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We develop in a companion paper the kinematics of three-dimensional loop quantum gravity in
Euclidean signature and with a negative cosmological constant, focusing in particular on the spinorial
representation that is well known at zero cosmological constant. In this paper, we put this formalism to the
test by quantizing the Hamiltonian constraint on the dual of a triangulation. The Hamiltonian constraints
are obtained by projecting the flatness constraints onto spinors, as done in the flat case by the first author
and Livine. Quantization then relies on g-deformed spinors. The quantum Hamiltonian constraint acts in
the g-deformed spin network basis as difference equations on physical states, which are thus the Wheeler-
DeWitt equations in this framework. Moreover, we study how physical states transform under Pachner
moves of the canonical surface. We find that those transformations are in fact ¢ deformations of the
transition amplitudes of the flat case as found by Noui and Perez. Our quantum Hamiltonian constraints,

therefore, build a Turaev-Viro model at real q.
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I. INTRODUCTION

Three-dimensional gravity is often taken as a testing
ground for new approaches to quantum gravity as it is much
better understood compared to the four-dimensional case.
Here we consider 3D gravity as a topological model
(meaning the triad can degenerate) through the BF formu-
lation. A criterion for the validity of novel approaches to
their quantization is that they reproduce the results obtained
via previous approaches, such as its topological invariance.
In the absence of a cosmological constant, nonperturbative
quantization in the canonical approach, i.e., the loop
quantum gravity (LQG) based on the BF formulation of
gravity [1,2], and the covariant approach, based on spin
foams and more precisely the Ponzano-Regge model [3-7],
give consistent results. In particular, it has been shown by
Noui and Perez in [8] that the scalar products of physical
states defined in LQG are given by the Ponzano-Regge
amplitudes.

A more recent approach has emerged that aims at
quantizing the Hamiltonian constraint instead of the flat-
ness constraint derived from the BF formulation. In the
case of vanishing cosmological constant (which we will
often refer to as the flat case), the Hamiltonian constraint
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translates in the spin network basis to difference equations
on the coefficients of the physical states. These difference
equations should really be seen as Wheeler-DeWitt equa-
tions for 3D LQG. In particular, they are solved by spin
network evaluations, as expected from the Ponzano-Regge
model [9,10].

When the cosmological constant is nonzero, the con-
nection between LQG and spin foams is less clear. On the
spin foam side, the Turaev-Viro model [11] is known to
provide the partition function of 3D gravity in Euclidean
signature with a positive cosmological constant [12]. It is a
sum of states in SU,(2) representation, with ¢ a root of
unity encoding the cosmological constant. It is thus a ¢
deformation of the Ponzano-Regge model, further providing
a regularization through a natural cutoff on representations
when replacing SU(2) with SU,(2). The large spin limit of
the ¢ —6j symbol matches Regge calculus for curved
tetrahedra [13]. The Turaev-Viro model thus provides an
example of the interplay between the cosmological constant,
curved geometries and the quantum group deformation of
Lie groups.

On the LQG side, the Hamiltonian takes a more
complicated form when the cosmological constant is
nonzero, so much so that even how to discretize it has
been unclear, and it seems to evade traditional LQG
methods. It has nevertheless been conjectured for a long
time that the quantum theory ought to be described
by quantum groups, as expected from the spin foam

© 2023 American Physical Society
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model [14-18]. One (indirect) way to relate 3D LQG
with a nonvanishing cosmological constant to the
Turaev-Viro model is to take the Chern-Simons formu-
lation of 3D gravity and consider the Witten-Reshetikhin-
Turaev path integral Zy (M) on a three-manifold M
with the Chern-Simons action with opposite levels, say k
and —k. It has been well known that the Turaev-Viro
state sum matches such path integral as Z;y(M) =
| Zwrr(M)]? [19,20].

A more direct approach for bridging the two quantum
gravity approaches would be to work on the BF formulation
with a cosmological constant term itself. Canonical analysis
for the BF action written with the standard triad and
connection variables leads to a torsion equation independent
of the cosmological constant so that the kinematical Hilbert
space upon quantization is spanned by the SU(2) spin
network as in the case with a zero cosmological constant. In
this setting, one can expect, through the connection of
cosmological constant and quantum group deformation, that
the quantum group structure would only appear at the level
of the physical Hilbert space since only the curvature
equation depends on the cosmological constant. One
proposal to realize this and thereby connect LQG directly
to the Turaev-Viro model was given in [21-23]. There, a
new curvature constraint was defined via a new (Poisson
noncommutative) connection, leading to a redefinition of
the physical scalar product and recovering the Turaev-Viro
amplitude.

From the geometrical point of view, the nondeformed
kinematical structures given by imposing the torsion-free,
or Gauss, constraints represent discrete flat 2D geom-
etries. Then the deformed dynamical structures are
expected to describe the gluing of these flat 2D geom-
etries to approximate the curved 3D geometries, as a
deformed version of the case with a zero cosmological
constant [9]. Indeed, one can approximate a curved 3D
geometry by gluing flat 2D pieces and take the limit as
the sizes of these pieces approach zero. It was moreover
argued in [24-26] that the continuous symmetries survive
at the discrete level when one uses curved 2D pieces
instead of flat ones.

This suggests we rethink the definition of the kinematics
and dynamics in the BF formulation with a nonvanishing
cosmological constant. The kinematical phase space
defined with the Gauss constraint can in fact be deformed
so that its quantization naturally leads to a quantum group
deformation. In particular, this kinematical phase space
describes 2D curved geometries [27]. Then the physical
phase space, defined by imposing the flatness constraint,
describes the gluing of these 2D curved geometries into 3D
curved geometries. The gap between the discrete, classical
theory and the continuous action was further filled recently
in [28].

This program was carried out in [27,29] to a large degree.
There, the phase space is defined in terms of deformed

fluxes and holonomies and the Poisson structure is based on
the Heisenberg double of SU(2). In [29] we have inves-
tigated the quantization, using the same techniques as in [9],
i.e., by building a Hamiltonian constraint out of the flatness
constraints. It can be classically interpreted as generating
displacements of the vertices of the triangulation [30]. At the
quantum level, the Hamiltonian constraints give rise to
difference equations, which can therefore be considered as
the Wheeler-DeWitt equations in the spin network basis. We
considered in [29] the (simple) case of the boundary of the
tetrahedron and showed that the solution to those difference
equations is the ¢ — 6 symbol.

Here we are interested in using the spinorial formalism
for LQG instead of holonomies and fluxes, and in further
extracting all building blocks for the transition amplitudes,
i.e., to go beyond the case of the tetrahedron from [29]. In a
companion paper [31], we revisit all kinematical aspects of
this g-deformed LQG model in more detail, and in the
spinor representation. (This was initiated in [32].) In
particular, the quantization of the deformed spinors can
be performed in terms of ¢ bosons. We then use those ¢
bosons to define the invariant operators that are needed for
the quantization of the Hamiltonian constraint in spinor
variables.

In this paper, we describe the dynamics using the
deformed spinors and ¢ bosons of [31]. The Hamiltonian
constraint built from the deformed spinors is a direct
generalization of the nondeformed version given in [10].
At the quantum level, the Hamiltonian constraints also give
rise to difference equations which are direct g-deformed
generalizations of those of [10]. Here we go further to
provide the transformations of the physical states (in the
spin network basis) under Pachner moves of the canonical
surface. This is equivalent to finding the building blocks for
spin foams, or for the transition amplitudes, as emphasized
by Noui and Perez [8]. In particular, we find that those
building blocks are exactly those of the Turaev-Viro model
in a version with ¢ real (note that this version suffers from
the same finiteness issues as the Ponzano-Regge model).

This paper is organized as follows. In Sec. II, we concisely
recall the discrete classical phase space in terms of the
holonomies and (deformed) fluxes introduced in [27], as
well as the Gauss constraints (used to define the kinematical
phase space) and the flatness constraints (used to define the
dynamical phase spaces). In Sec. IIl we move on to the
construction of the deformed spinors, following [31], and of
the Hamiltonian constraints. The quantization is performed
in Sec. IV, again following the prescriptions of [31]. This is
where in particular we find the difference equations
encoding the Wheeler-DeWitt equations in the spin net-
work basis. Then in Sec. V, we study how solutions to the
difference equations are related under Pachner moves,
thereby providing the building blocks for the transition
amplitudes a la Noui-Perez.
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II. CLASSICAL PHASE SPACE
AND CONSTRAINTS

We start by recalling the main ingredients of the classical
phase space for 3D loop gravity with a negative cosmo-
logical constant A in the Euclidean signature. More details
for the mathematical setup can be found in [27,31]. The
phase space is associated to a graph I', which is dual to a
cellular decomposition of the canonical surface Z. It has V
vertices, E edges and F faces (the connected components
of Z\I).

Here and throughout the paper, we use « := @ for a
cosmological constant A < 0. It is a parameter that deforms
the Poisson structure with respect to the case of vanishing
cosmological constant.

A. Phase space for a single edge

We first consider a single edge and associate to it a phase
space: the Heisenberg double (D(SU(2)), zy) of SU(2). It
is the group D(SU(2)) = SL(2,C) = SU(2)><AN(2) with
Poisson structure 7y fully determined by a classical r
matrix r € 8/(2,C) ® 8/(2,C). The Poisson brackets can
be compactly written as

{d,.dy} = —ryd\dy + dydyr = rd\dy — dydyry,
V deSL(2,C), (1)

where dj =d ® I,d, =1 ® d. The r matrix is chosen as

1 0 0 0
. 3 .
1K & ikl 0O -1 4 0
= i i = 5 2
' 4;‘7@/’ ilo o -1 o] @
00 0 1

Here o 5 5 are the Pauli matrices while p; = ¢; + % [63,06,].
Finally, r,; is given by the permutation of the two vector
space components of r (in the above 4 x 4 representation,
1y is simply the matrix transpose of r). The equality of the
last two expressions in (1) is guaranteed by the property
that r =1 (r+ ry;) is the Casimir thus [r,, d;d,] = 0.

It is important for loop gravity to split an SL(2,C)
element via the Iwasawa decomposition into the product of
an AN(2) element and an SU(2) element. One can write
d € SL(2,C) in exactly two ways as

d=tu=ut, ¢,€AN(2), uieSU2). (3)

This phase space can be seen as a deformation of the
holonomy-flux phase space at A = 0 [27,33]. In the flat/
nondeformed (A = 0) case, the phase space of an edge
is described by ISU(2), the holonomies are described by
SU(2) and the fluxes are described by R>. Here, in the
deformed phase space SL(2,C), we also let the SU(2)

o A

(x Al

=A

FIG. 1. A ribbon edge R(e). The variables Z,u.Z,ii are
assigned to the four sides of the ribbon edge and they are subject
to the ribbon constraint ZuZ~' =" represented as the trivialization
of the loop around R(e). The positions of these variables are fixed
such that the directions of u and i are opposite to that of the edge
e (in gray).

subgroup describes the holonomies while the (deformed)
fluxes correspond to an AN(2) subgroup. That is, for each
phase space variable d, we perform the Iwasawa decom-
position (3) then u and & are holonomies, while # and %
are fluxes.

