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Based on the covariant color-kinematics duality, we investigate combinatorial and algebraic structures
underlying their Bern-Carrasco-Johansson (BCJ) numerators of tree-level amplitudes in Yang-Mills-scalar
(YMS) theory. The closed formulas for BCJ numerators of YMS amplitudes and the pure-YM ones exhibit
nice quasishuffle Hopf algebra structures, and interestingly they can be viewed as summing over
boundaries of all dimensions of a combinatorial permutohedron. In particular, the numerator with two
scalars and n — 2 gluons contains Fubini number (F,_,) of terms in one-to-one correspondence with
boundaries of a (n — 3)-dimensional permutohedron, and each of them has its own spurious-pole structures
and a gauge-invariant numerator (both depending on reference momenta). From such Hopf algebra or
permutohedron structure, we derive new recursion relations for the numerators and intriguing “factori-
zation” on each spurious pole/facet of the permutohedron. Similar results hold for general YMS numerators
and the pure-YM ones. Finally, with a special choice of reference momenta, our results imply BCJ
numerators in a heavy-mass effective field theory with two massive particles and n — 2 gluons/gravitons:
we observe highly nontrivial cancellations in the heavy-mass limit, leading to new formulas for the

effective numerators that resemble those obtained in recent works.
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I. INTRODUCTION

Despite very different natures, gauge theories and gravity
have deep connections; one of the oldest and the most
prominent example is the double copy structure [1-3].
Originally it was discovered from Kawai-Lewellen-Tye
relations [1] in string theory, and a modern realization of
double copy has relied on the duality between color and
kinematics for gauge theory amplitudes, where the Bern-
Carrasco-Johansson (BCJ) kinematic numerators satisfy
the same Jacobi relations as the color factors. The duality
and double copy have led to tremendous progress in the
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study of amplitudes both in gauge theory and gravity (see
[4—6] and references therein). More recently, the authors of
[7] have revealed a so-called covariant color kinematics
(CCK) duality for a large class of theories including Yang-
Mills theory (YM) and its coupling to biadjoint ¢* [YM
scalar (YMS)]. As a consequence, the duality implies new,
closed-form expression for BCJ numerators of all tree-level
amplitudes in YMS and YM theories. Previous works on
BCJ numerators and kinematic algebras include [8—22] and
references therein.

On the other hand, recent years have seen progress on
revealing new geometric/combinatorial structures under-
lying scattering amplitudes, e.g., from the (all-loop) ampli-
tuhedron of supersymmetric Yang-Mills [23] to the
associahedron for biadjoint ¢ at tree level [24] (with
extensions to string scattering [25]). It is natural to look for
hints of such structures underlying YM and gravity
amplitudes; instead of directly working with tree ampli-
tudes, one may decompose the problem and ask a some-
what strange question as a first step: are there combinatorial
structures underlying BCJ numerators?

Published by the American Physical Society
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In this note, we take BCJ numerators from CCK duality
[7] as inputs and present preliminary evidence for such
structures: in addition to the more familiar quasishuftle
Hopf algebras [26], we find hidden combinatorial permu-
tohedra [27] for BCJ numerators. Any BCJ numerator can
be written as the sum over all boundaries of a permutohe-
dron (or terms from a quasishuffle product); for a codi-
mension d boundary (length-d term), it contains a product
of d + 1 factors each with a spurious pole and a gauge-
invariant numerator. We will focus on the case with two
scalars and n — 2 gluons, which corresponds to a (n — 3)-
dimensional permutohedron, and it has Fubini number
F.—» boundaries with codimensions d =0,1,...,n — 3;
each boundary is labeled by d 4 1 subsets, and for each
factor labeled by such a set both the numerator (which is
gauge invariant in the gluons) and the (spurious pole)
denominator are given by Lorentz products of momenta
and polarizations, as well as the reference momenta. Apart
from being the most illustrative BCJ numerators of YMS
cases, we will also see that they give nice BCJ numerators
in the heavy-mass effective theory (HEFT) [28-35] as well
as decoupling limit into pure YM amplitudes. BCJ numer-
ators in HEFT have attracted lots of interest recently for
their roles in the computation of gravitational amplitudes
for black-hole scattering and gravitational waves [36]
(cf. [37-45] for some recent works). We will take the
heavy-mass limit of YMs amplitude, and (as we have
checked up to n = 10) highly nontrivial cancellations lead
to a nice formula for BCJ numerators in HEFT that
correspond to P,_; (one dimension lower).

Furthermore, our results imply new recursion relations
and surprisingly, “factorization” properties of BCJ numer-
ators on facets of permutohedra; all these can be extended
to BCJ numerators of general YMS amplitudes, which in
turn combine into a formula for the YM case as well. For
the latter, we can then turn the logic around: since the BCJ
numerators are manifestly gauge invariant in n — 1 gluons,
by showing that all spurious poles indeed cancel in the
amplitude based on such “factorizations,” it follows from
the uniqueness theorem of [46] that they must give correct
YM and gravity amplitude (after double copy) even without
knowing the CCK duality.

Let us consider color-ordered YMS amplitude
A(12,2,...,n—1,n?) with scalars 1%, n?. Its expansion
onto the Kleiss-Kuij basis [47] of biadjoint ¢»* amplitudes
has BCJ master numerators as coefficients reads

> K(1.B. AP (1.p.n). (1)

ﬁesn—Z

A(12,2,....,n—1,n?) =

where the sum is over (n — 2)! permutations of gluons and
AP (1,p,n)=m(1,2,....n|1,p,n) denotes biadjoint ¢
amplitudes with the first ordering fixed to be
(1,2,...,n). Remarkably, the BCJ numerators from CCK
duality K(1,/,n) respect the Bose symmetry of all the

n — 2 gluons [7]: we only need a single numerator with the
ordering chosen to be f = (2, ...,n — 1), and all others can
be obtained by relabeling; they are also gauge invariant for
the gluons, which becomes manifest since the dependence
on polarizations is through Lorentz products of linearized
L

field strengths F* = pt'e¥ — p¥é!

1

[Fayw = [Fcr] : Fo-z Tt Fa‘,,‘]lw (2)
for an ordered subset . The price to pay for these desirable
properties is the presence of 2"~2 — 1 spurious poles, one
for each nonempty subset / C {2,....,n—1}:

Dy:=p;-q;. with p;:= an (3)

i€l

which depends on a reference momentum ¢;. These
numerators can be simplified with some choices of ¢,
and the final amplitude is independent of them.

II. THE PERMUTOHEDRON AND ALGEBRA
UNDERLYING BCJ NUMERATORS

In this section, we show that all the terms in a BCJ master
numerator obtained from CCK duality for YMS amplitudes
are in one-to-one correspondence with all boundaries of
permutohedron P,_,, or equivalently terms from a qua-
sishuffle product.

