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We consider mechanical systems on 7°M with possibly irregular and reducible first class constraints
linear in the momenta, which thus correspond to singular foliations on M. According to a recent result, the
latter ones have a Lie-infinity algebroid (M, Q) covering them, where we restrict to the case of Lie-2
algebroids. We propose to consider 7% M as a potential Batalin-Fradkin-Vilkovisky (BFV) extended phase
space of the constrained system, such that the canonical lift of the nilpotent vector field Q yields
automatically a solution to the BFV master equation. We show that in this case, the BFV extension of the
Hamiltonian, providing a second corner stone of the BFV formalism, may be obstructed. We identify the
corresponding complex governing this second extension problem explicitly (the first extension problem
was circumvented by means of the lift of the Lie-2 algebroid structure). We repeatedly come back to the

example of angular momenta on T*R3: in this procedure, the standard free Hamiltonian does not have a
BFV extension—while it does so on 7*(R3\{0}), with a relatively involved ghost contribution singular at

the origin.
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I. INTRODUCTION

One of the main assumptions in textbooks about
constrained systems—see, e.g., [1]—is that the constraint
functions G, are regular on the unconstrained sym-
plectic manifold. Important existence theorems about
BRST-BV [2,3] or Batalin-Fradkin-Vilkovisky (BFV) [4,5]
extensions have then been proven in this setting only—see,
however, [6-8] for a notable exception. Physically realistic
systems often do not satisfy the regularity conditions. In
realistic situations, group actions can have fixed points and
there the corresponding constraints are not regular. And in
non-Abelian Yang-Mills gauge theories on compact spaces,
for example, the constraints become nonregular at reducible
connections. Other examples from physics where non-
regular constraints appear can be found in [9-11].

On the other hand, without irreducibility and, in particu-
lar, regularity assumptions, often the BV and BFV exten-
sions become hard mathematical problems. Let us illustrate
this statement in the finite dimensional setting: Suppose you
are given a set v, of vector fields on a manifold M satisfying

[vm vb] - szbvc (1)
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for some functions C¢,. Then the corresponding “BRST
differential” Q is readily written down as

0

s )

0 =&, — 5 Cp e
where £4 are the “ghosts,” odd coordinates on an extended
graded manifold. At first sight, a short calculation, using (1)
together with the Jacobi identity for the Lie bracket of vector
fields, seems to establish Q> = 0. However, if the vector
fields v, are not linearly independent at each x € M, there
exist functions #{ such that

tfv, =0. (3)

This happens already for the standard three vector fields L,
generating rotations in R? where x“L,=0. Then the
structure functions Cj,. entering (1) are not unique:

be ~ Che + 17 Bj. (4)

The question if, within this equivalence class, there exists a
choice of the structure functions C¢, such that Q as defined
in (2) squares to zero is, by the work of Vaintrob [12],
equivalent to the question if the singular foliation generated
by the vector fields v, comes from a Lie algebroid covering
it. [13] And this question is, as of this day, an unsolved
mathematical problem.

In the present paper, we want to consider a Hamiltonian
constrained system defined on a cotangent bundle 7*M,
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with first class [14] constraints G, linear in the momenta
and a Hamiltonian quadratic in them. Linear constraints are
of the form

G,(x. p) = v} (x)p;. (5)

So we can identify them with the vector fields v, on M
above, since the first class property of the constraints G, is
tantamount to precisely (1). We do not restrict to merely
regular constraints, as mostly done in [15]—otherwise one
deals with regular foliations (on M as well as on 7*M)—
but we permit leaves of different dimensions a priori.
A quadratic Hamiltonian has the form

1 ..
Ham = 59” (X)Pipj- (6)

We assume the coefficient matrix g/ to be nondegenerate,
thus Ham is the standard Hamiltonian corresponding to a
metric g on M. We require the usual compatibility of the
constraints with the dynamics,

{G,.Ham} = oG, (7)
for some functions @’ on T*M. This equips the base
manifold M with the structure of a singular Riemannian
foliation [15-17].

We assume here that (3) captures all dependencies of the
vector fields and there are no dependencies between the
functions #{ on M. In more mathematical terms, this means
that one has a sequence of vector bundles

0> F—SE-5TM, (8)

such that 0 - I'(F) -» I'(E) - F — 0 is exact. Here F
denotes the subset of vector fields obtained as the image of
p, a generating set of which corresponds to the vector fields
v, = p(e,). Likewise, the map ¢ gives rise to the functions
t{ after the choice of local bases in e, and b; in E and F,
respectively.

And now the situation is different: Under these assump-
tions, it has been proven recently [18] that there always
exists a homological vector field Q, an extension of (2),
which describes a Lie 2-algebroid covering the singular
foliation generated by the vector fields v,,.

Note that while (3) yields the reducibility conditions

11Ga =0, ©)

the above does not imply automatically that there are no
further reducibilities between the constraints (5). This is
because to find all reducibilities, we need to find all
independent functions #{ satisfying (9) on T*M—and not
just on M.

Consider, e.g., G, = €,,.X, P, angular momenta [19].
Then besides x“G,=0, we have the additional

dependency p,G, = 0. But furthermore, there are depend-
encies between these dependencies and in the end one finds
an infinite set of reducibility conditions leading to an
infinite tower of ghosts for ghosts in its BFV description.
We will illustrate the beginning of this procedure at the end
of this article and provide a complete description else-
where. In principle, having such a complete description of
the tower of dependencies between the constraints (5) on
T*M, one can construct a Koszul-Tate resolution, which
then guarantees the existence of a BFV extension also in the
singular context. However, this description can be very
cumbersome for practical purposes apparently and one may
be interested in potential shortcuts.