We call the constraint

C=1€SL(2,C) forC:=cut ! (4)

the ribbon constraint, associated to every edge of I'. It has
six real components and forms a set of second-class
constraints with respect to the Poisson brackets (1)
(meaning that the brackets between the components do
not close).

The ribbon constraint has a natural graphical interpreta-
tion. Since the edges of I" are embedded in a surface, there is
a natural clockwise walk around each of them. It goes
(i) along the edge on one side, (ii) crosses it at its end,
(iii) goes back along the edge on its other side, and (iv) finally
crosses it again to close the walk. Equivalently, one thickens
the edge by taking a tubular neighborhood in X, as in Fig. 1.
The boundary has four pieces that naturally correspond to
the four parts of the walk above.

If e is an edge in T, then we denote R(e) its thickening,
called the “ribbon edge.” The boundary pieces parallel to e
will be called the “long edges” of R(e) and the boundary
pieces that cross e at its ends will be called the “short
edges” of R(e). We can orient the long and short edges
clockwise around R(e). The matrices u, Z, ii™', 7~ are then
assigned in this order and as pictured in Fig. 1. In particular,
u and i are assigned to the long edges of R(e), while # and
¢ are assigned to its short edges. Equivalently, we can think
of u and i as associated to e itself and # and Z to each half
edge, i.e., a pair of an edge and an incident vertex.

To fix the position of the variables around the ribbon, one
can use the orientation on I" and decide for instance that u is
oriented opposite to e. This is the convention we will use.
The ribbon constraint C = ZuZ~'~" =1 is then a flatness
constraint around R(e).

The Poisson brackets (1) can be equivalently written as
brackets between holonomies and fluxes
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(61,62} = =[r. 6\ 6], {1 u} =~ ruy,

{u, 62} = Coruy, {uy, uy} = —[r, uyu,),
{1.6,} = [r1.610a). {1, i} = —iyry?),
{ii, 82} = wyrey. {iy. dia} = [r, iy i) (5)

All other Poisson brackets, e.g., {¢,ii,} can also be
obtained by combining (5) and (4).

The AN(2) elements # and 7 can be parametrized as
2 x 2 lower triangular matrices

A0 - i 0 -
f:< ) f:( - ) ALAERT, z,ZeC.
z A1 7 17!
(6)

By also writing the holonomies u and i in the fundamental
representation, one can write down all the Poisson brackets

between the matrix elements of u,it and A,1,7,%.%,7%
(see Refs. [27,31] for details).

B. Ribbon graph phase space

We extend the phase space defined above for a single
edge to the whole graph I', by taking the product of
SL(2,C) over the edges. Graphically, one thickens every
edge of I as before. However, this is not enough since there
will be interactions between the group elements of differ-
ent edges which meet at vertices of I'. An advantageous
graphical representation is to thicken I itself. Each vertex
v of valency d is fattened to a ribbon vertex R(v), i.e., a
d-gon whose boundary edges correspond to the edges
incident to v, and are glued to the short edges of the ribbon
edges [the boundary vertices of R(v) correspond to the
“corners” at v between adjacent edges]. In other words, a
ribbon vertex is a face whose boundary sides are dressed
with fluxes #s and Zs.

Overall, the holonomies u,, i1, are labeled by the edges
of I' and assigned to the long edges of the ribbon edges.
There are two fluxes associated to every edge of I', denoted
£, € AN(2) if e is outgoing at v, and 7, € AN(2) if e is
incoming at ». Since each is in fact assigned to a half edge
(e, v) [equivalently a short edge of R(e)], we will use the
generic notation 7, for either one of them.

Since there are also two holonomies along e, it is
tempting to distinguish them in terms of half edges. This
is possible using orientations. We denote u,, the SU(2)
matrix, which points towards #,, (so that if Z,, = Z;' then
u,, = ii;' and else ¢,, = ¢, and u,, = u,).

C. Gauss and flatness constraints

The phase space for I" described above is constrained by
the ribbon constraints C, =1 on every edge. Gravity
further imposes two additional sets of constraints, namely
the Gauss and flatness constraints. Gauss constraints are

€2
Zeg v
€3 €1 - <X
\
/
€4 €6 h > - h
665’0
€5 $

FIG. 2. A vertex v on which edges meet becomes a ribbon
vertex R(v) incident to ribbon edges. The ribbon vertex is here
depicted with a dashed boundary. Due to the clockwise orienta-

tion of the short edges of every ribbon edge, the matrix Z,,
around R(v) are all oriented counterclockwise.

associated to vertices and impose that the ordered products
of the fluxes along the short edges of every R(v) are trivial.
Flatness constraints are associated to the faces and impose
that the ordered products of the holonomies along the long
edges that border every face is trivial. Those two sets of
constraints are first class.

To write the Gauss constraints explicitly, choose (ran-
domly) one edge of reference at each vertex of I and call it
e, then order the edges from 1 to n, i.e., e, ..., ¢, by going
counterclockwise around v. Notice that all the AN(2)
matrices 7, , on the boundary of the ribbon vertex R(v)
are oriented counterclockwise, as shown in Fig. 2, for any
choice of orientations of the edges incident to ». The Gauss
constraint is then simply the flatness around R(v). It reads

fenv"'felv:ﬂ' (7)
We repeat this construction on faces instead of vertices:
choose a random edge of reference around each face f and
denote it e;, then e,,...,e; are the edges encountered
counterclockwise around f. For all possible orientations of
the edges ey, ..., e, on the boundary of f are, the SU(2)
matrices u,, are all counterclockwise. The flatness con-
straint on f reads

Ueyvy * " UeypyUeyp, = 1, (8)
as pictured in Fig. 3.

Gauss constraints generate local SU(2) transformations
through the Poisson brackets [27,31]. As usual in symplec-
tic geometry, first-class constraints are not only imposed but
one also needs to quotient out the phase space by the orbits
they generate. This is called the symplectic quotient. Here,
one obtains Py, = SL(2,C)£//SU(2)", which is called
the kinematical phase space, where E and V denote the
number of edges and vertices in I

It was shown in [27] that the Gauss constraint for a
trivalent vertex geometrically represents the hyperbolic
cosine law, implying that the kinematical phase space
describes hyperbolic geometry (at least hyperbolic triangles
in that case).
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€2
€3 €1

€4 €6
€5

FIG. 3.
edges on the right. All matrices u

€ilit]

On the other hand, flatness constraints generate
(deformed) translations [27]. The physical phase space is
then obtained via the symplectic quotient of the kinematical
phase space by the flatness constraints, Ppuys = Pyin//
AN(2)F with F as the number of the faces in T

In the A — 0O limit, one recovers the Poincaré phase
space structure of first-order 3D gravity. In particular, the
flatness constraints generate an R? action, i.e., translations.
Geometrically, those translations simply move the vertices
of the triangulation (dual to the faces of I') around (three
directions for the three components of the constraints). The
flatness constraints also enforce the dihedral angles to be
functions of the angles within triangles as in flat, Euclidean
geometry (recall that dihedral angles measure the extrinsic
curvature at the discrete level) [9]. This geometric picture
arises when the constraints are written on the basis
determined by the fluxes themselves. It is also possible
to describe them on a spinor basis [10], which is what we
will focus on in this paper.

III. SPINORIAL REPRESENTATION

In this section, we rewrite the g-deformed loop gravity
phase space structure described above in the spinor
representation. In particular, we define the deformed

|

When considering ribbon edges and ribbon vertices, the face on the left bounded by edges ¢, ..
,i=1,...,6 are oriented counterclockwise around the face.

<
<

Ueqvg
Uezvy Ueyvy
ueevl

Ue4v5

Uesvg
A
Yl

., € becomes bounded by long

spinors that can be naturally associated to the ribbon graph
and reproduce the SU(2) holonomies and the AN(2) fluxes.
We also define the scalar products of these deformed
spinors, living at the corners of the ribbon graph, which
are SU(2)-invariant quantities hence live in the kinematical
phase space. These scalar products are especially useful in
constructing the Hamiltonian.

A. Deformed spinors

Here we describe the x-deformed spinors that can be
used to describe the phase space and the constraints in place
of the variables u,,,?¢,,. We will only give the main
ingredients needed to construct the Hamiltonian constraint.
The fully detailed construction appears in [31].

The building blocks are two independent pairs of
k-deformed spinor variables (Z%, %), (C5,C5) and their
complex conjugates (5, Z%), (£5,<)). The norms of these

x-deformed spinor variables are (%% = Z2sinh (%),

Zf,g’f, = 2sinh(%),A =0, 1 where N, and N, are real

Tk
functions of the k-deformed spinor variables.' They satisfy
the Poisson brackets

- . KN . . ez
{C5. 05} = —ibag COSh<TA>, {NA. 05} = i6a8C%, {Na.Ch} = —idapCY.

e 2K . kN, S~ 2 . K ~ Tk . K
{CQ,CB} = —ibyp COSh<TA>, {NmCB} = i0458%, {NA,CB} = —ibspCa, A,B=0,1, (9)

and all other Poisson brackets vanish.

Let e = ((1)

_01 ) These x-deformed spinor variables can be used to define two types of deformed spinors:

'N4 (A =0, 1) is the norm of the x spinors at x — 0 thus the norm of the standard spinor variables and likewise for N,.
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(i) The SU(2)-covariant spinors, transforming under SU(2) gauge transformations in a covariant way. We denote them
as |7) and |7), and their duals as |¢] and |7],

|t>:<t_>:<ezg“6>, |t]:€|i>:<—_f+>:<—e;7_ﬁ>7

Ly ek I ey

7 = (f‘)—(eZ%), |;]:e|?>:<_f+): (‘ez‘:l) (10)
Fr e g L g

(i) The braided-covariant spinors, transforming in a braided-covariant way [31]. We denote them as |z) and |7) and their
duals as |z] and |7],

(T e_KNT]Cg Y A T —e*f’f
7) = = . | A== _ )= .. |
T+ ey T e+ ()
|%>—(f‘)—<€:§fg>, |ﬂ—e|%>—(f*)—<‘e§fl>. (1)
T el - e ¢

0

The norms are (t|r) = (z|r) = 2sinh§ (Ny + N, ), and similarly (7|7) = (#|¥) = Zsinh% (N, + N,) (the norm of a dual is the
same since e’ = e~!). They match if the so-called norm matching condition holds, which is just Ny + N, = Ny + N,.
Holonomies and fluxes can be reconstructed as follows:

oo (exp(Z(l\il_NO)) 0 ) 5 (exp(ﬁ(]_%—ﬁ]l)) 0 )
—KEHCT exp(§(No—Ny)) ) kCols exp(5 (N, = Ny)) ’
BRI IBE -l )
(z]7)(77) (1) (z|7)

with Ny + N, = Ny + N,. It is straightforward to check that the deformed spinors are related to one another by parallel
transport via fluxes and holonomies.