A. The (combinatorial) permutohedra
and quasishuffle products

Following [7], we organize K(1,2,...,n) according to
the spurious pole structure, which is isomorphic to the
boundary structure of the permutohedron P,_,.

The permutohedron P,_, is an (n — 3)-dimensional
polytope [27], whose codimension d boundary I'; can
be labeled by d + 1 consecutive subsets

Cye={lo. 1. .... 14}, (4)
where I;#@ and I,C1,, C...Cly={2,3,....,n—1};
the interior of P,_, can be viewed as its codimension
0 boundary, I'y:=1,. P,_» and its boundaries have
appeared in the context of cubic tree graphs from the
worldsheet [48,49]. Here each term of the BCJ numerator
K(1,2,...,n) with d + 1 spurious poles corresponds to
such a codimension d boundary, thus the numerator can be
expanded in terms of boundaries of P,_,

n—3
K(1.2,...n)=> " > Kp,(1.2,....n), (5)
d=0r,e0'P,_,

where we sum over all boundaries I'; € 0“P,_, with
codimension d =0, ...,n — 3, and the contribution from
Iy, Kr,(1,2,...,n) = Ky, reads
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d
leAlka, : 1k'QIk (6)

k=0 D Iy

It has d + 1 factors each with a denominator D;, of (3)
and a numerator of the form pia¢,4,.,) " Fr, - qr for
k=0,...,d. To specify the ordered subset 7, of the
Lorentz product as in (2), we introduce an alternative form
of (4) using ordered sets:

I'y={xuru.. Ty Uty 74}

1Tabs (7)

Utg, 71 U...UTg, ...,

~ {79,715 -

where the first line is equivalent to (4) but we use ordered
sets 7, = Id(1/I;41) with I, = @. Id(I) means sorting
the subset / in numerical ordering [50]. Perhaps the most
subtle point is that we also define A(Iy, I ) = (jk)<7k.l’

which refers to the elements in the set I, = {2,3,....,n—
1}/1, that are numerically smaller than the first element 7;
of the ordered set 7.
For example, at n = 5, we have a boundary I, = {I, =
{2,3,4},1, = {2,4},1, = {4}}; equivalently, we have
= {3},7;, = {2}, 7, = {4}, thus we have a term

“F3 - qoaupi - Fy- qoapioz - Fy- 614 (8)
Dy34DyyDy

K234.24,4 -

where we have used A(I, @) = (I;)|.4 = {2.3}. A more
nontrivial example for the latter is for n =09,
A({4.5,7,8},{4,8}) = {2,3,6}|s = {2,3}.

On the other hand, the boundaries of P,_, have a nice
quasishuffle product interpretation. The quasishuffle prod-
uct » can be defined between two arbitrary generators
(60.01.....0,) and (pg.py. ....ps), Where 6; and p; are sets
with arbitrary lengths and can also be prompted to
the quasishuffle Hopf algebra [26,34,35,51]. We sum-
marize the definitions in Appendix A and here we just
use the following result of the quasishuffle product

KQ2,...n=1)=2)x(3)x...x(n—1)
K(2,...n-1)
n—3

(G DR (7T TR ) )

where part+1)(2,...,n — 1) denotes all the ordered par-
titions of {2,3,...,n—1} into d + 1 nonempty subsets
(79,71, ---,74) (each z; is sorted according to f3). Terms on
the rhs of (9) are in one-to-one correspondence with
boundaries of P,_, as in (7), thus we can rewrite (5) in
terms of the quasishuffle product

K(1,2,....n)

= (K(2,..

n—1)), (10)

where we have defined a linear map (-) from (6) for any
partition (zy, 7y, ..., 7,)

Piantiy) oo m 4
<(TO,’L'1,..., d) — n+d 1 e lkr1) k'
H D,k
(11)
B. The counting and some examples
By definition, the permutohedron P, contains m!

vertices and 2" — 2 codimension one facets. More gen-
erally, the number of codimension d boundaries of this
polytope is (d+ 1)!S(m,d+ 1), where S(m,d) is the
second kind of Stirling number [52]. Algebraically,
S(m,d + 1) also counts the number of ways to partition
a set of m labeled objects into d + 1 nonempty unlabeled
subsets {7g, 71, ..., 74} [52], so after considering the order-
ing between these sets, there are (d + 1)!S(m,d + 1) terms
in the summation for any d. The total number is the Fubini
number F,,, where F,, = > d'\S(m,d) [53], thus the
n-point BCJ numerator has F,_, terms. The explicit
counting up to six-point is given in Table L.

Let us illustrate (5) and (6) with some examples. The
most trivial case is n = 3, where the BCJ numerator
corresponds to the zero-dimensional permutohedron Py,
which is just a point. It contains one term with
Ty = {Io} = {2}, thus K(1,2,3) = K,(1,2,3) = 222,
where we have used A(ly,I;) = @, this is generally true
since I, = @.

For n =4, the permutohedron P, is a line segment,
where the interior (d = 0) is labeled by I, = {23}, and the
two vertices (d = 1) are labeled by {23,2} and {23, 3}; we
show these three terms in Fig. 1.

Equivalently, in (9) the partition part!) of {2,3} has
({zo = {2,3}) and part® has (7, = {2}.7, = {3}) and
(7o = {3},7; = {2}): they are nothing but the interior and
the two vertices, according to (7).

Thus the BCJ numerator K(1,2,3,4) has three terms,
K>3, Ky, and K33, which read

TABLE I. Counting codimension-d boundaries of P,_,.

d
n 0 1 2 3 Total
3 1 1
4 1 2 3
5 1 6 6 13
6 1 14 36 24 75

026022-3
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Ko3 2 Ko3 K23 3

K234,24,2 K234,23,2

K234,24,4 K234,23,3

K234,34,4

K234,34,3

FIG. 1. Permutohedra P, for K(1,2,3,4) (top) and P; for
K(1,2,3,4,5) (bottom).

Pi 'F23'(]23+P1 “F3-qp1-Fr-qr

Do; DD,

PI'F2'423P12'F3'Q3‘ (12)
Dy3D;

_|_

Notice that the last term in the above equation is from the
boundary {23, 3}, so the second factor in the numerator is
Pioy., -F5-q3 = p12- F5-q3. Meanwhile (12) shows
that the four-point numerator K(1,2,3,4) has an overall
pole D; = Dy3. This can be easily seen from (4) since the
first set of any codimension d boundary I'; is always
labeled by Iy = {2,3,...,n—1}.

