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We study the renormalization of the non-Hermitian P7 -symmetric scalar field theory with the
interaction ¢?(i¢)¢ using the Wilsonian approach and without any expansion in e. Specifically, we solve
the Wetterich equation in the local potential approximation, both in the ultraviolet regime and with the loop
expansion. We calculate the scale-dependent effective potential and its infrared limit. The theory is found to
be renormalizable at the one-loop level only for integer values of ¢, a result which is not yet established
within the e-expansion. Particular attention is therefore paid to the two interesting cases € = 1,2, and the
one-loop beta functions for the coupling associated with the interaction i¢p> and —¢* are computed. It is
found that the —¢* theory has asymptotic freedom in four-dimensional spacetime. Some general properties
for the Euclidean partition function and n-point functions are also derived.
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I. INTRODUCTION

A real energy spectrum does not necessarily require the
Hamiltonian to be Hermitian. Indeed, it was found by
Bender and Boettcher [1] that there are a large variety of
Hamiltonians with P7 symmetry that can assure a real
energy spectrum. Since then, quantum mechanics extended
outside the Hermitian regime [2] has become an active
subject [3-5]. In particular, non-Hermitian P7 -symmetric
Hamiltonians have found novel applications in condensed
matter physics. See Refs. [6-8] for reviews. In recent years,
PT -symmetric Hamiltonians have also witnessed increas-
ing interest in high-energy physics. The consideration of
non-Hermitian Hamiltonians may provide new mecha-
nisms for neutrino masses and oscillations [9-11], dark
matter [12], Higgs decay [13], and the confinement/
deconfinement phase transition in QCD [14]. The gener-
alization of spontaneous symmetry breaking and the
Goldstone theorem to non-Hermitian field theories has
been carried out in Refs. [15-22]. Non-Hermitian Yukawa
interactions with interesting phenomenological applica-
tions have been considered in Refs. [23-26]. Studies of
the second quantization and inner product in Fock space are
given for a P7 -symmetric scalar model in Ref. [27] and for
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a P7T -symmetric fermionic model in Ref. [28]. For some
other studies, see, e.g., Refs. [29—41].

Non-Hermitian P7 -symmeric theories are mostly well
understood in quantum mechanics, especially for the well-
studied model

H=p>+ l,uzx2 + lxz(ix)g. (1)
2 2

For € > 0 the energy spectrum of the Hamiltonian was
found to be real numerically [1]. For the massless case
spectral reality was proved for € > 0 by Dorey et al. using
the methods of integrable systems [42]. The particular
massless € =2 case can be mapped to a Hermitian
Hamiltonian with the same spectrum [43,44]. These results
are based on the Schrodinger equation directly.

For higher spacetime-dimensional quantum field theo-
ries, the Schrodinger equation is of functional type and very
little information can be extracted from it. Therefore,
alternative methods must be sought. A particularly useful
tool is the path-integral formulation of quantum theories.
Some earlier studies on P7 -symmetric theories using the
path integral are found in Refs. [45,46]. Recently, in
Ref. [47] based on the Euclidean path integral, a new
perspective that relates a non-Hermitian P7 -symmetric
theory to a Hermitian theory via analytic continuation is
given. In this way, conclusions for non-Hermitian theories
could be drawn from the corresponding Hermitian theories.
The relation proposed in Ref. [47] assures that the
Hamiltonian of form in Eq. (1) for e =2 has a real
spectrum even for spacetime dimension greater than one.

Compared with quantum-mechanical models, a new
feature of (continuum) quantum field theory models is
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the presence of divergences due to the infinite number of
degrees of freedom. Therefore, when extending non-
Hermitian P7 -symmetric quantum-mechanical models to
field theory, one has to check that the theory is renorma-
lizable, which is the topic of the present article. The theory
we consider is the analog of Eq. (1), i.e., a scalar field
theory with the bare potential at some cutoff scale A,

UAB) = 3120 + 3B oy, (2)

where ¢ is some scale, £ > 0, and y> > 0. Recently, there
have been attempts to renormalize this theory [36,45,48].
These attempts are based on an expansion in e [49,50].
Although very interesting, these works have independently
come to a puzzling conclusion that, at least within the
e-expansion, the theory seems to be trivial (at low orders in
the expansion) for spacetime dimension d =2 [36] and
d > 2 [48]. Alternatively, these findings may indicate that
the e-expansion may not be valid for a systematic study of
the renormalization of the theory. The present work aims to
study the renormalization without an expansion in &.

We base our study on the Wilsonian framework, which in
principle allows a nonperturbative description of quantum
fluctuations, via exact renormalization group (ERG) equa-
tions. The first ERG equation was derived by Wegner and
Houghton [51]. Although very intuitive, this construction
allows the evolution of the nonderivative part of the
Wilsonian effective action only. An alternative ERG
equation was proposed by Polchinski [52] who introduced
a smooth cutoff function for Fourier modes, and therefore
the derivation of flows for the whole running Wilsonian
action is allowed. Wetterich proposed a third approach [53],
which elegantly combines the concept of a smooth cutoff
and the one-particle irreducible (1PI) technique, through
the “average effective action.” We will focus here on this
third version of ERG equations. These equations always
require some approximation to be solved, and in this article
we focus on either the ultraviolet (UV) regime or the one-
loop regime under the local potential approximation.

The outline of the paper is as follows. In the next section,
we describe some generic properties of the Euclidean path
integral for this model and construct the 1PI effective
action. We also summarize the main features of the
Wetterich average effective action. In Sec. III, we study
the UV regime of the ERG equation, which can be mapped
to a diffusion equation, and thus provides an intuitive
understanding of how quantum fluctuations build up along
the Wilsonian flow toward the infrared (IR). We show that
the solution is analytical in the field for integer values of &
only, which indicates potential consistency problems for
noninteger . We then focus on € = 1 and discuss the beta
function for the corresponding cubic coupling which, as
expected, has the opposite sign compared to the Hermitian
cubic interaction. Section IV focuses on the one-loop
Wilsonian flow which, by construction, recovers the

one-loop 1PI effective potential in the deep IR limit.
The latter potential contains new interactions for noninteger
g, with diverging coefficients, which is not consistent
with renormalizability. Only for integer &€ can one absorb
divergences in a redefinition of bare parameters, and we
give the explicit one-loop renormalization for e = 1.
Section V is devoted to the special case € = 2 in which
a deformation of the integration contour is necessary to
define a convergent path integral. We explain that the P7
symmetry is respected if the deformed contour is invariant
under the P7 -reflection. The construction of the 1PI
effective action is however not modified and the results
derived for a generic & can then be used for ¢ =2. We
confirm that the interaction —¢* is asymptotically free,
unlike in the usual +¢* theory. We conclude in Sec. VI.