K(Ng+N k(No+Np) ~
—Soy

e, =l
|

b, ulf =1z, alE =, (13)

) =e

Those relations have a natural graphical interpretation: the To avoid writing separate equations for |7) and |7], we
spinors can be assigned to the corners of the ribbon edge.  introduce the following notations:
For instance, |7] is at the source end of the long edge
carrying u and |7) is at its target end. This is depicted in

. . (Ng+N1) *(No+Ny) . 1= (=1)5t Ay , 77 = (=1)4%,,
Fig. 4 (we do not include the factors e “ande 5 in i { S and i g i (14)
the graphical representation). [y =14, Iy =14,
1) 7 17
v = | for A = £1/2. Similar but exchanged notations are used for
1 [ ~
£¢ ¢£ 7 and T,
1 1
I7) Y 7]
. ‘ . ‘ Tp = T4, Ty =174,
FIG. 4. The ribbon edge with the holonomies on its long edges, N s and - s (15)
fluxes on its short edges and spinors on its corners. 7, = (=1)747_,, 7, = (=127,

026015-6
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For reference, we explicitly write the spinors and dual spinors with those notations in a footnote.” The norms read

t|t Z Z 2+A

e:I:A i-l

S PILCIE Tt

eiA j:_

and the holonomies

1 Je
s = = 2

B. Gauge invariant quantities

We have described the spinors associated to an edge.
Consider now two edges e;, e, meeting at a vertex v and
incident to the same corner of I'. The ribbon edges R(e;)
and R(e,) share a corner where we have a spinor of ¢; and a
spinor of e,. Their scalar product is gauge invariant. Given
fixed orientations of the edges, there are four possible
products (each spinor and its dual). There are moreover
four configurations of orientations, shown in Fig. 5. For
instance, the four scalar products for the bottom-right
configuration are (f,|z,), (t,|z1], [f2|71), and [t5|7;].

Using the notations (14) and (15), we can give a uniform
expression to the four scalar products at fixed orientations.
For example, when both edges are outgoing,

(7] for e =4, =+

) € <t2|71> for € = —,€6 = +
Ege) = Z T 4ty = f . o

A=%1/2 [ta]ry]  fore) = +.6, = -

[ty]7))  fore; = — ;= -

(19)

(S}

where the subscripts A =
simplicity.

ﬂ:% have been notated as A = + for

Z Z 2+A 7

e:I:A j:l

Z > el- s (17)

eiAi

€15,
1
2

-1

1
g = €T4 1 . 18
NI 18)

The other orientations are obtained by changing 7, to 7; and
t, to 7, and the invariant is still denoted Eei Z‘l

It will be convenient to encode all the orientations and
have a fully uniform way of writing the invariant. We orient
the corner between e; and e, counterclockwise. We say that
the orientation o; of ¢; for i = 1, 2 is positive if it matches
that of the corner, and negative otherwise. We denote the
spinors meeting there as 7, , and 7,,, according to

te]v tezv
0] = 1 %1 0y = 1 t2 (20)
o1 = -1 (31 0y = -1 ;2
so that
<tezv|te]v] for € =+,6=+
.61 <lezv|te]v> fore; =—, 6=+
Eezkl = (21)
[l821)|t€]1/‘] for € =+,6 =—
[t821)|t€]1/'> for € = —, 6 =—
to 71 to T1
to 71 ty T
FIG.5. Two edges meet at a vertex and share a corner. There are

four configurations of orientations and we indicate the spinors at
the common corner.

026015-7



BONZOM, DUPUIS, and PAN

PHYS. REV. D 107, 026015 (2023)

/ /
€it1 €it+2

FIG. 6. A sunny graph with edges e, ..., ¢; counterclockwise
oriented around the face f. Each triple of edges (e;, ¢;_i, ¢}) are
incident to a vertex v;.

C. Hamiltonian constraint

By plugging u and i from (12) into the flatness
constraint (8), one obtains a spinorial expression of the
constraint. By then taking the matrix elements of the
constraints between different spinors, we get some scalar
constraints that we call the Hamiltonian constraints. They
are the x-deformed versions of [10].

We first write the Hamiltonian constraints generally, i.e.,
on faces of arbitrary lengths, then specialize them to the
case of faces of length 3.

1. The Hamiltonian on a face of arbitrary degree

Let f be a face of length d. We will introduce a
constraint, derived from the flatness constraint, for every
pair of edges (e, e’) around f. Label the edges counter-
clockwise around f as ey, ..., e;. Without loss of general-
ity, we set the pair (e, e’), which labels our function to
(eq,ex) for k € {2,...,d}. Label the vertices around f as
vy, ..., vy counterclockwise, such that e; is incident to v;
and v, ., fori =1,...,d mod d, as shown in Fig. 6. We
assume that f visits each vertex and edge exactly once (as
when I is dual to a simplicial complex), so that all ¢;s and
v;s are distinct.

By convention, we denote the orientation 0; = 1 if ¢; is
counterclockwise and 0; = —1 elsewise (this is the relative
orientation of the edge with respect to the counterclock-
wise orientation of f). With the notation u,, introduced

earlier, the flatness constraint reads u, ,, -+ Up,p,Ue, 1, = 1

. —€; 1
Ei’:ﬂek = =010 Z te:'zﬁkﬂ,—c(_l)z C(”ekfuek_lf e ”ezfuelf)CD(_l)

C.D==%1/2

in SU(2). In order to simplify the notations a bit, we

will use
<1
i,
Ueif *= Uejvyyy =

uel, if 01 = -1

if 01 =
(22)

Furthermore we denote 7,, the spinor along the long edge
of R(e;), which is incident to both f and wv;. It is
determined by the orientation of e;,

oj=1=1,, =1t and ft,, =7,

tef”i+1 = Te; (23)

oj=-1=1t,, =1, and
Notice that we can combine the parallel transport
relations (13) with the notations (14), (15) to relate the
spinors which are on both ends of the long edge of e;
incident to f,

€ _ } : —€; _1\+B
te,-?},-,—A = —0; te,»U,»H,—B( 1)2 Uef BA>
B==1/2

tiiviﬂ,A = 0; Z ueif.AB(_l)%+Bte_i€1/5i,B' (24)
B=+1/2

The flatness constraint on f is thus u,, ;- u, p = 1.
Assume momentarily that all edges are counterclockwise.
Then, ii;! ---@i;' = 1 implies for all k

[tek‘ﬁ;k]_] e Ij‘e_zl ’%€1> - [teklﬁekﬁekH e Ij‘edﬁel |%e1>
= <%ek|’7‘ek+] te Ij‘ed|te|}' (25)

In the first equality, we have used the constraint itself, while
in the second equality we have used the parallel transport
relations on the edges e; and e;. Then, by rewriting
iy, ..., it,, with (12), one obtains the following result: a
constraint written as a sum of products of scalar invariants
living on the corners around the face. Obviously, one can
change [z, | to (z, | and |7, ) to |7, ] without changing that
result (qualitatively). Similarly, one should be able to write
this function for arbitrarily chosen edge orientations. The
notations we have introduced will help us write it in the
most generic way.

Going back to arbitrary edge orientations around f, we
consider

€16 __ €k €]
Eel—’ek - § tekvk,—A(uek_lf e ”ezf)ABlelq;z,B (26)
AB=£1/2

as the generalization of the left-hand side of (25). Using the
parallel transport relations (24), it reads

l_p.,—€

5— 1

2
telvl,D'

(27)
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If the flatness constraint holds, the holonomy going counterclockwise from e, to ¢; can then be replaced with the holonomy
the other way around f, i.e., clockwise. We thus define

€€ —€ —ex
Eel‘—ek - Z te,b, —A( Ueyp ueka)ABtekka,B' (28)
AB=11/2

So if the flatness constraint holds, then
Eill—wk + Oloqu«—q =0. (29)

Indeed, using the flatness constraint in (27) we get

_ 1 _ 1p.—
Eillf’kek = —010 Z tekeékﬂ,—c(_l)z C(”edf e ”ekﬂf)c})(_l) Dtelijl D* (30)
C.D==%1/2

For any matrix g € SU(2), the matrix elements of the inverse can be written gobh = (=1)7Pg_p_c(=1)7"C. This can be used
€1,€x

to transform the above expression into 00, E¢| ', . The last step to define our Hamiltonian constraints is to rewrite E¢|,,
and E¢'Z, in terms of scalars like (21). The matrix elements of the holonomies are indeed

1
-0, — i €i
UeifAina; = Qi N Ze’tfi”iﬂf\m teiUh_Ai’ (31)

i ¢=%

1 " S

. 1 1_ 1_ ¢l —€.
with N, = 5 Z Z e’ (1)} A(—l) B[S, . Ate,i;‘,ﬂ ale v Blen B (32)
€,€l=+ A B=+1/2

so that one can reorganize the products over the vertices instead of edges,

k—1 k
€1,€, 0;€; € €
Eel]_fek - Z (H ]\II l) (H tei”i’_AiteillviwAi> ’ (33)

€= \ i=2 e; i=2
Ay Ap=%1/2
d e d+1
€16 __ (_1\d—k i%i —€; —€i_1
Eel‘_ek - ( 1) E H N H te,-?ji,—Aite,-_lll)i,Ai . (34)
eprrcg== \i=k+1 " 4 ) \i=k+1
Akt Ag g =£1/2
€i_1 €; € .
We can now use the quadratic invariants defined in (21), E¢e-| = >, 44 /2 e, —ale . 4> Which encodes all four scalar

products of the two spinors meeting at v;, i.e.,

<te,1',| e |1'] for € =*+,€6_1 =+
FCii (te,lte v,) for € =+,€61=— (35)
e ev,|e,11}] f0r€i:—,€i_1:+’

[
[f I| e l”i> for €, = —,€_1 ——

~

where the spinors ¢, , and ¢, ,  are given by the rule (23) according to the orientations. This leads us to the following
definition of the Hamiltonian constraints.

Definition 3.1. Let f be a face of length d, with edges labeled by ey, ..., e, counterclockwise around f. A Hamiltonian is
associated to f and a pair of edges along f with a sign attached to each of them. Without loss of generality, the pair can be
chosen to be (e}, e;) with signs (e, ¢;) € {+,—}2, for k € {2,...,d}, and the Hamiltonian is

d+1

k
0/€; ¢ ¢ . N 0i€; ¢ —c
=Y (H N E) +(=DTraayt D] ( 11 E) (36)
i=2 "€ =+ €

€500 i€ = i=k+1

i
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€1 6

75

€5

FIG. 7.

The Hamiltonian constraint (36) captures the flatness
constraint completely with all choices of pairs (e, ¢;) and
of signs (€1, €;). The proof is the same as in the vector case
at k = 0, see Ref. [9].

2. Application to faces of degree three

Let us discuss more explicitly the case of triangular
faces. We use the notations and orientations of Fig. 7 as an
example. In particular 0; = 0 = —1 and 0, = 1. Here
there are three choices of pairs of edges [which label the
Hamiltonians (36)], which correspond to the three corners
of the face.