Notice that (6) means each term in the BCJ numerator
contains spurious poles, and the codimension d contribu-
tion will have d + 1 spurious poles where D, is an overall
pole for every boundary. Except for the overall one, the
simple poles can be written as D; where [ is a nonempty
proper subset of I, ={2,3,...,n—1} and two simple
poles D; and D; are compatible if and only if / C J or
J C I. For example, at five-point, except for the overall
D234, the Simple pOleS are D2, D3, D4, D23, D24, D34,
which correspond to the six codimension one boundaries of
‘P53, and the compatible double poles are

{Dy3Dy, DyyD;, D33 D3, D3y D3, DyyDy, D3yDy},  (13)

P1 - Fazas - Grzas

1

Py

FIG. 2. The permutohedron P, for K(1,...,6).

which correspond to six vertices of the hexagon P;. We
show the boundary contribution formally in Fig. 1. These
13 terms form a two-dimensional polytope P3. These
boundaries can also be realized in a quasishuffle product
K (2,3,4), which will be discussed in Appendix B. To be
precise, we give some explicit examples of different
codimension here

P1Foa - qos

K3y = ;
Dy3y
K P11 Fy-qapr - Foz g
23423 — DouD )
234723
K _Pl‘F34'61234P1‘F2'6]2
2342 = DD )
23402
P1-Faquapr - F3-qupr-Fr-q
Kp4030 = . (14)

D234D23D2

The complete result for the BCJ numerator K(1,2,3,4,5)
is shown in the Appendix B.

Moreover, we emphasize that all the spurious poles are
canceled in the final amplitude, and the amplitude does not
depend on the reference momenta. The proof will be put
into the following paper [54].

For n = 6, P, is a three-dimensional truncated octahe-
dron shown in Fig. 2. As we have counted, it contains 14
codimension one boundaries (six squares and eight hex-
agons), 36 edges and 4! = 24 vertices, thus 75 boundaries
in total. Some terms with codimension d =0, 1, 2, 3 are

Kyzys =
Dy3ys
Kosas sy = P11 Fs - qosaspi - Foza - qosa
o Dy345D 34 ’
Kosisonsns — P1-Fs-qosaspr - Fa- qoaapr - Faz - g3
R Dy345D234D3 ’
K 7P1'F5'Q2345P1'F4'Q234P1'F3'Q23P1'F2'42 15
2345234232 = DovDoDD . (15)
234502340230,
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III. NUMERATORS FOR GENERAL YMS AND
PURE YM AMPLITUDES

More generally, the CCK duality has provided closed
formulas for BCJ numerators of n-point YMS amplitude
with r > 2 scalars [7]. It turns out that any such numerator
corresponds to a permutohedron P,_, (with dimension
n —r — 1): everything we have discussed above for r = 2
case still applies if we replace {2, 3, ...,n — 1} by the set of
n — r gluons. For example, in the other extreme with r = n
we can formally define P, := Py and the n-scalar numer-
ator (of bi-adjoint ¢* amplitude) is 1 or 0. For r = n — 1,
we have the zero-dimensional P; and the numerator with a
single gluon i reads

Pi-i- F "4

Kl gluon(l ﬂ ) 5 ,
i

(16)

where 1 — i denotes all the scalars preceding i in (14n).
We shall not repeat this for general cases but leave detailed
discussions to a separate paper [54].

Moreover, since the pure YM amplitude can be
expanded as a linear combination of these YMS ones
[12,14,55-57], we obtain its BCJ numerators for free; the
resulting numerator naively contains 2F,_, terms as
derived in [7]. However, we can still organize the terms
according to pole structures and immediately combine
them in pairs as F,_, terms: the resulting numerator has
the same form as the two-scalar case and corresponds to
boundaries of permutohedron P,_,. By expanding
AYM(1,2,...,n) in exactly the same way as (1), each
master BCJ numerator, e.g., KYM(1,2,...,n) is given by
a sum over boundaries of P,_, as in (5):

K™(1,2, ..., :Z Z K¥M(1
P,

d—0

w

SR

where the contribution from each boundary is identical to

(6) except for the k = 0 factor, which becomes

&n 'Flfo 41, + & 'Ffo : (Snpln 4,
D,

—41,P1 )

(17)

0

Of course, similar to the YMS case, all spurious poles
cancel in the final amplitude, which does not depend on ¢;.
Therefore we are free to choose them to simplify the
expression (17). One such choice is ¢;, = ¢,, and the k = 0
factor (17) takes a simpler form

:_8n'F110'8n (18)
En - P23..n-1 & D1

It is easy to see that the BCJ numerators become manifestly
gauge invariant in particles 1,2, ..., n — 1. For example, the
BCJ numerator KYM(1,2,3,4) reads

_54-F123'€4_€4‘F13'84P1'Fz'%
P11 & P1 - €D,
_84'F12'€4P12'F3'43

D1 - €4D3

Furthermore, similar to the discussion in Sec. Il A, BCJ
numerators of YM amplitudes can also be interpreted in
terms of quasishuffle products, and the only change is that
in the linear map (11) the k = O factor is modified to (17).

Before ending the section, we mention the obvious
double copy from YM to GR

MSR = ZKYM(I,a, mm(1,a,n|1,B,n)KYM(1,B,n),

afp
(19)

where we sum over a pair of permutations «, f of
{2,3,...,n — 1}, with m denoting biadjoint ¢»* amplitudes;
if we replace YM by YMS with 1, n being scalars, it gives
the amplitude with n — 2 gravitons and two scalars.

IV. RECURSIONS AND FACTORIZATIONS

In this section, we propose recursion relations and
factorization properties (on spurious poles D;) for the
BCJ numerators, which are implied by the combinatorial
and algebraic structure. The argument can be equally
applied to both two-scalar YMS and pure YM numerators.

A. Recursion relations

First, in quasishuffle product (9), one can collect the
terms with the same 7, and then apply the linear map (11) to
obtain the following recursion relation,

Piae)  Fr-ar IN(’(I 7 n)

(20)

where the summation is over all the nonempty subsets of
{2,3,...,n—1}. The definition of K/(1,1,n) is slightly
different from (6) in the denominator: it is given by the sum
over boundaries of the permutohedron P; with vertices
labeled by all permutations of set 7, and for each boundary

Fd = {‘]O = i,J], ""Jd} where Jd C Jd—l"’ C Jo, we
have a contribution
d
klrd _ leA(JkJH]) ‘Frk “qq, (21)

k=0 Dy, ’
where Dy, = pyy, - qus,> % = 1d(Jg/J ) With J 4y = @
and the complement of the set J; appears in A(Jy, J;,) is
defined as 1/J,. For |[I[|=n—-2 (I=@), we define
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# of terms | |I| | K'(1,1,n)
1 3 Po ,
3 2 Py o« " )
3 1 Py \
FIG. 3. Recursion relation at n = 5.

K'(1,n) = 1. Formally, this numerator corresponds to the
permutohedron P,,.