II. PROPERTIES OF THE QUANTUM THEORY

A. Path integral convergence

We consider the Euclidean partition function

2= [les (- [atxjosoo+vi@)]). o

where U, (¢) is given in Eq. (2). In the Hermitian case the
scalar ¢ is supposed to be real. But in the non-Hermitian
theory (3) the path integral is convergent (with a UV cutoff)
only for e restricted to specific intervals." To see this,
consider a real ¢ and write the self-interaction term as

B>+
d

m?2 (cos(ze/2 + O¢) + isin(me/2 + O¢)), (4)

where @ = 0if ¢ > 0 and 0 = 7 if ¢ < 0. To make sure the
real part is not negative for || = oo, we need to require
—1+4N<e<1+4N

1
and < (-1+4N) Se< (144N, (5)

W | =

where N and N’ are integers. If we impose ¢ to be positive,
the allowed values/intervals are e € [0,1/3]; e=1;
€ € [11/3,13/3]; etc. For real ¢, the Lagrangian is invari-
ant under the combined P7 operation where

'In [36,45,48] the path integral is defined through a formal
expansion in the parameter e. Although formally each term in the
& expansion is calculated in terms of a convergent path integral,
the properties and convergence of the series in ¢ are unknown.
Truncating to low order in ¢ is in general an uncontrolled
approximation.
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P optF) - -t
7 : ¢(t,X) - ¢(-1,X) and i— —i. (6)

For ¢ that does not fall into the regions given in Eq. (5),
e.g., € =2, ¢ necessarily takes values in the complex
domain C to ensure the path integral to be convergent. In
such a case, one may obtain the theory by analytically
continuing ¢ from the regions given in Eq. (5) to the
interested value. If one studies the theory directly with the
path integral, one in principle should apply the Picard-
Lefschetz theory [54-58] for the path integral with first
complexifying the field configurations {¢(x)} — {®(x)}
(where @ takes values in C) and then finding a middle-
dimensional contour Cp7 in the path integral, with the
requirements that the P7 symmetry is still respected and
the path integral is convergent. Therefore, one ends up with

Z= - D[®] exp <—%/ddx[6ﬂd)d”d> + pro?
n m2<1>2<id>/¢o>f1). )

Since ®(x) takes in general complex values now, the
Lagrangian in (7) is not P7 -symmetric anymore because
under 7, one has to take in addition the complex conjugate
of ®. However, one may implement the P7 symmetry for
the path integral as a whole. Performing the P7 operation
for the path integral, one obtains

7= - D[®] exp <—%/ddx[6”<f)6”d~> + U2 @?
(i8] ). ®)

where ® = —®* and Cpy = {®(x): — ®*(x) € Cpy}. For
e = 2N, the path integral is invariant under P7 if

Cpr = Cpr- )

For the zero-dimensional case, such a contour satisfy the
so-called left-right symmetry in the complex plane. For
other values of ¢, a more delicate analysis of the contour is
required. Note that doing the above procedure one is not
adding more degrees of freedom to the theory because the
middle-dimensional contour Cpy has the same “dimen-
sion” as that of the original real configuration space.’

In this article, we study the functional renormalization of
the theory (3). We are in particular interested in the region
e € [0,2]. We carry out the analysis first for & € [0, 1/3]
and € =1 in which ¢ is kept real and then analytically

2Rigorously speaking, the dimension of the contour Cps is
infinity.

continue the results to other values out of these regions. As
we shall see below, one-loop divergences can be absorbed
by counterterms for integer values of & only.

B. One-particle-irreducible effective action

We assume here either ¢ € [0,1/3] or € = 1, in which
case the path integration is done over real ¢ configurations.
Given a (real) source J, we define the Euclidean partition
function in such a way that the source term is invariant
under P7 symmetry

2] = [ Diglexs =3 [ wsio,g09 w7

+ /a0y -1 [ a'asg). (10)
The one-point function is defined from the connected
generating functional W[J] = —InZ[J] as
ow 167
= =—=—-=—, 11
v=0) =" " Zie (1
where

(=g [Pl o= [ @009+
-2 (i) po)] - i / ddqus). (12)

Taking the complex conjugate of Z[J], one obtains

@y = [ idiesn(-; [ 00+
Foep-ig/o)+i [atig). 03
and the change of variable, ¢p — —¢ leads to
(Z)) = 21 (14
Similarly, we have

(@l/])" = —olJ], (15)

such that the one-point function ¢[J] is purely imaginary, as
long as the source J is real. Actually, one can extend this
argument to arbitrary n-point functions. It can be seen that
any 2N-point correlation function (with N being a non-
negative integer) is real and any 2N + 1-point correlation
function is imaginary.
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We also have the usual relation

W
—_— = - , 16
TiG) ~ Y0 — WL, (10
which expresses the second functional derivative of W in
terms of the variance of quantum fluctuations. One then
inverts the relation ¢[J] — J[gp] in order to define the
Legendre transform

Plg] = Willg]) - i / dxpllg). (17)

which represents the 1PI effective action, with functional
derivatives

Tyl _ .,
= —iJ(x),
5¢p(x)
0Tyl _ ([ FW T
S (x)5p(y) (iéJ(x)iaj(y)> ' (18)

From the above equations we finally obtain

5Ty

_ -1
5oy~ (#0900 —o o). (19

In summary, we find that the P7 -symmetric theory (10)
has real Z[J] as well as real 1PI effective action I'[¢].
However, although ¢ is real, its one-point function ¢ is
purely imaginary. Note that the physically relevant cou-
pling constants are obtained from the derivatives §"I"/5¢"
at ¢ = 0, and do not depend on ¢ being purely imaginary.

