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We study the collective transitions of a pair of static atoms near a Schwarzschild black hole. The two
atoms are assumed to be placed along the radial direction of the black hole and be coupled with fluctuating
massless scalar fields in the Hartle-Hawking and Unruh vacua. When the two-atom system is prepared in
the symmetric or antisymmetric entangled state, the average rate of change of energy of the two-atom
system is oblivious of the vacuum fluctuations and solely a result of the radiation reaction. Consequently,
the average rate, contrary to the existing results in the literature, is finite near the event horizon and is not

affected by the Hawking radiation of the black hole.
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I. INTRODUCTION

Spontaneous emission is a phenomenon in which an
atom transitions from a higher energy state to a lower one
and emits a photon, which can be attributed to vacuum
fluctuations [1], radiation reaction [2,3], or a combination
of them [4,5]. The indeterminacy of physical interpretation
arises from different choices of ordering of the operators of
the atoms and the quantum field, and this ambiguity is
settled by Dalibard, Dupont-Roc, and Cohen-Tannoud;ji
(DDC) [6,7], who proposed that the symmetric operator
ordering between the variables of the atoms and the field
should be adopted in order to ensure that the effective
Hamiltonians originating from vacuum fluctuations and
radiation reaction are separately Hermitian. Then, the
effects of vacuum fluctuations and radiation reaction have
independent physical meanings. Ever since, the DDC
approach has been widely used to study various phenomena
concerning atom-field interaction, such as the radiative
properties of atoms near a conducting plane [8] and the
energy-level shifts of atoms in a cavity [9].

The radiative behaviors are richer for atoms in non-
inertial motion or in curved spacetimes. With the help of the
DDC approach, it has been shown that, for uniformly
accelerated atoms in vacuum, the balance between the
contributions of vacuum fluctuations and radiation reaction
to the rate of change of the mean atomic energy that exists
for inertial atoms is broken, so spontaneous excitation
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becomes possible [10]. In accordance with equivalence
principle, spontaneous excitation is also found to be
possible for static atoms outside a Schwarzschild black
hole [11]. These studies establish an interesting relationship
between quantum effects in curved spacetimes, such as the
Unruh effect [12—-14] and the Hawking radiation [15,16],
and the radiative properties of atoms. In Refs. [10,11], the
atoms are assumed to be coupled with the fluctuating
vacuum scalar field. Later, these studies have been gener-
alized to the cases of the electromagnetic field [17,18], the
Dirac field [19], and as well as the gravitational field [20].

Recently, there has been growing interest in the interplay
between quantum entanglement and the radiative properties
of a multiatom system. On the one hand, the dynamics of
quantum entanglement of the atom system is crucially
dependent on the radiative properties of the atoms [21]. For
example, a pair of initially entangled atoms may get
completely disentangled within a finite time due to sponta-
neous emission, known as entanglement sudden death [22].
On the other hand, the radiative properties of entangled
atoms are also significantly different from those of sepa-
rable ones [23-25]. Therefore, a number of recent studies
have been focusing on the radiative properties of the atoms
due to the interplay between quantum entanglement and the
quantum effects in noninertial frames and curved space-
times [26-30]. In particular, in Ref. [27], based on a
generalization of the DDC formalism [6,7], the rate of
variation of the atomic energy of a pair of entangled atoms
at fixed positions outside a Schwarzschild black hole has
been investigated. It has been argued that, as the atoms
approach the event horizon of the black hole, the average
rate of variation of the atomic energy grows rapidly due to
the large proper acceleration of the atoms, and the Hawking
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radiation plays a significant role in the collective transitions
of two entangled atoms. However, as has been pointed out
in Ref. [30], the general expression for the contribution of
vacuum fluctuations derived in Ref. [27] is incorrect, and so
the total rate of change of the energy of the two-atom
system obtained there is questionable. Therefore, it is
unclear whether the conclusions in Ref. [27] are still valid.