For example, the recursion relation of K(2,3,4)=
K(1,2,3,4,5) [58] reads

 Fony - e Fors - B
K(273’4):P1 234 61234+P1 23 Q23K23(4)

D3y Ds3
CF., - .  Fay - .
P04 a3y | P127 T34 T34 e )
Doy D3y
Fran - Fagn -
+P1 2 Q2K2(3’4)+P12 3793 K3(2,4)
D, Ds
Fya -
P et da a3y, (22)
D,

Geometrically, the recursion relation (20) tells us how
the codimension one boundaries of permutohedron are
glued together. In the above five-point example, the term
with |I| =3 in the first line has only one pole and
corresponds to the interior (codimension 0 boundary) of
P53, depicted in Fig. 3. For the three terms with |/| = 2 in
the second line, each factor K’(1,1,n) corresponds to a
zero-dimensional permutohedron; on the other hand, each
term is mapped to a codimension one boundary of Pj
without vertices. For the remaining three terms with |I| = 1
in the last line, each K’(1,1,n) corresponds to a one-
dimensional permutohedron and it is mapped to a codi-
mension one boundary with two vertices.

B. Factorization properties on spurious poles

Next, we move to certain intriguing factorization proper-
ties of the BCJ numerator on spurious poles. Combi-
natorially, any codimension one boundary of the permu-
tohedron P,_, is the product of two lower-dimensional
permutohedra P; x P;. Remarkably, we find that on any
pole D; = 0, the residue of the BCJ numerator factorizes
into the product of a (|I| 4 2)-point numerator and a
(n — |I])-point numerator. Unlike the usual factorization
on the physical poles of the amplitude, these factorizations
on the spurious poles stem from the combinatorial picture
without any known physical origin. Explicitly

Res|p _oK(1.2,....,n) = D;K(1,1d(1), P)K'(1,1d(T). n),

(23)

where P = In denotes an effective scalar. For the definition
of A(Iy, Ii41) in K(1,1d(1), P), the complement of the set

I is still defined as I, = {2,3,...,n—1}/I, while for
A(Jy, Jrey) in K'(1,1d(I),n) the complement of J; is
defined as 1/J. The factor D;K(1,1d(I), P) in (23) means
that the overall pole D; of K(1,Id([), P) is excluded. The
factorization properties (23) can be proved directly by
plugging in the definitions on both sides.

For instance, at six points as shown in Fig. 2, there are 14
codimension one boundaries D; = 0 including eight poles
with |I| = 1 or 3 corresponding to hexagons and six poles
with |I| =2 corresponding to squares. On any of the
hexagon boundary, i.e., when D; =0 with |[I| =1 or 3,
the residue factorizes into F; = 13 terms (times F| = 1
term). Similarly when D; =0 with |I| =2, the residue
factorizes differently, e.g., as DxK(l1,2,3,456) x
K?(1,4,5,6) when Dy; =0 (the square is the product
of two line segments Pya3; X Pyys)).

Algebraically, the quasishuffle algebra can be prompted
to a bialgebra by introducing the coproduct map [26], and
one can show the factorization properties from the cop-
roduct. Similar to [34,35], we can also define the antipode
map to make the bialgebra a quasishuffle Hopf algebra.
Acting on the BCJ numerators, the antipode map does
nothing but changes its overall sign. The detail is given in
the Appendix A.

We expect the factorization properties of BCJ numer-
ators to be the key for showing the cancellation of spurious
poles in the amplitude. Such properties also suggest certain
positive geometries (rather than just combinatorics) under-
lying these BCJ numerators, and we leave further inves-
tigations to future works.

V. HEAVY-MASS EFFECTIVE FIELD THEORY

In this section, we study YMS amplitudes and their
BCJ numerators in the HEFT, which are obtained by taking
the heavy-mass limit for a pair of massive scalars with
momenta [33-35]

b= —moH — kM,

py=mv.  p (24)
where v = 1 and we are interested in the limit m — oo; in
other words, we will study the expansion in 1/m of the BCJ
numerators which we denote as Ky(1,2, ..., n), as well as
that of ¢»* amplitudes, which combine to give the resulting
HEFT amplitude AY(1,2,...,n) at the leading order in
1/m. Here k* is at the same order as gluon momenta, which

stay finite at O(m°) as m — oo.

A. Heavy limit of YMS amplitudes

We will make a particular choice of the reference
momenta: ¢; = v for all /, which dramatically simplifies
formulas for BCJ numerators and give rise to poles similar
to HEFT numerators in [34]. In fact, for n =4 such a
choice reduces the BCJ numerator to one term, since
v - F, - v vanishes for a single particle a
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~Fss - 2
KH(1»273’4):M: n;
P23V k

where in the second equality we have used v-k =
—k?/(2m), which is implied by the on-shell condition
p2 = m?. Notice that Ky4(1,3,2,4) = Ky(1,2,3,4), thus
the amplitude A%(1,2,3,4) becomes

1 1 1
<+>KH(1,2,3,4) —-—Ky(1,3,2,4)
S12 823 $23

== (26)

Physically, the final HEFT amplitude has the leading order
O(m) [33]. In the above example, we can see that the
numerators are at O(m?), and the sum of the leading
contribution of ¢* amplitudes at O(m°), say 1/, times the
corresponding numerators vanishes. Therefore, the sum of
the contribution of ¢3 amplitudes at the next order, i.e.,
1/s,, from A?’ (1,2, 3, 4) times the numerator produces the
HEFT amplitude as the first nonvanishing order. This is also
the case for n = 5. However, for higher n, the numerator
contains some additional terms with higher power of m. To
obtain the leading order contribution of HEFT final
amplitude, we expand the numerators and the ¢° ampli-
tudes in m~'. Note the overall pole Dy; ,_, = v -k for
BCJ numerators is proportional to m~!, we first collect the
numerator according to its superficial order of m™, i.e.,
terms with (i — 1) p; s in the numerator,

2l
Ky(1.2....n) = > K{(1.2...n). (27
i—2

where the upper bound of the summation is |n/2] since
p; - F, - v = 0implies that the numerator should contain as
many p; - F,;, - v as possible to have the highest power of
p;. In the above expansion, Kg) = Kg)(l, 2, ...,n) refers to
terms with the superficial order O(m'). For example, at six
points we have the following terms for K1<{2> and K?,
respectively:

P1-Fop3-vpy-Fs-vpyy-Fy-v

V- kv pasv-py ’
p1-Faos-vpy-Fyy-v
V- kv pay '

In fact, as explained in Appendix C, the actual order of K §;>
is O(m?) for i =2 and O(m'~!) otherwise.

In the HEFT amplitude, we sum over all cubic graphs
relevant at leading order, and for each graph with its

propagator structure, its numerator is given by the corre-

sponding commutator of Kg) [59]. Nicely we observe that

certain commutators of Kg) actually vanish, and the end

result is that only K ﬁ ) contributes to the amplitude at the
leading order. We have checked such vanishing results up
to n = 10, but we do not have an all-n proof at the moment.