C. Exact Wilsonian renormalization

The Wilsonian evolution of the Wetterich running action
defined at some scale k is derived in the framework of
the 1PI quantization, where a cutoff function is added to
the bare action, in order to “freeze” infrared modes with
momentum |p| < k in the path integration [53]. This is
achieved through the term

3 b pRPD=p). (20)

where ¢(p) is the Fourier transform of the field ¢ (x). The
function R;(p) is not unique, but it vanishes for k — 0,
such that this limit reproduces the usual 1PI quantization.
In the usual Hermitian context, the corresponding 1PI
“average effective action” I'; satisfies the exact functional
renormalization equation

d 2 -1
Ti = é/ (gfgdakRk(p) <5<7)(p6)51;{(—p) " Rk(p)) ’

(21)

where @ is the Fourier transform of the one-point function.
We also note that, by construction, the IR limit k — 0 of [},
reproduces the one-particle irreducible (1PI) effective
action [59], which is independent of the blocking procedure
in Fourier space.

In our situation, assuming either € € [0,1/3] or e = 1,
the change J — iJ doesn’t modify the derivation of the
equation (21), which therefore remains the same, but where
@(x) is purely imaginary, such that (—p) = —@*(p).

We choose the Litim cutoff function [60], and work in
the local potential approximation, where the evolution of
derivative terms are neglected and the running effective
action takes the form

riol= [axjome v @)

The resulting exact renormalization equation (ERG) is

ay fd+1

QUL(p) = 0" 23
where
hQy,
=——, 24

and Q, = 22%2/T'[d/2] is the solid angle in dimension d.
In Eq. (23), U is the running potential for 0 < k < A and a
prime denotes a derivative with respect to ¢. This equation
ignores the renormalization of the derivative terms in the
running action, but it provides a resummation of all
quantum fluctuations in this approximation. This equation
is a challenge to solve in the generic case but one can make
the most of this resummation in some specific regimes, as
we show in the next sections.

For integer €, one can read the beta-functions of a theory
from Eq. (23). Assume a running interaction of the form
Av@™/n! where n > 3 is an integer, then

an

ﬂk:w

(Uk((p»qa:()' (25)

The mass dimension of 4, is [1] = d — n(d/2 — 1), and one
defines the dimensionless coupling by rescaling 4, with the
appropriate power of k

e = kW2, (26)

The corresponding beta-function is then
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~ o"
_[ﬂ]/lk + k_[/ﬂ a—q)” (kdek((p))q,:O,

where 9, U (¢) is obtained from Eq. (23). The first term on
the right-hand side (rhs) of Eq. (27) corresponds to the
trivial scaling law for 4, and the second term corresponds
to the anomalous dimension, arising from quantum
fluctuations.

III. ULTRAVIOLET REGIME

In this section, we focus on the UV behavior of the
running potential. In the UV regime where A% > k? >
|UY(¢po)| ~ > + m?, the ERG equation can then be
written as

U )k~ 2" U"((/’)) (28)

_ O{dkd_l Z

A. Diffusion
If we introduce the notation

U(p) - 21, (29)

Ulp) = d

and keep the dominant term n = 1 on the rhs of Eq. (28),
we obtain the diffusion equation3

where 7 is defined as
dr
@ = —adkd_3. (31)

In the present Wilsonian picture, the system gets dressed by
quantum corrections as k decreases from A, or with the
above parametrization, as 7 increases from 0. Specifically,

a, In(2), d=2,
= 2 (k) (32)
(AT~ D) d >3,

A solution that is analytical at 7 = 0 can be written formally
as

A

U. (@) = exp(205)U.—o(9). (33)

such that

3A related approach for d = 1 was studied in [61].

R 1 1 © | f 7"
Ur(p) = it + 5 412¢* + S m*9*(ip/ o) Zn i

2 2 —
(34)
where fo =1 and for n > 1
n—1
fo=1Je+2-2p)(e+1-2p). (35)

p=0

Hence for any noninteger ¢, the sum (34) is infinite and is
not analytical at ¢ = 0. However, for any integer & the sum
(34) is finite and analytical at ¢ = 0. Also, one can check
that the quadratic potential for e = 0 does not get quantum
corrections:

. 1 1 2z
Unlp) = P+ 519> +om*e? | 1+
2 2 @

1
=3 (1* + m?)@* + @-independent terms, (36)

which is expected.

B. Beta-function for the interaction ig>

For € = 1, the cubic coupling is defined as

. <a3 U;@)po’ (37)

and has the bare value 1, = 3m?/¢y. The dimensionless
coupling is A, = k%?73), with the corresponding beta-
function

B =kody = (d)2 = 3)4y — ik¥>3 ‘; (koxUi(9)),—

(38)
From the result (34) for e = 1, the UV running potential is

. 1 1 .
Ur(p) = Euzcoz + §m2§02(l(ﬂ/¢0) +

(u® + 3m*(ip/ o).
where we note that the third derivative with respect to ¢
does not depend on k, such that naively the beta-function
vanishes. This is due to the truncation in Eq. (28), and we
need to reintroduce the resummation before calculating
the beta-function. In terms of the original potential U, (¢),
we obtain
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dr
Ui (p) = agk~" + Tk — (u* + 3m?(ip/ o))
= agk?™" — a k" (u + 3m? (ip/ )
adde

TR 3 (i o) )

which reproduces the one-loop evolution equation (details
are given in the next section). As a consequence, the UV
beta function coincides with the one-loop beta-function
provided one performs the above resummation. It is
interesting to note that the UV regime contains the same
information as the one-loop result, which shows the
equivalence between the small-coupling regime and the
UV regime, where quantum fluctuations are perturbative.
From Eq. (39), one then obtains

Plko 6 d+2
—i<[ "Uf((’”)]) =162, 5 . (40)
op $=0 ¢y (k% + u?)

