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Asymptotic dynamics and charges for FLRW spacetimes
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We investigate the asymptotia of decelerating and spatially flat Friedmann-Lemaitre-Robertson-Walker
(FLRW) spacetimes at future null infinity. We find that the asymptotic algebra of diffeomorphisms can be
enlarged to the recently discovered Weyl-Bondi-van der Burg-Metzner-Sachs (BMS) algebra for
asymptotically flat spacetimes by relaxing the boundary conditions. This algebra remains undeformed
in the cosmological setting contrary to previous extensions of the BMS algebra. We then study the
equations of motion for asymptotically FLRW spacetimes with finite fluxes and show that the dynamics is
fully constrained by the energy-momentum tensor of the source. Finally, we propose an expression for the
charges that are associated with the cosmological supertranslations and whose evolution equation features a
novel contribution arising from the Hubble-Lemaitre flow.
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I. INTRODUCTION

The study of the asymptotic region of an isolated self-
gravitating source dates back to the pioneering work of
Bondi, van der Burg, Metzner, and Sachs (BMS) [1-3].
These works initiated a rigorous research program to study
gravitational waves in asymptotically flat spacetimes; see,
e.g., [4-6] for a review.

Over the past years, there has risen some interest in the
asymptotia of a cosmological setting, with a special focus
on decelerating and spatially flat Friedmann-Lemaitre-
Robertson-Walker (FLRW) spacetimes. These geometries
are endowed with a future null infinity and, in addition, are
employed to describe the radiation- and matter-dominated
epochs in the evolution of the universe [7]. The geomet-
rical foundations of decelerating and spatially flat
FLRW spacetimes at future null infinity have been initiated
in [8-10].

There are several reasons to perform and deepen into
these studies. From a phenomenological point of view, it
is essential for the transition from asymptotically flat
toward cosmological spacetimes, and FLRW is the most
natural candidate to begin with. It also proves rewarding to
investigate whether the increasingly refined technical
tools and relations, introduced in the context of
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asymptotically flat spacetimes, hold in more realistic
scenarios. A prominent example is to discern whether
the infrared triangle [5,11] connecting asymptotic sym-
metries, soft theorems, and memory effects in asymptoti-
cally flat spacetimes survives in cosmological spacetimes
and, either way, which are the possible modifications and
interpretation.

Rather astoundingly, the literature regarding the infrared
structure of cosmological spacetimes is very limited. The
first attempt belongs to Hawking who proposed that the
asymptotic symmetry group of asymptotically FLRW
spacetimes reduces to its global symmetry group [12].
Nevertheless, only very specific dust-filled universes with
negative spatial curvature were considered, while the most
recent studies [8—10] treat spatially flat universes allowing
for general matter content. In the past years, several related
studies have been performed in various directions: from
the study of FLRW at timelike infinity [13] to the
asymptotic symmetries with nonvanishing cosmological
constant [14—17]; and from the relation between adiabatic
modes and soft theorems [18-21] to memory effects in de
Sitter and ACDM cosmologies [22-28].

In this work, we push forward the most recent
studies [8—10] on asymptotically decelerating and spatially
flat FLRW spacetimes at future null infinity in two
principal directions.

On the one hand, from a purely geometrical perspective
—and motivated by the recent extension of the asymptotic
algebra of diffeomorphisms in asymptotically flat
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spacetimes [29] denoted Weyl-BMS algebra—we relax the
strong Bondi gauge and allow the diffeomorphisms to
change the determinant of the metric on the celestial sphere.
The asymptotic algebra turns out to be isomorphic to the
Weyl-BMS algebra, in contrast to the one-parameter
deformations of the BMS and generalized BMS algebras
introduced in [10]. This shows that the Weyl-BMS algebra
is more rigid to deformations than the other extensions.

On the other hand, we focus on the dynamics and
develop the first on-shell analysis for these cosmological
asymptotic metrics in general relativity by investigating the
asymptotic Einstein equations. In particular, we explicitly
solve the equations of motion for a subclass of metrics
compatible with the supertranslationlike diffeomorphisms.
The resultant analysis shows that the dynamics at future
null infinity is completely determined in terms of the
energy-momentum tensor, contrary to asymptotically flat
spacetimes, where the Bondi news is unconstrained and the
tensor degrees of freedom propagate.

Finally, as a third result and benefiting from the
previous analysis, we propose suitable candidates for
supertranslationlike charges in certain simplified settings
whose evolution involves a novel Hubble term compared
to asymptotically flat spacetimes. The structure of this
paper is as follows. In Sec. II, we briefly review asymp-
totically FLRW spacetimes from the perspective of [9,10].
In Sec. III, we allow for Weyl transformations and obtain
the asymptotic algebra of diffeomorphisms. Adopting
general relativity as our gravity theory, in Sec. 1V, we
develop an on-shell analysis of our cosmological space-
times, with a special emphasis on the subset of metrics
consistent with the absence of Weyl diffeomorphisms.
This subset of metrics is used in Sec. V, where we
introduce charges for the supertranslationlike asymptotic
diffeomorphisms. We conclude with a summary of results
and future research in Sec. VI. Finally, we relegate the
asymptotic Lie derivatives and a complementary analysis
of the Weyl scalars for our metrics to Appendixes A and B,
respectively.

Notation: We generally use “mathfrak” font for the
algebras, e.g., bm$ for the BMS algebra. Indices on the
sphere are denoted by capital latin letters A, B, C, .... These
indices are raised and lowered with the leading term g,z of
the expansion of the metric on the sphere. D, denotes the
covariant derivative with respect to g4 5. The Ricci scalar on
the two-sphere is denoted by R, while Ry, and RFLRW
denote the Ricci scalar on the four-manifold of asymptoti-
cally flat and exact FLRW spacetime. AG,, =G, —
GiRW stands for the difference between the Einstein
tensor of asymptotically FLRW and exact FLRW. We
use & for the variations along the phase space; e.g., 6f
denotes the action on the phase space of a vector field
generated by f. The Hubble scale is given by H = 9,a,
where a is the conformal expansion scale factor of FLRW.

II. REVIEW OF ASYMPTOTICALLY FLRW
SPACETIMES

We briefly review the asymptotia of spatially flat FLRW
and the treatment of asymptotically decelerating spatially
flat FLRW universes at future null infinity Z+. We refer the
reader to [9,10] for more details.

A. FLRW spacetimes and their asymptotia
The metric of spatially flat FLRW spacetimes is given by

ds? = —dr* + a*(t)(dr? + r?dQg),

1\
a(t)=(— , (2.1)
Io
and is sourced by a perfect fluid
T;w = (e + p)uuﬁv + pg/w’ (22)

where #* = {1,0,0,0} is the fluid four-velocity in the
comoving frame, e « a3+ is the energy density, p is
the pressure, and they are related by the equation of state
p = we with w being a real constant.

These metrics are related to the Minkowski metric by a
Weyl transformation. Indeed, using the conformal time
dn = dt/a(t) and Bondi coordinates

r=1/x'x

u = l’] - .xi.xl', i
x' + ix? _ xb—ix?
= = = = (2-3)
x° 4/ x'x; x° 4/ x'x;

the spatially flat FLRW metric reads as

457
ds? = a*(u, r <—du2 — 2dudr + 7dzd2>,
(,7) (1+272)?

au, r) = <”LL ”)k,

where L is a length scale and k =2/(3w + 1).