In this paper, we reinvestigate the collective transitions of
a pair of static atoms outside a Schwarzschild black hole.
As we will show in detail, when the atoms are prepared in
the symmetric or antisymmetric entangled state, the aver-
age rate of change of the atomic energy comes solely from
the contribution of radiation reaction, and consequently, it
is not affected by the Hawking radiation of the black hole
and the result is finite in the vicinity of the event horizon.
This is sharply different from what has been found in
Ref. [27]. The structure of the paper is as follows. In Sec. II,
we review the basic procedures of the generalized DDC
formalism for the study of the average rate of change of the
energy of a two-atom system shown in Ref. [30]. In Sec. III,
we investigate the average rate of change of the energy of a
static two-atom system near a Schwarzschild black hole.
Since the geometry near the horizon of a Schwarzschild
black hole can be approximated with the Rindler spacetime,
we also investigate the rate of change of the energy of a
static two-atom system in the Rindler spacetime, and check
if the two situations are equivalent in Sec. IV. We
summarize our results in Sec. V.

II. THE DDC FORMALISM

We study the collective transitions of a pair of entangled
atoms near a Schwarzschild black hole. The system
consists of two identical two-level atoms A and B, which
are coupled with a fluctuating massless scalar field. The
ground and excited states of the two-level atoms are labeled
as |g) and |e) respectively, and the corresponding eigene-
nergies are — % and %" respectively. The Hamiltonian of the
two-atom system is

Hgs = wR3(7) + woR5(7), (1)

where the atomic operator R; takes the form

Ry = 5 (le)(e] = lg)(gl)- (2)

The Hamiltonian of the scalar field is,

dt
Hp(t) = / dPkaya)ay I (3)

where ¢ and 7 represent the coordinate time and the proper
time respectively, and a; and a,t are the creation and
annihilation operators of the field mode k respectively. The
Hamiltonian describing the atom-field interaction is taken
in analogy to the electric dipole interaction as [10],

H,(7) = 2R3 (7)p(xa (7)) + 2R3 (1) p(xp(2)),  (4)
where

1 3
P(x) = (2n) d’k

1 . ,
N [an(n)e™ + ag(r)e=*] (5)
is the operator of the massless scalar field, and R, =
I(R_—R,), with R, = [g)(e| and R_ = |e){g| being the
raising and lowering operators of the atoms respectively.

In the following, we investigate the collective transitions
of two entangled atoms near a Schwarzschild black hole
following Ref. [30], which is a generalization of the
original DDC formalism [6,7] to the case of two atoms.
In this approach, the contributions from vacuum fluctua-
tions and radiation reaction to the collective transition rates
can be separately identified. For atom A, the average rate of
change of the atomic energy due to vacuum fluctuations
and radiation reaction can be obtained as [30],

<de\T(T)>n,vf — 21'”2 /TdT/CF(XA (T),XA (T/))%)(ﬁ (T,T'),

(6)

dHA(T) 2 [T F / d AA /
< dr >n.rr_21’u /,O dey (XA(T)vXA(T))%Cn (z,7)

+ 2ip? /TdT/IF(xA(T)’xB(T'»

To

d AB /
X%C,, (7,7). (7)
Here,
) = S lRE. K@)
CF (07) =5 W@ B @), )

are the statistical functions of the atoms, and

(0l (xe(2)), p(xe ())]10),  (10)

N[ =

1 (xe(7), 2 (7)) =

(0{g(xe(7)), p(xe () }0), (1)

| —

CF (xg(7). x¢ (7)) =

are the statistical functions of the quantum field, where
£, & = A, B. Exchanging the labels A and B in Egs. (6) and
(7), one obtains the average rate of change of energy for
atom B. Summing the contributions from atoms A and B,
the average rate of change of energy of the two-atom
system due to vacuum fluctuations and radiation reaction
can be respectively expressed as
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E=A.B
d
x—){g(fﬂ/)’ (12)
dr
dH f
< 5(7)> _ Z 2i,u2/ dr’)(F(Xg(T),xg'(T/))
dr n,rr EE=AB %o
d o,
x L C¥ (2, 7). (13)
dr

