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Heavy quark symmetry of Ag decays in quark models
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We study the heavy quark symmetry with the homogeneous bag model (HBM) and light-front quark model
(LFQM) based on the decays of A) — Af£~0,(¢ = e, u, 7). In particular, we calculate various parameters in
the heavy quark expansions, including the Isgur-Wise functions and their first order corrections. The
parameters in the HBM are fitted from the mass spectra, while the ones in the LFQM are tightly constrained
by the heavy quark symmetry, granting the predictive power of our results. We explicitly obtain that
B(A) - Afep,) = (5.69+0.58,5.35 £ 0.50), B(A) > Afup,)=(567+0.58,533+0.49), and
D(A) — Afr7D,)/T(A) - Afpp,) = (0.3243 £ 0.0126,0.3506 + 0.0046) for the numerical values of
(HBM, LFQM). Our results of the branching fractions in both models agree well with the experimental data
and lattice QCD calculations. In addition, we find that the hard gluon corrections decrease the branching

fractions around 10%.
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I. INTRODUCTIONS

Testing the lepton universality via beauty quark decays
has raised great interest in both theories and experiments
[1-12]. Recently, the LHCb collaboration has reported the
ratio of Ry = B(A) — Afr70,)/B(A) - Afu~0,), given
by [13,14]

R, =0.242 +0.026 + 0.040 £ 0.059, (1)

where the first and second uncertainties are systematic and
statistical in B(AY) - Afz77,), and the third one comes
from B(A) — Afpu~p,), respectively. On the other hand,
the lattice quantum chromodynamics (LQCD) gives a
slightly larger ratio [15,16]. The results along with the
meson versions are summarized in Fig. 1 with R, =
I'(B— D%t p,)/T(B— DWe p,) [17,18]. Notice that
the experimental values of Ry are larger than the
theoretical ones in contrast to R, .

On the theoretical side, the form factors of Ag - AF
provide ideal playgrounds for quark models. The main
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reason is that at the massless limit of (u, d), there are only
two energy scales in Ay with Q = (b, c), given by

g =NA2my <1, (2)
mQ—>oo
where M and m,, are the heavy baryon and quark masses,
respectively. As g, are tiny, the physical quantities are
Taylor expanded regarding &,, namely the heavy quark
expansion (HQE).
We take the Isgur-Wise function as an illustration, given as

E(w) = &(w) + (ep + £ )bie(@) + O(e2).  (3)

where &(w) is the Isgur-Wise function, & () is the first
order correction, and @ = v;,- v, with v, the four-velocities
of Ay. As we will see in the next section, &(w) governs the
recoil effects of the form factors. Although the experiments
can probe &(w) only, Eq. (3) allows us to compare &(w) and
Eie(®) separately among the quark models, without the
dependence of the quark masses.

In this work, we take the homogeneous bag model
(HBM) and LFQM to illustrate the heavy quark symmetry.
These models are unimpressive but interesting in different
aspects. On the one hand, the HBM is a relativistic quark
model, in which u and d quarks can be safely taken as
massless, and the parameters are fitted from the mass
spectra. It is reliable at the zero recoil point (w = 1),
but unequal time commutators are needed for a boosted
state, causing several uncertainties as @ goes up. On the
other hand, the LFQM describes the bound state in a

Published by the American Physical Society
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FIG. 1. The ratios of Rp, Rp+, and R, in the experiments and
LQCD.

frame-independent way, in which only the relative motions
between the constituents are required [19—-29]. The Lorentz
|

(NS ler* (1 —ys)b|AD)

= . [(FY (@)r* + FY ()7 + FY () k) -

boosts in the front form are generated by the kinematical
operators, which leave the x* = 0 plane invariant [30,31],
so the unequal time commutation relations are not needed.
However, the LFQM suffers the uncertainties from the
parameters input. In addition, the Z-graph contributions
forbid us from computing the form factors in the timelike
region [32-38]. We will show that these aforementioned
difficulties are resolved by the heavy quark symmetry.

This paper is organized as follows. We present the
formalism of the HBM and LFQM in Sec. II. The
numerical results are given in Sec. III. Section IV is the
conclusion.

