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We obtain the pion decay constant and coefficients of fourth derivative terms in the chiral Lagrangian for
massless quarks in the Witten-Sakai-Sugimoto model. We extract these quantities from the two-pion
scattering amplitude, which we compute directly in the holographic dual through tree-level Witten
diagrams. Identification of the low energy coefficients in the chiral action is subtle as their values will be
shifted when the tower of massive vector bosons are integrated out. Indeed, by a direct comparison with the
existing standard procedure of constructing the chiral action with radial modes in the gravity dual, we
explicitly show that there are finite "t Hooft coupling corrections that have been missed. This suggests that
past derivations of effective actions from holographic models may have to be revisited and future

derivations more carefully considered.
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I. INTRODUCTION

Since the inception of gauge/gravity, or holographic,
duality there has been a conscious effort to perceive
quantum chromodynamics (QCD) in the nonperturbative
regime [1]. We do not know if the holographic dual of QCD
exists and, even if that is the case, there is likely no weakly
coupled gravity description. To date, quantitative predic-
tions have usually been based on a phenomenological
approach where weakly coupled holographic models are
fitted to known QCD data obtained through experiments or
other nonperturbative approaches. The most developed
model in this respect is presumably [2] (coined V-QCD).

The observables that are relevant in the construction
of a holographic model are low energy coupling constants
(LECs). These constants enter in the effective QCD
action and determine the interactions among hadrons and,
most importantly, their values can be inferred from experi-
ments. Chiral perturbation theory (ChPT) (see [3-5] for
reviews) provides a systematic approach to characterize the
LECs based on the approximate flavor symmetry of the

fhoyoscarlos @uniovi.es
"niko, jokela@helsinki.fi
*dani.lo gares @ gmail.com

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP’.

2470-0010,/2023,/107(2)/026017(21)

026017-1

microscopic QCD Lagrangian and the spontaneous breaking
of this symmetry by a chiral condensate in the QCD vacuum.
A holographic model that aspires to quantitatively counter-
feit QCD observables in the confined phase should therefore
be able to reproduce the chiral effective action with values of
the LECs that match the experimental observations.

In this program being able to extract the LECs from the
holographic model is fundamental. An early proposal on
how to construct the effective action was within the Witten-
Sakai-Sugimoto (WSS) model [1,6,7] by unveiling the
action in the gravity side for modes of the fields dual to
mesons. Later works in other models followed a similar
approach [8-22]. In this work we follow a different
path; we extract the LECs from the low-energy scattering
amplitude of pions, that we compute directly from Witten
diagrams in the gravity dual following the method devel-
oped in [23,24]. To be definite, we focus on the WSS model
with two flavors of massless quarks and find that the
coefficients originating from pion self-interactions in the
gravity dual were misidentified.

A. Summary of the discrepancy
with existing literature

Let us exbound the nature of the discrepancy, by
examining the original result of Sakai and Sugimoto
in [7]. We postpone a detailed description of the chiral
Lagrangian and scattering amplitudes in Sec. II to keep the
discussion here more concise.

For N; flavors, the pion field is a N; x N, unitary matrix
U = ¢*M/fx with 1 a Hermitean matrix. In addition,
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there is a tower of massive vector meson fields vy,
n=1,2,3,.... Higher n corresponds to higher mass.
From the dual gravity point of view, n labels Kaluza-
Klein modes in the holographic radial direction. The
effective action (in the absence of sources) was found to

be of the form

L = —tr(9,I10"T1) — Wtr[l'[, 0,I1)> + Wtr[aﬂn, 0,11)?
+ ZZtr(d[ﬂ v))* 4+ mi (v))?
2bv”7m
+ tr(9),v,)[0*T1, 0*T1)), (1.1)

[

where e2f,? ~0.51. Focusing on the quartic terms in the
pion field O(0*I1*), the naive LECs in this action' would be
the same as for the Skyrme model [25-27]. For N; = 3 the
LECs satisfy the relations

1
Lgu(z) _ 2L_1§U(3)’ Lgu(z) _ _3L§U(3)7 qu(3) =0
€s
(1.2)

The first relation actually always holds in the large-N_ limit,
so there are only two independent coefficients (this is true
for any value of N;). For SU(2) the term proportional to L3
can be recast as the term proportional to L, so that for the
WSS model

R ;qu( J= Y = "% (13)
However, the action (1.1) is not in the standard form; in
particular, the last term capturing the coupling between the
vector mesons and the pions is not the expected one from
hidden local symmetry (HLS) considerations. In order to
correct for this, one redefines the vector meson fields as

follows:

o= +ijam (1.4)
After this redefinition the action becomes
L = —tr(a,I10IT) + ZZtr O ,)? + m2 (v))?
= 29, 2zt (0 [T, 0T1]). (1.5)

So, according to this, the actual prediction before vector
mesons have been integrated out is that the LECs are zero.
Sakai and Sugimoto computed the pion scattering ampli-
tude to lowest order in momentum (Sec. 3.7 of [7]) and

"Their precise definition can be found in Egs. (2.2) and (2.3).

found that even though contributions from quartic contact
terms cancel out, the contribution from vector meson
exchange produces the right amplitude (proportional to
1/f,%) as expected from low energy theorems, but a
complete calculation showing that the LECs are indeed
given by (1.2) was missing.

This is not the whole story, however, because there are
other possible contributions to the LECs in the WSS model
that have been neglected so far. They originate from higher
derivative corrections in the holographic model and would
be relatively suppressed by powers of the "t Hooft coupling.
We will compute them and show that these contributions
are indeed nonvanishing.

To derive the actual chiral Lagrangian below the rho
meson mass one can integrate out the massive vector
mesons to produce an effective action that contains only
the pion. In this case the LECs are generally shifted relative
to the explicit terms appearing in the actions above. They
can be read off from the pion scattering amplitude
expanded to the suitable order in momentum, taking into
account vector meson exchange contributions. As we will
see, the LECs derived in this way coincide with the values
quoted by Sakai and Sugimoto, up to the corrections we
just mentioned. This coincidence, at least regarding the
relative values of the LECs, stems from vector meson
dominance, which originates from the meson couplings in
(1.5). The LECs in (1.1) in this case give the right value
because the coupling between the vector mesons and the
pions is such that it turns out not to modify their value when
the vector mesons are integrated out.

In conclusion, one should be careful when identifying the
LECs from an action derived holographically, at least when
the action includes massive mesons coupled to the pions, as
the low energy pion scattering amplitude can receive meson
exchange contributions. The actions (1.1) and (1.5) are
related by a field redefinition, so they produce the same low
energy scattering amplitude and, when the massive vector
mesons are integrated out, the same low energy effective
action for the pions. The holographic calculation of the
scattering amplitude seems to be in accord with the action
(1.5); the LECs originally quoted by Sakai and Sugimoto
originate from exchange diagrams while the new corrections
we have found originate from contact interactions.

The structure of our paper is as follows. In Sec. II we
review the chiral effective action and the ingredients needed
to compute the pion scattering amplitude. We also explain
the contribution from vector meson exchange and how
the values of the LECs are shifted. In Sec. III we review the
salient details of the WSS model and steer focus on the
original calculation of the chiral effective action. In Sec. IV
we derive the scattering amplitude of pions in the WSS
model and extract the LECs. Finally, we contrast our
results with those in the existing literature with some
further implicatory remarks in Sec. V. We also generalize
our results in the large-N, 't Hooft limit to an arbitrary
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(but fixed) number of flavors. Technical details of the
holographic calculation of the scattering amplitude have
been compiled in the Appendix.

II. CHIRAL EFFECTIVE ACTION

In this section we will spell out some basics involving the
chiral effective Lagrangian. Here and in the following we
will have in mind a SU(N,) Yang-Mills theory with
additional matter, and work in the large-N_ limit. A theory
with two flavors of massless quarks enjoys a U(2)g X
U(2), global symmetry. The diagonal component is the
vector symmetry U(2), and the off-diagonal part is the
axial symmetry U(2),. The latter is anomalous, though
the anomaly vanishes for the non-Abelian component.
As we will discuss in Sec. V, in the large-N_ limit this
is enough to extract the LECs we are interested in for an
arbitrary number of flavors.

When a quark condensate is formed, there is a sponta-
neous breaking of symmetry U(2)x x U(2), — U(2)y.
The Nambu-Goldstone bosons associated to the broken
SU(2) axial symmetry are pions and they can be collected
in a SU(2) matrix X that transforms as

Y - U, ZUj. (2.1)
The low energy effective theory of the Nambu-Goldstone
bosons is captured by the chiral Lagrangian, that admits a
systematic expansion in derivatives of X. To fourth order in
derivatives one can have the terms

[+ t
£ == Tr(9,570%) + L, (Tr(9,270"%))?

