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We examine the relationship between three approaches (Hadamard, DeWitt-Schwinger, and adiabatic) to
the renormalization of expectation values of field operators acting on a charged quantum scalar field. First,
we demonstrate that the DeWitt-Schwinger representation of the Feynman Green’s function is a particular
case of the Hadamard representation. Next, we restrict attention to a spatially flat Friedmann-Lemaître-
Robertson-Walker universe with time-dependent, purely electric, background electromagnetic field,
considering two-, three-, and four-dimensional space-times. Working to the order required for the
renormalization of the stress-energy tensor, we find the adiabatic and DeWitt-Schwinger expansions of
the Green’s function when the space-time points are spatially separated. In two and four dimensions, the
resulting DeWitt-Schwinger and adiabatic expansions are identical. In three dimensions, the DeWitt-
Schwinger expansion contains terms of adiabatic order 4 that are not necessary for the renormalization of
the stress-energy tensor and hence absent in the adiabatic expansion. The equivalence of the DeWitt-
Schwinger and adiabatic approaches to renormalization in the scenario considered is thereby demonstrated
in even dimensions. In odd dimensions the situation is less clear and further investigation is required in
order to determine whether adiabatic renormalization is a locally covariant renormalization prescription.
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I. INTRODUCTION

In the absence of a full theory of quantum gravity,
the study of quantum fields on a fixed, curved, space-time
background has revealed many deep phenomena [1–4].
One of the most important of these is the production of
quantum particles in an expanding universe [5–8], which
leads to the subsequent generation of classical perturbations
in the very early Universe.
For a specific quantum field, once a suitable quantum

state has been specified, the properties of that state can be
studied via the evaluation of expectation values of observ-
ables. One of the key observables for any quantum field
is the stress-energy tensor (SET) operator T̂μν, since the
expectation value of this quantity governs the backreaction

of the quantum field on the space-time geometry via the
semiclassical Einstein equations. The SET operator, in
common with many observables, involves products of
the quantum field operator evaluated at the same space-
time point. This means that a naive computation of its
expectation value will give a divergent result. Therefore
some kind of regularization (isolating the divergences)
and renormalization (removing the divergences) scheme
is required.
Of the many different renormalization prescriptions in the

literature (see, for example, [1,2,4]), adiabatic renormaliza-
tion is particularly well-adapted for finding expectation
values on cosmological space-times. Assuming that the
spatial geometry is flat, homogeneous, and isotropic, a free
classical field can be expanded into plane wave modes of
fixed momentum, multiplied by functions of time. The short-
distance singularity in the expectation values of operators
thus corresponds to a high-momentum divergence in such
expectation values when expressed as mode sums.
To renormalize the resulting divergence, an adiabatic

expansion of the modes is performed, valid for large
momenta. This adiabatic expansion depends on the back-
ground space-time geometry, but not on the quantum state
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of the field. Expectation values of operators are renormal-
ized by subtracting from their mode sum expression
sufficient terms in the adiabatic expansion of the modes
to yield finite quantities. The adiabatic expansion of the
modes can be found via an iterative method, with each
order in the expansion given by algebraic expressions of
increasing complexity, depending on the scale factor and
its derivatives, the mode frequency, and momentum, and
quantities appearing in the classical scalar field equation
such as the field mass. One key advantage of the method is
that the renormalization is performed mode by mode, with
the resulting mode sums being of a suitable form for
numerical computation.
Adiabatic renormalization was originally developed for

neutral scalar fields on cosmological space-times [9–14]
and further improved in [15] (see also [1,2,4]). It has been
extended to spin-half fields [16–18], scalar and spin-half
fields with a Yukawa coupling [19], and scalar fields with a
self-coupling [20]. Recently, time-dependent electric field
backgrounds have also been incorporated into the adiabatic
approach for both scalar and Dirac fields [21–24].
The adiabatic approach also serves to characterize the

ultraviolet behavior (in momentum space) of admissible
quantum states through the so-called adiabatic condition
(for subtle issues see [25]). However, one of its disadvan-
tages is that it only applies, by construction, to homo-
geneous space-times [12]. It is therefore useful to also have
a more general framework for renormalization, valid for
any space-time background and any quantum state.
One such framework is Hadamard renormalization. In this

approach, expectation values are computed using the Green’s
function of the quantum field. For example, to find the
expectation value of the SET for a free quantum field, a
second order linear differential operator is applied to the
Green’s function. The Green’s function depends on two
space-time points and is regular providing these two points
are distinct. However, it is divergent in the coincidence limit.
In Hadamard renormalization, the Hadamard representation
of the Green’s function is considered. The divergent terms
present in the Hadamard representation of the Green’s
function are known as the Hadamard parametrix, which
depends only on the background space-time geometry and
the properties of the quantum field under consideration, and
not on the quantum state. Renormalization of expectation
values is achieved by subtracting the Hadamard parametrix
from the Green’s function, applying the appropriate differ-
ential operator (if necessary) and then bringing the space-
time points together.
For a general space-time background, the Hadamard

parametrix is typically given as a covariant asymptotic
series expansion in derivatives of the square of the geodesic
distance between the two space-time points on which the
Green’s function depends. The coefficients in this expan-
sion depend on the background geometry and parameters in
the classical field equation. Explicit expressions for the

expansion coefficients have been given for neutral [26] and
charged [27] scalar fields. The Hadamard prescription has
also been developed for fermions [28–31], the electromag-
netic field [32], the Stückelberg massive electromagnetic
field [33], p forms [34], gauge bosons [35], and one-loop
quantum gravity [36] (see also [35], where a general linear
covariant gauge is employed).
A natural question then arises: How does Hadamard

renormalization compare with adiabatic renormalization
when applied to scenarios where adiabatic renormalization
is applicable? If the answers yielded by these twomethods are
to be physically relevant, one requires them to give results
which are equivalent up to the well-known renormalization
ambiguities (for example, the renormalized SET is unique
only up to the addition of a local, conserved, tensor [3,37]).
For a neutral scalar field, the equivalence of adiabatic

and Hadamard renormalization has been shown via two
steps. First, lengthy calculations [12,38] have demonstrated
that adiabatic renormalization gives identical answers to
DeWitt-Schwinger renormalization in two and four space-
time dimensions. Second, the DeWitt-Schwinger represen-
tation of the Green’s function is proven to be a special case
of the Hadamard parametrix for a neutral scalar field [39].
Since DeWitt-Schwinger renormalization is effected by
subtracting the DeWitt-Schwinger representation of the
Green’s function, the equivalence of Hadamard and adia-
batic renormalization is thereby verified [38,40–42].
A similar approach has also demonstrated the equivalence
of DeWitt-Schwinger and adiabatic renormalization for a
neutral Dirac field [38].
Our purpose in this paper is to investigate the equivalence

of adiabatic and Hadamard renormalization for a charged
scalar field on a cosmological geometry, using the above two
ingredients. The first step is contained in Sec. II. There we
show, using a straightforward generalization of the work of
Ref. [39], that the DeWitt-Schwinger representation of the
charged scalar Green’s function on a general background
metric and electromagnetic field [43,44] is a particular case
of the Hadamard parametrix [27]. This result is valid for any
number of space-time dimensions. Next, in Sec. III we
review the adiabatic formalism for a charged scalar field
on a flat Friedmann-Lemaître-Robertson-Walker (FLRW)
universe with a background, time-dependent, electric field.
Restricting attention to two, three, and four dimensions,
respectively, in Secs. IV–VI, we then follow the method in
[38] to explore, via an explicit computation, whether the
adiabatic Green’s function, for spacelike separated points, is
equivalent to the DeWitt-Schwinger representation for our
particular background metric and electromagnetic potential.
In even dimensions, we find that the adiabatic Green’s
function is indeed equivalent to the DeWitt-Schwinger
representation, and hence adiabatic renormalization is a
locally covariant renormalization scheme. However, for
odd dimensions, we find terms in the DeWitt-Schwinger
expansion that are of higher adiabatic order than those
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required for the renormalization of the SET. As a result, it is
not clear whether adiabatic renormalization is a locally
covariant renormalization scheme in odd dimensions and
further investigation is required. Our conclusions are pre-
sented in Sec. VII. Two appendices include some lengthy
algebraic expressions that arise in the four-dimensional case
and details of the geodesic distance and Van-Vleck-Morette
determinant for general point-splitting on our background
space-time.

II. HADAMARD/DEWITT-SCHWINGER
RENORMALIZATION

In this section we briefly review the Hadamard and
DeWitt-Schwinger representations of the Feynman Green’s
function for a charged scalar field. We extend the result of
Ref. [39] to show that the DeWitt-Schwinger representation
for a charged scalar field is a special case of the Hadamard
representation.

A. Hadamard representation
of the Feynman Green’s function

We consider a massive charged scalar field Φ coupled to
a classical electromagnetic background, propagating in an
N-dimensional space-time, satisfying the Klein-Gordon
equation

ðDμDμ −m2 − ξRÞΦ ¼ 0; ð1Þ

where DμΦ ¼ ð∇μ − iqAμÞΦ, with Aμ the electromagnetic
vector potential and q the scalar field charge, R is the Ricci
scalar, m the scalar field mass and ξ is a dimensionless
coupling constant. We use the metric signature
ð−;þ;þ;…:Þ. The Feynman Green’s function of the scalar
field is a biscalar function of the space-time points x and x0
and satisfies the (inhomogeneous) scalar field equation

½DμDμ −m2 − ξR�GFðx; x0Þ ¼ −½−gðxÞ�−1
2δNðx − x0Þ; ð2Þ

where gðxÞ is the determinant of the space-time metric.
We assume that the space-time point x0 lies in a normal
neighborhood of the point x, so that there is a unique
geodesic connecting the two points. We also assume that
the field is in a Hadamard state. This assumption deter-
mines the form of the Feynman propagator for closely
separated space-time points.
The Hadamard expansion of the Feynman Green’s

function depends on the geodesic interval σðx; x0Þ that is
defined by the equation

2σ ¼ gμνσ;μσ;ν: ð3Þ

The form of the Hadamard representation of the Green’s
function GHðx; x0Þ depends on the number of space-time
dimensions [27,39]:

−iGHðx; x0Þ ¼

8>>>>>><
>>>>>>:

1
4π

n
Vðx; x0Þ ln

h
σðx;x0Þ
l2 þ iε

i
þWðx; x0Þ

o
N ¼ 2;

ðN=2−2Þ!
2ð2πÞN=2

�
Uðx;x0Þ

½σðx;x0Þþiε�N=2−1 þ Vðx; x0Þ ln
h
σðx;x0Þ
l2 þ iε

i
þWðx; x0Þ

�
N > 2 even;

ΓðN=2−1Þ
2ð2πÞN=2

n
Uðx;x0Þ

½σðx;x0Þþiε�N=2−1 þWðx; x0Þ
o

N odd;

