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We study the decay Bþ → KþK−πþ and investigate the angular distribution of KþK− pairs with
invariant mass below 1.1 GeV=c2. This region exhibits both a strong enhancement in signal and very large
direct CP violation. We construct a coherent sum model for the angular distribution of the S- and P-wave,
and report the ratio of their amplitudes, the relative phase and the forward-backward asymmetry. We also
report absolute differential branching fractions and direct CP asymmetry for the decay in bins of MKþK−

and the differential branching fractions in bins of MKþπ− . The results are based on a data sample that
contains 772 × 106 BB̄ pairs collected at the ϒð4SÞ resonance with the Belle detector at the KEKB
asymmetric-energy eþe− collider. The result favors the presence of S- andD-waves in lowMKþK− region to
the detriment of a P-wave.
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I. INTRODUCTION

Charmless decays of B mesons are suppressed in the
Standard Model (SM) and thus provide an opportunity to
search for physics beyond the SM through branching fraction
enhancements. Large CP asymmetries can occur in these
decays due to interference of SM tree and loop diagramswith
similar amplitudes; there is also the possibility of beyond-SM
particles contributing in the loop diagrams. Figure 1 shows

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP3.

PHYSICAL REVIEW D 107, 032013 (2023)

2470-0010=2023=107(3)=032013(12) 032013-1 Published by the American Physical Society