+ Ly(Tr(9,=9,%))>. (2.2)

The large-N, scaling of the coefficients is f,> ~L; ~ N,
[28]. For three flavors there is an additional term

LsTr((0,279,%)?). (2.3)
But for SU(2) there is the following relation:
1 .
Tr((9,%'0,2)?) = 5 (Tr(9, ' D)2 (24)

Therefore, to compare with other models where the action

was written for three flavors one should set LfU(Z) =

L) 1L,

The axial current can be obtained by first adding gauge
fields for the right-handed and left-handed symmetries by
promoting the derivative to a covariant derivative with the
left-handed and right-handed gauge fields L, and R,

9,2 - D,X=0,5+iL,S—iZR,. (2.5

Considering the SU(2) generators 79 = %0“, a=1, 2,3,

with ¢ the Pauli matrices, the components of the left-
handed and right-handed currents are

5L if ,
o =P8 _ _Ua p((zorst — rsstYe) 4 0(),
SL¢ 4
oL if,?
JY = _x Tr((#*Z'E-Zf*%)r%) + 0(3%).  (2.6)
SR4 4

We will introduce the pion field using the exponential
parametrization

T =exp (fiﬂ: : o-) = exp (;—.ﬂ“a“). (2.7)

The axial current in this case is
ap __ yau ap
J =J =T

= —f 07" +3if,, <(n’-ﬂ:)0"7z“ —%0"(71:-7:)7:“) +....
(2.8)

The Lagrangian density expanded to fourth order in the
pion field is

L= —%aﬂn-aﬂn—#((aﬂn-n)z— (m-7)(0,7-x))

4L
- o'm)? +f75 (0,7 0,m)> + O(0*x°).

4L,

—l—f4

(0

, (2.9)

A. Pion scattering amplitude

Let us now discuss how the scattering amplitude can be
extracted from the chiral Lagrangian introduced above. The
elastic scattering amplitude for two pions

7(pa) + 2" (py) — 7°(pc) +7(pa)  (2.10)
is given by the T-matrix element
T avea = 21)*6W (pa + pp — Pe = Pd)Mapea- (2.11)

The function M is determined by a single scalar function
A(s,t,u) = A(s, u, t) defined by the isospin decomposition
(see, e.g., [3,29,30])

Mab,cd = 5ab50dA(s’ L l/t) + éacébdA(t’ S, M)

+ SuabpeAlu.t, s), (2.12)

where s, f, u are the Mandelstam variables

u=—(p,—pa)*
(2.13)

s=—(pa+rp)?  t=—(Pa—pc)*
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Do Pa Po

FIG. 1.

De Pa Pe

Pd Pb Pd

The three kinematically nonidentical 2-to-2 elastic scattering processes. All propagating particles are pions, hence all legs are

represented by dashed lines. Left: s-channel; middle: #-channel; and right: u-channel.

These variables encode the different scattering processes
and correspond to the three channels as depicted in Fig. 1.
At O(p*), the original derivation by Weinberg produces at
tree level [31,32]

N 8L1 2+4L2
£ fzz It

For massless pions there are additional logarithmic
contributions to the amplitude that are introduced by pion
loop corrections. The relevant pion diagram has two quartic
vertices with two derivatives, that from the pion Lagrangian
(2.9) have a large-N, scaling ~1/f,* ~1/N?. The tree-
level contributions on the other hand have a scaling
~L;/f.* ~1/N.. Therefore, in the large-N, limit the pion
loop contributions are relatively suppressed and are thus
not captured by the classical holographic dual calculation.
The same statement applies to other meson loop correc-
tions; they are suppressed in the large-N, limit. Therefore,
our calculation will be limited to tree-level on-shell
amplitudes.

In order to compare to gauge/gravity models we will
consider the axial current correlators for values of the
momenta where the pions are on-shell. We start with the
two-point function of the axial current, which will be
proportional to the pion propagator2

)Jé’”(p)> * Jp Pt (=p)a’ (p))

» P'D”
—.

A(s.t,u) = (P +u?).  (2.14)

(5" (=p
— _if 25 (2.15)

This leads to the Ward identity for current conservation

H=p)I2(p)) =

p—

(2.16)

—ip,(Js " fp s,

However, in the absence of an anomaly and quark masses,
the axial current must be conserved and one would have

“In principle there are additional terms depending on the pion
field in (2.8) that introduce pion loop corrections to the axial
current correlator; however, as for the scattering amplitude, these
are suppressed in the large-N, limit.

expected this Ward identity to vanish. As we will see, this
issue is solved in the holographic model when the two-
point function correlator is computed and we find a
vanishing value [see (4.27)]. The reason is that we are
missing a contact term in landing on (2.16) whose origin
could be understood from contributions to the axial current
other than the gradient of the pion field.

Similarly, the four-point function of the axial current will
be proportional to the one of the pions

(&P (pp)I L ()T (= py))
& Ofﬂ“pi‘ﬂp’;”p’c‘fpd (7 (pa)m” (pp) 7 (—pe)m (= pa))-
(2.17)

From the pion correlator we are interested just in the
leading pole contribution, which gives us the pion scatter-
ing amplitude through the LSZ (Lehmann—Symanzik—
Zimmermann) reduction formula

<7[a(pa)”b(pb)”c(_pc)”d(_pd»c
M
~ (20)*68 (pa+ Py = Pe = Pa) a2l (218
p,%o( ) ’ d>paphp3p5 (2.18)

where M, .4 in this expression is the amplitude (2.12).

B. Vector boson contributions

Our discussion thus far has been focusing on the chiral
effective action at low energies, where heavier mesons have
been integrated out. However, in most holographic exam-
ples the effective action includes massive vector bosons
coupled to the pions. Whether the vector bosons have been
integrated out or not affects the value of the LECs in the
pion action. Namely, starting from an action

‘Cﬂ(fﬂ."L17L2) +£V, (219)

Lyy =
where £,(f,, L, L) is (2.2) with the coefficients f,, Ly,
and L, and the last term L, is the action for the vector
bosons. At sufficiently low energies, the vector bosons can
be integrated out, resulting in an action that only contains
the pions but with modified coefficients
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Lig = Eﬂ(.}‘ﬂ’l:lvi‘Z)' (220)
Let us show this explicitly for the case when the structure of
the effective action follows the hidden local symmetry
approach [33,34], which is commonly discussed in the
context of holographic models, where it arises from gauge
symmetries in the gravity dual.
In the HLS approach the pion matrix is factorized
2(x) = & (x)ér(x)- (2.21)
In addition to the left- and right-moving flavor symmetries
there is an emergent gauge symmetry, so that the fields &;
transform as
EL) = h(DENU],  Erl(¥) = hRE@UL.  (222)
The massive vector boson is identified with the gauge field
for the hidden symmetry and the form of the action is
constrained by demanding local gauge invariance. The
HLS action is directly related to the nonlinear realization of
local chiral transformations introduced by Weinberg [35]
by going to the unitary gauge (see, e.g., [34])

in (x)

& (x) = Eg(x) = e Tr

T (2.23)

Let us denote V, = V6 as the gauge field associated to
the vector bosonand V,,, = 9,V, —9,V, + gV, x V asits
field strength with g an effective gauge coupling. In
addition to the terms shown in (2.9), the effective action

has the vector boson contributions

2
Vv

2
L:V:—%VW-VW—%m%, <Vﬂ—gn‘;””7tx0”7t> . (2.24)
where my is the mass of the vector boson and gy, is the
coupling to the pion field. The expansion of the invariant
mass term for the vector boson includes a cubic coupling
with the pions and a O(d*z*) coupling of the same form as
the terms shown in the first line of (2.9),3 see, e.g., [34,36].
However, in the pion scattering amplitude this additional
vertex contribution is canceled out by the leading contri-
bution from vector boson exchange, so the O(p?) pion
scattering amplitude does not change. In general, there can
be vector bosons transforming as adjoint fields of the chiral
symmetry with different couplings where this cancellation
does not happen, and additional couplings to the vector
bosons that appear at O(p*) and so can also affect the
amplitude.

*Any additional free parameters in the HLS model are
absorbed in the coefficients of the gauge-fixed effective action
in such a way that the HLS model is equivalent to the nonlinear
sigma model for tree-level on-shell amplitudes.

There are, however, O(p*) contributions that add up to
the contributions shown in (2.14). The tree-level contribu-
tion to the pion scattering amplitude from the vector meson
exchange has the form [37,38]

2 Hs—u u(s —1t
9Var ( )+ ( )

2 2 2
my |[my—1t my—u

Ay(s,t,u) = (2.25)

Expanding for small momenta m}, > s, 1%, u?, and using
the fact that here the pions are massless particles yields

s(t+u) = —s2, ut = 5% — 12 — u?. (2.26)
Therefore, the vector boson contribution to the low energy
scattering amplitude reduces to

2
Ay(s,tu) = % 2 +u?-25%.  (2.27)

Vv

We can compare this expression with Weinberg’s amplitude
(2.14). We see that these contributions can be added to
terms with the same dependence in the momentum, in such
a way that one obtains effective values of the LECs that are
shifted L, > L; = L; + ALY at energies below the vector
meson mass. Therefore, integrating out the massive vector
boson will shift the LECs of the chiral Lagrangian (2.9) to

4 2
fﬂ' GVar
4
4 my

ALY = -ALY = . (2.28)

Furthermore, one could have several massive vector
bosons V;,, i =1,2,... with similar couplings to the
pions; in this case the shift in the LECs will have
contributions from all of them

f
ALY = —ALY = Lo 5~ Pian. (2.29)
? 1 4 i m“‘/i

We could be in a situation in which the LECs in the
pion action vanish or are much smaller than the vector
boson contribution. In this case, after integrating out the
vector bosons, the LECs would automatically satisfy the
relation L, = —L,, which corresponds to the Skyrme
model [25-27]. An O(p*) coupling between the vector
boson and the pions,

~z V¥ - 0, X Oy, (2.30)

does not modify this relation; see (4.38) of [36], where z,4 is
introduced in (4.27).

