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In a (1 + 1)-dimensional scalar quantum field theory, we calculate the leading-order probability of
meson multiplication, which is the inelastic scattering process: kink + meson — kink 42 mesons. We also
calculate the differential probability with respect to the final meson momenta and the probability that one or
two of the final mesons recoils back towards the source. In the ultrarelativistic limit of the initial meson,
the total probability tends to a constant, which we calculate analytically in the ¢* model. At this order the
meson sector conserves energy on its own, while the incoming meson applies a positive pressure to the
kink. This is in contrast with the situation in classical field theory, where Romanczukiewicz and
collaborators have shown that, in the presence of a reflectionless kink, only meson fusion is allowed,

resulting in a negative radiation pressure on the kink.
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I. INTRODUCTION

Two-dimensional scalar models provide an ideal sandbox
for developing tools to treat real-world solitons. If a scalar
field is subjected to a potential with degenerate minima, then
the theory will enjoy kink and antikink solutions. In general,
at weak coupling, one can decompose a given configuration
into kinks and also perturbative, elementary quanta of the
scalar field, called mesons. An understanding of these
theories at weak coupling is then reduced to understanding
the interactions of mesons with one another, of kinks with
(anti)kinks and of kinks with mesons.

The interactions of mesons with one another is largely as
in the perturbative theory with no kinks, and so is well
understood. Interactions of kinks with (anti)kinks in
classical field theory are a rich field and have been a subject
of intense investigation since the discovery of resonance
windows [1] and related phenomena [2,3]. It was once
thought that these phenomena can be understood in terms of
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the internal excitations of the kink, but it has been found in
Ref. [4] that resonances persist in the ¢° theory, whose kink
has no internal excitations. Instead, although certainly the
internal excitations do affect the scattering phenomenol-
ogy [5,6], itis now widely believed [7,8] that a decisive role
is played by the interactions of kinks with bulk excitations,
which are not localized to a single kink and in this sense are
related to mesons.

Kink-meson interactions have received relatively little
attention, despite being the simplest nonperturbative scat-
tering processes in such models. In classical field theory,
the mesons correspond to radiation. Using the perturbative
approach to the classical equations of motion for radiation
introduced in Ref. [9], incident radiation upon a kink was
studied in Refs. [10,11]. It was found that if the kink is
reflectionless, and the radiation is monochromatic with
frequency w, then some of the transmitted radiation will
have a frequency of 2w and this frequency doubling will
exert a negative pressure on the kink. In a quantized model
this is easy to understand, it represents the process
kink + 2mesons — kink 4+ meson. One can show that
energy conservation among the mesons, which is exact
at leading order, implies that the final state meson has more
momentum than the two merged mesons, with the differ-
ence causing a negative recoil of the kink. This, including
higher-order meson merging, is the only process admit-
ted in the case of classical reflectionless kinks. In the case
of reflective kinks, Ref. [12] found that there is also
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meson reflection, yielding a positive contribution to the
pressure.

In the present article we consider a new process, meson
multiplication, in which a meson incident on a kink splits
into two mesons. This process appears to have no classical
counterpart, in the sense that the perturbative approach of
Ref. [9] is able to solve any initial value problem which
begins with frequency @ monochromatic radiation pertur-
batively, and it only yields radiation components whose
frequencies are integer multiples of .

We will thus show that meson-kink interactions have a
very different character in the quantum regime as compared
with the classical regime, with the former leading to
positive pressure and the second negative pressure. To
some extent this is not surprising, as an initial state
consisting of N mesons will yield a number of meson
multiplication events proportional to N, while the proba-
bility of meson fusion will be of order O(N?). Thus one
expects meson fusion to dominate for sufficiently intense
meson sources.

We begin in Sec. II with a review of the linearized kink
perturbation theory of Refs. [13,14]. This quantum field
theoretic approach is much more economical than the tradi-
tional collective coordinate approach of Refs. [15,16], in
particular in the one-kink sector. Nextin Sec. I1I we calculate
the probability of meson multiplication in a general (1 + 1)d
scalar field theory. In Sec. IV we apply this formula to two
reflectionless kinks: the sine-Gordon soliton and the ¢* kink.
As a result of integrability, of course, this process does not
occur in the sine-Gordon case. In Sec. V, we numerically
evaluate various probabilities associated with meson multi-
plication in the ¢* model, such as probability densities and
recoil probabilities. Finally in Sec. VI we address quantum
corrections to the initial and final states, which are necessary
for them to travel without evolving when far from the kink.
We find that these do not contribute to the meson multipli-
cation probability at the order computed.

II. REVIEW

We will consider a 1 + 1d quantum field theory of a
Schrodinger picture scalar field ¢(x) and its conjugate
7(x), defined by the Hamiltonian

H:/dx:H(x) B

P0) | 00)?

M) == 2

V(Vag(x))
e AV

Here A is a coupling constant. We consider a potential V
with degenerate minima, so that the classical equations of
motion have a kink solution ¢(x, r) = f(x). Here : :, is the
usual normal ordering at the mass scale m, defined by

VO(Vaf(+
"V (Vig(x)
<af d(x))"

),

(Vi) = (22)

We assume that the two values of the mass, as defined at
x = oo and x = —o0, are equal, as otherwise the vacuum on
one side of the kink will be a false vacuum [17].

As usual, creation operators can be constructed via a
plane wave decomposition of the fields. These create
elementary mesons. Acting them on the vacuum state
creates the Fock space of mesons, which we will call
the vacuum sector." Similarly, we will construct creation
operators which create mesons in the one-kink sector.
Configurations consisting of a single kink plus any number
of mesons will be called the one-kink sector.

Consider the unitary displacement operator

D; = Exp [—i / dxf(x)n(x)} (2.3)

Acting Dy on the vacuum,” one arrives at a state in the one-
kink sector. As always, this state can be time-translated
using the Hamiltonian H.

Instead of this active transformation point of view, we
wish to view Dy as a passive transformation of the Hilbert
space which preserves the states but transforms the oper-
ators. Let us explain this more precisely. We refer to the
usual representation of the Hilbert space as the defining
frame, in which H is the Hamiltonian which generates time
translations and whose eigenvalues are energies. We define
the kink frame as follows. The Dirac ket |y) in the kink
frame is defined to represent the state Df|y) in the
defining frame.

Let us try to understand the properties of the kink frame.
First, consider a state represented by the ket |K) in the
defining frame. Then in the kink frame, this state will be

represented by the ket D}|K ). These are two representa-

tions of the same state and so clearly they the have the same
number of kinks. Now, if we used the same operator to

measure the number of kinks in both frames, then ’DHK )

would have one less kink than |K), which is not the case.
Therefore the kink number operator is different in the two

'Recall that we are considering theories with at least two
vacua, and so at least two vacuum sectors. When necessary to
avoid confusion, we will distinguish between the vacuum sectors
corresponding to the vacua at f(—o0) and f(o0), which we will
call the left and right vacuum sectors.

Here we have assumed that the vacuum corresponds to
¢(x,t) = 0. More generally, at a vacuum ¢(x,1) is equal to a
constant f and one needs to first act with the adjoint of the
displacement operator Exp|[—if [dxz(x)]. In general we will
leave this correction to the displacement operator implicit, except
in Sec. VI where we need to distinguish between the two vacua on
the two sides of the kink.
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frames, in fact the two realizations of the kink number
operator are related by conjugation with Dy, as is the case
with all operators. For example, the Hamiltonian and
momentum operators in the kink frame are the kink
Hamiltonian A’ and kink momentum P’

H' =D|HD;, P =DPD;. (2.4)
To see this, note that if |K) has energy E, so that
HIK) = Ex|K), 2.5)
then
H'D}|K) = D}H|K) = ED}|K), (2.6)

and so its eigenvalues yield the correct spectrum. Similarly,
e~1'" is the time evolution operator in the kink frame.