https://orcid.org/0000-0002-1641-430X
https://orcid.org/0000-0002-4824-101X
https://orcid.org/0000-0003-2287-0173
https://orcid.org/0000-0002-1907-5964
https://orcid.org/0000-0002-4895-3869
https://orcid.org/0000-0002-1586-5790
https://orcid.org/0000-0003-2435-501X
https://orcid.org/0000-0002-5394-4406
https://orcid.org/0000-0002-6347-7055
https://orcid.org/0000-0003-3466-9290
https://orcid.org/0000-0003-0419-6912
https://orcid.org/0000-0002-3744-5332
https://orcid.org/0000-0002-0953-7387
https://orcid.org/0000-0002-1527-2266
https://orcid.org/0000-0003-0014-2589
https://orcid.org/0000-0002-5440-2668
https://orcid.org/0000-0003-1776-0439
https://orcid.org/0000-0001-8857-8621
https://orcid.org/0000-0001-6254-3594
https://orcid.org/0000-0003-1449-6986
https://orcid.org/0000-0001-8361-2309
https://orcid.org/0000-0001-9288-5069
https://orcid.org/0000-0001-5735-8386
https://orcid.org/0000-0002-5915-1319
https://orcid.org/0000-0002-2495-0524
https://orcid.org/0000-0002-2270-9673
https://orcid.org/0000-0001-7357-9007
https://orcid.org/0000-0002-0856-1131
https://orcid.org/0000-0003-2518-7134
https://orcid.org/0000-0002-1865-741X
https://orcid.org/0000-0002-8650-6058
https://orcid.org/0000-0001-8860-8288
https://orcid.org/0000-0002-8544-9274
https://orcid.org/0000-0002-8803-4429
https://orcid.org/0000-0001-7620-2053
https://orcid.org/0000-0002-7008-3759
https://orcid.org/0000-0003-1705-7399
https://orcid.org/0000-0002-1673-5664
https://orcid.org/0000-0003-2747-8277
https://orcid.org/0000-0003-3499-7948
https://orcid.org/0000-0001-9841-0216
https://orcid.org/0000-0001-7347-6585
https://orcid.org/0000-0003-0167-8641
https://orcid.org/0000-0001-6857-966X
https://orcid.org/0000-0003-2172-3534
https://orcid.org/0000-0002-2047-9675
https://orcid.org/0000-0001-8442-107X
https://orcid.org/0000-0001-7052-3163
https://orcid.org/0000-0001-9076-5936
https://orcid.org/0000-0001-5767-2121
https://orcid.org/0000-0002-5662-3675
https://orcid.org/0000-0003-3043-1939
https://orcid.org/0000-0002-5670-5582
https://orcid.org/0000-0002-1345-0970
https://orcid.org/0000-0001-8656-2693
https://orcid.org/0000-0002-6849-0427
https://orcid.org/0000-0002-4374-1234
https://orcid.org/0000-0002-5862-9739
https://orcid.org/0000-0002-7406-4707
https://orcid.org/0000-0002-8880-6134
https://orcid.org/0000-0002-8593-6857
https://orcid.org/0000-0003-2599-1405
https://orcid.org/0000-0002-8895-0128
https://orcid.org/0000-0001-8785-847X
https://orcid.org/0000-0001-8602-5652
https://orcid.org/0000-0002-1470-6536
https://orcid.org/0000-0002-5858-3187
https://orcid.org/0000-0002-2234-0001
https://orcid.org/0000-0002-6280-494X
https://orcid.org/0000-0002-4321-0417
https://orcid.org/0000-0001-7741-4381
https://orcid.org/0000-0002-6347-433X
https://orcid.org/0000-0002-5138-5903
https://orcid.org/0000-0002-4260-5118
https://orcid.org/0000-0003-2765-7072
https://orcid.org/0000-0002-3561-5633
https://orcid.org/0000-0003-1590-0266
https://orcid.org/0000-0002-9402-7559
https://orcid.org/0000-0002-9996-6336
https://orcid.org/0000-0002-1935-9887
https://orcid.org/0000-0001-8176-8545
https://orcid.org/0000-0002-7323-0830
https://orcid.org/0000-0002-5515-0087
https://orcid.org/0000-0002-2211-619X
https://orcid.org/0000-0002-6816-0751
https://orcid.org/0000-0002-2209-535X
https://orcid.org/0000-0002-5743-7698
https://orcid.org/0000-0001-8125-9070
https://orcid.org/0000-0002-9695-8103
https://orcid.org/0000-0002-9743-8249
https://orcid.org/0000-0002-8644-2349
https://orcid.org/0000-0003-2487-8080
https://orcid.org/0000-0001-5959-8172
https://orcid.org/0000-0003-0971-0968
https://orcid.org/0000-0001-8084-1931
https://orcid.org/0000-0002-4967-7675
https://orcid.org/0000-0002-1236-4667
https://orcid.org/0000-0001-6251-8049
https://orcid.org/0000-0002-0670-3968
https://orcid.org/0000-0003-1572-5365
https://orcid.org/0000-0002-7011-5044
https://orcid.org/0000-0001-9448-5691
https://orcid.org/0000-0001-9553-3421
https://orcid.org/0000-0003-0234-0474
https://orcid.org/0000-0002-7400-6013
https://orcid.org/0000-0002-9835-1006
https://orcid.org/0000-0001-5520-5394
https://orcid.org/0000-0002-7366-1307
https://orcid.org/0000-0002-9909-2851
https://orcid.org/0000-0003-2024-5649
https://orcid.org/0000-0002-1219-3247
https://orcid.org/0000-0003-2792-7511
https://orcid.org/0000-0003-3416-0056
https://orcid.org/0000-0002-6554-7731
https://orcid.org/0000-0002-7109-5583
https://orcid.org/0000-0003-4673-570X
https://orcid.org/0000-0002-2698-5448
https://orcid.org/0000-0002-6088-0412
https://orcid.org/0000-0002-7082-8108
https://orcid.org/0000-0002-0128-264X
https://orcid.org/0000-0003-4352-734X
https://orcid.org/0000-0002-2209-6969
https://orcid.org/0000-0001-6850-7666
https://orcid.org/0000-0001-8424-7075
https://orcid.org/0000-0003-0486-9291
https://orcid.org/0000-0002-1076-814X
https://orcid.org/0000-0002-7739-914X
https://orcid.org/0000-0002-2572-4692
https://orcid.org/0000-0003-1746-586X
https://orcid.org/0000-0001-9562-1253
https://orcid.org/0000-0001-6373-2346
https://orcid.org/0000-0002-7310-5079
https://orcid.org/0000-0003-4486-0064
https://orcid.org/0000-0002-1646-6847
https://orcid.org/0000-0002-7524-0936
https://orcid.org/0000-0001-7426-4824
https://orcid.org/0000-0001-7518-3022
https://orcid.org/0000-0001-7994-0537
https://orcid.org/0000-0001-6087-2052
https://orcid.org/0000-0001-6019-6218
https://orcid.org/0000-0003-4864-3411
https://orcid.org/0000-0002-8813-0437
https://orcid.org/0000-0001-9839-7373
https://orcid.org/0000-0003-1804-9470
https://orcid.org/0000-0001-6836-0748
https://orcid.org/0000-0002-6131-819X
https://orcid.org/0000-0002-9465-2493
https://orcid.org/0000-0002-1407-7450
https://orcid.org/0000-0003-1839-8152
https://orcid.org/0000-0002-4310-3638
https://orcid.org/0000-0001-5823-4393
https://orcid.org/0000-0002-5600-9413
https://orcid.org/0000-0002-4199-4369
https://orcid.org/0000-0001-5853-349X
https://orcid.org/0000-0003-3904-2956
https://orcid.org/0000-0002-4537-5899
https://orcid.org/0000-0002-9184-2830
https://orcid.org/0000-0002-7336-3246
https://orcid.org/0000-0002-2722-6953
https://orcid.org/0000-0003-4844-5028
https://orcid.org/0000-0002-8378-4255
https://orcid.org/0000-0002-1615-9118
https://orcid.org/0000-0002-4098-9592
https://orcid.org/0000-0002-1312-0429
https://orcid.org/0000-0002-9012-4618
https://orcid.org/0000-0002-8478-5639
https://orcid.org/0000-0002-1456-1496
https://orcid.org/0000-0002-9420-0091
https://orcid.org/0000-0002-5735-4059
https://orcid.org/0000-0001-8751-5944
https://orcid.org/0000-0002-1898-5333
https://orcid.org/0000-0002-8954-0585
https://orcid.org/0000-0001-7003-7210
https://orcid.org/0000-0002-0486-3896
https://orcid.org/0000-0001-8225-3973
https://orcid.org/0000-0001-6651-0706
https://orcid.org/0000-0002-8255-3746
https://orcid.org/0000-0002-9186-2591
https://orcid.org/0000-0003-3469-9377
https://orcid.org/0000-0003-4904-6168
https://orcid.org/0000-0002-4944-1830
https://orcid.org/0000-0003-3355-765X
https://orcid.org/0000-0002-3401-0480
https://orcid.org/0000-0002-7448-4816
https://orcid.org/0000-0002-0302-8151
https://orcid.org/0000-0003-1017-1295
https://orcid.org/0000-0003-4220-8056
https://orcid.org/0000-0001-7774-0363
https://orcid.org/0000-0001-6760-9839
https://orcid.org/0000-0001-6391-5118
https://orcid.org/0000-0001-5805-1255
https://orcid.org/0000-0001-6917-6694
https://orcid.org/0000-0002-5241-6628
https://orcid.org/0000-0002-4245-7442
https://orcid.org/0000-0001-5096-1182
https://orcid.org/0000-0002-2680-0474
https://orcid.org/0000-0003-0713-0871
https://orcid.org/0000-0002-9543-7971
https://orcid.org/0000-0003-0552-5490
https://orcid.org/0000-0001-8840-3346
https://orcid.org/0000-0002-1479-9349
https://orcid.org/0000-0001-6140-2044
https://orcid.org/0000-0002-0907-5565
https://orcid.org/0000-0002-8253-641X
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.107.032013&domain=pdf&date_stamp=2023-02-27
https://doi.org/10.1103/PhysRevD.107.032013
https://doi.org/10.1103/PhysRevD.107.032013
https://doi.org/10.1103/PhysRevD.107.032013
https://doi.org/10.1103/PhysRevD.107.032013
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