III. HOLOGRAPHIC MODEL

In this section we will introduce our string theory setup
that resembles QCD and within which we can derive the
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TABLE 1. D-brane intersection in the WSS model. Branes are
extended along the directions marked with x.

0 1 2 3 T 5 6 7 8 9

D4 X X X X X
D8 X X X X . X X X X X
D8 X X X X . X X X X X

pion scattering amplitude at strong coupling. One of the
closest holographic cousins to QCD is the Witten-Sakai-
Sugimoto model (WSS) [1,6,7]; for a review see [39].
The background geometry is the near-horizon limit of a
nonsupersymmetric (3 + 1)-dimensional D-brane intersec-
tion of N, D4-branes and N, D8-D8-brane pairs, arranged
as in Table I. The 7 direction is compactified along a circle
with SUSY-breaking boundary conditions, and the D§- and
D8-branes sit at separate points. Reducing along the 7
direction one ends with a (3 + 1)-dimensional theory that
flows at low energies to SU(N,) QCD with N, massless
quarks when the *t Hooft coupling Ayy = g3, is small.
When the coupling is large there is no separation of scales
between the QCD sector and the five-dimensional Kaluza-
Klein modes on the circle. While this latter case corre-
sponds to the regime where the classical supergravity
approximation is valid in the holographic dual, it will still
be useful to use the holographic dual to study those low-
energy observables that do not directly involve the Kaluza-
Klein states.

In the string frame the type IIA supergravity background
sourced by the D4-branes at zero temperature when
N, — o is

2 Y 3/2 N 2
dsi,= 2 (Mudxtdx’ + f(U)dz?)

R\¥2/dU?
+<5> <f(U)+UdQ4)’

U3 U 3/4
_ Yk e(/):gS(R) ’

2zN
F4:dC3 :Lezl,
V4

(3.1)

where R® = zg,N.I3, and the Kaluza-Klein mass is

Myx = (3/2)UZ/R*2. In our convention the 7 direction
has periodicity 27/ Mgy and ¢, is the volume form of a unit
§*, of volume V, = 872/3. The factor f(U) in the metric
implies that the circle collapses to zero size at U = Uy,
where the geometry ends. The (z, U) part of the geometry
can then be visualized as a “cigar,” with U = Uk the tip.
Following the usual holographic dictionary, U corresponds
to an energy scale of the theory in such a way that a lower
bound for U > Uk sets a minimal energy scale for states
in the dual field theory, thus encoding the mass gap of
Yang-Mills in the confining phase. The map to field theory
quantities of the parameters in the D4-brane geometry is

1 Ayml? 2 12
3 YMF's 2 YM
== . Ukk ==AymMxx s, N, =—
2 Myx KK = 5AYMMKK g 27 Myl
(3.2)

with [ the string length and Ayy = g3y N. the ’t Hooft
coupling of the (3 + 1)-dimensional dual Yang-Mills
theory.

Flavors are included by introducing N, probe D8-branes
in the geometry induced by D4-branes [6,40]. In the near-
horizon limit where the D4-branes are replaced by the
geometry displayed above, each D8 and D8, that sit at
separated points in the 7 direction as U — oo, join at a finite
value of the radial coordinate and form a single object. This
is the geometric realization of the formation of a quark
condensate and chiral symmetry breaking. The asymptotic
separation between the D8 and D8 can be changed,
producing different values of the quark condensate. In this
paper we will consider the simplest scenario where the D8-
and D8-branes sit at antipodal points in 7 and join at the tip
of the cigar. Quark masses may be introduced for non-
antipodal embeddings [41]; we will discuss this important
generalization in Sec. V. The illustration of the D8-DS8
embeddings in the cigar geometry is included in Fig. 2.

The action for the D8-branes in the string frame
Sps = Spe1 + Swz (3.3)

consists of Dirac-Born-Infeld (DBI) and Wess-Zumino
(WZ) actions

SDBI = _TS/ d9X e_(ﬁSTr\/— det (GMN —+ 271'(1/FMN),
D8
(3.4)

1

Swyz = —— C; A STrF3, 3.5
wz 3!(2”)31)8 3 r (3.5)

T uwy N

U

KK-—-~

FIG. 2. Embedding of the D8-branes in the Witten background.
We only consider massless pions in the zero temperature
confining phase, which corresponds to configurations where
D8- and D8-branes are fixed at antipodal points of the 7 direction
in the asymptotic boundary and they join at a holographic radial
position Ugg where the geometry smoothly closes off.
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where Ty = 1/((27)%17) is the tension of the D8-brane.
Fyy is the field strength of the non-Abelian U(N,) gauge
field living on the brane, while G,y is the induced metric
Gun = gu(X)oyX*oyX", with g, the 10d background
metric (3.1). The embedding functions X* are also N; x N;
Hermitian matrices, but we will take them to be propor-
tional to the identity matrix in the following as this is
sufficient for our purposes. STr stands for symmetrized
trace; this prescription for the trace is unambiguous up to
O(F*) in the gauge fields [42-45]. At higher orders there
can be additional corrections in @ = [Z, but fortunately we
will not need them. The WZ term captures the axial
anomaly of the dual field theory [6]. In the following
we will take N, =2, so that the purely non-Abelian
contributions to the WZ term vanish, corresponding to
the absence of a SU(2)? axial anomaly in the dual field
theory.

The Abelian and non-Abelian components of the gauge
field on the D8-branes are split according to

a
a o

1

: (3.6)

We will denote the Abelian field strength as f,, =
d,a, — d,a,. For the non-Abelian part, we will distinguish
between the linear and nonlinear part of the field strength as
follows:

Fo,=fuw+ e“b"AfjA,f, fi, = 0,A0 —0,A5. (3.7)

For an antipodal D8-brane embedding it is convenient to
introduce a change of coordinates (7, U) — (y, z) with

U? = Ugg + Uk
(3.8)

y=rcosf, z=rsind, O=Mggr,

The D8-brane will be localized at y = 0 and extended along
the z direction. The induced metric on the D8-brane in this
case reads

4(R\¥U U,\ 32
dsi =— (—) KK dz2 + (—Z) 1, dX* dX

9\U, U, R
+ R¥2UY2 402, (3.9)

where
U? = Uy + Ugg2* (3.10)

It will be convenient to introduce dimensionless coor-
dinates Z = z/Ugg, ¥ = /My and define

u(Z) = (14 22)'3. (3.11)

Then, the induced metric in the dimensionless quantities is
GMN = L2GMN’ where

2

~ SU AU 9
dsg = u(z)'? w2 T PR 79941
4 4
L2 = RVPUG = oIyl (3.12)

The DBI action can be split according to the factors of the
field strength, expanding up to O(F*),

N 2
Spp = —Ts / d45chu(Z)2(2 + <’Z§> cl

zd \*
+ (F) EH;I—F...), (3.13)
where
~ 3 NA3 04 277
Te =—V,RLOTy = —< M = ="" (3.14
87029, ! 8739 L2 4lyy (3.14)

The Lagrangian densities, in terms of dimensionless gauge
fields, coordinates, and the metric read

) 1 . . 1
ﬁ][)%SI = EFMNF MN 4 EfMNfMNv

1 1
‘C][:A)%I — _6 FaMAF?VAFg/IBFbNB _|_§FaMNFaABF]l:/IBFZN

1
_g (FaMNFIaVINFbABFZB + ZFaMNFaABFIbWNFZB)

+ O(f2F2, f4). (3.15)
In the quartic action (3.15) we omitted writing the explicit
form of the Abelian and mixed terms since at tree level they
do not contribute to a quartic interaction with non-Abelian
fields in the external legs.

The Wess-Zumino action is nonvanishing due to the
background four-form

1
— | F4,=N
o g 4 ¢

(3.16)
in such a way that the Wess-Zumino action is proportional
to a five-dimensional Chern-Simons term for the gauge
fields on the brane

N,

Swy = —<=
W2 242

M*xR

For purely non-Abelian SU(2) fields, the Chern-Simons
term vanishes, as mentioned before. However, there
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are mixed terms between Abelian and non-Abelian
components

N
C2 €MNLPQCIM0NA20PA“Q + 0(A4(1)

3.18
32 ( )

ﬁWZ =

A. Chiral symmetry and pion mode

Let us discuss the realization of chiral symmetry and the
existence of a massless mode corresponding to the pion.
Considering only fields that are constant on the S*, there are
two boundary values that have to be specified for the gauge
field on the D8-branes, each of them mapping to back-
ground values for the U(N;), and U(N;), gauge fields

ZEerA”(x,Z) =L,(x) = V,(x) + As,(x),

lim A,(x,Z) = R,(x) = V,(x) = As,(x),

Z——0

(3.19)

where V, are the U(N;), (vector) and As, the U(N;),
(axial) gauge fields. The set of gauge transformations
U(x,Z) of the field on the D8-branes

AM - U_]AMU - iU_]aMU, (320)

generate gauge transformations of the background left- and
right-handed gauge fields in the dual field theory

lim U(x,Z2)=U;(x),

Hm lim U(x,Z) = Ug(x).