The reason that we introduce the kink frame is that, while
the defining-frame eigenvalue Eq. (2.5) is nonperturbative
if |K) is in the one-kink sector, the corresponding kink-
frame Eq. (2.6) is perturbative. Thus, one can solve for kink
states D}|K ) using perturbation theory in the kink frame,
and then transform the answer back to the defining frame if
needed using D;. This has been done to obtain quantum
corrections to kink states and masses in Refs. [13,14].

What is the kink Hamiltonian H’? Let Q,, be the n-loop
quantum correction to the kink mass. Then we may expand
H' into terms H), which have n factors of ¢(x) and z(x)
when normal-ordered. One easily finds

Hjy = Q, Hy =0,
@
H, —A%‘l/dxiv (\ff(x)) (%)

n>2

(2.7)

What about H’? This is the most important term, as its
eigenstates are the starting points of the perturbative
expansion of the entire one-kink sector. To write it simply,
we will need a short digression.

The kink’s normal modes g(x) are the constant frequency
solutions of the classical equations of motion correspond-
ing to H),

VEO(Vaf (x))g(x) = @a(x) +¢"(x),

p(x,1) = e7'g(x). (2.8)
There are three kinds of normal mode. The first is the real
zero-mode gz (x) which has zero frequency wp = 0. Next,
there are complex continuum modes g, (x) with frequencies
w, = Vm?* + k*. Finally, some kinks enjoy discrete, real
shape modes gg(x) with 0 < wg < m. We will fix their
normalization via the conditions g; = g_; and

/ dxlgp(x)P =1, / dxay, (¥)a, (v) = 278(k, k),

/ dxas, (x)5, (x) = 3s,s,- (2.9)

As g(x) satisfies a Sturm-Liouville Eq. (2.8), they are a
complete basis of the space of bounded functions and
so can be used to decompose the Schrodinger picture
field [18]

009 = doan() + Y050 (B + 52 Jauto

w0 = moan() + Y57 (8 -5 Jauto). 210

where B; = B} /(2w;) and B_g = Bs. The symbol Y is an
integral over continuum modes k plus a sum over shape
modes S. We have decomposed ¢(x) and z(x) into
operators ¢, 7y, B and B¥ which satisfy the algebra

[bo. mo] = i, [Bs,. B§,] = 85,5,

[By,. B} | = 216(ky — ky). (2.11)

Using this basis, we can write H) as

2
7 i;lk ;
H/2:Q1+Hfrce7 Hfree:?O_'_ _”kain (212)
Now we can interpret the operators. ¢, and 7z, are the
position and momentum of a free quantum mechanical
particle representing the center of mass of the kink. The
operators BE and B,f create bound and continuum normal
modes, respectively. The ground state |0), of H5, which is
the kink frame first approximation to the kink ground state
|0}, is the simultaneous ground state of each of the quantum
mechanics terms in Eq. (2.12). Therefore it is the solution
of the conditions
70|0)o = B|0)g = Bs|0)o = 0. (2.13)
A general one-meson, one-kink state is, at this leading
order, |k), = Bj{|0), while acting on this with B, yields a
two-meson, one-kink state
|kK')y = B BL|0)q. (2.14)
What has become of translation invariance? In the
defining frame, the time translations are generated by H
and spatial translations by P. These commute, and states
such as the ground kink and its Fock space excitations are
simultaneous eigenvectors of both. In the kink frame, they

are generated by H' and P’. A quick calculation, using the
sign convention
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(2.15)

yields

P'= P+ +/Qomo.

Intuitively, P is the meson momentum and /Qyx, is the
kink momentum. These are not separately conserved in
the kink frame. However P’ and H' commute and all of the
simultaneous eigenstates of P and H in the defining frame
are also simultaneous eigenstates of P’ and H' when written
in the kink frame, with the same eigenvalues.

Linearized kink perturbation theory can be applied to
localized wave packets,” where it has been used to compute
quantum corrections to form factors in Refs. [19,20]. In the
case of integrable models, these corrections reduce to the
known results of Refs. [21,22].

However in the present paper, we will instead be in
interested exclusively in translation-invariant states. These
are states which, in the kink frame, are annihilated by P’.
The fact that P’ yields zero, and not a constant, means that
we work in the center-of-mass frame. The kink ground
state, for example, is translation-invariant. These trans-
lation-invariant states are the quantum field theory ana-
logues of constant wave functions in quantum mechanics.”
Constant wave function states in quantum mechanics are
infinite superpositions of position eigenstates, with a
coefficient that is independent of the particle position.
Similarly, here the translation-invariant states are super-
positions of kink-meson complexes, with an infinite sum
over the position of the center of mass weighted by a
coefficient that is independent of this position. Therefore
the kink and the mesons are equally likely to be anywhere.
However P’ shifts the kink-meson system rigidly, and so
the distance between the kink and meson can be localized.

In 1+ 1 dimensions, massless scalar fields are an
obstruction to quantization [24]. Therefore we will consider
only models with m > 0. As a result, the force exerted by
the kink on the mesons is suppressed exponentially in the
distance times m. This means that at separations much
larger than 1/m, the meson and kink contributions to P’ are

p:-/dm@¢am.(zm)

*Here we are discussing wave packets in which the center of
mass of the kink-meson system is localized, breaking the rigid
translation symmetry, which simultaneously displaces the kink
and the mesons. These are distinct from the meson wave packets
that we will use below, in which the distance between the meson
and kink is localized but the states are invariant with respect to the
rigid translation operator P’.

Like those, these states are not normalizable. Below we will
see that the same norms appear in the numerator and denominator
of various expressions and so will naively cancel them. In a
companion paper [23] we introduce an infrared regularization
scheme and show that this cancellation does not lead to
corrections at the order considered here.

essentially separately conserved. Furthermore, at such large
separations, the contribution of each meson to the momen-
tum is given simply by k, up to corrections of order O(4).
This is not to say that the kink does not affect the mesons at
very large distances, but rather to say that a distant kink
serves only to shift the values of some translation-invariant
meson self-couplings, and it does not cause the mesons to
accelerate.

III. MESON MULTIPLICATION

A. Gaussian wave packets

Our initial condition will be a meson wave packet
centered at x

_ 2
() = Bxp| - E=500 L |
4o
< ! 1<< < |xo (3.1)
X - —,— <0 Xo|. .
0 m ko m 0

The bounds on x, and |x,| ensure that the initial wave
packet, which starts at x = x(, does not overlap with the
kink, which is centered at x = 0. The lower bounds on ¢
ensure that the meson momentum is sufficiently strongly
peaked so that all components move towards the kink and
also we can approximate, as described below, the wave
packet to be monochromatic.

The evolution of the wave packet will be simpler after a
kind of Fourier transform

o) = [ 5 angio)

= /3 a = /dde(x)gk(x). (3.2)
V3

Unlike a Fourier transform, this transform is not with
respect to the plane waves, which are solutions of the free
equations of motion in the vacuum sector, but rather with
respect to the normal modes, which are solutions in the one-
kink sector. The shape modes and zero mode need not be
included in the transform, as they have support at |x| of
order O(1/m), where ®(x) is negligibly small.

The initial one-kink, one-meson state |®), can be
constructed, in the kink frame, in terms of the free kink
ground state |0), as

0= [ @by = [ 5l Ko = Bl

A= [ Sr @k

Equation (3.3) is a choice of initial state. Our strategy, in
this section, will be to simply assume this initial condition
and evaluate the probability that the final state is in some
similarly arbitrarily defined subspace of the Hilbert
space. This is well defined. However, the claim that this
choice of initial state and final states is related to meson

(3.3)
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multiplication is nontrivial. In particular, quantum correc-
tions to these initial and final states enter at the same order
as the amplitude that we will calculate. We will discuss
these initial and final state corrections in Sec. VI.

B. Time evolution

The interactions in the kink frame are summarized by the
Hamiltonian terms in Eq. (2.7). These are organized into a
power series in v/4. At order O(A°), only Hy,. contributes
to the evolution

. dk A
©(0)loe) = @)y = [ 57 are k)

dk .
— [ [Gae e i@ 64
The coefficient
dk .
Or) = [ S ae g 4
2w
dk —iwyt

= [ dy®(y) ﬂgk()’)e dg_(x)  (3.5)

is, to this order, the profile of the meson wave packet. We
may write it in terms of the propagator G as

O(x.1) = / dy®(y)G(x. y. 1)

Gy = [ 5rai) (3.

e~ g (x).

