more suppressed if the massive mediator between the
BDP and the lepton is a scalar or an axial vector. As
discussed in [27], while maintaining the same parametric
dependence in the BDP-electron scattering cross section,
the BDP-proton interaction is only introduced at the 2-loop
level for the scalar mediator, and it is absent up to 2-loops
for the axial-vector mediator. Since including the BDP-
nucleus scattering would not qualitatively change our
results, we will neglect it.

The two main candidates for sources of a BDP flux are
DM annihilation in the Galactic Center (GC) or halo, and
DM capture with subsequent annihilation inside the Sun.
Regarding the first possibility, the expected full-sky BDP
flux from the GC can be estimated as [9]

ouop 161072 (0,70 100 MeV') 2
cm?s  \5x 10720 cm3s™! m, ’

GCc ~ 2
(4)

where (o,;v) denotes the thermally averaged annihilation
cross section for y + @ — y + . For example, assuming
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TABLE I. Earth’s elements including their atomic number and
mass. The last two columns show the mass fraction of each
element in the Earth’s core and mantle taken from [31].

Element VA my [GeV] Core Mantle
Oxygen, O 8 14.9 0.0 0.440
Magnesium, Mg 12 223 0.0 0.228
Aluminium, Al 13 25.1 0.0 0.0235
Silicon, Si 14 26.1 0.06 0.210
Sulphur, S 16 29.8 0.019 0.00025
Calcium, Ca 20 37.2 0.0 0.0253
Iron, Fe 26 52.1 0.855 0.0626
Nickel, Ni 28 58.7 0.052 0.00196

thermally produced DM with mass m)(: 100 MeV, the
expected BDP flux is ®E2F < 1.6 x 1072 em™ s7!, satu-
rated when y + @ — y + j is the only annlhllatlon chan-
nel, otherwise smaller. If the DM is produced nonthermally,
then the annihilation cross section can be larger.

As for the second possibility, if the DM particles scatter
off nuclei, they can be captured by the Sun and accumulate
in its core. As discussed in [7], the Sun reaches capture-
annihilation equilibrium for typical values of the DM
scattering and annihilation cross sections, and the BDP
flux becomes fully determined by the DM capture rate,
taking the form [9]3

72102 [ owa ) (100MeVY2 o
cm? s 10742 cm? m ’

BDP
PBDP y T
X

Sun

where 6, ~ 107* cm? is on the order of the upper limit
for the DM-nucleon scattering cross section set by spin-
dependent DM direct detection experiments [29], and it
was assumed that, at leading order, the scattering cross
section is Velocity—independent.4

III. MODEL OF THE EARTH

The Earth consists essentially of two parts: the core and
the mantle. The eight most abundant atomic elements in the
core and mantle [30,31] are shown in Table I. The
remaining elements contribute a mass fraction below
1%. Due to the lack of precise information regarding the
density of each element in terms of the distance from the
Earth’s center, we assume that a given element’s mass
fraction is constant in the core and mantle, and we take
the value in each region to be the average value in Table 1.
The total density profile as a function of radius is taken

’In Eq. (5) we ignored the effects of the BDPs scattering off
electrons inside the Sun. However, given that the typical electron
energies in the Sun are ~keV, their interaction with BDPs are not
expected to attenuate the flux by much. For a more detailed
dlscussmn of this effect, see [28].

“The DM capture rate can be enhanced by a factor of up to ~25
if the leading order cross section has a »”> dependence.

1.4
— 0 s
12 , Mg Ca
N Al - Fe
m 1.0 Si Ni
€Eos
Q
o 0.6
c 0.4
0.2
0.0 e e
0 1000 2000 3000 4000 5000 6000
r [km]
FIG. 1. Number density of various atoms in the Earth’s core and

mantle. The mantle-core border is indicated by a vertical black
dotted line. The density profile was taken from [32], while the
Earth’s composition was adopted from [31].

from [32] and is shown in Fig. 1. The Earth is assumed to
be isotropic, despite the complexity of its composition.
In the next section, we calculate the ionization form
factor for all the elements in Table I. Combining the result
with the absolute abundance of elements at arbitrary radius
r as demonstrated in Fig. 1, one can fully determine the
scattering behavior of the BDP propagation in the Earth.

IV. DARK MATTER INDUCED IONIZATION

In this section we briefly summarize how BDPs ionize
electrons bound inside atoms; for a more detailed discus-
sion, see Appendices A—C. The differential cross section
for the ionization caused by an incoming BDP y (with
velocity v,) is given by

a_emea(z)
2,2
2utvy,

daion (
v
dE,  *

Eg) = / " GIF(@)P K(Er.q)dg. (6)

where u is the reduced mass of the BDP-electron

system, ayg=1/(am,) is the Bohr radius,
g+ =m,v, £ 1/m)2(1)1 2m,Ey is the range for momen-

tum transfer ¢, and F(q) is the BDP form factor, which for
the model described by Eq. (2) is F(gq) = 1.