ð4Þ

where l is an arbitrary renormalization length scale. The
biscalars Uðx; x0Þ and Vðx; x0Þ are purely geometric, while
Wðx; x0Þ may depend on the quantum state. For a charged
scalar field, the functions Uðx; x0Þ, Vðx; x0Þ, and Wðx; x0Þ
are complex sesquisymmetric biscalars that are regular
when x0 → x, and can be expanded in powers of σðx; x0Þ as

Uðx; x0Þ ¼
Xh
n¼0

Unðx; x0Þσnðx; x0Þ; ð5aÞ

Vðx; x0Þ ¼
X∞
n¼0

Vnðx; x0Þσnðx; x0Þ; ð5bÞ

Wðx; x0Þ ¼
X∞
n¼0

Wnðx; x0Þσnðx; x0Þ; ð5cÞ

where h ¼ N=2 − 2 for N > 2 even and h → ∞ for N odd.
The expansions in (5) are to be understood as asymptotic
expansions that are only convergent in analytic space-times
(in more general space-times these expansions can be
modified to give convergent quantities [45]). The recur-
rence relations for the Hadamard coefficients Unðx; x0Þ,
Vnðx; x0Þ, and Wnðx; x0Þ can be directly obtained from (2).
For general background configurations it is not possible
to find a closed form for these Hadamard coefficients.
However, for the renormalization of expectation values, it is
very convenient to perform a covariant asymptotic expan-
sion of the coefficients, namely

Unðx; x0Þ ¼
X∞
j¼0

Unjα1…αjðxÞσ;α1ðx; x0Þ…σ;αjðx; x0Þ; ð6aÞ
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Vnðx; x0Þ ¼
X∞
j¼0

Vnjα1…αjðxÞσ;α1ðx; x0Þ…σ;αjðx; x0Þ; ð6bÞ

Wnðx; x0Þ ¼
X∞
j¼0

Wnjα1…αjðxÞσ;α1ðx; x0Þ…σ;αjðx; x0Þ: ð6cÞ

The coefficients of these asymptotic expansions are
symmetric tensors of rank ð0; jÞ that only depend on the
space-time point x.
For completeness we give below the explicit recurrence

relations for the geometric Hadamard coefficients
Unðx; x0Þ, Vnðx; x0Þ and Wnðx; x0Þ. These recurrence rela-
tions involve the Van-Vleck Morette determinant Δ1

2. This
is related to the D’Alembertian of the geodesic interval by

∇μ∇μσ ¼ N − 2Δ−1
2Δ

1
2
;μσ;μ: ð7Þ

From the recurrence relations given below it is possible
to obtain the coefficients of the asymptotic expansions
(6a), (6b), as explicitly shown in [27]. For any N, the
Hadamard coefficient W0ðx; x0Þ is not determined by the
recurrence relations; it may depend on the quantum state
under consideration. OnceW0ðx; x0Þ has been specified, the
remaining Hadamard coefficients Wnðx; x0Þ, n ¼ 1; 2;…
are uniquely determined by the recurrence relations.
The Hadamard parametrix is the Green’s function of

the form (4) with a choice of the biscalar Wðx; x0Þ. In
Hadamard renormalization, Wðx; x0Þ is set to vanish in the
Hadamard parametrix [45,46]. The Hadamard parametrix
contains all the short-distance singularities in the Green’s

function. Renormalization is then effected by subtracting
the chosen Hadamard parametrix from the Feynman
Green’s function for the quantum state under consideration.
This process removes the short-distance singularities in
the Feynman Green’s function and the space-time points
can then be brought together to give a finite limit. The
renormalized Feynman Green’s function is thus

GRðx; x0Þ ¼ GFðx; x0Þ −GHðx; x0Þ: ð8Þ

The expectation value of the scalar condensate of a charged
scalar field is given by the coincidence limit of the
renormalized Feynman Green’s function; the expectation
value of the current follows from taking one derivative of
GRðx; x0Þ before bringing the points together, and the SET
expectation value requires two derivatives to be applied to
GRðx; x0Þ prior to taking the coincidence limit. The number
of terms in the Hadamard expansion (4), (6) that are
required to be subtracted from the Green’s function
depends on the expectation value under consideration
and the number of space-time dimensions. However, it is
always possible to also subtract higher-order terms that
vanish in the coincidence limit.

1. Recurrence relations for N = 2

For N ¼ 2 the coefficients Vnðx; x0Þ satisfy, for n ¼ 0,

0 ¼ ½σ;μDμ − Δ−1
2Δ

1
2
;μσ;μ�V0; ð9aÞ

with boundary condition V0ðx; xÞ ¼ −1. For n ¼ 0; 1; 2;…
the recurrence relations are

0 ¼ ½DμDμ − ðm2 þ ξRÞ�Vn þ 2ðnþ 1Þ½σ;μDμ − Δ−1
2Δ

1
2
;μσ;μ þ ð1þ nÞ�Vnþ1: ð9bÞ

The Hadamard coefficients Wnðx; x0Þ satisfy the recurrence relations

0 ¼ ½DμDμ − ðm2 þ ξRÞ�Wn þ 2ðnþ 1Þ½σ;μDμ − Δ−1
2Δ

1
2
;μσ;μ þ ð1þ nÞ�Wnþ1

þ 2½σ;μDμ − Δ−1
2Δ

1
2
;μσ;μ þ 2ð1þ nÞ�Vnþ1; ð9cÞ

for n ¼ 0; 1; 2;…. In order to find the renormalized SET, the expansion of the Hadamard coefficient V0ðx; x0Þ is required up
to and including terms containing σ;α1σ;α2 and the leading-order term in V1ðx; x0Þ is also necessary.

2. Recurrence relations for N > 2 even

For N > 2 even, the coefficients Unðx; xÞ satisfy, for n ¼ 0,

0 ¼ ½Δ−1
2Δ

1
2
;μσ;μ − σ;μDμ�U0; ð10aÞ

with boundary condition U0ðx; xÞ ¼ 1, and for n ¼ 0; 1; 2;…

0 ¼ ½DμDμ − ðm2 þ ξRÞ�Un − 2ðnþ 2 − N=2Þ½Δ−1
2Δ

1
2
;μσ;μ − σ;μDμ − ðnþ 1Þ�Unþ1: ð10bÞ
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The coefficients Vnðx; x0Þ obey (for n ≥ 0)

0 ¼ ½DμDμ − ðm2 þ ξRÞ�Vn þ 2ðnþ 1Þ½σ;μDμ − Δ−1
2Δ

1
2
;μσ;μ þ ðN=2þ nÞ�Vnþ1: ð10cÞ

The coefficient V0ðx; x0Þ is obtained from the following boundary condition

0 ¼ 2½σ;μDμ − Δ−1
2Δ

1
2
;μσ;μ þ ðN=2 − 1Þ�V0 þ ½DμDμ − ðm2 þ ξRÞ�UN=2−2: ð10dÞ

For n ¼ 0; 1;…, the recurrence relation satisfied by the Wnðx; x0Þ is

0 ¼ ½DμDμ − ðm2 þ ξRÞ�Wn þ 2ðnþ 1Þ½σ;μDμ − Δ−1
2Δ

1
2
;μσ;μ þ ðnþ N=2Þ�Wnþ1

þ 2½σ;μDμ − Δ−1
2Δ

1
2
;μσ;μ þ ð2nþ 1þ N=2Þ�Vnþ1: ð10eÞ

In this case, renormalization of the SET requires knowledge of the Hadamard coefficients U0ðx; x0Þ;…; UN=2−2ðx; x0Þ, with
a covariant asymptotic series expansion of each Upðx; x0Þ up and including terms containing σ;α1…σ;αN−2p . In addition, the
Hadamard coefficients V0ðx; x0Þ and V1ðx; x0Þ are necessary; with a covariant asymptotic series expansion of V0ðx; x0Þ up to
and including terms containing σ;α1σ;α2 and the leading-order term in V1ðx; x0Þ.

3. Recurrence relations for N odd

Finally, for N odd, the coefficient U0ðx; x0Þ satisfies

0 ¼ ½σ;μDμ − Δ−1
2Δ

1
2
;μσ;μ�U0; ð11aÞ

with boundary condition U0ðx; xÞ ¼ 1, while for n ¼ 0; 1; 2;… we have

0 ¼ ½DμDμ − ðm2 þ ξRÞ�Un þ ð2nþ 3 − ðN − 1ÞÞ½σ;μDμ − Δ−1
2Δ

1
2
;μσ;μ þ ðnþ 1Þ�Unþ1: ð11bÞ

In this case the recurrence relations satisfied by the Hadamard coefficients Wnðx; x0Þ are given by

0 ¼ ðnþ 1Þð2nþ NÞWnþ1 þ 2ðnþ 1ÞWnþ1;μσ
;μ − 2ðnþ 1ÞWnþ1Δ−1=2Δ1=2

;μ σ;μ þ ð□x −m2 − ξRÞWn; ð11cÞ

for n ¼ 0; 1;…. The renormalized SET can be found if
the Hadamard coefficientsU0ðx; x0Þ;…; UN=2−1=2ðx; x0Þ are
known. The required asymptotic series expansion of
Upðx; x0Þ contains terms up to and including those involv-
ing σ;α1…σ;αN−2p .

B. DeWitt-Schwinger representation
of the Feynman Green’s function

The DeWitt-Schwinger representation of the Feynman
propagator GDSðx; x0Þ is given by

GDSðx; x0Þ ¼ i
Z þ∞

0

Hðs; x; x0Þds; ð12Þ

where the kernel Hðs; x; x0Þ satisfies the equation

�
i
∂

∂s
þDμDμ −m2 − ξR

�
Hðs; x; x0Þ ¼ 0 for s > 0;

ð13Þ

with boundary condition Hðs; x; x0Þ → ð−gÞ−1
2δNðx − x0Þ

as s → 0. For s → 0 and x0 near x the function Hðs; x; x0Þ
admits the following expansion1:

Hðs; x; x0Þ ¼ ið4πisÞ−N=2 exp

�
i
2s

½σðx; x0Þ þ iε� − im2s

�

×

�Xþ∞

n¼0

Anðx; x0ÞðisÞn
�
: ð14Þ

The DeWitt-Schwinger coefficients An are complex ses-
quisymmetric biscalars that are regular for x0 → x and
admit covariant asymptotic expansions of the form

1In some references, the proper-time expansion of the Feyn-
man Green’s function is defined with an overall extra factor
Δðx; x0Þ1=2.
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Anðx; x0Þ ¼
X∞
j¼0

Anjα1…αjðxÞσ;α1ðx; x0Þ…σ;αjðx; x0Þ: ð15Þ

The DeWitt-Schwinger coefficients are defined by the
recurrence relation

½ðnþ 1Þ þ σ;μDμ − Δ−1=2Δ1=2
;μ σ;μ�Anþ1

¼ ðDμDμ − ξRÞAn for n ¼ 0; 1;…: ð16Þ

For n ¼ −1 we can use the equation above by noting that
A−1 ¼ 0. Furthermore, for n ¼ 0 we have the boundary
condition A0ðx; xÞ ¼ 1.
Following [39], it is useful to define a new sequence of

geometric coefficients, that we call the mass-dependent
DeWitt-Schwinger coefficients, Ãnðm2; x; x0Þ, satisfying
the recurrence relations

½ðnþ 1Þ þ σ;μDμ − Δ−1=2Δ1=2
;μ σ;μ�Ãnþ1

¼ ðDμDμ −m2 − ξRÞÃn for n ¼ 0; 1;…: ð17Þ

Setting n ¼ −1 in (17), we find that Ã0 ¼ A0 and does not
depend on the scalar field mass m. The mass-dependent
coefficients correspond to an alternative expansion of
Hðs; x; x0Þ, where the exponential mass term is not included
as in (14). From the expansion of e−im

2s, it is straightfor-
ward to see that the relation between the standardAnðx; x0Þ
and the mass-dependent Ãnðm2; x; x0Þ coefficients is
given by

Ãnðm2; x; x0Þ ¼
Xn
k¼0

ð−1Þk
k!