some SM Feynman diagrams that contribute to the Bþ →
KþK−πþ decay [1]. The dominant process is the Cabibbo-
suppressed b → u tree transition in Fig 1(a); the b → d
penguin diagram in Fig. 1(d) leading toBþ → ϕπþwithϕ →
KþK− is heavily suppressed, and the current experimental
limit for this mode is BðBþ → ϕπþÞ < 1.5 × 10−7 [2].
An unidentified structure has been observed byBABAR [3]

and LHCb [4–6] in the KþK− low-invariant-mass spectrum
of theBþ → KþK−πþ decay. The LHCb studies also found a
nonzero integrated CP asymmetry of −0.123� 0.022 and a
large local CP asymmetry in the same mass region.
References [7,8] suggest that final-state interactions may
enhance CP violation, and the recent LHCb study suggests
that the largeCP asymmetry in the low-KþK− invariant-mass
region originates from ππ ↔ KK S-wave rescattering [6].
Building on our earlier shorter publication [9], this paper
studies the angular distribution of the KþK− system in the
low-invariant-mass region and quantifies the CP asymmetry
and branching fraction as a function of the KþK− invariant
mass and the branching fraction as a function of the K−πþ
invariant mass.We employ a reoptimized binning close to the
kinematic boundaries of the KþK− and K−πþ systems. This
paper also includes the full description of the analysis of the
branching fraction and direct CP asymmetry measurement
previously published in Ref. [9].
The data were collected with the Belle detector at the

KEKBasymmetric-energy (3.5on8GeV) eþe− collider [10].
The data sample consists of 772 × 106 BB̄ pairs accumulated
at the ϒð4SÞ resonance, corresponding to an integrated
luminosity of 711 fb−1, and an additional 89 fb−1 of off-
resonance data recorded at a center-of-mass (c.m.) energy
about 60 MeV below the ϒð4SÞ resonance.

II. BELLE DETECTOR AND EVENT
RECONSTRUCTION

The Belle detector consists of a silicon vertex detec-
tor (SVD), a 50-layer central drift chamber (CDC),

time-of-flight scintillation counters (TOF), an array of
aerogel threshold Cherenkov counters (ACC), and a CsI
(Tl) electromagnetic calorimeter located inside a super-
conducting solenoid coil that provides a 1.5 T magnetic
field. Outside the coil, the K0

L and muon detector, com-
posed of resistive plate counters, detects K0

L mesons and
identifies muons. The detector is described in detail else-
where [11]. The dataset used in this analysis was collected
with two different inner detector configurations. A data
sample corresponding to 140 fb−1 was collected with a
beam pipe of radius 2 cm and with three layers of SVD,
while the rest of the data were collected with a beam pipe of
radius 1.5 cm and four layers of SVD [12]. A GEANT3-based
[13] Monte Carlo (MC) simulation of the Belle detector is
used to optimize the event selection and to estimate the
signal efficiency. The signal MC sample is generated with
the EvtGen package [14], assuming a three-body phase space
combined with a resonance decaying to two kaons as
observed by BABAR and LHCb [3,5].
To reconstruct Bþ → KþK−πþ, we combine two

oppositely charged kaons with a charged pion. Charged
tracks originating from a B decay are required to have a
distance of closest approach with respect to the interaction
point of less than 5.0 cm along the z axis (opposite the
positron beam direction) and less than 0.2 cm in the r − ϕ
transverse plane and a transverse momentum of at least
100 MeV=c.
Charged kaons and pions are identified using the

charged-hadron particle identification (PID) systems,
namely CDC, ACC, and TOF. The information from the
PID systems is combined to form a K-π likelihood ratio
RK=π ¼ LK=ðLK þ LπÞ, where LK and Lπ are the like-
lihoods for the kaon and pion hypotheses, respectively.
Tracks with RK=π > 0.6 are regarded as kaons and those
with RK=π < 0.4 as pions. With these requirements, the
identification efficiencies for 1 GeV=c kaons and pions are
83%and90%, respectively; 6%of thepions aremisidentified
as kaons, and 12% of the kaons are misidentified as pions.
Candidate B mesons are identified using two kinematic

variables in the c.m. frame: the beam-energy constrained
mass, Mbc ≡

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2
beam=c

4 − jpB=cj2
p

, and the energy differ-
ence, ΔE≡ EB − Ebeam, where EB and pB are the recon-
structed energy and momentum of B candidates in the c.m.
frame, respectively, and Ebeam is the run-dependent beam
energy corresponding to half of the c.m. energy. TheB-meson
candidates are required to have Mbc > 5.24 GeV=c2 and
jΔEj < 0.3 GeV, and a signal-enhanced region is defined
as 5.27<Mbc<5.29GeV=c2 and jΔEj<0.05GeV for the
optimization of background suppression. For 19% of the
events, there is more than oneB-meson candidate in an event;
we choose the onewith the best fit quality from theBvertex fit
using the three charged tracks. This criterion selects the
correctly reconstructed B-meson candidate in 92% of MC
events.

