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The method of nonlinear realizations is a convenient tool for building dynamical realizations of a Lie
group, which relies solely upon structure relations of the corresponding Lie algebra. The goal of this work
is to discuss advantages and limitations of the method, which is here applied to construct perfect fluid
equations with conformal symmetry. Four cases are studied in detail, which include the Schrédinger group,
the Z-conformal Galilei group, the Lifshitz group, and the relativistic conformal group.
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I. INTRODUCTION

Recently, there has been a considerable effort to under-
stand the hydrodynamic limit of the AdS/CFT correspon-
dence [1-3]." The main point of the study was to establish
that the low-frequency behavior of an interacting field
theory at finite temperature could be described by fluid
mechanics.

The conventional formulation of fluid dynamics relies
upon an expansion scheme in which the effects of viscosity
and heat transfer are regarded as corrections to the perfect
fluid equations (see e.g., [2]). As is known, for a properly
chosen equation of state the (non)relativistic perfect fluid
equations exhibit conformal invariance (see e.g., [5-7]). It
is then natural to wonder whether such equations can be
formulated on purely group-theoretic grounds.

A convenient tool for building dynamical realizations of
a Lie group, which relies solely upon structure relations of
the corresponding Lie algebra, is provided by the method
of nonlinear realizations [8]. The scheme includes several
steps. First of all, one introduces coordinates and fields,
whose number in general is equal to the number of
generators of a Lie algebra at hand. Then one builds a
formal group-theoretic element g, which is a product of
exponentials of the type ¢'”, where a is a coordinate (or a
field) and T is a Lie algebra generator. After that, one studies
the left action of the group upon the group-theoretic element
¢ and establishes transformation laws of the coordinates and
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fields. Finally, one computes the Maurer-Cartan one-forms
g 'dg. By construction, they hold invariant under the left
action of the group upon the group theoretic element and,
hence, provide convenient building blocks to formulate
invariant equations of motion. If desirable, they can also be
used to eliminate some of the fields from the consideration
by imposing constraints. Within the method of nonlinear
realizations, imposing constraints is attributed to the inverse
Higgs phenomenon [9].

An alternative formulation of fluid dynamics in terms of
group-valued variables, which relies upon Kirillov’s method
of orbits [10], was proposed in [l11]. The formalism is
particularly suitable for taking into account constituent
particles, which carry non-Abelian charges or spin degrees
of freedom, as well as for incorporating anomalies [12-16].

The goal of this work is to discuss advantages and
limitations of the method of nonlinear realizations, which
is here applied to construct perfect fluid equations with
conformal symmetry. Four cases are studied in detail,
which include the Schrodinger group, the #Z-conformal
Galilei group, the Lifshitz group, and the relativistic
conformal group.

The organization of the work is as follows. In the next
section, we briefly outline key features of the method of
nonlinear realizations, which are used in a later section to
explore fluid equations with conformal symmetry. For
simplicity of the presentation, the construction is illustrated
by the example of so(2, 1) algebra, which was first studied
in [17]. In Sec. III, perfect fluid equations with the
Schrodinger symmetry are built in terms of the invariant
Maurer-Cartan one-forms associated with the Schrodinger
group and an invariant derivative. It is demonstrated that a
proper equation of states, which links pressure to fluid
density, comes about quite naturally without the need to
invoke more sophisticated arguments [5,6]. In Secs. IV
and V, a similar analysis is performed for the #-conformal
Galilei group and the Lifshitz group, respectively. To the best
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of our knowledge, the Lifshitz-invariant equations in Sec. V
are new. Section VI is focused on the case of the relativistic
conformal group. In contrast to the nonrelativistic examples,
the construction of relativistic fluid equations invariant under
the conformal group in terms of the Maurer-Cartan invar-
iants alone turns to be problematic and extra arguments need
to be invoked. In the concluding Sec. VII, we summarize our
results and discuss possible further developments.

Throughout the paper, summation over repeated indices
is understood unless otherwise stated.

II. THE METHOD OF NONLINEAR
REALIZATIONS

In this section, we outline key features of the method
of nonlinear realizations [8], which will be used below to
explore fluid equations with conformal symmetry. For
simplicity of the presentation, the construction will be
illustrated by the example of so(2, 1) algebra
[H,D] = iH, [H,K] = 2iD, [D,K] = iK, (1)
which was first studied in [17]. Above H is interpreted as
the temporal translation generator, D links to dilatation, and
K is associated with the special conformal transformation.

In its essence, the method of nonlinear realizations is a
tool to build dynamical realizations of a Lie group, which is
based solely upon structure relations of the corresponding
Lie algebra. As the first step of the construction, one
introduces coordinates and fields whose number in general
is equal to the number of generators of the Lie algebra. The
choice is not unique and it essentially depends on a
dynamical realization one seeks. For example, if one is
concerned with one-dimensional mechanics originating
from (1), a temporal variable ¢ and a function u(z), which
describes a particle dynamics, are needed. It seems natural
to link 7 to H and u(r) to D. In order to treat all the
generators on equal footing, one introduces one more field
w(t), which is regarded as a partner of K. At this stage, it is
not yet clear whether u () or w(z) will be more suitable for
describing a reasonable conformal mechanics model and
one anticipates an SO(2, 1)-invariant constraint, which will
link the fields to each other.