Here let us note that the formula for the contribution of
vacuum fluctuations Eq. (12) is composed of two terms
depending on atoms A and B, respectively, which is
different from the corresponding formula [i.e., Eq. (9)]
in Ref. [27] containing four terms, with two redundant
cross terms depending on both of the two atoms. These
redundant cross terms originate from the erroneous expres-
sions of the source parts of the atomic dynamical variables.
In the DDC formalism [6,7], dynamical variables are
divided into two parts, i.e., the free part that exists even
when the atoms and the quantum field are decoupled,
and the source part which is induced by the interaction
between the atoms and the quantum field. As shown in
Egs. (15)—(16) in Ref. [30], the source part of the dynamical
variables of one of the atoms is independent of the other
atom. However, in Eq. (15) in Ref. [26], a precursor work of
Ref. [27], the source part of the dynamical variable of
one of the atoms is related to both atoms. This leads to
the erroneous expression of the contribution of vacuum
fluctuations.

In the present paper, we assume that the two-atom
system is prepared in the symmetric or antisymmetric
entangled state |y ) = \/Li(l ge) £ |eg)). Then, direct cal-
culations show that y*(z,7') = y%(r,7') = 0, and

1 ( iwy(r—7') —iwy(t—7) —
C¥ (1,7) = {8(8 . ,+e . )f e (14)

+ % (ela)()(T—T) + e_l(”n(’-'_f ))7 5 + 5/,
where =+ refer to the cases of the symmetric state and the
antisymmetric state respectively. Therefore, for a two-atom
system prepared in the symmetric or antisymmetric
entangled state, the average rate of change of the atomic
energy comes solely from the contribution of radiation
reaction [30], and the result can be rewritten as,

<de—Sr<T)> - §.§’B<dHTST(T)>§§I, (15)
where
<dHTST<T)>§§/ =20 [OT dv'y" (xe(t), x¢ (7)) % C¥ (z,7).

(16)

III. RATE OF CHANGE OF ENERGY OF A TWO-
ATOM SYSTEM OUTSIDE A SCHWARZSCHILD
BLACK HOLE

The line element of the Schwarzschild spacetime is

oM dr
ds® = <1 —7) A =~ = P (d6> +sin*0dg?). (1)

where M is the mass of the Schwarzschild black hole. We
assume that the two atoms are static and are aligned along
the radial direction of the Schwarzschild black hole. So, the
trajectories of the two atoms can be described as,

ta=t, ra=r+L/2,

04=0, @ps=9, (18)

tg=t, rg=r—L/2, 0p=60, @zg=¢, (19)
where L = r4 — rp is the coordinate distance between the
two atoms, and r = (r, + rp)/2 is the average distance of
the two atoms to the center of the black hole. Note that
r—2M > L/2 should be satisfied so as to ensure that the
closer atom is outside the event horizon. As the two atoms are
located at different radial positions, their proper times are
different with 7, =¢(1-2M/r4)"/?> and 75 =1(1-2M /rg)'/?
respectively. Here, for simplicity, we assume that the
interatomic separation L is extremely small such that
L <2(r—2M). Then, 7, ~ 75 ~ t(1 —2M/r)'/2.

In the exterior region of the Schwarzschild black hole, a
complete set of normalized field modes reads [31],

fiyim (%) = (470) 72T R ()Y 1 (6, 9). (20)

ﬁwlm (x) = (4”w>_1/ze_iwtﬁwl(r) Ylm (97 (,0)7 (21)

in which Y, (0, ¢) is the spherical harmonic function, and

Ea,,(r) and ﬁ,,)l(r) are the radial functions. Here # denotes
the outgoing field mode emerging from the event horizon,
and i the ingoing field mode coming in from infinity.