Substituting the above into Eq. (38), one finally arrives at
the beta-function in the UV regime,

60![1(;1 )’
(1 + (m)*)*

where ji = pu/k. It is interesting to look at the specific case
d = 6, where one can replace the bare coupling by the
dressed coupling on the rhs of Eq. (41), since the difference
is of order 72, The beta function in the UV regime ji < 1 is
then

W) = (d/2 =3+ 57 (41)

3

AOV) e — 1

P for d = 6, (42)
T

and is positive, unlike the corresponding beta-function for
the real cubic interaction.

C. Corrections to the diffusion equation

Coming back to Eq. (28), we can write

i —2n U//

n=0

p)" (43

Through the relation given in Eq. (32), one can perform a
systematic perturbative expansion of the solution in powers
of A2, For example, for d = 4, we have

T= % (A2 = K?), (44)

such that the first-order correction to the diffusion equation
reads, in the UV regime 7 < A2,

0.0,(0) = V() ~ 3 (D2(@) + O(1/AY).  (45)

The solution can then be expanded as

N NI 1 1

Ulp) = 0 (0) + 5 0 (0) + O(1/AY). (46)
where U&O) satisfies the diffusion equation, and 05”
satisfies

0,0 () = 20 () = (20 ()2, (47)

We are interested in a particular solution only, which
satisfies the appropriate boundary conditions, because
the homogeneous equation is the diffusion equation, with
a solution proportional to U} © (¢). The latter equation can
in principle be solved, but in what follows we turn to the
one-loop approximation, without assuming k to be large.

IV. ONE-LOOP APPROXIMATION

In this section, we truncate the ERG equation (23) to
one loop.

A. Coupling constant

If we introduce the notation £ = ¢/ ¢, the bare potential
can be written

1 1
Up(§) = Eﬂzéb(z)fz + Emzqﬁ%iz(if)sv (48)

and because the ERG equation (23) is not linear, it induces
a phase change in the running potential, unlike what
happens in the UV regime. The running potential can be
parametrized as

UL(E) = 3 diVi(e), (49)

such that in terms of V,(£) the ERG equation (23) reads

gtd+1
2,V =) 50
t l(é) tz + aévt(é-) ( )
where
d-2
_agm \/ik
g 2d/2—1¢2 and IIT (51)

One can see that the dimensionless parameter g plays the
role of a coupling constant, and the evolution in ¢ of the
running potential is proportional to g. As a consequence, if
g < 1, the ERG equation can be expanded in this coupling
constant
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gthrl

e + O(g%). (52)

atvt(f) =

where T = ﬂA/ m and
BVr(E) =2 /m* + (2 +¢e)(1 +€)(i€).  (53)

The evolution equation for the one-loop running potential
V! (f) is finally

td+1
o, vV () = 2

EEATEY o

This equation can be solved for arbitrary d. But below we
will focus on the cases with d =4 and d =2. The
calculation can of course be easily generalized to other
cases with different values of d, e.g., d = 3.

B. One-loop effective potential (d =4)

The integration of Eq. (54) is straightforward, and for
d =4 it leads to

(1) o t wdu

—12)azVr (&)

T> + 02Vr(&)
7 a;éw(&)) (33)

9
= V(&) +5(7

I\)IQ

<02vr<5>>21n(

where a field-independent term is disregarded. In terms of
the original variables, we obtain then

1 h
2202 0 12 00 oA g2
K —|—2m(p(1(p/q§0) +642( k)

x W +m*(2+€)(1+ &) (ip/¢o)*/2]
64 a2 WM (2 e) (1 +e)(in/ o) /2]

" <2A2+2u +m (2+8)(1+8)(l<p/¢o)>
2k + 24 + m* (2 +€)(1 + ) (ip/ o )*
(56)

1
U (p) =

Finally, the one-loop Wilsonian effective potential is
obtained in the limit k — 0. If we ignore terms vanishing
in the limit m/A — 0, it reads

h
Ulil(e) = %uzq)z + %mzfp (ip/do)* + —A2
x [ +m* (2 +€)(1 + e)(up/«ﬁo)f/z}

ez W (2 e) (L )i/ o) /2

A? w1
X {ln(ﬁ> — IH<W+§

x (ip/ ¢o)5>} ; (57)

2+e)(l+e)

and is identical to the one-loop 1PI effective potential.

We can note an important property: for a generic non-
integer &, one-loop corrections generate the new inter-
actions (ip/¢y)¢ and (ip/py)*, with quadratic and
logarithmic divergent coefficients respectively. Hence
one cannot define counterterms without changing the
dynamics of the problem; the theory is not renormalizable
for a generic non-integer &.

One-loop renormalizability can be achieved for e =1
though, where

1 )
Ul () = 5/42¢2 +5 m*¢? (ip/ )

+ h A2 [”2

647[2 + 3m2 l§0/¢0]

e (u* + 3m?ip/¢o)?

x [m(%i) —In (r‘;—i+ 3i<p/¢0>}, (58)

and contains tadpole terms (linear in ¢) which can be
eliminated with counterterms with no modification of the
dynamics. The ¢@-independent divergent terms have no
physical effect and can be discarded also. The logarithmi-
cally divergent quadratic term can be absorbed in a
redefinition of x? through the renormalized mass squared

9ham* A?
2= ———n( =), 59
HR H + 327[2¢% n<m2> ( )

and the remaining terms are finite. The renormalized one-
loop effective potential is then

%m%z(ico/ bo)
(ug + 3m*i/do)* In(ug/m* + 3ip/dy).
(60)

1
= 5/4121(/72 +

n h
6417°
Note that one cannot consistently set u> = 0, since mass

term corrections are generated for ¢ = 1, with divergences
that have to be absorbed in the bare mass term.
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C. One-loop effective potential (d =2)

For d = 2 the integration of Eq. (54) leads to, up to a
@-independent term,

T2 4 agvf(g)), (61)

(1) _ 95 TN
viV(e) = vr(e) + %Vr@)l“(tua;vﬂf)