Then one introduces the group-theoretic element

g= eitHeiu(t)D

eiw(t)K . (2)
In general, the expressions in (1) are regarded as formal Lie
brackets (rather than commutators of operators) and the
exponential entering (2) is treated as the exponential map of
a Lie algebra to a neighborhood of the unit group element.
Yet, nothing prevents one from assuming that a specific
representation of the Lie algebra is chosen such that (1)
represents commutators of the generators and (2) is an
operator acting upon a state. In the latter case, the
exponential entering (2) can be regarded as a formal

Taylor series e* = %% (47 in which case the well-known

Baker-Campbell-Hausdorff formula

eATe™h = T i%m, A, AT ()
n=1"""

ntimes

is applicable, where A and T are two arbitrary operators.
The conventional property of the exponential

e ePA — e(a+/3)A’ (4)

holds true as well, where a, f are constants and A is an
operator action upon a state in the representation chosen.
Equation (3) is the cornerstone of the whole consideration
to follow. Note that the order in which the factors
contribute to the group-theoretic element (2) can be chosen
at will and different options are related by coordinate and
field redefinitions.

At the second step of the construction, one analyzes the
left action of the group upon the group-theoretic element

g/ — IPH p1AD ,ioK g= eit’Heiu’(t’)Deiw’(l/)K’ (5)
where f3, 4, o are real transformation parameters, and makes
use of (3) so as to establish transformation laws of the
coordinates and fields. For most physical applications it
suffices to consider their infinitesimal form.

When performing calculations, depending on a specific
operator e at hand, it might prove helpful to insert the unit
operator e~ Be?, with B to be specified below, either to the
left or to the right of e’. The following chain of relations

ei/lD eitH — eMD eitHe—iAD eiAD — ei/lD(l +itH + ... )e—i/lD eiﬂD
1

=(1+it(H + [ilD,H] +...) + ...)e*P

— pi(1+A)tH HiAD (6)
gives the example of how e*? “passes through” /. The
Baker-Campbell-Hausdorff formula was repeatedly applied
in the second line of (6). At the same time, when computing
e'"K el with infinitesimal o, it proves convenient to place
el =" to the left of the operator

eiaKeitH — eitHe—itHeiaKeitH — eitHe—itH(l + iGK)eifH
1

_ g <1 o (K ~ e, K] + g fieH. fiuH, K]]))

. Ny .
— pilttor )Hewl(eZm'tD’ (7)

where we used the fact that ¢94¢iB = 198194 for infini-
tesimal o.
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Taking into account the technicalities, from Eq. (5) one obtains the infinitesimal SO(2, 1) transformations acting upon the
temporal variable and the fields u(t), w(z) (each transformation is separated by semicolon)

! =1+p, u' (1) = u(t), (1) = w(1);
= (14, u'(t') = u(r) + A, w (1) = w(r);
! =t+of, u'(t') = u(t) + 2ot, w () = w(t) + e"Vo. (8)

The third step of the method consists in computing the
Maurer-Cartan one-forms®

g 'dg = iwyH + iwpD + iogK, 9)
where

wy = e "dt, wp = du —2we™"dt,

wg = dw —wdu + w?e™"dt. (10)

By construction, they hold invariant under the group
transformation (5), (8) and, hence, provide convenient
building blocks to formulate invariant equations of motion.
If desirable, they can also be used to eliminate some of the
fields entering the group-theoretic element from the con-
sideration by imposing constraints.

In the last step of the construction, one specifies a
dynamical realization of the group at hand by choosing
judiciously a combination of the Maurer-Cartan invariants
which results in a reasonable set of second order differential
equations. The latter are identified with the equations of
motion of a dynamical system. This item is not straightfor-
ward and requires guesswork. For example, if one wishes to
use (10) in order to formulate one-dimensional SO(2,1)-
invariant mechanics, one imposes the constraint wp = 0,
which links w to u

1de*
w=— ,
2 dt

(11)
and then postulates the equation of motion [17]

ok — 7oy =0, (12)
in which y is a (coupling) constant. Implementing the field

redefinition u = Inp?, which is meant to remove the (44)2
term from (12), one finally arrives at

&Pp 7
@ (13)
’Given ¢ in (2), the inverse element is gt = e KeTiub emiH
while the differential reads dg = ¢ (idtH)e"P ™K+

eitHeiuD(iduD)ein + eitHe‘iul)eiWK(idWK).

I
which is the conventional 1d conformal mechanics equation
of motion [18].

To give another example, it is known that the Schwarzian
derivative

S(p(1)) :';'(ﬁ% (é(—”)z, (14)

p(1) p(1)

where p(7) is a real function and the dot designates the
derivative with respect to ¢, holds invariant under the
SL(2,R) transformation acting upon the argument

ap(t) +b

pi) = cp(t)+d’

(15)

with ad — cb = 1. At first glance, the invariance does not
seem obvious at all. Yet, because s/(2, R) ~ so(2,1), one
can naturally arrive at (14) by applying the group-theoretic
arguments similar to those above [19]. It suffices to keep
the temporal variable ¢ as an external parameter’ and
introduce the group-theoretic element

g= eip(z)Heis(t)Keiu(t)D7 (16)
where p(t), s(t), u(t) are as yet unspecified functions,
which gives rise to the Maurer-Cartan invariants

wp = (u—2sp)dt.
(17)

oy =petdt, wg=e"(5+s%p)dt,

Imposing the constraints wy —pdt =0 and wp +2vdt =0,
where y and v are arbitrary constants, one can express # and
s in terms of p, while substituting the result into the only
remaining one-form wg, one arrives at the Schwarzian
derivative [19].