On a corner, say between the edges e, and eg4, there
are four invariant quantities quadratic in the spinors,
(t|6), (t2|76], [12]76) [t2|76), Which are encoded in the
scalar product (21)

t2|t6] fOf €) = € = =+

|t for e = —eg = +
E;zﬁ-% _ Z t2 AT(,A _ 2| 6> 2 6 .
A=£1)2 []ts) for e = —eg = —
[t]ts) for ey = €5 = —
(37)

Similarly at the corners between e, ¢, and eg, €y,

E\® = Z 14750 ESS = Z Te_aTi'a- (38)

A=+1/2 A=+£1)2

The flatness constraint it,u7'ug! = I implies that if |zg)
and |z4] are transported around the face via @i,u; ug!, the
above quadratic quantities are left unchanged, that is

(Lliour ug! |t6) = (lte),  (liaui'ug'|ze] = (t2]76].
[laaut ug|z6) = [talt6).  [liaur'ug'|z6] = [t2]76)-
(39)

Similarly at the corners where e;, e, and eq, e; meet,
respectively,

On the left, a triangular face with its adjacent edges. On the right, the ribbon graph it gives rise to.

(uy ug'wy]7,) = (1i|72), (fo|ug' tui'|71) = (f6|7y),
(uy ug'iy|7,] = (Ti|7),  (T6lug' auy' |21] = (T6|71],
1wy ug' iy|7,) = [01]7),  [T|ug dpuy' 7)) = [fsl1),
1wy ug' iy|7,) = [f17),  [fs|ug dpuy' 7)) = [fsle].
(40)

In fact, this set of constraints simply amounts to rewriting
the constraint @,u7'ug' =1 in the coherent state basis.
Therefore, as long as those vectors are generic (hence
linearly independent), this whole set is equivalent to
iouy'ug! =1L

Let us consider the constraint (t, i, uy! ug"|ts] — (12 |74]
and rewrite it like in (36). Use the parallel transport
relations ug'|ts] = —|%) and (1,]it, = [%,|, which gives
(tolfpuy ug' 6] = ~[T,|ui" [fs) = [f|u1[7,). We then use

up = N%l (lz1)[71] = |=1](71]) so that the constraint becomes
(ta|tou g [76] = (12]7]
1 . _— ~ - s
=N ([f|r1)[T1172) = [T |z1)(71172)) — (22]76].
ey
1
R )

€l e=+

which is exactly the specialization of (36) to d = 3, k = 2,
0] =0 =—0y,=—1, and ¢, = ¢ = +,

h€2v€6 _ 62 56
€66 T

Zﬁ WOEG (@)

61 €=

where we recall that N, = /(7 |7)(7,[7;).

This way, the Hamiltonian constraint does not involve
holonomy variables anymore like in (39), but only the
quadratic invariants of spinors.

IV. QUANTUM HAMILTONIAN CONSTRAINT

We now proceed to the quantization of the system. The
aim is to quantize the Hamiltonian constraints (36) and
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solve them at the quantum level. This requires quantizing the quadratic invariant E¢/;"~. It has been constructed consistently

with the quantization of holonomies and fluxes in the companion paper [31]. Therefore, we start with recalling the main
ingredients before proceeding to the construction of the quantum Hamiltonian.

A. Quantum deformed spinors

n

Let g := "™ and denote [n] = L4~ the g numbers. The x-deformed spinors are quantized as ¢ bosons (in the same way

11
qZ—q 2
they are at k = 0 [34]). Consider two independent pairs of g-boson operators (a,a’) and (b, b") satisfying the relations

aa’ — gPata = g+, ata — gtraat = -5, [N,,a'] =a, [N,,a] = —a,
bb' — gFbTh = =, bTb—gPbbT =—g=5.  [N,.bT|=bT,  [N,.b] =—b, (43)

witha'a = [N,],aa” = [N, + 1], b'b = [N,], bb" = [N}, + 1]. We furthermore introduce two other independent pairs of ¢
bosons denoted (&, a") and (b, b"), and satisfying the same relations as above. The tilde and nontilde operators are chosen
to commute with each other.

We will then use the following quantization map

(66-¢¥) = (a.b),

(€5.20) = @b)., (5.0 = @8,  (No.Ni) = (N, N,). (44)

In previous works by the first and second authors, the fluxes # and Z had been quantized in terms of the quantum algebra
U,(81(2)). This can be replicated in a manner which is consistent with the ¢ bosons. Indeed, the Jordan map builds

generators of U, (81(2)) out of the above ¢ bosons,

‘/Z
J+:aTb, J_=ab", K=qg7=q 7,

J,. =a'b, J_=ab, K= qJT =q 7, (45)
where J,, K = q]?z and J, . K = qJT are two independent copies of the ¢/, (81 (2)) generators satisfying the relations
KI.K' =qg®J,,  [J.J =21, KI.K'=q¢=T., (7.7 =[2]) (46)

and others vanish. Performing the quantization as follows,

o <GXP(Z(N1 - Ny)) 0 ) o < K- 0)
—KC6C% exp(§ (No — Ny)) —q%(q%—q‘%)h K)
K(Ny— N 0 7

?: (exp(4(:x0~ l)) ~ ~ ) - f‘ = ( 1, 1 K 1\~ ~0]>’ (47)
kol exp(§ (N, — Ny)) g (¢ —q7) I, K~

one finds, as in [31], that L € F 1 (AN(2)) = U, (3u(2)) and L € F,(AN(2)) =U,(8u(2)) [35].
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The map (44) quantizes the x-deformed spinors (11) as follows:

(e () _ [ data (T () (e
|t> - kN -t = - - Na ’ |t] - KN| = -t = + ] Np+1 ’
e‘Té”f t- q_Tb eTé’S te aTq T
(TG L (7w _(ata e i
D= w7 = )= "w | =1 .. N
e (Y T qg*b e+ (8 1z

~ - —
)
a
+
Il
e R

[y (B _ g*a (=G ~bg
|t> - _KN_0~K g — i— —_— _&N ) |t] —_ ﬂ:x‘ ~T M )
R =) g% & itg"

|%>=( C°)%-=(i)=(‘%f‘ S U ST O B G
eTOEK T qTab e—TIZS T2 aTq—bT

These objects are in fact really spinors for some 2/, (81(2)) actions: t and t¢ are spinors under the ¢/, (811(2)) adjoint right
action, while t¢ and % are spinors under the ¢/, (3u(2)) adjoint right action [31].

Notice that the map g — g~! exchanges t¢ with t¢ and t¢ with %€ [the operators a,b,a, b are invariant under
-1
q—q " (43)].

B. Kinematical Hilbert space

The kinematical state space was defined in [31]. We here describe the corresponding spin network basis. Each edge e of I
carries an irreducible representation V; of U/,(8u(2)), characterized by its spin j, € N/2. The Gauss constraint then
projects the tensor product of the incident representations at each vertex onto the invariant subspace.

We consider the usual magnetic basis {|j,m)},__; _;oneach V;, which diagonalizes K, i.e., K|j,m) = ¢2|j, m). The q
bosons act on V; as
. . o1 1 : . o1 1
a'ljmy=/[j+m+ 1]|J+§,m+§>, alj,my = \/[j+m]|1—5,m—§>,
" . .. 1 . . o1 1
bljomy = V0i=m+1lj+35.m=2)  bljom)=/[j=mllj=7.m+3)
Nolj.m) = (j+m)lj.m). Nyplj.m) = (j —m)|j.m). (49)

In particular a’, b* (a, b) map V; to V;, /5 (to V,_, »). The tilde g bosons &, &', b, b" act on these basis in the same way by
definition. It leads to the Wigner-Eckart theorem for the quantum spinors (48):

(omi|thlja.ma) = 65, j,iep [djl]qdril%—ﬁ s (50a)
(rom[Tilizema) = 8 juvepoy/lds] O i (500)
romfi iz ms) = 85, e/ 3], Ch (50¢)
(e mi|&lj2.ma) = 6j, jy1ep20/ld, ]q_,cﬁl%—jfn s (50d)

where qC{;;l 72 13 is the Clebsch-Gordan coefficient for ,(31u(2)).
Before enforcing the Gauss constraints, the space of states is @ ® V . ® V*-g, where V; is associated to the target end of e

{je} ¢
and V7 toits source. At each vertex v, the Gauss constraint enforces a projection of the tensor product of the vectors meeting
at v onto the trivial representation. If the edges meeting at v are denoted ey, ..., e,, we further denote Inv(j, , ® --- ® j, ,)

the space of intertwiners, i.e., the invariant subspace of the tensor product V g ® - ®V; if all e;s are incoming at v, and
we dualize to V7 if e; is outgoing at v. Therefore, the kinematical Hilbert space is given by
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Hyin = @ ®Inv(jelv Q- je,,v)’

{jeeN/2} v

(51)

A basis is obtained at fixed spins {J, } by specifying a basis
of Inv(j, , ® - ® je ,) for all . We denote an element of
this space as i; e, , (the letter i referring to intertwiner).

A kinematical state |1;/> thus admits the expansion

= ZZW({jwiv})|{je’iv}>’ (52)
{et i}
with
|{je’ i11}> = ?ijelvn-jen(ﬂ)(,? (53)

where the sum over each i, runs over a basis of the invariant
space at v. The state |{j,, i, }) is called a spin network state.
They form a basis of H,;,. In the case of trivalent vertices,
the invariant space Inv(j, , ® j.,, ® je,,) is one dimen-
sional. This is the case we are most interested in and will be
considered when constructing the quantum Hamiltonian.
Let us now give more details on the intertwiners in this case.

1. The q intertwiner for a three-valent vertex

As shown in [29], the order of the U, ($u(2))-invariant
spaces on different nodes is irrelevant (only the linear
order of the links incident to each node matters). In the
basis |ji, m) ® |jo, my) ® |j3,m3), which diagonalizes
the U/, (8u(2)) generator K for each particle, the compo-
nents of the state (up to normalization) are the g-deformed
Clebsch-Gordan coefficients [29,31]. Explicitly, the inter-
twiner for a vertex with three incoming edges incident reads

(=
l]l]2]3 Z

® |]2’m2> ® |]37m3>‘

113+3

_m3

2 C{"lll {"72 '*mz |.]17 m1>
(54)

It solves the quantum Gauss constraint equation Gi; iinjs =
A2 >Llj s =LQL ®L1M2h ijj,j,- Changing the ori-

entation of each edge, say e;, leads to the flipping of the
vector space V; to the dual vector space V7. To write

down the expression of the corresponding intertwiner,
we make use of the I/, (81(2))-invariant bilinear form,
B,:V/ ® V/ - C, which is defined with the ¢g-WCG
coefficient projected on the trivial representation [36].
Explicitly, for two given vectors w =Y, w,|j,m),

r=3,ralj.n) €V,

r) = ZqC’;m 7 8w_mrm = Z( DG 5w, 7.
(55)

One can thus define the dual vector w* of w as

we =S Gomlwg, = S mlgE (=1,

m m

= Wy =g (=1 (56)

Apparently, this dual operation is not an involution.?