In the Schwarzschild spacetime, three different vacuum
states, i.e., the Boulware [32], Unruh [14] and Hartle-
Hawking [33] vacua, can be defined, each corresponding to
a different choice of time coordinate. Let us note that, the
Boulware vacuum corresponds to our familiar concept of a
vacuum state of a massive spherical body at large radii. The
Unruh vacuum is supposed to be the vacuum state best
approximating the state following the gravitational collapse
of a massive body to a black hole, since it corresponds to an
outgoing flux of blackbody radiation at the Hawking
temperature into empty space. The Hartle-Hawking vac-
uum, however, describes a black hole in equilibrium with a
sea of thermal radiation. In this paper, we are interested in
the scenario in which the two-atom system is placed outside
a Schwarzschild black hole with Hawking radiation, so we
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focus on the cases of the Hartle-Hawking vacuum and the
Unruh vacuum in the following.

A. The Hartle-Hawking vacuum

Let us begin with the case of the Hartle-Hawking
vacuum. The Wightman function of the massless scalar
field in the Hartle-Hawking vacuum is [34],

dw
62221+1 / —

« {e—iwo—w Rot(ra) R o1(75)
1—e®/Tn

Gy (xa(7), xp(7

+ elo(t=1) Rwl(rA)R*wl(rB)] . (22)

e®/Tn — 1

Here Ty =«/2x is the Hawking temperature, where
k = 1/4M is the surface gravity of the black hole. Note

Is*wl(r), and
R_,i(r) = R*,,;(r), so the statistical function of the scalar
field can be further simplified as,

1 © dw
- 21 +1 -
327° zz:( Y A N
« {e—i(u(t/\—lk) (I_éw[(m )R_)*wl(rB)

+ Ru(ra)R wi(r5))
— eio(ta=tp) (ﬁa)l(rg)ﬁ*wl(rA)

+ Ry (rg) R i (r4))]- (23)

that the radial functions satisfy ﬁ_w,(r) =

i1 (xa (7). x5())

That is, although the Wightman function in the Hartle-
Hawking vacuum G, is dependent on the Hawking
temperature Ty, the antisymmetric correlation function
x¥ is not.

Now, we calculate the avera%e rate of change of energy
Eq. (15). We begin with ( . Taking Eqs. (14) and
(23) into Eq. (16), we have

(-

lﬂ @
(2141)
128 ZZ +

© dw 1 1
X N [0) s + [0) .
—o @ wo+m_l€ wo—m—ﬂe

X (Ropy (r4) R i (r5) + Ry (ra) R 1 ().
(24)

So far, the result is expressed as the sum of the radial
functions R, (r) and R,,(r), whose exact forms at the
position r is unknown. However, they take the following
asymptotic forms near the horizon and at infinity [31],

r—2M,

r — o0,

—1 iwr* 1 -1 ,—iwr*
> —|—A( yrte ,
R ~{ " ¢ P
1@ r- e

- B)(w)r~temior r—2M,
Ra)l(r) ~ (26)

r—le—lwr +AZ((I))I"_l€lwr . r— o,

(25)

in which * = r +2MIn (5; — 1). Here we are interested
in the case near the event horizon, i.e., r = 2M. In this
region, the sum of the radial functions takes the following
forms,

ZI:(ZI + 1)fewl(m)§*wl(r3) N _2’% (fhiMo _ p4iMoy
(27)
and
S @t DR () Eour(r) ~ 22 5 (28)

l

/1B L
= % The derivation of Eq. (27)
VI=T-3
is shown in the Appendix, and the geometrical optics
approximation [31]

where f = f(r,L)

Bi(w+/goo) ~ 9( 2TMw+\/goo — l>, (29)

has been used in the derivation of Eq. (28).
Plugging Eqgs. (27) and (28) into Eq. (24), one obtains

dHs(O\® (2o
dr =T

16zL
1=2M 4 L
X sin (ZMC()O\ / 900 In ﬁ) . (30)

r 2r

dHS(r)>BA -

Repeating the procedures above, we obtain (= =

<d11:;T(r)>AB’ and
AHO\M_ oM [dH(\P__prei
dr 8ury dr 8nrg
(31)