Our primary concern in later sections will be to under-
stand whether the construction outlined above is powerful
enough to result in perfect fluid equations with conformal
symmetry. Specifically, the cases of the Schrodinger group,
the Z-conformal Galilei group, the Lifshitz group, and the
relativistic conformal group will be discussed in turn.

3To be more precise, one considers R x SL(2, R) and links 7 to
the generator of the group of real numbers under addition R.
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III. PERFECT FLUID EQUATIONS
WITH THE SCHRODINGER SYMMETRY

The Lie algebra associated with the Schrédinger group
includes generators of temporal translation, dilatation, and
special conformal transformation, which form so(2,1)

H=i2 i +1

= 1— =1 —_ — e
or’ or 27N
© _ .0 (1)

C. =1—, C — [—’

! laxi ! ! 0x;

which obey the commutation relations

[H.D)=iH,  [H,K]=2iD,

D, V) =

i

(0) L)
D,C.7|=—-=C;",
[ ] 2 13

The finite form of the corresponding transformations acting
in the nonrelativistic spacetime reads

N
t = —aii'g, xX;= (Z—Z)zx,»; =t
/4

X =xi+a” +d"1, (20)

© 4 are transformation parameters,

where a, p, 7, 0, a; ', a;

the first four of which obey the restriction ad — ffy = 1.
In order to describe a fluid, one introduces the density5

p(t, x) and the velocity vector field v;(t,x), i = 1,...,N.

The transformation law of p(#,x) under the Schrédinger

group is obtained by fixing a value of the temporal variable

t and demanding the mass of an A-dimensional volume

element V' to be invariant under (20)

/ Axp(f, ) = /V dxp(t, x), (21)

where dx = dx;...dx,s. This gives

p(t,x) = <?3tt/)7l’/(t’ﬁ’); pt,x) =p'(t.x),  (22)

e
—c'V,
2 1

subalgebra, as well as spatial translations, the Galilei
boosts, and spatial rotations. Given a nonrelativistic space-
time parametrized by a temporal variable ¢ and Cartesian
coordinates x;, i =1,...,N, where N is the spatial
dimension, they can be represented in the form*

K=i tzﬁ—i—txi
x; )’ B ot "ox; )’

D.K] =ik,  [H.c"]=ic"?,

K, C\"1 = —ic!". (19)

where the first relation corresponds to the SO(2, 1) trans-
formations, while the second links to the spatial translations
and the Galilei boosts.

Considering an orbit of a liquid particle parametrized by
x;(t), for which

dx;(t)
dt

= v;(t, x(1)). (23)

from Eq. (20) one can determine the transformation laws of
the velocity vector field®

o'\ 3 9 [(or\~:
v;(t,x) = (E) o7, x) +E (E) Xl

vi(t.x) = v/t x) = a\", (24)

1

where again the former equality corresponds to the SO(2, 1)
transformations, while the latter links to the spatial trans-
lations and the Galilei boosts.

In what follows, we will need infinitesimal form of
the Schrodinger transformations acting upon the coordi-
nates and fields. Substituting a =1, 6 =1, y =0 into
(20), (22), (24) and regarding f as infinitesimal para-
meter, one obtains the infinitesimal form of the temporal
translation

*Here and in what follows the conventional rotation generators are disregarded.

5Throughout the paper, we use units in which p is dimensionless. This can be done by choosing a reference value p, and

rescaling p — p”—(.
0

®As is usual in classical dynamics, when restricting transformations similar to (20) to a particle orbit, one replaces x; with x}(#') and x;

with x;(1).
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! =r+p, X = x;,
P x) =p(tx), ot x) =0t x). (25)

Choosing a = e,5=e2,=0,7=0, setting A to be infinitesimal parameter and Taylor expanding in 4 up to the first
order, one gets the dilatation transformation

=1+, X, = <1—|—%>x,»,

o) = (1= Yottty = (1) (26)

where, as above, N denotes the spatial dimension.
Infinitesimal form of the special conformal transformation is found by settinga =1, =1, f =0, y = —o in Eq. (20),
regarding ¢ as infinitesimal parameter, and Taylor expanding in ¢ up to the first order

! =t+of, xi = (1+ot)x;,
P, xX)=(1-=Not)p(t, x), vi(f,x") = (1 —ot)v;(t, x) + ox;. (27)

The spatial translations and the Galilei boosts maintain their form

(0)

! =1, X, =x;+a ()

+al ta

P =p(t,x), ol x) = v,(t.x) + a)". (28)

Having fixed transformation laws of the fields which characterize a fluid, we are now in a position to construct
invariant equations of motion within the method of nonlinear realizations. As the first step, one has to introduce a proper
group-theoretic element. The building blocks, which are at our disposal, are the coordinates 7, x; and the fields p(t, x),

v; (1, x) on the one hand, and the generators of the Schrodinger algebra H, D, K, Cl(-o) , Cl(-l) on the other hand. It seems
natural to link the generator of temporal translation H and the generator of spatial translations Cl(.o) to the temporal
variable ¢ and the Cartesian coordinates x;, respectively. The remaining generators of the algebra should be

accompanied by specific combinations of p(z,x) and v;(¢,x) in a way compatible with the left action of the