For concreteness, consider a reflectionless kink. Then we
will see below that at x < —1/m

Hfree +Hl |

00 .
- e

|©(1))0 = Vi P

Hfree + Hl) |0

dk, dk, dk ﬂ ® (—it)"
dky dk, dks V2 V_hkﬂ3§£: )
2n 2w 2rm 4 g

iV [ dky dk, dks ay,

=Mty B
4 | 27 27 2wy, MR Xp[

Here we have exchanged the order of the k and x integrals
with respect to the definition in Eqgs. (2.7) and (2.10). These
integrals do not actually commute, and as a result V_j ;.
appears to be the integral of a nonintegrable function. It should
therefore be remembered that to make sense of this integral, one
needs to perform the k integration first. It turns out that this is
equivalent to first performing the x integration using a principal
value prescription which will be defined in Eq. (4.10).

o0
o=

2(k—kq)? zkoeri(k—kO)(x—xO)

¥ 8-k(x) = 20V/me™” (3.7)

Using the linear expansion of w; at k ~ kj, which will be
introduced in Eq. (3.22), one finds

(I)()C, t) — 20'\/_eik0x_i(“k0f
dk -itk-ta)3t

% —Uz(k—ko)zei(k—ko)(x—xo)
27r
T 1 kot\ 2
ikox—iay, g . . ot ) 38
e 0 xp[ e (x X0 wk()) } (3.8)

We thus identify x, + kot/wy, as the position of the
leading order part of the localized wave packet at time ?.
In particular, before nearing the kink, the meson wave
packet moves at a constant velocity of ky/wy,. It does not
accelerate.

At the next order, O(+/A), the only term which contrib-
utes to meson multiplication is

[l

k3
2 27 2n hkks g B B Bk"

Voo = / dxVO (VAf(x))a <>gk2<x>gk3<x>. (3.9)

H; converts a one-meson state into a two-meson state

/i

4Cl)k

dk, dk;

Hlky)o = 5z On

——V_ ks [kak3)o- (3.10)

At time ¢, at order O(ﬂ) the wave packet evolves to

. nn—

HfrecH/H?reén_l |CD>0
0

3
Il

n—1

m n m—2
E (@, + @y,) |kaks)g
m=0

|koks) .

Sil’l (a}szrwzk} —Wy, t)
W, + o, +o
b Tk 7Tk z]( (3.11)

2 a)k2+a)k3—a)kl)/2

[
Here we dropped the O(A°) term which will not contribute
to the matrix elements below.

One may define the Dirac bra corresponding to a one-
kink, two-meson state (2.14) by

By, By,
Za)kz Za)k3 ’

o(kaks| = (B}, By, [0)g)" = o (0] (3.12)
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This leads to the normalization®

0l[0
otkaks k5 = 210 (51, - ko)2mai - k)
2 3

+218(Ky — ks)278(Ky — ko). (3.13)

Our master formula for the unnormalized meson multipli-
cation amplitude is then

o(koks|®@(1))y iV d_klﬁv
0<0|O>0 86‘)/c20)k3 2n Wy, ikl
X Exp {"'Wf]

sin (7(1)A'2+(D2k3 ~p)

(a)kz +(1)k3 —a)kl)/Z'

(3.14)

C. Amplitude at finite times
Writing the amplitude as

V[ dk oy

2m wy,

o(kaks|®@(1))o —ky ok

kaza)k3
e—i(cuk2 gy )t _ €_iwkl t

0]0)0,
) (o, + @y, — @y, 00[0%

(3.15)

we may factor out an overall phase and constant

ei(a)kz +any )t

Wo%kﬂ‘b(ﬂ)o

ﬂ dkl a, 1— ei(ﬂ)k2+a)k3_07k])f
—kiky

A, (1) =

8a)k2a)k3

. (p, + oy, —y,)

(3.16)

2m wy,

At t = 0, the matrix element vanishes as the sine in the
numerator of Eq. (3.14) vanishes. Taking the time deriva-
tive one finds

. A dk
Ap, (1) = =i VA 1%

i i@y o = )1
Sa)kz (l)k3

— e
2 a)kl ki kyks

(3.17)

This can be simplified with a few good approximations.

1. Reflectionless kinks

First of all, |xg| > o and |xo| > 1/m and so the
Gaussian factor in @y, has support in the large |x| region,

®The matrix elements (k,ks|k,k;), and ,(0]0), are both
infinite, however only their ratio will appear in the probability
of meson multiplication. In Ref. [23] we show that, to leading
order, this ratio agrees with the naive calculation in Eq. (3.13).

where g,’;l is a sum of plane waves. Let us first consider the
case of a reflectionless kink, in which case

Bee ™ if x<—1/m
gi(x) = Zike -

Dre ™ if x> 1/m
B> =DiP =1, Bi=B,

Di=D_. (3.18)

where the phases B; and D, vary on scales of order O(m)
in k-space

oBr 9D

1
o|l—|. 3.19
By Dy (m) ( )
As xy < —1/m, this approximation yields
a, = 20\/aB e~ i~k gilko=ki)xo - (3.20)

Next, let us consider 7 > 1/m. We will not assume that
the time is big enough for the meson to arrive at the kink,
so, with this approximation, the process will be roughly on-
shell, and so @, can be replaced with @y, + wy,. This
needs to be done delicately, as terms of order wy, +wy, —awy,
have appeared in various places. Each expression should be
treated as an expansion in powers of @y, + @y, — wy,.
However, this replacement can safely by done on the @y, in
the denominator of Eq. (3.17), as this term is of zeroth order
in oy, + wy, — oy,

With these two approximations we find

Vi

8wy, oy, (wy, + wy,)

X /&Bkl e (ki~h)? gilko=ki)xo
2

Aka3 (1) = —i20\/x

. [ [ VO ee s e e )

X ei(u)kz+(ﬂk3 —(Ukl)f‘ (321)

k, is always close to ky, as ¢ > 1/m, and so we may
expand

k
wy, = wy, + (ki —ko)i,
0

By, = By, 3ty = Gk

(3.22)

Inserting Eq. (3.22) into Eq. (3.21),
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\/Iel(a)kz—&-wk} Wy )t
Wi, W, (r, + @y,

Ak2k3( 1) = —i20\/7By, g

| [ VOO 0)ac a0
% /dkle_(,z(kl_ko)zei(ko—kl)(onr,,A 1)
2
\/_ez a)k2+a)k3—a)k0)t
lBkO
8wy, wy, (o, + wy,)

k
(xo + w—fof)z
X EXp - —402 V—k0k2k3'

(3.23)

Note that in replacing V_y ;. x, by V_ i,x, We have assumed
that the k,-dependence of V is on scales much broader than
1/6. This assumption breaks down near k| + k, + k3 =0

if V) (v/Af(x)) does not have compact support, as V may
have a § function term and also a pole. These occur far from
the mass shell, and so do not reflect any interesting
dynamical processes, but rather are an artifact of the fact
that our initial condition (3.3) did not include the quantum
corrections necessary to propagate rigidly far from the kink.
We will return to this point in Sec. VI.

2. Reflective kinks

So far we have only considered reflectionless kinks, such
as those of the sine-Gordon and ¢4 models. However, in
general kinks are reflective, and so asymptotically the
normal modes are of the form

Bee 'k + Cret™ if x < —1/m
gr(x) = _ik i
Dre ™ + Ee™ if x> 1/m
B2 +1C2 = D2+ &P =1, B =B,
Ci=Cy Di=D,. &=E4 (3.24)

Again, our initial wave packet is supported near x, << —1/m
and so this approximation allows us to simplify the
coefficients ay,

a, = 20/a[By e k)¢
+C e—ff ky+ko)? (k0+k|)x0]‘

i(ko—ky)xo

(3.25)

Substituting this into Eq. (3.17) one finds

Vi

—i20+\/7
8wy, wy, (ﬁ% + wy,)

dk
/—IV kikoks €

% [By, e ko
_|_ C e—{i 1 +k())

Ak2k3(t) =

Wpy FWp, —0p )t

i(ko=ky)xo

e!(kotki)xo], (3.26)

Recall that we have fixed k; > 0 so that the wave packet
moves to the right, towards the kink. In the reflectionless
case this implied that k; > 0. Now we see that there are two
Gaussian factors, the first is supported at k; ~ k; but the
second is instead supported at k; ~ —kq. Thus, while
the initial motion of the meson is always to the right, in
the reflective case this corresponds to two distinct regions
in the one-meson Fock space.