Aim (3.21)
In the A; =0 gauge the set of allowed bulk gauge
transformations is reduced to Z-independent transforma-
tions Uy z(x), and the global subgroup are constant trans-
formations. These global transformations are identified
with the U(N;); x U(N;)p flavor group of the dual field
theory. Note that, when the sources for the flavor currents
are turned off limy_, . A, = 0, the global transformations
do not change the boundary values of the gauge field as
expected. As we mentioned, chiral symmetry is sponta-
neously broken U(N;); x U(N;)g = U(N;), in the dual
field theory, so there should be a mode on the D8-brane
that corresponds to massless pions. We will elucidate
this below.

From the quadratic action in (3.15) we obtain the
following set of linearized equations,

1
3 ra af a
aZ[u(Z) ny] + M(Z)r] /aa Bu O’

naﬂdafgz =0, (3.22)
where f{,y = dyASY — oyAS,. We will split the gauge
potential in transverse, longitudinal, radial, and gauge
parts:

— AL
Ag =Ara+9,Ale+ 9,

AY = B +0,C%, oA =0. (3.23)

The second equation in (3.22) imposes the conditions
(0 = 19,0y

0*BS = d%a,Alle. (3.24)

Then, either ?A¢, = 0, or B, and All“ are pure gauge and
can be absorbed in C“. In the case when the first condition
is true, corresponding to a massless mode, the first equation
in (3.22) becomes

()Z[u(Z)3(aZA;j -0,A%)] = 0. (3.25)

The solutions are, up to gauge transformations C“(x, Z),

A A 2
Ai(x,Z) = Vi(x) + A5 ,(x) ;arctan(Z),

_29'(x)
xl+27%

A3(x.Z) = 20°(x)o(2) (3.26)

If we set VZ = AS §= 0 the mode is normalizable, so there
is a massless particle in the dual field theory, which will be
identified with the pion. This in fact is an exact solution of
the O(F?) action. The normalizable solution has the field
strength

Fi, =20,0%0(Z), Fy, =0. (3.27)
Let us show now that indeed ¢ is the pion field up to an
overall normalization. Following the usual prescription of
the holographic dictionary, we first compute the canonical
momentum conjugate to the gauge field

5
=28 3.28
5(0zA7) (3.28)
From (3.13),
a2 2 (7N
“:_8<L2> “(Z>2[Haﬂ+ Iz e + ..,
(3.29)

where, using (3.15),
HE]I‘ — 2FaZ/4’

HL4]M :é[4FlZ,y(Fa”LFbZD + Fb/lLFLZZI/) +4FZUFb/4LFva

(P2 F}, FPNE L 2RV FPNLES, )] (3.30)
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The expectation values of the flavor currents J7* and Jg"
are obtained from the boundary values of the canonical
momentum’

(A = lim 7,

Z——+00

(JA%) = — lim 7.

Z—>—0

(3.31)

To leading order in the field, and restoring units in the x*
directions,

(3.32)

where f,> is given in (3.39). This shows that ¢ is
proportional to the pion field, since the axial current is
proportional to its gradient. Our next goal is to find the pion
effective action. Usually this has been done by identifying
@ as the pion field and using the D8-brane action
integrated over the holographic radial coordinate Z as
the effective action for the field ¢“. Within this general
idea there are two different approaches, an off-shell
approach where ¢“ is taken to be an arbitrary function
and an on-shell approach where it is a massless field
d*¢® = 0. The off-shell approach is the one used originally
in the WSS model [6,7], and has been also employed in
other phenomenological models [9-11,13-15,17,19,20],
while the on-shell approach was introduced in [18] for
the AdS/QCD model of [9].

B. Effective action for the pion field
and vector mesons

The basic idea of the off-shell approach is to expand the
field in “Kaluza-Klein” modes of the holographic radial
direction, which, excluding the massless mode, are of the
form
Ay =o.

A x.2) =Y AP (X, (2), (3.33)

Here the functions y, are eigenfunctions of the radial
derivative part of the equations

u(Z)0[u(Z) 0zy,(Z)] = —miy,(Z),

lim y,(Z) =0,

im (3.34)

where m? determine the masses of mesons in the dual field
theory. Then, from (3.22)

PAY —mAl =0, oAl =0.  (3.35)

*The relative sign stems from the variation of the D8-brane on-
shell action 8S,_gen = [ d*x((J}“)6LE + (J%“)SRS), with the
left current at the upper limit of the radial integration and the right
current at the lower limit.

Introducing the Kaluza-Klein expansion, together with the
massless solution back in the action (3.13) and integrating
over the radial coordinate results in an action for the 4D

fields A;(,") and ¢. This is to be interpreted as the effective
action for the meson fields in the dual field theory, with
interactions determined by nonquadratic terms. In this
derivation the 4D fields are off-shell, i.e., the equations
of motion (3.35) are not imposed. In previous derivations
only the O(F?) terms were kept, while higher o corrections
to the DBI action were neglected. This restricts the terms in
the action to be at most quartic in the fields (for pions and
vector mesons) and to have at most four derivatives in the
field theory directions. Terms O(F*) can contribute at the
same order of derivatives and fields, so they must be
included if one is interested in computing the value of the
LECs at finite 't Hooft coupling.

The off-shell Kaluza-Klein expansion is essentially
the approach applied to the WSS construction in [6,7] to
derive the meson effective action. The action (1.1) was
actually computed in a slightly different way. Allowing
the boundary conditions of the gauge field to be fixed only
up to boundary gauge transformations, it is possible to
apply a gauge transformation to the solution (3.26) (with
Vﬂ = As » = 0) such that the radial component vanishes
and the pion field ¢“ is moved to the components of the
gauge potential along the field theory directions. Beyond
the linear approximation, this amounts to fixing Ay, =0
and introducing instead a pure gauge configuration for the
boundary gauge fields, that is taken to be

(3.36)

i . i
V :—EZ laﬂZ, Asﬂ:—ix 10,,2.

We then identify X(x) as the SU(N,) matrix of the pions. In
this case the field strengths are

Fg, = —i7'0,%0(2),

F,, = —i[Z70,2, 279, X](wo(Z) = Dyo(Z)  (3.37)
with
1 1
wo(Z) = >t —arctan(Z), (3.38)
T

and we have used y(,(Z) = ¢y(Z). Plugging (3.37) back in
the action (3.13) and keeping only O(F?) terms one finds
(1.1) up to quartic order in the fields. The terms that involve
only the pion have the form (2.2) with
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Noiym [ N Aym
[t = 8M%Km/_m dZu’ 5 = Mgy,

547*
SU(2) su2) A Ndym [ (wo— 1)y
LY = - =225 3/ dz =
NCAYM
= Wb, b~ 15.25. (3.39)

One should note that since the boundary values of the
gauge potentials do not vanish, this actually corresponds to
having a nonzero source proportional to the derivatives of
the pion field, in such a way that the pion field enters as a
“spurion.” In order to demonstrate this we will introduce

external gauge fields Vﬂ, .,zls x coupled to the axial and

vector currents by modifying the boundary conditions
in (3.36)

N 1o i
V,=% IVMZ—EZ 19,2,

As, =7 A5,2-2370,%. (3.40)
Then, a simultaneous transformation of the pion field and
the boundary gauge fields leaves the boundary values of the
bulk gauge field invariant.

Expanding up to quartic order in the fields, the shift (1.4)
removes the source terms depending on the pion field from
the effective action and as we have discussed in the
Introduction, terms quartic in the pion field go away, so
the only contributions depending on the pion field left are
quadratic or interaction terms involving vector mesons.
That the spurion action is able to capture the LECs can be
understood from the fact that external gauge fields should
be dressed by the physical pion field (once massive vector
mesons have been integrated out) in the same way as they
are for the spurion in (3.40). However, even when the
massive vector mesons have not been integrated out, there
are terms at O(F*) in the action (3.13) not included in the
original derivation [6] that contribute at the same order in
fields (quartic) and derivatives (four), albeit they are
relatively suppressed by a 1/13,, factor.

Moving on to the on-shell approach, it has not really
been applied to the WSS model, but to other AdS/QCD
models with an IR cutoff in the holographic radial direction
[18]. In this case the pion field is typically identified with
the value of the gauge field at the cutoff, which together
with a fixed asymptotic value at the boundary determines
the solution for the gauge field. Then one proceeds in a
similar way as in the off-shell derivation, evaluating the
action on the solution and integrating over the radial
direction to obtain the effective action. However, there
are two main differences with the off-shell approach. The
first one is that there is no expansion in Kaluza-Klein
modes. Instead, solutions are found by fixing the value of
the field at the cutoff, so even for the linearized equations

they will typically consists of a superposition of the
massless mode and the whole Kaluza-Klein tower. The
second difference is that the full set of equations is solved,
including equations with only field theory derivatives and
nonlinear terms. This can be done systematically using an
expansion in derivatives and factors of the pion field, which
is on-shell in this derivation (i.e., terms proportional to the
equations of motion of the pion field vanish).