Schrodinger group upon a group-theoretic element, which will be introduced shortly. Because Clm carries a vector

index, its partner in a group-theoretic element should be proportional to the velocity vector field v;(z, x). For symmetry
reasons (see below), a coefficient of proportionality can be taken to be just the unity. Denoting companions of D, K by
u(t, x), w(t, x), respectively, and postponing for later a clarification of their connection to p(t, x), v;(#, x), one finally gets
the group-theoretic element

P . 0) . 1 . .
g= eleelx,»Cl(, )elu,»(l.x)cg )elu(l.X)DelW(l,x)K. (29)

As was mentioned is Sec. II, factors contributing to a group-theoretic element in general do not commute. The choice
(29) proves to be most convenient for our subsequent analysis.
As the next step, one considers the left action of the Schrodinger group upon the group-theoretic element

ei/}Heiago)Cfo) iaSI)Cgl)eilDeinK . eitHeix,-CEO)eiv,-(t,x)C,(.”eiu(l.x)Deiw(t,x)K _ it’Heix;C(O)eiv;(t’,x’)CS])eiu’(t’,x’)Deiw/(t’,x’)l( (30)

e e i ,

where f, 4, o, ago), al<l> are transformation parameters, and makes use of the Baker-Campbell-Hausdorff formula (3) to
determine transformation laws of the coordinates and fields. For simplicity of the presentation, we focus on their

infinitesimal form (each transformation is separated by a semicolon)
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! =r+p, X =x;,
Vit x') = v;(t, x), u'(f,x') = u(t,x), w(t,x") = w(t x);
A
A
vt x') = (1 —E>vi(t,x), u'(?,x') =u(t,x) + 4, w (', x") = w(t, x);
¢ =t+ o, x; = (1 +ot)x;,
oi(f,x") = (1 — at)o(t, x) + ox;, u'(f,x'") = u(t, x) + 2ot, w (?,x) = w(t,x) + ce();
/= x =X; —l—af ),
vj(t',x') = ( x), ' (f',x') = u(t,x), w(7,x') = w(t,x);
! =1, X;=x; —i—tal(l),
(¢, x') =v;(t,x) +a b, u'(f,x') = ul(t, x), (7, x) (2, x). (31)
At this stage, comparing (31) with (25)—(28) and taking Vo i (36)
into account the identities i=pP ox;’

o (o J . oxt\ o
ot \ot)or \ot)ox)

0 o\ o [ox}\ o
— = (=)= —L) =, 32
ox; <6x,~> or * (dx,) 0x’; (32)
one can unambiguously link u, w to p and v,
PA 1 a
p= 6_%”7 w = Np 2 az (33)

A comparison of (31) with (25)—(28) also confirms our

earlier identification of a companion of the Galilei boost
generator C lm entering the group-theoretic element with the
fluid velocity vector field v;.

As the final step, one computes the invariant Maurer-

Cartan one-forms

iwyH +iopD + iogK + 0" C\” +io!" Y,
(34)

g ldg =

where

wy = e "dt, wp = du —2we™"dt,
wg = dw — wdu + w?e™"dlt, a)l(»o) = e73(dx; — v;dt),
(1 (35)

w; = exdv; — we™2(dx; — v;dt),

and takes notice of the fact that the derivative

is invariant under the action of the Schrodinger group.’

The invariants (35) and (36) are all one needs to formulate
perfect fluid equations with the Schrodinger symmetry
within the group-theoretic approach. First of all, a com-
parison of a),-O with one of the key ingredients of fluid
mechanics (23) suggests a further specification in the group-
theoretic element (29)

x; = x;(1), (37)

where x;(#) is now interpreted as parametrizing an orbit of a
liquid particle. The substitution (37) also links the differ-
ential d to the material derivative D, which is commonly
used within fluid mechanics

0 0
d = dtD, D=—+ov;(t.x)—. 38
FTRIIGE (38)

Imposing the Schrodinger-invariant constraint
o) =0, (39)

one thus reproduces Eq. (23) and confirms once again that
the identification of v; in (29) with the fluid velocity vector
field was correct.

Substituting (33) into wp, one gets

wp = _2 (& + %> dr. (40)
P i

N 0x;

"The invariance of the derivative is most easily verified by
making recourse to the finite transformations (20), (22) and
taking into account the identity (32).
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Hence, demanding w, to vanish, one naturally arrives at the
continuity equation

dp  d(pv;)
0t+ ax,-

—0, (41)

which is the equation of motion for p in fluid mechanics.
It remains to determine the equation for v;. Note that
(1)

i

after imposing the constraint (39), the one-form o
simplifies to

oV = (p¥Du,)dt. (42)

In particular, it involves the material derivative of the
velocity vector field v;, which is the fluid mechanics analog
of the acceleration vector in Newtonian mechanics.
Because the remaining Maurer-Cartan forms in (35) do
not carry vector indices, one is led to use the invariant
derivative (36) so as to specify a potential term. Imposing
the simplest Schrodinger-invariant restriction

o'V + aV,0y =0, (43)
where « is a real constant, one gets the equation of motion

D Gl 44
0, = —a o (44)

The latter can be put into the conventional Euler form

op
Do, = ——— | 45
pD; ox, (45)

by introducing the pressure p(z,x) which obeys the
equation of state

p =¥, (46)

with v = /\%12 Equations (41), (45), and (46) reproduce the
perfect fluid equations invariant under the action of the
Schrodinger group, which were originally introduced
in [5,6] (for conserved charges and the energy-momentum
tensor see [6]). Within the group-theoretic approach, they

result from imposing the invariant constraints a),(-o) =0,
wp =0, a)gl) + aV,;wy = 0 upon the Maurer-Cartan one-
forms. The advantage of the method is that the equation of
state (46) comes about quite naturally without the need to
invoke more sophisticated arguments (cf. [5,6]).