II. FORMALISM

We briefly review some of the results of the HQE, where
the details can be found in Ref. [16]. In the heavy quark
system, there are two popular parametrizations for the form
factors, given as

(FH )" + Fi(@)v} + Fi(0)ve)ys]u,

_ i0"q q"
Xuc|:<f1(q2)7”_f2(‘1) “+ fi(q )M>
b
otV H
_ 2\u 200 qy n 4 4
(10 = 02 4 ) 1 s @
|
where g = p;, — p., and p, and p,. are the four momentaof  FY(1) =1+¢, + €. + e2(b, — by), Fl=1+ €2b,,
AY and A, respectively. From = mpvp, it 18 straight-
D e e, e S () =FA(1) = e+ byt FY(1) =Fe,  (6)

forward to show that ¢*> = M7 + M?
of parametrizations are related as

—2M M .@. Two sets

M. 1 M
:FV FV FV b
fi +2M 2M VEXES 3 o3
M M 1 M
e ey ety 4 Fi——LF4 (5
9 ' Tom, o3 P3= :F oM (5)
with M, = M, £ M,.

At the zero-recoil point of @ = 1, the form factors are
simply written as [39]

to the precision of O(gue.), providing that hard gluon
corrections are absent. A great advantage in the heavy
quark system is that the recoil effects are taken into account
by a single function of &(w) i.e.,

(7)

FY3 (@) = Ew)FY35(1).

After including the hard gluon corrections shown in
Fig. 2, the form factors receive several corrections, given by

FV

_1(50) =1+&,Cy, +e. + &, +a[Cy, +2(0—1)C} ](e, + &) + €2(by = by),
Fi () 2e, 3w—1 e,
=~ =aCy,—— = +a4Cy,———e—2C —1)Cy. +2C

Fo) ©% or1 B\ [2Cv, = (@ =1)Cy, +2Cv,| —— o+ 1

20 = 1)C (e an) | + et
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FY(w) 2¢, 3w —1
———~=q,Cy, ————4+a,< C - [2C 2C w—1)Cy,
+2(w = 1)Cy, (ec + sb)},
F (o) -1 -1
o) 1+ a,Cy + (e, + &) s Ca, Pt +2(0 = 1)C) | (ec + &) + €2by,
o) 2e, 3w+ 1 £,
Fo) a,Cy, — W + a9 Ca, w——l-leb —[2C4, = (w+ 1)Cy, +2Cy | —— Wl
#2001 o+ &) | + et
F3 (o) 2¢, { SwHl, €
= =a,Cy, + ——+ C + 2C 2C +1)C
F) sCas H Y —— +1 + [2C4, = 2Cs, + (W + 1)Cy] w1
#2001 e e, )
|
where @, is the strong coupling constant, and the definitions Jo(pgr)xs
of CX’)VI_M can be found in Ref. [16]. To include both soft and Pqr(X) = Ekﬂ) I(pgr)i-Gry )’ for r < R,
hard gluon corrections, we extract the relevant parameters of .
E(w), A,and b 1.» from the quark models, where the soft gluon $qy(¥) =0, forr>R, (10)

(non-perturbative) effects are taken account by the wave
functions. After that, we plug the computed parameters into
Eq. (8) to contain the hard gluon corrections.

We note that the heavy baryon masses can be expanded as

S
M, = A+———+0(e). 9
o =mg+ A+ 2mg + O(e5) )

It is convenient to rewrite the binding energy as A = CEy;,
where Eg; stands for the energy of the diquark system, and
C describes the correction of it in the presence of the heavy
quark with an infinite mass.

A. Homogeneous bag model

We begin our study with the MIT bag model, of which
the quark wave functions of the baryons are confined in a
finite region, given as [40]

with r = [X| and R the bag radius. Here, jj; are the

spherical Bessel functions, E’; =4/ p§ + mé with m, and

p, the quark mass and three-momentum, and y; = (1, 0)”
and y; = (0,1)" represent a spin-up and a spin-down
quarks, respectively. From the boundary condition, p, must
satisfy [40]

PyR
R —_— 11
tan(p,R) = [—mR T ER’ (11)
In particular, we have
lim pud_2043/R (12)

my 4—0

and

FIG. 2. The hard gluon corrections of the current operators.
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/s 1 n?
=Z(1- L B =myt—— (13
Po R( 2mQR> o=moty T (13

to the precision of O(1/mR?). It is interesting to point out
that the zeroth order corrections are absent in E’é, and the
first order corrections correspond to the kinematic energies

of the heavy quarks in the nonrelativistic limit. Plugging
Eq. (13) into the bag wave functions, we are led to