The atomic form factor K (E, ¢) for ionization describes
the probability of obtaining a particular recoil energy of an
ionized electron for a given momentum transfer g. We
follow the calculation presented in [25,26]. The wave
functions of the electron initial states with quantum
numbers (n, ) are taken to be the Roothan-Hartree-Fock
(RHF) ground state wave functions whose radial part is
described by a linear combination of Slater-type orbitals,

2Z )n/f+1/2 n’.f—l
_3/2 J
Rul) =S Co o (1)

(2n))!

X exp (—Zﬂa a—i)) . (7)
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FIG. 2. The atomic ionization form factor K(Ey. ¢) for different atoms listed in Table I in the tight binding limit. The radial wave
functions are determined using the RHF ground state wave functions in Eq. (7) with the coefficients Cjz,,, Zj,, n}f and binding energies
provided in [33]. The ¢ and Ej, distribution converges to Ex = ¢*/(2m,) in the large recoil energy limit, which is labeled by the white
solid line.

The values of the parameters Cjz,, Zj,, jf, as well as the | ;’Ofl i
binding energies for each element are provided in [33]. K(Er.q) Z 2k2a 2 G(ER +EY). (8)

. . . . ¢
The final state wave functions, which are asymptotically "

free spherical waves in a central potential, are given in

[34]. The atomic form factor K(Eg, g) defined in [35,36]  where © is the Heaviside function. We have Ep =
is related to the ionization response function f (k' q) —EY +k?/2m,, where E¥ is the binding energy of
through the initial state electron and k' is the momentum of the
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final state ionized electron. We take into account con-
tributions from all accessible states. A detailed calcu-
lation of K(Eg, q) is presented in Appendices A and B.

For the energy regime of the BDP scenario considered
here, the energy losses are dominated by the ionization
process. Scattering with the valence and conducting elec-
trons, due to their small binding energy, should recover the
elastic scattering limit at Ex ~ O(1) keV. We thus treat the
electron ionization in the tight binding approximation,
where the electrons are assumed to have limited inter-
actions with the neighboring atoms, so that the uncertainty
of the molecular composition can be ignored. We also
neglect the dissipation induced by the transitions of an
electron among bound states (see [37,38]), since these are
subdominant compared to the ionization when the typical
recoil energy Ep is much larger than the binding energy of
valence electrons. Under those assumptions, we calculate
the ionization form factor K(Ep, ¢) for each of the elements
listed in Table I and show the results in Fig. 2. For all the
cases, as expected, the ionization form factors approach the
kinetic region of elastic scattering, i.e., Ex = ¢*/(2m,),
when Ej is much larger than the binding energy. On the
other hand, when Ej, is just enough to ionize an electron, g
has a broader distribution.

V. PROPAGATION OF BOOSTED DARK
PARTICLES INSIDE THE EARTH

A. Overview of the Monte Carlo simulation

We assume that the BDPs are produced monochromati-
cally and arrive at Earth from a fixed direction [2]. Thus, the
incoming BDP flux can be written as’

do. . R
d3—1‘_}',;‘t:¢>053(v1—17)‘?), )
where @, is the total initial flux directed towards the Earth.
A schematic diagram of the model is shown in Fig. 3.

In order to understand the propagation of the BDP inside
the Earth, one first needs to consider the interaction
between the BDP and the Earth’s elements. According
to Eq. (6), the probability distribution of the BDP final state
after scattering is fully determined by the ionization form
factor K(Eg, q), where Ey is the recoil energy and ¢ is the
momentum transfer. From Eq. (6), the mean free path of the
BDP inside the Earth can be calculated as

>We confirmed that the effects of the BDP interactions with the
galactic medium and the Earth’s atmosphere on its velocity
distribution are negligible compared to the effect of the inter-
actions inside the Earth as it travels to the detector. Given how the
latter affects the BDP velocity distribution, the former does not
introduce a sizable modification to our assumption of a mono-
chromatic energy spectrum for the BDP flux. The influence of
the atmosphere to hadrophilic dark matter was discussed, for
example, in [39].

Earth’s Axis

Detector

FIG. 3. Schematic plot showing a BDP flux arriving from a
particular direction with velocity 52. The polar angle @ is between
the direction of the initial flux and the direction pointing from the
Earth’s center to the detector; the angle §, is the declination of the
BDP flux direction in the equatorial coordinate system, ranging
from —z/2 in the south to /2 in the north. The blue and black
solid lines denote the Earth’s rotation axis and the incident
direction of the flux, respectively. The light and dark orange
regions correspond to the Earth’s mantle and core, and the cyan
cylinder denotes the detector.

-1

l}gn(r, Uﬂ(’m)() = {Zana(r)afon(vl,ml) . (10)

where the index a denotes the type of the Earth’s element.
n“(r) is the number density of element a at radius r, which
can be calculated from Fig. 1. 6{ (v,,m,) is the ionization
cross section between element a and a BDP with velocity
v, and mass m,, obtained by integrating out the recoil
energy Ep and momentum transfer ¢ in Eq. (6).