When the edge e, is outgoing and e, e; incoming,
one needs to dualize the vector on e,, which is to
change  Chi, 7, L, |2 ma) —
add (- )/2+m2q‘72 according to (56). Thus the corre-
spondent intertwiner is

C]JJZJ3

my—my—ms <j2’ m2| and

1 J% +m3 _m3+my +my
2

z<
mzlz

® <Jz,m2| ® |]3,In3>,

( 1)]2+m2 C;rlllj—sz —m;|]]’ml>

(57)

which can be checked to be the eigenstate for the quantum
Gauss constraint G =LRL®L.

When edge e; is outgoing and e,, e; incoming, the
intertwiner is obtained using the same dualization as in (57)
but for j; and m,. The last case of keeping the orientation of
e3 unchanged is to switch both ¢; and e, to be outgoing,
then the same dualization should be applied to both
(jl? ml) and (j27 I’I’lz).

What needs special care is when one switches the
orientation of e3, i.e., when ez is outgoing and e, e,
incoming. In this case, one needs to dualize the vector on e;
with a different rule. This is because the g-WCG coefficient

C{ﬁl Sy = (ji.mys jo.ma|(jija) j3. m3) can be viewed as
the coefficient w,, (respectively, w,, ) of a vector in V/1
(respectively, V/2) or the coefficient w},, of a dual vector in

V73 in the sense of the decomposmon (56)

Note that the factor (—1)/3"4~7 in [ j,j, 18 the trans-
formation factor from the coefficient w,, of a vector w to
the coefficient w;, of a dual vector w* as shown in (56), thus

one needs to change (—1)”*’”%]‘7 Ch B B s ms) —
(=1 gs ,Ch i i (soms| and add (=1)77"3g77,
which is the factor of the inverse transformation of w*.
This leads to the intertwiner

1112]2 Z /— C;'Ill ’I'%v i';z|]1’ml> ® |j2,m2>
Jz

® (j3, msl, (58)

’One can also define the dual vector with the Uz (é’»u(Z))
invariant bilinear form B,-1, which is to replace q with ¢!
in (56).
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which is exactly the eigenstate for the quantum Gauss

constraint @ =L QRL®L. Equation (58) can also be used
to define the g-WCG coefficient

Ji J2 Js .
Cm] my mz T

(r.mi| @ (jo.mylij j:ljz.ms).  (59)

Indeed, when we change the orientation of e; again, we

recover the ongmal intertwiner i;,; ;. by adding the regular

factor (—1)%+™ g~ as in obtaining i; ;:;. from i,

JiizJ3 J1ajz*

Given the explicit expressions of the intertwiners for a
three-valent vertex, our goal now is to construct the scalar
operators in terms of the quantum spinors (48), which act
on the intertwiner in a uniform way regardless of the
orientations of all the incident edges. This will largely
simplify the construction of the quantum Hamiltonian
constraint since we do not need to consider different
orientations of relevant edges separately.4

C. Scalar operators

We proceed to the quantization of the quadratic
invariant (21), Eii’fl'. The quantization of the spinors
t themselves is given by (48). As can be seen from
IV B, the operators t¢, t¢, t¢, ¢ transform as spinors under
U, (81(2)) or U,-1(8u(2)). Therefore to ensure that E¢2;!

e e21/

€2,61 __ /
Eezel = —0

is quantized as a quantum group invariant, one needs to
contract the two spinor operators via some g-Clebsh-
Gordan coefficients, :20 =(=1)4
(=156 4.

Since changing the orientation of an edge exchanges
t¢ with ¢, and ¢ with %€, and since t¢ and t¢ are in fact
the same operator (and also t° and 7€), one would expect
the quantum operator for E¢2;! to be independent of the
orientations of e; and e,. It is entirely possible to proceed
this way.

We will however not do so. Our motivation is that while
EZ:! would be independent of orientations, the vector
space on which it acts does depend on orientations (V;

A 11
26 _4or _,C20 =
429.-4 OF (1%,

versus V ;). Therefore the action on an intertwiner would in
fact depend explicitly on the orientations. Instead, we
decide to perform the quantization so that its action on
intertwiners is independent of orientations.

This requires changing the spinor operator to its g~
version when flipping the orientation. Obviously, this
exchanges the ts with the ts. However, we prefer to keep
the same letter for the spinor operator because we think
exchanging ts with ts could be confusing in the ribbon
picture. We therefore define t¢:= t° and same with the
tildes, and eventually5

l oll+€1 1=0p1+e ﬂ() 0 e —0-€
2 E ) 1€1 262
_1) 2 90, “a-40 ele ® Tezv,—A

A=}
ZA:i%(_l)%_AqéezFl T2, for —o; =0, =-1
ZA:i%(_l)%+Aq%EZ] ® ?ﬁf for oy =0, =1
- ) (60)
ZA:i%(_l)%_Aq St ® %, for —oy=—0, =1
ZAfi%(_l)%+Aq 2eity, 7 ® T for —o;=0,=1
where T, % =t , if 0o, = —1 while T, %} =, , if 0, = 1, and similarly for T;'}',. We then extend this definition to
the space Inv(j, , ® --- ® j,,,) of invariant vectors at v by tensoring with the identity as necessary. It comes
Lo i 3
EGe!ij e = £/ 1d;]1d},]ld,, I[d1,)8,, j, 41 51212+{ - lzc (=D e (61)
J2 L q

It thus maps the intertwiner space Inv(j; ® j» ® k) to Inv(l; ® I, ® k).

*However, in [31], we define the scalar operators differently so that the algebras they form have the same expression. The different
forms of the scalar operators in this paper and in [31] should be viewed as the same object represented in different bases.

*Note that the definition of o, is opposite to that in [31] which leads to a slight difference for the definition of the scalar operator (60)
compared to that in [31]. This is because, in [31], 0, and 0, are considered to be the orientation of edges relative to vertex » and +1
(respectively, —1) denotes outgoing (respectively, incoming). Here, in contrast, 0; and o, are considered to be the orientation of edges
relative to the orientation of the face f. As an example, when edges e, and e; are both outgoing to v, e, is counterclockwise while e; is
clockwise relative to f.
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This definition also works for two edges e;, e;, | sharing
a corner in Inv(j,,, ® -~ ® j, ), fori=1,...,n—1.In
the trivalent case, this gives E¢l.2i exactly as in (61)
with e — e5,e7 — e3,e3 — ¢

l]1]213

EZ;ZZ ij]/zj} = [djz} [dh} [dlz] [dl3]612 ,jz+a72613 St
2 J2 % 1)etb+i1 62
X oL (=1)5*5H; . (62)
E q

For the case i = n, i.e., E\;", the definition has to be
amended to obtain an invariant operator [31] and eventually
one finds the same expression for E¢|.;i; ; ;. as (61) with
the appropriate permutation of the indices, i.e.,

Ezll,:;ijljzh - [djs}[djl}[d13]{d11]613,j3+%3511,j1+%
Loj3 3 »
) {]l l] J22 (_1)l3+ll+12111j2[3‘ (63)
q

D. Quantum Hamiltonian constraint

We now need to quantize the classical Hamiltonian (36)
as a well-defined operator on H,;, [defined in (51)].
The first step is obviously to use the quantization map
described in the previous section to turn the observables
E¢ ! into operators E¢'¢-. The second step is concerned
with quantization ambiguities. Indeed, factors N, appear
in (36) and they are expected to be diagonal on the spin
network basis, as a function of j, only in fact. Notice
however that the operator E¢2;! changes the spins of the
edges e, e, by €, /2 and ¢, /2. There are therefore ordering
ambiguities. The results differ according to whether N, is
before or after some operators E, which changes j, . We
found an ordering, see below, that ultimately leads to a
topological model, which would presumably not be true
for other orderings.

Let us introduce

€1.€p €:,€;_1 0;€;
fere, Z HEe ¢l N
5’172 €2, €p1 =% i=2 €;v;
de 1
+ (=1)*Peqe,
€pUpil

d+1 )
j : —€;,—€;_ l
H Ee i€i-1 l ’ (64)
€pilse-€q=T i=p+1 eﬂx

where N, is diagonalon V; (orits dual), N, ,, |j,,. m,,) =

[d; 1|je,»me,). We include the vertex v; in the notation

because here N, ,, only acts on the space of intertwiners at
v;, where e; and e;,_; meet. As already discussed, the
ordering is important because [N, , , E¢~1¢!] # 0. However
[N,,,- Ecjei’/] =0 by definition, so that the operators

€itl
EZ,.;’_ ! N“- that act on the space of intertwiners at v;
€ivi

commute with one another. Here N, is placed to the right
of E¢;-', which is also the case if one reconstructs the
quantum holonomies (i.e., the quantization of u and &i~')
from the quantum spinors [31].

However, the operator h f'e ”e as such is not defined on
Hyin- Indeed, a state in Hy;, is a superposition of spin
network states that assigns a spin to each edge along with
the space V/; to the target end and V; to the source end. Say

the edge e, gets the spin j;. Then the first term of the above
operator acts on ¢; with Eg2;! which shifts the spin j; to
Ji + €1/2, on the intertwiner that sits at the vertex where ¢,

and e, meet. It thus maps V; to V; . » or V; to V]]Jrél/2

depending on orientations but not both; i.e., it does not shift
Jp1 at the vertex where e; and e; meet. Therefore the
operator brings the state out of Hkm

Similarly, the second term of h f'e ”e acts on e; through
E,%"%_ This shifts j, to j, — ;/2 at the vertex where ¢,
and e; meet. If E¢2;;" in the first term acted on V/; , then this
operator acts on V* (or the other way around).

We thus turn h e into a well-defined operator on H,;,
by multiplying it by a product of operators E¢z! so that
the intertwiners of both ends of the same edge have the
same spin. Notice that the first term in (64) only contains
the shift operators for i = 2, ..., p, one can add E¢';-! for
all the remaining vertices, i.e., i = p + 1, ....,d + 1, so that
the change of spins for both ends of each edge are the same.
For the second term in (64), adding these shift operators
also shift all the spins j; —¢;/2 to j; thus drags the state
back in Hy;,. This is the method which was already used
in [10] to construct the quantum Hamiltonian in the spinor
representation in the flat case.

Definition 4.1. We define the quantum Hamiltonian on

the face f, labeled by the pair of edges (e, e,), to be
d+1
€1,€5,€p11s--€q e €
gorcrre = | T B |0y, o (65)
i=p+1

Compared to the operator (64), the quantum Hamiltonian
defined as such not only depends on ¢, and ¢, but also
€pi1»---»€441- The physical Hilbert space is spanned by
the physical states that are solutions to the quantum
Hamiltonian. In the spin representation, the coefficients of
these physical spin network states satisfy a set of difference
equations, which is stated in the following theorem.