<(J0(f"/R) sty 1 (#1/R))x > (14

bo(¥) = zmjl(ﬂr/R)r-oy

On the other hand, the masses of the baryons are given as

47
My =Zy/R +?R3Bg +E + ) Ef (15)
q

where Z,, and B, are associated with the zero-point and bag
volume energies, respectively, E; is the interaction ener-
gies, and R minimalizes the baryon masses, given by

oM
Qo
—=0. 16
In calculating the Isgur-Wise function, we do not include
the interaction corrections, so we set E; = 0 for consis-
tency, which is the major source of errors.
Combining Egs. (12) and (13), we arrive at

oM

—2 — 47R?B} — (Zy + 4.086)/R2 =0.  (17)

There are two sets of bag parameters in Ref. [40], given as

(Zo.By) = (1.84,0.145GeV),  (1.95,0.125GeV), (18)

resulting in that

(A,R7")=(0.665,0.223),  (0.554,0.195) GeV, (19)
respectively.

The twist is that although the MIT bag model success-
fully explains most of the low-lying baryon masses, it is
difficult to be applied in decays, especially in taking
account the recoil effects (w dependencies). The problem
can be traced back to the fact that bag states are localized.
According to the Heisenberg uncertainty principle, it
cannot be an eigenstate of three-momenta, which is referred
to as the center-of-mass motion (CMM) problem. The
difficulties were tackled a few years ago in Ref. [41], where
localized bags are replaced by linear superpositions of
infinite ones, distributed homogeneously all over the space.

It has been shown that after the CMM is removed, the
axial form factor in the neutron beta decay increases to

ga = 1.31 by 20% [42]. Comparing to the experimental
value of g4, = 1.275, it is clear that the numerical estima-
tion is improved. On the other hand, in the heavy flavor
conserving decays, the CMM was identified to be the
reason of the underestimation of the four-quark operator
matrix elements [43].

In the HBM, the baryon states at rest are given as

Mort) = [ T2 dia(za)uy(3,)0h o)
b <dMQ>(xd,xu,)'c’Q)[d35c']|O>, (20)
where the Greek (Latin) letters represent the color (Dirac
spinor) indices, € stands for the totally antisymmetric

tensor, [d*X] = d*X,d*X,d*Xy, q' is the creation operator
of the quark, satisfying

{Gha(%). 4up(¥)} = 860> (X = X), (21)

with ¢ € {u,d, 0},
described by

and the spatial distributions are

N
abc 2 2 2y _"'0 a (¥ _ ¥ b (¥ —%
P o) (Xq» X, Xg) = NG /[‘ﬁ,ﬁ (Xg = Xa) ¢y, (Xu — Xa)
— @5, (X = X) oy (X, — X))
X P (Xg = Xp)d %, (22)

where N are the normalization constants. If not stated
otherwise, ¢'(X) is evaluated at = 0 in this work.

In Eq. (22), ¢,4(X, — X») represents the quark state in
the static bag centering at X, . By carrying out the integral of
d’%,, it is straightforward to see that the baryons are
distributed uniformly all over the three-dimensional space.
Therefore, the unwanted CMM is removed. We note that
the formulas are reduced to the ones of the MIT bag model
when the integral of d°X, is eliminated.

To get a baryon state with a nonzero momentum, we
apply the Lorentz boost to Eq. (20). The transformation rule
of the creation operators reads

Uyqaa()UT" = (S,)apdly (A7'),20). (23)

where U, S,, and A, are the Lorentz boost operators of
states, Dirac spinors, and coordinates, respectively. Without
lost of generality, we take the Lorentz boost toward the Z
direction, resulting in
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a, +a_o;
Siv = )
+a_os a.
) Y tyvos
Siﬂ = ’
+yvo; 4

where a, = +/(y+1)/2 and y = 1/V1 — 1.

From Eq. (23), we see that even if we start with r = 0,
the ¢ dependencies of quark states are nevertheless still
required. It is due to note that the # =0 plane is not
invariant under Lorentz boosts. Thus, for the state having a
Lorentz boost, we have to evaluate the anticommutation
relations with unequal times, which cannot be treated
perturbatively. To overcome the problem, we utilize that
the quark states are energy eigenstates in the bag model and
make the substitution in Eq. (22)

(24)

—iE 1

qzm(z) =e Qaa(t x) (25)
where E, are the energies of the quarks. It is clear that we
do not consider the interaction energies here, as the quark
energies are independent to each other. The reasonable
range of E, is

1
~My <E, < El +

1
3 §<EO + Ei})v (26)

where My is the neutron mass, and E, and E, are the
zero-point and vacuum energies arisen from the bag,
respectively, which are allocated evenly among the quarks.
In the HBM, Eq. (26) serves as the major source of the
uncertainties.