We have developed a Monte Carlo simulation to
study the BDP propagation inside the Earth. The flow
chart of the simulation is shown in Fig. 4, and a more
detailed description can be found in Appendix D. We
start with BDPs of mass m, and velocity 79, evenly
distributed on the plane perpendicular to 172. The main
structure of the simulation is the iteration of scattering (i
and f denote the initial and final state for each step,
respectively). In each iteration, we first calculate the mean
free path lifg“(xi, vy, m){) using Eq. (10). Next, we use the

I /len to sample I, which

denotes the propagation distance for the BDP in this step
of the iteration. The final position of the BDP, X;, can thus
be easily calculated from X;, #;, and /. Then, we sample the
recoil energy Ep and the momentum transfer ¢ whose
probability distribution is proportional to ¢ x K(Eg, q)
according to the differential cross section in Eq. (6).

exponential distribution e
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Initial State (%o, U;’)

-

Dark Matter Particle State
(%;, i)

—

ion
fp

-

*Sample [ to get ¥¢

In the Outside the Earth
@

Record (X, ¥)

Calculate [

Sample (Eg, q) and
B, calculate D¢

FIG. 4. The flow chart of the Monte Carlo simulation. The
indices i and f are used to denote the initial and final states during
each iteration. In each sampling of /, we check if the path passes
through the mantle-core border; if true, we use the coordinates
where the path hits the mantle-border as the new starting point X,
and we keep 7; unchanged; this step is not shown in the flow
chart. See Appendix D for a more detailed discussion.

Meanwhile the azimuthal angle f on the transverse plane
with respect to the initial velocity is drawn from a flat
distribution between 0 and 2z. The values of E, g, and
fully determine the momentum transfer vector g, which is
used to calculate the final velocity ;. Lastly, the pair (X;,
Ur) is used as the input for the next iteration as (Xj, 7;).

Additionally, in each iteration we check whether the
trajectory crosses the mantle-core border. If it does, we
recalculate the mean free path lif‘l;“ and reset the starting
point for this iteration at the spot where the crossing
happens. Furthermore, the initial velocity 7; remains
unchanged. The location and velocity at each iteration
are recorded. The simulation stops once the BDP exits the
Earth or when its velocity is smaller than the threshold
velocity, which is either the DM virial velocity or the
minimum velocity to ionize an electron in xenon. For more
details, please see Appendix D 2. Finally, we perform the
simulation with different BDP’s initial velocity directions
to account for the effect of Earth’s rotation, as demonstrated
in Fig. 3.

B. Distortion of the velocity distribution

Due to propagation inside the Earth, the BDP velocity
distribution is distorted when reaching the detector. The
amount of distortion depends on the polar angle 8 between

m, = 50 MeV
1.2
1.0 1
0.8
c
Seo
= 06
ge
= 04
0.2 —— mantle
— core
0.0 . :
1073 1072 1071
V)(/C
FIG. 5. The ratio of the mean free path of the elastic scattering

Ifx¢ and that of the ionization ", as a function of the BDP

velocity. It converges to 1 for large v,. We take m, = 50 MeV as
a benchmark.

the incoming BDP flux and the direction pointing from the
Earth’s center to the detector, as shown in Fig. 3. Before
showing the results of the Monte Carlo simulation, we first
present a qualitative estimate of the distortion of the BDP
velocity distribution.

The distance traveled / inside the Earth depends on the
depth of the detector d and the direction of the incoming
BDP flux. In terms of @, it can be written as

[ = \/R% — R3sin’>0 + R, cos 0, (11)

where R = Ry — d. In the limit d <« R, [ ranges from d
to /2Rd on the near side (3 < 6 < r) and from \/2Rpd to
2R on the far side (0 < 6 < 7). The BDP kinetic energy,
Ey, = mlvf( /2, is smeared due to dissipation from ioniza-
tion. For each scattering, the typical energy loss in the
elastic scattering limit is m,v> when the BDP is much
heavier than electrons [2] (see Appendix C for a more
detailed discussion). Thus the energy dissipation can be
approximated in terms of the mean free path lifg“ as

2
dEkin - mev)(
- ion

dx lfp

: (12)

from which one can derive the dissipation of velocity as

0,(1) = 1,,(0) exp (-Al%dx) (13)

fp

In the elastic scattering approximation, the mean free
path can be written as llfg’e(r) = [n.(r)5,]~", where n,(r) =
> n%(r)Z* is the electron density including the contri-
butions of all elements inside the Earth and &, is the
scattering cross section between the BDP and a free
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FIG. 6. The BDP velocity distribution upon reaching the detector, after its propagation through the Earth. The three rows correspond to
different choices of the BDP mass, the initial BDP velocity, and the cross section, respectively. The value of the initial BDP velocity is
indicated by the cyan dotted line. We use the color bar to characterize the normalized differential flux distribution as a function of the

BDP velocity. A® is the flux within each bin of Log;y[v,/c].

electron. In Fig. 5, we compare the mean free path for
ionization, l};“, with the one from elastic scattering, lgj"". At
low BDP velocities, the finite binding energy suppresses
the ionization. On the other hand, when v, > 10~ 2¢,
lg,ee(r) serves as a good approximation for lifg“(r). In this
approximation, taking the electron number density as 1 x
10%*/cm? near the Earth’s surface, 1.3 x 10?*/cm? at the
mantle, and 3 x 10**/cm? at the core, the mean free

path of the BDP in each region is [} ~ 100 mx
(1072 em?/3,),  Ip) ~75mx (107 cm®/5,),