As aresult, we will need to consider the expansion of k;
about both kj and also —k;, which leads to the correspond-
ing expansion for the frequencies

ko

ko

wkl = a)ko —+ (Zl:kl k()) (327)

Inserting these two expansions into Eq. (3.26), we obtain

—i20+\/7

X ﬂei(wkZ @y, —op )t dk
A, (1) = / :

—kikyk

SCOkZCUk3 (a)kz + C()k3) 271' 17253

. ko

x [By e~ =t o bk Gtz 0
1

k
)2 z(k,+k0)(x0+ﬁt)

o]

+ C e—O' ky+ko

ﬂel(wkz Fop —wg )t
8wy, @y, (@, + @y, )

(X0 +320%
X EXp|: 42:| V—k0k2k37 (328)
where we have defined the shorthand
V_totoks = BiyVtoioks T Ci Vighoks-  (3.29)

3. Remarks

As a result of the Gaussian factor, this time derivative of
the amplitude is only appreciable when the exponent

X, = Xg+——1 (3.30)
Cl)k0
is small, which occurs at time
w
t"’tl :——kXO, (331)
ko

when the meson strikes the kink.

In particular, since ¢ > 0, we see that this requires k; and
X, to have opposite signs, which of course is necessary for
the meson to move towards the kink. As A(0) = 0, we learn
that the amplitude A(f) vanishes at ¢ <y, before the
collision.
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D. Amplitude in the asymptotic future

1. The large time limit

We are interested in the large time limit, when the meson
has already scattered with the kink. At large times t we may
integrate Eq. (3.28) to obtain

aV_
lil’IlAk7k} ([) = —1 \/_ k0k2k3
t—oo ° 8&)1{2(1)k3 (wk2 + wkz)
. [ Gordip
X /_oo dtExp [— TZ"U] ez(a}k2+wk3 —wy, )t
= — \/Zv—kokzh pu %
dwy, wy, (a)kz + a)ks) ko
2
Wy
x Exp [_52 k_(z)o (0, + o, — @y,)*
Wy,
— i(wy, + oy, — wy,) k—o"xo} (3.32)
Therefore,
iy el 00
i=o0[o(0[0)o]
- 7[/102|‘7_k0k2k3 |2 wk{) 2
- 160)%2 wis (a)kz + wk3)2 kO
2
2 %k, 2
x Exp|—20 2 (wp, + o, —oy,)7 . (3.33)
0

Let us define the on-shell initial momentum k; by

ki =@, + oy, = (3.34)

so that wy, = wy, + wy,. The Gaussian factor in Eq. (3.33)
has support at @y, ~ wy,. Therefore, as k, and k; are both
defined to be positive, in the region in k, — k3-space with
the largest contribution to the probability, ky, ~ k;. We thus
expand

ko = k[ + (k() - k[) (335)

and keep only the leading nonvanishing term in each
expression. This yields

kyks|® (1)) |?
LN
= [(0[0)o]
_ ”’152|‘7—k,k2k3 ‘2
16w%2w%3k%

Using the same expansion as in Eq. (3.27) this simplifies
further to

lo (kaks | @(2))o? 726 |V _p i,

= =20 (ki=ko)* (3.37)
e . .
=00 |O<O|O>0|2 1660%2&)%3](%

2. A faster derivation

A faster approach, which however sheds no light on the
evolution at intermediate times, is to directly take the
t — oo limit of Eq. (3.14). Using the identity

@y, +wy, —o,

i ky 2’<3 k1 l)
1m

t=00 (@, + Wy, — @y, )/2

sin (

= 27T6(Cl)k2 + a)k3 - C()kl)

_ W

= k (27T5(k1 - k[) + 271'5(](1 + k[)),
1

(3.38)

the amplitude can be simplified to

hmo<k2k3|¢(f)>o
=0 (0[0)g
iva

- 3.39
kaza)k3k, ( )

—iwyg, t
e (o, V _to oy + i, Vigioks)-

As k; and k) are both large and positive, the Gaussians in
Eq. (3.25) with (k; + ko) are exponentially suppressed,
leaving only the 55, term in ¢, and the Cj term in a_y,.
Altogether we find

lim o{kaks|P(2))o ___loval el o= ke=k P
im0 (0]0) 4oy, ik e

(3.40)
in agreement with the longer derivation above.

E. The probability

The probability P that |®()),, the state at time 7, is in a
given subspace of the Hilbert space is given by

o{@(O[P|D(1))o
o{ ()| ®(1))g
where P is a projector onto that subspace.

We are interested in the probability P, that the final state
has two mesons, corresponding to the projector

p= (3.41)

Puotlka2ks)o = |kaks)o. ky ks €R. - (3.42)
We are also interested in the corresponding probability
density Pgis;(ko, k3) that the final mesons have momenta &,

and k5. This is related to the total probability by
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1

Po=3 [ dledtsPanll ). (343
where the factor of 1/2 results from the fact that |k,k;) and
|k3k,) represent the same state. P is defined by a formula
similar to (3.41) in which the operator Py, annihilates all
states with k not equal to k, and k5. It is not a projector, as it
has an infinite eigenvalue. These two equations are easily
solved, yielding the operators

W, Wy,
Puite (ko k3) = W |kaks) oo (kaks),
040[0)0
1 Wy Wy,
P = T | hadhs 2 kool

(3.44)

Consider a general reflective kink with ;, of the form of
Eq. (3.25):

dk, 0{0]0)0
D(1)|D(1))y = (P|DP)y = | — i
A
0|0
. /ZMM’ (3.45)
2a)k0
where we used wy, ~ @y, .
|
A |V i
Pyie (ko k3) = ———25-8(k; — ko)

2
L6mawy, i ki

The probability density at a large time 7 is

o ol ®@(0)| P (ks ks ) |D(2))
Pan(ka: k) = im S
\/fa)kowkzwlq |o<k2k3|q)(f)>o|2
10(0[0)o[?

6—252(/‘1—/(0)2.

= lim
=00 77-'5/26

v, 2

_ /16601(0|V—k,k2k3|
3/2 2
8\/577:/ a)k2a)k3k1

(3.46)

Note that, by definition, the continuum modes have k real
and so this equation only holds when wy,,w;, > m.
Integrating this yields the total probability of meson
multiplication at a large time ¢

1
Poc= [ dhodtsPale. ko)

lGCUkO

‘7_ 2
DTN AT / dkydks I —ioss | k'k2k3|2 g2 ik (3.47)
-

Cl)kzﬁl)k3 k]

As 6> 1/m we may approximate the Gaussian to be a
Dirac delta function, yielding

A V_ 2
_ 2% / dkﬂhwé(k,—ko)

P... =
327k

A vV (wko_m)z_mz
- dk2

C()k2 C()k3

- 5 .
|V—k0,k2~ (wko_wkz)z_mz‘ +|V

2
—koky =/ (@) =y, )*=m* |

where we used

6k3 - k()a)k3 a

In the sine-Gordon theory, defined by

(3.48)
Wy, \/(wko - wkz)z - m?
ok; . a)kok3 . Dk, \/(wko - wk2)2 —m? (3 49)
ko(wk0 - a)kz) ' .
IV. EXAMPLES: THE SINE-GORDON SOLITON AND ¢* KINK
A. The Sine-Gordon soliton
V(Vig(x)) = m*(1 = cos(Vih(x))). (4.1)

the symbol V; i, is given in Ref. [14]

ziva
Vioks :Tslgn(kl k2k3)sech< 5

(ky +k2+k3)) o (g, + o, + o, ) (g, + 0k, =@, ) (W, + W, — 0, ) (W, + Wy, — 0y,

a)kl a)kza)k3
(4.2)
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As a result

Vit =0, (4.3)
because it is proportional to @y, + @y, — @y, = 0. This in
turn implies that
V—k1k2k3 == 0, (44)
as it is a linear combination (3.29) of V4 4y,.
Equation (3.46) then implies that the differential probability
vanishes for all k, and k5.
This is to be expected; the integrability of the sine-
Gordon model implies that the number of mesons is

conserved and so meson multiplication does not appear
in the S-matrix.