Concluding this section, we note that some statements in
the literature regarding conformal symmetries of nonrela-
tivistic fluid mechanics contradict each other. For a detailed
account and further references see [20].

IV. PERFECT FLUID EQUATIONS WITH
THE ¢-CONFORMAL GALILEI SYMMETRY

As is well known, the Schrodinger algebra is a parti-
cular instance of the so-called #Z—conformal Galilei
algebra [21,22]. The latter includes generators of (temporal)
translation, dilatation, special conformal transformation,
spatial rotations, spatial translations, Galilei boosts and
constant accelerations. They obey the structure relations®

[H.D] = iH, [H.K] =2iD,  [D.K] =iK.
[H,C\"] = inc"™Y, D, C") =i(n—-1)c™,
K.C"] =i(n—21)c\"™, (47)

where i = 1,...,N and n =0, ...,2¢. Here N designates
the spatial dimension and ¢ is an arbitrary (half-)integer real
parameter, which gives the name to the algebra.

A conventional realization of the algebra in terms
of differential operators acting in a nonrelativistic space-
time reads

0
H=1i—, D=1 t£+fxii ,
ot ot ox;

0 0 0
K=il?=+2tx;— W _im 2 (4
1(t at+ Cix; aXi>, C; it o (48)

Note that the value of the parameter £ specifies the number

of acceleration generators at hand (CE”> with n > 1) and for
= % one reveals the Schrodinger algebra discussed in the
preceding section. A finite form of the transformations is

given by (no sum over repeated index n)

at + o\ *
7 _ath X = ( X3 i =1,

IR "~ \or
X, =x;+ aﬁ”) ", (49)
where n = 0,...,2¢, and a, f3, 7, 6, ago), agl), a,(zf) are

transformation parameters, the first four of which obey
the restriction ad — fy = 1.

In a very recent work [23], the perfect fluid equations
with the Schrodinger symmetry were generalized so as to
accommodate the Z-conformal Galilei symmetry

dp  d(pv;) op e
= =0, D¥p, = ———, =yt (50
" ox, PPY0 =50 P=wT (50)

where v is a constant. Conserved charges and the energy-
momentum tensor were built as well [23]. Our goal in this

¥As above, in this section we disregard spatial rotations.
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section, is to demonstrate that the group-theoretic approach
allows one to arrive at (50) in a rather natural and
efficient way.

As the first step, one has to determine transformation
laws of the fluid density and the velocity vector field under
the action of the #-conformal Galilei group. Repeating the
arguments in the preceding section, one finds (no sum over
repeated index n)

o\ N
/)(L X) = (E) p/(t/’x/);

o'\ 1-¢ 0 [ot"\~¢
v;(t,x) = (E) o7, x) —1—5 <E> Xl

p(t.x) = p/(1',x'),

v;(t,x) =0li(r, x') - na(")t"_l,

i

(51)

where the first two lines correspond to the SO(2,1)
transformations, while the rest describes the accelerations.
Note that, similarly to the Schrodinger case, the derivative

0
V,=pv—,
=P

(52)

holds invariant under the transformations (49) and (51).
Equation (51) will be used below in order to link fields
contributing to a group-theoretic element to p and v;,
J

while (52) will help to formulate invariant equations
of motion.

Then one considers a natural generalization of the group
theoretic element (29)

itHeix,-Cm) i) (t.)c)C(l>

P el p ‘.‘eil)l(.Zf)(t,x)C(Zf) iu(r.x)D

e iw(t.x)K,

g=e e

(53)

where ¢ and x; are the temporal and spatial coordinates,

oY is identified with the fluid velocity vector field ov;,

@) 0% will be later linked to

new vector fields v;”, ..., v,
the material derivatives of v;, whereas u, w are scalars
to be expressed in terms of p and v; in accord with the
way in which they transform under the #-conformal
Galilei group.

Analyzing the left action of the group upon the
element (53)

(2¢)

P (x) €0 D yioK 9. (54)

| — piPH iaEU)CﬁO) eiaf.l)(l.x)Cl(.]) ey

g

where f, A, o, al@, ey a@f)

;’ are infinitesimal trans-
formation parameters, one gets (each transformation is
separated by a semicolon; no sum over repeated indices

k and s)

! =r+p, X = x;,

o ¥y = ol (1, x), W (f.x) = u(t,x), W(r,x) = w(t, x);
=1+, xi = (1+0)x;,

U’Ek)(z’,x’) =(1—=Ak—- f))vl(_k)(t, x), u(t,x) = u(t,x) + 24, w(f,x) = w(t,x);
¢ =t+ ot x; = (1+20¢1)x;,

VP ) = (1 =20k - )M (tx) W (. x) = u(t.x) W (7, %) = wlt,x)

—olk—1-22)"V (1, ), + 201 + gen(t),

/=t X = x; + k¥

v’gk_s>(t’,x’) = U(k_s>(t, x)+ t“'C‘,‘;agk),

1

where k=0,...,2¢, s <k, v§0> =x;, and C} are the
binomial coefficients C} = ;7

Comparing (55) with the infinitesimal form of (51)
(see [23]), one can express u, w in terms of p and v,

_ e—/\/fu w N7 i

s = — J N 56
e’ " ox, (56)

p

Recall that 051) was earlier identified with the fluid velocity
vector field v;.