As such the following procedure proposes itself: Let us
return to the setting described by (8). As mentioned above,
there is a homological vector field Q associated naturally to
(8). If we consider its Hamiltonian lift to the cotangent
bundle of the graded space underlying Q, we get a function
Opry of degree one. Due to Q*=1[0,0] =0, this
function satisfies automatically the BFV master equation

(QBFW QBFV)BFV =0. (10)
Also it satisfies some other necessary requirements posed
on the BFV charge, like the correct appearance of the
constraints (5) and the redundancies (3) at the lowest orders
in the ghosts. We may thus consider regarding Oggy as the
BFV charge of our constrained system.

A price to pay is that now, in general, it iS no more
guaranteed that the Qgpy-cohomology describes the func-
tions on the (possibly singular) reduced phase space
correctly. There is another famous example, however,
where such a deficiency is normally disregarded: The
AKSZ (Alexandrov-Kontsevich-Schwarz-Zaboronsky) for-
malism [20-22] yields a BV extension of the Poisson sigma
model or the Chern-Simons gauge theory likewise in a
much faster way than when following the usual extension
procedure. If one compares its cohomology at degree zero
with functions on the solutions space to the Euler-Lagrange
equations modulo gauge symmetries, however, the coho-
mology one finds in the AKSZ framework is in general too
large [23].

We describe the construction of the BFV phase space
obtained in this way in more detail in the subsequent
section. However, there is—in contrast to the Lagrangian
BV formalism—one more essential ingredient of the
cohomological approach on the Hamiltonian level: One
needs an extension Hgpy of the Hamiltonian (6) such that

(11)

Equations (10) and (11) are the two indispensable corner
stones of the BFV formalism. Under the given assumptions
underlying the shortcut for the construction of Qgpy, the
existence of the extension of the Hamiltonian is in general

(QBFV’ HBFV)BFV =0.
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not guaranteed. Its potential obstructions is the main
subject of the present article.

I1. BFV PHASE SPACE AND CHARGE

Much as (2) defines a Lie algebroid on E [12], every
homological vector field Q of degree 1 on

M :=E[l] ® F[2], (12)
which is necessarily of the form

0

AR
— a 1 S ta _ cCa
Q 5 Pa Ox (77 I +2§ 5 hc> afa

1 a C a a
T R ) P

defines a Lie 2-algebroid structure on the vector bundle
E @ F. Here E and F are the vector bundles appearing
in (8) and the numbers in the brackets denote the degrees
carried by the local fiber-linear coordinates £* and 75’
on E and F, respectively, in the graded description of
the Lie 2-algebroid.

The coefficient functions entering (13) all have some
algebraic and/or geometrical meaning: One way of viewing
them is that the terms linear in (&, 7) give rise to a complex
(8)—which in our case we require, in addition, to be exact
on the level of sections—those quadratic in them are
2-brackets, which are not tensorial but satisfy a Leibniz
rule, and the cubic one, which is tensorial, is a 3-bracket,
which, if nonzero, reflects the fact that the 2-bracket
between sections of E then does not satisfy the Jacobi
identity, giving rise to a Lie 2-algebra. For some intro-
duction to Lie 2-algebras see [24], for the more general
L -algebras see [25,26]. Alternatively, we may view, e.g.,
the coefficients I'}, as a local expression for an E-covariant
derivative on F. The tensor 1 € I'(F @ A’E*) then satisfies
EDh = 0, where D denotes the corresponding exterior
covariant E-derivative.

There is a vast literature on the geometry of Lie
algebroids, see, e.g., [27-29]. For further details about
the geometry of Lie 2-algebroids see [30,31]. For a general
Lie 2-algebroid, the complex (8) is not exact (also not on
the level of sections). Under the condition of exactness of
the sequence on the level sections, thus providing a
resolution of the C®(M)-module of the vector fields
generated by v,, i.e., by the image of p:E — TM, the
existence of a Lie 2-algebroid structure extending a given
sequence (8) was proven in [18]. As mentioned, this is
tantamount to the existence of a vector field (13) on the
corresponding M of (12) which squares to zero.

Given these data, we now construct the BFV phase space
as the cotangent bundle 7*M of (12). This extends the
classical variables (x', p;) € T*M by a ghost & (odd
and of degree one) for each of the constraints and a

ghost-for-ghosts 5’ (even and of degree two) for each of
the dependencies (9). Both of the latter two ghost families
are accompanied by their momenta of opposite degrees. All
this comes together with the BFV symplectic form

WRpy — dxi A dpl + dfa AN dﬂ'a + di’]l A dP] (14)

It is of degree zero and thus so also the graded Poisson
bracket (-, -)gpy it induces, which takes the following form:
{pix'y =5l {z.& =8 {Prn'} =4

Regarding the vector field (13) as a function on the BFV
phase space 7% M (by replacing the derivatives simply by
the corresponding momenta), one has

A L, ..
Qprv = (&%) Pi — <’7]f7 +2§b§‘czc> Tq
1
+(geect -t )P 09

where we use the notation p), = v’,. We notice that, as
required by the standard BFV procedure, it indeed extends
&G, by terms such that (10) holds true.