2

which gives
1 1 _
U () = K@+ 5m e i/ o)
h
+o W+ m 2+ e) (1 + ) (ip/do) /2]

n <2A2 +2u> +m*(2+e)(1 + 8)(1'(/’/450)6)
262 + 24> + m? (2 +€)(1 + &) (ip/po)¢ )
(62)

Taking k — 0 and ignoring terms vanishing in the limit
A — oo leads to

Ulil(p) = %uzrpz + %mzcoz(ifp/sbo)s
A
+o (u* +m>(2+ &) (1 + &) (ip/Ppo)*/2)

() (5 L e

i/ ) | (63)

As in the situation where d = 4, this one-loop potential is
renormalizable for ¢ = 1 only, since only a tadpole appears
to be divergent, which can be removed with a counterterm.
The divergent g-independent term is not physical and can
be discarded. The resulting renormalized effective potential
has new interactions, which are however all finite

1 1 h
U (0) = 51207 +5m*¢* i/ o) — (4 +3m* (ip/ )

xIn <:1—22+3(i¢/¢0)). (64)

V. ANALYTICAL CONTINUATION FOR € =2

In this section, we extend the analysis to € = 2. In this
case, the integral (3) is not convergent for real ¢ and
therefore one needs to consider a contour different from the
space of real configurations as discussed in Eq. (7). In order
for the path integral to respect the P7 symmetry, it is
sufficient to enforce the condition (9) on the contour Cp7.
Note that although seemly the potential is unbounded from
below for e = 2, the theory in the P7 -symmetric frame-
work actually has a stable ground state at least for d = 1.

The conjectural relation proposed in Ref. [47] indicates that
this is also the case in higher-dimensional spacetime.

A. One-particle-irreducible effective action

Introducing a source term, we have

1
Z[J)= | D[®]exp <_/ d’x[9, @0 @ + yi*@*
Crr 2

— (m?/3)@*] - i/d"x]@), (65)

where we again assume that J is real. Taking the complex
conjugate of the above equation, one obtains

1
(Z[1)* = D[®*] exp (_E/ d?x[0,®* D" + p2®*?
Cor

— (m?/ )] + i / ddeCD*> , (66)

where C%; is obtained from Cpy by taking complex
conjugate of all its elements. The change of functional
variable ®* — —®*, together with the condition (9), finally
lead to

(2] = Z|J]. (67)
Of course, the reality of the partition function is a

consequence of its P7 -invariance. Similarly, for the
one-point function

plJ] = (@) = ZEJ] - D[®]®exp (—;/ d‘x[0, P @
+ W2 ®% — (m? /)@ — i / ddeop),
(68)
we have (¢[J])* = —¢[J] so that the one-point function is

purely imaginary. Again, one can extend this argument to
arbitrary n-point functions to show that any 2N-point
correlation function is real and any 2N + 1-point correla-
tion function is imaginary. The 1PI effective action,

Mlg) = —InZ{lg)) - i / dxpilgl. (69)

is thus real. Using the above 1PI effective action, one can
still carry out a derivation of the exact functional renorm-
alization equation, ending up with the same Eq. (21).

B. One-loop effective potential (d =4)

Given the above properties, the one-loop expression (57)
can be used for € = 2 to give
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) 1 A n
Ut ((/’) = §ﬂ2¢2 —ﬁ(ﬁ _W

) (u* = Ap?/2)?

() -n(E2R)]

where A = 12m?/¢3. The logarithmic and quadratic diver-
gences can be absorbed by the introduction of the renor-
malized parameters

A*(u* — 297 /2)

PN Rt (A
2 =y - B (2 71
MR =1 T e n(m) (71a)
A —/H—%ln A (71b)
R= 167> \m)’

and the renormalized one-loop effective potential is, after
ignoring the O(A?) and divergent but p-independent terms,

| 1 A
Uy () = SHRO® = z—irp“ t e (ug — Ar?/2)?
2 _ 2 2
x In (M)' (72)
m

Note that, since ¢ is purely imaginary, the argument of the
logarithm is always positive for p3 > 0, and the effective
potential (72) is always real. The possibility to define
quantum corrections for the potential —¢* is consistent with
the conjecture that the effective theory does have a ground
state at ¢ = 0.

Also, quartic and logarithmic corrections come with the
opposite sign compared to the usual +¢* theory. As a
consequence, the interaction is asymptotically free; for a
fixed renormalized coupling Ay, the bare coupling can be

written as
3h42 A
A=Ag ———In(—
* 1622 n<m>

32 (A

M (A 4 om
1672 n<m>+ (")
AR

1+

=g

+ O(h?), (73)

which, based on this one-loop result, leads to asymptotic
freedom. Alternatively, the one-loop beta-function of the
model is negative

3hA?

and should be considered with the boundary condition

C. One-loop effective potential (d =2)
Substituting € = 2 into Eq. (63), we obtain
A

1 1 n
Uil (g) = SH9 =20+ oW =197/2)

(2 -o(2)

where still 4 = 12m?/¢$3. The logarithmically divergent
quadratic term can be absorbed in a redefinition of x>
through the renormalized mass squared

ni A2
H ””@‘“(ﬁ)’

(75)

(76)

and the remaining terms are either finite or ¢-independent.
Ignoring the O(#?) and divergent but g-independent terms,
the renormalized effective potential reads

. 1 A A
Uy () = iuéfﬂz - ﬂrﬂ“ ~ % (ug — A9*/2)
2 _ 2 2
x In <M> (77)
m

VI. CONCLUSION

‘PT -symmetric theories may open a new window to
phenomenological model building for new physics.
However, compared to quantum mechanics, quantum field
theory is much more complicated since in the latter there
are an infinite number of degrees of freedom. One
particular issue that is absent from quantum-mechanical
models but appears in quantum field theory is renormal-
ization. Therefore, when extending 7P7-symmetric
quantum-mechanical models to quantum field theory,
renormalizability has to be taken into account. In this
paper, we have studied the renormalization of a P7-
symmetric scalar field theory with the bare potential given
by Eq. (2). This theory is a direct generalization of the
well-studied quantum-mechanical models given by the
Hamiltonian (1).