I§, ~ 33 m x (107 cm?/5;), respectively.

and

According to Eq. (13), one can define the effective
distance at which the velocity distortion is significant,

...m
lg = lfgnm—*. (14)

e

This can be used to classify the distortion of the velocity
distribution into several cases:

(i) lgr <d=~1.6km (5,> 1x 1077 cm? for m, =

100 MeV): extremely strong interaction. No events
are expected in the detector;
d <<l <\2Rpd~143km (2x 107 <7, <
1 x 10727 cm? for m, = 100 MeV): strong interac-
tion. No BDPs enter the detector if it is on the far
side. The BDP velocity distribution may have a
significant distortion when the BDP enters the
detector on the near side;

(i)
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(i) 2Rzd < lgs < 2R ~12740 km (1 x 1073 <
6, <2x107% cm? for m, =100 MeV): weak
interaction. A significant distortion of the BDP
velocity distribution may happen when the BDP
enters the detector on the far side; and

(iv) legr > 2Rg (6, <1x 107 cm? for m, = 100 MeV):
extremely weak interaction. The BDP flux

experiences almost no distortion of its velocity
distribution.

In Fig. 6, we show the results of our simulation for the
BDP velocity distribution when it reaches the detector as a
function of cos 8. Nine cases are presented, illustrating how
the differential velocity distribution depends on various
model parameters. The first row corresponds to different
values of the BDP mass m,,. Equation (13) implies that the
larger the mass, the less distorted the velocity distribution is
after scattering inside the Earth. The second row corre-
sponds to a variation of the initial velocity 112. The third row
compares three cases with various BDP-electron scattering
cross sections &,, corresponding to scenarios with strong
interaction, weak interaction, and extremely weak inter-
action, respectively.

VI. DAILY MODULATION OF IONIZATION
SIGNALS

Due to Earth’s rotation, the angle 0 between the direction
of the incoming BDP flux and the detector varies with a
period of one day,

cos 0(1) = —cos(8,) cos(6p) cos {2” (tz_zlttlo)]

—sin(8,) sin(dp), (15)

where 6, is the declination of the source of the BDP
flux and &, is the detector’s declination projected
onto the celestial sphere. The time ¢, is the time at
which the BDP flux is on the upper culmination of the
detector.

Assuming a BDP flux from the GC (5, gc = —29.00°) as
an example, 7, is set to 18.65 h, 0.53 h and 10.87 h
Greenwich Mean Sidereal Time (GMST) for XENONnT
(6p = 42.25°), PandaX (6p = 28.20°), and LUX-ZEPLIN
(6p = 44.35°), respectively. The relation between the
GMST time and cos@ is shown in the top panel of
Fig. 7. Since the GC is on the southern hemisphere and
the three detectors we consider in this study are on the
northern hemisphere, the detectors are on the far side of the
Earth with respect to the BDP flux for the majority
of the time. Apart from BDP from the GC, one can
also consider BDP from the Sun. In this case, the daily
modulation is more conveniently described by the
Coordinated Universal Time (UTC), shown in the bottom
panel of Fig. 7. The value of §, s, varies from —23.5° on

1.0 A
0.5 |
0w i
3 00
o
—0.5 A
—— XENONNT
. —— PandaX
—1.0 A Ge —— LUX-ZEPLIN
0 6 12 18 24
Sidereal time [h]
1.0
0.5 |
(5]
0w i
o 0.0
o
—0.5 A
XENONNT, Gran Sasso
—— Mar 20, Sep 22
Sun — Jun 20
~1.0 —— Dec 21
0 6 12 18 24

UTC [h]

FIG. 7. Top panel: Value of cos 6 as a function of the sidereal
time for XENONNT, PandaX and LUX-ZEPLIN, respectively,
assuming the BDP flux originates in the GC. Bottom panel: The
value of cos @ as a function of UTC for the XENONnT experi-
ment on four different days of the year, assuming the BDP flux
arrives from the Sun.

December 21st to 23.5° on June 20th. We take 7, = 11.1 h
according to the longitude of Gran Sasso.
The signal rate for each experiment can be written as

dv,,

o =y [ 2m 50 “O Dar, (10

dEp dEg " dv,

where the differential cross section is provided in Eq. (6).
N,~4.2 x 10?7 ton™! is the number of xenon atoms in
the detector. The electron recoil energy spectrum varies
with time.