These spacetimes can be divided into decelerating
(k> 0) and accelerating (k < 0). The corresponding
Penrose diagrams (see, e.g., [7,30]) are shown in Fig. 1.

Comparing the asymptotic regions of a lightlike geo-
desic, it is clear that only decelerating FLRW spacetimes
have a future null infinity Z*. For this reason, we will
restrict ourselves to decelerating universes in this paper,
leaving the investigation of accelerating FLRW spacetimes
for future work.

Finally, the nonvanishing components of the Einstein
tensor of the exact FLRW background (2.4) are given by

(2.4)
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initial singularity i°
FIG. 1.
3k? 3k?
GELRW _ =" 1+ O3,
i (wu+r? r +0()
3k? 3k?
GFLRW _ =22 Lo,
ur (u + r)2 r2 + (r )
2k(1+k)  2k(k+1) _
G = w+n? 9 +O0™),
r’k(k—2)y.
GFLRW — i = rekk=2)400). (25)

The energy-momentum tensor in Bondi coordinates for a
perfect fluid is easily obtained from (2.2) and is given by

e e 0 0
e e+ 0 0

T, = a P 5 (2.6)
0 0 0 Pry.s

o
[S)

0 Pry:z 0

Since the energy density scales like e & a>+1) and the
evolution of the scale factor in terms of conformal time is
given by a x nﬁ the energy-momentum tensor overall
behaves as

1 1 0 0
2(k+1)
_ aje I =% 0 0 (27)
“ou+r)?2l 00 0 23—‘kkr2yZZ T
0 0 Z—_kk r2}/ZZ 0

which is consistent with the Einstein tensor (2.6).

future infinity

past infinity

Penrose diagram of spatially flat decelerating FLRW (left) and accelerating FLRW (right).

B. Asymptotically decelerating and spatially
flat FLRW spacetimes

In this section, we briefly recapitulate the ansatz and
results for asymptotically decelerating spatially flat FLRW
spacetimes obtained in our previous works [9,10].

1. Working ansatz

To define which class of spacetimes asymptotes to
decelerating and spatially flat FLRW at Z™, the following
conditions have been imposed in [9,10]:

(1) The background metric that is the metric in which all

the asymptotic expansion coefficients vanish is the
exact FLRW in Eq. (2.4).

(i) The strong Bondi gauge and frame are satisfied,

meaning that

9rr = 07 9ra = O’

g
9, det(ﬁ) =0, &/det(gup) =0, (2.8)

where the indices A, B € {z,z} label the angular
coordinates. These conditions will be preserved by
the action of the asymptotic symmetries; see Ap-
pendix A for details. To be precise, the first three
equations are gauge conditions, while the fourth one
is a boundary condition on the celestial sphere. The
latter can be relaxed as we shall see in Sec. IIL

(iii) Allowance of cosmological perturbations preserves
(to leading order) homogeneity, isotropy, and spatial
flatness, and leaves the equation of state of the
background fluid invariant in the limit r — oo.

(iv) The boundary conditions are preserved, meaning
that no overleading terms are generated in the r
expansion upon application of asymptotic diffeo-
morphisms.
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(v) Trace and components of the Einstein tensor cannot
diverge in the limit » — oo, when integrated over the
comoving sphere. Assuming general relativity, these
conditions translate directly into certain require-
ments for the energy-momentum tensor. In particu-
lar, we assume the following falloff conditions of the
energy-momentum tensor

T, :O(r_z)’ Tur:O(r_z)’ T s :O(r_l)’
Trr:O(r_z)’ Ty :O(r_l)’

These considerations led to the following class of
metrics [10]1:

2k 2 K 1
ds? = <“LF ”) {_<1 —CI)—Tm>du2 —2(1 —7>dudr—2<r®A +U, —l—;NA)dudxA

1
+ <rZQAB + rCAB +DAB +2CACCg>dxAde + .. }

It represents an expansion in powers of 1/r for r — oo,
where all the expansion coefficients are functions of u, z,
and Z, except for g4p which only depends on the angular
coordinates z and Z.

Before continuing, let us point out that the ansatz (2.10),
as well as the asymptotic diffeomorphisms preserving it,
has been proven to give the correct flat limit when &k — 0
in [10]. Furthermore, ®, m, and K transform as scalars
under spatial rotations while ®,, Uy, and N, transform as
vectors, and g4, C4p, and D, as tensors. The determinant
condition in Eq. (2.8) implies C,p and D,p to be traceless.
By comparing the expansion (2.10) to the asymptotically
flat expansion, we expect the parameter m to be related to
the mass of a central inhomogeneity, C45 to the gravita-
tional radiation, and N4 to the angular momentum aspect of
the spacetime. However, it is important to stress that the
treatment so far has mostly been off-shell and that different
coefficients do not yet have a sharp physical interpretation.

In [10] it is also shown that the ansatz (2.10) naturally
includes white holes but, to include simple cosmological
black hole metrics like Sultana-Dyer, Thakurta, and
Vaidya, the expansion in 1/r has to be extended with
logarithmic terms. As expected, the logarithmic ansatz does
not generally satisfy the peeling property but preserves the
asymptotic algebra.” In addition, we comment that a u-
dependent metric on the sphere g,5 would imply a2g,,, o
O(r) because of the closure of the metric under the action
of the asymptotic diffeomorphisms. However, this term is
not compatible with the third condition leading to our
ansatz.

These observations play an important role in the forth-
coming on-shell analysis of Sec. IV.

(2.10)

|
2. Asymptotic algebra of diffeomorphisms

The asymptotic diffeomorphisms and their action on the
asymptotic data for the class of metrics in Eq. (2.10) have
been computed in the case of local conformal Killing
vectors (CKV)-superrotations [9] and in the case of
Diff($?) diffeomorphisms [10]. In Sec. III, we will allow
for local Weyl transformations.

For the time being, it is instructive to review the structure
of the asymptotic algebra at future null infinity Z*. In
such a limit, and using the new parameter (1 + s)=
(14 2k)/(1 + k), the asymptotic diffeomorphisms become

Elf(z,2), VA(z,2)] = (f +g(1 + s)DAVA) 0, + VAd,,

(2.11)

where f(z,Z) and V4(z,Z) denote, respectively, super-
translation- and superrotationlike transformations. Their
Lie bracket gives

E[F. V4] = [Elf. VAL VAL (2.12)

where the hatted gauge parameters read as

. 1

F=VAD,f' = VAD,f + ( —2|—s) (fDAV"A = f'DAVY),
(2.13)

VA = VBDRV'A — V'BD VA, (2.14)

'Note that the sign of the coefficients in the dudx* part of the metric follows the convention of [9,10] and is the opposite to the sign

convention in asymptotically flat spacetimes.

*We remark that the logarithmic terms enter at subleading order and, therefore, should be included in our on-shell analysis of Sec. IV
and adequately treated. Such an analysis is beyond the scope of this paper, but we expect that it will not distort the essence of the results

contained herein.
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We obtain a one-parameter deformation of the extended
BMS algebra [31,32] denoted as bms, ~ (witt ®
witt) X, 8,, where the vectors V4 are local CKV on $2,
and a deformation of the generalized BMS algebra [33,34]
denoted as gbms, ~ vect(S?) X, 8,, where the vectors V4
are smooth diffeomorphisms on the sphere.’ Both reduce
to a one-parameter deformation of the original BMS
algebra b, ~ 80(1,3) X 8,, found in [8], when restricting
to the six V4 that are global CKV on S2.*

These algebras are clearly one-parameter deformations
of the original, extended, and generalized BMS algebras,
where the deformation parameter s is directly related to the
equation of state of the background fluid and unveils a
cosmological holographic flow deformation at the level of
the asymptotic algebras. In Sec. III B, we will notice that
the deformation of the Weyl-BMS algebra becomes trivial
when we allow for Weyl transformations.