(a) (b)

(c) (d)

FIG. 1. Bþ → KþK−πþ Feynman diagrams (all CKM sup-
pressed). (a) Tree diagram, (b) W-exchange diagram leading to
KK� states, (c) strong-penguin diagram, and (d) electroweak
penguin leading to the ϕπ state.
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III. BACKGROUND STUDY

The dominant background is from continuum eþe− →
qq̄ ðq ¼ u; d; s; cÞ processes. The difference on the event
topology between the spherical BB̄ signal and the jetlike
continuum background can be exploited; a Fisher discrimi-
nant formed from 17 modified Fox-Wolfram moments [15]
is introduced to suppress backgrounds from this source. To
further improve the classification power, we combine the
output of the Fisher discriminant with four other discrimi-
nating observables in a neural network employed by the
NeuroBayes software package [16]. The observables are the
cosine of the angle between the B candidate direction and
the beam axis, the cosine of the angle between the thrust
axis [17] of the B candidate and that of the rest of event
(both of these quantities being calculated in the c.m. frame),
the separation along the z axis between the vertex of the B
candidate and that of the remaining tracks, and the tagging
quality variable from a B flavor-tagging algorithm [18].
The training and optimization of the neural network are
performed with signal and continuum MC samples. The
neural network output (CNN) selection requirement is
optimized by maximizing a figure of merit defined as
NS=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
NS þ NB

p
in the signal-enhanced region defined in

the previous paragraph, where NS denotes the expected
number of signal events based on MC simulation for a
branching fraction of 5 × 10−6 and NB denotes the
expected number of background events. The CNN is
required to be greater than 0.88, which removes 99% of
the continuum events while retaining 48% of the signal.
Background contributions from B decays via the dom-

inant b → c transition (generic B decays) are investigated
with a MC sample of such decays. The resulting ΔE
distribution is found to peak strongly in the signal region.
Peaks are observed in the KþK− and K−πþ invariant-mass
spectra, arising from b → c decays. These peaking con-
tributions are from D0 → KþK− or K−πþ at the nominal
D0 mass or from χc0 → KþK− at the nominal χc0 mass. In
the KþK− mass distribution, D0 → K−πþ form the peak
slightly shifted from the D0 mass in the MKþK− spectrum
owing to K − π misidentification. To suppress these
backgrounds, the candidates for which the invariant
mass of the KþK− or K−πþ system lies in range of
1850–1880 MeV=c2 are removed. The veto region corre-
sponds to �3.75σ around the nominal D0 mass, where σ is
the mass resolution. In the case of K − π misidentification,
we use the pion-mass hypothesis for one of the kaons. For a
KþK− candidate pair, both Kþπ− and πþK− assignments
are tested, and when at least one of them lies within the veto
region, the candidate is rejected. A veto mass range of
3375–3475 MeV=c2 is introduced to reject the back-
grounds from χ0c → KþK− decays. To suppress the possible
charmonium backgrounds from J=ψ → lþl−ðl ¼ e; μÞ
decays, we apply the electron- or muon-mass hypothesis
for both charged daughters and exclude candidates that lie

in the range of 3060–3140 MeV=c2, which corresponds to
�4σ around the nominal J=ψ mass. Since no significant
peak is found in the ψð2SÞ mass region, we do not apply a
veto for it.
The charmless B decays are studied with a large MC

sample where one of the B mesons decays to a charmless
final state. There are a few modes that contribute in theMbc
signal region with a corresponding ΔE peak, denoted
collectively as the “rare peaking” background. These
backgrounds are caused by the K − π misidentification
that leads to the ΔE peaks shifted toward the negative
(positive) values for Bþ → KþK−Kþ (Bþ → Kþπ−πþ)
and its intermediate resonant modes. The remaining con-
tribution other than the peaking components is called the
“rare combinatorial” background.

IV. SIGNAL EXTRACTION

The signal yield is extracted by a two-dimensional
extended unbinned maximum likelihood fit in Mbc and
ΔE in each MKþK− bin, with the likelihood defined as

L ¼ e−
P

j
Nj

N!

YN
i

�X
j

NjPi
j

�
; ð1Þ

where

Pi
j ¼

1

2
ð1 − qi ·ACP;jÞ × PjðMi

bc;ΔEiÞ; ð2Þ

ACP ¼ NB− − NBþ

NB− þ NBþ
: ð3Þ

Here, N is the total number of candidate events, i is the
event index, and Nj is the yield of events for category j,
which indexes the signal, continuum, generic B, and rare B
components. PjðMbc;ΔEÞ is the probability density func-
tion (PDF) inMbc and ΔE for the jth category. The electric
charge of the B-meson candidate in event i is denoted qi,
and ACP;j is the direct CP asymmetry for category j. In
the signal B decays, there are two cases: all final-state
particles are correctly combined (“true” signal), or one of
the daughter particles is a product of the other B decay
[“self-cross-feed” (SCF) contribution]. The ratios of SCF
contribution to the signal events are found to be between
0.1% ∼ 7.6% in different MKþK− bins. We prepare the
corresponding PDFs, Psig and PSCF. In the fit, the ratio of
SCF contribution to the signal events is fixed according to
the MC expectation. The signal yield, Nsig, is the yield of
the signal PDF. The signal PDF is represented by the
product of a double Gaussian in Mbc and a triple Gaussian
in ΔE, where the shape parameters are determined from the
signal MC sample and are calibrated for the possible data-
MC difference using a control sample of Bþ → D̄0πþ with
D̄0 → KþK− [which we denote as Bþ → D̄0ðKþK−Þπþ
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hereinafter]. The PDF that describes the continuum back-
ground is the product of an ARGUS function [19] in Mbc
and a second-order polynomial in ΔE. The parameters of
the continuum PDF are derived fromMC simulation, which
agrees with the off-resonance data. The others (generic B,
rare combinatorial, rare peaking, and SCF) are modeled
with two-dimensional smoothed histograms from MC
simulation due to the strong correlation between ΔE and
Mbc. The free parameters in the fit are the signal yield, the
signal ACP, the generic B yield, the rare peaking yields,
and the continuum yield. The yields of rare combinatorial

backgrounds are also derived from the MC study. The ACP
of all backgrounds is fixed to zero in the fit. The stability
and bias of the two-dimensional fit is checked by ensemble
tests with a set of large-statistics MC events. The validity of
the fit and branching fraction extraction method is checked
using data in a high-statistics control sample of the Bþ →
D̄0ðKþK−Þπþ decays. The measured branching fraction for
the control sample is consistent with the world-average
value [20].
As an example, Fig. 2 shows the fit results within

the range of 0.98 < MKþK− < 1.1 GeV=c2 in a signal-
enhanced region. We use the efficiency and fitted yield in
each MKþK− bin to calculate the branching fraction,