In Fig. 8, we present our results for the BDP flux from
the GC for m, = 100 MeV, 19 = 0.1¢, and three bench-
mark cross sections: &, = 1072 cm? (upper panels),
103! cm? (middle panels), and 10733 cm? (lower panels).
The product of the total flux ®; and &, is fixed to be
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FIG. 8. The velocity distribution, electron recoil energy spectrum, and time evolution of the event rate. The BDP flux is assumed to
originate in the GC. The BDP mass m,, and the initial velocity 1}2 are taken to be 0.1 GeV and 0.1c, respectively. The three benchmark
values for the cross section considered are: 5, = 1072 cm? (upper panels), 10~3! cm? (middle panels), and 10733 cm? (lower panels).
In the left column, the velocity distribution as a function of cos 8 is presented for the three cases. To show the time dependence caused by
the Earth shielding effect, the results at different sidereal times (¢ — ) = 0 h, 6 h, and 12 h are highlighted by the cyan, green, and blue
dashed lines, respectively, where #, corresponds to the time when the GC culminates over the Gran Sasso detector. The middle column,
with fixed &, x ®;, = 1073 s~!, shows the corresponding electron recoil energy spectrum for the three benchmark points at the three
times. The averaged signals are denoted by the orange solid lines. In the right column, the time evolution of the signals for different
recoil energy bins is presented.

G, x Dy, = 1073¢ 57!, as discussed in Appendix E, to  columnshows therecoil energy spectrum from Eq. (16) at the
satisfy the XENONNT constraint [4]. three different time # — #(. The distortion of the flux leads to a
The first column of Fig. 8 shows the velocity distribution  shift of the recoil energy events towards lower energy bins. In
for the three cases. As expected, the distortion of the flux  addition, a time-averaged spectrum is denoted by the orange
varies when changing the ratio between @, and o,. The  solid line. Finally, the last column shows the time evolution
three dashed lines correspond to the values of cos @ for the of the event rate in the three bins: [0, 5 ke V], [5 keV, 10keV],
detector at Gran Sasso at t —#y =0 h, 6 h, and 12 h. In [10 keV, 15 keV], and the sum of those three bins.
the most distorted case, i.e., when &, = 10728 cm?, the flux All those unique features in the experimental data can be
is completely shielded at r— ¢, = 12 h, while for 6, =  used to extract the properties of the BDP in a systematic
1073 cm? the distortion of the flux is negligible. The second ~ and comprehensive manner.
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One way to examine the daily modulation signal is to
perform a Fourier transform on the data [40]. The signal can
be parametrized as

dR = t—t,
E:AO+Z [A,, cos (27[}1 7 )], (17)

n=1

where 7 is the modulation period. For example, T is either
one sidereal day or one solar day (when the BDP source is
the GC or the Sun, respectively). A, is the amplitude in the
Fourier series and 7, is the relative phase. For the signal, 7,
converges to 7, for a given recoil energy. A fit to ¢, provides
information on the direction of the BDP flux. If we
correlate the time series of the signals for three different
detectors, one expects the differences in 7, for each detector
to be related to the differences in the detector locations.

VII. DISCUSSION

In this paper, we carried out a detailed analysis of the
daily modulation of the signal expected from BDPs
interacting with electrons. Such an effect can be searched
for in terrestrial DM direct detection experiments such as
XENONNT, PandaX, and LUX-ZEPLIN.

In particular, we developed a Monte Carlo code to
simulate the BDP’s trajectory through the Earth to the
detector. Considering a benchmark scenario with the BDP
source located at the GC, we calculated the expected time
variation of the signal in terms of the electron recoil event
rate. Our predictions can be directly compared to current
and future data.

It is worth noting that a different study regarding the
daily modulation of the BDP signal has been carried out in
[41], where the BDP is being considered to be produced by
cosmic ray scattering. Instead of the BDP-electron scatter-
ing, the focus of that work is on the hadronic interaction of
the BDP. The hadronic form factor suppresses the inter-
action probability at large momentum transfer, in which
case the distortion of the flux becomes most pronounced in
the intermediate energy regime. Combined with the differ-
ence in the initial velocity distribution of the BDP flux, this
leads to substantially different predictions for the BDP
energy spectrum in the detector after the signal propagated
through Earth.

A possible future extension of our work includes
calculating atmospheric or local geographic effects on
the BDP signal. It would also be interesting to consider
the energy loss through the excitation among various
atomic bound states, which would require a more in-depth
knowledge of the chemical composition of the Earth.
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APPENDIX A: FROM ELASTIC SCATTERING TO
IONIZATION

The differential cross section for the 2 — 2 elastic BDP-
electron scattering is

|Mfree|2
dafree = - .. <2ﬂ)454(k + pP— k' — p/) (Al)
4E,E, v,
d3p' d3k/
, A2
(27)* 2E, (27)? 2E, (A2)

where p and k are the four-momenta of the BDP and
electron initial state, while the prime denotes the final state.
The v, is the relative velocity between the BDP and
electron initial states. The (My,.) is the matrix element
for the elastic scattering which depends on the momentum
transfer § = p — p’ in the nonrelativistic limit of electrons.

In the elastic scattering, the initial and final state electron
wave functions are taken to be plane waves |e;). However,
for a process like ionization, both the initial bound state and
the final unbound state are represented by a wave packet in
the momentum space,

Yk @)l

(2r)3 (A3)

lez) —

where V = (27)353(0) is the volume of space. The
momentum space wave functions satisfy the normalization
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condition [ d3k|y/(k)[>/(27)} = 1. In the nonrelativistic
limit, the scattering amplitude becomes

7!