As a final comment, we briefly note that in [10] it was
pointed out that the deformed extended BMS algebra bms;
corresponds to the element W (— % ,— % ;- % ,— %) of
the four-parametric family of deformations of bms3,
denoted by W(a, b;a,b) [35,36]. Furthermore, it was
shown in [37] that, after a change of topology from S?
to the doubly punctured plane C*, the deformed generalized
BMS algebra gbmsg, can be viewed as the member
gW (==, -1, 155y of the three-parametric family of
deformations of gbms, called gW(a, b;a) [37].

III. BMSW-LIKE DIFFEOMORPHISMS IN FLRW

In this section, we allow for Weyl-BMS transformations
in asymptotically decelerating and spatially flat FLRW
spacetimes, following the corresponding treatment in
asymptotically flat spacetimes [29]. In the rest of the paper,
we will assume that the leading asymptotic coefficients @,
®,4, and g,p are u-independent. This choice implies finite
fluxes through the boundary and will be motivated by our
on-shell treatment in Sec. IVA.

A. Residual transformation in Bondi gauge

We analyze the residual diffeomorphisms for the on-shell
metrics (2.10) starting from

1
E= f"(u, z Z)au + [ré:r(\/)(z’ Z) + é:r(O) 4 ;é:r(l) + .. } a,

1 1
+ [VB(Z,Z) + 8P S ] 9. (3.1)

3bed(52) denotes the algebra of globally defined vector fields
on the sphere.

For a comparison between our results and those of [8], we
refer the reader to [9,10].

where dots stand for subleading terms in 1/r that enter the
O(r™?) in aL.g,, in Appendix A. We emphasize that,
contrary to previous works [9,10], we do not require the
determinant of the metric on the sphere to be fixed. Instead
of the strong Bondi gauge, we follow [29] and use the
Bondi gauge

9 =0,  ga=0, 9 det <%> =0. (32)

The condition on Lg,, is already verified by the ansatz.
The vanishing of L:g,4 leads to the following restrictions:

&) = —p,ev, (3.3)

1
51(42) = 5 <KDA§" - CABfBU))-

(3.4)
To satisfy the determinant condition, we have to demand that

AB _ AB _ (4B AB _
q*°Cup =0, q"°Spp=C*"Fup and that ¢*°K, p=
CABSAB - C’éCCBFAB + (DAB +%C‘é~CCB)FAB, where KAB’
Sap, and F,p are defined in (A6). This leaves the leading
order contribution to the spherical metric arbitrary, which
means that the coefficient £(Y) in the expansion (3.1) joins
f and VA as a free parameter. Besides, we obtain

1 1 1
gr(O) — m _EDAé:A(l) _EGADAé:u 4 kuér(V) _ kf“ ,

(3.5)

1
21+ k)
— D) + UAD &),

&) = [CAOADPE = 2w ) - ugr® — ug)

(3.6)
The remaining requirements come from L:g,, = O(r),

L:g,, = O(1),and L,g,, = O(r~'). Altogether they trans-
late into

2,VA =0,V =0, (3.7)
0,8 = —(1 +2k)&™ (3.8)
= &= f(z.2) —u(1+ 2V (z.2).  (3.9)

B. Asymptotic algebra

At r — o0, r = const, our diffeomorphisms become

E[f(2.2).6WV(z,2), VA(z,2)]

= [f = u(1 4+ 2k)&M]a, + VAa,, (3.10)

leading to the asymptotic algebra

024039-5
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Vip = [Vb V2]Lie’ (3-11)

&) =viE - vy, (3.12)

Fo=VilfHl-Valfil - (1 +20) (1,8 - £,67). (3.13)

We see that £ and &(") transform as scalars under Diff($?),
while f also transforms as a weight-(1 + 2k) section of the
scale bundle. An alternative way to visualize the algebra is
to compute

EF &0, 0] = [eF, &), VAL el e VA,

where

(3.14)

F=VADLf = VAD,f — (1 + 2k)[f&V) — frerVl],
VA = VEDRV'A — V'EDRVA,

‘Z;r(V) _ VADAé:r(V)’ _ V/ADAfr(V). (315)
Thus, we obtained the algebra bmsw, ~ (vect(S?) X
w) X, 8, which one would naively regard as a deformation
of bm3w obtained in [29]. Nevertheless, the fact that the
Weyl generators £(Y) are independent of V4 allows us to
rescale the former such that the algebra bmgw, is iso-
morphic to the Weyl-BMS algebra bmgw. This differs
from the bmg; and gbmg, algebras, where the one-
parameter deformation is nontrivial and cannot be removed
by a simple rescaling of the generators. As a consequence,
we observe that the bmgwp algebra is more universal
because it is more rigid toward deformations than bmsg
and gbma.

Let us explore the algebra (3.15) in a different basis by
embedding vect(S?) into vect(C*), changing the topology
to admit two punctures at the poles. In this case, the vector
field in (3.10) can be expressed as

g(qu’ 0’ O) = Tp,q = szqau’ (316)
£0.657.0) =W, , = —(1+2k)zPZ%u0,.  (3.17)
5(0, 0, Vg’m) = Em,n = _Zm+lznaz’ (318)

5D = VAD,® — 20,0 —2k(1 — ®)&"V) —

2(1 - q))aufu + 2®Aau§A(1)v

£(0,0,V%,) = L, = —2"2" 0. (3.19)

In terms of this basis, we obtain the following nonvanishing
commutators:

[Lonns Lrs] = (m = 1)L s (3.20a)
[Lonms Lrs] = (0= $)Lrsrniss (3.20b)
[Lonns Lys) = =T Lo ymis + Loy (3.20c¢)
[Lonns Wpal = =PWpim g (3.20d)
Lo Wpg) = =W pimgin (3.20e)
[Lons Tp’q] = =P pimgins (3.20f)
[zm.m Tp.q] =—qT p 1 mgrn (3.20g)
(W Tp_q] = (L +26)T psgin- (3.20h)

It is now evident that the factor (1 -+ 2k) in the last
commutator can easily be removed by a rescaling of
W, leading to the isomorphism bmgw, ~ bmsw.’

As a final comment, let us note that a very similar algebra
to (3.20) with witt-superrotations instead of vect(C*) has
been uncovered in Eq. (2.31) of [38]. There, the authors
performed a near-horizon analysis where the surface
gravity k plays exactly the same role as the factor (1 +
2k) in Eq. (3.20h). A major difference is that in their case k
cannot be reabsorbed due to the fact that the value k = 0 is
included, whereas in our case (1 + 2k) # 0. We also note
that our parameter k can be identified® with the level of the
conformal Carroll algebra [39]. In particular, by explicit
comparison of our BMSW-like vector field (3.10) and the
conformal Carroll vector field of level k€ [see Eq. (IV.8)

in [39] with d = 2], we get V,VAkC = —(1 + 2k)& V).