ðm2ÞkAn−kðx; x0Þ: ð18Þ

The coefficients An can also be directly obtained from
the Ãn as follows

Anðx; x0Þ ¼ Ãnðm2 ¼ 0; x; x0Þ: ð19Þ

The advantage of the mass-dependent DeWitt-Schwinger
coefficients is that they can be directly related to the
geometric coefficients of the Hadamard expansion, as
we shall see in the next subsection. As with the
Hadamard coefficients, the mass-dependent DeWitt-
Schwinger coefficients can be given as covariant asymp-
totic series expansions [39].
In the next subsection we shall show that the DeWitt-

Schwinger representation of the Feynman Green’s function
has the Hadamard form (4) for a particular choice of the
biscalar Wðx; x0Þ. The Green’s function is renormalized by
subtractingGHðx; x0Þ with this choice ofWðx; x0Þ using (8).
As can be seen below, the DeWitt-Schwinger representa-
tion is a large-mass expansion of the Feynman Green’s
function, and the number of terms in this expansion that

need to be subtracted from the Feynman Green’s function
to give finite renormalized expectation values depends on
the number of space-time dimensions N.

C. Relation between the Hadamard
and DeWitt-Schwinger representations

In this part of the section, we give the explicit relation
between theDeWitt-Schwinger andHadamard coefficients in
N space-timedimensions. The relationbetween thegeometric
coefficients Unðx; x0Þ and Vnðx; x0Þ and the mass-dependent
DeWitt-Schwinger coefficients Ãnðm2; x; x0Þ can beobtained
by direct comparison of their recurrence relations.
The correspondence between the Hadamard coefficients
Wnðx; x0Þ and the DeWitt-Schwinger coefficients Anðx; x0Þ
is more complex. Its derivation requires lengthy intermediate
steps that are detailed in Appendix A of Ref. [39] for a
neutral scalar field and for N > 2. The key point of the
demonstration is to rewrite the DeWitt-Schwinger expan-
sion of the Feynman Green’s function as an asymptotic
expansion in the geodesic distance. To this end, the authors
of Ref. [39] assume that it is possible to exchange the
integral and the sum in (12) [see also (14)], then perform
the integration over s, make a short-distance expansion of
the resulting expressions and group terms with the same
characteristics to match (4). The extension to a charged
scalar field and N ¼ 2 is straightforward, so here we only
give the final results.
As in [39], we find that the DeWitt-Schwinger expansion

of the Feynman Green’s function corresponds to the
Hadamard parametrix with a particular choice of the
Hadamard coefficient W0ðx; x0Þ, which is undetermined
in the Hadamard formalism. Once this coefficient is
fixed, the remaining Hadamard coefficients Wnðx; x0Þ are
uniquely determined by the relevant recurrence relations.
While in Hadamard renormalization the Hadamard para-
metrix (4) with the choiceW0ðx; x0Þ ¼ 0 is subtracted from
the Feynman Green’s function, in DeWitt-Schwinger
renormalization the DeWitt-Schwinger representation of
the Green’s function is subtracted.
Below, for ease of reference, we give the expressions

for the Hadamard coefficients Unðx; x0Þ and Vnðx; x0Þ in
terms of the mass-dependent DeWitt-Schwinger coeffi-
cients Ãnðm2; x; x0Þ and for the Hadamard coefficients
Wnðx; x0Þ in terms of the Hadamard coefficients Vnðx; x0Þ
and the DeWitt-Schwinger coefficients Anðx; x0Þ. For
N > 2, these expressions are identical to those in [39],
and all the dependence on the background electromagnetic
potential is contained in the DeWitt-Schwinger coefficients.
For completeness, we also provide the corresponding
expressions for the N ¼ 2 case, which is not considered
in [39]. For all N, the Hadamard coefficients Wnðx; x0Þ are
divergent in the limit m2 → 0, due to the singularity in this
limit of the DeWitt-Schwinger representation of the
Feynman Green’s function.
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1. N = 2

Comparing (9b) with (17), and taking into account their
boundary conditions, the relation between the DeWitt-
Schwinger coefficients Ãn and the Hadamard coefficients
Vnðx; x0Þ reads

Vnðx;x0Þ¼
ð−1Þnþ1

2nn!
Ãnðm2;x;x0Þ for n¼0;1;…: ð20aÞ

Furthermore, the Wnðx; x0Þ Hadamard coefficients associ-
ated with the DeWitt-Schwinger representation are

Wnðx;x0Þ ¼
�
ln

�
m2l2

2

�
−2ψðnþ1Þ

�
Vnðx;x0Þ

−
ð−1Þn
2nn!

�Xn−1
k¼0

ð−1Þkðm2Þk
k!

� Xn
p¼kþ1

1

p

�
An−kðx;x0Þ

−
Xþ∞

k¼0

k!
ðm2Þkþ1

Anþ1þkðx;x0Þ
�
; ð20bÞ

where l2 is a renormalization length scale introduced so
that the argument of the logarithm is dimensionless and
ψðnþ 1Þ is the digamma function. In particular, the
DeWitt-Schwinger representation of the Feynman
Green’s function takes the Hadamard form with the
following choice of the coefficient W0ðx; x0Þ:

W0ðx; x0Þ ¼
�
ln

�
m2l2

2

�
þ 2γ

�
V0ðx; x0Þ

þ
Xþ∞

k¼0

k!
ðm2Þkþ1

Akþ1ðx; x0Þ; ð20cÞ

where γ is the Euler-Mascheroni constant. For N ¼ 2,
evaluation of the renormalized SET requires the Hadamard
coefficients V0ðx; x0Þ and V1ðx; x0Þ and hence knowledge of
the DeWitt-Schwinger coefficients A0ðx; x0Þ and A1ðx; x0Þ.
These are the only terms retained inWnðx; x0Þ given above.
This corresponds to an expansion of W0ðx; x0Þ up to and
including terms of order m−2. While both Wnðx; x0Þ (20b)
and the Hadamard parametrix (4) depend on the arbitrary
renormalization length scale l, when the form of Wðx; x0Þ
in the DeWitt-Schwinger representation is substituted into
the Hadamard form (4), the terms dependent on l2 cancel,
so that the DeWitt-Schwinger representation of the Green’s
function is independent of l. The renormalization length
scale l has effectively been replaced by the scalar field
mass m, which is possible only in the massive case.

2. N > 2 even

As before, the Hadamard coefficients Unðx; x0Þ,
Vnðx; x0Þ for N > 2 even can be directly obtained from
the mass-dependent DeWitt-Schwinger coefficients by
direct comparison between their recurrence relations [see
Eqs. (10b), (10c) and (17)]. This time we obtain

Unðx; x0Þ ¼
ðN=2 − 2 − nÞ!
2nðN=2 − 2Þ! Ãnðm2; x; x0Þ for n ¼ 0; 1;…; N=2 − 2; ð21aÞ

Vnðx; x0Þ ¼
ð−1Þnþ1

2nþN=2−1n!ðN=2 − 2Þ! ÃnþN=2−1ðm2; x; x0Þ for n ¼ 0; 1;…: ð21bÞ

The Wnðx; x0Þ Hadamard coefficients in the DeWitt-Schwinger representation are given by

Wnðx; x0Þ ¼
�
ln

�
m2l2

2

�
− fψðnþ 1Þ þ ψðnþ N=2Þg

�
Vnðx; x0Þ

−
ð−1Þn

2nþN=2−1n!ðN=2 − 2Þ!
� XnþN=2−2

k¼0

ð−1Þkðm2Þk
k!

� XnþN=2−1

p¼kþ1

1

p

�
AnþN=2−1−kðx; x0Þ

−
Xþ∞

k¼0

k!
ðm2Þkþ1

AnþN=2þkðx; x0Þ
�
; ð21cÞ

so that the DeWitt-Schwinger representation of the Feynman Green’s function is of the Hadamard form with the choice

W0ðx; x0Þ ¼
�
ln

�
m2l2

2

�
þ γ − ψðN=2Þ

�
Vnðx; x0Þ

−
1

2N=2−1ðN=2 − 2Þ!
� XN=2−2

k¼0

ð−1Þkðm2Þk
k!

� XN=2−1

p¼kþ1

1

p

�
AN=2−1−kðx; x0Þ −

Xþ∞

k¼0

k!
ðm2Þkþ1

AN=2þkðx; x0Þ
�
: ð21dÞ
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In this case, to find the renormalized SET, the DeWitt-
Schwinger coefficients A0ðx; x0Þ;…;AN=2ðx; x0Þ are
required. This means that we keep terms up to and
including those of order m−2 in W0ðx; x0Þ. As in two
space-time dimensions, we have introduced a renormaliza-
tion length scale in the argument of the logarithm in (21c);
however, when (21c) is substituted into the Hadamard form
(4), the resulting DeWitt-Schwinger Green’s function does
not depend on l.

3. Relation for N odd

Finally, for N odd we find, by comparing Eqs. (11b)
and (17),

Unðx;x0Þ¼
ΓðN=2−1−nÞ
2nΓðN=2−1Þ Ãnðm2;x;x0Þ for n¼0;1;…:

ð22aÞ

In this case the Wnðx; x0Þ Hadamard coefficients for the DeWitt-Schwinger representation take a slightly simpler form
compared with N even, namely

Wnðx; x0Þ ¼ −
ð−1Þn

2nþN=2−1n!ΓðN=2 − 1Þ
� XnþN=2−3=2

k¼0

ð−1Þkðm2Þkþ1=2

Γðkþ 3=2Þ πAnþN=2−3=2−kðx; x0Þ

−
Xþ∞

k¼0

Γðkþ 1=2Þ
ðm2Þkþ1=2 AnþN=2−1=2þkðx; x0Þ

�
: ð22bÞ

As for other values of N, the DeWitt-Schwinger representation of the Feynman Green’s function is a particular case of the
Hadamard representation, with the following choice of the Hadamard coefficient W0ðx; x0Þ:

W0ðx; x0Þ ¼ −
1

2N=2−1ΓðN=2− 1Þ
� XN=2−3=2

k¼0

ð−1Þkðm2Þkþ1=2

Γðkþ 3=2Þ πAN=2−3=2−kðx; x0Þ−
Xþ∞

k¼0

Γðkþ 1=2Þ
ðm2Þkþ1=2 AN=2−1=2þkðx; x0Þ

�
: ð22cÞ

Finding the renormalized SET for N odd involves
the DeWitt-Schwinger coefficients A0ðx; x0Þ;…;
AN=2−1=2ðx; x0Þ, and thus an expansion of W0ðx; x0Þ up
to and including terms of order m−1.