In fact, such vanishing results are better than what we
need here, i.e., only Kg ) contributes to gauge-theory
amplitudes at leading order. We have checked up to

n = 10 that the stronger vanishing results actually ensure

that only Kg ) contributes to gravity amplitude, which is at
order O(m?), as obtained by double copy in HEFT. We
leave more details in the Appendix C with a proof of the
simplest case. As a result of this conjecture, the amplitude
is given by

(2 1
k20,0,
AN(1,2.000m) = %, (28)
@l @l

where the summation is over nested commutators of depth
n — 4 (“codepth” 1) of the ordered set (2,3, ...,n — 1). For
instance, at five points, we sum over ®' = (]2,3],4),
(2,[3,4]); dgr denotes the propagator denominator corre-
sponding to the cubic tree associated with ®' [two subtrees
on the scalar line (1n)]:

Moreover, it is easy to show (see Appendix C for details)

that the effective BCJ numerator KI({2 ) (1,2,...,n) contains
F,._3 terms, and its pole structure corresponds to the

permutohedron P34 ,_1y, which means that

[\S]

K (1,2, ..on) = K2 (1,2,n).  (29)

0 Fded”P,,,3

a8
Il

For the boundary T, = {ly1I,,....1,;} € 0‘177{34,__,1_1},
where I, C I, C...Cly={3,4,....,n—1}and I, # @,
the contribution is

s

d
Kg) — mv- Ffo ) ZHPA<I/<Jk+l) ) FT:/ v

P23..n-1 k=1 v P
2 d
_ _2m - FT() v pA(I,(,IH]) ' FT,/ v (30)
K k=1 v P

where in the calculation of A(y, I;), the complement set
of I is still taken to be {2,3,...,n—1}/I;. For n = 4,
there is no commutator in ®'! and the result is (26). For
n =5, the amplitude becomes
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1 KP(1.2.3.4].5)
S12 $34
(2)
1 Kg(1.]2.31,4.5)

$123 $23

AH(1,2,3,4,5) =

. (31)

where Kg)(1,2,3,4,5) is given by

2m?

2 V- Fayy-v+

+U'F23'UP23'F4'U)
V- Py

V-Fyy-vpy-F3-v
v p3

Let us give a final example for n = 6 amplitude

S12 $348345 S455345

1(K&”(l,z,[[3,4],51,6>+K£%><1,2, {3,[4,511,@)
LU KY(L23],14.5.6)

S123 §23845
1 <K§>(1,[[2,3],4],5,6)+K§?(1,[2,[3,4H,5,6)>.

§1234

+

$238234 §3485234

(32)

It is interesting to notice the numerators we present here
only differ from those in [34] denoted by N(1,2,...,n) by
an overall prefactor

2m
K& (1,2,....n) = (=1)"(n— 2) v PaN(1L.2, o).

(33)

It is highly nontrivial, however, that these two sets of
effective BCJ numerators give the same HEFT amplitude.
In [34], the expression involves the sum of cubic graphs
corresponding to nested commutators of depth n — 3 of the
ordered set (2,3, ...,n — 1), thus the propagator denomi-
nator contains an overall factor 5,3 ,_;, which in our case
is replaced by different s, for different terms. In addition,
the numerator of [34] for each cubic graph is given by a
nested commutator of N(1,2,...,n), thus the number of
terms in it is twice as ours. Nevertheless, we have
analytically checked up to n = 10 that the amplitude
(28) agrees with [34]. Moreover, we have checked that
although they look very different, the HEFT gravity
amplitude via double copy also agrees with that in [34],
and we expect both agreements to hold for all n.

B. Decoupling into pure YM

Given the explicit result of the n-point heavy mass BCJ
numerators, the (n — 1)-point pure YM BCJ numerators, as
well as the amplitudes, can be easily obtained via the
decoupling limit: mv — €, p3; ,_; — 0 to obtain the BCJ

numerator K'YM(2,3, ..., n) [33,34]. Under this kinemat-
ics, the overall factor k> vanishes, which we ignore in the
decoupling limit. For instance, the three-point BCJ numer-
ator is given by K'YM(2,3,4) = —2¢, - F)3 - &,. Therefore,
the three-point amplitude is
AYM(2,3.4) = _m,
€4 P2
= &4 6Py €3 — & E3P " €4 — €4 E3P3 " €.
(34)

For the four-point the numerator
K'"Y™(2,3,4,5) reads

YM amplitude,

€5 Foy-e5py - F3- €5
P3 &
+€5'F23‘85P23'F4'€5>'

—2(85‘F234‘€5+

P4 - &5

Note that K'YM(2,3, ..., n) also manifests the gauge invari-
ance of particles 2,3, ...,n — 1. Moreover, it is related to
the BCJ numerator given in Sec. III via

K'YM(2,3,...,n) = 2¢, - p,K™™(2,3, )]
These numerators, accompanied by different ¢ ampli-
tudes, produce the same YM amplitude.

VI. CONCLUSIONS AND OUTLOOK

In this note, we established a correspondence between
BCJ numerators from covariant color-kinematics duality
and the combinatorial permutohedra, which are closely
related to the quasishuffle Hopf algebra. This apply to all
YMS amplitudes, but the most interesting case is that, with
two scalars whose numerators share the same combinatorial
structure as the pure YM ones, each term is mapped to a
boundary of P, _,; the contribution from each boundary is
almost identical in these two cases, except that we need to
modify one factor to take into account the remaining two
gluons. We also found nice recursion relations and fac-
torization properties implied by this picture. Finally, based
on highly nontrivial cancellations which are needed for
both YMS and gravity amplitudes (via double copy) in
HEFT, we conjectured a compact formula for their effective
numerators; they become closely related to permutohedra
‘P.._3, which, while producing the same amplitude, differ by
an overall factor from the numerators in [34,35].

There are numerous open questions for further inves-
tigations. First, as we will present in [54], it is interesting to
see how lower-dimensional permutohedra for general YMS
numerators combine into P,_,, which corresponds to the
pure YM ones; we also find interesting combinatorial
structures underlying BCJ numerators of amplitudes in
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nonlinear sigma model etc. Moreover, the somewhat
miraculous cancellations that simplify these numerators
in HEFT still remain to be proven, which would also be
important to establish the correct double copy in HEFT.
Since the final amplitudes are independent of reference
momenta, all the spurious poles must cancel, which still
calls for a direct understanding (without relying on the
CCK duality); such an understanding could connect this
combinatorial picture (especially the factorizations) to the
uniqueness theorem for YM amplitude [46,60] and YMS
ones via the universal expansion [57]. Last but not least, it
is tempting to ask this: Could we combine the permutohe-
dra for BCJ numerators with the associahedra for biadjoint
¢* amplitudes and obtain a unified geometric understand-
ing of gluon and graviton scattering?
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APPENDIX A: REVIEW OF THE
PERMUTOHEDRA AND HOPF ALGEBRAS

1. The permutohedra

The permutohedron P,, refers to an (m — 1)-dimensional
polytope, whose vertices are labeled by the m! permuta-
tions of (1,2,3,...,m). Two permutations are connected
by an edge if and only if they differ in only two places,
and the numbers on these places are neighbors [52]. For
example, the P, is just a point, and the P, is just a
line whose vertices can be labeled as {12} and {21}.