C. Action of the asymptotic diffeomorphisms

For completion and posterior use, we give the explicit
variations of the asymptotic coefficients under the asymp-
totic diffeomorphisms (3.1):

(3.21)

om = Ed,m + VADm — k(1 — ®)&" — [(1 = 2k)m — ku(1 — ®)]&"V) — k(1 — @)

1
+K0,8" = 0,8V +mo, &' + Upd, &'V + 584D, ® + 0,9,

(3.22)

It would be very interesting to explore the family of linear deformations of bms, similar to W(a, b; a, 1_7) for bmsg [35,36] and

gW(a, b;a, b) for gbms [37].

®We thank the anonymous referee for suggesting this relationship.
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6K = £"0,K 4+ VADLK + K0,&" — 0,4 4 2k(ue'V) — g — &) 4 2kkE V),

8qap =2(1+ k)" qap + Lyqap,

6Cap = €"0,Cap + LyCap + (1 +2k)Cap&™") + Loaatygag + OpDpE" + OpD 4 E"

+2qap[(1 + K& — kug ™) + ke,

80, = LyOx + (1 +2k)0,8"Y) = 0,EY) + 040, + 450, &Y,

SNg = §"0,Na + LyNa = (1= 2k)N4&™") + Na0,&" + Loy Up + L O
+ KDAé:r(O) _ DAfr(l) +2mD & + 2kUA(§’(0) s u§r<V>)

(3.23)
(3.24)
(3.25)
(3.26)

8Uy = E9,Up + LyUy + Lc Oy + 2kO, (84 + &0 — ueV)) — D0 + KD, &)
— (1 = D)D4E" + Up0,E" + Cap0, 5V + 2kUEY) + 0,80 + ¢,50,EY (3.27)

1

+ 2k®A[’42§r(V> - u('fr(o) +&) + fr(l)] + 0, + (DAB + ECACCE) 2,E5M

(3.28)

+ Cyp0,E82),

IV. EQUATIONS OF MOTION

So far, we have reviewed the geometrical analysis
performed in [9,10] and extended it to allow for Weyl
transformations. Nevertheless, this treatment is off-shell,
in the sense that we did not make explicit use of the
equations of motion. In this section, we adopt general
relativity as our gravity theory and perform an on-shell
analysis. This means that we analyze the Einstein tensor as
an expansion in 7L, such that the expansion coefficients

G,(f,) are defined by

1 G\l
Gpw = Rﬂl/ - Eg/,wR = Z P (41)
and the Ricci scalar is expanded as
r+u\ 2k SR
R = — 4.2
()25 (42)

In the following, we compute the Einstein tensor and
impose the falloff behavior of the asymptotic FLRW
energy-momentum tensor (2.9) to find conditions on the
metric functions and thus on the space of solutions.

A. Metrics with finite fluxes

We begin by introducing the leading uwu and uA
components of the Einstein tensor obtained from the
ansatz (2.10):

[
nglu) = _(1 + k)auq) - qAB(DBau®A + (1 + 2k)®Aa“®B)’
(4.3)

1
Gyd = =50, (4.4)

It can easily be observed that these components lead to
linearly divergent fluxes at large r.’

As a consequence, we restrict ourselves to the solutions
in which these components vanish, which is equivalent to
imposing 9,® = 9,0, = 0. This choice is consistent
because the variations 6@ and 60, generated by means
of asymptotic transformations are u-independent if we start
with @ and ®, which do not depend on u, as can be quickly
noticed from (Al) and (A4).

The resulting metrics satisfy a series of properties that
make them suited for a Bondi analysis. First, it is easy to
notice that all the leading terms are u-independent, such
that only the subleading terms can be dynamical. This is
equivalent to taking as a boundary the equivalence class of
unperturbed FLRW metrics allowed by bmgw transforma-
tions, while the potential dynamics is restricted to the
subleading terms m, K, U, and C4p. The latter transform,
respectively, as scalars, vector, and tensor encoding (up to
combinations) a maximum of 6 degrees of freedom, which
can be reduced after imposing the remaining equations of
motion. Second, one can check that the resulting G,,

"The presence of u-dependent leading terms, such as ®(u),
©4(u) and g45(u), would be necessary if one wants to describe
dynamical perturbations of the FLRW boundary among our
boundary metrics.
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components are of the same order in r as the perfect fluid
background, which is a reminiscence of the analysis
performed in [8]. This guarantees that not only the G,,
components but also their fluxes through future null infinity
I+ are finite.

B. Asymptotic Einstein equations
and degrees of freedom

Following the analysis of the previous subsection,
we analyze the equations of motion and corresponding
|

1

degrees of freedom for the on-shell ansatz (2.10)
with 6u<I> = 0u®A = 0quB = O

1. General case

In this section, we will present the leading Einstein
equations and classify them in scalar, vector, and tensor
equations.

a.Scalar equations.—We start with the leading expression
Of Gum

1
G =-0,C130,CA8 + D43, UA +2(1 + k)a, (m + ®K) + 5 (9acqp = 44p495c) DO DPOC

MM_4
1

1
+0,K(2 +2k@®'0, + D,6") + 5 (1-2k)®"D,® — 5A<1> + 04(D,0,K + 2ko,U )

11
+ (@ = 1) =5 R+ 7 (14 8k +4K7)0,0" +2(k + l)DAGA]

—(@-D[2k+1)(®—1)+ k(D +1)] + 2k(k +1).

This equation corresponds to the Bondi mass-loss
equation in the asymptotically flat limit.
The constraint equation for the parameter K reads as
G = —2(1 + k)(2ku — K). (4.6)
Note that K is completely fixed by the corresponding term
in the expansion of the energy-momentum tensor.
Besides, we also have

1

GP =-(R=2) 43K+ (1 + k>

|

1 1
~1 (1+ 2k)*0,0" + 5 (3+4k)D,®", (4.7)
which does not generally impose any extra condition on the
parameters.

b.Vector equations.—At leading order a novel constraint
for the parameter ®, appears. It is given by

G = (1+K)e,. (4.8)
The function @y, just as K, is now completely determined
by the corresponding expansion coefficient of the energy-
momentum tensor.

At subleading orders, we obtain the generalized version
of the well-known constraint for U, in flat spacetimes:

1
G% = 5 [2ku®, — (3 +2K)D4K ~ DyC}

+(1 4 2k)(C130F = 2U, — KO,)] (4.9)

[
and

1
GfllA):QA{ER—l+<I>—k(2—cD)+k2(1+<1>)

0
+ TA [—(1 4+ 2k)?@508 +2(3 + 4k)D®" + 60,K]

1
+5 [-2kD,® + 0,DBCrp — DD 4O + D,D*O,

— @8(=2k(D4Op — DO,) + (1 +2k)9,Cap)
+20,U, +9,D4K], (4.10)

which do not generally impose any new condition on the
parameters.

c.Tensor equations.—The leading order tensor components
are given by

1
Gixog =73 (0405 — (1 +2k)(DsOp + Dp®,)

1
— QkOMCAB] + ZqAB[(L"kQ — 1)®C®C — 46uK

—4(k(k(1 + @) =2) + (1 +2k)D:O)], (4.11)

which constitutes a novel constraint for the time evolution
of C,p that is absent in asymptotically flat spacetimes.
Interestingly, this condition, only present for k # 0, is
associated with the presence of a Hubble scale in expanding
universes from which all the modes stop being oscillating
and are frozen [7].
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d.Ricci scalar.—Finally, let us analyze the value of the
leading order Ricci scalar for our

3
R®) =R =2 (1 +24)%0,0" + 2(=(1 + 3k)(1 — @)

+3k*(1 + @) + (2 + 3k)D,O" + 9,K)

3
—RYw+ [R-2- S (14 2k70,0" +20,K

+2((1 + 3k +3k%)® + (2 + 3k)D,O4) . (4.12)

We recall that in the flat limit, i.e., Kk - 0, ®, — 0, and
K — 0, this equation becomes

RY =20 +R-2. (4.13)

- P
In fact, the condition Rgza)t = 0 is imposed as a flatness

condition, leading to a constraint on ®; see [29]. Following

the same logic, we can impose R?) = RIEQL)RW, which again

(1)

constrains ® in terms of R, T, and Tg), determining a
balance equation which ensures that the spacetimes under
analysis still have an FLRW profile.