III. ADIABATIC RENORMALIZATION

In this section we examine the adiabatic expansion of
the Feynman Green’s function for charged scalar fields in
homogeneous and time-dependent backgrounds. To this
end, we consider again the charged scalar field Φ of the
previous section, coupled to a classical, time-dependent
electric background, whose vector potential is of the form
Aμ ¼ ð0; AðtÞ; 0;…; 0Þ, propagating in a N-dimensional
flat FLRW universe with line element

ds2 ¼ −dt2 þ aðtÞ2dx2: ð23Þ
Due to spatial homogeneity, we can perform a mode
expansion of the scalar field as follows

Φðt;xÞ ¼
Z

dðN−1Þkffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð2πÞN−1aðtÞN−1

p
× ðbkeik·xhkðtÞ þ d†ke

−ik·xh�−kðtÞÞ: ð24Þ
In (24), bk, b

†
k, dk, and d†k are the usual annihilation and

creation operators satisfying the commutation relations

½bk; b†k0 � ¼ δðk − k0Þ ¼ ½dk; d†k0 �. The mode function
hkðtÞ satisfies a second order ordinary differential equation,
obtained from the Klein-Gordon equation (1)

ḧk þ
�
k2

a2
þm2 −

2qk1AðtÞ
a2

þ q2AðtÞ2
a2

þ χðtÞ
�
hk ¼ 0;

ð25Þ

where k2 ¼ jkj2, k1 is the first component of the momen-
tum k, and

χðtÞ ¼ ðN − 3Þð1 − NÞ _a2

4a2
þ ð1 − NÞ ä

2a
þ ξR; ð26Þ

together with the Wronskian condition

_h�khk − h�k _hk ¼ 2i: ð27Þ

From the mode expansion (24) we can easily compute the
vacuum expectation values of relevant operators in terms
of the mode functions. For example, the formal vacuum
expectation value of the two-point function (at coincidence)
hΦΦ†i is given by

hΦΦ†i ¼ 1

2ð2πÞN−1aðtÞN−1

Z
dðN−1Þkjhkj2: ð28Þ
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This quantity is manifestly UV divergent, and it has to be
renormalized in a consistent way, compatible with general
covariance. For time-dependent backgrounds there is a very
efficient and direct technique that takes advantage of the
isometries of the space-time: the adiabatic regularization
method. It is based on the adiabatic expansion of the field
modes, and works as follows.
Given a mode function hkðtÞ it is possible to perform

an adiabatic expansion in terms of the time-dependent
background fields. For scalars it is based on the Wentzel–
Kramers–Brillouin (WKB) expansion,

hk ∼
1ffiffiffiffiffiffiffiffiffiffiffiffi
ΩkðtÞ

p e
−i
R

t

t0
ΩkðuÞdu; ð29Þ

where Ωk can be expanded adiabatically in powers of the
derivatives of aðtÞ, the function AðtÞ and its derivatives as
follows

Ωk ¼
X∞
n¼0

ωðnÞ
k : ð30Þ

The adiabatic expansion is uniquely determined once we
fix its leading order. We require this to be

ωð0Þ
k ≡ ω ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2=a2 þm2

q
: ð31Þ

Therefore, we are implicitly assuming that the function
AðtÞ is a function of adiabatic order one [24]. Subsequent
terms are obtained, by iteration, from the relation

Ω2
k ¼ ω2 þ χ þ q2A2

a2
−
2qk1A
a2

þ 3

4

_Ω2
k

Ω2
k
−
1

2

Ω̈k

Ωk
; ð32Þ

derived from the ansatz (29) and the mode equation (25).
We recall here that χðtÞ is a function of adiabatic order two
(it contains two derivatives of a). Inserting the adiabatic
expansion (30) in (32), and grouping terms with the same
adiabatic order, it is possible to obtain the nth coefficient
from the lower order ones once the leading order term is
defined. For example, the next two terms are

ωð1Þ
k ¼ −

k1qA
a2ω

;

ωð2Þ
k ¼ q2A2

2a2ω
−
ðωð1Þ

k Þ2
2ω

þ 4χω2 þ 3ð _ωÞ2 − 2ωω̈

8ω3
: ð33Þ

The main advantage of the adiabatic expansion is that it
captures, in its leading terms, the expected UV divergences
of the vacuum expectation values of physical observables
and therefore, it can be used for renormalization. The
renormalized version of the two-point function can be
obtained by subtracting terms up to and including the
(N − 2)th-order of its adiabatic expansion, namely

hΦΦ†iren ¼
1

2ð2πÞN−1aðtÞN−1

×
Z

dN−1k

�
jhkj2 −

XN−2

j¼0

ðΩ−1
k ÞðjÞ

�
: ð34Þ

The number of subtractions required depends on the space-
time dimension N and also on the scaling dimension of the
operator. To renormalize the charge current we require
terms up to (N − 1)th adiabatic order, while renormalizing
the SET involves subtracting up to the Nth adiabatic order.
The first few orders of the adiabatic expansion

of jhkj2 are

ðΩ−1
k Þð0Þ ¼ 1

ω
; ð35aÞ

ðΩ−1
k Þð1Þ ¼ k1qA

a2ω3
; ð35bÞ

ðΩ−1
k Þð2Þ ¼ −

5m4 _a2

8a2ω7
þ m2 _a2

2a2ω5
þ _a2

8a2ω3
þ m2ä
4aω5

−
ä

4aω3
−

χ

2ω3
þ 3k21q

2A2

2a4ω5
−

q2A2

2a2ω3
; ð35cÞ

ðΩ−1
k Þð3Þ ¼ −

k1qÄ
4a2ω5

þ k1
a
q _A
a

�
5m2 _a
4aω7

−
_a

4a3ω5

�
þ q3A3

a3

�
−

3k1
2aω5

þ 5k31
2a3ω7

�

þ k1
a
qA
a

�
−
35m4 _a2

8a2ω9
þ 5m2 _a2

2a2ω7
þ 3_a2

8a2ω5
þ 5m2ä

4aω7
−

3ä
4aω5

−
3χ

2ω5

�
: ð35dÞ

The lengthy explicit expression for ðΩ−1
k Þð4Þ is given in Appendix A.

The mode expansion of the field also allows us to obtain the formal value of the two-point function at two spatially
separated points with spatial parts x and x0 (we define Δx ¼ x − x0). In particular, it is possible to compute the Feynman
Green’s function at time coincidence
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−iGFðt;x; t;x0Þ ¼ hΦðt;xÞΦ†ðt;x0Þi

¼ 1

2ð2πÞN−1aN−1

Z
dðN−1Þkeik·Δxjhkj2:

ð36Þ

Therefore, its adiabatic expansion to adiabatic order n reads

− iGðnÞ
Adðt;x; t;x0Þ

¼ 1

2ð2πÞN−1aN−1

Z
dðN−1Þkeik·Δx

Xn
j¼0

ðΩ−1
k ÞðjÞ: ð37Þ

For future convenience, we define the following (adiabatic)
momentum integral

IðnÞN ¼ 1

2ð2πÞN−1aN−1

Z
dðN−1Þkeik·ΔxðΩ−1

k ÞðnÞ: ð38Þ

These integrals will be required in the following sections,
where we explicitly compute the adiabatic expansion of
the Feynman Green’s function (37) in two, three, and four
space-time dimensions. We will then compare the resulting
expressions with the DeWitt-Schwinger representation of
the Feynman Green’s function for spatial point splitting.
In N space-time dimensions, we will work to adiabatic
order N, sufficient for the renormalization of the SET.

IV. N = 2

A. Adiabatic expansion

For N ¼ 2 the scalar curvature is R ¼ 2ä
a and therefore

the quantity χ (26) takes the form

χðtÞ ¼
�
2ξ −

1

2

�
ä
a
þ _a2

4a2
: ð39Þ

Since we only have one space dimension, for this section
only we use the notation k1 ¼ k ∈ R. In this case we need
to study the adiabatic expansion up to and including the
second adiabatic order, namely

− iGð2Þ
Adðt; x; t; x0Þ

¼ 1

4πa

Z
∞

−∞
dkeikΔxððΩ−1

k Þð0Þ þ ðΩ−1
k Þð1Þ þ ðΩ−1

k Þð2ÞÞ:

ð40Þ

The momentum integrals can be easily performed with the
aid of Mathematica software. For the leading and first
orders we find

Ið0Þ2 ¼ 1

4πa

Z
∞

−∞
dk

eikΔx

ω
¼ 1

4πa
ð2aK0ðmaϵÞÞ; ð41Þ

Ið1Þ2 ¼ 1

4πa

Z
∞

−∞
dk

eikΔxðkqAÞ
a2ω3

¼ 1

4πa
ð2iqAaΔxK0ðmaϵÞÞ;

ð42Þ

where KjðzÞ are modified Bessel functions of the second
kind and ϵ ¼ jΔxj. For the second order integral we find

Ið2Þ2 ¼ 1

4πa

Z
∞

−∞
dkeikΔxðΩ−1

k Þð2Þ;

¼ 1

4πa

�h
−aq2A2ϵ2 þ 1

6
ϵ2a2ä

i
K0ðmaϵÞ

þ
�
−

1

12
mϵ2a2 _a2 þ 2

m

�
1

6
− ξ

�
aä

�
ϵK1ðmaϵÞ

�
:

ð43Þ

The adiabatic expansion of the Feynman Green’s function

−iGð2Þ
Adðt; x; t; x0Þ is given by the sum of these three

contributions. To compare this expansion with the
Hadamard representation of the Feynman Green’s function,
we require a short-distance expansion of the adiabatic
expansion (40). We have to consider terms up to order
Oðϵ2Þ. Recall the expansions for small z of the modified
Bessel functions [47]

K0ðzÞ ∼ −γ − ln

�
z
2

�
þ z2

4

�
1 − γ − ln

�
z
2

��
þ � � � ; ð44aÞ

K1ðzÞ ∼
1

z
þ z
2

�
−
1

2
þ γ þ ln

�
z
2

��
þ � � � : ð44bÞ

Introducing the expansions above in (43), we obtain the
short-distance expansion of the adiabatic expansion of the
Feynman Green’s function, which is

−iGð2Þ
Adðt; x; t; x0Þ ¼

1

4π

�
−1 − iqAΔxþ ϵ2

2

�
q2A2 −

a2m2

2
− ξaä

���
ln

�
ϵ2m2a2

4

�
þ 2γ

�

þ 1

4π

�
−
2ðξ − 1

6
Þä

m2a
þ ϵ2

2

�
a2m2 þ

�
ξ −

1

6

�
aä

�
−

_a2

12
ϵ2
�
þOðϵ3Þ: ð45Þ
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We note that this expression is singular in the massless
limit m2 → 0 and contains, as well as terms depending
logarithmically on m2, terms of order m−2 but no smaller
powers of m. Thus the powers of m in (45) match those in
the DeWitt-Schwinger representation of the Green’s func-
tion. We now investigate whether the expansion (45) is
identical to the corresponding DeWitt-Schwinger (and
thereby Hadamard) form of the Green’s function.