B. The ¢* kink

1. Review

We will need an expression for V_k] k,k, i the case of the
¢* double-well model, with potential

V) =L (Vi) - VEm).

(4.5)

This requires a knowledge of By, C; and Vi, The first
two are easily read off of the normal modes

e—ikx
g (x) = oL [k — 2> + 3p%sech® (Bx)
~3ifktanh(px)],  p= % (4.6)

At x < —1/p this becomes a plane wave with phase

=28+ 3ipk

B, —
¢ Wi/ k2+ﬁ2

As the ¢* kink is reflectionless, the product B,C; van-
ishes [25].

Using Eq. (3.29) and |B,| = 1, the reflectionless con-
dition thus leads to the simplification

C, = 0. (4.7)

IV _kokoks | = IV —kohohy - (4.8)
We then need only calculate Vi . In Ref. [26] this is
calculated in terms of a sum of integrals over x; however,
those integrals are not evaluated because that paper was
concerned with infrared divergences which required a
delicate treatment of the integrand. We will see a similar
infrared divergence here, arising from the fact that the
3-point interaction responsible for meson multiplication
has a nonzero constant norm even far from the kink. Meson

multiplication far from the kink is suppressed only because
the corresponding matrix element oscillates quickly, lead-
ing to destructive interference when the initial momentum
is integrated over even a very small interval.

Let us begin by reviewing the expression for V i ;. in
Ref. [26]. First, the third derivative of the potential is

VO (Vaf(x)) = 6v2 tanh(x). (4.9)

Note that it is of order O(v/4), and so that will be the order
of our amplitude. Also notice that it tends to a nonzero
constant at large x and —x.

We will perform the x-integrals using the identities

/ dxe~*sech?(px)
275(k)

z n— 2 . wk .
-1k [ j:(]) (/%+ (2J)2)}CSCh<ﬁ> if n>0

/ dxe~*sech?(f3x) tanh(fx)

_ —iﬁ Llj) <Z—z+ (2j)2>}csch <’2[—’ﬂ‘> (4.10)

Note that in the n =0 cases of the two integrals, the
integrand does not become small at large |x|. These
formulas correspond to a kind of principal value prescrip-
tion for evaluating the integrals. We have checked that this
principal value prescription is indeed the right one, as it
yields the same answer as would be achieved by integrating
over a small region in k; with a smooth weight function.
Such a coherent integral was indeed present in our master
formula (3.14) for the amplitude; it is the integral over the
momentum in the initial wave packet. The fact that the k
integral should be performed before the x integral was
explained in Footnote 5.

Vi ok, consists of a sum of terms which are each
integrals over x of sech?(fx)tanh’/(Bx) where I €
{0,1,2,3} and J € {0,1}. The case [ =J =0 yields a
5(k), where we have defined

itn=0

k= ki +ky + k. (4.11)

AS wy, = wy, + wy,, kis not zero and so this term vanishes.
We will keep it, as our expression for V. ;.. may be useful
for future problems; however, we will separate it as it will
not contribute to meson multiplication at tree level. Thus
we decompose
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Vk1k2k3 = Vg?k2k3 + ‘A/-klka}’
w0 IV2ikiksks(68* + I3 + I + K3)2r5 (k)
ety = 0,0
(4.12)

where V% contains all of the 5(k) terms and only V will be
relevant below.
Let us define the symbols u by

6ﬂﬂﬂcsch(’2’—’/§)
wklwkzwkz VI RN+ BB+ R

Vk1k2k3 =

(4.13)

where the sum does not include I = J = 0, as that term is
in V.

Each u'/ is defined to be the term in Vy ;. with an x
integral of e sech?’(Bx)tanh’(fx). Let us define the
symbol @ to summarize the coefficients

sinh(3)

T

1J _
Ukikoky =

tbi{ koks / dxe~**sech? (Bx)tanh’ (Bx).

(4.14)
Reference [26] provided the components of @

D0 =3ip[168*S] + (553" —18S}) + 53S})]

O, =P [-TFS S5 +385], @Y, =2TifS,
DY, =80+ 4 (1885)+457) + 7 (—255-9S38]) + 53
Dl =3F7[128 + 7 (=158, —487) + (83 +358381)]
Ok, =B 657+ (38, +857)], @y, =275 (4.15)

in terms of symmetric combinations of the k’s
St =k} + k5 + k5,

Sf; = (k1k2k3)n
So = k' ks + kTS

S5 = (kyko)" + (kik3)" + (koks)",

KD A KR KUK 4 KSR (4.16)

2. The calculation

We may now perform the x integrals using Eq. (4.10):

10 10 1 T (¥ 2
Ui koky = Phikyks P {H <2+ (27) ﬂ
i

=0

. -1 2

11 ! ! k 2

Uk koky = Phikoks 20)p [g <ﬂ_2+ (2)) >] (4.17)
In particular, we find

1

ull, = 3ik {1@35; (=582~ 188)) +Bs;s;}

20 3ik _amcl 21 1
Uiekky = +4 [=76°S] +BS5' +3pS3]

9ik K

ui?km 4O<4+2o +64)[ﬂ* 1

01 Neps L @3 2 2 N
Uk gy = 8+ (— 1852 45 )+,B (253 -|—9S3S )_F
1 3ik* 3 1 oy, 1 2 1¢l
Uk ok = - —12p —l—ﬂ(lSS —|—4S) ﬂ(_S2_3S3S1)

3ik?* [ k?
0, = ’SQ )[6ﬂ3+ﬂ( ~35}-53)]

3ik? k*
Uy o, == 0 Q +20ﬂ2+64>ﬂ3.

Reassembling these components, we finally arrive at

(4.18)

6\/_ncsch(7‘+k2+k‘))
o, O,/ P+ NP B+

x {8iﬂ6 + 5ip* (k3 + k3 + K3)

kikoks =

+ 2if*(k1k3 + k3k3 + k3K3)

3
+1L6( KO RS — K 4 KR 4 KR+ KA

1
LR 4 IR+ RAR) + gk%kgkg] } (4.19)

Recall that the meson multiplication probability density
(3.46) and total probability (3.48) only require the
special case k; = —k;. In this case the coefficients sim-
plify to
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48\/57;1'(1),62a)k3 wklcsch(”i(kﬁf_k’))

For completeness we provide V:

where we used Eqgs. (4.7) and (3.34). However, as a result of
(3.29), at tree level we only need the absolute value |V|
which is equal to |V| for a reflectionless kink and to |V/|
at kl ~ _kl'

Substituting Eq. (4.21) into Eq. (3.46), we find the
probability density and total probability for meson multi-

AP—— . 4.20
frkoks VS + mP\JAIE 4+ m? Ak + m? (4.20)
% BeVoiik +CiV K3 — 2% + 3ipk,
—kikoky = Ok, V —kykoks b Vkkoky = = oV —kjkaoks
IR213 1 IR21R3 1 IR213 wk[\/m IR213
482wy, (i(3m* = 207, ) + 3mk;)esch(Zl =kl @21)
a VARG + m2\JAIE + mP (413 + m?) ’ '
|
Awy, |‘7—k kok |2
Puss(ky, k) = o Zhibkoksl 50—k
dlff( 2 3) 167[(‘)k2wk3 k% ( 1 0)
28872y, 0y, 0], esch? (Fth=hl)
O K2(4KE 4 m?) (43 + m?) (4k3 + m?)
x 8(k; — ko). (4.23)

plication. Our main result is the following analytic expres-
sion for the probability density:

288/ 2howy, oy, wy, a)il csch? (W)
k7 (4h3 + m?) (443 + m?) (4] + m?)
X e_Z”Z(kl—ko)z. (4'22)

Pigr (k. k3) =

In the limit 6 — oo of a monochromatic initial meson this
yields

Pdiff(kz) = /dk3Pdiff(k21k3)

As expected, it is order O(4). The Dirac § function imposes
exact energy conservation. On the other hand, momentum
conservation among mesons is imposed by the csch. This is
not a § function, and so the momentum can be transferred
between the mesons and the kink. Note that the condition that
k, and k5 be real implies that this equation is only valid when

m < wy,, wy, < @y, —m. (4.24)

Integrating over ks, one arrives at the probability density

288y, 7, (g, — 0,)’

KoK + m2) (4, — a2 = 3m) (483 + m2) [ (o, — oy, ) = i

n(ky + \/(wkO - wk2)2 —m?* — ko)
h2
X [csc < p”

The last term in the denominator leads to a pole at the
threshold k3 = 0, corresponding to the fact that the Jaco-
bian factor dks/dk, diverges. At finite o this pole is
smeared out. The two csch terms correspond to the ks
traveling in the direction of the original meson or bouncing
back, and their arguments are the momentum transfer
between the mesons and the kink.

m

)4—csch2 (ﬂ(kz _ \/(wko ~ RS T - k0)>] . (4.25)

In the ultrarelativistic limit ky > m, Eq. (4.23) becomes

9mAcsch? (522 (k} = koks))

2kyksk;
18k, k3kg

= 2280 (ks + ky — ko).
am? (k2 — kyks)? (ka4 ks = ko)

P (ky, k3) = 5(k; — ko)

(4.26)

025012-12



MESON PRODUCTION FROM KINK-MESON SCATTERING

PHYS. REV. D 107, 025012 (2023)

This is supported when k,, k3 and k; are all of order k(, and
so it is proportional to 1/k,. To obtain the total probability,
one integrates over the k, — k3 plane, or more precisely the
line ky + k3 = k( with k,, k3 > 0. The length of this line is
of order O(ky), and so the total probability asymptotes to a
constant at large k(. Letting k, = kox we find that in the
ultrarelativistic limit

94 [1 x(1=x) A6 2
po=2 | gy (22
o ﬂMQA x(l —x+x3)? m? (7[ \/§)

(4.27)

V. NUMERICAL RESULTS FOR THE ¢* KINK

In this section we will numerically evaluate some of the
probabilities just calculated for the ¢* double-well model.

At order O(4) the probability density Py and the total
probability P, are proportional to 4, so in the plots we will
divide them by 4. We use the parameters m = 1, ¢ = 20.
We have numerically checked that as long as the value of o
satisfies 1/m < o, the value of ¢ will not affect the
numerical results.

We begin in Fig. 1 by plotting the probability density
Pgise(ky) = fdkspdiff(kL ks), where Pg(ky, k3) is taken
from Eq. (4.22), that one of the two final mesons will have
momentum k,. The shoulder on the right of each curve is
not a numerical artifact. It results from the fact that, with
fixed ky, the Jacobian factor in the k5 integral diverges at
threshold for the production of the corresponding meson.
This would lead to a pole in the limit 6 — oo, but here this
pole is smeared by the momentum width of the initial wave
packet.

Next, in Fig. 2, we plot the total probability for meson
multiplication, as a function of the initial meson momen-
tum k. Note that, at high k, the probability asymptotes to
the value found in Eq. (4.27).

Paifr (k2) /2
05
— ky=5
ko=10
— ko=15
ko=20
fl " L L L L L i k
+ 5 10 15 20 25 2

FIG. 1. The probability density, Py (k,), that one of the final
mesons has momentum k,, plotted for various values of ky. The
factor of 4 has been divided out.

Piot /A
0.8+

0.6}
oal ceee- 82
4 —
0.2
L Il L L L L Il L L L L Il L L L L Il L L L L Il ke
5 10 15 20 25

FIG. 2. The total meson multiplication probability P, as a
function of kg, rescaled by 1/4. The dashed line is the asymptotic
value derived in Eq. (4.27).

0.8}
06 6 2
PR
04l PolA
40P; /A
02| | 500P,/A
P— n i kO
5 10 15 20 25
FIG. 3. The probability P, that n of the momenta of the

outgoing mesons are negative. These are all rescaled by 1/
and also by other factors, given in the legend, to make them
visible in the plot. The dashed line is again the asymptotic value
in Eq. (4.27).

Finally in Fig. 3 we plot the probability, P,, that
precisely n of the final mesons have k < 0, so that they
travel backwards from the kink. This plot shows that, at
order O(1), even reflectionless kinks lead to some reflec-
tion. However, as might be expected, this is very rare when
the momentum k of the initial meson is much greater than
the meson mass m.

VI. INITIAL AND FINAL STATES

In this section we will try to understand the choice of
initial and final states.

A. Corrections to the amplitude

The amplitude that we calculated (3.40) is of order
O(\/2). 1t results from the product of an initial wave
function, a term in H ’3 and a final wave function which are,
respectively, O(1°), O(v/2) and O(A°). However contribu-
tions at the same order arrive from corrections to the initial
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or final state of order O(ﬂ) so long as one uses the free
Hamiltonian HY, which is order O(1°).

The free Hamiltonian conserves the meson quantum
numbers, and so these contributions arise from quantum
corrections to the initial state containing 2-mesons and
corrections to the final state containing 1-meson. The
calculations in the previous sections correspond to simply
setting such corrections to zero. While such an initial
condition is allowed, and such a definition of a two-meson
state can be forced, both are unnatural as they are not
eigenstates of the interacting Hamiltonians relevant to any
regime in this problem. In fact, if O(ﬂ) corrections are not
included in the initial state, then they will be dynamically
generated, oscillating as the wave packet propagates.
However, this oscillation at subleading order does not
affect the conclusion that the wave packet does not
accelerate far from the kink, nor does it affect the leading
order probability of meson multiplication.

In this section we will make another, better motivated,
choice of quantum corrections to the initial and final states,
and show that it does not affect our amplitude at the order
calculated.

B. Constructing the initial state

The initial state is a one-meson wave packet which
approaches the kink from the left. To the left of the kink,
the classical kink solution f(x) approaches a minimum

f1 = f(=0) of the potential V(v/Af(x)).

1. Outline of the construction

At times ¢ < 0, the meson has always been in the left
vacuum, and has never been close to the kink. Therefore,
we want to construct an initial state, at time ¢ = 0, such that
the meson wave packet is a nearly monochromatic super-
position of eigenstates not of the full kink Hamiltonian H’,
but rather of the left vacuum Hamiltonian H;

H, =D/HD,, D, = Exp [—i / dxfyr(x)} (6.1)

The left vacuum evolution operator e~*t! acts on our

meson wave packet constructed from H; eigenstates by
rigidly translating it, with no acceleration or deformation
apart from the usual smearing. As the two Hamiltonians H;,
and H' act identically on mesons far to the left of the kink,
the true evolution operator e~/ also acts on the meson
wave packet by rigid translation, without acceleration or
deformation, before it approaches the kink. Thus this
construction will define a suitable one-meson, one-kink
asymptotic state to set up our scattering problem. As this
wave packet is not an eigenstate of the kink Hamiltonian,
evolving it forward in time, it will evolve nontrivially once
the meson wave packet reaches the kink.