B ¼ Nsig

ϵ × CPID × NBB̄
; ð4Þ

where NBB̄, ϵ, and CPID, respectively, are the number of BB̄
pairs (772 × 106), the reconstruction efficiency, and the
correction factor for particle identification (94.2%) that
accounts for the data-MC difference. We assume that
charged and neutral BB̄ pairs are produced equally at
the ϒð4SÞ resonance. Table I lists the fitted yields, the
efficiencies, and the measured ACP in all MKþK− bins.
Figures of the fit results in all MKþK− bins are attached in
Appendix A. The significance of our measurements is
evaluated using the convolution of the likelihood function
with a Gaussian function of width equal to the additive
systematic uncertainties that only affect the signal yield and
ACP. Detailed study of the systematic uncertainties is
described in Sec. VII. The corresponding significance is
given by

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−2 lnðL0=LmaxÞ

p
, where Lmax and L0 are the

likelihood values with and without the signal component,
respectively. Figure 3 shows the results of differential
branching fraction and ACP as a function of MKþK− , where
an excess and a largeACP are seen inMKþK− <1.5GeV=c2,
confirming the observations by BABAR and LHCb. Our
measurements show good agreement with the LHCb model
in MKþK− . We find strong evidence of a large CP asym-
metry of −0.90� 0.17� 0.03 with 4.8σ significance for
MKþK− < 1.1 GeV=c2. We integrate the differential branch-
ing fractions over the entire mass range of theKþK− system
to obtain the charge-averaged branching fraction,

FIG. 2. The projections of theMbc-ΔE fit to the data within the
range of 0.98 < MKþK− < 1.1 GeV=c2. Points with error bars are
the data, the red line is the fit result, the blue line is the sum of the
signal and the self-cross-feed, the cyan dotted line is the
continuum background, the brown dot-dashed line is the generic
B backgrounds, and the green dashed line is the sum of the rare B
backgrounds. The projection on ΔE is with the requirement of
5.275 < Mbc < 5.2835 GeV=c2, while the projection on Mbc is
with the requirement of −0.03 < ΔE < 0.03 GeV.

TABLE I. Signal yield, efficiency, differential branching fraction, and ACP for individual MKþK− bins. The first
uncertainties are statistical, and the second are systematic. The differential branching fraction is obtained by the
partial branching fraction divided by width of that bin.

MKþK− (GeV=c2) Nsig Eff. (%) dB=dM (×10−7 c2=GeV) ACP

0.98–1.1 59.8� 11.4� 2.6 19.7 34.9� 6.6� 2.0 −0.90� 0.17� 0.04
1.1–1.5 212.4� 21.3� 6.7 19.3 37.8� 3.8� 1.9 −0.16� 0.10� 0.01
1.5–2.5 113.5� 26.7� 18.6 15.6 10.0� 2.3� 1.7 −0.15� 0.23� 0.03
2.5–3.5 110.1� 17.6� 4.9 15.1 10.0� 1.6� 0.6 −0.09� 0.16� 0.01
3.5–5.3 172.6� 25.7� 7.4 16.3 8.1� 1.2� 0.5 −0.05� 0.15� 0.01
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BðBþ → KþK−πþÞ ¼ ð5.38� 0.40� 0.35Þ × 10−6; ð5Þ

where the quoted uncertainties are statistical and systematic,
respectively. The weighted average ACP over the entire
MKþK− region is

ACP ¼ −0.170� 0.073� 0.017; ð6Þ

where the ACP in each MKþK− bin is weighted by the
fitted yield divided by the detection efficiency in that bin.

The statistical uncertainties are independent among bins;
thus, the term is a quadratic sum. For the systematic
uncertainties, the contribution from the bin-by-bin varying
sources is a linear sum, while the contribution from the
common sources is a quadratic sum.

V. ANGULAR DISTRIBUTION OF THE K +K −
SYSTEM IN THE LOW MK +K − REGION

From the fit result in the lowest MKþK− bin, we obtain
only 3.1 signal events in the B− sample and 56.7 events in
the Bþ sample within the signal enhanced region. To
determine the spin configuration of the KþK− system
for the signal in MKþK− < 1.1 GeV=c2, the signal yields
are obtained by fitting to the data samples in bins of the
helicity angle, and are summarized in Table II. The helicity
angle, θhel, is defined as the angle between the momenta of
the B meson and the kaon with the same charge as the B
meson, as both are evaluated in the KþK− rest frame. Due
to the large ACP observed in the data sample, only the Bþ
candidates are used in the fit.
Since there is no evidence for the narrow ϕ state in

the MKþK− distribution and there is no other resonance
between 0.98 GeV=c2 < MKþK− < 1.1 GeV=c2, a priori
one would expect no specific spin configuration in the data.
To investigate this, we generated MC samples with the
ansatz of Bþ → XKþK−πþ with XKþK− → KþK− using
different assumptions for the spin state of X. Here, X is
described by a relativistic Breit-Wigner function that is
centered at 1.2 GeV=c2 with a width of 0.25 GeV=c2,
which is estimated based on Ref. [4]. The fit results using
different models for the helicity distribution are shown in
Fig. 4. With the application of the efficiency correction, the
spin-0 component is described by a constant, while the
spin-1 and -2 components are described by functions
a × jP1j2 and að1þ b × jP2j2Þ, respectively. Here, PN is
an Nth-order Legendre polynomial.
Besides the models of pure S-wave, P-wave, and

D-wave, we also test with a coherent-sum model of the
S-wave and P-wave,

fðcos θhelÞ ¼ A2
S þ 2ASAP cos θSPP1ðcos θhelÞ

þ A2
PP

2
1ðcos θhelÞ; ð7Þ
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FIG. 3. Differential branching fractions (top) and measured
ACP (bottom) as a function of MKþK− . Each point is obtained
from a two-dimensional fit with systematic uncertainty included.
Red triangles with error bars in the top figure show the expected
signal distribution in a three-body phase space MC, and the cyan
squares show the LHCb model which reproduces the model
reported by the LHCb [6]. Note that the MC hypotheses/models
are rescaled to the experimentally observed total Bþ → KþK−πþ
signal yield.