B. Hadamard/DeWitt-Schwinger expansion

Recall that in N ¼ 2 space-time dimensions, the
Hadamard representation of the Feynman Green’s function
reads

−iGFðx; x0Þ ¼
1

4π

�
Vðx; x0Þ ln

�
σðx; x0Þ
l2

þ iε

�
þWðx; x0Þ

�
:

ð46Þ

As discussed in Sec. II A, Vðx; x0Þ and Wðx; x0Þ admit
power series expansions in the geodesic interval (5), and the
coefficients of the expansion further admit asymptotic
series expansions (6). For N ¼ 2 the relevant terms (for
renormalization) of the expansion are [27]

V0ðx;x0Þ¼V00ðxÞþV01μðxÞσ;μþV02μνðxÞσ;μσ;νþOðσ3=2Þ;
ð47aÞ

V1ðx; x0Þ ¼ V10ðxÞ þOðσ1=2Þ; ð47bÞ

where

V00 ¼ −1; ð47cÞ

V01μ ¼ −iqAμ; ð47dÞ

V02μν ¼ −
1

24
Rgμν þ

iq
2
DðμAνÞ; ð47eÞ

and

V10 ¼ −
1

2

�
m2 þ

�
ξ −

1

6

�
R

�
: ð47fÞ

For our particular configuration, namely a flat FLRW
space-time (23) and an electric field background described
by the vector potential Aμ ¼ ð0; AðtÞÞ, the short-distance
expansion of the geometric term in (46) for spatially split
points (Δx ≠ 0 but Δt ¼ 0) reads

Vðx; x0Þ ln
�
σ

l2

�
¼ 1

4π

�
−1 − iqAΔxþ 1

2

�
q2A2 −

1

2
a2m2 − ξaä

�
ϵ2 þOðϵ3Þ

�
ln

�
a2ϵ2

2l2

�
−

_a2

48π
ϵ2 þOðϵ3Þ; ð48Þ

where we have used the short-distance expansion of the
geodesic distance σ derived in Appendix B [see Eq. (B3)]
with Δt ¼ 0,

σ ¼ a2

2
ϵ2 þ a2 _a2

24
ϵ4 þOðϵ6Þ: ð49Þ

Comparing Eqs. (45) and (48) we see that the adiabatic and
Hadamard short-distance expansions of the Green’s func-
tion coincide except for terms which are either finite or
vanish in the limit ϵ → 0.
We now compute the finite contribution of the DeWitt-

Schwinger representation of the Feynman Green’s function.
Using the results (20a) we easily find

Ã0ðm2; x; x0Þ ¼ −V0ðx; x0Þ; ð50aÞ

Ã1ðm2; x; x0Þ ¼ 2V1ðx; x0Þ: ð50bÞ

We use these results to find the mass-dependent DeWitt-
Schwinger coefficient Ã1ðm2; x; x0Þ and hence A1ðx; x0Þ

using (19), where the DeWitt-Schwinger coefficient has a
covariant symptotic series expansion of the form

A1ðx; x0Þ ¼ A10ðxÞ þA11μðxÞσ;μ
þA12μνðxÞσ;μσ;ν þOðσ3=2Þ: ð51Þ

Since evaluating the SET involves taking two derivatives of
the Feynman Green’s function, to renormalize this quantity
we require the coefficients W0ðx; x0Þ and W1ðx; x0Þ, given
by (20b)

W0ðx; x0Þ ¼
�
2γ þ ln

�
m2l2

2

��
V0ðx; x0Þ

þA1ðx; x0Þ
m2

þOðm−4Þ; ð52aÞ

W1ðx; x0Þ ¼
�
−2þ 2γ þ ln

�
m2l2

2

��
V1ðx; x0Þ

þA1ðx; x0Þ
2

þOðm−2Þ: ð52bÞ
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Therefore, the short-distance expansion of the relevant terms of Wðx; x0Þ in our particular configuration reads

Wðx; x0Þ ¼ 1

4π

�
−1 − iqAΔxþ ϵ2

2

�
q2A2 −

a2m2

2
− ξaä

���
ln

�
m2l2

2

�
þ 2γ

�

þ 1

4π

�
−
2ðξ − 1

6
Þä

m2a
þ ϵ2

2

�
a2m2 þ

�
ξ −

1

6

�
aä

��
þOðϵ3Þ: ð53Þ

Combining (48) and (53), we find the short-distance expansion of the DeWitt-Schwinger representation of the Green’s
function, which does not depend on the renormalization length scale l. Furthermore, the resulting expression matches the
adiabatic result (45).

V. N = 3

A. Adiabatic expansion

For N ¼ 3 we have, from (26), since R ¼ 2_a2

a2 þ 4ä
a ,

χðtÞ ¼ 2ξ _a2

a2
þ ð4ξ − 1Þ ä

a
: ð54Þ

In this case, we want to compute

−iGð3Þ
Adðt;x; t;x0Þ ¼ 1

2ð2πÞ2a2
Z

d2keik·ΔxððΩ−1
k Þð0Þ þ ðΩ−1

k Þð1Þ þ ðΩ−1
k Þð2Þ þ ðΩ−1

k Þð3ÞÞ: ð55Þ

As in the two-dimensional case, the momentum integrals can be performed using Mathematica. For the leading adiabatic
order we find

Ið0Þ3 ¼ 1

2ð2πÞ2a2
Z

d2k
eik·Δx

ω
¼ 1

4πa2

Z
∞

0

dkk
J0ðkϵÞ
ω

¼ e−maϵ

4π

1

aϵ
; ð56Þ

where J0ðkϵÞ is a Bessel function of the first kind and we
have used the result

Z
2π

0

eikϵ cos θdθ ¼ 2πJ0ðkϵÞ: ð57Þ

For the first adiabatic order, the integral is more subtle
because it explicitly depends on k1. However, we can use
the following identity

Z
d2k

kjeik·Δx

ωn ¼ −i∂xj

Z
d2k

eik·Δx

ωn : ð58Þ

The left-hand side of the equation above is the integral in
which we are interested, and the integral of the right-hand

side can be easily computed using polar coordinates and
then differentiated with respect to xj. With this result, we
can systematically obtain the nonhomogeneous integrals
appearing in the adiabatic expansion from homogeneous
integrals. Using this method, the adiabatic order one
contribution reads

Ið1Þ3 ¼ ie−maϵ

4π

Δx
aϵ

qA: ð59Þ

The second adiabatic order can be obtained in the same
way. For the homogeneous integrals our computations are
based on (56), while, for the nonhomogeneous integrals
where k1 explicitly appears, we use (58) and similar
expressions. After some algebra we find

Ið2Þ3 ¼ e−maϵ

4π

�
1

m

�
1

6
− ξþmaϵ

24

��
_a2

a2
þ 2

ä
a

�
−
mϵ2 _a2

24
−
Δx2

2aϵ
q2A2

�
: ð60Þ

Similarly, the third adiabatic order gives

Ið3Þ3 ¼ ie−maϵ

4π

�
1

m

�
1

6
− ξþmaϵ

24

��
_a2

a2
þ 2

ä
a

�
ΔxqA −

mϵ2Δx
24

_a2qAþ ϵΔx
12

_a _A−
Δx3

6aϵ
q3A3 −

Δx
12m

qÄ

�
: ð61Þ
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Using the short-distance expansion of the exponential, we easily arrive at the short-distance expansion of the (third order)
adiabatic expansion of the Feynman Green’s function

−iGð3Þ
Adðt;x; t;x0Þ ¼ 1

4πϵa
þ iqAΔx

4aπϵ
−

m
4π

þ _a2

24a2mπ
−

ξ _a2

4a2mπ
þ ä
12amπ

−
ξä

2amπ
−
iqAmΔx

4π
−
q2A2Δx2

8aπϵ
þ iqA _a2Δx

24a2mπ

−
iqAξ _a2Δx
4a2mπ

þ iqAqäΔx
12amπ

−
iqAξäΔx
2amπ

−
iqÄΔx
48mπ

þ am2ϵ

8π
−

_a2ϵ
32aπ

þ ξ _a2ϵ
4aπ

−
äϵ
16π

þ ξäϵ
2π

þ iaqAm2ϵΔx
8π

−
iqA _a2ϵΔx
32aπ

þ iqAξ _a2ϵΔx
4aπ

−
iqAäϵΔx

16π
þ iqAξäϵΔx

2π
þ i _aq _AϵΔx

48π
þ iaqÄϵΔx

48π
−
iq3A3Δx3

24aπϵ

þ q2A2mΔx2

8π
−
a2m3ϵ2

24π
−
mϵ2ξ _a2

8π
þ amϵ2ä

48π
−
amϵ2ξä

4π
þOðϵ3Þ: ð62Þ

As in two dimensions, we see that the powers of m in the
adiabatic expansion (62) are those found in the DeWitt-
Schwinger representation of the Green’s function, truncated
to the order necessary for the renormalization of the SET.