In contrast to Refs. [36,45,48] where the renormalization
of the theory (2) is studied with the e-expansion, our study
is based on the Wilsonian approach and more specifically,
the Wetterich equation for the running effective action. In
this approach, the renormalization of the theory (2) can be
studied without doing the e-expansion. We first carry out
our analysis for regions of ¢, e.g., e € [0,1/3] or e = 1, in
which the scalar field can be kept real in the Euclidean path
integral. We have solved the Wetterich equation in the local
potential approximation either in the UV regime or at the
one-loop order. We obtained the scale-dependent one-loop
effective potentials for arbitrary ¢, Eq. (56) (d = 4) and (62)
(d = 2), and their IR limits, Egs. (57) and (63). We found
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that for a generic noninteger & one-loop corrections
generate new interactions with divergent coefficients that
cannot be absorbed by the bare parameters. Therefore at the
one-loop level, the theory is renormalizable only for integer
values of ¢. The aforementioned general formulas are then
applied particularly for & = 1. Although for ¢ =2, a
deformation for the integration contour of the Euclidean
path integral is necessary to ensure the convergence of the
latter, we argue that the general formulas can still be applied
for € =2. One-loop beta functions for the coupling
associated with the interaction i¢® and —¢* are then
computed. It is confirmed that the —¢* theory has

asymptotic freedom in four-dimensional spacetime. We
have also shown that a consequence of P7 symmetry is
that all the odd-point correlation functions are imaginary
and all the even-point correlation functions, including the
partition function itself, are real.

ACKNOWLEDGMENTS

This work is supported by the UK Engineering and
Physical Sciences Research Council (Grant No. EP/
V002821/1), and the Science and Technology Facilities
Council (Grant No. STFC-ST/T000759/1).

[1] C.M. Bender and S. Boettcher, Real Spectra in
nonHermitian Hamiltonians Having PT Symmetry, Phys.
Rev. Lett. 80, 5243 (1998).

[2] C.M. Bender, D.C. Brody, and H.F. Jones, Complex
Extension of Quantum Mechanics, Phys. Rev. Lett. 89,
270401 (2002); 92, 119902(E) (2004).

[3] C. M. Bender, Making sense of non-Hermitian Hamiltonians,
Rep. Prog. Phys. 70, 947 (2007).

[4] D. Christodoulides, J. Yang et al., Parity-Time Symmetry
and its Applications (Springer, Singapore, 2018), Vol. 280.

[5] C.M. Bender, P.E. Dorey, C. Dunning, A. Fring, D. W.
Hook, H.F. Jones, S. Kuzhel, G. Lévai, and R. Tateo, PT
Symmetry in Quantum and Classical Physics (World
Scientific, Singapore, 2019).

[6] S. Longhi, Parity-time symmetry meets photonics: A new
twist in non-Hermitian optics, Europhys. Lett. 120, 64001
(2017).

[7]1 R. El-Ganainy, K.G. Makris, M. Khajavikhan, Z.H.
Musslimani, S. Rotter, and D. N. Christodoulides, Non-
Hermitian physics and PT symmetry, Nat. Phys. 14, 11
(2018).

[8] Y. Ashida, Z. Gong, and M. Ueda, Non-Hermitian physics,
Adv. Phys. 69, 249 (2020).

[9] K. Jones-Smith and H. Mathur, Relativistic non-Hermitian
quantum mechanics, Phys. Rev. D 89, 125014 (2014).

[10] T. Ohlsson, Non-Hermitian neutrino oscillations in matter
with PT symmetric Hamiltonians, Europhys. Lett. 113,
61001 (2016).

[11] J. Alexandre, C.M. Bender, and P. Millington, Non-
Hermitian extension of gauge theories and implications
for neutrino physics, J. High Energy Phys. 11 (2015)
111.

[12] V.N. Rodionov and A.M. Mandel, An upper limit on
fermion mass spectrum in non-Hermitian models and its
implications for studying of dark matter, arXiv:1708.08394.

[13] A.Y. Korchin and V. A. Kovalchuk, Decay of the Higgs
boson to 777" and non-Hermiticy of the Yukawa interaction,
Phys. Rev. D 94, 076003 (2016).

[14] H. Raval and B. P. Mandal, Deconfinement to confinement
as PT phase transition, Nucl. Phys. B946, 114699 (2019).

[15] J. Alexandre, P. Millington, and D. Seynaeve, Symmetries
and conservation laws in non-Hermitian field theories, Phys.
Rev. D 96, 065027 (2017).

[16] J. Alexandre, J. Ellis, P. Millington, and D. Seynaeve,
Spontaneous symmetry breaking and the Goldstone theorem
in non-Hermitian field theories, Phys. Rev. D 98, 045001
(2018).

[17] P. D. Mannheim, Goldstone bosons and the Englert-Brout-
Higgs mechanism in non-Hermitian theories, Phys. Rev. D
99, 045006 (2019).

[18] J. Alexandre, J. Ellis, P. Millington, and D. Seynaeve, Gauge
invariance and the Englert-Brout-Higgs mechanism in non-
Hermitian field theories, Phys. Rev. D 99, 075024 (2019).

[19] A. Fring and T. Taira, Goldstone bosons in different PT-
regimes of non-Hermitian scalar quantum field theories,
Nucl. Phys. B950, 114834 (2020).

[20] A. Fring and T. Taira, Pseudo-Hermitian approach to
Goldstone’s theorem in non-Abelian non-Hermitian quan-
tum field theories, Phys. Rev. D 101, 045014 (2020).

[21] J. Alexandre, J. Ellis, P. Millington, and D. Seynaeve,
Spontaneously breaking non-Abelian gauge symmetry in
non-Hermitian field theories, Phys. Rev. D 101, 035008
(2020).

[22] A. Fring and T. Taira, Massive gauge particles versus
Goldstone bosons in non-Hermitian non-Abelian gauge
theory, Eur. Phys. J. Plus 137, 716 (2022).

[23] J. Alexandre and N. E. Mavromatos, On the consistency of a
non-Hermitian Yukawa interaction, Phys. Lett. B 807,
135562 (2020).