After some algebra, we arrive at [42]

W (R X0 B3)0(S0)ar (Su) iy (S0) e PP (3,35, 35,

(27)
where X = (x,y,yz). From the normalization condition
(Mo, P'|AoP) = u'u(27)’5*(p - p'), (28)

we derive that

e al] [ #iEneGoas, @

where X = X, &+ X5 /2, and >4 E; = M has been used.

We adopt the Breit frame so that A) and A/ have
opposite velocities. Collecting Egs. (20), (21), and (27), we
find that

(A2 (3)[c'TH(0) | AY(~7))
A FENEN) § CHENNNEY

1

along with

- wif= 1o
[y (Xa) :/d3x¢z <x+2xA>

L s
x S, I'S_,¢p (X - EXA> ezlEC‘iL'x7

1 1 1 e
DV b4 _ d3" 2 _ 7 —21E,1;-x’
P(Xa) = }// xq’)l( —|—2xA>¢)l<x 2xA>e

l=u,d, (31)

where I" is an arbitrary Dirac matrix, Ey = E,, + E;, and
o =y*(1 + v?). In general, I',, and D! would be some
complicated functions of the quark masses and bag radius.
To examine the model, we take ¥ — 0 and Taylor expand
the formulas regarding to M, leading to'

1 R2—p2 /4
=167 [ ) rars [V g
0

NZ
\/R*—r% /4—rp/2
x A : dzjs jo (32)

with the abbreviations of i = jo | (7r./R), ro=|X£x,/2|,
and rp = |X,|. In addition, with m, ; — 0, we are led to

VIR R
DY(ry) —471/ / dz
x [l§ly + (P = ry /A1), (33)

where [5; = jo;(2.043r,/R). From Eq. (31), the integrals
are suppressed by the oscillations of the exponential func-
tions, which depend heavily on E,,. In the case of Ag — A%,
the ambiguity in Eq. (26) causes the calculated branching
fraction to vary from 3.5 x 107 to 1.0 x 1073 [42]. However,
E, is always followed by 7, so its uncertainty does not affect
the results at 7 = 0. In this case, b , are uncontaminated by
the uncertainties of E, as they are evaluated at 7 = 0.
The form factors of F} and F{ are extracted by

FY(1) = lim : —(AL@)I(@Er' D) O) A3 (=),

Fi(1) = £Lm0<Ai(v)l(CY 75D)(0)|A (=), (34)
resulting in that

n the calculation of the form factors, we have taken the
normalization of ityuy = 1.

033004-5



ZHANG, JIN, LIU, and GENG

PHYS. REV. D 107, 033004 (2023)

1 n 1
2m, 2m,

FV(1)=1+ ( >Edi./\/§o47z

< [ Rdraca) D00s)
FA() =1, (35)

where

C Z

4r? [\/RP-r}/4 VR /412
(ra) YA dpp ; d

R SR |
X [(18—11},—"’]?—]02)”2

Al . TAZ
+ (it - )] 36)

to the precision of O(1/m?R?*). By matching it with
Eq. (6), we find that the first order correction of F7 indeed
vanishes, and

C= ./\/20472'/ radraC(rp)(DV(ra))*> =1, (37)

which holds exactly by an actual calculation. It is a sensible
result, since the zeroth order corrections of E’é are absent as
shown in Eq. (13), and the interactions among quarks are
omitted. We conclude that the diquark energies are unaf-
fected by the presence of the heavy quark at the zeroth
order, namely C = 1. However, Eq. (37) itself is a non-
trivial result, and it indicates that our treatments for the
CMM are self-consistent.