' (', x") = u(t, x),

i

w'(?,x') = w(t,x), (55)

[
Afterwards, one computes the Maurer-Cartan invariants

g'dg = iwyH + iwpD + iwgK +i0” '\ + oM !V

+o e, (57)

1

then attends to an orbit of a liquid particle x; — x;(z), and
finally imposes the constraints
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0V 0,

o) + aV,wy =0, (58)

where « is a real constant and V; is the invariant

derivative (52). The equations wﬁ") =0, ...,wgy_l) =0
allow one to link v?k), with k=1,...,2¢ -1, to the
material derivatives of x;
1
k
oM = D" (59)

with D specified in (38). Substituting (56) into wp = 0,
one obtains the continuity equation, while the restriction
|

wp = du —2we™"dt,

)dt)

(2)

3%
i l
u
2

—wez(dv

To summarize, within the method of nonlinear realiza-
tions, both the perfect fluid equations, which hold invariant
under the action of the #-conformal Galilei group, and the
equation of state come about naturally. It suffices to
consider the group-theoretic element (53) and then impose
the constraints (58).

V. PERFECT FLUID EQUATIONS WITH THE
LIFSHITZ SYMMETRY

If one omits the special conformal transformation gen-
erator K in the Schrédinger algebra (19), the commutators

[H,D] and [D, C,(»l)] can be modified so as to include an
arbitrary constant z known as the dynamical critical
exponent (see e.g., [24])

[H.D] = izH,
1
D, ¢ :i<z—§>c§”,

where, as before, i = 1,...,NV. The resulting algebra is
known as the Lifshitz algebra.’ It is conventionally repre-
sented by the differential operators acting in a nonrelativ-
istic spacetime parametrized by (¢, x;)

°To be more precise, in modern literature by the Lifshitz
algebra Fe usually means (62), in which the generator of Galilei
boosts C; 1s discarded, while the generators of spatial rotations

—x. 9 i
M;; = 1( X; 0x, Xj 5y are reinstated.

wl(-l) = e_lzi(dul(»1>
dr) — 2we_%(dv§1) -2
—30Vdr) + wreH(do" - 20 dr) —

a)gzﬂ + aV,;wy = 0 reproduces the generalized Euler equa-
tion entering Eq. (50), in which

(26)\a

N (60)

Like in the preceding section, the equation of state exposed
in (50) arises automatically.

Note that for an arbitrary value of £ the explicit form of
the Maurer-Cartan invariants is rather complicated. As an
illustration, we expose the £ = case

wg = dw —wdu +w?e™"dt,

—20() dt) —3we~ Z(dx—v dt)

v(z)dt) + 3wke % (dx; — U dt)

1

w3e™% (dx; —u( lay). (61)
|
H=i. D:izt%Jr%xiaixi, EO)—ia%,
0
cl =g (63)

In particular, D in (63) gives rise to the anisotropic scaling
of the temporal and spatial coordinates

(64)

A being the transformation parameter. The goal of this
section is to obtain perfect fluid equations invariant under
the action of the Lifshitz group and the corresponding
equation of state within the method of nonlinear
realizations.

Guided by the analysis in the preceding sections, one
directly attends to the group-theoretic element

. L) . .
g= eltHelx,-Cf. )elu,-(t,x)Cg )em(nx)D’ (65)

and then establishes (finite) transformation laws of the
coordinates and fields under the Lifshitz group (each
transformation is separated by a semicolon)
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' =rt+p, X = x;,

v, x') = vt x), u' (7, x') = u(t,x);
= e’lzt, x:. = e%xi,

V(7 X)) = e Do,(1, x), u'(f,x) =u(t,x) + 4

' (r,x') = u(t,x);
|
X =x;+ tag .

(X)) = vt x)+al, W X)) =u(t.x), (66)
where f# and A are (finite) parameters associated with the
temporal translation and anisotropic scaling transformation,

respectively, while an)’ a,m are related to the spatial
translations and the Galilei boosts. Then one computes

the Maurer-Cartan invariants

g'dg = iwyH + iwpD +i0” V) +i0 ), (67)

i

where
wy = e dt, wp = du, a)f.o) = e73(dx; — v,dt),
a)l(-l) = eEDugy,, (68)

In order to make contact with fluid mechanics, one
introduces the fluid density p(z, x) and the velocity vector
field v;(z,x). By making recourse to (21), one finds the
transformation law of the density under the dilatation

p(t.x) = e5p/ (1, ), (69)

while p(t,x) = p/(¢, x’) for other transformations from the
Lifshitz group. Likewise, considering an orbit of a liquid
particle as in Eq. (23) above and attending to (66), one
can identify v;(¢,x) in (65), (66) with the fluid velocity
vector field.

Comparing the transformation laws (66) and (69), one
can link u to p

p=etn (70)

The invariant zero-form

2 2. 00;
Q=——p v, 71
Np : ax,- ( )
and the invariant derivative
0
V,=pv—, 72
™ (72)

can be found as well.

Finally, imposing the constraints built from the invariants

wp + Qoy =0, a)gl) +aVioy =0, (73)

where a is a constant, and taking into account the field
redefinition (70), one reduces the first equation in (73) to
the continuity equation, while the second condition gives
the conventional Euler equation and the equation of state

dp  opvi) _ 0 pDv; = _9p 1422
- [ ’ 7 .

ot axi axi

(74)

Here v is a constant, which links to a in (73) via
V= % At z = 1 one reproduces the result in Sec. II.