TABLE II. Signal yields and efficiency for individual cos θhel
bins.

cos θhel Nsig Eff.(%)

−1.0 − −0.6 7.2� 3.7� 0.7 18.4
−0.6 − −0.2 7.0� 3.8� 0.5 19.7
−0.2 − 0.2 13.3� 4.6� 0.7 21.6
0.2–0.6 11.8� 4.4� 0.5 21.2
0.6–1.0 14.7� 5.2� 0.7 20.2
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and obtain the magnitudes of the amplitudes from the
S-wave and P-wave to be AS ¼ 7.1� 1.0 and AP ¼ 2.2�
8.6 in arbitrary units; the ratio between these two is

r ¼ AP

AS
¼ 0.31� 1.23: ð8Þ

At the 1σ level, the data are consistent with the vanishing
P-wave amplitude; therefore, the relative phase is very
poorly constrained: cos θSP ¼ 0.69� 2.58. The forward-
backward asymmetry is

AFB ¼ ASAP cos θSP

A2
S þ A2

P
3

¼ 0.21� 0.17: ð9Þ

The p-value of each model is summarized in Table III. As
the reduced χ2 (χ2=ndf) for pure P-wave is much larger
than unity, the distribution is unlikely to be described by the
pure P-wave. The LHCb model is not inconsistent with our
data but less favored than the spin-0, spin-2, and coherent-
sum models.

VI. DIFFERENTIAL BRANCHING FRACTION
AS A FUNCTION OF MK + π −

To study the distribution and also to provide additional
information in the Dalitz plane of Bþ → KþK−πþ, we also
provide the measurement of the differential branching
fraction in MKþπ− . The analysis procedure is exactly the
same as described in Sec. IV, except with the data sample
now divided into nine bins in the range of MKþπ− from
0.5 GeV=c2 to 5.0 GeV=c2. No ACP was measured from
the fit. Table IV lists the fitted yields and the differential
branching fractions for all MKþπ− bins. As an example,
Fig. 5 shows the fit results of the firstMKþπ− bin in a signal-
enhanced region. The fit results of all MKþπ− bins can be
found in Appendix B. Both the LHCb result [5] and the
differential branching fraction shown in Fig. 3 indicate that
the resonant contributions for the KþK− projection are
estimated to be 10% of the total Bþ → KþK−πþ signal. As
a possible approximation to describe it, the XKþK− with
spin 0 is introduced (model 1). For the remaining 90% of

TABLE III. Fit results for different angular distribution of
XKþK− . The p-value corresponds to the reduced χ2. The results
show that, except the coherent sum and LHCb model, other
components are unlikely.

XJ¼0 XJ¼1 XJ¼2 Coherent sum LHCb model

χ2=ndf 1.9=4 14.4=4 1.6=3 0.5=2 7.0=4
p-value 0.750 0.006 0.815 0.792 0.136

TABLE IV. Signal yield and differential branching fraction for
each MKþπ− bin. The first uncertainties are statistical, and the
second are systematic.

MKþπ−

(GeV=c2) Nsig Eff. (%)
dB=dM

(×10−7 c2=GeV)

0.5–1.0 78.7� 15.3� 3.7 16.0 13.6� 2.6� 0.6
1.0–1.5 128.6� 19.6� 6.1 16.4 21.6� 3.3� 1.0
1.5–2.0 41.4� 15.9� 3.7 14.9 7.6� 2.9� 0.7
2.0–2.5 34.1� 14.7� 5.5 15.8 5.9� 2.6� 1.0
2.5–3.0 93.3� 16.3� 4.4 16.3 15.7� 2.8� 0.7
3.0–3.5 77.5� 14.4� 3.4 13.5 15.8� 2.9� 0.7
3.5–4.0 126.3� 17.7� 6.0 17.4 20.0� 2.8� 1.0
4.0–4.5 100.9� 17.2� 5.3 19.2 14.5� 2.5� 0.8
4.5–5.0 12.4� 11.5� 4.1 17.5 1.9� 1.8� 0.6

FIG. 5. Signal-enhanced projections of the Mbc-ΔE fit to data
in the first MKþπ− bin. Points with error bars are the data, the red
line is the fit result, the blue line is the sum of the signal and
the self-cross-feed, the cyan dotted line is the continuum back-
ground, the brown dot-dashed line is the generic B backgrounds,
and the green dashed line is the sum of the rare B backgrounds.
The projection on ΔE is with the requirement of 5.275 < Mbc <
5.2835 GeV=c2, while the projection on Mbc is with the require-
ment of −0.03 < ΔE < 0.03 GeV.
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FIG. 4. The helicity angle distribution with efficiency correction
applied, in an arbitrary unit. The fits using spin-0, spin-1, and
spin-2 models and the coherent sum of spin 0 and spin 1 are
superimposed. The LHCb model was calculated according to
Ref. [6].
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Bþ events in the KþK− dimension, and for all B− events,
the hypothesis to only have a three-body phase space
decay is disfavored. Instead, another hypothesis that takes
Bþ → K̄�ð892Þ0Kþ and Bþ → K̄�

0ð1430Þ0Kþ components
into account according to the current world average in
Ref. [21] (11% and 6% of the inclusive Bþ → KþK−πþ
branching fraction, respectively), and considers the three-
body phase space decay to account for the remaining signal
yield, is proposed. This hypothesis (model 2) is found to be
compatible when it comes to explaining the obtained differ-
ential branching fraction as a function ofMKþπ− , as shown in
Fig. 6. For models 1 and 2, the reduced χ2 values are found
to be 6.5 and 2.9, respectively. Here, there are 8 degrees of
freedom. A direct comparison with the LHCb model is also
made; despite the good agreement in MKþπ− <3.5GeV=c2,
the reduced χ2 of this model against our measurements is
4.5, which is lower than that of model 1.