(22)36° (k + G = ) Mree () (A4)
Vd3k -
- / (2 )3 l//f(k+ Q)l//l( )Mfree(Q)
= Vfi—»f(Q) Mfree(‘])’ (AS)
where we define the transition form factor as
R d3k o7 o -
fis@ = [ 5w+ Dl (A6)
— [ @ @ei @), (A7)

It describes the transition probability with a given
momentum transfer g. We can further rewrite the form
factor in terms of the coordinate space wave functions,
which becomes (%) = exp(ik-X)/V/V in the plane
wave limit.

For the ionization process, one needs to perform the
summation on all the bound electrons in the initial state, as
well as the final state phase space. Using the quantum
numbers (n, £, m) to label the initial bound state, one has

do=9y

occupied nt,m

(A8)

where g, = 1 or 2 represents the occupancy due to the spin
degeneracy. The final states are characterized by the
asymptotically free spherical wave functions with phase
space summation written as

dSk/ klzdk/ Z k/mEdER

— = O(E, + E™),
(271-)3 — 4 (271')3 — (271')3 ( R + B )

(A9)

where O is the heaviside function. E} < 0 is the binding
energy for a given initial bound state (n,#). The recoil
energy Ep is the sum of the final state electron kinetic energy
and the amount of binding energy E=k"/2m,+|E}|.

Finally, one has to perform the integral over the
momentum of the BDP final state. With d* p’ = d3g, the
energy conservation leads to

d’q q* qdg
5B, + 1 — 0. )= . (AI0
(2”)2 < R + 2ml qv){ Ccos q1/1> 277'_1)){ ( )

with integration limits

q+ =m,v, £ \/mxvx 2m,Epg.

Putting everything together, in the nonrelativistic limit,
the ionization differential cross section for the BDP with
velocity v, can be written as

(Al1)

G,0(Ex+E%Y)

daion e B / / 2

_— —n i ’q dq7

= ety ), @RI
(Al12)

where 5, = p?| Mo (am,)|?/(162m2im3) is the BDP-elec-
tron elastic scattering cross section evaluated at ¢ = am,,
and yu is the reduced mass. The function F(q) is the BDP
form factor, and we have F = 1 for the benchmark model
studied here. The transition form factor defined in Eq. (A7)
for the ionization process can be written as

1 (g = 4"'3
on

'/dle,//k,ﬂm/ (X)pifm(x)e! i+’ .
f/ !
(A13)

It has no dependence on the direction of ¢ due to the
spherical symmetry. As mentioned in the main text, this is
related to the factor K(Ep, ¢) defined in [35,36] as

nt k/

|f1 n
ER’ Z ° k/2 2

where ay = 1/(am,) is the Bohr radius.

O(Ex + E}).  (Al4)

APPENDIX B: ATOMIC IONIZATION FACTOR

The ionization form factor in Eq. (A13) is obtained by
calculating the spatial overlap between the initial and final
electron wave functions, convoluted with the momentum
transfer ¢4, Following [25,42], we expand €% ag a linear
combination of spherical harmonic functions, and the
Eq. (A13) can be written as

4k/3 o) f+f/

e (K )|2:?Z Z (2€+1)(2¢' +1)(2L+1)
( )f’=0L=|f—f’|
oo o star ®)
00 of "I
Here [---] is the Wigner 3 — j symbol, and Ig(q) is

defined to be
In(q) = / drPR: (N Rue(Pjslqr),  (B2)

in which j; (gr) is the first order spherical Bessel function.
The radial wave functions of the electron initial bound
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state can be written as a sum of Slater-type orbital wave

functions
) +1/2 (}")n}t’_]
(2n,)1 \do

_z/zz ijn

X exp <—ij aL> ,
0

where the parameters Cjz,,Z;,, and n;f, for each atom
species, are given in [33].

The wave function of the ionized electron in the
final state is the unbound solution of the Schrédinger
equation with a hydrogenlike potential —Z;’é/ r. The
numerical results are provided in [25], for example.
This recovers the free plane wave solution when the
kinetic energy is much larger than the binding energy. The

effective charge, Z;’ff;, is related to the binding energy as

7 = ny/—EY /13.6 eV [33].

APPENDIX C: COMPARISON BETWEEN
ELASTIC SCATTERING AND IONIZATION

(B3)

Let us first consider the elastic scattering, assuming the
electron is free and at rest. For a contact interaction with
F(g) = 1, in the nonrelativistic approximation of the final
state electron, one can derive the differential cross section
as a function of the recoil energy, Ex = k?/2m,, as

dofree G_eme 2” g U)z(
=57790 —Eg ),
dEr  2u7v, m,

which is a flat distribution for Eg < 24*v2/m,.