To construct this state is easy. In Ref. [27] one-meson
Hamiltonian eigenstates were constructed for a sector
described by an arbitrary classical solution f(x). While
in most applications, f(x) is taken to be in the kink sector,
the derivation in fact works for any static, classical solution
f(x) in any sector. In particular it applies equally well to the
left vacuum solution f(x) = f; or to the right vacuum
solution f(x) = f&. One may follow all of the arguments of
Ref. [27] simply replacing f(x) by f; to obtain one-meson
states in the left vacuum, in the left vacuum frame. The
active transformation Dsz adds a kink at the origin,
leading to a one-meson one-kink state, while staying in the
left vacuum frame. One then performs the passive trans-
formation DLDfT which leaves the state unchanged but
changes the frame of the Hilbert space from the left vacuum
frame to the kink frame. Putting these two transformations
together we find that, with no transformation at all, one may
directly interpret the so-constructed one-meson states in
the left vacuum frame as one-meson, one-kink states in the
kink frame. Of course the former were eigenstates of the
left vacuum frame evolution operator H; while the latter
are not eigenstates of the kink frame evolution operator H’,
which is the reason that we get any dynamics at all.

The H; eigenstates that we have constructed are quite
different from H’ eigenstates. However, they can be
assembled into localized wave packets at x <« 0, and, so
long as they remain localized at x < 0, they will behave as
free particles because the left vacuum and kink Hamiltonians
will act on them identically. Indeed, at x < 0, the difference
between the kink Hamiltonian H’ and the left vacuum
Hamiltonian is exponentially suppressed in m|x|.

Such wave packets have three properties which make
them suitable as initial conditions. First, they have been
defined using the Hamiltonian H; with no kink, as expected
for a meson wave packet that has not yet interacted with the
kink. Second, as we will show below, under evolution using
the kink Hamiltonian H’ they propagate via rigid trans-
lations, with constant velocity and no deformation, before
they arrive at the kink. Finally, at leading order they are our
old wave packets (3.3) from Sec. I1I. Recall that the old wave
packet (3.3) only evolved under e~ via rigid translations
at leading order, whereas at order O(ﬂ) it was deformed as
it evolved.

2. Explicit construction

Let us look at the leading order corrections explicitly.
Any state |pr) may be expanded as

d"k
) = S Y )l

mn

(6.2)

for some coefficient functions y,,. Then the leading order
term in the one-kink, one-meson state |K ), used throughout
this paper, was
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}’%l (ki) = 2725(k; — K). (6.3)

In a general sector, there are a number of next order
corrections. However, in a vacuum sector, the normal
J

modes reduce to plane waves. For simplicity, let us consider
a reflectionless kink so that these plane waves can be
identified with the continuum normal modes on the far left
g (x) = Bre**, where By is a phase [25]. Then all of the
corrections in Ref. [27] vanish except for two:

\/ZV(?’)(\/ZfL)BkIBkZB—kl—kzzﬂa(kl + k2 - @)

y(g)%(kl s kz) =

40)g§(a)ﬁ - Wy, — a)kz)
VAV (Vaf L) By, By, Bi, 278 (ki + ky + k3)

’

Pl k) = -

6213':1 Wy;

275(ky — R). (6.4)

These contributions to the one-meson state both arise from the three-meson vertex. The first arises when the vertex converts
one meson into two, the second when it creates three mesons while leaving the already existing meson alone.
In summary, we propose that the bare |k, ), be replaced by

s =ty + V) [ BBl b
40)k1 2 Cl)kl - Cl)k2 - wkl—kz
3 VAV (VAfL) /& %BszhB—kz—l@'klv ky, k3, —ky = k3)o (6.5)
6 2w 2 C()kz + C()k3 + wk2+k3 '

in the construction of the initial state (3.3). These are the
order O(v/2) corrections, which are the only ones relevant

to the O(v/2) amplitude treated in this article. At higher
orders, the corrections are again derived as in Ref. [27],
with f(x) replaced by f;.

C. Early time evolution of the initial state

We have proposed the initial state

@) = [ Saulka). (6

|
Our claim is that at times well before the collision, this new
initial state, unlike (3.3), evolves under the full kink
Hamiltonian by a simple displacement at a constant velocity,
and so it is suitable for a conventional scattering interpre-
tation of our process. Let us now show that this is the case.
For brevity, we will ignore the four-meson part of the
state, since it can be treated identically to the two-meson
part by including, in H,, the term in H; with three B*
operators. Now we want to find the order O(v/1) contri-
butions to e~*'|®), . Most of these were already found and
reported in Eq. (3.11). The only new terms arise from the
free evolution of the two-meson correction to the state:

&k VO (VAf L) By, Bi, B, ko ki = ka)o

et (), = [0)g) = et [ £

4wk| C()kl - C()k2 - wk,—kz

This term may be rewritten as

[@(1)), =

B ﬂv«”(ﬂfL)/ d2k %e—it(wkz-‘rwkl—kz)[)’kl_szsz_kl |k2,k1 - k2>0 (6 7)
a 4 (27[)2 a)kl C()k] - 0)k2 - a)kl_kz ' .
"), > e Ml (|@); — |D),)
dk —iw,
= [ G (k) = ki)
+ \/ZV(%)(\//_IfL) / d2k % (e_it(wkz-‘rwklikz) - e_iwklt)Bh—szsz—kl ’kZ’ kl - k2>0 (6 8)

4 (271’)2 a)kl

Wi — Wy, = Wk,
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The first term on the right-hand side corresponds to rigid
motion without deformation, what about the second? To
obtain the total evolution |®(7));, one needs to add the
contributions in Eq. (3.11). Adding the correction on the
second line of (6.8) to (3.11), one finds that (3.11) is
modified via the replacement

Vioks = Vigigks, — V(3)<\/IfL)BkIBkZBk32”5<k1 +ky+k3).
(6.9)

This replacement in the 3-meson interaction V ;. i, exactly
removes the contribution to the evolution from the only
interaction in the left vacuum that is present at this order:
the momentum-conserving three-meson vertex.

Now recall that we have argued in Sec. III B that, except
for the 6(—k; + k, + k3) term in V_; ; ;.. the amplitude
does not evolve before the meson reaches the kink. Now, as
promised, we have tied up this loose end: the apparent
evolution in (3.11) at k; = k, + k3 is canceled by the
evolution (6.7) of the higher order correction (6.5) to the
initial condition (6.6). Only the first line in (6.8) is not
canceled by (3.11). As a result, when folded into a wave
function that has support at x < 0, the corrected state |k;)
evolves as e™'“a'|k;) under the full kink Hamiltonian
evolution operator e~#", as claimed.

This is in accord with the physical picture proposed
above. Indeed, at x; < 0, the one-meson to two-meson
process can only occur at k; + k, + k3 = 0 because the
kink is too far to exchange momentum with the mesons.
Thus the meson system itself conserves momentum at these
early times.

What have we gained? We see that our initial wave
packet |®@), has a well-defined and constant momentum in
the asymptotic past, and its profile including its leading
quantum correction remains unchanged before the meson
wave packet arrives at the kink. The simple phase rota-
tion (6.8) at each k; corresponds, via the same standard
arguments used in Sec. III B, into the rigid motion of a
wave packet with momentum centered at k, up to the usual
spreading effects. In particular, although the presence
of the kink affects the meson self-interactions even at
an infinite distance, these interactions are translation-
invariant. Indeed, they are those of the vacuum sectors.
Therefore there is no long distance acceleration, which
would have implied that the usual scattering matrix is ill-
defined [28,29]. In such a case, the kink would have been
able to affect the meson at a distance, leading to a memory
effect [30] and in particular long-distance information in
the states [31,32].

D. Final state corrections

We have argued that the one-meson states |k, ), that we
used to construct our initial wave packet in Eq. (3.3) are
not ideal choices, because a quantum correction of order

O(\/2) will be generated well before reaching the kink.
We found a prescription for a quantum correction to the
initial state which makes it travel unperturbed until it
reaches the kink. We called the quantum corrected initial
state |ky);.

The probability is determined by the initial conditions,
the Hamiltonian and the projector onto the final states that
would trigger the detector. We have considered quantum
corrections to the first two. In this section we will consider
quantum corrections to the projector. In Sec. III we
considered the uncorrected projector (3.44). More gener-
ally, if |@) is an orthonormal basis of a subspace of the
Hilbert space, then the projector

P / dala) (af (6.10)

yields, when sandwiched between the a state and itself, the
probability that the state is in the subspace spanned by the
states |@).