It was also argued in [18], and shown for the AdS/QCD
model introduced in [9], that the off-shell and on-shell
derivations of the effective action should agree if the former
is put on-shell which in the low momentum expansion
requires integrating out all the massive vector bosons. In the
WSS model one could in principle attempt a similar on-
shell derivation contemplating the pion as the value of the
field at an IR cutoff at Z = 0.

Our approach of using scattering amplitudes has some
similarities with the on-shell approach in that we will be
solving the equations of motion in an expansion around the
linearized solution; however, it will be the UV rather than the
IR value of the gauge fields that will determine the expansion.

IV. HOLOGRAPHIC CALCULATION OF THE
PION SCATTERING AMPLITUDE

The holographic dictionary instructs one to map gauge-
invariant operators to fields in the gravity dual. The pion
should be understood as a mode produced by the axial
current operator. We can thus obtain the pion scattering
amplitudes from axial current correlators via an LSZ
reduction formula where we have to identify the massless
poles appearing in the correlators. The pion propagator will
be determined by the two-point function of the axial current
and the 2 — 2 scattering amplitude henceforth by the four-
point function.

From (3.31), the vacuum expectation value (vev) of the
axial current can be computed from the asymptotic values
of the canonical momentum conjugate to the gauge fields

(L) = (lim + lim )7:”

Z—00 Z——0

(4.1)

We can extract higher order correlators from the vev by
taking variations with respect to an external axial gauge field
(59T (1) -+ T8 ()
= 0
= (=" | | 577 U5(2))- (4.2)
,»115/‘?,,,. (vi) >
where the external gauge fields are identified as the

asymptotic values of the gauge fields (3.19). Taking into
account that

4
[ e - [ %A@(—qw’;%q), (43)
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the analogous formula in momentum space reads
5% (p )J”'“‘(ql)~~l”"“"(qn)>
n

)" {I54(P))-

OAY

(4.4)
i=1 Sﬂz ql)

A. Expansion in a background axial gauge field

We will set Vj; = 0 and A§, ~ O(e) with € treated as a
small parameter. The solutions for the gauge field on the
D8-branes will be expanded in ¢, that counts the number of
factors of the source appearing in each term of the
expansion

Ay=eA) + A0 +8A0 + ... (45)

The O(e) term contribution captures the two-point function
of the current and the O(e*) contribution the four-point
function. Our goal is to compute both in the following.

At each order we can arrange the equations of motion for
the gauge field as follows:

n)a 1 a n)a n)a
07 [u(Z) 1))+ ——noufly) = 1",

u(Z)
u(ZPn oSt =1, (4.6)
where If,”a = 1) = 0. Following the holographic dic-

tionary, we should impose boundary conditions such that

(Da __ 1 jAa
Jlim A7 (x,Z) = A5, (x),
lim AN, Z)=0, n> 1 (4.7)

We will work with Fourier transforms of the fields, and split
the gauge potentials as before in transverse, longitudinal,
radial, and gauge parts

AP (q) = A 4 ig, AW e 4 ca,

=B 4 a,cma, (4.8)
The equations of motion for each component of the gauge
field are

2
n)la q
07u(2)*0A," R

61252[“(2)3(( —azA Ha] lqal)

Pu(Z)3(9,AM e — By ) = 1) (4.9)
Here and in the following indices will be raised and
lowered with the flat Minkowski metric. At orders n > 1
we have to solve inhomogeneous equations. Since

ig" 1" + 9,157 = 0 we can split

IV = ig,0,0ma 4+ 10+ 19 = g2gma_ (4.10)
Then, the inhomogeneous solution for the longitudinal and

radial parts is, up to gauge transformations,

Avla—o, B = _u<;)3j<n>a (4.11)
The field strengths are
F00 gy e 4 12
" H q2 Lt3 ’
i =iqAl - gAY (412)

For the transverse component of the gauge field, the
inhomogeneous solution can be formally found using a
Green’s function

A La(z) = /°° dZ,G(Z.Z,: P14 (Z)).  (4.13)
The Green’s function is the solution to
e
52[”(2)352G(Z, Zy; qz)] - @G(z»21;(12> =8(Z2-2,)
(4.14)
with the boundary conditions
: L 2)
ZkrilmG(Z, Z;q*) =0. (4.15)

For general values of ¢g*> we have not been able to find a
closed form analytic solution for the Green’s function.
However, for g> = 0 it takes a simple form

wo(Z)(wo(Z,) = 1),
wo(Z1)(wo(Z) = 1),

where y,(Z) was given in (3.38).% The asymptotic expan-
sion is

Z<Zl

, (4.16
Z > 7 ( )

G(Z,7,,0) = zr{

Z - —0

. (4.19)
Z = +o0

. N _l wo(Zi) - 1,
G(Z,Z1;0) =~ {Wo(zl)’

‘Z‘—)oo

3Although not needed in our paper, one can obtain the finite
momentum result using an analytic expansion of the Green’s
function around ¢> = 0:

G(2.21:4°) = GONZ.2)) + ¢*GN(2.2))

+(¢*)’G(Z.2)) + ..., (4.17)

where G (Z,Z,) = G(Z, Z,;0) and where higher order terms in
the expansion can be computed iteratively using

G"(2,.2))

A (4.18)

G"(z,2,) = /°° dZ,G(Z.Z,;0)

026017-11



HOYOS, JOKELA, and LOGARES

PHYS. REV. D 107, 026017 (2023)

B. Two-point function of the axial current

Before computing the scattering amplitude we need to
compute the residue of the massless pole in the axial current
two-point function. This determines the pion decay con-
stant, that enters as well in the coefficients of the four-pion
interaction, so it is necessary to know its value in order to
compare with ChPT.

In order to compute the two-point function it is enough to
find the solution for the D8-brane gauge field at O(¢), so
the solutions to the linearized equations of motion suffice.
Since we are interested in the massless pole, we can expand
around g*> = 0. Then, the solution is (3.26) plus small
corrections

a_ 2 A
A/(,1> = ;arctan(Z)Agﬂ(q) + 0(q%).

a iqa fa
AP = 2 Muah(2) o). (420)

Here we have taken into account (3.24) for g*> # 0. The
field strength at O(e) is

0" = 260(2) (6; : %) A% (q).  (421)

The expectation value of the axial current is determined
by the canonical momentum as in (4.1), and to O(e) we
only need the term originating from the O(F?) terms in the
D8-brane action, IT2 in (3.29). We find for the canonical
momentum, using (3.14),

N 2 AR
oA (L_) (ﬂ””—q;§’> ¢, (0)u(Z)*$y(2)

(4.22)

Restoring units, the expectation value of the axial current at
this order reads

N A q"q"
Jall ~__C YMM2 U __ Al
) = =" 3 Mo (£ ) g (o)
v _ 9" 44
= _fﬂz <7]M - qz >A5y(Q)

This determines the susceptibilities of the axial current.
Indeed, considering configurations constant in time,

(4.23)

0AS,(q) = ous(27)d(qo),
5

8(J5%(a)) = 8p5(2m)8(qo). (4.24)

with ¢ the axial chemical potentials and p¢ the axial charge
densities, we obtain

9p5

Sp¢ ~ ﬂ25ab5 b = ~
Ps S Hs a,ug

1,25, (4.25)

The two-point function of the axial current is, at this order,

T (— )T ()} = if (n"” . "q—q) sb. (4.26)

The residue of the massless pole agrees with the expect-
ation from the effective action. Note that the Ward identity
for current conservation is satisfied,

~ig (/2" (~q)J2(q)) = 0. (4.27)
This mends the problem of the chiral effective theory Ward
identity for the axial current that we mentioned before; one

should have included the contact term proportional to the
susceptibilities in (2.16).

C. Four-point function of the axial current

Before computing the scattering amplitude we need to
find the leading pole contributions to the four-point
function of the current, from the O(e’) terms in the
expansion of the D8-brane gauge field. This boils down
to the calculation of the O(¢?) and O(e*) inhomogeneous
terms in (4.9), which are then introduced in (4.11) and
(4.13) to get the solution for the gauge field.

The inhomogeneous terms at O(e*) can be split in two
types of contributions, corresponding to different Witten
diagrams. One contribution, 15;3), corresponds to a four-
point vertex, a diagram where four gauge field propagators
join at a single point in the bulk. The other contribution,

I 9, takes the form of an exchange diagram between two

three-point vertices, the field propagates in the bulk
between two points, and there are two other propagators
at each point. We have sketched the two Witten diagrams in
Fig. 3. For each type we are interested only in terms with
massless poles that will be the only ones contributing to the
pion scattering amplitude. The leading pole contribution to
the scattering amplitude has a massless pole for each
external leg. Within O(e?), the only leading pole contri-
butions are those terms with two (three) massless pole
factors in I (1,). From (4.20) one can see that the only
terms depending on the first order Abelian field strength

that contain massless poles are those proportional to A(Zl) “

or f(Zlﬂ) “. This fact will significantly reduce the number of
terms we need to consider.