B. Hadamard/DeWitt-Schwinger expansion

For N ¼ 3, the Hadamard representation of the Feynman
Green’s function reads

−iGFðx; x0Þ ¼
1

4
ffiffiffi
2

p
π

�
Uðx; x0Þ

½σðx; x0Þ þ iε�12 þWðx; x0Þ
�
: ð63Þ

As in two space-time dimensions, the biscalarsUðx; x0Þ and
Wðx; x0Þ can be expanded as power series in the geodesic
interval σ (5). Furthermore, for short distances, the coef-
ficients of these expansions admit covariant asymptotic
series expansions (6). For the renormalization of the SET,
the relevant coefficients of these expansions are [27]

U0ðx; x0Þ ¼ U00ðxÞ þU01μðxÞσ;μ þ U02μνðxÞσ;μσ;ν
þ U03μνλðxÞσ;μσ;νσ;λ þOðσ2Þ; ð64aÞ

U1ðx; x0Þ ¼ U10ðxÞ þU11μðxÞσ;μ þOðσÞ; ð64bÞ

where

U00 ¼ 1; ð64cÞ

U01μ ¼ iqAμ; ð64dÞ

U02μν ¼
1

12
Rμν −

iq
2
DðμAνÞ; ð64eÞ

U03μνλ ¼ −
1

24
Rðμν;λÞ þ

iq
6
DðμDνAλÞ þ

iq
12

AðμRνλÞ; ð64fÞ

and

U10 ¼ m2 þ
�
ξ −

1

6

�
R; ð64gÞ

U11μ¼−
1

2

�
ξ−

1

6

�
R;μþ iq

�
m2þ

�
ξ−

1

6

�
R

�
Aμ−

iq
6
∇αFαμ:

ð64hÞ

For our particular configuration of flat FLRW space-time
(23) and electromagnetic potential Aμ ¼ ð0; AðtÞ; 0Þ the
short-distance expansion of the geometric part of the
Hadamard parametrix reads

1

4
ffiffiffi
2

p
π

Uðx; x0Þ
σðx; x0Þ12 ¼

1

4πaϵ
þ iqAΔx

4πaϵ
þ am2ϵ

8π
−
q2A2Δx2

8aπϵ2
−

_a2ϵ
32aπ

þ ξ _a2ϵ
4aπ

−
äϵ
16π

þ ξäϵ
2π

þ iaAm2qϵΔx
8π

−
iq3A3Δx3

24aπϵ

−
iqA _a2ϵΔx
32aπ

þ iqAξ _a2ϵΔx
4aπ

þ iq _a _A ϵΔx
48π

−
iqAäϵΔx

16π
þ iqAξäϵΔx

2π
þ iaqÄϵΔx

48π
þOðϵ3Þ; ð65Þ

where we have used the result

1

ð2σÞ12 ¼
1

aϵ
−
ϵ2 _a2

24a
þ 7ð _a4 − 24a _a2äÞϵ3

5760a
þOðϵ4Þ: ð66Þ

Comparing Eqs. (62) and (65) we see that they differ only
by terms that are either finite or vanishing in the limit
ϵ → 0, so that the adiabatic and Hadamard expansions of
the Green’s function have the same short-distance singu-
larity structure.
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As in two dimensions, these finite or vanishing terms
can be directly obtained from the DeWitt-Schwinger
representation of the Feynman Green’s function, which
is a particular choice of the Hadamard representation,
with the coefficients Wnðx; x0Þ given by (22b). For
N ¼ 3 the mass-dependent DeWitt-Schwinger coefficients
Ãnðm2; x; x0Þ that we require are related to the correspond-
ing Hadamard coefficients by (22a)

Ã0ðm2; x; x0Þ ¼ U0ðx; x0Þ; ð67aÞ

Ã1ðm2; x; x0Þ ¼ −U1ðx; x0Þ; ð67bÞ

and using (19) we can find the DeWitt-Schwinger coef-
ficients A0ðx; x0Þ and A1ðx; x0Þ. Therefore, from (22b), the
short-distance expansions of the biscalars W0ðx; x0Þ and
W1ðx; x0Þ read

W0ðx; x0Þ ¼ −
ffiffiffi
2

p
mA0ðx; x0Þ þ

A1ðx; x0Þffiffiffi
2

p
m

þOðm−3Þ;

ð68aÞ

W1ðx;x0Þ ¼−
ffiffiffi
2

p

3
m3A0ðx;x0Þþ

1ffiffiffi
2

p mA1ðx;x0Þ þOðm−1Þ;

ð68bÞ

where we employ the following short-distance expansion of
the DeWitt-Schwinger coefficients:

A0ðx; x0Þ ¼ A00ðxÞ þA01μðxÞσ;μ þA02μνðxÞσ;μσ;ν
þA03μνλðxÞσ;μσ;νσ;λ þOðσ2Þ; ð69aÞ

A1ðx; x0Þ ¼ A10ðxÞ þA11μðxÞσ;μ þOðσÞ: ð69bÞ

Using the above results, the finite DeWitt-Schwinger
contribution to the Hadamard expansion reads as follows:

1

4
ffiffiffi
2

p
π
Wðx; x0Þ ¼ −

m
4π

þ _a2

24a2mπ
−

ξ _a2

4a2mπ
þ ä
12amπ

−
ξä

2amπ
−
iqAmΔx

4π
þ iqAΔx _a2

24a2mπ
−
iqAΔxξ _a2

4a2mπ
þ iqAΔxä

12amπ

−
iqAΔxξä
2amπ

−
iqΔxÄ
48mπ

−
a2m3ϵ2

24π
þ q2A2mΔx2

8π
−
mϵ2ξ _a2

8π
þ amϵ2ä

48π
−
amϵ2ξä

4π

−
ϵ2 _a4

24a2mπ
þ ϵ2ξ _a4

4a2mπ
þ ϵ2 _aað3Þ

24mπ
−
ϵ2ξ _aað3Þ

4mπ
þOðϵ3Þ: ð70Þ

All the terms in the first three lines in (70) match the
remaining finite or vanishing terms in the adiabatic ex-
pansion (62). However, the four terms in the last line of (70)
do not appear in the adiabatic expansion (62). These terms
are of adiabatic order four and therefore do not appear in
the adiabatic expansion (62), where we have only consid-
ered terms up to and including the third adiabatic order.
Furthermore, these terms do not depend on the electro-
magnetic potential, are present for a neutral scalar field, and
do not appear to have been considered previously in the
literature.
Therefore, in three space-time dimensions, we find that

the DeWitt-Schwinger and adiabatic expansions of the
Green’s functions are not identical, although they have the
same short-distance singularity structure. They differ by
terms of order m−1, order ϵ2, and adiabatic order four.
These will make a finite contribution to the renormalized
SET, and arise from terms in Wðx; x0Þ proportional to
ðξ − 1

6
ÞR;μσ

;μ. In a locally covariant renormalization
scheme, such finite terms will make a local, purely geo-
metric contribution to the renormalized SET [48]. Here the
presence of these additional terms in the DeWitt-Schwinger

expansion means that it is not clear whether adiabatic
renormalization is a locally covariant renormalization
scheme in three dimensions. One would need to examine
all the adiabatic order four terms in the adiabatic expansion,
and compare with the DeWitt-Schwinger expansion in
order to address this question.2

VI. N = 4

A. Adiabatic expansion

In N ¼ 4 dimensions, the scalar curvature in terms of
the scale factor is R ¼ 6ð _a2a2 þ ä

aÞ, and therefore, from (26),
we have

χðtÞ ¼
�
6ξ −

3

4

�
_a2

a2
þ
�
6ξ −

3

2

�
ä
a
: ð71Þ

The adiabatic expansion of the Feynman Green’s function
up to and including the fourth adiabatic order is

2We thank the anonymous referee for their invaluable insight
on this point.
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−iGð4Þ
Adðt;x; t;x0Þ ¼ 1

2ð2πÞ3a3
Z

d3keik·ΔxððΩ−1
k Þð0Þ þ ðΩ−1

k Þð1Þ þ ðΩ−1
k Þð2Þ þ ðΩ−1

k Þð3Þ þ ðΩ−1
k Þð4ÞÞ: ð72Þ

We can systematically compute the momentum integrals using the same techniques as in two and three space-time
dimensions. The terms that only depend on jkj ¼ k can be easily computed in (standard) spherical coordinates. For
example, for n ¼ 0 we use the result

Z
2π

0

Z
π

0

eikϵ cosðθÞ sinðθÞdθdϕ ¼ 4π
sinðkϵÞ
kϵ

ð73Þ

to find

Ið0Þ4 ¼ 1

2ð2πÞ3a3
Z

d3k
eik·Δx

ω
¼ 1

ð2πÞ2a3
Z

dkk2
sinðkϵÞ
kϵ

1

ω
¼ 1

4π2
mK1ðmaϵÞ

aϵ
: ð74Þ

Terms that have an explicit dependence on k1 can be obtained from homogeneous integrals in the same way as in N ¼ 3,
namely

Z
d3k

kjeik·Δx

ωn ¼ −i∂xj

Z
d3k

eik·Δx

ωn ; ð75Þ

where the right-hand side of the equation is homogeneous in k and can be computed in spherical coordinates. The adiabatic
order one integral is then

Ið1Þ4 ¼ 1

4π2

�
iqAΔx

mK1ðmaϵÞ
aϵ

�
: ð76Þ

Similarly we can compute the subsequent adiabatic integrals. For n ¼ 2 we find

Ið2Þ4 ¼ 1

4π2

�
1

2
ð1 − 6ξÞ

�
_a2

a2
þ ä
a

�
K0ðmaϵÞ −m2ϵ2 _a2

24
K0ðmaϵÞ þmaϵ

12

�
_a2

a2
þ ä
a

�
K1ðmaϵÞ − Δx2q2A2

2

mK1ðmaϵÞ
aϵ

�
; ð77Þ

and for n ¼ 3 we have

Ið3Þ4 ¼ iqAΔx
4π2

�
1

2
ð1 − 6ξÞ

�
_a2

a2
þ ä
a

�
K0ðmaϵÞ −m2ϵ2 _a2

24
K0ðmaϵÞ þmaϵ

12

�
_a2

a2
þ ä
a

�
K1ðmaϵÞ

�

þ 1

4π2

�
iΔxq _A
12

_a
a
fmaϵK1ðmaϵÞ − K0ðmaϵÞg − iΔxq3A3

6

K1ðmaϵÞ
aϵ

−
iΔxqÄ
12

K0ðmaϵÞ
�
: ð78Þ

Using the same approach, we find the fourth adiabatic order integral Ið4Þ4 . The resulting expression is somewhat lengthy and
is given in Appendix A.
Using the short-distance expansion of the modified Bessel functions (44), we obtain the short-distance expansion of the

adiabatic expansion of the four-dimensional Feynman Green’s function as follows:
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−iGð4Þ
Adðt;x; t;x0Þ ¼ 1