Theorem 4.2. The constraint

V ke <{ke}|H;1'ZI?:[;/;71,.,,,€

“ly) =0. (66)
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is equivalent to the following set of difference equations on the spin network coefficients y(k;, &y, ..., kg, {k } o¢or) Of |w),
€;,6i_ l €] 52 ép—] ep €4
. GZI i(]‘_[.A kl,kl l,l))l//(kl —E,kz —E, ...,kp_l - 2 ,kp —3, ...,kd —5, {ke}eédf)
d+1 e
d=p €15€) e, € ] _CGi-t
k) Zi< [f s (-3 -500))
Epitye b= i=p+1
Ep+1 éerl €q

'/8 kl’ .. k kﬂ+1 T+ 2 kd —_+ {k }eéaf = 0 (67)

Here

(i) Iy,...,1, are the spins carried by the edges ¢/, ..., e}, incident to f, see Fig. 6.
(i) By deﬁnltlon € =¢€1,€, =€, while €4, ..., ¢, are fixed.
(iii) The coefficients are

P ki kz &G 1
A (ki ki, 1) = Oiéi[dk,l(_])ki+ki_l+li{ : > 2 } , (68)
kiog =5 ki
q
s k; ki +4 1
B (ki) = ol -t ‘1. (69)
kiog +%5 ki L q
. [dy,]
al‘ﬂ(kl,kp)zelepd—. (70)
[ kl—%']

Those constraints are recursions on the physical states. They generalize the one found in [10] for a triangular face.
Improving on [9], the differences are shifts of the spins by 1/2 instead of 1. Moreover, edge orlentatlons are kept arbitrary.
Those constraints have two types of contributions: the A terms and the B terms. Notice that h "?  contains all the

€1.€)p
operators Ee’e,‘ -, exactly once, for i = 1, ..., d. Whether an operator Ee’e,’ -} gives rise to an A term or a B term depends on
the choice of the reference edges e and e, around f. It is important that the coefficients A (kjy kioy, ;) and

e‘ - "(k;, k;_y,1;) are local: they only depend on the spins incident to the vertex and are determined by the choice of a
corner on that vertex. As a consequence, for example, if one considers another constraint on the same face with e, g < p,

choosing e, as reference edge, then the coefficients Af;"i’g"" (ki ki_y,1;) fori =1, ..., g would be the same as those appearing
above, and similarly for the B terms. The structure of the constraint is schematically pictured in Fig. 8.

By exchanging the role of e; with ¢, the A terms become the B terms and vice versa. The constraint obtained this way is
equivalent to (67), as we now show. First, evaluate (67) on k| + €,/2, ..., k; + €,/2, and then flip the signs of all the ¢; and
€;. That gives the constraint

&—Ei i €i-1 € € €pt
> <HA0 1<l,_z,ki_l_T,z,))q,(kl,kz—5+5,.._,kp_1 pz +Tk ,kd,{ke}e¢0f>

€€y =%

d+1
- €1,€ 61 € _61_1
+ (=17 pa"”<k1—55 p_?p>~ §~_ ( || By, elkuki—lvli)>
Eptlsees€q== \i=p+1

€1 € €ptl €q
l//(kl —E, ""kp _Tp’kp-i—l —%, ...,kd —?, {ke}€¢/0f> =0. (71)
We then use the key relation between the coefficients A and B,
BG (ki kimy 1) = —AT T (kikiy 1) (72)

to get
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&8 €i_1 € & €p—1 , €pi
(—1)[7 Z (HB ( ki_l—7,li>>u/(kl,k2_E_FE,..,,kp_l_ p + p ’kp’,..,kd,{ke}e¢af>
€'2 ..... épl +
d+1 o
( H Ao (ki ki li))
—+

Epitofa=E Ni=pt1
y/<k1 —62—1, ok, —%",kpﬂ —%, ok —%’, {ke}e¢af> ~0, (73)
where we recognize the matrix element <{ke}\H?:lzelg’ w) and have shown the equivalence
({h G ) = 0 & ({kHHG T y) = 0. (74)

Proof of Theorem 4.2.—There are two types of terms in (65), whose action on spin network states is now presented. First,

o €,€i_1 ? €, €i_q 0161 1 - 0;€; T ki+ki_ +1:
H Ecel N HEWH Hje}) = [y, H[d ]Hakisji+%[dki][djz](_1)l e
i=p+1 evy \j=2 Ney, 1:2 Jili=2
ki kl_%
X AJe 75
Lo o h}|{ ot Uk 09)

where we have applied the action (61) of E¢z"! on the intertwiner i ., ju, at the vertex where e,_;, e;, and e; meet for all
i=1,...,d. Each operator 1/N,, acts before the shift operator E¢¢-'; thus the result picks up a factor 1/ [d;]. For
i=1,...,d, the spin j; is shifted to j; + 62' after the action of E¢';-'. The spins /;s of the edges e's not on the boundary of the

face f remain unchanged. In addition, N— acts after E¢2;! thus the result picks up the factor 1/ [dy,]- As each edge is

incident to two vertices, the assigned spin shows up in two intertwiners; thus the term /[d,. |[d; | appears twice in the result,

which gives the factor [dy ][d;]. The g — 6 symbols and the sign factors naturally follow from 61).
Second,

d+1 d+1 i
[T et ( T e g i)
e v

i=p+1 €pUpt1 Ni=p+1
1 ol 0;€; P
_ (= i—>+ki_1— i(—1)\kitkioi+; . .
Cld. 5] '11.1 [dj.]ﬁki’ji_%+%( D (=1) l [d/i—%”dji—l—é'%]]
Jp—2 =P !

€: . 1 €: 1
iT7 Ji 2 i—7 ki 2
XJM%M%JMJ{,Z e T e (e Ul
i— q i— i—

Ji-1 2 i 2 17q
[d d+1 . o
H 0i€, ;o (— )R H R ()bt gy ]
l p+1
_& Ji 1 & k. 1
i 2 i 2 4 2 L 2
X9\ , , Hiitictops kidicpitoa Uedogap)- (76)
{Ji_l ki =% li}q{ R li}q pr i M o

Here, two shift operators act on each site fori = p +1,...,d + 1 and we denote k; = j; — % + 5. The first shift operator

E;i’i’__f"*‘ (in the bracket) acts on the spin network state and shifts j; and j;_; to j; — €;/2 and j;_; — &€_;/2, respectively. It

also gives the first ¢ — 6 symbol in the third line and the term (—1)k—=tki-1="5-+; \/ ld;]ld;,_ ][dj'_a_[] [dj_ s &.1]. The result
iT 2 i—

picks up a factor 1/[d; | by the action of 1/N, , before the shift operator. In addition, 1/ N.,o,,, acts on the spin network

state after Eep f]*e'p & and thus brings a factor 1/[d i } The action of the second shift operator Ee'e’ - shifts the spins
p 2
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lpr1 7 e

FIG. 8. The schematic representation of the quantum constraint
(67) with its A terms and B terms associated to the corners around
the face.

ji—€;/2and j;,_; —€._,/2 to k; and k;_,, respectively, and
brings the second ¢ — 6 symbol in the third line as well as

the term (—1)kf+kf-1+lf\/[dki][dk,,_l][dki_%][dkiq_c,%]. Note

that the spin j; = k; and j, = k, are kept unchanged in
the result as ¢, = &, and ¢, = €,. The last equality is the

rearrangement of the result.
Putting them together, using the orthogonality of the spin
network states, ({k,}[{j.}) «]]. &, ; and eliminating
1 d+1 [dk,-—%] [dki](—l)kf+ki‘1+lf

the common terms @iz

€i 1
{ ki . ki=3 2 } leads to the expected difference
kiog =75 ki L,

equations. =

The dependence of y on the orientations is given by the
following lemma.

Lemma 4.3. If |y), with spin network coefficients
w({Jj.}), satisfies all the constraints (67) for given edge
orientations {o0,}, then (—=1)%"w({j,}) satisfies all the
constraints on the same graph with reversed orientation
-0, on the edge e*. [

Proof.—Consider the constraint (67) on the fixed face f.
If e* ¢ df, then multiplication by (—1)*" does not change
anything. If e* = e, € {e,.....e,_;}, then the coefficient
A5 (kg ks_y. 1) changes sign. Moreover, it is the only
one that depends on o,. The state coefficient on the first
line of (67) changes from y(k; —e€y,....k, —&,,...) to
(=1)*)H Ny (ky — €y, ...k, —&,,...) since (=1)% = —1.

p = Epre
Moreover, the coefficients Bs are independent of the
orientation o, and the state coefficient on the second line
changes from y(ky, ..., k,, ...) to (=1)* sy (ky, ...k, ...).
Factorizing (—1)% from the equation reveals that only the
first line is modified, by —o, x (=1) = o,. The constraint

therefore still holds. If e* = e, € {e,,,;. ..., e, }, then the
coefficient By “~'(ky — % .k,_y —=5,1;) changes sign
while the coefficients As remain unchanged. The same
analysis leads to the same conclusion.

Wr(1sjas Jas JasJos --.) = (=1)/atistis [djo]z(_l)(1_05)j5+(1_00)j0{

Js

The argument is the same for all edges in the boundary of
[, since the orientation of any of those edges appears in a
single coefficient of the equation. m

In this section, we have quantized the four deformed
spinors on each ribbon to g-deformed quantum spinors as
given explicitly in (48) and constructed the quantum
Hamiltonian constraint of the g-deformed LQG model
purely in terms of (the scalar products of) these g-deformed
quantum spinors. Section IV 2 is the main result of the
current paper. It gives rise to the difference equations that
the physical states satisfy. To verify that the Hamiltonian
constraint we construct is the correct one, one can justify
the topological invariance of the solutions to the constraint.
That is, the solutions to the Hamiltonian constraints for
graphs related by a series of Pachner moves are the same
(up to normalization). This is what we will illustrate in the
next section. The difference equations we derived in
Sec. IV 2 will turn out to play a key role in the analysis.

V. PACHNER MOVES

We now show how to relate the physical states on
triangulations which are related by Pachner moves. This is
an extension of [8] to ¢ real (using Hamiltonian constraints
instead of projection on flat connections). In two dimen-
sions, there are two types of Pachner moves, the 3-1 moves
and the 2-2 moves (as well as their inverses). In this section,
we will first analyze the case of the 2-2 moves. The 3-1
moves result naturally and follow the analysis of removing
an edge of a triangle since, in this case, two out of the three
vertices of the triangle are removed due to gauge invariance
on the bivalent vertices.

A. 2-2 Pachner move

The 2-2 Pachner move changes a portion of the graph
into another one as follows:

e, €9 €1y €2
5
— o (77)
c e es L es

We denote the initial graph which contains the left-hand
side as I';, and the final graph which contains the right-hand
side as I';. The orientations of all edges are left arbitrary.

Theorem 5.1. Let |y;) on I'; be defined in the spin
network basis by

Ji J2 o .
A }%(11,12,]3714,]5,--), (78)
J3 Ja Js )y
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where the ellipses denote spins which are the same on both sides (for edges that are not affected by the move). Then |y;) is a
state which satisfies all the constraints on I'; if and only if [y,) satisfies all the constraints on I';.