The details of the calculation have been relegated to the
Appendix. We identify three types of terms that can give a
contribution to the four-point function:

(i) Contributions from O(F*) terms in the canonical

momentum. The O(¢) solution to the gauge fields
could give a direct contribution to the four-point

026017-12



REVISITING THE CHIRAL EFFECTIVE ACTION IN .

PHYS. REV. D 107, 026017 (2023)

T 3 T 3
™ ™2
FIG. 3. Four-point vertex (left) and exchange (right) Witten

diagrams used to compute the one-point function of the axial
current. Lines ending at the boundary represent bulk-to-boundary
propagators and introduce factors proportional to the source,
while lines connecting points in the interior represent bulk
propagators.

function of the axial current through the ~F> term in
the canonical momentum, IT# in (3.29). However, it
turns out that this does not give any contribution to
the leading pole, so we can ignore it for the purpose
of computing the scattering amplitude.
Contributions from O(F?) terms. The non-Abelian
terms in the field strength introduce a cubic coupling
among gauge fields in the bulk. Joining two
such vertices with a bulk gauge field propagator
results in an exchange Witten diagram (cf. right
panel of Fig. 3) that does give a contribution to
the leading pole of the four-point function. The
contribution is

(i)

4 Hi
a a, sa a . pi
W02 )2 (o). = <2157 (T 2% Jose {2
i=1 Fi =

4b

T 32
"My

—|—(2<—>3)—|—(2<—>4)],

(p1- P3 + (p1 - pa)? = 2(p1 - p2>21}5“'“26“3“4

(4.28)

where b is given in (3.39). Non-Abelian terms also introduce quartic couplings among gauge fields, but these do not

contribute to the leading pole.

(iii) Contributions from O(F*) terms in the D8-brane action. These terms introduce a quartic coupling between the
Abelianized field strengths. This quartic coupling results in a vertex Witten diagram (cf. left panel of Fig. 3) that also
contributes to the leading pole of the four-point function as follows:

a fa
(5 (p) IS (p2) IS (p3)T5 ™ (pa)) =i 5

ST

Hi
i

D. Scattering amplitude

We are now ready to extract the pion correlators and the
scattering amplitude. Recall the expression in (2.17), where
the current four-point function is given in terms of the pion
four-point function. We can thus read off the pion four-
point function from (4.28) and (4.29) by removing the p;’
factors and dividing by f,* Furthermore, the scattering
amplitude appears in the four-point function of the pions,
recall (2.18), as the residue of the leading pole, once the
delta function corresponding to the momentum conserva-
tion and an i factor have been factored out.

The resulting amplitude has the expected structure
(2.12), with the exchange contribution (4.28) being

= Mg AT BBy
x[(p1-P2)(P3-pa) +(2<3)+(2<4)].

4
p aya, Sasa a3 Saydy ayay Saas
(gpg>52?lm(5 5 - 59193 50204 | §501% 50245 )

(4.29)

2(py - p2) 4 8
flrz ”3fﬂ2M2KK
X [(p1-p3)* + (p1- pa)* = 2(p1- p2)?]
K 2b

:]ﬁ+7ﬂ3f Ty [+ u? - 2s7].
V4 T

A (s, t,u) =—

(4.30)

The first term in the exchange contribution agrees with the
first term in Weinberg’s amplitude (2.14). This therefore
proves that the dual holographic derivation is indeed
consistently capturing pion dynamics from spontaneous
chiral symmetry breaking. The remaining terms take the
form expected from vector meson exchange, giving a
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contribution to the O(p*) terms which agrees with the

expressions in (3.39),
N Aym
LS =—-L{ = P

The vertex contribution (4.29) contains further terms that
we can associate to pion self-interactions

b. (4.31)

1 3°r)
f*Mi 40 ()25
x[(p1 - P2)(ps 'P4) 2o3)+2<4)
¥R 22+
2D [ Mk
Comparing with Weinberg’s amplitude (2.14), and using
the expression for f,% in (3.39), we can read off an

additional contribution to the value of the coefficients in
the pion effective action

Ay(s,t,u) =

(4.32)

I8N, I(£
Ly =2LY = —° (6)8 : (4.33)
(47) Aym /AT (3)
The numerical value of the constant factor with the gamma
. . . re
functions is approximately NEiER 0.406.

The full value of the LECs when the vector bosons are
integrated out is the sum of the exchange and vertex
contributions L, = L§ + LY, L, = L§ + L}. However, if
the vector bosons are kept in the effective action, then only
the vertex contributions produce nonvanishing LECs in the
chiral Lagrangian L, = L}, L, = L3.

E. Integrating out vector bosons
and hidden local symmetry

One might find it convenient to integrate out only the
vector mesons above some mass threshold, in particular
keeping only the lightest vector mode. In the scattering
calculation the contribution from each massive vector mode
can be identified using an eigenfunction expansion of the
bulk propagator (4.14) entering in the exchange diagram

wa(Z
Z q+m '

n=1

G(Z.Z,;q) (4.34)

where the eigenfunctions satisfy the following equations:

2

07(u(Z)*07y,(2)) +%wn<z> —0,
Zl—.{IjI:loown (Z) - 0,
o w2y, (Z)
/_ ) dZ= = Z Sum- (4.35)

It should be noted that the O(p?) contribution to the pion
scattering amplitude is obtained from the ¢> = 0 value of

the bulk propagator. When expressed in this form, the value
of f, obtained from the amplitude is determined by the
exchange of an infinite tower of massive modes. Notice that
a bulk vertex diagram or a bulk exchange diagram might
not correspond necessarily to vertex or exchange processes
in the field theory dual, although it seems natural to do this
identification. Under this assumption, though, the vector
bosons corresponding to mass eigenstates would not couple
to the pions as Weinberg’s p meson discussed in Sec. I[I B
and the effective action of the pion field (before integrating
out the massive modes) does not have the O(d*z*) terms
expected in the chiral Lagrangian. Then, the effective
action written in terms of these fields would not comply
with HLS invariance in any obvious way.

The LECs obtained from integrating out all massive
vector modes except the lightest one would naively be
obtained by replacing the full bulk propagator by the
truncated sum

Gn>l Z Zlv an 'l l .

4.36
n=2 q + m” ( )

In this case the effective action of the pion would have the
expected O(0*z*) terms of the chiral Lagrangian, with an
effective value of f, determined by the modes that have
been integrated out. However, the right value of f,
measured in the full scattering amplitude would be recov-
ered only after considering the tree-level exchange by the
lightest vector meson.

The issue with HLS invariance of mass eigenstates has
been pointed out for instance in [12,16,19], where an
alternative basis of radial functions has been proposed to
construct an explicitly HLS invariant action. It would be
interesting if the scattering amplitude calculation could be
connected to the HLS covariant formalism in some way.

V. DISCUSSION

In this paper we presented a computation of the pion
scattering amplitude for two massless flavors in the WSS
model [1,6,7]. Our main result is given in (4.33). These
would be the coefficients of pion self-interactions in the
effective action before vector mesons have been integrated
out. It differs from the result that was extracted from the
effective action (1.1) appearing in the seminal work [6,7],
where the coefficients can be removed by a field redefi-
nition of the vector meson fields that puts the action in the
standard form (1.5). The main qualitative difference
between the previously quoted results and the actual value
of the LECs can be summarized in the following Table II:
These relations hold before massive vector mesons, corre-
sponding to mass eigenstates in the gravity dual, have been
integrated out. At lower energies, vector meson exchange
contributions modify the LECs, and we find that the

relation f,SU(Z) Z,SU(Z), with the values that were
originally proposed, holds up to the 1/4%,, corrections
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TABLE II. D-brane intersection in the WSS model. Branes are
extended along the directions marked with x.

Previous result
L;U(z) _ _L]S'U(Z)

Li~NJaym

Scattering result
LgU(z) _ 2L1§U(2)
L; ~ Ny

in the strong coupling limit that we have computed.6 In
other cases where the massive vector bosons do not
correspond to the mass eigenstates of the holographic dual
(e.g., [12,16,19]), the identification of the L; coefficients is
not as straightforward, but there will be a correction to the
coefficients of the effective action ~1/4%,, such that the
low momentum amplitude reproduces our results.

We will elaborate more on the implications below. In

addition to the WSS model, the relation Lgu(z) = —qum

was also obtained in bottom-up models that followed
essentially the same approach to derive the effective
action [8,9,14,15,17,18], with slight deviations from the
classical value when other fields are integrated out [10]. The
relation between L; and L, could possibly be modified
already at the classical level if the LECs are extracted from the
pion scattering amplitude following the method used in our
work, depending on whether they are completely determined
by vector meson exchange or not. However, in the bottom-up
models there is an additional bilinear field dual to the chiral
condensate whose effect in the scattering amplitude should
be studied more carefully, so we cannot extrapolate directly
the WSS results to those models. We also expect that the
value of the LECs in the effective action depend generically
on which fields have been integrated out.