The classical constrained system on 7*M considered
here is already uniquely determined by the underlying
singular foliation. This is in contrast to the coefficient
functions entering (15): they are constrained by Q> = 0,
but, at each step of an extension, they are not unique. This
should be also reflected on the BFV level: Indeed, e.g., a
change (4) of the almost Lie bracket on E can be obtained
by lifting the degree preserving diffeomorphism

1
n' '+ 5321,5“5” (16)

from M to T* M. Such a change of the structure functions
Cj. does not come for free: also other quantities entering
Ogry are then changed correspondingly. E.g., & receives an
additive contribution by the E-covariant exterior derivative
of BET(F ® A’E*), h > h +F DB + - - -, where the dots
denote terms quadratic in B (see [30]).

III. GEOMETRICAL INTERPRETATION OF Hggy

We first observe that the BFV bracket decreases the
polynomial degree pol of momenta (p;,x,, P;) by one.
Since, in addition, both Qgry and Ham are homogeneous
with respect to pol, we may assume always that the
extension Hppy = Ham + - - satisfies pol(Hppy) = 2.
Identifying momenta with vector fields, we thus may view
Hgpy as a graded-symmetric 2-vector field on (12),

H= HBFV (S F(SzTM) (17)
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and re-interpret the second master equation (11) as
LoH =0, (18)

where Q = Q;;.» € I'(TM). For later use, we remark that
a basis of I'(S’T M) is spanned by

09 99 009 00 00J 09
onl o’ ol 0&*" onlox'’ 0 0P’ o0& ox!T oxiox/’
(19)

where a graded symmetrization is understood and the
degrees are —4, -3, =2, =2, —1, and O, respectively. H
being of degree zero, one needs coefficient functions on M
of the respective opposite degrees when using this basis.
A graded manifold equipped with a degree 1 vector field is
called a Q-manifold [32]; if there is, in addition, (17) of
degree 0 satisfying (18), we call it an HQ-manifold.

Already an H-structure alone, that is a degree zero
tensor (17) without any compatibility conditions, contains
interesting geometrical data, at least if the coefficients of
the very last term in (19) form a nondegenerate matrix—in
which case we then call the H-structure nondegenerate. It
then defines a metric g on M (subject to no further
conditions). But this is not all: Consider the terms linear
in p; ~ ;. Due to the nondegeneracy of ¢g'/, we may absorb
all such terms by completing the square with a redefinition
of the momenta p; — pl.v, where

1
Piv =D le‘fh”a - <F5i771 - 272171'5“5}})7)1' (20)

Then the 2-tensor (17), rewritten as a function H in
C®(T*M), takes the form

1 1 1
H=59"p) P} + 58 wamy + 7, P + 5T PP,

2 2
(21)
where Z'('k) are functions on M of degree k. Thus, for
example,

1
Z((lzh) — Enggcgd 4 Zz[zb;,][

(22)
for appropriate tensors £/ and X¢°. The coefficients in (20)
have a geometrical interpretation: Consider a coordinate
transformation & > M¢(x)&" (all other coordinates un-
changed). Lifting it to 7" M so as to leave (14) invariant—
or, equivalently, considering its tangent map—yields 7,
(M~")bm, together with p; — p; + (M~")eMy &0, (all
other momenta unchanged). Requiring (20) to remain form-
invariant under such transformations shows that I'j =
['%.dx’ are the local 1-forms representing a connection V

on E. Similarly, T} = T'}.dx’ corresponds to a covariant
derivative V on F. y e '(F ® A’E* ® T*M) is needed,
finally, to also establish form covariance of (20) with respect
to (16); it is part of a connection in a graded sense.

An almost Q-structure (a degree one vector field Q
which does not necessarily square to zero) equips the
graded manifold (12) with the structure of a (not necessarily
exact) sequence of vector bundles as in (8) together with
2-brackets and one 3-bracket. A nondegenerate H-structure
equips it in the lowest order with a metric g on the base
and in the next order—the terms linear in the momenta p;
[see also (20)]—with a connection defined on all of (8)
(note that we can always equip TM with the canonical
Levi-Civita connection of g, moreover).

Given an almost HQ-structure, where we have both, an
almost Q-structure Q and an H as above, (18) determines
compatibility conditions. To obtain tensorial formulas for
these on the nose, it is useful to reexpress (15) in terms of
the variables (20). Then, e.g., the new coefficient of the
term quadratic in & is —C{, + pj "%, — piT'%, = ET¢ “and has
the geometric interpretation of what is called an E-torsion
ET e T(E ® A’E*) [16], generalizing the ordinary torsion
on a tangent bundle to E. The bracket of two covariant
vector fields (20) yields the curvatures of V, both on E and
F (as well as a contribution proportional to Dy). To lowest
orders we find:

1 y
LoH = Ega (*V,,9)"0Y 0¥

1 . iy 0
- zéhéL(SZci - t?yg;ci - ZZZPZQM)QI"@J'V 0&4

3 4 d
+ bl(t?;jg]l + Z?aplb)alv aga

T (23)

Here a,V is the vector field corresponding to (20) and £V
denotes the E-covariant derivative acting on TM according
to BV =p(s),v] +p(V,s), where seTl(E) and
vel(TM). Zg’) has been decomposed according to

(22), a semicolon denotes a covariant derivative, and we
introduced the abbreviation

Jj
— peRy, ji+

SZC[ = ETZC;[ —i—p{)R (24)

a..
cji
The tensor S € T'(E ® AE* Q@ T*M ) measures the com-
patibility of the 2-bracket and the connection V on E, see
[16]. As for Jacobi identities of the brackets in a higher Lie
algebroid, also here we do not expect (18) to ensure S to
vanish on the nose, but to instead do so up to some
appropriate boundary term only; what this means precisely
is subject of the next section.