[24] J. Alexandre, N. E. Mavromatos, and A. Soto, Dynamical
Majorana neutrino masses and axions I, Nucl. Phys. B961,
115212 (2020).

[25] N.E. Mavromatos and A. Soto, Dynamical Majorana
neutrino masses and axions II: Inclusion of anomaly terms
and axial background, Nucl. Phys. B962, 115275 (2021).

[26] N.E. Mavromatos, S. Sarkar, and A. Soto, PT symmetric
fermionic field theories with axions: Renormalization and
dynamical mass generation, Phys. Rev. D 106,015009 (2022).

[27] J. Alexandre, J. Ellis, and P. Millington, Discrete space-
time symmetries and particle mixing in non-Hermitian

025007-10


https://doi.org/10.1103/PhysRevLett.80.5243
https://doi.org/10.1103/PhysRevLett.80.5243
https://doi.org/10.1103/PhysRevLett.89.270401
https://doi.org/10.1103/PhysRevLett.89.270401
https://doi.org/10.1103/PhysRevLett.92.119902
https://doi.org/10.1088/0034-4885/70/6/R03
https://doi.org/10.1209/0295-5075/120/64001
https://doi.org/10.1209/0295-5075/120/64001
https://doi.org/10.1038/nphys4323
https://doi.org/10.1038/nphys4323
https://doi.org/10.1080/00018732.2021.1876991
https://doi.org/10.1103/PhysRevD.89.125014
https://doi.org/10.1209/0295-5075/113/61001
https://doi.org/10.1209/0295-5075/113/61001
https://doi.org/10.1007/JHEP11(2015)111
https://doi.org/10.1007/JHEP11(2015)111
https://arXiv.org/abs/1708.08394
https://doi.org/10.1103/PhysRevD.94.076003
https://doi.org/10.1016/j.nuclphysb.2019.114699
https://doi.org/10.1103/PhysRevD.96.065027
https://doi.org/10.1103/PhysRevD.96.065027
https://doi.org/10.1103/PhysRevD.98.045001
https://doi.org/10.1103/PhysRevD.98.045001
https://doi.org/10.1103/PhysRevD.99.045006
https://doi.org/10.1103/PhysRevD.99.045006
https://doi.org/10.1103/PhysRevD.99.075024
https://doi.org/10.1016/j.nuclphysb.2019.114834
https://doi.org/10.1103/PhysRevD.101.045014
https://doi.org/10.1103/PhysRevD.101.035008
https://doi.org/10.1103/PhysRevD.101.035008
https://doi.org/10.1140/epjp/s13360-022-02889-z
https://doi.org/10.1016/j.physletb.2020.135562
https://doi.org/10.1016/j.physletb.2020.135562
https://doi.org/10.1016/j.nuclphysb.2020.115212
https://doi.org/10.1016/j.nuclphysb.2020.115212
https://doi.org/10.1016/j.nuclphysb.2020.115275
https://doi.org/10.1103/PhysRevD.106.015009

WILSONIAN APPROACH TO THE INTERACTION ...

PHYS. REV. D 107, 025007 (2023)

scalar quantum field theories, Phys. Rev. D 102, 125030
(2020).

[28] J. Alexandre, J. Ellis, and P. Millington, Discrete spacetime
symmetries, second quantization, and inner products in a
non-Hermitian Dirac fermionic field theory, Phys. Rev. D
106, 065003 (2022).

[29] A. Beygi, S.P. Klevansky, and C. M. Bender, Relativistic
PT-symmetric fermionic theories in 14+ 1 and 3 + 1 di-
mensions, Phys. Rev. A 99, 062117 (2019).

[30] J. Alexandre, J. Ellis, and P. Millington, P7 -symmetric
non-Hermitian quantum field theories with supersymmetry,
Phys. Rev. D 101, 085015 (2020).

[31] A. Felski, A. Beygi, and S.P. Klevansky, Non-Hermitian
extension of the Nambu—Jona-Lasinio model in 3 + 1 and
1 4+ 1 dimensions, Phys. Rev. D 101, 116001 (2020).

[32] A. Fring and T. Taira, 't Hooft-Polyakov monopoles in non-
Hermitian quantum field theory, Phys. Lett. B 807, 135583
(2020).

[33] M. N. Chernodub, A. Cortijo, and M. Ruggieri, Sponta-
neous non-Hermiticity in the Nambu—Jona-Lasinio model,
Phys. Rev. D 104, 056023 (2021).

[34] A. Fring and T. Taira, Non-Hermitian gauge field theories
and BPS limits, J. Phys. 2038, 012010 (2021).

[35] A. Felski and S.P. Klevansky, Fermion and meson mass
generation in non-Hermitian Nambu—Jona-Lasinio models,
Phys. Rev. D 103, 056007 (2021).

[36] A. Felski, C. M. Bender, S.P. Klevansky, and S. Sarkar,
Towards perturbative renormalization of ¢2(i¢h)e quantum
field theory, Phys. Rev. D 104, 085011 (2021).

[37] T. G. Khunjua, K. G. Klimenko, and R. N. Zhokhov, Spon-
taneous non-Hermiticity in the (2 + 1)-dimensional Gross-
Neveu model, Phys. Rev. D 105, 025014 (2022).

[38] N.E. Mavromatos, S. Sarkar, and A. Soto, Schwinger-
Dyson equations and mass generation for an axion theory
with a PT symmetric Yukawa fermion interaction, Nucl.
Phys. B986, 116048 (2023).

[39] A. Felski, A. Beygi, and S. P. Klevansky, Thermodynamic
properties of non-Hermitian Nambu—Jona-Lasinio models,
arXiv:2210.15503.

[40] C. M. Naén and F. A. Schaposnik, Path-integral Bosoniza-
tion of d =2 PT symmetric models, arXiv:2211.02978.

[41] M.M. Gubaeva, T.G. Khunjua, K.G. Klimenko and
R.N. Zhokhov, Spontaneous non-Hermiticity in the (2+1)-
dimensional Thirring model, Phys. Rev. D 106, 125010 (2022).