Since the 2-2 move is its own inverse, there is symmetry between both sides of the move. This must translate into a
symmetry that exchanges the role of |y;) and |y /) in (78). This is indeed true thanks to the orthonormality of the g — 6,
symbols,

AL f“}q{]? > fé}q:a,o,,o, (79

Js J3 Ja s J3 Ja s
which transforms (78) into
. . y
J1 J2 Jo

Vilins o s as s ) = (—l)j‘+j2+j3+j4[djs]Z(—l)(1‘05)/5+<1‘”0)16{ R
‘ J3 Ja s

-

Jo

} wi(jis Jos J3s jas Jos ---)- (80)
q

Proof of Theorem 5.1.—There are four faces involved in the move on each side. Clearly, |y;) and |y ) satisfy the same
constraints associated to faces that are not among those four. Therefore, we can focus on the four faces involved in the move,
and for symmetry reasons, we can simply look at the constraints on two faces: the face f,, which has e, e, in its boundary,
and the face f14, which has e;, e4 in its boundary.

1. Face f,
€5,€]

It has a different boundary on I'; and I';, due to the disappearance of es. On I';, there are constraints where E.,; and
EZ’;; are both among the A terms of the constraint (67). Let us denote the two reference edges [e¢; and ¢, in (67)] as e and ¢/,
which may be e¢; and/or e,. Then the difference equations (67) read

€5,€ é &5 € € €
Z(HA> ZAS (ks ki, kg)Ao (k2’k59k3)l//i<kl —Elvkz—f’k&kmks—gw--)

e—e!
c.c.

+ (_l)dul dee/aee ee’(kwke Z(HB>Wi(klvk27k3’k4’k5’"') :O’ (81)
@ Nl

where d,; denotes the number of boundary edges of f, inI'; and d,, the number of edges from e to ¢’ counterclockwise.
Notice that &, (respectively, &,) is fixed if e = e (respectively, if ¢’ = e,) and summed over otherwise. We have indicated in
y; only the spins which are involved in the move.

We have written ) -, (HM/ A)and )5 ([ [~ B) schematically the coefficients of the equation which are associated to
corners not involved in the move. Here > @ (Hw/ A) is the product of the A terms over the corners from e to ¢’ going
counterclockwise, except for the two corners with es, whose A terms are distinguished. Then @ (ITo-. B) is the product

of the B terms over the corners from ¢’ to e counterclockwise. This is depicted in the Fig. 9.
On the other hand, a state on I'; must also satisfy a constraint along the face f, with the two reference edges e and e’.
It reads

2 : | | e €1 €
<{k }Ff|Hf12€€ |l//j ( A) ()22 kZ,k]ako)l//f <k1 2 k —32,163,](4,](0,...)
{&} Ne-d

4 (=)o el (k& Z (HB) welky ky by, kg ko, ..). (82)
(e} N

There is also a constraint where Ei‘lez gives rise to a B term, but as we have shown this is equivalent to the above constraint.
Here it is important that the products of the A terms and B terms over all corners except the one where e¢; and e, meet are
the same as in (81). The reason is obviously that those terms are local and the 2-2 move does not involve their corners.
As in (81), €; and &, may be fixed or summed over.
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FIG. 9. A graphical representation of Eq. (81) on the lhs and (82) on the rhs.

We now plug (78) into (82) to check that it vanishes, provided the constraint (81) holds. First compute, with
Jia=kio =52,

Aizzfl (k27 kl? kO)Wf(jl’j27 k3’ k4’ kOv ) = 0252 [dkz][dko]z<_l)(1—05)j5+<1—00)k0(_1)f1+j2+k3+k4(_1)ko+k1+k2
Js

ki ji 3 Ji J2 ko .. .
X{ . : . wi(J1. 2 ks, kys s, o). (83)
2 ky ko) Uks ke Jjs),

The Biedenharn-Elliott identity on g — 6j symbols gives precisely

. 1 . .
(_l)jl+/z+k3+k4(_1)k0+k1+k2{kl )1 i} {11 % ko}
q q

J2 ka ko ky ks Js

. ki ky k ky ji 1% ks js %
N A A S S P (84
ks ks ky ks g UJs ks ky g \J2 ky ks q

Setting js = ks — % to change the summation over j5 to one over &s (there are no other values of j5 allowed by the triangular
inequalities on the g — 6 symbol), we get

A (ko ky ko) (J1s Jo k3w ka kg, ...) = 026, [dkz][dko]Z(—l)(1_05)j5+<1_0°)k°(—1)k5+j5+%

ks.€s

ki ky ko ki j % ks js
X[dk]{ } { j ; ; l//i(j17j27k37k47j5,...).
5 k3 k4 ks q Js kS k4 g Ja k2 k3

(85)

D=

Using es = (—1)27s7%s we find (—=1)k1/5%2 = e5(—1)2%s. We also use (—1)(1795)is = o5(=1)1=95)% and notice that a
q — 6j symbol can be factored. Thus,
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ky ky ko
<{k }Fleflzee |V/f “Z 1 05)ks+(1— 00)k0< 1)k1+k2+k3+k4{k ok } [dko]
ks &5 3 R R5)y

<Z <HA> oses[di](=1)%s (=1)rhththioge, [dy |

{e}

ki i 3 ks Js 3 .. .
X{ . : . : wi(J1.J2.k3. kg, Js,-..)
Js ks ka) g Uja ky k3 ),

+ (= 1)dride geecs (k, k) Z(HB)W, kl,kz,k3,k4,k5,...)>. (86)
(&} N

c.c.

We now recognize the coefficients in (81),

- — kl k2 kO
<{ke}Ff|Hf12,e$e’|l//f> « Z(_l)(l 0s)ks+(1 oo)ko(_l)k|+k2+k3+k4{ [d,]
q

— ky Kk, ks
(Z(HA) ZAES é] ks,kl,k4) 6 és(kz, kSka)WI(.]l9]2’k3’k4 .]5’ )
+ (_l)dl’U dee/ag‘ €/ (ke,ke Z(HB>Wi(kl’k2’k37k47k5’ )), (87)
@ N

and conclude that (82) vanished provided (81) and (78).

2. Face f14

We now perform the same analysis on the constraints which act on the face f,. We use the same notation as for the face
f12,1.€., let e and ¢’ be two reference edges around f, and consider the Hamiltonian constraints associated to them on T’;
and I'y. On I';, the Hamiltonians contain the operator E¢';}, which, without loss of generality, can be considered to give rise

to an A term. The constraints on the spin network coefficients of |y;) read

Z(HA> (ks kas ks wi(jio ko ks, jas ks, ...) 4+ (=1)%em d'f"’(leee*“’(ke,ka)Z(HB)l//i(khkz,k3,k4,k57---)_0,
{e} Ne-e {e}

e
c.c.

(88)

with j, = k; — €,/2, j4 = k4 — €,/2. The sign &, (respectively, &,) is fixed if e = ¢, (respectively, if ¢/ = e4) and summed
over otherwise. Here, er A is the product of the A terms from e to ¢’ counterclockwise, except for the one on the corner of

ey, e4 which has been smgled out. As for H . B, it is the product of the B terms going counterclockwise from ¢’ to e.
On T/, we need to look at two types of constralnts Either the operators E &% and Ei‘lfg’, which enter Hy,, , » onT's, both

epey
contribute to A terms of the constraint (or both to B terms but this is the same), or one gives rise to an A-term and the other
one to a B term.

In the case that they both give rise to A terms, we are in the same situation as in our previous analysis on the face f,, with
the role of I'; and I'; exchanged. Since the relation (78) between |y/) and |y;) can be inverted with the same form, we have
nothing to prove. )

If Eigf . contributes to a B term, and Ei‘lfﬂ" contributes to an A term, then this means that ¢, = ¢ is a reference edge chosen

for the constraint. The Hamiltonians of this type on I'; are H;“ ée’e and they are labeled by signs for all the edges from ¢’

to e, counterclockwise. The matrix elements read
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<{ke}rf|H;(i:e/Oe£4 lwy) o Z <HA> 6' Ok ko k) (jis koo ks jas o )

e —e’
c.c.

+ (_1)dl4f_d€0‘]/ 606/ ko, Z(H > Bo;" 4 ]0 ]47k3)l//f(kl’k2’k3vl4’k0’ )7 (89)

e~>('4
c.c.

where €o is fixed (but 5‘4 only is if 6/ = 64) and j0’4 = k0’4 - €0’4/2, and l4 = j4 + (:'4/2
We now plug (78) into the above matrix elements. We first look at the A term,

01 (kl’ kOv kZ)l//f(.]h k27 k%, ]4 ]0, Jo Zolel dkl k0+k1+k2( 1)(]_05)k5+(1—00)/0(_1)j1+k2+k3+j4
Ji ko Jo ki ji % . .
X { . } { . . Wi(]l’k25k37j4,k5,---)- (90)
ks Jja ks Jo ko ko,

The relevant Biedenharn-Elliott identity is

. . . 1
(—l)ko+k1+kz+jo+jl+k3+k5{]1 k2 ]0} {kl J1 5}

k3 Ja kS Jo k() k2
; 1 ; 1
—Zdl 14+l4+1{]4 ly 5 } {]4 ly 5 } {kl ky ko} . (91)
) ki v o ks) ko Jjo ks) Uks 1y ks,

As for the B term,

ZBE%'g“(jo,jzpk3)l//f(k17k2»k3’147]‘07--- 20060 A dko )]o+k3+]4( 1)(1—05)k5+(1—oo)ko(_1)k1+k2+k3+l4
I ks.ly
TR 1 ki k, k
X {]4 .4 > { { b 0} wi(ky ky, ks, Iy, ks, ). (92)
ko Jo k3 ks 1y ks q

We recognize the two same g — 6/ symbols as in the Biendenharn-Elliott identity above. We can thus factor them out, so
that the matrix elements of the Hamiltonian are proportional to

({ker HE 0 yry)

) 1 ki k, k
- Z /0+k3+]4 1)(1—05)k5+(l—00)k(,(_1)k,+k2+k3+l4{ Ja .4 2 } { 1 2 0 } [djo}
ks.ly ko Jo ks ks 1y ks

o . I,
x(;(HA)owl[dkl]w<—1>kz+f4-fo-ks<—1>f4+f4+%<—1>f°+k3+f4< kb
€ e)—e

X wi(j1. kas kys jas ks, ... 4 (=1) 18 geoce (kg k) Z(HB)ooeo[dko]y/i(kl,kz,k3,l4,k5,...)). (93)
(&) Ve

It now suffices us to show that the expression into brackets vanishes thanks to (88). Let us take care of the following signs:
(=1)latismiomks (= ] )atlatd (=] Yothatia (] Yarthathatly = (—1)2(ke—ksths) (_1)4/'4(_1)'§§4<_1)k1+l4+k5 = —g,(=1)kitlaths,

Replacing the sign factor in the bracket, we get
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. A ja Ly L
_Z<HA>0001€1 dy, [, ] (= 1)/ =l (= 1)1‘+14+k5+7{j4 . } wilj1. ko, k3, ja ks, -..)
(&) N ki ji ks q

4 (_1)d|4/—deoe’ €0,€, /(ko, k z <HB> 00€O[dk0]l//i(kl, kz, k3, l4, k5, )
&\

c.c.