We now include the effect of the blndlng energy and
consider the ionization process. This requires the velocity
of the incoming BDP particle and its mass to be large so
that the momentum transfer is enough to trigger the
ionization. In this limit, the integration range (g_, g, ) in
Eq. (A12) is (Eg/v,, 2m,v,) at leading order, which
effectively becomes (0, o) for the integral. Thus below
the energy cutoff in Eq. (Cl), the ratio between the
differential cross section for the ionization of an electron
with (n,?), i.e., Eq. (A12), and that of a free electron
scattering, i.e., Eq. (C1), can be written as

(C1)

©(Ex + EY)

nii(E / Eg.q)]? dg. (C2
eff( R) 0 Q| 1on( R )| 4me<ER+E%f) q ( )

This is defined to be the effective electron number for a
given atomic level. The numerical results for xenon are
shown in Fig. 9. The results converge to the number of the

electrons for that shell. Notice that it requires the sum of the
final state angular momentum number ¢’ to a large number

60
50 A f
40 4 Xe
o — n=3
T30 n=4
—— n=5
— 3|
20 A
10 A '
0 / T T T T T T T T
0 1 2 3 4 5 6 7 8 9

Er [keV]
FIG. 9. The effective electron number for various xenon

shells in the large velocity and heavy BDP limit. In particular,
ne =", n", as defined in Eq. (C2).

10!

0.3
Xe

10°
0.3

10!
0.9

1072

10° 10! 102

q [keV]

Er [keV]
LogiolK(Er, q)]

FIG. 10. The atomic ionization form factor K (Ejy, ¢) for xenon.
The white solid line corresponds to Ex = ¢*/(2m,).

to properly mimic the final state wave function when Ej
is large.

This result is also consistent with the kinetic distribu-
tion of the ionization form factor in the large recoil
energy limit. In Fig. 10, we show the result for xenon. In
the limit of a large recoil energy, the form factor peaks at
Eg~q*/(2m,), which recovers the kinetic distribution of
elastic scattering.

APPENDIX D: MONTE CARLO SIMULATION

In this study, we develop a Monte Carlo simulation in
order to derive the velocity distribution of the BDP flux
when it reaches the detector. Here we provide a compre-
hensive description of the simulation procedure.
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1. Initial setup

The simulation starts with four input parameters: m,, o,
1)2, and N, which correspond to the BDP mass, the BDP-
electron elastic scattering cross section evaluated at
q = am,, the initial incident BDP velocity, and the number
of simulation events, respectively. We consider a BDP flux
from the GC or the Sun. We set the direction of the z-axis to
always coincide with the direction of the incoming BDP
flux, see Fig. 3 for an illustration.

To generate the initial BDP flux evenly distributed on the
plane orthogonal to the z-direction, we first draw a random
value from the uniform distribution [0, R%) where Ry is the
Earth’s radius, then we define p,, as the square root of the
previously generated number. Next, we draw a random
azimuthal angle ¢z from a uniform distribution [0, 27).
With this choice, we can calculate the position of each BDP
particle entering the Earth in the Cartesian coordinate (x, y,
z) as,

X0 = Pxy €OS ¢Es

Yo = pxy sin ¢E1

— JRZ 22
20 = \/ Rg — x5 = Y5

2. Propagation inside the Earth

Next we consider the propagation of the BDP inside the
Earth. The simulation procedure of the BDP propagation is
shown on the flow chart in Fig. 4. For each iteration, we
first calculate the mean free path, lif‘l;“, of the BDP particle
traveling inside the Earth, using Eq. (10). Next, we
determine the travel distance between two successive
scatterings in the Earth’s mantle or core according to an
exponential probability distribution,

1 1 l
fp fp fp

Combining / with the final velocity calculated from the
previous step, we obtain the endpoint of the trajectory in
each iteration where the scattering occurs. It becomes
subtle when the trajectory hits the mantle-core border
before it ends. If this happens, we set the location where
the trajectory hits the mantle-core border as the new
starting point X; of this iteration while the velocity is left
unchanged.

(D2)

3. Reconstructing the BDP flux distribution

For each scattering, we determine the electron recoil
energy Ex and the momentum transfer ¢ using the ioniza-
tion form factor. According to Eq. (6), g x K(Eg,q)
describes the joint probability of E and ¢ in an ionization

process. In Fig. 2, K(Eg, g) for all elements listed in Table I
are demonstrated. It is worth noting that when the binding
energy of an electron is much smaller than the BDP kinetic
energy, Er and g become closely correlated, and the most
probable values are those satisfying Eg ~ ¢>/(2m,). We
use the generalized acceptance-rejection method [43] to
acquire a (Eg,q) pair corresponding to the probability
distribution given by ¢ x K(Eg, q).

A further dynamical constraint on the (Eg,g) pair is
imposed, Ex < qv; — ¢*/(2m,,), which is equivalent to the
condition of ¢ € (¢_, g, ) used in Eq. (6).

The magnitude of the BDP final velocity, vy, after the
scattering is written as,

vp =/ v} = 2Eg/m,.

The polar angle of the final velocity, «, respect to the
direction of the initial velocity can be calculated as

(D3)

v? + v} — 2v0p cos a = (D4)

>§o| Q‘\’

To fully determine the direction of the BDP final state after
the scattering, we sample the azimuthal angle 8 following a
uniform distribution [0, 27). The final state of the BDP in
each iteration is thus determined, including its location X;
and velocity 7. These will be used as the inputs for the
next iteration.