2ð2πÞ2
�

2

a2ϵ2
þ 2iqAΔx

a2ϵ2
−
q2A2Δx2

a2ϵ2
−

_a2

3a2
þ 3ξ _a2

a2
−

ä
3a

þ 3ξä
a

þ _a4

4a4m2
−

3ξ _a4

a4m2
þ 9ξ2 _a4

a4m2

þ 29_a2ä
30a3m2

−
17ξ _a2ä
2a3m2

þ 18ξ2 _a2ä
a3m2

þ 3ä2

20a2m2
−

5ξä2

2a2m2
þ 9ξ2ä2

a2m2
þ q2 _A2

12a2m2
−

3_aað3Þ

10a2m2
þ 3ξ _aað3Þ

2a2m2

−
að4Þ

10am2
þ ξað4Þ

2am2
þ 1

12
iΔxqÄ −

iq3A3Δx3

3a2ϵ2
þ iΔx _aq _A

4a
−
iqAΔx _a2

3a2
þ 3iqAΔxξ _a2

a2
−
iqAΔxä

3a

þ 3iqAΔxξä
a

−
3

32
a2m4ϵ2 þ 1

6
m2ϵ2 _a2 þ 1

8
am2ϵ2ä −

3

4
m2ϵ2ξ _a2 −

3

4
am2ϵ2ξäþ q2A2Δx2 _a2

6a2

−
3q2A2Δx2ξ _a2

2a2
þ q2A2Δx2ä

6a
−
3q2A2Δx2ξä

2a
−
2ϵ2 _a4

45a2
þ ϵ2ξ _a4

4a2
þ 5ϵ2ξ _a2ä

4a
−

1

40
ϵ2ä2

þ 1

4
ϵ2ξä2 −

127ϵ2 _a2ä
720a

−
1

80
ϵ2 _aað3Þ þ 1

4
ϵ2ξ _aað3Þ þ 1

240
aϵ2að4Þ þ q4A4Δx4

12a2ϵ2
−
q2A _A _aΔx2

4a

−
1

24
q2Δx2 _A2 −

1

12
q2AÄΔx2 þOðϵ3Þ þ

�
ln

�
ϵ2m2a2

4

�
− 1þ 2γ

�
wln

�
; ð79Þ

where we have defined the quantity

wln ¼
m2

2
−

_a2

2a2
þ 3ξ _a2

a2
−

ä
2a

þ 3ξä
a

þ 1

2
iqAm2Δx −

iqA _a2Δx
2a2

þ 3iqAξ _a2Δx
a2

−
iqAäΔx

2a
þ 3iqAξäΔx

a

þ iq _a _AΔx
12a

þ 1

12
iqÄΔx −

1

4
q2A2m2Δx2 þ 1

16
a2m4ϵ2 þ q2A2 _a2Δx2

4a2
−

1

24
m2ϵ2 _a2 −

3q2A2ξ _a2Δx2

2a2

þ 3

4
m2ϵ2ξ _a2 þ ϵ2 _a4

16a2
−
3ϵ2ξ _a4

4a2
þ 9ϵ2ξ2 _a4

4a2
þ A2q2Δx2ä

4a
−

1

12
am2ϵ2ä −

3q2A2Δx2ξä
2a

þ 3

4
am2ϵ2ξä

þ ϵ2 _a2ä
16a

−
9ϵ2ξ _a2ä

8a
þ 9ϵ2ξ2 _a2ä

2a
−
3

8
ϵ2ξä2 þ 9

4
ϵ2ξ2ä2 −

q2A _A _aΔx2

12a
−

1

24
q2 _A2Δx2 þ 1

48
q2ϵ2 _A2

−
1

12
q2AÄΔx2 −

5

48
ϵ2 _aað3Þ þ 5

8
ϵ2ξ _aað3Þ −

1

48
aϵ2að4Þ þ 1

8
aϵ2ξað4Þ þOðϵ3Þ: ð80Þ

B. Hadamard/DeWitt-Schwinger expansion

The Hadamard expansion of the Feynman Green’s function in N ¼ 4 space-time dimensions is given by

−iGFðx; x0Þ ¼
1

2ð2πÞ2
�

Uðx; x0Þ
σðx; x0Þ þ iε

þ Vðx; x0Þ ln
�
σðx; x0Þ
l2

þ iε

�
þWðx; x0Þ

�
: ð81Þ

The coefficients Vðx; x0Þ andWðx; x0Þ can be expanded in powers of σðx; x0Þ as detailed in (5). In this case, the expansion of
Uðx; x0Þ in terms of σ only has one term, that is Uðx; x0Þ≡U0ðx; x0Þ. The coefficients Vnðx; x0Þ, U0ðx; x0Þ, and Wnðx; x0Þ
admit covariant asymptotic expansions (6). The relevant terms for renormalization of the SET are

U0ðx; x0Þ ¼ U00ðxÞ þ U01μðxÞσ;μ þ U02μνðxÞσ;μσ;ν þU03μνλðxÞσ;μσ;νσ;λ þU04μνλτðxÞσ;μσ;νσ;λσ;τ þOðσ5=2Þ; ð82aÞ

V0ðx; x0Þ ¼ V00ðxÞ þ V01μðxÞσ;μ þ V02μνðxÞσ;μσ;ν þOðσ3=2Þ; ð82bÞ

V1ðx; x0Þ ¼ V10ðxÞ þOðσ1=2Þ; ð82cÞ

where

U00 ¼ 1; ð82dÞ

U01μ ¼ iqAμ; ð82eÞ
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U02μν ¼
1

12
Rμν −

iq
2
DðμAνÞ; ð82fÞ

U03μνλ ¼ −
1

24
Rðμν;λÞ þ

iq
6
DðμDνAλÞ þ

iq
12

AðμRνλÞ; ð82gÞ

U04μνλτ ¼
1

80
Rðμν;λτÞ þ

1

360
Rρðμjψ jνRψ

λjρjτÞ þ
1

288
RðμνRλτÞ −

iq
24

DðμDνDλAτÞ −
iq
24

Dðμ½AνRλτÞ�; ð82hÞ

and in addition

V00 ¼
1

2

�
m2 þ

�
ξ −

1

6

�
R

�
; ð82iÞ

V01μ ¼ −
1

4

�
ξ −

1

6

�
R;μ þ

iq
2

�
m2 þ

�
ξ −

1

6

�
R

�
Aμ −

iq
12

∇αFαμ; ð82jÞ

V02μν ¼
1

24

�
m2 þ

�
ξ −

1

6

�
R

�
Rμν þ

1

12

�
ξ −

3

20

�
R;μν −

1

240
□Rμν þ

1

180
Rα

μRαν −
1

360
RαβRαμβν −

1

360
Rαβγ

μRαβγν

−
iq
4

�
m2 þ

�
ξ −

1

6

�
R

�
DðμAνÞ −

iq
4

�
ξ −

1

6

�
AðμR;νÞ −

q2

24
Fα

μFνα −
q2

12
Aðμ∇αFνÞα −

iq
24

∇ðμ∇αFνÞα; ð82kÞ

together with

V10 ¼
1

8

�
m2 þ

�
ξ −

1

6

�
R
�
2

−
1

24

�
ξ −

1

5

�
□R −

1

720
RαβRαβ þ

1

720
RαβγδRαβγδ −

q2

48
FαβFαβ: ð82lÞ

The explicit computation of the short distance expansion using the metric (23) and Aμ ¼ ð0; AðtÞ; 0; 0Þ results in

U0ðx; x0Þ
σðx; x0Þ ¼ 2

a2ϵ2
þ 2iqAΔx

a2ϵ2
−
q2A2Δx2

a2ϵ2
þ _a2

6a2
þ ä
6a

−
iq3A3Δx3

3a2ϵ2
þ iqAΔx _a2

6a2
þ iqAΔxä

6a
þ iq _a _AΔx

6a
þ q4A4Δx4

12a2ϵ2

−
q2A2Δx2 _a2

12a2
−

ϵ2 _a4

360a2
−
q2A2Δx2ä

12a
þ 2ϵ2 _a2ä

45a
þ 1

80
ϵ2ä2 −

q2A _A _aΔx2

6a
þ 1

60
ϵ2 _aað3Þ þOðϵ3Þ; ð83Þ

and

Vðx; x0Þ ln
�
σ

l2

�
¼ 1

24
m2ϵ2 _a2 −

ϵ2 _a4

24a2
þ ϵ2ξ _a4

4a2
−
ϵ2 _a2ä
24a

þ ϵ2ξ _a2ä
4a

þOðϵ3Þ þ wln ln

�
a2ϵ2

2l2

�
; ð84Þ

where wln is given by (80). We now combine (83), (84) and compare the result with the adiabatic expansion (79). As
anticipated, all singular terms in (83), (84) exactly match those in (79), but there are terms in (79) that are either finite or
vanishing as ϵ → 0 and that do not appear in the Hadamard parametrix.
To account for these additional terms, we turn to the DeWitt-Schwinger representation of the Feynman Green’s function,

obtained from Eq. (21), giving

Ã0ðm2; x; x0Þ ¼ U0ðx; x0Þ; ð85aÞ

Ã1ðm2; x; x0Þ ¼ −2V0ðx; x0Þ; ð85bÞ

Ã2ðm2; x; x0Þ ¼ 4V1ðx; x0Þ; ð85cÞ
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and

W0ðx; x0Þ ¼
�
−1þ 2γ þ ln

�
m2l2

2

��
V0ðx; x0Þ −

A1ðx; x0Þ
2

þA2ðx; x0Þ
2m2

þOðm−4Þ; ð86aÞ

W1ðx; x0Þ ¼
�
−
5

2
þ 2γ þ ln

�
m2l2

2

��
V1ðx; x0Þ −

m2A1ðx; x0Þ
8

þ 3A2ðx; x0Þ
8

þOðm−2Þ: ð86bÞ

For the short-distance expansions of the DeWitt-Schwinger coefficients we use

A1ðx; x0Þ ¼ A10ðxÞ þA11μðxÞσ;μ þA12μνðxÞσ;μσ;ν þOðσ3=2Þ; ð87aÞ

A2ðx; x0Þ ¼ A20ðxÞ þOðσ1=2Þ; ð87bÞ

as required for the renormalization of the SET. A lengthy but straightforward calculation then gives the short-distance
expansion of the coefficient Wðx; x0Þ to be

Wðx; x0Þ ¼ −
_a2

2a2
þ 3ξ _a2

a2
−

ä
2a

þ 3ξä
a

þ 29_a2ä
30a3m2

þ _a4

4a4m2
−

3ξ _a4

a4m2
þ 9ξ2 _a4

a4m2
−
17ξ _a2ä
2a3m2

þ 18ξ2 _a2ä
a3m2

þ 3ä2

20a2m2

−
5ξä2

2a2m2
þ 9ξ2ä2

a2m2
−

3_aað3Þ

10a2m2
þ 3ξ _aað3Þ

2a2m2
−

að4Þ

10am2
þ ξað4Þ

2am2
þ q2 _A2

12a2m2
þ 1

12
iΔxqÄ −

iqAΔx _a2

2a2

þ 3iqAΔxξ _a2

a2
−
iqAΔxä

2a
þ 3iqAΔxξä

a
þ iΔx _aq _A

12a
−

3

32
a2m4ϵ2 þ 1

8
m2ϵ2 _a2 þ 1

8
am2ϵ2ä −

3

4
m2ϵ2ξ _a2

−
3

4
am2ϵ2ξäþ q2A2Δx2 _a2

4a2
−
3q2A2Δx2ξ _a2

2a2
þ q2A2Δx2ä

4a
−
3q2A2Δx2ξä

2a
−
43ϵ2 _a2ä
240a

þ ϵ2ξ _a2ä
a

−
3

80
ϵ2ä2

þ 1

4
ϵ2ξä2 −

7

240
ϵ2 _aað3Þ þ 1

4
ϵ2ξ _aað3Þ þ 1

240
aϵ2að4Þ −

1

12
Δx2q2AÄ −

1

24
Δx2q2 _A2 −

Δx2 _aq2A _A
12a

þOðϵ3Þ

þ
�
ln

�
m2l2

2

�
− 1þ 2γ

�
wln; ð88Þ

where wln is given in (80). Combining (83), (84), (88), the
renormalization length scale l drops out of the resulting
expression, and the DeWitt-Schwinger Green’s function
reproduces precisely the adiabatic expansion of the
Feynman Green’s function (79).