= _0064 dl4 <Z<HA> klv l47 kS)l//l(.]lvk27k3 .]4’ kS’ )
(‘1—)("

{e}

+( 1)(114, da4e’ €4€/ l4 Z(HB) kl,kz,k';,l4,k5, )) (94)

& N

The expression into brackets on the rhs is exactly the constraint (88) on I'; with the choice e = ¢, of reference edge and
arbitrary &, fixed.

B. Removing an edge

Consider two adjacent faces F and f, separated by an edge e¢,. We consider the move which consists in removing e (as
well as its two end vertices). By performing a series of 2-2 Pachner moves (described in Sec. VA), we can always assume
that f is triangular,

€3
4 4
I/ €9 /I €2
1 1
' F e — ' FUf (95)
\ \
\ 61 \
AN N €1
€4

If |w;) is a state that satisfies all the constraints before the edge removal, then we want to describe how it transforms
through the move.
TheoremS5.2. |y ;) with spin network coefficients

wr(rsjas o) = (D)ot ey J1d 1[d; (0, 1. jos oo dis ) (96)

is a solution of the constraints on the graph after the edge removal. Here o0, 0, are the orientations of the edges e, e, with
respect to f (counterclockwise oriented) and vy (jg, ji, jo, j3 Ja» --.) is the spin network coefficient of |y;).

In other words, |y;) gives rise to a solution of the constraints on Iy, obtained by keeping only its j, = 0 components. We
will use this relation to study the 3-1 Pachner move. o

Proof.—Consider two reference edges e, ¢’ in F U f, and the associated constraint such that E¢!;? is an A term (without
loss of generality since A and B terms can be exchanged). Its matrix elements ({k,}|Hpy . ./[w/) read

({keHHpypeolyry) o Z(HA> & e ke L)y p (s s )+ (= 1) e afece (g K Z(HB) (ki.ka,...), (97)

e—e e'—e

with j; , = ki, — & ,/2, and d denotes the number of boundary edges surrounding F U f. Here, HH A is the product of

the A terms from e to ¢’ counterclockwise, except for the one on the corner of e, e,, which has been smgled out. We will
show those matrix elements vanish as soon as the constraints on f and on F are both satisfied on |w;), given (96).
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On f, we have the constraint, for fixed €}, €,, and j,, =k, —€1,/2,

Boy ™ (ka ki, b)yilko. i o ks ks, ) = ae"ez(kl’kz)ZA%?;ez (Ko. jo- k3)Aor" (jr. Ko, ka)
ep==%

XlI/i(ko—%O,kl,kbk&km---)v (98)

where 0 ; is the orientation of e relative to f. On F there is a constraint similar to (97), from the Hamiltonians H , » with
the same signs es. It reads,

€0,€. € €3,€ € €
Z(HA) ZA(;;)g(kO,kﬁE“,k])A* °<k3+ > ko,k2>w,<ko 2,k1,k2,k3—§,k4—§4,...>

{e}

+ (=)t e (ko ke Z <H3> wilko, ki, ko ks, Ky, ...) =0, (99)
& N

where oy ¢ is the orientation of e as the boundary of F, which is opposite to o ;. Here €, (respectively, &) is fixed if e = ey
(respectively, if ¢/ = e;) and summed over otherwise.

We now specialize (98) and (99) to k, = 0, where they simplify a lot. First, that enforces ¢y = — in (98) and &, = —
in (99), so that those sums reduce to a single term. In (99) we further take k3 = k, and k4 = k. All ¢ — 6] symbols with a

spin equal to 0 can be evaluated as { J%l 18 k24 } =8, i (1) h+/ /2], ]
q

As a consequence, (98) gives

[d},] 1 o
m%(i,kpkz»h,h,...), (100)

where k3 = j, and k4 = j; on the last term are enforced by the special evaluations of the ¢ — 6 symbols with a spin 0.
Equation (99) gives

By ™ (kyy ki, )0, v s Jos i ) = —a2 (ki kp)og por€

Z(HA>00f03€1 3 [[CcllkZ]][dkz] ( ki ks, o, ]1,...)

e—e!

+ (=1)4rdee g (k,, k) Z(HB)wi(O,kl,kz,kz,kl,...) =0. (101)
{e} N

The term y; (é ki, ks, ja, j1,...) can be eliminated using (100). Moreover we turn the B coefficient of this equation into an
A coefficient using —Ag)“' (ky, ki, ) = By, ' (ky, ki, [5). It is then enough to recognize y, as given in (96) to obtain
that (97) vanishes. n

C. 3-1 Pachner move

The 3-1 Pachner move removes a triangular face from the graph and replaces it with a vertex. The edges incident to the
face become incident to the vertex,

€3 €2 4

e3
4
“ €6 - (102)

€5

The orientations of all the edges are left arbitrary.
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Theorem 5.3. If |y;) is a state on the initial graph I'; that satisfies all the constraints, then its spin network coefficients
can be written

v J2 Js

Wildis Jas J3s Jas Jss Jes o) = (—1)(H"')j'+<1+{)2)'i2+<1+{)6>j6(—1)j3+j4+j5{
Ja Js Je

} w(jzs JasJss o), (103)
q

where (/3. ja. js....) are the spin network coefficients of a state [y ), which satisfies all the constraints on the final
graph I'y.

Proof.—Let us write the constraints on the triangular face. There is one constraint for each pair of edges of the boundary.
For the pair (e,, ¢g), for instance, one gets

ZA?I'SZ(/% ky. k3) A (koo ki, ks)wi(jis jos ks ko ks, 6 )
€=%
+ a2 (ky, ko) Bo2 (J2. Jo ka)wi(k1. ko, k3, ky, ks, ke, ...) = 0. (104)

Here j; = k; —¢;/2, for i = 1, 2, 6. The coefficients are

o k j 1
A2 (ky s ka, ky) :0161[dk,](—1>k‘+k2+k3{ .1 oz } ,
2 ky ks q

k i 1
A (ke ki ks) = 0666[dk6](—1)k1+k5+k6{ 6 Jo 3 } ’
q

J1 ki ks
e ; ke Jo b
B (Jos Jor ka) = 0262[d, ](‘U"ﬁkﬁ""{ : ’ } : (105)
Jo ky k4 q

We thus have the recursion

R TR TR ke Jo % .. .
Zolozoé[dkl](_])2k1+kz+k3+k5+kﬁ+ 21+22+26{ . 2 } { . 2 lI/i(]l’JZ’k37k47k57]6’ )
P 2 ky k3 g UJ1 ky ks q

ke jeo 1
+<—1>k2+k4+k6{ ° lj ,j}wi<k1,k2,k3,k4,ks,ké,...)=0, (106)
J2 Ky Kg )y

and similarly for the pairs (e, e,), (es, ;). A similar result for the flat case was found in [10], where ¢ is set to 1.
Those recursions determine the dependence of y; on j;, j,, je up to a single initial condition. As the recursion involves
three terms, it may seem like several initial conditions are required. However, at k; = 0, only two terms are left in
the recursion, as shown in Eq. (100). This means that from the initial condition (0, k3, k3, k4, ks, k5), one gets
wi(% sk3 —€3/2, ks, ky, ks, ks — €5/2). Then this determines y; for arbitrary ki, k,, k. The result is known to be

ki ko ks

(ki ko ks kg, ks, ke, ...) =
’I/(123456 ) {k4k5k6

} ¢(k3’k47k57"-)7 (107)
q
where ¢(ks, ky, ks, ...) is independent of k, k,, k. To determine ¢, we set k; = 0,

0 k3 k3 -1
¢<k3’k4,k5““):{k k k} wi(0,ky, ks ky ks, ks, ...) = (—1)ktheths [di,)[di Jwi(0, k3, k3, ky ks, ks, ...).  (108)
4 Ks ks,

We conclude with Theorem 5.2. L]

The relation between the physical states before and after the 3-1 Pachner move provides a way to relate the g-deformed
LQG to the Turaev-Viro model with ¢ real. Consider the graphs on two adjacent time slices in a spin foam different by a
3 — 1 move. This part of the spin foam gives a Turaev-Viro vertex amplitude, which is simply a ¢ — 6 symbol. We have
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reproduced this vertex amplitude in (107) by relating the
coefficients of the physical states before and after the
Pachner move. This is also consistent with the method to
relate LQG to the spin foam model by considering the
physical scalar product of states introduced in [8].

In this section, we have proved that the physical states for
graphs related by a Pachner move, either 2-2 move or 3-1
move, are equivalent hence the physical states are topo-
logical states. The equivalence is shown by the exact
relation between the coefficients of the spin network basis
for physical states before and after the Pachner move as
shown in (78) and (103). This also justifies the validity of
the Hamiltonian expression (65) from the direct quantiza-
tion of the scalar products of deformed spinors in the
classical Hamiltonian (36).

VI. CONCLUSION

In this paper, we have given a realization of the interplay
between the cosmological constant, curved geometries and
quantum group structure in the 3D loop quantum gravity
framework in Euclidean signature with a negative cosmo-
logical constant, which we call the g-deformed LQG model.
In particular, the deformed constraints at the classical level
represent discrete hyperbolic geometries, as shown in [27].
Upon the standard quantization procedure, these deformed
constraints become quantum constraints with a quantum
group structure.

We have focused on the Hamiltonian constraints,
obtained from the flatness constraints. We have written
them with the deformed spinors and performed the quan-
tization following the companion paper [31]. The result is a
generalization of the quantum Hamiltonian constraints
derived in [10] for flat space. By studying the way the
solutions to the quantum constraints change under Pachner
moves, we provide a generalization of the Noui-Perez
transition amplitudes [8] to g # 1 real: the transition
amplitudes are the coefficients relating the physical states

in the spin network basis under Pachner moves. Here, they
clearly lead to a Turaev-Viro model for ¢ real. It is a
topological model (with the same finiteness issues as the
q = 1 version, the Ponzano-Regge model).

Our method is radically different from [8], however,
and maybe more in the spirit of LQG. On its way to
linking g-deformed LQG to spin foams, our method
derives the Wheeler-DeWitt equations as difference equa-
tions on the spin network coefficients of the states, see
Eq. (67). In the flat case, the Hamiltonian constraint can be
interpreted as displacements of the vertices of the triangu-
lation [30]. Our difference equations (67) are quantum
implementations of those symmetries.

Although our constraints are in fact derived from the
flatness constraints, we believe that this approach is
promising to study both how to incorporate the cosmo-
logical constant in 4D and how to write interesting
dynamics for curved 4D geometries. A first step in the
continuous theory has been initiated in [37].
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