There are two conditions for the simulation to stop. First,
there is a minimal recoil energy required to ionize an
electron in xenon. It can be used to set a lower bound for the
\/2ER™/m,, with ERi" = 10 eV is
set in this study. Thus the threshold velocity in our
simulation is chosen to be the maximum value between
the DM virial velocity, i.e., 1072¢, and v . Second, the
BDP may reach the surface r = Rp before its velocity
becomes smaller than the threshold velocity, in which case
it is no longer relevant. Under both conditions, the
simulation of the event will be stopped automatically.

After the simulation, we define the “hit events” as the
ones which reach the surface r = Rp. We collect the
velocity and position of each event. If the BDP-electron
interaction is strong, the BDP loses its energy rapidly in the
Earth, and the BDP particles can only penetrate the r = R
sphere at most once, i.e., when they just enter the Earth. On
the other hand, when the interaction is weak, most of the
BDP particles travel across the r = R, sphere twice, this
leads to a doubling of the number of events, to 2N. In this
subsection, we explain how to convert the distribution of
“hit events” to the BDP velocity distribution that can be
used to calculate the event rate in a detector.

In Fig. 11, we show an example of the “hit event”
distribution projected to the x—y plane in both the near side
(z < 0) and the far side (z > 0) of the Earth. On the near

BDP velocity as v'% =
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“Hit event” distribution projected on the x—y plane. We choose m, = 50 MeV, 5, = 107! cm* and ) = 0.02¢. The left

4

panel shows the near side (z < 0) while the right panel shows the far side (z > 0). The initial event numberis N = 10°. Both x and y axes

are equally divided into 100 bins.

side, the events are almost equally distributed on the x—y
plane, which is consistent with the initial setup in Sec. (D
1). However on the far side, the events are more densely

distributed near \/x> + y> ~ R where Ry is the radius of
the Earth.

For the parameter space we are interested in, the trans-
verse component of the BDP velocity is much smaller than
the one along the z-axis after the propagation, thus the
event rate in a detector can be approximately calculated
using the modified BDP flux along the z-axis. With a
proper normalization, the “hit event” rate per area on the
r = Rp sphere is simply related to the modified BDP flux
by a factor of 1/ cos6.

a. Reconstruction of the general velocity distribution

In more general cases, the BDP can reach the detector
from all directions. In this section, we study the conversion
from the “hit event” rate per area to the general velocity
distribution.

The number density of BDP particles with velocities
within d*%, is

n, f(v,) d*v,, (D5)
where 7, is the BDP number density and f(7,) is the 3-
velocity distribution. For an infinitesimal area element ds,
the rate of particles hitting this area with velocities within
d*v, is

dh(v o o
d3é;)gi)t =n,f(v,)(7, - ds). (D6)

This can be used to calculate the differential BDP event rate
at a detector,

doion
dEg

dR - oo
——Nd/d3vln}(f(vx)|vx| (D7)

where N, is the number of target atoms in the detector.

APPENDIX E: CONSTRAINTS ON
NONDISTORTED BDP

The first results from the XENONnT experiment [4] for
Er < 30 keV ruled out the previous excess of the electron
recoil events seen by XENONIT [1], thus providing the
most stringent constraints on the BDP scenario.

The BDP model discussed in the main text contains
several parameters, including the mass m,, the incoming
velocity 172, the total flux ®,, and the cross section for

10732
10733 4
o -34 |
|m 10
S
©
X -
© 10 35 ]
15 —— my=10"'MeV
—— my,=10° MeV
10736y — m,=10' MeV
— my=10%2 MeV
— my, =103 MeV
10-%7 T T
2x1073 1072 1071 5x107!

0
vylc

FIG. 12.  The 90% exclusion regions on the product 5, x @ for

several values of m, and a range of v}, plotted using the first

results of the XENONNT experiment [4].
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scattering on free electrons &,. To simplify the analysis,
we consider the BDP flux without the effect of Earth’s
shielding. Under this assumption, the product &, x @ is
degenerate, and the incoming direction of 52 is not
relevant. The ratio of &, and @, becomes significant once
o, is large enough to cause shielding associated with the
propagation inside the Earth, as discussed in the main text.
Therefore, one is left with three free parameters: 5, x @,
m,,, and 1.

For each pair of m, and v?, we calculate the correspond-
ing —2A In £ = -2 In(Lg,3/Lp) using the XENONnT

data [4], where L is the likelihood function, and derive the
90% upper bounds on &, x @, via requiring —2A In L =
=2 In(Lg p/L§¥) =2.71. The results are shown in
Fig. 12. Fora BDP mass ~O(1) MeV, alarge v} is required
for the electron recoil energy to be above the threshold. On
the other hand, with both m, and vg sufficiently large, the
elastic scattering limit with dR/dEy scaling as (v9)* is
recovered, as discussed in the previous appendix. Based on
the results in Fig. 12, we choose our benchmark parameter in
the main text to be &, x ®, = 10736 571,
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