Let us mention that the current method is efficient in
obtaining Bianchi type of identities for quantities such as S.
0% =0, which we have when Q comes from a Lie
2-algebroid, implies that the application of another L,
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to (23) vanishes identically. From this one can read off, for
example, that (24) satisfies

EDS — V{1, h) = 0. (25)

Here D denotes the E-exterior covariant derivative
associated naturally to V: on TM it acts as specified
above, on E according to V' = [s,5']p 4+ Vs for
every 5,5 € I'(E), and on elements in A°E* by a straight-
forward generalization of the Cartan formula for the de
Rahm differential ([16,30]). The identity (25)—specialized
to a Lie algebroid, where i = 0—was of essential impor-
tance in the construction of the BV-extension [33] and the
above derivation constitutes a significant simplification of
the one provided there.

IV. COMPLEX GOVERNING THE EXTENSION

In the construction of (15), the sequence of vector
bundles (8) and its exactness on the level of sections plays
a crucial role. There is a similar sequence which governs
the extension problem (6), (7), and (11), but, despite being
constructed out of the previous one, this one is in general no
longer exact on the level of sections.

Let us denote the complex (8) by & (so, in particular,
E'=TM, E' = E, and £% = F) and tensor it with itself
shifted to the right, F* := & ® £[—1], where, by defini-
tion, &[-1] =&~ At degree zero, e.g., one has
FO=TM ® E ® E ® TM, where in the first term both
factors carry degree 0, while in the second one, elements in
E enter with degree —1 and those in TM with degree +1,
again adding up to O.

By a standard construction (see, e.g., [34]), F" is again a
complex. It is, however, not yet the sequence G° we are
interested in:

G = 0-5SF-F Q E=SFQTM

® NE-HE @ TM->$2TM, (26)

where the degrees are such that G° = S?TM, G! =
E ® TM, etc. Now one observes that G & F°[1] (essen-
tially it is embedded as a graded symmetrization). For
example, typical elements ® € F° and ¢ € G! are of the
form ® = ®“9; @ e, + ®e, ® 9; and ¢ = p“e, @ 0,
respectively, and then G~' is embedded into F° by the
diagonal map, @@ := ¢, ®“ := p*. The codifferential & is
easily identified with

, 0 d
5 = p;pla + t?ﬂ'a 0—731 (27)

when replacing the vector fields (19), which provide a basis
for G°, by the corresponding momenta.

In general, for the cohomology of a tensor product of two
complexes there is a Kiinneth formula. It says that even if
the cohomology of each of the complexes is trivial, which
is the case here, there can still be a nonzero contribution
called “torsion.” Below we will provide an example that, in
general, G° is not exact, even not on the level of sections.

It is remarkable that (27) also generates the coboundary
operator of the complex (8). In fact, if all the independent
relations between the constraints G, = p!,p; on T*M are
provided by the functions #¢(x) (these are all such depend-
encies that depend on x only, but there could be further ones
that also depend on momenta p in principle), then the
operator (27) acting on C®(7T*M) would be the Koszul-
Tate differential [1]. And in that case, it would have no
cohomology on C*®(T* M) and neither so when acting on
(26), which is the restriction of (C®(T*M), §) to functions
quadratic in the momenta—such as the complex (8) can be
identified with its restriction to the subcomplex linear in the
momenta. But in general, the true Koszul-Tate complex is
much bigger, as we will illustrate by means of an example
at the end of this article.

The main point here is, however, that it is precisely the
cohomology of (26) that governs the extendability problem
Hgry = Ham + - - - satisfying (11) for Ogpy as in (15).

If T(G") is exact, the existence of the BFV extension
Hgpy is guaranteed. This follows from a standard consid-
eration: (Qgpy, ) = 6 + X At each step when adding
terms from the right to the left in (26), one finds an
expression that is already S-closed. Now, § having no
cohomology, one can always add a J-exact contribution
from the next level so as to cancel it. In general, the
resulting expression for Hgpy will contain all possible
terms compatible with degrees, as is also the case for (15);
together they then define an HQ-structure on (12).

The converse is certainly not true: The complex I'(G")
can have nontrivial cohomology, but the extension problem
for a particular Hamiltonian (6) may still lead to trivial
cohomology classes and thus be unobstructed.

The absence of a cohomology also leads to remarkable,
purely geometrical formulas. To illustrate this, assume that

H(I'(G),8) = 0. (28)

Then for every ¢ € T'(G™!) such that 5¢ = 0, there is some
w=Y'b, ®0;,+iM%e, Ne, €T(G?) such that
@ = oy. Concretely,

Pag + Py =0 = 9 = ¥ 4 pM». (29)

where M@ (x) = —M"“(x). The exactness at a given
degree is preserved if one tensors a complex with a fixed
C*®(M)-module; this permits adding spectator indices to
the quantities in (29).