The result for two flavors determines already the four-
derivative terms of the chiral effective action for an
arbitrary number of flavors N,. The reason is that, in the
large-N, limit, the only contributions to the chiral effective
action with O(N,) coefficients are single trace terms (see,
e.g., [28])

L, =L3""Tr(0,270"29,270%)

+ "M, zfo i E).  (5.1)
But for N, = 3 the last term can be rewritten as combi-

(Vo)

nation of the term proportional to LiU and double-trace

terms, giving

. )
L =2 " =1

L§U<3) — L§U(Nf) _ 2Z4§U(Nf).

®The modified LECs are measured always at energies much
below the vector meson masses, where the vector meson
exchange contribution can be approximated by an effective local
pion self-interaction, as in (2.27).

Then, for N; = 2, the two independent terms that are left
have coefficients

SU(N;) 7 SU(N;)

(5.3)

Therefore for an arbitrary number of flavors we claim
that the result is simply L5/ = 223V™) = 15V ywith

L3"® determined by Eq. (4.33).

We have limited our calculation to the leading contri-
butions to the pion scattering amplitude at low momentum.
Higher order corrections in momentum can be computed
systematically using the expressions for the bulk propaga-
tor introduced in (4.17) and (4.18). For momentum of the
order or larger than the confinement scale the full form of
the bulk propagator would be necessary. At very large
momentum, though, stringy o corrections become relevant,
and the scattering amplitude might be approximated by
integrating a flat space string amplitude along the holo-
graphic coordinate [21,46-50], an approach that has been
applied in [51] to holographic duals of confining theories.
However, as discussed there, in the high energy regime the
WSS model is dual to a six-dimensional theory, so not
suitable for a comparison with high-momentum scattering
in QCD.

A further important extension of our work would be to
study pion scattering with nonzero quark masses. Within
the WSS model this requires considering nonantipodal
embeddings and in the presence of an additional “tachyon”
field [41] that is dual to a quark bilinear. In bottom-up
models, such as the original AdS/QCD hard wall model
[11], or V-QCD [2], the tachyon field is already included,
and in addition the V-QCD model also has quartic terms in
the action of the gauge fields dual to the flavor currents.
The quark mass explicitly breaks the axial flavor symmetry
and gives a mass to the pions. ChPT can still be used, but
with additional terms in the effective action.

When quarks are massive, there is a finite scattering
length determined by the pion mass that can be obtained
from the pion scattering amplitude at leading order in low
momentum (see, e.g., [52]). A general prescription and a
few examples to compute the scattering length of massive
particles in strongly coupled theories using the holographic
dual were given in [23,24]. Higher momentum corrections
to the scattering amplitude can also be computed and used
to constrain the LECs appearing in the chiral effective
action. It would be interesting to extract the scattering
amplitude in holographic models and compare with recent
large-N, lattice results [53].

Finally, let us pronounce the main message of our work.
That is, the calculation of scattering amplitudes should be
applied also to other setups. As our example on the WSS
model shows, this might be a requisite step to correctly
identify the low energy effective theory that captures the
dynamics encoded by the holographic dual.
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APPENDIX: CALCULATION OF THE
FOUR-POINT FUNCTION

In this appendix we spell out the details of the calculation
of the axial current four-point function following the
procedure described in the main text. As listed in
Sec. IV C, there are three possible contributions we have
to study: O(F*) terms in the action and the associated terms
in the canonical momentum as well as O(F?) terms in the
action.

1. Contributions from O(F*) terms in the canonical
momentum: Contact terms

The O(e) solution to the gauge fields could give a direct
contribution to the four-point function of the axial current
through the ~F? term in the canonical momentum, T4 in

(3.29). The leading pole contribution involves just the f (z]ﬂ)
components

4]/‘ [4fzy(fa/,thqu fthfaZu)+4f%yfbﬂthZp
+2(faZuf§beZy+2beythuf%b)]

1
:_g[fgyszyfaZ’l+2f§yfazvfb2”]‘ (Al)
However, this contribution to the canonical momentum
vanishes when |Z| — oo, since from (4.21),

arfldle 4 3 !

(A2)
Therefore, there is no contribution to the expectation value
of the axial current or the four-point function from
these terms.

2. Contributions from O(F?) terms:
Exchange diagram

Let us discuss the contributions coming from terms
quadratic in the field strength. The O(A*) non-Abelian
quartic term in the action introduces O(e?) nonlinear terms
in the equations of motion, proportional to

[[Zz]a N€ubc€decl’]”yA/(41)bA,</1)dA(Zl)e,

I/[,z]aNGabCGdecAg)bAg)dA/(ll)e, eabCGdeC}’]aﬁA((xl)hA(l)dA<l>e.

s Au

(A3)

The antisymmetry of the structure constants guarantees that

there are no ~(A(Zl))3 terms. But these would be the only
terms contributing to the leading pole. As they are absent,
we can neglect the contributions coming from the quartic
terms in the gauge potentials.

The nonlinear terms in the equations of the bulk gauge
field originating from the O(A3) terms in the action are

][Zz]a _ I/t abc[ a/;’a (AbAL) _i_r]aﬂAZF;;Z]’
: : 1 :
17 = —e [0, (8 ALAS) + B ALFG, + 100, (ALAT)

1

—_pabpAb
o AO,F;/J . (A4)
Let us first identify the vertex contributions, they are those
with three field factors

[ZZJ) 3)a — _u3€abc€cde’7aﬂAgl)bA‘(ﬂl)dA(Z])e’

L u

[2] 3)a :_€abc€Cde|:M3A(Zl)bA(Zl)dA(l)e

T+ LAl AD AW ‘). (AS)
u

Since all the terms have less massless pole factors than

those required to give a contribution to the leading pole

term, we can neglect these contributions in the correlator.
Let us now move on to the exchange contributions, they

are those with two field factors

I[ZZ] (3)a _ —u3eabe [”aﬂaa(AzA%) 4

3 'I“ﬂAfo;z](l)‘(z), (A6)

1
[ = _gave [az(u3A§A;) +1PAL S, + - 170, (ARA)

1

o nalfs, | (A7)
The superscript notation means that from the two factors in
each term in the brackets, one should be O(¢) and the other
O(€?), and we must consider all possibilities. In order to
compute this contribution we will need the O(e?) inho-
mogeneous terms as well

170" = e g0, (A AL ) £ AL 1)), (A8)

11[42] (2)a — _eabc |:aZ(M3A(Zl)hA;(41)C) + M3A(Zl)hf(zlﬂ)"

! ey, 1 c
o0, AN 1A ) (89)
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In this case there is a contribution to the leading pole term

of the correlator from terms in 11(‘,21) with two massless pole

factors, corresponding to two external legs of the exchange
Witten diagram joining in a vertex with the internal leg.
This leaves only one term that needs to be considered

Z@a~, (A10)

11[42] (2)a ~—

et A ) (Al1)

Taking this into account, we can set A(Zz)a

the leading pole contribution. This leaves

~ () to compute

2)b 4 (1
@b p()ey 4

1 [Zz] (B)a o _3eabe (70, (A/)’

(l/}A f/}Z L
(A12)

R U VA VU o V7 PN )

Finally, there could have been an O(e*) exchange con-
tribution where the internal leg of the Witten diagram is the
Abelian component of the D8-brane gauge field and the
vertices are determined by the Wess-Zumino action (3.18).
To compute this contribution one should first find the O(€?)
solution for the Abelian field. The inhomogeneous terms in

the Abelian field equation are proportional to

wz wz
I[Z ] praﬂ f faﬂ ll’ IL ] vZaﬂ fuZ faﬁ)a-

(A14)
But none of these terms has two massless pole factors, so
they do not contribute to the leading pole term in the
correlator of the axial current.

Moving on to the calculation of the solution to the gauge
field, given the O(e) solutions (4.20) with momenta p;, p;,
the O(e?) inhomogeneous term contributing to the leading
pole would be

2] (2)a
12 pipiZ.q)

s
lp PjuPj
~_¢0 // q-pi— l(‘sﬂﬁ_—z)
i /D pi Pj

X eabCASa(pi>A5ﬂ(pj>7 (A15)
where we are using as shorthand notation
d4
= [ Gatr=Cora¥). (19

One can check using the symmetries of the integrand that

q'l ,(,2> =0, so this is a transverse term and in addition it is
independent of the radial coordinate Z. We can further
simplify this expression by keeping only the leading pole
term

12 pipjZ.a) =i (pi pi @)bo(2), (ALT)

where, in order to make expressions more manageable we
have defined

. V]

2)a 4 ipf Pjul;

l/(4> (pi’pj;Q) = _;/ /p 5q—p,»—pj pzl pzj
i j i Jj

J

X €abCAga(pi)Ag/}(pj)'

(A18)

Then, from (4.11), the O(e?) gauge field solution is

Al (z, q)ﬁ/dZIG(Z,Zl;qz)ILz](z)a(Pi’l’j%Zl’Q)

~ i (i pji @)@ (Z) + POP(2)]

+0(q"). (A19)

where

(2)= [ 4Z,6(Z.2:0)0(2) = 5wl @) wo(2) 1),

&2 (z) = / 42,6 (Z.2,)do(2y). (A20)