Note that, because each factor contributing to the left-
hand side of the Euler equation scales in a concrete way
under the dilatation transformation, it comes as no surprise
that by choosing the pressure to be a power function of the
density one can fix the exponent so as to ensure the
invariance of the entire equation. Similar reasoning worked
out in two preceding sections. To the best of our knowl-
edge, Eq. (74) have not yet been discussed in the literature.

A few comments are in order. Taking into account
the transformation laws (66), (69) and the fact that the
material derivative D introduced in (38) is invariant under
each transformation except for the dilatation, for which
D = ¢¥D', one can verify that the first two equations
in (74) do hold invariant under the Lifshitz group. One
reveals a subtlety in constructing conserved charges,
however. Using the relation

%( /V dpr) = /V dxpDA, (75)

where A(t,x) is an arbitrary function, D is the material
derivative, and dx = dx;...dx,s, which holds true due to
the continuity equation and the assumption that p van-
ishes at the boundary of the volume element V, one can
check that

Cl(»0> :/dxpvl-,
v
1
H = / dx(ipvivi + V(p)> (76)
14

are conserved over time. Here V(p) is the potential, which
via the Legendre transform gives the pressure [6]

Cgl) = tCl(.O) - / dxpx;,
v

p(p)zpw<p>—v<p>$v<p>=2(N w. 7

2z—1)p
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However, when trying to build a conserved charge
associated with the dilatation, which is typically of the
form [6]

1
D =1tH — —/ dxpx;v;, (78)
2)v

one reveals a problem. In view of (77), D in (78) is
conserved for z =1 only.

When equations of motion exhibit invariance under a
given transformation group, the corresponding action func-
tional may fail to do so. A well-known example is the
mechanical similarity [25], which is illustrated here by the
Lifshitz analog [26] of the 1d conformal mechanics (13)

. (2z=1y?

Whereas the equation of motion is invariant under the
anisotropic conformal transformation
V=et p(1) = ep(n), (80)

the corresponding action functional

1 . y2
S = 5/dt<p2 _p4z_2> (81)

scales as 8 = eX!179)S. Only for z =1 the action is
invariant and the conserved charge

. N .
where H = § (p* + /7)—2) is the energy, can be constructed via

Noether’s theorem.

It is customary to link conservation of energy and
momentum to conservation of the energy-momentum
tensor 7%, with y = (0,i) and i = 1,..., N, which for
the case at hand reads

1 ) 1

T = E,Dl)il)i +V(p). T = po; (5 vivi V/(,D)>,
a,uTﬂo =0, v = PYi

T7" = péji + pvjv;, 9,T" = 0. (83)

Within the fluid mechanics, the scale invariance is some-
times imposed by representing the dilatation generator in
the form D =if'd, and demanding the current T"¢,,
where ¢, = 1,6 and ,, = diag(+,—,---,—), to be con-
served d,(T#¢,) = 0. As was explained above, for the case
at hand such a current exists for z = 1 only, whereas the
equations of motion (74) hold invariant for an arbitrary
value of z.

VI. PERFECT FLUID EQUATIONS INVARIANT
UNDER RELATIVISTIC CONFORMAL GROUP

We now proceed to studying the case of the relativistic

1 . conformal algebra, which is specified by the structure
D=1H - > PP (82)  relations
|
[D,Pi] = —iPl', [D, KJ = iKl',

[Piij] = 2if7ijD - 2iMijv [Mij»Pl] = —iﬂilpj + iniji’

M. K] = —in;K; +in;K;, (M, My = —inyM j; — in; My + in My + i M ., (84)
I

where i =0, ...,V =1 and #; ;= diag(+,—,---,—) is the As usual, the indices are raised and lowered with the use of

Minkowski metric. Above, D is identified with the dila-
tation generator, P; links to translations in relativistic
spacetime, K; is related to special conformal transforma-
tions, while M;; determines the Lie algebra of the Lorentz
group. A conventional realization of the generators in
Lorentzian spacetime parametrized by coordinates x’ reads

.. 0 .0 . .0 .0
D=ix'—, P,=1—, K;,=1(2xx) ——-x'x;— ),
ox' ox' ox’ T ox!
. 0 0
Mij :1<xiﬁ—xli$) . (85)

the Minkowski metric and its inverse. Our objective in this
section is to inquire whether the group-theoretic approach
is capable of producing relativistic fluid equations with
conformal symmetry.

Given the algebra (84), it seems natural to start with the
group-theoretic element

g= eix"P,- eiui(x)K[eiu(x)Deif”(x)M,-j’ (86)

where x' are identified with the coordinates parametrizing
an N\ -dimensional Minkowski spacetime and v’(x), u(x),
fU(x) = —f/i(x) are fields on it. Proceeding similarly
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as above, one obtains the infinitesimal conformal transformations acting upon the coordinates and fields (each

transformation is separated by a semicolon)

X' = yf +ﬁi,
X = (1+2)x,

X' = xl — ol (xx) + 2x'(0x),

Vi) = (1= 2A)vi(

u'(x') = u(x) + 2(ox),
= xi — &y,

eif/ij(x/)Mij — e%ékpMkpeifij(x)Mij’

where B, 1, o', £/ = —&" are transformation parameters
corresponding to translations, dilatations, special
conformal transformations, and Lorentz transformations,
respectively, and we abbreviated (ab) = a'b;. The Maurer-
Cartan g 'dg = iwpD +iwLP; + 0 K; +
iwﬁéM ij read

invariants

wp = du —2(dxv), 'l = e7"dx/ (exp(=2f))
Wi = e"(dv/ — dx! (vv) 4 20/ (dxv)) (exp(=2f)) !
Cl);‘{[MU = (dfl]Mlj + deil)je_ifkpMk”Ml'jeiflxM“), (88)

i
j ’

where (exp(—2f)),’ stands for the conventional matrix
exponent.