As a first application, let us return to the initial
compatibility condition (7). It can be shown [17] that (7)
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holds true in arbitrary local patches iff there exists a
connection V on E such that its induced E-connection
annihilates the metric, Vg = 0. If T, denote the con-
nection coefficients of V, we can choose 0}, == I'?,(x)g" p;.
The difference between two connections is a tensor field
and then (7) implies that this tensor is J-closed. This
provides the following equivalence for the choice of the
connection coefficients

o ~ o + 9] + LM, (30)
where M{¢ = —M;¢, corresponding to S-exact contribu-
tions. If (28) holds true, these are all the ambiguities in the
choice of the connection on E such that £Vg = 0.

Even more remarkable is the following decomposition
that one finds for the tensor S defined in (24). Using a
connection V such that ?Vg = 0, the geometrical quantity S
is always d-closed and therefore, assuming (28), it can be
decomposed into some y € '(F @ A’E* ® T*M) and
Y e I(A’E @ A’E") as follows:

bei = 117hei + PugiZhe- (31)
There are, in general, no explicit expressions for these
tensors. In fact, they are even not uniquely determined: We
can change y and X simultaneously by

Xt B+ 1V~ BV
Vi &> Vi + 9ijPe Vi, (32)
for any V € I'(F ® E ® A’*E*) without changing S—and
these are all such ambiguities, if also H3%(I'(G)) = 0.
Finally, the identity {#/G,, H} yields
119" Pappr = 0. (33)
Thus, 1 = 1. ;9" satisfies the condition of (29) and, if (28)
holds true, there exist tensors ¥ and M such that
(= G+ gl . (34

These considerations can be considered as holding true
on the purely geometrical level, without any application to
physical models.

On the other hand, as explained above, the 5-cohomology
governs the physical extension problem here. For example,
the second line in (23) says that S needs to be §-exact
(and, by a general feature of the procedure, also shows
implicitly that it is already 5-closed), S = §(y + X), where y
and X are the quantities entering H, see (20)-(22). In
deriving (31) we only demanded S to be 5-exact with respect
to some tensors, but in a slight abuse of notation we denoted
them already by y and X, the quantities we need to choose
for the expansion (21). We have not done so in (34),

which can be rewritten as V¢ = §(¥ 4 M) and one may
wonder where the analogue of the first term on its right
hand side is in comparison to the last line in (23),
while evidently M$> can be identified with X{.
In fact, this depends on the connection on F: if one uses
a different connection than the one appearing in (20), then
their difference is a tensor, which can be identified with
‘i‘{i. So also the last line in (23) says that Vz should be
o-exact.

V. EXAMPLES WITH ¢=0

The prototype of a singular constraint T*R =~ R? is
G = xp. It is singular at the origin, the constraint surface
has the shape of a cross. The corresponding singular foliation
on M = Risgenerated by v = xd, or,byputting E = R x M
with an anchor such that p(1) = v. The bundle F then has
rank zero and the exact sequence is of length one only. The
corresponding BFV charge is simply Ogry = Exp.

There is no compatible nondegenerate Hamiltonian
coming from a metric ¢ in this case, since R with a
nonregular leaf structure does not admit a singular
Riemannian foliation. However, if we start with a
Hamiltonian Ham = § i (x) p?, dropping the condition that
h = 1/g, then a BFV extension exists as long as / vanishes
at least quadratically near the origin; it then takes the
form: Hppy = 5 h(x)p* + xz(x%)’én'p.

More generally, if + =0, the anchor map p:E — TM
needs to be injective on a dense open subset of M: this
follows from injectivity of the induced map from I'(E) to
I'(TM) when 1 = 0 (see the exactness condition expressed
in the sentence containing (8). And if one insists on a
nondegenerate metric g satisfying (7), then # = 0 implies
injectivity of the anchor map p:E — TM everywhere.
This in turn implies that the foliation on M and the
constraints (5) on 7*M are regular.

Regular foliations can still yield geometrically interest-
ing examples. To illustrate this, consider even E = TM,
p =1id. While the BFV charge is very simple in this
case, Qppy = & p;, nontrivial geometry remains in the
BFV extension of the Hamiltonian: To satisfy the compat-
ibility (7), we need a connection V on TM such that

gijk + Tijp + Tji =0, (35)

where T, = g;;T';; here T’ denote the components of the

torsion tensor. The Levi-Civita connection satisfies this
condition evidently. The ambiguity (30) translates into the
freedom of the choice of the torsion of the connection, but
maintaining (35) instead of metricity. One then finds

1 .. 1 . 1 o
Hprv = EQ”P;'VP,V + ERkijlflfjﬂkﬂl + ZTkij’lfflfJ”k”h
(36)
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where R';;; denote the components of the Riemann tensor.
If we choose the Levi-Civita connection for I jk in
p,-v =p;+ TV k,fkﬂj, then (35) is satisfied identically and
the last term in (36) disappears, but one is still left with the
curvature term.

Inspection of (24) shows that the last two terms in (36)
combine into the tensor S for E = TM. In [15], such a BFV
extension was provided under the assumption that S
vanishes. The extension (36) of the Hamiltonian general-
izes this result, with the interesting contributions of
curvature and torsion which combe into the geometrical
quantity S, which, for £ = TM, in turn can be identified
also with the curvature of a dual connection, see [16].