Thus, for a two-atom system near a Schwarzschild black
hole (r4, rg = 2M), the total average rate of change of
energy is,

dH(7) /1 w} 2a)o . [wy, 1+aL
p— 1 . 2
< dr > 3 :Fs 2" 1=ar,) Y

Here Ly = L/./qq is the proper distance between the two
atoms, and a = k/ /oo is the proper acceleration of a static
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observer outside the black hole. The first term in Eq. (32) is
the same as the corresponding term in the case of two
inertial atoms in the Minkowski vacuum (See Eq. (44) in
Ref. [30]). The second term is dependent on the proper
interatomic separation L, and the proper acceleration a.
The opposite signs of the second term reflect the interfer-
ence effect of the radiative fields of the two atoms in the
symmetric and antisymmetric entangled states, respec-
tively. In the limit Ly — 0, the average rate of change of
the atomic energy is twice that of a single excited atom
when the two-atom system is in the symmetric state, while
it vanishes when the two-atom system is in the antisym-
metric state. This is the well-known phenomena of super-
radiance and subradiance [35].

B. The Unruh vacuum

We now move on to the case of the Unruh vacuum. From
the Wightman function of the massless scalar field in the
Unruh vacuum [34],

Gy (xal7). xp5(7"))
1 o dm
—@Z(Zl—i— 1)/_“);6

|:Ra)l(rA)R*wl(rB)
X e ———
11— e—w/TH

—iw(1—r")

+0(0)R i (rA)R i(rp) |, (33)

it is direct to obtain that the statistical function of the scalar
field % (x4(7), x(7")) in the Unruh vacuum takes exactly
the same form as that in the Hartle-Hawking vacuum shown
in Eq. (23), so the average rate of change of atomic energy
coincides with Eq. (32). Again, we find that the rate of
change of energy is oblivious of the Hawking radiation at
temperature 7. In fact, the same result can also be
obtained when the atoms are assume to be coupled with
a fluctuating massless scalar field in the Boulware vacuum,
which corresponds to the vacuum state of a massive
spherical body without Hawking radiation.

Now we compare our result with what has been obtained
in Ref. [27]. First, from the calculations above, it is clear
that, when the two-atom system is prepared in the sym-
metric or antisymmetric entangled state, the average rate of
change of energy comes solely from the contribution of
radiation reaction [30]. However, in Ref. [27], the general
expression for the contribution of vacuum fluctuations is
erroneous, so the total rate of change of the energy of the
two-atom system depends both on the contributions from
vacuum fluctuations and radiation reaction, and is also
incorrect. Second, as shown above, when the two-atom
system is prepared in the symmetric or antisymmetric
entangled state, the average rates of change of energy in
the cases of the Boulware, Unruh and Hartle-Hawking
vacua are the same. That is, although the two-atom system
is placed outside a black hole, the rate of change of energy
is actually the same as that in the case outside a massive

body without Hawking radiation. This is in sharp contrast
to the conclusion in Ref. [27], in which three different
results are obtained when the atoms are assumed to be in
the three different vacua, and the rate of change of atomic
energy is claimed to be significantly affected by the
Hawking radiation. Third, in the vicinity of the event
horizon, the rate of change of energy of the two-atom
system is finite instead of divergent as found in Ref. [27].
Note that the interatomic separation L is assumed to be
extremely small such that L < 2(r — 2M), which implies
that aL, < 1 is satisfied here.

Actually, it can be expected that, for a two-atom system
outside a Schwarzschild black hole prepared in the sym-
metric or antisymmetric entangled state, the contribution of
vacuum fluctuations to the average rate of change of the
atomic energy is absent. From Eq. (12), we see that the
contribution of vacuum fluctuations is composed of two
terms depending on the two atoms individually. As shown
in Ref. [11], for a single two-level atom outside a
Schwarzschild black hole, the spontaneous excitation rate
for the ground state and the spontaneous deexcitation rate
for the excited state are the same when only the effects of
vacuum fluctuations are taken into account. Moreover, for
two-atom systems prepared in the symmetric/antisymmet-
ric state |y.) (lge) £ |eg)), the populations of the
atoms in the grouncf and excited states are equal. Therefore,
the contribution of vacuum fluctuations from the ground
state cancels out that from the excited state. If the two-atom
system is prepared in a more general state such that the
populations of the ground state and the excited state are not
the same, the contribution of vacuum fluctuations would
exist, and the rate of change of atomic energy would be
affected by the Hawking radiation in general.