At this point one reveals a problem. For one thing,
the transformation laws of x’ in (87) reproduce the gen-
erators (85), which means that the identification of x* in the
group-theoretic element (86) with the coordinates para-
metrizing a Lorentzian manifold was correct. For another
thing, among the Maurer-Cartan one-forms (88) one does
not find an invariant, which would link dx’ to v'. For each
nonrelativistic example above, there was such a relation,
which helped us to identify v; with the fluid velocity vector
field. Furthermore, from (87) it follows that v’ does not

transform as a contravariant vector field, i.e., v (x') #
(207 (x) with x" = x'(x) taken from (87), and, hence, it

ox’
cannot be identified with the fluid velocity vector field.
Rather, wp suggests that v; can be linked to the gradient
of u. Thus, the construction of relativistic fluid equations
invariant under the conformal group in terms of the
invariants (88) alone appears to be problematic.

Yet, discarding v; and focusing solely on x', u(x) and
their transformation laws displayed in (87), one can build
the desired equations. Firstly, one considers the conformal
time s

ds* = e 2™y, dxdx/, (89)

which remains intact under the transformations (87). Then
one introduces the velocity vector field Vi(x), which is

V(X)) =0l (x), u'(x') = u(x),
X),
V(X)) = (1 =2(ox))v' (x) = 26" (xv) + 2x'(o0) + o',
"My — e—zixkal’Mkp eifij(x)Mij;

U/i(x/) _ vi(x) _ (fifvj(x),

fUE) = f7(x);

W) =u(x)+4  fUX) = (%)

(87)

identified with % when restricted upon a liquid particle
orbit x' = x/(s). By definition, Vi(x) transforms as a
contravariant vector field V//(x') = (%’,) Vi(x) if X' =
x'!(x) is taken from (87). In view of (89), it is constrained
to obey

ViV, = e, (90)

meaning that V' is a timelike vector. In particular, VO can be
expressed in terms of V¢, with a=1,...,N — 1, and u.
Note that imposing (90) is consistent with the conformal
transformations (87).

Taking into account that within the relativistic frame-
work the operator Vid;,, where 9; = %, is an analog of
the material derivative (38) and analyzing the way in
which V/9;V" is changed under the conformal transforma-
tions (87), one finds that introducing two more terms
of the type VIV/o,u and e*n'ou yields the invariant
equationlo

Vio,Vi—2ViViou + e*n'id;u = 0. (91)

Note that, in view of (90), a contraction of (91) with V;
gives zero, meaning that only A/ — 1 equations are inde-
pendent. This correlates with the fact that V° links to the
spatial components V* and u via (90). In a similar fashion,
one can build a relativistic counterpart of the continuity
equation

0;(e”Nuviy =0, (92)

where N is the spacetime dimension, which holds invariant
under the conformal transformations (87).

%To be more precise, under the conformal transformations
(87) the expression on the left-hand side of (91) transforms as a
contravariant vector field. Setting it to zero, one obtains the
invariant equation.
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Finally, introducing the energy-momentum tensor

Tl] — 8_(N+2>MV1V] _Ne_/\/u”l]’ aiTl] — O, (93)

which is suggested by Eq. (91) and focusing on the 7%
component

700 — e—(./\/+2)uvava + (N_

1) eNu o (94)

where V¢, with a = 1,..., N/ — 1, are the spatial compo-
nents of the fluid velocity vector field, one concludes that

g:<ﬁ§§rw (95)

can be identified with the energy density (measured in the
comoving frame). Likewise, analyzing the stress tensor 7%
in the comoving frame, one determines the pressure

p= ,/\i/' e Nu, (96)

and establishes the equation of state

ple) = 1re 97)

The equations obtained above reproduce the ultrarelativ-
istic limit of the relativistic fluid mechanics [27].

VII. CONCLUSION

To summarize, in this work a possibility to construct
perfect fluid equations with conformal symmetry within the
method of nonlinear realizations was studied. Four cases
were discussed in detail, which included the Schrédinger
group, the Z-conformal Galilei group, the Lifshitz group,
and the relativistic conformal group. While the method
proved rather efficient for the nonrelativistic groups, in
particular yielding new results for the Lifshitz case, within
the relativistic framework the construction faced certain
difficulties and extra arguments needed to be invoked.

Turning to possible further developments, it is interesting
to inquire whether thermodynamic description of perfect
fluids with conformal symmetry can be accommodated
within the group-theoretic framework.

A possibility to combine the method of nonlinear
realizations with the approach in [11] is worth studying
as well.

In classical mechanics, having a potential energy, which
is a homogeneous function of an argument, results in the
mechanical similarity [25], Kepler’s third law being the
celebrated example. Physical implications of the aniso-
tropic conformal scaling symmetry of the Lifshitz perfect
fluid need to be better understood.

A Hamiltonian formulation for the equations of motion
in Secs. IV and V is worth exploring as well. Of particular
interest here are nontrivial Poisson brackets among the
fields and their origin [6].
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