213 123

12—21 231 132
P2

321 312
Ps

For m = 3, the permutohedron is a hexagon and P, is a
truncated octahedron, as shown in Fig. 4.

It is also easy to translate the traditional label of vertices
of permutohedron to our convention. In our problem, the
vertices of P,_, should correspond to the permutations
of {2,3,...,n—1} denoted by p = p\p,...p,_p. For
any vertex p, we put it into a set {Id(py, p2, .-, Pn)s
Id(py, pas---Pn=3)s---» P1 }- Then each codimension n — 2
boundary is labeled by the intersection of two vertices. For
example, for the P, as shown in the left side of Fig. 5, the
two vertices are now labeled by {23,2} and {23, 3}, and
the codimension 0 line is just {23,2} n {23,3} = {23}.
More generally, the codimension d boundary can be labeled
by the intersection of two codimension d + 1 boundaries,
which is labeled by d+ 1 sets. The slightly nontrivial
example P; is also shown in Fig. 5.

In this new notation, the codimension O boundary is
always labeled by I, = {2,3,...,n — 1} and the codimen-
sion one boundaries are labeled as {/y,/,}, where I, is a
nonempty proper subset of I;, so there are 2"72—2
codimension one boundaries in total. For example, for
the permutohedron P,, the codimension one boundaries
include eight hexagons (with |/;| = 1 or 3) and six squares
(with |I;| = 2). Two codimension one boundaries {/, /; }
and {I,, I} are adjacent if and only if the I; C I} or
I, D I, As a codimension two boundary, the intersection
of the above two boundaries is just {1y, I, I} /1, } if [} C I
and similar if /; D 7). It is easy to notice that the boundary
structure of P,_, is just the same as the pole structure in our
n-point BCJ numerator.

Combinatorially, each codimension one boundary of the
permutohedron P, _,, say {Iy,I,} is the product of two
permutohedra P; X P, which we refer to as “combina-
torial factorization.” For example, on a codimension one
boundary of P,, say {2345,2}, the permutohedron factor-
izes into Ppay X Pyaysy, which is just a hexagon; on another

FIG. 4. Permutohedra P,, Ps, and Py.
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{234, 23,3} {234, 23,2}

{234, 23}

{23}

{23, 2} {23,3} {234,34,3} {234, 24, 2}

{234)\34} 34, 24}
{234, 4}

{234,34, 4} {234,24,4}

P3

FIG. 5. P, and P;5 in our convention.

codimension one boundary {2345,23}, it factorizes into
P23} X Pasy, i.e., the product of two line segments, which
is a square. Let us also list all the codimension one
boundaries of Ps. Denoted as {23456,1,}, when |I,| =
1 or 4, the boundary is just the truncated octahedron Py;
when |I;| = 2 or 3, the boundary becomes a line segment
times a hexagon which is a hexagonal prism. More
generally, we can see that boundaries corresponding to
|I;| =a and |I;| = n — 2 — a have the same shape.

2. Hopf algebras

The quasishuffle algebra consists of a vector space V of
generators, which are denoted as (¢, o1, ..., 5,). To begin,
we introduce some standard nomenclature for generators:
we will refer to generators with a single subset (o) as
“letters,” those with multiple subsets ¢ = (o¢, 61, ..., 5,) as
“words.” The quasishuffle product between two generators
can be defined recursively as

0% (P05 P1s -5 Ps)

= 00[(01, -, 0.)%(Po, P1s -+ P5)]
+pol(60, 61, s 0.) % (p1s - )]
= (60p0)[(01, s 0.) % (P -ees )]s

(69,01, ---

(A1)

where we also defined an identity element I for the
quasishuffle product

(o) = (o0) -+ ()T = (00) -
+(0) = (o) -+ ()T = (o) -

(0,).
(0)).

For example, the quasishuffle product between two
letters is

(A2)

(2)*(3) = (2.3) +(3.2) - (23), (A3)
and the product between a letter with a word is
(2,3)x(4) = (2)[(3)*(4)] + (4,23) - (24,3),
=(2,3,4) 4+ (2,4,3) — (2,34)
+ (4,23) — (24,3). (A4)

From (A1), the quasishuffle product between two gen-
erators can also be written out explicitly

(60,010, )%(P0s P10 )
— Z (=)= (29,71, ..., 14),  (AS)
T‘("}:(”O‘”l ----- or)
Ty =001 05)

where the o, or p; are now any subsets of {2,3,...,n—1}.
The notation z|;,) means that we restrict the partition 7 onto
the subset {c} = U[_y0;, for example (234,56,78)[ 1,46 =
(24,6).

Here, we give the n = 4 example for the BCJ numerators
from the linear map of the quasishuffle product (10). The
BCJ numerators K(1,2,3,4) = (K(2,3)) can be mapped
from the quasishuffle product (A3) via the rule (11), which
is the same as the result shown in (12).

As we mentioned in the main text, the quasishuffle
product (2)x(3)x...x(n—1) gives the sum over all the
ordered partitions of {2,3,...,n — 1} into d + 1 nonempty
subsets with d =0,1,...,n—3 [see Eq. (9)]. When
d = n — 3, the ordered partition gives the (n —2)! permu-
tations of {2,3,...,n — 1}; when d = 1, it gives has 2"~2 —
2 terms. Generally, the unordered partition of n — 2 labels
{2,3,...,n— 1} into d + 1 nonempty subsets is given by
the second kind of Stirling number S(n —2,d + 1) [52].
For example, S(n—2,n—2)=1 and S(n-2,2)=
2"=3 — 1. After considering the ordering between these
sets, there are (d + 1)!S(n—2,d+ 1) ordered partitions
with length d + 1. Since the partitions are related to the
boundaries of permutohedron via (7), (d+ 1)!S(n — 2,
d+1) also counts the codimension d boundaries of
permutohedron P,_,. Thus, the total number of partitions
with length 1,2, ...,n —2 is the Fubini number F,_, =

2;21 d'\S(n —2,d) [53], which is also the total number of
all codimension boundaries of P, _,.

To make the quasishuffle algebra a bialgebra, we can
also define the coproduct 6:V — V ® V as a linear map,
which satisfies [26,34,35]

5((09)) =1® (6p) + (09) R L
6((60. 61, ....6)%(po. P1s -2 1))

= 6((00, 01 ..., 0,))*x8((po. p1. ... p1))- (A6)
The definition of the coproduct can also be extended to be
consistent with the tensor product as (A ® B)x(C ® D) =
(AxC) ® (BxD). Additionally, the unit element of coal-
gebra ¢ can be defined as

el) =1,

e(o) = 0. (A7)

To illustrate, we give an example of the coproduct:
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5(2+3) =1® [(2.3) + (3.2) — (23)]
+2)®3)+3)®(2)

+[(2,3)+(3,2)—(23)] L.  (A8)

From this example, we can see that the coproduct of the
specific quasishuffle (2x3...xn — 1), which is defined as
k(Z, 3,...,n—1) and can be written in terms of the tensor
product of lower-point ones. Generally, we have

8(K(2.3....n—-1))= > KD @K(I). (A9
1c{23....n—1}
where the summation runs over all subsets of

{2,3,...,n— 1}, which is allowed to be the empty set,
and we define §(@) = 1.