Before continuing, it is instructive to have a closer look
at the values of the variations (3.21), (3.23), and (3.26)
in our setting. In fact, we observe that they can be
expressed as

50, = L,0, + 2ka, &)

60 = VAD,® + |2(1 = ®@)(1 + k) — 4k
1+ 2k
D DA + (14 2k)®"D,) | &
+1+k(A + (14 2k)0D,) | &V
(14 3k)

6K = 0 K + VAD,K — KEWV) 2 @Ap, &
&, K + A &+ ) s

ug"¥) — DyDAE" — &),

(1+k)

These Lie derivatives confirm explicitly our previous
statement that the choice 9,® = 0,0, = 0 is consistent
because the variations 6® and 00, generated by means of
asymptotic transformations are u-independent if we start
with @ and ®, not depending on u. Moreover, we observe
that ®, is unavoidably generated by Weyl transformations,
while in the presence of only supertranslations this com-
ponent is not necessarily present. The same statement holds
true for @, whereas K is generated in any case. Remarkably,
in the absence of Weyl transformations, K does not need to
be u-dependent.

2. Absence of Weyl transformations

In the last subsection, we have noticed how complicated
the analytical treatment becomes in general settings.
Nevertheless, the physical picture and the role of the
different coefficients, as well as the nature of the different
degrees of freedom, are exactly the same as in simpler
backgrounds.8 Therefore, we will now restrict ourselves to
a simple setting, which is consistent with supertranslations
and the absence of Weyl diffeomorphisms (i.e., &) = 0),
with ®, = ® = 0 and analyze it in more detail, solving the
Einstein equations explicitly.

Let us start by writing down the relevant Einstein
equations (4.5)—(4.12) in our simplified setting:

1
G2 =5 (R=2)+3k +20,K ~0,(DsU*)
1
+30,Cap0,CF = 2(1 + k)a,m (4.14)
GY = —2(1 + k) (2ku — K). (4.15)
@ _1 2
Gl = 5(R=2) + 3K, (4.16)
1
Gll) = 5(0,D"Cag +20,Us +0,D4K). (4.17)
1
G = 5 [F2(1+ 20U, = DCh~(3 + 2)D,K]. (4.18)
Ggo; = k0,Cap — qaplk(k —2) + 9,K], (4.19)
together with
R® =RE \ +[R-2420,K] = R&y.  (4.20)
From these equations we find the constraints
87G 3)
- 7% 1ok
T R
826G ) _ 0
- Trr - Trr
2( 4 k) ( FLRW)
871G
= AT, (4.21)
- 2(1+k)
1 872G o)
0,K==-2-R 0,(AT}), 4.22
K =50 ) = 20+ 1) u( ) (4.22)

*Note that the backgrounds are encoded in the coefficients
0, and O.
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8zG ) g™
Uy=— - D,,C
AT 4k 2(1+k)( wCan)
3+ 2k
-~ =" D,K. 4.23
2004+ k) A (4.23)

which indicate that K and U, do not propagate and are
completely determined in terms of the sources and other
fields.

Next, we examine in detail (4.14) and (4.19). Let us
begin by decomposing (4.19) into trace and traceless
components

7PGY) = —2[k(k —2) + 3,K]. (4.24)

0 1 0
Gﬁul - ECIABqCDG(C)) = k0,Cyp.

(4.25)
The former equation does not convey special information
but the latter tells us that, for k # 0, the time evolution of
C,p 1s constrained by the sources, and it is not anymore a
field carrying dynamical degrees of freedom at future null
infinity Z*. This is a crucial difference with respect to
asymptotically flat spacetimes, where C,p only enters the
Bondi mass-loss formula (4.14) and is unconstrained.
Finally, looking in detail at Eq. (4.14), we observe that
m enters the mass loss equation with only one time
derivative, which would define its evolution as Cauchy
data in terms of energy-momentum components.
Furthermore, after a lengthy computation, it can be
shown that N, also enters the equations of motion for

G,(;) with only one time derivative and is constrained by the

energy-momentum tensor. The subleading coefficient £ in

Gur =~ O(r7%) enters as g450,€ in GS;, but in Gg) it appears

linearly without derivative and is fully constrained as can be
seen from

1
G = - 7 CanCYP 237 + 26 + K2

Tk(3u? + 2€ — uK + K?)). (4.26)

a.Short summary.—We observe that for asymptotically
decelerating FLRW spacetimes, the dynamics at future
null infinity Z* is completely constrained. This could have
been expected taking into account that, in an expanding
universe, there is a Hubble scale from which all the modes
stop to be oscillating and simply become frozen.
Gravitational waves in the IR limit will, therefore, always
be beyond the Hubble scale and do not appear as dynamical
from the point of view of Z*. Note, however, that this result
depends on the choice of boundary conditions and, in

particular, of the falloff behavior of the energy-momentum
tensor.

Let us close this section with two brief comments. In the
background ®4 = ® = 0, the coefficients K, &£, U, are
fully constrained, while m, N4, C,p are nonpropagating and
their evolution equations are determined by the sources.
These coefficients represent frozen scalar, vector, and tensor
modes that stop being dynamical at the Hubble scale due to
the appearance of well-known friction terms [7]. In the
most general case with u-dependent @, ¥, ©,4, and g,p,
we point out that these four coefficients and/or their
time evolution are also completely constrained in terms
of the energy-momentum tensor, such that they are again
nonpropagating.

The results derived in this section raise the question
whether a nontrivial infrared structure can be expected in
more realistic cosmological settings where expansion and
the Hubble scale are present.

V. ASYMPTOTIC CHARGES
FOR SUPERTRANSLATIONS

In this section, we will propose asymptotic charges for
supertranslations in the absence of Weyl transformations.
In fact, this is the setting we explored in detail in the
Sec. IV B 2, for which ©, = ® = 0.

We conjecture the expression of supertranslation charges
by introducing a physically motivated ansatz and requiring
that the charges reproduce the flat limit and obey an
Abelian algebra, meaning that they are in a faithful
representation of the supertranslation algebra.