VII. SYSTEMATIC UNCERTAINTY

There are two types of systematic uncertainties: bin by
bin and bin independent. The former type varies in different
MKþK− bins, i.e., background PDF modeling, fixed yields
in the fit, and background ACP. The latter includes sources
from the total number of BB̄ pairs in the Belle data, tracking
efficiency, particle identification, continuum suppression,
signal PDF modeling, and the possible bias of the fit.
Systematic uncertainties in the partial branching frac-
tion in MKþK− bins are itemized in Table V, while those
for the measurements in MKþπ− are listed in Table VI.
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)2 (GeV/c-�+KM
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FIG. 6. Differential branching fractions as a function ofMKþπ− .
Each point is obtained from a two-dimensional fit with systematic
uncertainty included. Also shown are two ansatzes as red
asterisks and blue triangles. The red asterisks show three-body
phase space combined with a 10% contribution from Bþ decays
to XKþK−πþ with spin 0, noted as model 1 in the figure. The blue
triangles show the effect of adding the expected contribution of
the intermediate states, Bþ → K�0Kþ and Bþ → K�0

0 Kþ, noted
as model 2. The cyan squares show the model which reproduces
the model proposed from Ref. [6]. Note that the MC hypotheses/
models are rescaled to the experimentally observed total
signal yield.

TABLE V. Systematic uncertainties in the measured branching fraction and ACP in the individual MKþK− bins.
The dagger (†) indicates MKþK− dependence of the uncertainty. The center dots (� � �) indicate a value below 0.1%
(0.001) in B (ACP).

Source Relative uncertainties in B (%)

MKþK−ðGeV=c2Þ 0.98–1.1 1.1–1.5 1.5–2.5 2.5–3.5 3.5–5.3
Number of BB̄ pairs 1.4
Tracking 1.1
Particle identification 1.4
Continuum suppression 1.3
Signal PDF 1.8
Fit bias 2.3
Background PDF† 3.7 2.2 16.2 3.8 3.6
Fixed yields† � � � � � � � � � 0.1 � � �
Background ACP

† 0.2 0.3 1.5 0.8 0.4

Source Absolute uncertainties in ACP

MKþK−ðGeV=c2Þ 0.98–1.1 1.1–1.5 1.5–2.5 2.5–3.5 3.5–5.3
Background PDF† 0.036 0.005 0.028 0.006 0.003
Fixed yields† � � � � � � � � � 0.002 � � �
Background ACP

† 0.015 0.004 0.009 0.005 0.002
Detector bias 0.004
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The uncertainty due to the total number of BB̄ pairs is
1.4%. The uncertainty due to the charged-track recon-
struction efficiency is estimated to be 0.35% per track by
using partially reconstructedD�þ → D0πþ,D0 → πþπ−K0

S
events. The uncertainty due to the RK=π requirements is
determined by a control sample study ofD�þ → D0πþs with
D0 → K−πþ, where πþs denotes a low-momentum charged
pion. This low-momentum pion allows the event to be
reconstructed with good signal/noise ratio without relying
on particle identification information. Since the particle
identification efficiency is related to the momenta of the
tracks, the efficiency and fake rate were studied in different
momentum and polar angle bins. In the end, we obtained an
efficiency correction of 94.2% and a corresponding uncer-
tainty of 1.4%.
The uncertainties due to the continuum suppression and

the signal PDF shape are estimated using a control sample
of Bþ → D̄0ðKþK−Þπþ decays. The potential fit bias is
evaluated by performing an ensemble test comprising 1000
pseudoexperiments, where the signal component is taken
from the signal MC sample, and the backgrounds are
generated using the shapes of their PDFs obtained from the
MC samples. The observed 2.3% bias is included in the
systematic uncertainty calculation. The uncertainty due to
the continuum background PDF modeling is evaluated by
varying the PDF parameters by �1σ of their statistical
errors. The uncertainty due to the data/MC difference is
taken into account by using the fit model from the off-
resonance data, which is included in the background PDF
modeling in Table V. For the BB̄ background PDFs that are
modeled by two-dimensional smoothed histogram PDFs,
the associated uncertainty is evaluated by changing the bin
sizes. The uncertainty due to the fixed yields of rare
combinatorial backgrounds is also evaluated by varying
each fixed yield up or down by its statistical error. The
uncertainty due to nonzero ACP of rare peaking back-
grounds is estimated by assuming the LHCb measurements
and their uncertainties [5]. In the absence of knowledge of
the distribution of the SCF component in MKþK− and
MKþπ− bins, we use a conservative approach to evaluate the
uncertainty by varying the fraction by �50%; the resulting

deviation from the nominal value is included in the fixed
yields in Tables V and VI.
The ACP systematic errors due to the fixed yields, back-

ground ACP, and the background PDF modeling are esti-
mated with the same procedure as applied for the branching
fraction. A possible detector bias due to tracking acceptance
and RK=π is evaluated using the measured asymmetry from
the off-resonance data, Aoff

CP. A
off
CP is defined as

Aoff
CP ¼ Aoff;real

CP þAdet
CP

¼ Noff
KþK−π− − Noff

KþK−πþ

Noff
KþK−π− þ Noff

KþK−πþ
; ð10Þ

where Aoff;real
CP represents true CP asymmetry in the dataset

and Adet
CP represents the contribution from detector effects.