Notice that each term in the coproduct of the BCJ
numerator factorizes into the product of two lower-point
numerators in the sense of (23), so it motivates us to define
a replacement rule C for tensor products as
C(K(I) ® K(I)) = K(1,1d(I), P)K'(1,1d(I), n),  (A10)
where ¢ and p are words. Then the factorization property
(23) can be written in the language of coproduct

Res|p,_oK(1.2,....n) = Res|, (C5(K(2.3,....n—1).
(A11)

We can also promote the bialgebra to be a Hopf algebra
by defining the antipode map S:V — V [26,34,35], which
satisfies *(I ® §)6((0)) = *(S ® 1)6((0)) = €(o)L, where
*x(0) ® 01) = og*0,. To be explicit, it can be defined
recursively

S((61.03.....0,)) ==Y _S((01.05.....0))

"O-r))'

When acting on the K (2,3,...,n—1), it trivially gives

*S((0i11. 0142, - (A12)

A

SK(2,3,...n—=1)=(=1)"K(2.3,....n—1).  (Al3)
Thus the antipode only changes the numerator
k(Z, 3,...,n—1) by an overall sign. So there is no useful

interpretation of the antipode map.

APPENDIX B: EXPLICIT BCJ NUMERATORS
FOR FIVE POINTS

For completeness, we provide another explicit example
for the five-point BCJ numerator of YMS amplitude, which
corresponds to all boundaries of P;

K(172737475)
— 1 <pl.F234,q234+171‘F34'61234P1‘F2‘612+P1 'F24‘61234P12'F3‘613+P1 “Fo3 - qo3apias - Fa-qq
Dj3y D, D5 D
P Fa-qozapy - Foz-qas | P1F3-qa3aP1 - Foa-Goa | Py Fo - GosaPio - Faa - g3
+ + *
Do Dy, D3,
+P1‘F4'11234P1'F3‘(J23P1‘F2"12_|_P1‘F4‘Q234P1‘F2'6123P12'F3'6]3
D23D2 D23D3
+171'F3'4234P13'F4"]24P1'F2"12+1’1'F3'4234P1'Fz'CI24P123'F4'Q4
D24D2 D24D4
F, . “Fy- -F5- Fy- Iy Fa-
+191 2 4234P12 " F'q " q34P12 " I'3 CI3+P1 2 4q234P12 " I'3 " q34P123 " I'4 ‘14>_ (B1)
D34D; D34Dy

It contains 13 terms, or the Fubini number F5. These
13 terms can also be realized by quasishuffle product
2x3x4 evaluated as (9) acted by the linear map (11):
in the same order as the above equation, the partitions
are ({234}), ({34}.{2}), ({24}.{3}). ({23}.{4}).
({43.{23}), ({3}.{24}). ({2}.{34}), ({4}.{3}.{2}).

({4}.423.43}), ({3} {4}.{2}). ({3}.{2}.{4}), ({2},
{41.43}), ({2}.{3}.{4}).

The five-point YM numerator K YM(1,2, 3,4, 5) is almost
the same as (B1) except that with our special choice, in each
term the factor py - F; - o34 is changed to &5 - F; - €5 and
the overall pole D53, is changed to €5 - py3y = —é&5 - py.
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APPENDIX C: DETAILS OF THE EFFECTIVE
NUMERATORS IN HEAVY LIMIT AND DOUBLE
Ccory

1. Effective BCJ numerators for HEFT

Recall in (27) that we expand Ky into KE{” by counting

contribute to Kg)(l, 2,3,4) and Kg)(l,Z, 3,4,5), respec-
tively, as given in Sec. V. For n = 6, the following term

with explicit factor m? will contribute to Kg) (1,2,...,6):

_2_’712U‘F23'”P23‘F5'UP23'F4‘U

(C1)
the power of p;; therefore we have a good control of the IS V- PasVU- Py
maximal power of the heavy mass m. For n =4, 5, the
expansion is trivial since we have one and three terms all Meanwhile Kg )(1, 2,...,6) is given by
|
2m? <U-F25-vv-F34-v+v-F25-vv-F34-v v-Fy-vv-Fzs5-0v
K V- P34 v Pas U P
V-Fog-v0-Fzs-v v-Foz-vv-Fys-v v-Foy-vv-Fys-0
24 35 23 45V 23 45 ) (C2)
V- P3s V- P23 V- Pas

Importantly, the actual power of m for Kg>

the expressions are proportional to an addition v - k o< m™!

rewritten as

is 2 for i=2 and i—1 for 2 <i < |n/2] since for the latter cases
after collecting terms carefully. For instance, (C2) can be

2!

On the other hand, we also expand ¢ amplitudes
according to the order of m~!,

n—3

=2 AT

where A?"-U)(1, 8, n) denoted terms with the order O(m™).
For instance, at n = 6 and j = 2, 3 we have

AP (1,p,n)

(1,p,n), (C4)

1 1 1
AP)(1,2,...,6) = ,
S1253481234 523512351234 §125455123
1
APG)(1,2,...,6) =———. (C5)
$12512351234

Therefore the amplitudes are expressed by

AR(1,2...n) = Y AP(1.B.n)Ky(1.B.n).
PES, 2
n=3 [n/2] (i)
K 1 e/,
Sy Al (e
j=0 @/ i=2 e/
2 3 4
< dj[2,3],4] = 5235234,
1 5

2m? V- Fys-0v-F34-0 0-Fou-v0-F35-0v v-Fp-vv-Fys5-v
-k( 25 MU 24 35 23 45 > (C3)
V- P34V Pas V- Pyl - P3s V- P23V - Pys
I
Here, each term in the summation is at order O(m'~/) for

i=2 and O(m='7/) otherwise. We define a nested
commutator of depth r of an ordered set to be r mutually
compatible commutators acting on the ordered set; and
we use ©®/ for j=0,1,...,n—=3 to represent nested
commutator of depth n—3,n—4,...,0 of the ordered
set (2,3,...,n—1). For examples, for n =35 with j =0,
1, 2 we sum over O°=([[2,3].4]),([2,[3.4]])@®' =
([2,3],4),(2,[3,4]) and ©* = (2,3,4). Moreover, dg; is
the propagator denominator corresponding to the cubic
graph associated with ©/:

< d@j

R —
j—+1 subtrees

For n =5, dg; s involved in the summation are given by

< d2,[3,4]] = 5345234,
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Notice that the correct order of the amplitude
AR(1,2,...,n) is O(m"), therefore physically one expects
the contribution to higher power of m vanishes. We have
checked this fact up to n = 10. Moreover, we have
observed that the only contribution to the leading order
of amplitudes is i = 2 and j = 1, which means