Here we are introducing an additional approximation, not
only p; =0, p7 ~ 0 are close to lightlike values, but also we
assume |(p; + p;)*| < 1, i.e., low energy and momentum

for the external pions.
Next, we compute the O(e?) inhomogeneous terms

I[Zz] ()a _2u3€abcnaﬂAfl2>haﬁA<Zl>‘ (A21)
ILZ] (3)a ~ _2€abcu3A(ZI)haZA’(42) < (A22)

0, n0,A7’* = 0 and
kept the leading pole terms only. Assigning momentum p;,
to the O(e) factors

where we have used d,(134))) =

; 4 -
10z, p) =~ [02(2) + ¢ 90)(2)]
X/ /5p/—pk—q€abclf(l) (Pi-pjiq)
Pr v 4
PEPL A
X kzkAgﬁ(pk)’ (A23)
Pk
17V~ -2 10,00(2) + ¢20,87 ()]

ip} A
q zkAga(pk)
Pk

(A24)
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Let us define

.(3
l/(4 )a(pi’pj9pk7pl)

4 c:(2)b pg 4
- __/ /5]7]—[7k—q€ab l,‘(") (pi7 pijI)_zl(Aga(pk)’
TJpeda P

(A25)
then
1792, p)) = —[@)(2) + ¢?®)(2)]
< iphil (pipjs o pr)s  (A26)
17V = [0 (Z) + PP (2)il) (pipjpi.pi). (A27)

Following (4.11) and (4.13), the O(e®) solution for the
gauge potential is

21 (3)a v P pa ;3)a
Al[l]() (val)z<5ﬂ_ ;21>1£’) (pi,Pj’Pk’pl)
I
x [00)(Z) + $d3)(2)],

_0(Z) + g?dP(Z)ip}

1+22 pi
X iC(IS)a(phpjypkapl)’ (Azg)
where
®0C)(2) = / dz,G(Z,Z,;0)0?(Z))
T
= garctan(Z)yo(Z)(wo(2) — 1),
60(2) = [an6(z.2:008% @), (A)

The O(¢?) field strength is proportional to the pion mode
solution (3.27). First note that

fon(Z.pi) = oAV (2. po) = ipy, A7
x 0,(0)(2) + ¢*30)(2)

02 (2) + g?®?(2)
1+ 22 ’

(A30)

On the other hand, using the definition of the Green’s
function in (A29)

921 (2)9,01] = @2'(2).
9,016(2)9,0%] = d)'(Z).

(A31)

We can integrate once each equation and, since u(Z)? =
1+ 2% = 1/(ngy(Z)), it follows that

@(2)(2)
GZCD(” = 1_|_22 +C7[¢0(Z),
(i)(Z)(Z)

In the limit Z — oo the terms proportional to @), ®?) in
the equations above are subleading, while the leading terms
have the asymptotic form

C

GZCI)(3) ~cnpo(Z) N?,

0,00 ~engpy(Z )~—. (A33)
Using the expansion in (4.19), the coefficients of the

asymptotic terms are determined by the following integrals:

e = Jim 220,00 = [ azyyo(2)0(2) = 1.
¢ :thz2azci><3> = /°° dZ,wo(Z)®?'(Z,).  (A34)

The first integral can easily be done taking into account that
$0(Z) = y(Z), so the integrand turns out to be a total
derivative. The second integral can be manipulated to show
it is equal to

where b is given in (3.39).
The leading pole contribution in the field strength can be
identified as

2
(3)a b3 b Pzﬂpz
Z.p)~—|———

(3)a

X ig (Pis Pjs Prs P1)- (A36)

Plugging in (A18) and (A25), and integrating over g

results in
4 PlﬂP P,Pk
g o o pz Pk—Pi—Pj pzpzpfpi

x (p1-pj )[1 (p, : p,-)}

2 €abC€bdeA§la(Pi)Agﬂ(Pj)Agy(Pk)~

ny (Z pl

(A37)

Note that the radial dependence is the same as for the pion
mode solution (3.27). Then, the calculation of the canonical
momentum and expectation value of the current will
proceed along similar steps, resulting in an exchange
contribution to the axial current,
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a 2 Plp p Pk
V5 (p), =3 f /// — 555 P p) |1 ——
3 o, I Pi=Pk=Pi—Pj P%Pzzl’?Pk J

2 p pﬂ aveebdedd (p)AS,(p)AS, (pr). (A38)

Restoring units, the exchange contribution to the leading pole in the four-point function of the current is

<JM1 “ (p )Jﬂz @ (Pz)ﬂ3 @ (P3)JI§4 “ (P4)>e

= 2if? <Hp’ )52 »
<o p -

372
T Mzg

+(2<—>3)+(2<—>4)}

Or, using momentum conservation

(5" (p1)I5* 2 (p2) 5 (p3) 5 ™ (pa)).

s 4b
~=2if, (H?) o5, H(m “p2) - P

+(2<—>3)+(2<—>4)].

3. Contributions from O(F*) terms: Vertex diagram

The last possible contribution we have to study origi-
nates from the O(F*) terms in the D8-brane action, the
one that would introduce the nonlinear terms in the
equations

[4]
wa _ 1 <7za’>2 2( [4]a 5‘CDBI)
1= (Z5) w2 ( 9,0 BBt )
z L? 5AS
[4]
wa _ 1 (ma\? sy 29Lbp
" = 2(L2> Oz(u lg'") —u SAc

"
4
+u*(a, 5513131 _551[3%31
00,A;, sAY )|

At O(€®) we need to keep only terms that are at most cubic
“

in the fields, so terms ~ 5{&2‘3' can be dropped, and only
M

[\

(A41)

terms involving three factors of the Abelianized field

strengths fl%‘,l remain. Among these, the leading pole
contributions must come from terms with three factors of

SLpy

50,A¢
does not introduce any such terms. Hence, using (A1), all
leading pole contributions are the following:

the f (Zlﬂ) components. One can check using (3.15) that

[(P1- P2)(P2- (P3+ Pa)) = (P1 - Pa)(P2- P4a) = (P1 - P3) (P2 'P3)]}5a‘a25a3a4

(A39)
[(p1 'p3)2 + (pl -p4)2 _ 2(]?1 .p2)2]}5a|a25a3a4
(A40)
|
4 (3)a ”a/ n”
215" f) ”fél}h)’
1 a
0 (Y a1
+2ny fZ/l fZM >) (a42)

Going to momentum space, and using (4.21) and (3.14),
yields

4]1(3)a . a:(3)a
I[Z](> (Z’q)z_u(Z)qﬁO(Z)zlq JSI) (plapjypksq)v

1z, q) 20, (u(Z)do(2)2)]5° (A43)

(PP} Pi-49)-

where the leading pole factor is

] )2
4A%M Pi s PjJ Pk T

PPk P
X —5—5—5(pi* p))
piripe

X ((su,ajéaak _|_ 5aiak5aaj + 5”j“k5(wi)
x A5, (p)AS,(p))AS, (pe). (A44)

.(3
J/(4 )a(Piijka,Q) =
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Following (4.11) and (4.13), the O(e?) solution for the
gauge potential is

41(3)a ., P Pi .(3)a
AL]U (Z,pl)z‘{’(3)(z) (5”—#)J;<4) (Pi,Pj,Pk,Pl)

P
[4](3)a u(Z)po(2)* ipf (3
A7 Zop) = =T —%] “(pis Pj Prs P1)
(A45)
where
¥(2) = [ 42,6(2.2:000, (2)o(21))

_TZ,F, (3.3:3:-2%)  3z(7122 +11)
4077 407%(Z2 + 1)3/3
I'({) arctan(Z)
- 71'5/21_‘(5)

(A46)

The leading pole contribution in the field strength can be
identified as

(%) PLupY
bo(Z) L 1D (pis pjs i P1)-

)a
4z, p
o ( l) 3/2F( ) Pl

(A47)

Plugging in (A44) results in

3) 351—* 13
@) =@yt [ [ [ o
Zﬂ 4\/7_TF(’3 ﬂzYM i pj Pk e ]7] P
PuLrLplr;

(i )P P1)
pipivip;

X (5a,ajéaak + 54k §aa; + 5a,ak5aai)

x A (p)AS, (AT, (pi)- (A48)
Note that the radial dependence is, once more, the same as
for the pion mode solution (3.27). Then, the calculation of
the canonical momentum and expectation value of the
current will proceed along similar steps, resulting in a
vertex contribution to the axial current

(), = 2 () [ ][

Pi)}y —Pi=D—Ps

5 v 8\/_F)/1 p[pkaIPP]PA
p,pkp P,
———5—3(pi-p)) Py P1)
pivivipt

% (5a,a,5aak + Sdiax §aa; + 5ajak50ai>
x A?g(Pi)A?};(Pj)Agz(Pk)‘

Restoring units, the vertex contribution to the leading pole
in the four-point function of the current is

(5 (p)IS 2 ()5 (P3) IS5 ™ (pa)),

fﬂ 35F 13 (sz >
Bl M2KK4\/7‘[F /12YM ; 117;

X 52 (5a1a25a3a4 + 5a1a35a2a4 _|_ 5a1a4502a3)

(A49)

x[(p1-p2)(p3-ps) + (2 < 3)+ (2« 4)]. (AS0)
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