We emphasize that Eq. (37) is a parameter-independent
result, which can be shown explicitly by changing the
variables

R'R'R

(.. %) — (” : ) (38)

in Egs. (36) and (37). To take account the recoil effects, we
use the following trick:

@) =D i 0aF @),
6el0) = - (s (@)

, (39)

£o=0

where Y, FY is evaluated by taking I' =1 in Eq. (31).
Consequently, we get

(o) ZNgo/d3’?Ad355(J'(TJ'6)EZiEdiﬁ'z(D?(7€A))27
ée(w) = A(D)A = A(0)A,
N2 o ae o
R2 /d3xAd3x(r_]§]] + 4 J1 %)

% eZiEdiE-)?(D(IJ ()_EA))Q. (40)

AV) =

By taking ¥ = 0, we get that £(1) =1 and & (1) =0 as
demanded by the Luke’s theorem.

Similarly, the first order corrections of b, and b, are
obtained, given by

*FY (1
12( ) = (bl - b2)7
a&‘c £0=0
PRI PR 4
0 2 - bl’ 2 - b2' ( 1)
Ec £9=0 agc £0=0

The operations can be easily done by a computer program.
However, their expressions are much more complicated and
lengthy as well, so we do not list them out here. As a cross-
check, we compute

02

a—eg(FY(w)—F?(wHFzY'A(w))IE N (42)

which is indeed found to be zero, consistent with Eq. (6).
We note that &, &, and b, , depend only on E4R, which
is the only dimensionless parameter. To be specific, they
are invariant under the transformation of (R, Ey) —
(a™'R,aEg), where a is an arbitrary constant. For a
practical purpose, we can fix R and vary Eg solely to
cover the model uncertainties on A, &, &, and by ;.

B. Light-front quark model
In the LFQM, the baryon states are expressed as

1 = (% T/
[Ag. 1) _/\/—geaﬂrul(pu,lu)d;(pd,,ld)Qy(pQ,/lQ)
X WG (Pus Ba Do) PI0). (43)

where ‘I‘[é](f)u, Pa- Do) represent the vertex functions
between the Ay and udQ, [A] and [d°p] stand for the
light-front helicities (4,,44,4p) and light-front three-
momentum integrals d®p,d>p,d°p,, respectively, and

dpsd*p,.

T

Pe=(g:Pg)=(Pg.Pq:Pqr)s &’ Py=
with pr = p?=+pd and p,; = (p).p2). At the equal
light-front time (x* = 0), the commutation relationships

for qi(ﬁq,/lq) are

033004-6
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{ab(P. 7). qp(p'. 2)} = 8,108,s5° (p — ). (45)

Notice that the wave functions are made of position

eigenstates in the HBM shown in Eq. (20), whereas they

are built out of momentum eigenstates here in contrast.
The vertex functions are further decomposed as

Q_z(zn) \/;_5 (P = pu—Pa—Po)

X(I)(puvpdva) 5!/2 T(Auvld’ﬂQ) (46)

where @ are the momentum distribution functions of the
quarks, Z'/27 stands for the helicity wave function

V21 (A dasdg) =

Z Hﬂ |Rq|s Sus Sd’ SQ|SS>
2 272

SusSd» SQ q

(47)

and R, is the Melosh matrix, which brings the quark from
its spin state at rest to a light-front helicity state with
momentum p, [31].

In this work, we consider the two-particle forces between
the quarks, which are effectively described by the harmonic
oscillator potentials

V= pr?/(2M), (48)

where r are the distances of the quarks, and M and /3 are the
reduced masses and shape parameters, respectively, to be
specified later. We take the quarks of u# and d to form a
diquark cluster denoted as [ud)], as they are (iso)spin singlet.
By integrating out the delta functions §(P — p, — p, — Do)
Egs. (43) and (46) can be rewritten as

-

[d%i)] - d3§d3é’ (I)(pu’ Pas pQ) - (I)( q, Q) (49)

where
(I)<é)’ é) = ¢ud¢Q[”d]
3/2 q éz
— |, (50
(ﬂﬁudﬁQ[ud) ex p( Zﬂ 2/}2Q[ud]> 0

$ua and [, are the wave functions of (u, d) and (Q, [ud]),
and the shape parameters of f3,; and fg,q are the typical
relative three-momenta, respectively. Note that we have
projected the light-front three-momenta to the instant forms
by defining

pQ EQ - Qz
Y= T E T EL
P ud =+ EQ
Q1 =xo(pur + Par) — (1 =xg)pou
y= p-ui_ _ Ed —q;
Py +pr; E,tEQ
g1 =yPur—(1=Y)Par. (51)
where E, ;= +/q* +m?, EQ—\/ +mQ, E, .=
\/ éz + (E, + E;)?, and m stands for the constituent quark

masses of u and d in the LFQM.
By utilizing that the potentials are independent of quark
masses, we find