Because Aoff;real
CP is predicted to be zero in the off-resonance

data, the measured Aoff
CP equals the Adet

CP. We introduce
the efficiency-corrected number of KþK−π� candidates,
TKþK−π� , as

TKþK−π� ¼ Noff
KþK−π�

ϵðKþÞ · ϵðK−Þ · ϵðπ�Þ ; ð11Þ

where Noff
KþK−π� is the observed number of KþK−π� candi-

dates in the off-resonance data and ϵðhÞ is the detection
efficiency of hadron h. Due to the KþK− pair appearing in
both Bþ and B− candidates, the efficiencies they contribute
cancel at the first order to give

Aoff
CP ¼ ϵðπ−ÞTKþK−π− − ϵðπþÞTKþK−πþ

ϵðπ−ÞTKþK−π− þ ϵðπþÞTKþK−πþ
: ð12Þ

The asymmetry of the detector efficiency between particles
and antiparticles depends on the momentum and polar angle
of these daughters in the laboratory frame. In this analysis,Kþ
and K− in the decay product have similar distributions. In
addition to this, sincewe have a pair ofKþ andK− in the final
state, the detector bias for kaons will cancel at the first order.
To conservatively estimate the remaining potential asymme-
try, we reweight the signal MC sample with the following
asymmetric Kþ and K− efficiencies,

TABLE VI. Systematic uncertainties in the measured branching fraction in the individualMKþπ− bins. The dagger (†) indicatesMKþπ−

dependence of the uncertainty. The center dots (� � �) indicate a value below 0.1% in B.

Source Relative uncertainties in B (%)

MKþπ−ðGeV=c2Þ 0.5–1.0 1.0–1.5 1.5–2.0 2.0–2.5 2.5–3.0 3.0–3.5 3.5–4.0 4.0–4.5 4.5–5.0
Number of BB̄ pairs 1.4
Tracking 1.1
Particle identification 1.4
Continuum suppression 1.3
Signal PDF 1.8
Fit bias 2.3
Background PDF† 2.7 2.7 8.0 15.7 2.7 2.0 2.8 3.5 32.4
Fixed yields† 0.7 0.4 0.4 0.3 � � � 0.4 0.2 0.1 0.6
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ϵðp⃗Þ ¼
�
0.8þ 0.04 × jp⃗j; for Kþ

1.0 − 0.04 × jp⃗j; for K−;
ð13Þ

and the total reweighted factor is ϵðKþÞ · ϵðK−Þ. The original
asymmetry of the testing sample is 0.0017� 0.0019ðstatÞ
and that of the reweighted sample is 0.0021� 0.0019ðstatÞ.
The conclusion is that the asymmetries from the original and
reweighted samples are consistent and hence any asymmetric
efficiency due to kaons has a negligible contribution to the
systematic uncertainty. Therefore, for this analysis, we only
need to consider the detector asymmetry from charged pions.
We apply the same criteria as those for the signal except

for the continuum-suppression requirement in order to
increase the statistics in the off-resonance data. The value
of Aoff

CP is 0.0024� 0.0014. Because it is consistent with
zero within two standard deviations, we do not correct the
detector bias for the measured ACP. The central shift plus
1σ statistical error is quoted as the systematic uncertainty
for the detector bias. The systematic uncertainties in ACP
are included in Table V.

VIII. CONCLUSION

In conclusion, we report the measured branching fraction
and direct CP asymmetry for the suppressed decay Bþ →
KþK−πþ using the full ϒð4SÞ data sample collected with
the Belle detector. We employ a two-dimensional fit to
determine the branching fraction as a function of MKþK−

and MKþπ− and ACP as a function of MKþK− . We confirm
the excess and nonzero local ACP in the lowMKþK− region
reported by LHCb and quantify the differential branching
fraction in each KþK− and K−πþ invariant mass bin. We
find an evidence of 4.8σ significance for a negative CP
asymmetry in the region MKþK− < 1.1 GeV=c2. Our mea-
sured values of the overall branching fraction and direct
CP asymmetry are BðBþ → KþK−πþÞ ¼ ð5.38� 0.40�
0.35Þ × 10−6 and ACP ¼ −0.170� 0.073� 0.017, respec-
tively. The measurement challenges the conventional
description of direct CP violation [22] since it requires
large contributions to separate weak tree and strong
penguin amplitudes in the same small region of phase
space in order to simultaneously enhance both the yield and
provide the cancellation required for such a large CP effect.
So, for example, if the enhancement were due to a large
final-state resonance in a strong penguin diagram, there
would have to be an accompanying tree-level process of the
same magnitude and opposite phase to provide the almost
complete cancellation observed in the measurement. The
Dalitz analysis performed by LHCb finds a significant
contribution from S-wave πþπ− → KþK− rescattering,
particularly at low invariant mass. Our angular analysis
shows a more complex spin structure than the pure P-wave
in the lowest MKþK− bin and the LHCb model is not
inconsistent with our data. Overall, the local enhancement

in yield and direct CP asymmetry at low MKþK− are well
reproduced by the LHCb amplitude model. Understanding
this with an ab initio calculation remains an interesting
challenge.
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APPENDIX A: FIT RESULTS IN MK +K − BINS

FIG. 7. Signal-enhanced projections of theMbc-ΔE fit to data in theMKþK− bins. Points with error bars are the data, the red line is the
fit result, the blue line is the sum of the signal and the self-cross-feed, the brown dot-dashed line is the generic B backgrounds, and the
green dotted line is the sum of the continuum and the rare B backgrounds. The projection on ΔE is with the requirement of
5.275 < Mbc < 5.2835 GeV=c2, while the projection on Mbc is with the requirement of −0.03 < ΔE < 0.03 GeV.
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APPENDIX B: FIT RESULTS IN MK + π − BINS

FIG. 8. Signal-enhanced projections of theMbc-ΔE fit to data in theMKþπ− bins. Points with error bars are the data, the red line is the
fit result, the blue line is the sum of the signal and the self-cross-feed, the brown dot-dashed line is the generic B backgrounds, and the
green dot-dashed line is the sum of the continuum and the rare B backgrounds. The projection on ΔE is with the requirement of
5.275 < Mbc < 5.2835 GeV=c2, while the projection on Mbc is with the requirement of −0.03 < ΔE < 0.03 GeV.
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