VII. CONCLUSIONS

We have studied three approaches to the renormalization
of expectation values of operators acting on a charged
quantum scalar field: Hadamard, DeWitt-Schwinger, and
adiabatic. For any number of space-time dimensions greater
than or equal to 2, we have explicitly demonstrated that the
DeWitt-Schwinger representation of the Feynman Green’s
function has the Hadamard form, generalizing the result of
Ref. [39] for a neutral scalar field. The DeWitt-Schwinger
Green’s function corresponds to a particular choice of
the Hadamard coefficient Wðx; x0Þ depending on the back-
ground geometry, electromagnetic potential, and scalar
field parameters. This coefficient is set equal to zero in
Hadamard renormalization. As a result, while both

Hadamard and DeWitt-Schwinger renormalization yield
finite expectation values of the scalar field condensate,
charge current, and SET, the resulting renormalized SET
components will differ by a local, conserved, geometric
tensor, in accordance with Wald’s axioms [37].
Specializing to a background consisting of a spatially flat

FLRW universe in two, three, and four dimensions, with a
time-dependent electromagnetic potential, we calculated
the adiabatic expansion of the Feynman Green’s function
with spatial point splitting, working to the order required
for the renormalization of the SET. We also find expres-
sions for the Hadamard and DeWitt-Schwinger represen-
tations in this case, performing an asymptotic series
expansion in the spatial separation, again truncating the
expansion once we have sufficient terms for a computation
of the renormalized SET. The inclusion of a time-dependent
background electric field makes our expressions consid-
erably more complex than those for a neutral scalar.
As anticipated, all three representations of the Feynman

Green’s function (Hadamard, DeWitt-Schwinger, and adia-
batic) have identical terms singular in the coincidence limit.
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However, the terms which are finite (or vanishing) as the
spatial separation tends to zero do not always agree. In
two and four dimensions, the DeWitt-Schwinger and
adiabatic Green’s function match exactly, demonstrating
that adiabatic renormalization is a locally covariant
renormalization scheme for a charged scalar field in this
case. In three dimensions, we find terms in the DeWitt-
Schwinger Green’s function that are not present in the
adiabatic expansion. These terms are quadratic in the
spatial separation and hence make a finite contribution to
the renormalized SET. However, they are of higher
adiabatic order than required for the renormalization of
the SET, and hence have been ignored in the adiabatic
expansion. Therefore, in three dimensions, it is not
necessarily the case that adiabatic renormalization is a
locally covariant renormalization scheme.
Our results provide strong evidence for the robustness

of the adiabatic approach to renormalization for a charged
scalar field in even dimensions. Assuming that the back-
ground electromagnetic field is of adiabatic order one,
adiabatic renormalization gives the correct conformal
anomaly [21]. We have further demonstrated that the
results for the renormalized scalar condensate, charged
scalar current, and SET obtained using the adiabatic
approach are identical to those arising from DeWitt-
Schwinger renormalization. In odd dimensions, the sit-
uation is less clear. Further investigation of higher-order

adiabatic terms is required in order to ascertain whether
adiabatic renormalization is a locally covariant renorm-
alization prescription.
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APPENDIX A: N = 4 DETAILS

The adiabatic function ðΩ−1
k Þð4Þ is

ðΩ−1
k Þð4Þ ¼ 35k41q

4A4

8a8ω9
−
15k21q

4A4

4a6ω7
−
15k21q

2A2χ

4a4ω7
þ 3q4A4

8a4ω5
þ 3q2A2χ

4a2ω5
þ 3χ2

8ω5
−
315m4q2k21A

2 _a2

16a6ω11
þ 35m2k21q

2A2 _a2

4a6ω9

þ 35m4q2A2 _a2

16a4ω9
þ 35m4χ _a2

16a2ω9
þ 15k21q

2A2 _a2

16a6ω7
−
5m2q2A2 _a2

4a4ω7
−
5m2χ _a2

2a2ω7
−
3q2A2 _a2

16a4ω5
þ 5χ _a2

16a2ω5
þ 1155m8 _a4

128a4ω13

−
231m6 _a4

16a4ω11
þ 357m4 _a4

64a4ω9
−

3m2 _a4

16a4ω7
þ 3_a4

128a4ω5
þ 35m2k21q

2A2ä
8a5ω9

−
15k21q

2A2ä
8a5ω7

−
5m2q2A2ä
8a3ω7

−
5m2χä
8aω7

þ 3q2A2ä
8a3ω5

þ 5χä
8aω5

−
231m6 _a2ä
32a3ω11

þ 315m4 _a2ä
32a3ω9

−
81m2 _a2ä
32a3ω7

−
3_a2ä

32a3ω5
þ 21m4ä2

32a2ω9
−
3m2ä2

4a2ω7
þ 3ä2

32a2ω5

þ 35k21m
2 _aq2A _A

4a5ω9
−
5k21q

2A _A _a
4a5ω7

−
5m2 _aq2A _A
4a3ω7

þ _aq2A _A
4a3ω5

−
5k21q

2 _A2

8a4ω7
þ q2 _A2

4a2ω5
−
5k21q

2AÄ
4a4ω7

þ q2AÄ
4a2ω5

−
5m2 _a _χ

8aω7
þ 5_a _χ

8aω5
þ χ̈

8ω5
þ 7m4 _aað3Þ

8a2ω9
−
m2 _aað3Þ

a2ω7
þ _aað3Þ

8a2ω5
−
m2að4Þ

16aω7
þ að4Þ

16aω5
; ðA1Þ

where χ is given by (71). The integral of fourth adiabatic order

Ið4Þ4 ¼ 1

2ð2πÞ3a3
Z

d3keik·ΔxðΩ−1
k Þð4Þ ðA2Þ

can be split into two parts as follows:

Ið4Þ4 ¼ Ið4ÞEM þ Ið4ÞGR; ðA3aÞ
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where

Ið4ÞEM ¼ K1ðmaϵÞ
576π2maϵ

½−12m2aϵ2Δx2 _aq2A _Aþ 6ϵ2q2 _A2 þ q2A2m2Δx2ð6q2A2Δx2 − a2ϵ2RÞ�

þ K0ðmaϵÞ
192π2

Δx2
�
4
_a
a
q2A _Aþ 2q2 _A2 þ 4q2AÄþ q2A2ðm2ϵ2 _a2 þ 2ð6ξ − 1ÞRÞ

�
; ðA3bÞ

Ið4ÞGR ¼ K0ðmaϵÞ
5760π2

a2ϵ2
�
6ð43 − 240ξÞ _a

2ä
a3

− 11m2
ϵ2 _a2ä
a

− 7m2
ϵ2 _a4

a2
þ 18ð3 − 20ξÞ ä

2

a2
þ 6ð7 − 60ξÞ _aa

ð3Þ

a2
− 6

að4Þ

a

�

þ K1ðmaϵÞ
23040mπ2

aϵ

�
½5m4a4ϵ4 þ 720ð1 − 6ξÞ2 þ 16m2a2ϵ2ð45ξ − 8Þ� _a

4

a4
þ 48ða2m2ϵ2 − 18þ 90ξÞ _aa

ð3Þ

a2

þ 8½348þ 180ξð36ξ − 17Þ þm2a2ϵ2ð1þ 90ξÞ� _a
2ä
a3

þ 288ð5ξ − 1Þ a
ð4Þ

a
þ 36½12þ a2m2ϵ2 þ 40ξð18ξ − 5Þ� ä

2

a2

�
:

ðA3cÞ

APPENDIX B: σ, Δ1
2

The defining equation for the geodesic interval σ is

2σ ¼ gμνσ;μσ;ν: ðB1Þ
For the space-time defined by the metric (23), the above
relation takes the form

2σ ¼ −ð∂tσÞ2 þ
1

a2
ð∂iσÞ2 ≡ −ð∂tσÞ2 þ

1

a2
ð∂ϵσÞ2: ðB2Þ

For small space-time separations, we propose the following
ansatz

σ ¼
X∞
n¼2

Xn
i¼0

cn;iðtÞðΔtÞiðϵÞn−i; ðB3Þ

where the coefficients cn;i depend only on the time t and
satisfy the boundary conditions c2;2 ¼ − 1

2
, c2;1 ¼ 0, and

c2;0 ¼ a2
2
. Although we are interested in the case with

Δt ¼ 0, to compute a short-distance expansion for σ we
need to include all the above terms.
Inserting (B3) into (B2) and grouping terms with the

same short-distance order n, we can iteratively obtain the
higher order terms from the lowest orders. The first few
nonvanishing coefficients are

c3;1 ¼ −
1

2
a _a; c4;0 ¼

1

24
a2 _a2; c4;2 ¼

1

6
aä;

c5;1 ¼ −
1

24
ða _a3 þ a2 _a äÞ; c5;3 ¼

1

24
ð _a ä−aað3ÞÞ;

c6;0 ¼
1

720
ða2 _a4 þ 3_a2äÞ;

c6;2 ¼
1

720
ð31a _a2äþ 8a2ä2 þ 9a2 _aað3ÞÞ;

c6;4 ¼
1

360a
ð6_a2ä − 7aä2 − 6a _aað3Þ þ 3a2að4ÞÞ: ðB4Þ

The defining equation for the Van Vleck–Morette deter-
minant Δ1

2 is

∇μ∇μσ ¼ N − 2Δ−1
2Δ

1
2
;μσ;μ: ðB5Þ

In flat FLRW coordinates and in terms of ϵ, the above
equation reads

− ∂
2
t σ − ðN − 1Þ _a

a
∂tσ þ ðN − 2Þ ∂ϵσ

a2ϵ
þ ∂

2
ϵσ

a2

¼ N þ 2

Δ1
2

�
∂tΔ

1
2∂tσ −

∂ϵΔ
1
2∂ϵσ

a2

�
: ðB6Þ

As for the geodesic distance, we propose the following
short-distance expansion for Δ1

2

Δ1
2 ¼ 1þ

X∞
n¼2

Xn
i¼0

fn;iðtÞðΔtÞiðϵÞn−i; ðB7Þ

where again the coefficients fn;i depend only on t. Inserting
the ansatz (B7) together with (B3) into the defining
equation, we can iteratively find the coefficients of the
expansion. The second order coefficients are

f2;0¼
1

2
ðaäþðN−2Þ _a2Þ;

f2;1¼0;

f2;2¼−
ðN−1Þä
12a

: ðB8Þ

As expected, our expansion coincides with the short-
distance covariant expansion of the Van Vleck-Morette
determinant, given, for example, in [26].
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