IV. RATE OF CHANGE OF ENERGY OF A TWO-
ATOM SYSTEM IN RINDER SPACETIME

It is well known that the geometry near the horizon of a
Schwarzschild black hole can be approximated by the
Rindler spacetime. See, e.g., Ref. [36]. In this section, we
investigate the rate of change of energy of a quantum
system composed of two atoms which are static in the
Rindler spacetime, and check if the result agrees with what
has been obtained directly in the vicinity of the horizon of a
Schwarzschild black hole.

Let us begin with the geometry of the spacetime near the
horizon of a Schwarzschild black hole. After introducing a
parameter z satisfying

Z2

M =, 34
r i (34)

the Schwarzschild metric Eq. (17) near the event horizon
can be written as,

ds* = (az)’de* — dz* — 4M*(d6” + sin’0dy?),  (35)
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which is a Rindler metric with acceleration parameter
a = k/+\/goo- Here, 7 is the proper time. Taking

=ttt
a

x=2Msinfcosp, y=2MsinfOsing, (36)

into Eq. (35), the metric takes the usual form of the Rindler
metric, 1.e.,
ds* = e*(dr® — d&?) — dx* — dy*. (37)

We assume that the two atoms are static, and are located at
£, and &g respectively. In the Rindler coordinates, the wave
equation for the scalar field takes the form [32],

[e_za¢<02 5_2> v a—zz]qﬁ(x) =0, (38

o> o0& ox> oy

and the positive frequency Rindler modes v,,;  can be
solved as,

— 21 sinh!/2 <ﬂa)> Kiu/a (k_L eaé) eikitik,=ior
27[ \/E a a
(39)

Vo .k, k,

where k; = 4 /k% + k3, and K ,(x) is the Bessel function of

imaginary argument. Then, a vacuum state of the field can
be defined, which is known as the Rindler vacuum. It is the
vacuum state perceived by a uniformly accelerated
observer, and is analogous to the Boulware vacuum in
the Schwarzschild spacetime. In this paper, we are inter-
ested in the case when the atoms are subjected to the
Hawking radiation, so we assume that the environment the
two atoms immersed in is a thermal bath of Rindler
particles at a temperature 7. In the Rindler spacetime,
the Wightman function of the massless scalar field at a
finite temperature 7 is given by [37],

G (x4(7), x5(7"))

smh
[T [T a [

k,
X Klm/a (76 §A> Kt(n/u (76 58)

e/ T . , 1 . ,
. [7 R J] . (40)

With the help of the following integral (c.f. Eq. 6.521-3 in
Ref. [38]),

n(ab)™(a® — b*)
2sin(vr)(a® — b?)’

A " XK, (ax)K, (bx)dx = (41)

the statistical functions of the scalar field can be obtained as

a
)(F(XA(T)va(T/)) == 8iﬂ2(e2“5A _ ezag,;)

w R0k _ Gling
x /0 o e

X [eiw(‘r—‘r') _ e—iw(‘r—‘r’)}' (42)

Taking Eqgs. (14) and (42) into Eq. (16), one obtains

<dfilsf(f)>/‘3 _ :F/lzgl:o sinfwo(é4 — £5)] (43)

eZafA _ eZafg

Further calculations show that, (* df(f))AB = <dF;ST<T)>BA, and

dHSO\M__ PoR  [dH\P i}
dr 167e244” dr 167e%4s”
(44)

Then, the total rate of change of the energy of the two-atom
system is,

dHs(t)\ = o} 1 N 1
dr | 16; \e2*n 24

prawgy sinjwy (&4 — Ep)]
+ A7 eZafA _ ezaifB ’

(45)

which is expressed in the Rindler coordinates &, and &p.
Putting Eqgs. (34) and (36) into Eq. (45), and allowing for
the relations ry =r+%, rg=r—=% and Ly = L/\/qo0,
the total rate of change of the energy of the two-atom
system near a Schwarzschild can be rewritten with the
proper distance between the two atoms L(, which takes
exactly the same form as Eq. (32). Again, it is shown that
the rate of change of the energy of the two-atom system
does not rely on the temperature 7', which verifies our
conclusion that the result is independent of the Hawking
radiation.