ﬂZ[ud]Maud] = fi[ud]M;[Ld] = fha(m/2)7",  (52)

where M, is the reduced effective mass of ¢ and [ud],
given as

M [lud] my' + Egl. (53)

The second equality in Eq. (52) comes from the Isgur-Karl
model for the equal mass scenario [44]. By considering the
well-measured ratio of ¢g,/gy = —1.275 from the neutron
beta decay, we get

Batua) = 0.952 m. (54)
To the precision of O(méz), we have

Edl
— 1 —
ﬂQ[Md] ( 4mQ + O(mg>>ﬁ°°’

ﬂoo = (1 + Edi/m)l/4ﬁd[ud]' (55)

The existence of the heavy quark limit for S, has already
been discussed and put by hand in Refs. [21,22]. Here, we
provide a clear theoretical background to justify their
assumptions.

Now, we are ready to compute A, b, », (), and & (o).
We choose the frame of g™ =0 to avoid the Z-graph
contribution [36]. We set m;, = m./x = mg. At ¢* = 0, @
corresponds to

M2% + M?
w(x) =22 (56)
2M oM,

with

MQ(x) = (x)mQ + A +

033004-7
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from Eq. (9), leading to’

£(w(x)) = fi(q* =0.

(1) w0l = o2 (@ = 0neg ~0). (59
0

x,e9 = 0),

In reality, we have that x~3 and 1, = —0.5 GeV?,
corresponding to @ = 1.43. Since ¢> = gq*q~ — g3, the
region of g*> > 0 is polluted by the Z-graph contribution.
Nevertheless, we utilize the fact that £(w) and & (w) are
independent of m,, . for a fix . In practice, we can obtain
the @ dependencies of &(w) and & (w) by varying x.

For A and by, we again use the trick that they are
independent of m,; .. We compute them with x = 1.
Accordingly, g; and f, are expanded as

(2)
g =1 +gl—2+ 0(1/m3g)7
m

0
VRO
fr=12 0 5 oam), (59)
where
ﬁ%o - = Eu
g’ = - A = | @G 0|0, 5%

Eud
8%

[TEqp% — AE % — 2E5: 0],

(60)

£ = / PG Ol |

and @, is the momentum wave function under the heavy
quark limit, given as

: P _o
@a(d.0) = (shuabe) P exp(~ o =0 ). (61)
ud 00

Note that the zeroth order of g; is consistent with the heavy
quark symmetry, which is a nontrivial result.

To match Egs. (5) and (6) to Eqgs. (59) and (60) with
x = 1, there would be extra crossing terms at the order of
e.€, in Eq. (6), which introduce two additional free
parameters. To eliminate them, we assume that F}*(w)
are factorized as

FY(A) (8}), €c9 CU) = fV(A> (865 a))fV(A> (8b’ C()), (62)

with fV4 (e, w) to be determined. Now we have

*The form factors in the g™ = 0 frame are extracted as Eq. (24)
in Ref. [22].

by=2(f"2 =4 +24%, (63)

where b, = b ,A°.
From Egs. (52), (60), and (61), we see that fgl) depends
only on Eg and m. We arrive at

Eg
fél)(Edia m) = Edi]:(Edi’ m) = EuF (Wd), (64)

where F is a function to be determined, and the second
equality comes from that F can only depends on the
dimensionless quantities, i.e., Eg/m in this case. By
demanding the heavy quark limit of A = E, or equiv-
alently F = 1/2, we find

Collecting Egs. (52), (60), (61), and (65), we see that only
m remains unfixed.
In the LFQM, the HQE parameters depend on m, Eg;,

h(m, Eg. f) = h(m.3.293 m,0.952 m) = h(m),  (66)

where h € {&(w), (@), by, by}, and we have used
Egs. (54) and (65).
From the dimensional analysis, we find that

h(m) = 2"’: hy,m", (67)

n=—oo

where h), has —n mass dimension. However, there is no
other parameter with mass dimension, so we must have
h), = 0 for n # 0. Consequently, i do not depend on m and
are parameter-independent results in our approach. From
Egs. (60) and (63), we have

by = —0.173, b, = 0.518, (68)
while & and &, are shown in Fig. 3. By a similar argument,
we find A « m.