VI. ANGULAR MOMENTUM I: EXAMPLE
OF AN OBSTRUCTION
Let us now consider the phase space T*R> with con-

strained angular momentum, G, = &,,.x"p¢ or G = X x p.
Then one has

- -

Exf.7-ni-7 (37

N =

QBFV:E'(EXﬁ>+

The second term is the (cotangent lift of the) Chevalley-
Eilenberg differential of the Lie algebra so(3), the first two
terms the Chevalley-Eilenberg differential for so(3) acting
on R?, which then corresponds to the BRST charge (2) of
the action Lie algebroid E = so(3) x R3. The last term

takes care of the dependency X - G = 0 of the constraints. It
is easy to verify that the expression (37) satisfies the master
equation (10).

In this example, M =R3, E=R3>xM, F =R x M,
and the maps p and ¢ in (8) can be identified with the

sections p = e,,.x"¢* ® l,f((- and

t=x%, ® b*, (38)

respectively; here (e?)3_, denotes a basis in E* and b* a
basis in F*. The kernel of p is one-dimensional outside the
origin, while it is all of Ez_j, = R at the origin 0 € M. The
map 7 spans the radial vectors in ker p for all X # 0, but, for
continuity reasons, vanishes at 0. Thus, the complex (8) has
no cohomology outside the origin, but Hz! (€,5) = R*.
And still—again for continuity reasons (every radial vector
field has to vanish at the origin)—it is exact on the level of
sections: H*(I'(£°), §) = 0. Correspondingly, the extension
problem for the BFV charge (37) when taking into account
(only) the x-dependent dependencies of the constraints, has
not been obstructed.

Let us now turn to the extension problem of the
Hamiltonian (6), the main subject of this paper, for the
standard metric on M = R3,

p-D. (39)

| =

Ham =

For this purpose we first equip the bundles E and F with
their canonical flat connections (for what concerns E, this is
also motivated by the fact that (7) is satisfied with @’ = 0).
Then one has

0
ox?

Vi=dx‘® e, b =— Q e, ® b, (40)

where in the second equality we used the standard metric
of M for the identification, then yielding an element in
I(E ® TM) ®c=m) T'(F*). Itis easy to see that 5(Vr) = 0
which is equivalent to (33): applying p to e, and sym-
metrizing over the two ensuing entries in TM gives zero
due to the contraction with the e-tensor.

Now the main observation of this short section: V¢
cannot be § exact, i.e., it cannot be of the form (34), since
both ¢ and p vanish at the origin. This shows, on the one
hand, that here

H(T(G"),8) #0, (41)

and, on the other hand, that the BFV extension of (39) is
indeed obstructed: As we learn from the last line in (23), we
need Vit to be exact for the BFV-extension of the
Hamiltonian within the present framework.

Note also that any other choice of connections on E and
F would not help, since their contribution to V7 vanish at
x = 0 as well. In fact, the cohomology class of V¢ does not
depend on such choices.

VII. EXAMPLES WITH LIE-2 GAUGE SYMMETRY

As a technically more involved example, we truncate the
expansion for the BFV extension of the Hamiltonian (while
keeping the general form for Qggy as in (15): Putting X5,
24, and Z‘}b to zero in (21), one obtains [35]

1 .. 1 i
Hprv = Egl]pivpjv + 1233?5%3”2» (42)
where pl.V is given by (20) and 7} = 7, — ﬂébcbeI for some
A € T(A’E* ® F). This extension of 7, to zy has the effect
of making (42) covariant with respect to both, changes of
frames as well as (16), where then A +— 1+ B. Now we
learn from (23) that, under these assumptions, necessary
conditions for the validity of (11) are

ENg=0, Vi=0, S=6@r+2). (43)
Note that the second condition implies that # needs to have
constant rank. On the other hand, the last condition in (43)
is not overly restrictive, since always oS = 0.
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A priori, there are many more conditions to be satisfied
for (11) to hold, but with the following trick, one may show
that they can be all reduced to one only: For this purpose,
we first remark that within (43) we can always change the
two quantities y and X—which are then to enter the
extension (42)—according to (32). Since ¢ has a constant
rank, we can choose some C C E such that E = C @ #(F).
One may now see that the transformations (32) can be used
to assure ¥ € ['(A’C ® A’E*). Then the only remaining
condition is

Ep,x = 0. (44)
Here D, is defined as D but replacing the 2-bracket
on E by [s,s'], = [s,s'] +1(A(s,s)), where 4 is the tensor
entering 7y .

We finally remark that from (25) one can conclude an
equation similar to (44): One first observes that the
operators D and (27) commute, [ED, 5] = 0. Using (25),
one then finds that §(’D(y + X)) = (¢, Vh), where the
h-contribution only adds to Dy. If H=*(T'(G"),5) =0
holds, moreover, one finds that “DX is part of a coboundary
for some V € T(A’E* ® E ® F). (44) then translates into
the condition that V needs to be a contraction of A with X.

VIII. ANGULAR MOMENTUM II:
OUTSIDE OF THE SPATIAL ORIGIN

We want to illustrate the above formulas by means of the
example of the angular momentum we discussed already
before, but this time excluding the origin X = 0.