Note that in accordance with the scenario that the two
atoms are placed along the radial direction of the
Schwarzschild spacetime, here we assume that the two
atoms are aligned in the same direction of the acceleration.
In a recent work [30], the average rate of change of energy
for a pair of uniformly accelerated atoms with the inter-
atomic separation perpendicular to acceleration has been
investigated. We quote the result obtained in Ref. [30] as
follows,

i (200 ginh—1 ¢Lo
ﬂzwosm(a sinh 2)

87Lo 1 4+1a213

K- @5

(%) -2

(46)
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Comparing the results Egs. (32) and (46), it is obvious that
the average rates of change of atomic energy in the parallel
and perpendicular cases are different. This shows that the
relative direction between the interatomic separation and
the acceleration plays an important role in the collective
transitions of two entangled atoms.

V. SUMMARY

In this paper, we have investigated the average rate of
change of the atomic energy of a pair of static atoms near a
Schwarzschild black hole with the help of the DDC
formalism. We assume that the two atoms are placed along
the radial direction of the black hole and are coupled with
fluctuating massless scalar fields in the Hartle-Hawking
and Unruh vacua. Different from the result obtained in the
recent work [27], we have shown that the average rate of
change of the atomic energy for a two-atom system
prepared in the symmetric or antisymmetric entangled state
is finite and is not affected by the Hawking radiation of the
black hole, since the result comes solely from the con-
tribution of radiation reaction. In addition, we have also
verified our result by approximating the geometry in the
vicinity of the Schwarzschild black hole by the Rindler
spacetime.
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APPENDIX: CALCULATION OF THE
SUMMATION OF THE RADIAL
FUNCTIONS NEAR THE HORIZON

The appendix is devoted to the calculation of the summa-

—

tion of the radial functions $°,(2/+1)R,,;(r4)R5;(rp) and
S2,(21+ 1R, (r4)R:;(rp) in statistical function of the field
Eq. (23) near the horizon. For a detailed derivation, please
refer to Appendix B in Ref. [39]. Here we summarize the
main steps in the following.

After the introduction of anew parameter { = (55 — 1)1/2,
the general solution of the differential equation satisfied by
the radial function can be written as

R/(&) = aK;,(21C) + bl (2LE), (A1)

where ¢ = 4Mw, and a; and b, are two coefficients to be
determined. Here, b; should be an exponential small function
of [, since the effective potential in the differential equation
the radial function satisfies tends to be infinitely large. On the
other hand, the coefficient a; can be determined by compar-
ing Eq. (Al) with the approximate analytical expression
Eq. (25), and the result is

ezl
Y MT(iq)

. (A2)

Then,

Z(Zl + DR(ra )R i(rp)

!

> 21+ 1)K, (210K (2L )

l

ZMzF(l_q)F(_iq)/O dlIK;,(2l{4)K;,(20g). (A3)

" M2 (ig)T(~iq)

With the help of the integral shown in Eq. (41) and

T

rEéor-ié) = ———, Ad
(OT(~i8) = g (A%)
the equation above can be simplified as
= > 2iw , 4. ‘
Z<21 + DRyi(ra)R i(rp) ~ L (frMe — oMoy,
!
(AS)
with
124 L
f=r10rL) = - (A6)
1=2M _ L
r 2r
In the limit L — 0, Eq. (AS) becomes
o - SMw?
SO @+ DR (PR () ~ (A7)

i 7900
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