We start with a simple ansatz given by the standard
supertranslation charges in asymptotically flat space (see,
e.g., [40]) integrated over the comoving sphere

0= [ vare)iam). (51)

We compute the algebra of charges using the definition for
integrable charges in [41]

(04,00} = =007, = = [ Valfp(@m)]. (52

The required variation reads as

Sy, (a’m) = az{fzaum - % (DAD* +2) 5
1
EY) 2(0,U*)(Daf>2)

—D4(9,C* Dy — 3,KDA )] } (5.3)

and, plugging in the equations of motion, it leads to
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F0GE +DAAGY £,) = [(R=2) +20,K]  k(k+2)

8r,(a*m) = a2{— (DAD* +2)f;

2(1+k) - 2(1 + k)2
auCABduCAB 1
TR R 2T A Pale(20. ) + DADA(fzauKﬂ}. (5.4)

Let us now recall that we only consider supertranslations, which means R = 2. As a consequence, Eq. (4.20) tells us that
0,K = 0. This reduces the previous expression to

£,0GE +DAAGY £, k(k+2) 0,C*89,C 15
2 _2) _ uA _ A _
or.(a m)_a{ 2(1+ k) 214 w2 PP DTy
1
—l—mDADB(fzduCAB)}. (5.5)

The second term in the first line can be reabsorbed by a redefinition of the charge as

~ (k+2)

k+2
Qf =0 — (k +-2)

2(1+ &) / Vaa (K = /S Vaa ) KT (5.6)

In this way, we obtain

{Qfl’ sz} = _5f2Qf1

1

e 1 1 AGP) AGu DA

2

(5.7)

The terms in the first line can be absorbed by a modification of the bracket derived in [41] for asymptotically flat spacetimes,
as follows:

2
Q7,0 = =050, + /S2 ﬁﬁaucl?cfz(_éﬂ Che)- (5.8)

The remaining terms are fluxes and nonintegrable terms that can either be added to the definition of the charge, making it

nonintegrable, or cured by redefinition of the bracket. In the case in which AGS},} = AG,(AQ = 0, we have a well-defined
charge given by Eq. (5.6) and the charge bracket in Eq. (5.8). The algebra is Abelian and the charges are nonintegrable only
when 0,Cyp # 0.

To study the nonconservation of the charges, we use the evolution equation [41]

d 0

Contrary to the analysis in flat spacetimes, 0Q/du includes a contribution coming from the u-dependent scale factor. As a
result, for the setting with AGE,ZL) = AGE}A) = 0, we obtain

d _H 1 2! AB 1 AB
EQf_ngf_m/Sz\/aa <§f0uC aucAB—Zauc DaDgf | (5.10)

where H = 0d,,a denotes the Hubble parameter.
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The first term is new with respect to flat spacetimes and
can be interpreted as a Hubble flow of the evolution of the
charge. For the concrete case of f = 1, the first term is
positive and the second is negative. As a consequence, the
charge Q;_; is not guaranteed to be monotonically
decreasing in time. In fact, the term (H/a)Q_; couples
the expansion rate of the FLRW universe with the charge
Q- and contributes to the time evolution counterbalanc-
ing the loss of energy from the gravitational waves. In other
words, the quantity Q_; cannot be strictly interpreted as
the FLRW equivalent of the Bondi mass.

Let us finish this section with some relevant comments:

(i) Using the charge (5.6) and the bracket (5.8), we

have obtained {Q/.Q } = Qyf, s,)—0 =0 for a
subset of metrics compatible with supertranslations,
in which ® = ®, = 9,K = AGl = AG!) =0.

(ii) It is of utmost importance to emphasize that, con-

trary to asymptotically flat spacetimes, d,C 45 can be

expressed in terms of the energy-momentum tensor

components TI(QO; following Eq. (4.25). This means

that the notion of Bondi news associated with
propagating degrees of freedom is absent. Instead,
a matter flux through the boundary takes the place of
the Bondi news. When it is vanishing, it renders the
charges integrable.

(iii) In general, due to the fact that the evolution of all the
metric coefficients is determined by the energy-
momentum tensor components, we point out that the
interpretation of these charges might be very differ-
ent from that in asymptotically flat spacetimes.

(iv) Although the charges we presented are well moti-
vated, we remark that it should be possible to derive
them from first principles, e.g., using the Barnich-
Brandt method [42] upon linearizing over the FLRW
background. We leave this for future studies.

VI. DISCUSSION AND CONCLUSIONS

In this paper, we further delved into asymptotically
decelerating spatially flat FLRW spacetimes at future null
infinity Z, originally initiated in [8,9], refined in [10], and
briefly reviewed in our Sec. II. Herein, we extended the
latter by allowing for asymptotic local Weyl diffeomor-
phisms, which do not preserve the determinant of the metric
on the sphere, and we went a step further by studying for
the first time the dynamics of these cosmological space-
times in general relativity.

Let us summarize the main results of our analysis:

(1) After relaxing the strong Bondi gauge or, equiva-
lently, enabling the change of the determinant of the
metric on the sphere, we have shown that asymp-
totically decelerating spatially flat FLRW spacetimes
at future null infinity Z* admit an asymptotic algebra

isomorphic to the Weyl-BMS algebra bmgw in
asymptotically flat spacetimes [29]. This result dif-
fers from the case considered in [8,10], where by,
bm3s,, and gbm3, are one-parameter deformations of
their asymptotically flat counterparts and unveil a
cosmological holographic flow at the level of asymp-
totic algebras. We, thus, find that this flow is trivial if
we allow for local Weyl diffeomorphisms, pointing
to the fact that bmgw is more rigid to deformations
than the other extensions of the BMS algebra.

(i) We performed an on-shell analysis of asymptotically
decelerating spatially flat FLRW spacetimes at
future null infinity Z* by computing and analyzing
the asymptotic Einstein equations. The general
pattern and constraints on the metric coefficients
are clear. Nonetheless, for the sake of technical
simplicity, we explicitly solved the equations for a
subclass of metrics compatible with the supertrans-
lationlike sector. Strikingly, we observed that the
boundary dynamics is completely constrained by the
sources, such that not even the tensor degrees of
freedom propagate in contrast to asymptotically flat
spacetimes. From a cosmological perspective, this
result is consistent with the presence of a Hubble
scale in the expanding universes beyond which all
dynamics is frozen.

(iii) Making use of the on-shell treatment, we obtained
well-defined candidates for supertranslationlike
charges in some concrete settings. Interestingly, their
evolution equation involves a new Hubble term.

Finally, we comment on open questions and point out

future research directions:

(i) When we started this project, we expected to benefit
from the richer structure of FLRW spacetimes and,
therefore, to explore not only tensor modes (as in
asymptotically flat spacetimes) but also scalar and
vector modes and their corresponding memories.
Nevertheless, our investigation of the Einstein equa-
tions revealed the opposite conclusion: all the modes
at future null infinity Z* are constrained by the
sources. There are, nonetheless, two caveats worth-
while to be explored. First, we have used general
relativity as gravity theory, while alternative gravity
theories might permit richer dynamics for these
cosmological spacetimes at Z". Second, as pointed
out in [10], we should have allowed for logarithmic
terms in 7 in the metrics (2.10) to include more
realistic solutions, such as cosmological black holes.
The reason for not including such terms is purely
technical, based on the high difficulty of performing
their on-shell analysis. However, it might be that
including those terms would lead to less restrictive
equations of motion.
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(i) A very intuitive guideline to follow is extending our
machinery to other types of FLRW universes, with a
special emphasis on accelerating spatially flat
ones, and comparing to the results obtained in this
paper.