Here « is an abstract index on the basis |a) of final
states that trigger the detector. What properties need these
states satisfy? In principle, any choice corresponds to some
detector and so leads to a well-defined probability.
However, we will define meson multiplication by imposing
three conditions on these final states |a). First, at leading
order they should consist of two mesons |k,k3),. Second, in
the far past and future, the action of the projector should be
independent of time. In the far past and future, the state is
described by a wave packet that is localized far to the left or
the right of the kink. Therefore the projector should be
constructed from states which are time-independent on the
two sides of the kink. In other words, these states should be
2-meson states of the Hamiltonian for the vacuum sector on
each respective side of the kink. These Hamiltonians are
H;, defined in Eq. (6.1), and Hy, defined identically but
with f; replaced by fp.

But how can a state |a) be constructed of eigenstates for
two distinct, noncommuting, Hamiltonians H; and Hpy?
One can construct the projector from a basis of localized
wave packet states which, on the left and right of the kink,
are superpositions of eigenstates |k k,); and |k k, )z of the
left and right vacuum Hamiltonians, respectively.

Finally, we demand that the probability of observing a
two-meson final state at the beginning of the experiment
must be equal to 0. Thus, we need to choose quantum
corrections so that the projector annihilates our initial state.

This does not entirely fix the projector, nor the states |a).
However, since we are only searching for the O(+/A) piece
of |), and we are interested in the O(v/4) piece of the
matrix element (ale~""|k,),, we need only consider the
inner product with the O(2°) part of |k, ), which is |k ),.
In general one needs to be careful about contributions
from zero modes in such arguments, but in a companion
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paper [23] we find an exact formula for such inner products
and show that corrections to such naive calculations are
nonzero but are suppressed by a power of O(\//_l) although
they mix sectors whose meson number differs by one. Thus

these corrections do not affect the amplitude at O(v/2).
|

For wave packets localized at x <« 0, in Eq. (6.5) we
have required that the leading corrections to |k;), have a
certain form. Let us define another set of states, |k;)g,
which have similar corrections but this time corresponding
to the vacuum on the right, where f = f(c0):

lki)r = ki) + daoy

B VAV (Vafy) /& dks Dy, Dy, D_y, k1. ko k3. —ky — k3)g
6 2 2 )

Here D, are phases such that, at x > 0, g;(x) = Dye™**.

VIVO (Vafg) /&Dk,—kzpkzp—ﬂkz,h — ka)o

Wy, — Wy, — Wy g,

2w
v4

(6.11)
Oy, + O, + O, 11,

The inner product of the corrections |k;); — |k;)y and |k;)g — |k)o, relevant far to the left and right of the kink, with

respect to |kyk3), are

o(kaks| ([k1), = k1)o) _ VAV (VAf 1) By, By By 2m8(ky + ks — ky)

0(0[0)o 8wy, wp, 0y, (wkl — Wy, — wkg)
o{kaks|([k1)r = Ik1)o) VAV (VS R)Di, Dy Dy, 228(ky + ks — k) (6.12)
0(0[0)o 8wy, wp, 0, (0, — @y, — wy,)
To cancel them, one requires that the corrections to |k,k3), include
Vave) (\/ZfL)B—kz B_i, By, 14,
lkaks), = |kaks)o + ’ *|ka + k3o,
4oy, wp, (0r, + O, = Oy 14,)
VIVE (VAfg)D_y, D, D
ke = Veake)y + Yo APkt Dhstts ), 6.13
4oy, wp, (0, + O, = O, 14,)
|
where we have used the properties B; = B_; and E. Correction to the amplitude
Dy = D_y. Corrections to othe.r terms in the n-meson In Sec. III we computed the amplitude
Fock space are allowed, but this is the only correction
that has nonvanishing inner product with |k1>0 at this order, . ks k3|e‘iH't| ko, (6.14)

and so the only term which can contribute to the final state
correction.

Note that the projector P is not constructed by summing
over all |k2k3>LL<k2k3| and |k2k3>RR<k2k3‘. Rather, it is
constructed from a basis of localized wave packets
which, when localized at x << 0, are constructed from
|kok3), and when localized at x > 0, are constructed from
|kyk3) k. There is no need to include states with meson
wave packets localized near the kink, as these will never
appear in the asymptotic past or future. In practice, inner
products of these 2-meson states with localized states
may, with exponentially suppressed imprecision, be
obtained by simply inserting the formula (6.13) for
|koks), or |koks)g depending on where the states are
localized.

We are now interested in the corrections appearing in

L (kokes|e el |y ) g (koks e el [k )
,(0]0), 0(0[0)g

The initial and final state corrections to the probability at time ¢
are calculated from matrix elements of wave packets localized
near the position xy + Kot/ @y, . As aresult, only the first term
in (6.15) is relevant at early times ¢ << —xo@y, / ko, and only
the second at late times  >> —xowy, /ko.

Assembling the results above, the corresponding initial
and final state corrections to the first expression in
Eq. (6.15) are, respectively,

and (6.15)
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AV (VAf B B By i
\/_ (\/_fL) ko= k3~ =k, k30<k2+k3|e—11‘1freel

Vav(

N(VAfL)e T s By By By, 216(ky + k3 — ky)

k1> =
Aoy, oy, (@, + O, — 0y, 41,) 0

By, Wi, Ok, (Ok, + O, — O,y 41,)

K,k = K)o

0<k2k3|e(_iH1'ree[)

VAV (Vaf 1) B BBy, / K’

4a)kl

VAVO (Vaf, e By By By 2n6(ky + ks — ki)

8wy, W, @, 41y (O, + O, — Oy 41y

One may observe that these two corrections cancel pre-
cisely, and so the meson multiplication probability before
the collision is unaffected by initial and final state correc-
tions. In other words, the probability is still zero. The
calculation proceeds similarly for the second term in (6.15),
using the matrix elements valid on the right side of the
kink, and so the meson multiplication probability after the
collision is also unaffected by initial and final state
corrections. Roughly speaking, we have shown that
(6.15) and (6.14) are equal, at order O(\//_l) We conclude
that the adiabatic approximation (3.3) yields the correct
meson multiplication amplitude at leading order.

This result was obvious from the beginning. Far from the
kink, the mesons conserve momentum and energy among
themselves and so meson splitting is kinematically for-
bidden. Initial and final state corrections, on the other hand,
result from meson splitting and fusion respectively far
before or after interacting with the kink.

VII. REMARKS

Expanding the potential of the ¢* double-well model
about one of its minima, one finds a cubic interaction. This
interaction, in principle, allows a meson to split into two
mesons. However, this process is forbidden in the vacuum
because it is not possible to simultaneously conserve
energy and momentum.

On the other hand, in the presence of a kink the situation
changes. At leading order in perturbation theory, the
mesons still cannot transfer energy to the kink. However
the momentum can be transferred if the meson splits
sufficiently close to a kink. This transfer appears in the

2 wkl — Wy — wkl—k’

. (6.16)

probability density (4.23) as a csch? term which enforces
approximate momentum conservation among the mesons.

The momentum transfer at a distance nonetheless com-
plicates our calculations, as the meson splitting can occur at
any position and all of these positions need to be integrated
over, naively leading to these divergences. We have found
three ways of treating these divergences. First, the coherent
integral over the momentum of the initial meson wave
packet causes the rapidly oscillating amplitude at large |x|
to be suppressed. Next, adding an exponential damping
term to the amplitude and then taking the limit as the
damping vanishes also removes the divergence. Finally, the
principal value prescription for the x integral of tanh, used
above, renders it finite. We have checked that all three
methods of removing the divergence yield the same results.
Only the first is justified, as it results from the intrinsic
spread of the wave packet and not an ad hoc modification.
However the later two methods are much more easily
implemented in our calculations.

There are only two inelastic processes that may occur in
the scattering of a kink with a single meson at order O(4).
One is meson splitting, treated here. The second is the
(de)excitation of a shape mode while the meson is trans-
mitted or reflected. We intend to turn to this process in the
near future.
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