On the parts of 7*R3 where X # 0, the dependency X -

G = 0 is in fact already sufficient to describe all the depend-
encies of the constraints: this is the case since, assuming X # 0,

the constraint surface G = X x jp ~ 0 implies j ~ A% for some
A € R. Thus the dependency p - G=0 is automatically

implemented when X - G = 0 is taken care of.

Therefore now, even if one follows the Koszul-Tate
procedure, one does not need to introduce an additional
ghost of degree two to take into account all the depend-
encies of the constraints: the BFV charge (37) is the one
that gives the correct cohomology of observables when the
X-origin is excluded. This is, on the other hand, not the case,
if the last term in (37) is suppressed—as one finds it
sometimes in the literature in the treatment of mechanical
models with rotational invariance in the BRST-B(F)V
formalism.

Excluding the X-origin, there are now no more obstruc-
tions to BFV-extend the classical Hamiltonian (39) to an
‘Hgry satisfying the second master equation (11). And, as it
turns out, it can even be put into the special form (42). As
we learn from (43), we need for this that the tensor (38) is
covariantly constant. Let us choose for this purpose the
connections on E and F by means of

Ve, = -~4dx’ ® ¢, (45)
and Vb =0, respectively. Note that the first choice
implies that the radial section x“e, is covariantly constant,
V(x?e,) = 0. Together these choices indeed yield V¢ = 0.
It was this condition that we could not satisfy previously;
here it is possible also only due to the singularity of the
connection V on E when approaching the origin.

One also verifies easily, that this choice of the connection
on E guarantees “Vg = 0, a necessary condition for the
BFV extension even without the restricting Hpry to be of
the form (42), see the first line in (23). The tensor S looks as
follows with the above choices for the connection:

€bcexe

S = 5 ea®eb®e"®dx“.
r

(46)

S now has a contribution coming from the tensor y in its
decomposition (31), which enters the covariantized
momentum (20):

pY=p—5a(&- )+ (47)
The complete BFV extension of the Hamiltonian then takes
the form

-

- Ex D) (@xF). (48)

1 1
Hery = 5P PY =72
BFV 219 p a4
This corresponds to the following tensor X in (42),

e
_ gabeecdgx X7

M ’

i = (49)
which satisfies the consistency condition (44) for 4 = 0.
Together with the above choice for y, this completes the
decomposition (31) of (46), which then satisfies the last
condition in (43). According to the discussion following
(42), this then proves the validity of (11), which certainly
one can also verify directly to hold true for (37) and (48).

The extension of (39) to Hypy is not unique, also not for
a fixed choice of the BFV charge (37). One can, at each
stage, change contributions to H = Hpypy in (21) by d-exact
terms (once more underlining the importance of the
complex G for the given extension problem). For a given
Hamiltonian, the first such ambiguity is provided by the
choice of the connection on E, which we found in (30). It is
now not difficult to see that with the choice W, = %5",
Mic = rlz €40 the connection coefficients corresponding to
(45) can be made to vanish: Ve, = 0 for this modified,
equivalent connection. Now the connection on F, if taken
as the corresponding coefficient in (20), is fixed by
requiring the vanishing of the last line in (23), i.e., by
requiring Vt = p! %¢, ® dx’: One finds
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x,dx?

Vb=""-®b. (50)

which, in particular, has the property that the section }b is
covariantly constant, V(1 5) = 0. After the dust clears, one
then finds the following, relatively short BFV-Hamiltonian

-

7 (7 xX)

oy v
= _pV. , 51
Hyey =5P7 P + PR (51)
where
o o X
pV=p- 1P (52)

In the extension (48), the last term in the decomposition
(22) vanishes. In (51), on the other hand, it is the first term
that does so, with the n-coefficient ¢* = X% taking the
form

xL'
Zab = Eupe p . (53)

IX. ANGULAR MOMENTUM III: AN INFINITE
KOSZUL-TATE RESOLUTION

Before ending this article, we want to address briefly
what happens if one follows the usual BFV procedure in the
singular context, not taking the shortcut by the resolution of
the singular foliation as advocated here. We want to sketch
this at the example of the angular momentum when not
excluding the spatial origin X = 0. As mentioned above, in

this case, one needs to take both dependencies X - G=0

and p - G = 0 into account separately. As a preparation for
the construction of the BFV charge and the BFV
Hamiltonian, one now determines a Koszul-Tate (KT)
resolution of the ideal generated by the constraints G,,.
The graded coordinates introduced for this purpose, called
the antighosts in [1], subsequently serve as the momenta
to the ghosts that one needs for the BFV charge. For the
angular momentum, we have three antighosts 7, of degree
—1, which provide the generators of the ideal after
application of the KT differential: §xr(7,) = G,. For the
two dependencies between these constraints, we introduce
two antighosts of degree —2, P and P, such that:

5KTP = x“ﬂ'“, 6KTIp = paﬂ'a. (54)
Note that g7 coincides with 6 on the ghost momenta we
introduced before, see (27), but now we have more of them.
And it does not stop with the additional P. The reducibility
functions x“* and p? are not independent on-shell:
x?pl — xbp? = €°G.~ 0. This implies that one needs
additional antighosts P4 of degree —3, which then give

- 1
5KT,P§J =xP - pwP + Egubc”b”c' (55)

Here the last term is needed to ensure (Sx7)* = 0.
However, on the space generated by (x%, p,,7,, P,
P,P$) one now finds nontrivial §x7-cohomology classes
at degree —3. This in turn requires the introduction of six
antighosts of degree —4 such that

OSP4 =€y XP P+ 1P, 5P4 = eupe PP Ps+ 7P (56)

And this procedure does not stop. [37] By construction,
there is no cohomology of dxy except at degree zero.
Therefore, with this starting point, Qppy and the extension
Hgpy of (6) always exist in principle. But there is a price to
be paid: the underlying space of ghosts and antighosts
consists of an infinite tower of them.