(iii) It would be very interesting to explore if the Weyl-
BMS algebra bmg3m belongs to a wider multipara-
metric family of deformations. The BMS algebra
bms and the corresponding deformation bmg, are
members of the family W(a, b; a, b) [10,35,36], and
the generalized BMS algebra gbmg and its defor-
mation gbmg, lie within the three-parametric family
gW(a,b,a) [37]. It would be very appealing to
obtain such a family for bmgw and explore its
representatives. For a discussion on the physical
relevance of exploring families of deformations that
interpolate between symmetry algebras obtained
from various boundary conditions at various loci
(e.g., near horizon or asymptotic) and concrete
three-dimensional examples, we refer to [43].

(iv) We followed an intuitive procedure to obtain super-
translationlike charges. Nevertheless, we expect that
it should be possible to derive them explicitly from
the Barnich-Brandt method [42] by linearizing over
an FLRW background. This technical step is worth
pursuing in future studies.

(v) Besides, it would be desirable to obtain charges for
the superrotationlike and local Weyl sectors. It is a
challenging task, even for the global Killing vectors

|

in S2, because it would involve the next order in the
1/r expansion of the Einstein equations, which
determines the evolution of the angular momentum
aspect. We expect that a refinement of the techniques
of holographic renormalization developed for
asymptotically flat spacetimes [29,44] will be very
useful in such an endeavor.
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APPENDIX A: ASYMPTOTIC LIE DERIVATIVES

In this appendix, we calculate the Lie derivatives of the
off-shell metric (2.10) with respect to the asymptotic
diffeomorphisms (3.1). These are given by

a2 LG, = 2r(040,V, = 0,6 V) + [VAD @ + £9,® + 2U 49, VA — 20,0 — 2k(1 — @)&V) + 2K9,&V)

- 2(1 - (D)auém + 2®Aau§A<1)] + [é”dum - k(l - (I)>€u - ((1 - Zk)m - ku(l - @))ér(V)

2
r

1
- k(l - (D)gr(O) + VADAm + §§A<1)DA(D + Kaugr(O) - auér(n + mauéu + UAauéA(l)

+0,0,64%) + NAaMVA} +0(r2),

(A1)

1
a2 Leg,, = —[(1+2k)EY) + 0,84 + = [£0,K + VADLK + K0, — 0,40
r

+2k(uerV) — g — O 4 2kKEWV)] + O(r72),

1
a2 Legra = —qapEBl) — D& + = (KD & — CyptBV) —2q,43E82)) + O(r72),

r

a2Legua = qapd,VEr* + r[(1 + 2k)@E V) 4+ L@y — 046V + Cyp0, VE+E10,0,4 + ©,40,8" + q450, 5]

+ | (2kO4 + 0,U)E" + (1 +2k)0,E ) + 2k V)(Uy — u®y) + LyUy + Licy©y — D4E0

1
+ KD,V — (1 = @)Dy & + (DAB +2CACC}}C3> 0,VE 4+ Ux0,8" + Cyp0, &8V + g0, E8?
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with

1
+- [.»:“auNA + N0, + LyNy — (1 = 2k)NEV) + KD &) — D4V 4 2mD 4 &
-

+ 2kUA(§r(O) + gu _ ué:r(v)) + 2k®A(u2§r(V) _ u(gr(o) + é:u) + gr(l)) + G)Aé:r(l) T CABau'):B&)

1
+ <DAB + ECACCE) 0,50 + LanUyg + Lo ®y | +O(r7?),

a_zﬁggAB =r’Fap + rSap + Kap.

Fap =2(1 + k)& gup + E0,q45 + Ly qap.
Sap = 2qap((1+ k)& — kug ™) + k&) + Leanqap + OsDpE" + OpDy&" + (1 + 2k)Cppe"™Y) + Ly Cpp + £"0,Cap.
Kap = 2kqap(u?eV) — ué©® —ugw) 4 2(1 + k)qupe™ + Leangap + UpaDpE" + UpDa&" + Lean) Cpp

1 1 1
+ 2k <DAB + 3 CACCg> &) 4 gug, <DAB + 3 CACCg> + Ly (DAB + 3 CACCg> .

APPENDIX B: WEYL SCALARS

(A6)

The Bondi gauge suggests a frame where one can compute the Weyl scalars. This computation has been useful to identify
covariant quantities in asymptotically flat spacetimes [29], and we expect that it will also be useful for asymptotically

FLRW. For completion, we compute in this appendix the Weyl scalars associated with the on-shell metric (2.10).

Our starting point is the historical Bondi-Sachs form of the metric

ds? = —2e’a?du(dr + Fdu) + gyp(dx* — U4du)(dx? — UBdu).

The null tetrads are defined by 7,,e* ® e’ = Gudx* @ dx¥ with

|

—_

e}
- O O O
oS = O O

For the metric in Eq. (B1) they are given by

e’ = ae’du, e' = a(dr + Fdu), e' = arE\(dx* — U%),

with 7; jEI’;‘E{g = #QAB for i, j € {2,3}. The corresponding vectors are given by

1 1
éo:ge_zﬁ(au—Far‘FUAaA)’ é] :Ear, é,:E;E‘?aA

(B1)

(B2)

(B4)

It can be checked easily that the vectors ¢, are null. To obtain the metric in the previous form (2.10), we have to expand the
parameters in (B1) in the following way:
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1
FO :E(l —q)—f—@A@A),
Fl = (K(l - (I)) - 2m + @A(K(")A - CABG‘)B + 2UA))’
1
Fy=3 (E(1 =®) = F + K(K(1 = ®) —2m) +2N*®, + (£ + K*)0,0"
1
+ E(cf(cBM —2D,5)0%08 + U, (2KO* + UA) — Cy504(KOF + 2UB)),

g 1 1 1 1 )
ﬁ =r |:QAB +;CAB T3 (DAB +§CACC5> +r_3EAB ++0(r )|,

gABDB -0 1 )
612 =r A"’UA"‘;NA"‘O(I” ), (BS)

with C4 = D4 = 0 to satisfy the determinant condition of the Bondi gauge. The tetrads on the sphere are expanded as

. _. 1 _. 1 _. 1 1 2; 1 1
Ejy = E\y +5-ERCi + 55 Ep | DY+ CacCPC | + -5 Ep| Ef =1 (DFCE + CacDP) =2 CacCHCP | +O(r™),  (B6)
2r 2r 4 2r 4 8
A iA 1 2p 4 1 2p 1 s 1 =5 a1 p ac | 3 c CA -4
E} = E; _ZEi CB_WEI' Dg—zc Cpc +ﬁEi —E% +§CBCCDC +Z(Dé‘CB+DBCC )| +00™),

(B7)

where E are the tetrads of the leading term of the metric on the sphere, defined as g% = E7 i?fni/ and P = E} f?fei/ .
With these tetrads, the Weyl scalars are given by

AUAYAT A _ o ﬁB 1 _
Yy = C, 5852452025 = Cos05 = a 2ELES [;ij +O(r 2)], (B8)
aal1
¥ = Coggi =B 5 02) + 007, (B)
-2 1 2,1 1 2.2 —4
Re(¥s) = Cigip = a™ | v + 5w + 001, (B10)
YR T e 4
Im(¥2) = Cioas = a™ | 50 + 397"+ O ™)), (B11)
aall 1
Y, = Cipis = a‘zE/; |:ﬁl//i\’1 +Fl//i\'2 + O(,,—S)]’ (B12)
azaz|l 1 -
Wy = Cis15 = a2 B2 E) {ﬂwg§+r5wg§+@(r 6)} (B13)
with
4 1,
Vap = _EauCAB’ (B14)
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1