K@) =0 and K\)(1,072,n)=0

for 2 <i < |n/2]. (C7)
Note that
kP(1,0.n)=0= K (1,0°,n) =0 fora<j. (C8)

since K g) (1, ©“, n) is nothing but the linear combination of
those with j > a. Therefore, Eq. (C7) already ensures the
vanishing of O(m") with i > 1. In addition, the general
conjecture, which is even stronger than (C7) and confirmed

up to ten points, reads
KV(1,02072) n) =0 for2<i<|n/2). (C9)

We now give a proof of the simplest case of conjecture
(C9), say i = n/2 for even n, for which we have

n/2—1

kP02 = > 1 Prtey

repart/?) |z, |=2 k=0 DI"
(C10)
where we sum over the ordered partition of (2,...,n— 1)
into n/2 sets with each set contains two elements. The

above expression is invariant under the permutation on any
two labels, therefore
K2 (1,0m4 n) =0, (C11)

which completes the proof.

< dy [3,4) = 12534,

e d2,3,4 = $125123.

In summary, the effective BCJ numerator contributing to

the leading order of the amplitude AH(1,2,...,n) is KE?,
where the power of m is only contributed from the overall pole
v-k=— % and the factor mv - F; - v in numerator (6). This
fact is equivalent to the boundary (4) does not contain particle
2 except for the /. The proof is straightforward. Whenever
there is a I (k # d), which consists of 2 and a I, ; does not
consistof 2, then A(Iy, It ) = I;|, = @&, which means that
this boundary at least contributes to the superficial order of
O(m?), unless |r;] =1 for which this term vanishes.
Similarly, for the remaining 7, D {2} case, A(I,;, @) also
becomes an empty set, and this boundary will either con-
tribute to at least superficial order O(m?) or vanishes.
Therefore, the remained pole structure contains two parts
of contribution. The pole structure of the first part is related to
P34...n—1y With an additional overall pole Dy3  ,_;, which
implies that there are J,_3 terms. The other part is also
corresponded to Pyz4. ,_1}, but does not have the pole
D34 ,—1. So naively there are 2F,_; terms contributing to
order O(m"). However, for the first part which contains pole
D54 ,—1, the numerator of each term must include a factor
mu - F, - v and hence vanishes. Consequently, we obtain the
expression of the effective BCJ numerator (29) in the heavy
limit and the leading order of amplitude is given by (28).

2. Double copy

Itis quite interesting that the vanishing properties (C9) are
precisely sufficient to ensure the leading order of amplitude
for heavy scalars coupled to gravitons also only receives the

contribution from Kﬁ ). Consider the double copy of (C6)

ME‘[I = Z KH(17a7 n)m(l’a’n 1’ﬂ’ n)KH(l’/)]’ I’l),
afeSs,
3~ H kD (1,00, K (1,00, n)
_ o . (C12)
J=0 @7 ii'=2 e’
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where " for j = 0, 1, ..., n — 3 is the nested commutators of depth n — 3,n — 2, ..., 0 of the unordered set {2,3,...,n—1}
and dgs is the corresponding propagator denominator. Note that with the support of (CS8), the conjecture (C9)
implies

KV(1,07, K (1,00,0) =0 fori+i'—j—2=2 with i,i#2, (C13)
K&1,00, K (1,09,0) =0 fori'—j+1=2 with i'#2. (C14)

which would have contributed at O(m?). Therefore, the amplitude is simplified into

(2) N2 (2) N2
Ky’ (1,0 n) Ky’ (1,07, n)
MH — § H E HAE T C15
" 1 d@/] + ” d@/z ’ ( )
[ e?

Importantly, the above two contributions are at the same order O(m?), where for the first part, i.e., the contribution from
summing over @', one needs to collect terms in pair on the support of (C9) to organize the result in explicit O(m?). Forn = 4,
there would be no contribution from the second part and the amplitude reads

2 2 2
i — KF(1,2.3,4)? . Kip'(1,3,2,4)> _2mov- kK;)(1,2,3,4)2’ c16)
S12 S13 512513

where we have used Kg)(l, 2,3,4) = K? (1,3,2,4). A more nontrivial case is for n = 5, the result is given by

! <K§><2, 3.4)* K34, 2>2> s (KS’(& 2.4 Ki(2.4, 3>2> s (Kﬁ’ (4237 K(@2, 31,4>2>

$34 S12 S134 824 S13 S124 $23 S14 $123

(2) 2 (2) 2 (2) 2 (2) 2 (2) 2 (2) 2
K77 (2,3,4 K7 (3,2,4 K7/ (2,4,3 K7’ (4,2,3 K7’ (3,4,2 K7 (4,3,2
m ) m ( ) m ) 1 ( ) 1 ( ) 1 ( ) ’

$125123 $135123 S128124 $145124 $135134 $148134

(C17)

where we have omitted the scalar labels 1 and 5 in Kg ). Note that for two terms in each pair in the first line, the

numerators are equal, which is the part of the conjecture (C9) with i =2, j = 0. Therefore, by collecting terms in
pairs the first line gives rise to an additional v - k and we have the amplitude consistently at O(m?). This argument works
for general n with each pair corresponding to cubic graphs with two identical subtrees placed reversely on the
scalar line.

Moreover, the amplitude (C15) can be simplified further, e.g., for (C17), the first pair in the first line reads

1 (s )k (2.3,4)% 1 @mo-k+ 5Ky (2,[3,4])°

§34 $125134 $34 $128134

(C18)

Similar operations can be applied to the remaining two pairs, and one can check that the amplitude is then given by

2) 2 (2) 2 () 2
(.34 Ki'G.RA4) | Ki'(12.3].4) > (C19)

K(
MY =2mv - k( H
$1285134534 $138124524 5148123523

10 107
where the second line of (C17) has been canceled. The SRSy e w

analogous cancellation has also been observed at higher
points, which leads to the conjecture of a more compact
version of (C15)

1 n

(2) 10 0 (7 2
K7 (1,0%(1),0%(1),n
i ( (). 67d).n) ., (C20)  FIG. 6. Cubic graphs with two identical subtrees placed

MY =2mv - k —
g SuSirer ) den (I reversely on the scalar line.
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where we sum over the cubic graphs g corresponding to
half of the possible ® s; i.e., each graph is either of two
graphs with two identical subtrees (contain legs I and I)
where the subtrees are placed reversely on the scalar line
(see Fig. 6). We also define ®©(I) to be the nested
commutator of depth |I| — 1 of the unordered set I and

dgn(y to be the corresponding propagator denominator; for

each term in the summation, ®(7) and ®" (1) are given by
the subtrees of the graph g. The above expression contains
(2n — 7)!! terms, which is equal to the number of terms in
an (n — 1)-point amplitude of gravitons scattering(without
heavy scalars).
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