III. NUMERICAL RESULTS

In both of the models, m,, . are taken as the pole quark
masses with m;, . = (4.78,1.655) GeV, and the adopted
value of the Cabibbo-Kobayashi-Maskawa (CKM) matrix
element is |V ;| = (42.2 +0.7) x 1073 from the inclusive
semileptonic B decays [45]. The formalism of the decay
widths can be found in Ref. [46].

For the HBM, we fix R = 4.8 GeV~! without lost of
generality as explained in the end of Sec. II A. From
Eq. (26), the reasonable range of Ey; is then given as

0.585 GeV < Ey < 0.686 GeV, (69)
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FIG. 3. The Isgure-Wise function and its first order correction from the LFQM.

which is consistent with Eq. (19). For the LFQM, we
take m = 0.30 £ 0.08 GeV, which is consistent with the
experiments of the nucleon magnetic moments and 3 (Ag -
A%)=(7.1£1.7)x 1076 [45,47]. To be conservative, we
allow m to vary in a wide range, which shall cover all the
reasonable values.

The HQE parameters are computed with the formula
given in Sec. II. The Isgur-Wise function and its first order
correction of the HBM are given in Fig. 4. Notice that the
region of @ > 1.43 is equivalent to ¢> < 0, and thus, it is
irrelevant to A — Af¢~7,. Nevertheless, we have plotted
them in the figures to see the dependencies in the high @
region, as they are physical in the scattering processes.

To compare the results with those in the literature, we
expand the Isgur-Wise function regarding to w to the fourth
order, given as

1480 (0= 1) 43800 17 4+ 5 8 (@~ 1)

+ -1 (70)

The numerical results along with those in the literature are
collected in Table 1. In the literature, Ref. [16] fits the HQE
parameters from the experimental data [14] and LQCD
calculations [15], Ref. [48] adopts the relativistic quark

1.0

¢

0.8
0.6
0.4

0.2

model (RQM), Refs. [49,50] employ the light-cone sum
rule (LCSR), and Ref. [51] utilizes the QCD sum rule
(QCDSR).

We note that the authors of Ref. [52] have also
considered the LFQM but with a different theoretical setup.
On the one hand, their baryon wave functions are fitted
from the mass spectroscopy with 13 free parameters,
whereas ours are based on the simple harmonic potential
and HQE with one free parameter only. On the other hand,
their form factors and Isgur-Wise function in the timelike
region are obtained by the analytical continuation, where
the dipole behavior is assumed. In our approach, we have
mapped the dependency of w to x = m./m,; so that the
Isgur-Wise function is directly evaluated in the entire phase
space without further ad-hoc assumptions. To sum up, we
have shown that after considering the HQE, not only the
parameter space of the LFQM is tightly constraint but also
the ad hoc assumption of the analytical continuation is no
longer needed.

Surprisingly, the results in the HBM and LFQM agree
well with each other, even though they are two very
different quark models. Our values of 1) also agree well
with those from the LHCb and LQCD, but significantly
larger than the results from the RQM and QCDSR. Note
that in Ref. [16], E3) and E* have been omitted. On the
contrary, we find that they are sizable. In particular, £3) is

0.05

0.04

0.03

0.02

0.01

1.0 1.2 1.4 1.6 1.8 2.0

w

1.0 1.2 1.4 1.6

w

2.0

FIG. 4. The Isgure-Wise function and its first order correction from the HBM.
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TABLE I. The HQE parameters with A and b 12 in units of GeV and GeV?, respectively.

HBM LFQM LHCb [14,16]  LQCD +LHCb [16] RQM [48]  QCDSR [51]  LFQM [52]

&) —1.94(26)  —2.35(10) —2.17(26) —2.04(8) -1.51 ~1.35(13) 1.67(11)
1.85(11)

20 4.78(93) 5.75(55) 4.10(105) 3.16(38) 4.06 2.45(63)
3.25(61)

z0) -10.8(25)  —10.5(21)

@) 13.1(32) 10.1(38)

E(143)  047043)  0.392(15) 0.446(4) 0.415(1)

A 0.681(55)  0.988(263) 0.81(5)" 0.81(5)" 0.764

b, —0.141(1)  —0.181(90) 0.24(192) —0.46(15)

b, 0.351(35)  0.541(270) 0.45(188) —0.39(39)

*Extracted from MAQ, where 0.81(5) means 0.81 + 0.05.

opposite in sign and twice larger in comparison to 2.
Although our results of £2) are larger than the values from
the LHCb and LQCD, those of &(w = 1.43) are consistent
with them due to the presences of £°).