X. SUMMARY AND OUTLOOK

In this article we considered mechanical models of
constrained systems where, as is often the case in physics,
at least if the topology of spacetime is nontrivial, the
constraints are not necessarily everywhere regular and
where they are permitted to have reducibilities of the
first level. We provided a shortcut for the construction of
a BFV-type charge Qgpy, bypassing a potentially intricate
Koszul-Tate procedure. We then addressed the conditions
under which an extension Hgpy of the Hamiltonian exists.
In particular, we identified the complex (26) governing this
extension problem, providing sufficient conditions for the
exitence of Hppy in this way.

There are several challenges for future work. One is to
extend the analysis to higher level reducibilities, bringing
Lie co-algebroids into play. Another is to derive the honest
BFV extension using the Koszul-Tate algorithm for irregu-
lar constraints, even if at the cost of possibly introducing an
infinite tower of ghosts. Finally, one may want to see how
all this plays out at the quantum level. We intend to come
back to some of these points elsewhere.
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APPENDIX: ANGULAR MOMENTUM IV

In this appendix we want to return once more to the
example of the angular momentum in R3. While the
coordinates and momenta enter the constraint surface

X x p~0 symmetrically, this is not the case for the
Hamiltonian, see (39). Now, in a region where p # 0,
excluding the origin in momentum space, one may use
the BFV charge

- -

(Ex&)-m—np-z. (Al

N[ =

Qprv =&+ (X% p) +
where we introduced a ghost-for-ghost pair (7, P) to
implement the dependency p - (X x p)=0. Like when
excluding the spatial origin X # 0, there is no obstruction
for the BFV extension of the Hamiltonian, but in this case it
even agrees with the classical one, Hppy = % DD

One may wonder, if and how one might obtain the much
more involved BFV extensions (48) and (51) from this
simple solution to the extension problem in regions where
both X and p are nonvanishing.

We only have a partial, semirigorous answer to this
question: Introduce a BFV charge Q' that incorporates the
two dependencies given by X and p in a symmetrical
fashion,

- -

(Ex&) -Z—nx-Z—qp7. (A2)

N[ =

Q=E (Xxp)+

with now two conjugate ghost-for-ghost pairs (1, P) and
(i1, P). The charge (A2) squares to zero in the obvious
canonical bracket, (Q', Q') =0. It also agrees with a
truncation of the honestly constructed BFV charge in an
infinite tower expansion when following the Koszul-Tate
procedure mentioned at the end of the main text above. But
being such a truncation, where one drops all higher ghost-
for-ghost contributions, it does not have the correct
cohomology, however—therefore, the argument is only
semirigorous at this stage.

There now is a Q'-closed extension of the classic
Hamiltonian on this extended phase space and it is even
globally defined: The simple

W= 255 —niP (43)

N =

is readily seen to satisfy (Q',H') = 0.
We may obtain the two sought-for BFV formulations
from the above one by two different reductions in the

extended phase space, where one has the canonical

coordinates (X, p, &, 7,1, P,ij, P). The first one follows
from the evident choice

(A4)

It reproduces the BFV formulation (Qppy, Hgpy) valid on
regions with p # 0.

Note that the elimination of a canonical pair, here (7, P),
does not affect the brackets between the remaining vari-
ables. But one still needs to ensure that the new quantities
satisfy the two master equations after constraining to (A4).
One way of doing this is to see if they remain to have
vanishing brackets when replacing the original BFV
bracket (-,-)" by a Dirac bracket (more precisely, by an
adaptation of the Dirac bracket, introduced originally for
second class constraints [14], to the extended phase space):
Restraining a graded symplectic space by putting two even
functions a and f which satisfy (a,f) =1 to zero, one
replaces the original bracket (f, g)’ between two functions

f and g by

(f.9)p = (f.9) = (f.a)(B.9) + (f.B) (a.g)'. (AS)
Restriction to the subspace given by a =/ =0 and
inverting the restricted graded symplectic form, in the
end is reproduced by this bracket directly. Since both,
(A2) and (A3) commute with 7 in the (-, -)’ bracket, in view
of [14], it is clear that the two master equations still hold for
the induced bracket when implementing (A4).

The situation changes, however, if one wants to proceed in
the same way by replacing (A4) with the corresponding
barred equations. The reason is that now (77, H’)" does not
vanish, nor does (Q’,P), this then would impede the
vanishing of (Q’, H') ;. To take care of this, one may search
for deforming the condition P =0 by P = F for some
function F of the unbarred variables. This procedure permits
to find the function F' by an expansion in the ghosts, which
can be chosen such that the deformed conditions become

o= 0,7‘3:%(2;5 FP—yP =7 (FxF). (A6)
With this “gauge” the two master equations remain valid and
one obtains precisely the BFV data Ogry and Hgpy) as given
by (37) and (51), respectively. The data corresponding to
(37) and (48), on the other hand, result from these by an
additional canonical transformation.
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