[42] P. Dorey, C. Dunning, and R. Tateo, Spectral equivalences,
Bethe Ansatz equations, and reality properties in PT-
symmetric quantum mechanics, J. Phys. A 34, 5679 (2001).

[43] H.F. Jones and J. Mateo, An equivalent Hermitian
Hamiltonian for the non-Hermitian —x* potential, Phys.
Rev. D 73, 085002 (2006).

[44] C.M. Bender, D. C. Brody, J.-H. Chen, H. F. Jones, K. A.
Milton, and M. C. Ogilvie, Equivalence of a complex PT-
symmetric quartic Hamiltonian and a Hermitian quartic
Hamiltonian with an anomaly, Phys. Rev. D 74, 025016
(2006).

[45] C.M. Bender, N. Hassanpour, S.P. Klevansky, and S.
Sarkar, PT-symmetric quantum field theory in D dimen-
sions, Phys. Rev. D 98, 125003 (2018).

[46] C. M. Bender, A. Felski, S. P. Klevansky, and S. Sarkar, PT
symmetry and renormalisation in quantum field theory,
J. Phys. Conf. Ser. 2038, 012004 (2021).

[47] W.-Y. Ai, C. M. Bender, and S. Sarkar, P7 -symmetric —go*
theory, Phys. Rev. D 106, 125016 (2022).

[48] V. Branchina, A. Chiavetta, and F. Contino, Study of the
non-Hermitian PT-symmetric gp2(i¢h)e theory: Analysis of
all orders in € and resummations, Phys. Rev. D 104, 085010
(2021).

[49] C. M. Bender, K. A. Milton, M. Moshe, S.S. Pinsky, and
L. M. Simmons, Logarithmic Approximations to Polyno-
mial Lagrangians, Phys. Rev. Lett. 58, 2615 (1987).

[50] C. M. Bender, K. A. Milton, M. Moshe, S.S. Pinsky, and
L. M. Simmons, Jr., Novel perturbative scheme in quantum
field theory, Phys. Rev. D 37, 1472 (1988).

[51] F.J. Wegner and A. Houghton, Renormalization group
equation for critical phenomena, Phys. Rev. A 8, 401
(1973).

[52] J. Polchinski, Renormalization and effective Lagrangians,
Nucl. Phys. B231, 269 (1984).

[53] C. Wetterich, Effective average action in statistical physics
and quantum field theory, Int. J. Mod. Phys. A 16, 1951
(2001).

[54] F. Pham, Vanishing homologies and the n variables
saddlepoint method, in Proc. Symp. Pure Math. 40, 310
(1983).

[55] M. V. Berry and C. J. Howls, Hyperasymptotics for integrals
with saddles, Proc. R. Soc. A 434, 657 (1991).

[56] E. Witten, Analytic continuation Of Chern-Simons theory,
AMS/IP Stud. Adv. Math. 50, 347 (2011).

[57] E. Witten, A new look at the path integral of quantum
mechanics, arXiv:1009.6032.

[58] W.-Y. Ai, B. Garbrecht, and C. Tamarit, Functional methods
for false vacuum decay in real time, J. High Energy Phys. 12
(2019) 095.

[59] R. Jackiw, Functional evaluation of the effective potential,
Phys. Rev. D 9, 1686 (1974).

[60] D.F. Litim, Optimized renormalization group flows, Phys.
Rev. D 64, 105007 (2001).

[61] C.M. Bender and S. Sarkar, Asymptotic analysis of the
local potential approximation to the Wetterich equation,
J. Phys. A 51, 225202 (2018).

025007-11


https://doi.org/10.1103/PhysRevD.102.125030
https://doi.org/10.1103/PhysRevD.102.125030
https://doi.org/10.1103/PhysRevD.106.065003
https://doi.org/10.1103/PhysRevD.106.065003
https://doi.org/10.1103/PhysRevA.99.062117
https://doi.org/10.1103/PhysRevD.101.085015
https://doi.org/10.1103/PhysRevD.101.116001
https://doi.org/10.1016/j.physletb.2020.135583
https://doi.org/10.1016/j.physletb.2020.135583
https://doi.org/10.1103/PhysRevD.104.056023
https://doi.org/10.1088/1742-6596/2038/1/012010
https://doi.org/10.1103/PhysRevD.103.056007
https://doi.org/10.1103/PhysRevD.104.085011
https://doi.org/10.1103/PhysRevD.105.025014
https://doi.org/10.1016/j.nuclphysb.2022.116048
https://doi.org/10.1016/j.nuclphysb.2022.116048
https://arXiv.org/abs/2210.15503
https://arXiv.org/abs/2211.02978
https://doi.org/10.1103/PhysRevD.106.125010
https://doi.org/10.1088/0305-4470/34/28/305
https://doi.org/10.1103/PhysRevD.73.085002
https://doi.org/10.1103/PhysRevD.73.085002
https://doi.org/10.1103/PhysRevD.74.025016
https://doi.org/10.1103/PhysRevD.74.025016
https://doi.org/10.1103/PhysRevD.98.125003
https://doi.org/10.1088/1742-6596/2038/1/012004
https://doi.org/10.1103/PhysRevD.106.125016
https://doi.org/10.1103/PhysRevD.104.085010
https://doi.org/10.1103/PhysRevD.104.085010
https://doi.org/10.1103/PhysRevLett.58.2615
https://doi.org/10.1103/PhysRevD.37.1472
https://doi.org/10.1103/PhysRevA.8.401
https://doi.org/10.1103/PhysRevA.8.401
https://doi.org/10.1016/0550-3213(84)90287-6
https://doi.org/10.1142/S0217751X01004591
https://doi.org/10.1142/S0217751X01004591
https://doi.org/10.1098/rspa.1991.0119
https://arXiv.org/abs/1009.6032
https://doi.org/10.1007/JHEP12(2019)095
https://doi.org/10.1007/JHEP12(2019)095
https://doi.org/10.1103/PhysRevD.9.1686
https://doi.org/10.1103/PhysRevD.64.105007
https://doi.org/10.1103/PhysRevD.64.105007
https://doi.org/10.1088/1751-8121/aabf63