Note that our values of 51,2 from the LFQM are
contaminated by the uncertainties of A, but their signs
are not. Explicitly, both models give b; < 0 and b, > 0.
The predicted sign of b, is opposite to the one of
LHCb + LQCD. As the HBM and LFQM show well
consistence in all the HQE parameters, we are confident
on these results.

To see the hard gluon effects, we adopt two different
schemes for the form factors. In the first one, we calculate
them directly from the quark models. In the second one, we
plug the values of A, by, b,, and &(w) from Table I into
Eq. (8). The branching fractions along with those in the
literature are collected in Table II, where the lower and
upper columns in the HBM and LFQM for each lepton pair
are the values with and without the hard gluon corrections,

respectively, which decrease the branching fractions about
10%. The branching fractions in Table II are consistent with
the experimental data and those in literature, where the
uncertainties of our results are smaller than those of other
approaches with uncertainties provided.

Beside the integrated branching fractions, the differential
decay distributions and other angular observables also
provide additional ways to probe the form factors. They
are well discussed in Ref. [12]. For the sake of simplicity,
the values of the angular observables have not been given in
this work. We point out that it is possible to fully
reconstruct the form factors from the angular observables
in the experiments, which is demonstrated explicitly
in Ref. [54].

To further test the lepton universality, we compute the
ratio of R, , given in Table Il and Fig. 5, where
R, (LQCD) come from two different works, in which
the upper column is purely from the LQCD calculations
[15], while the lower column corresponds to the one in

TABLEII.  The branching fractions of A) - A} — £~ in units of %, where the lower and upper columns in the
HBM and LFQM for each lepton pair correspond to the values with and without the hard gluon corrections,

respectively.

Lepton pair HBM LFQM Exp [45] RQM [53] LFQM [52] LCSR [49] LCSR [50]

e v 6.23(58) 5.53(77) 6.2j11'§‘ 6.48 6.47(96) 5.81 5.71(98)
5.69(58) 5.35(50) ‘

uo 6.21(57) 5.52(77) 6_2:1-;‘ 6.46 6.45(95) 5.78 5.69(98)
5.67(58) 5.33(49) N

U 1.95(11) 1.91(23) 1.5(4) 2.03 1.97(29) 1.55 1.66(26)
1.83(12) 1.87(15)

TABLE II.  Comparisons of R, in different approaches.

HBM LFQM LQCD [15,16] LHCb [14] LFQM [52] LCSR [50]

0.3154(109) 0.3457(70) 0.3328(102) 0.242(76) 0.30(9) 0.292

0.3243(126) 0.3506(46) 0.3237(36)
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FIG. 5. The comparison of R, .

which the heavy quark symmetry is imposed to lower the
uncertainties [16]. The predictions of the HBM fit well with
the experimental data, but the ones of the LFQM disagree
with the LHCb results in contrast.

IV. CONCLUSION

We have examined the heavy quark symmetry in the
HBM and LFQM. The inputs of the HBM are fixed from
the mass spectra, while the parameters in the LFQM are
tightly constrained by the heavy quark symmetry. We have

demonstrated that the two models all respect the heavy
quark symmetry.

The HQE parameters of A, b, », &(w), and & (w) have
been computed. Our results of A, &(w), and b, are
compatible with those in the literature, but the sign of
b, is opposite comparing to the LHCb + LQCD results.
Explicitly, we have shown that (b, b,) = (—0.173,0.518)
from the LFQM, and (b, b,) = (—0.141 £ 0.001,0.351 +
0.035) from the HBM in units of GeV?.

We have also calculated B(A) — Af¢7D;) and Ry
with and without the hard gluon corrections. We have
found that the hard gluon corrections decrease the branch-
ing fractions about 10%. Explicitly, we have obtained
that B(AY) —» Afe7p,) = (5.69 £ 0.58,5.35 & 0.50),
B(A) - Afu~p,)=(5.674+0.58,533+£0.49), and R, =
(0.3243 £ 0.0126,0.3506 + 0.0046), for the results of
(HBM, LFQM), respectively. Our predicted values of the
branching fractions show good consistencies with the
experimental data of results B(A) - AfeD,,t70,) =
(6.2714,1.5 + 0.4)%.
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