—0,DyCE + O, R +205(Dy0, — D,Oy)

+0,D4K + ©,40,K —©,D;08 + D;D,O — D;D8O,), (B15)
y! :—é(2¢>+R—2+DA®A+26uK), (B16)
2= -2m —%CABauCAB =0, — —DA(2UA + DCA8) —I—é@A(ZUA + DpC%)
+K<1—®+%®A®A—éDA®A—0uK> —%@ADAK+éAK, (B17)
gl = %GABDAGB, (B18)
i’ = %(:‘AB (DA Up —%cgauccg —%CACDCG)B +%CACDB®C + %KDAG)B - %@ADBK - ;G)CDACBC> ., (B19)
wh! %(ZUA + DgCB + KO, — D4K), (B20)
1(3N —fC (QUg + DcCS) + D DB—ECBCD c —®B<D +1C CC>
> A B cCp BEA Ty ACBc aB + 5 Cpely
+§CAB(DBK KOB) + 0,(K*+ &) + 2K<UA - %DAK) - %DAS), (B21)
Was = —Das _%CgCCB _%CABKa (B22)
Wiy = —3Eap + ) CCCDCCD +2DcpC = Cpp€ — DypK - ECABKz (B23)
Therefore we observe that the peeling property is not preserved by this metric ansatz, since the terms w21, !, 1///14'1, and

w AB ! spoil it. Remarkably, the components K and ©,, which are directly determined in terms of the fluid energy-momentum
tensor components (4.6) and (4.8), are the causant. However, we consistently recover the peeling property in the flat limit,

where these four components vanish.

[1] H. Bondi, M. G.J. van der Burg, and A. W. K. Metzner,
Proc. R. Soc. A 269, 21 (1962).

[2] R. K. Sachs, Proc. R. Soc. A 270, 103 (1962).

[3] R. Sachs, Phys. Rev. 128, 2851 (1962).

[4] T. Médler and J. Winicour, Scholarpedia 11, 33528 (2016).

[5] A. Strominger, arXiv:1703.05448.

[6] G. Compere, Advanced Lectures on General Relativity
(Springer, Cham, Switzerland, 2019), Vol. 952.

[7] V. Mukhanov, Physical Foundations of Cosmology (Cam-
bridge University Press, Oxford, 2005).

[8] B. Bonga and K. Prabhu, Phys. Rev. D 102, 104043 (2020).

[9] M. E. Rojo and T. Heckelbacher, Phys. Rev. D 103, 064009
(2021).

[10] M. Enriquez-Rojo and T. Heckelbacher, Phys. Rev. D 103,

104035 (2021).

[11] A. Strominger and A. Zhiboedov, J. High Energy Phys. 01
(2016) 086.

[12] S. Hawking, J. Math. Phys. (N.Y.) 9, 598 (1968).

[13] T. Shiromizu and U. Gen, Classical Quantum Gravity 16,
2955 (1999).

[14] R.Z. Ferreira, M. Sandora, and M. S. Sloth, J. Cosmol.
Astropart. Phys. 04 (2017) 033.

[15] G. Compere, A. Fiorucci, and R. Ruzziconi, Classical
Quantum Gravity 36, 195017 (2019); 38, 229501(E) (2021).

[16] G. Compere, A. Fiorucci, and R. Ruzziconi, J. High Energy
Phys. 10 (2020) 205.

[17] P.T. Chrusciel, S.J. Hoque, M. Maliborski, and T. Smotka,
Eur. Phys. J. C 81, 696 (2021).

[18] K. Hinterbichler, L. Hui, and J. Khoury, J. Cosmol.
Astropart. Phys. 01 (2014) 039.

024039-16


https://doi.org/10.1098/rspa.1962.0161
https://doi.org/10.1098/rspa.1962.0206
https://doi.org/10.1103/PhysRev.128.2851
https://doi.org/10.4249/scholarpedia.33528
https://arXiv.org/abs/1703.05448
https://doi.org/10.1103/PhysRevD.102.104043
https://doi.org/10.1103/PhysRevD.103.064009
https://doi.org/10.1103/PhysRevD.103.064009
https://doi.org/10.1103/PhysRevD.103.104035
https://doi.org/10.1103/PhysRevD.103.104035
https://doi.org/10.1007/JHEP01(2016)086
https://doi.org/10.1007/JHEP01(2016)086
https://doi.org/10.1063/1.1664615
https://doi.org/10.1088/0264-9381/16/9/313
https://doi.org/10.1088/0264-9381/16/9/313
https://doi.org/10.1088/1475-7516/2017/04/033
https://doi.org/10.1088/1475-7516/2017/04/033
https://doi.org/10.1088/1361-6382/ab3d4b
https://doi.org/10.1088/1361-6382/ab3d4b
https://doi.org/10.1088/1361-6382/ac2c1a
https://doi.org/10.1007/JHEP10(2020)205
https://doi.org/10.1007/JHEP10(2020)205
https://doi.org/10.1140/epjc/s10052-021-09350-y
https://doi.org/10.1088/1475-7516/2014/01/039
https://doi.org/10.1088/1475-7516/2014/01/039

ASYMPTOTIC DYNAMICS AND CHARGES FOR FLRW ...

PHYS. REV. D 107, 024039 (2023)

[19] M. Mirbabayi and M. Simonovi¢, arXiv:1602.05196.

[20] E. Pajer and S. Jazayeri, J. Cosmol. Astropart. Phys. 03
(2018) 013.

[21] Y. Hamada and G. Shiu, Phys. Rev. Lett. 120, 201601
(2018).

[22] L. Bieri, D. Garfinkle, and S.-T. Yau, Phys. Rev. D 94,
064040 (2016).

[23] A. Tolish and R. M. Wald, Phys. Rev. D 94, 044009 (2016).

[24] Y.-Z. Chu, Classical Quantum Gravity 34, 035009 (2017).

[25] Y.-Z. Chu, Classical Quantum Gravity 34, 194001 (2017).

[26] L. Bieri, D. Garfinkle, and N. Yunes, Classical Quantum
Gravity 34, 215002 (2017).

[27] Y. Hamada, M.-S. Seo, and G. Shiu, Phys. Rev. D 96,
023509 (2017).

[28] Y.-Z. Chu, M. A. Ismail, and Y.-W. Liu, Phys. Rev. D 104,
104038 (2021).

[29] L. Freidel, R. Oliveri, D. Pranzetti, and S. Speziale, J. High
Energy Phys. 07 (2021) 170.

[30] T. Harada, B.J. Carr, and T. Igata, Classical Quantum
Gravity 35, 105011 (2018).

[31] G. Barnich and C. Troessaert, J. High Energy Phys. 05
(2010) 062.

[32] G. Barnich and C. Troessaert, J. High Energy Phys. 03
(2016) 167.

[33] M. Campiglia and A. Laddha, J. High Energy Phys. 04
(2015) 076.

[34] M. Campiglia and A. Laddha, Phys. Rev. D 90, 124028
(2014).

[35] H.R. Safari and M. M. Sheikh-Jabbari, J. High Energy
Phys. 04 (2019) 068.

[36] H.R. Safari, Deformation of asymptotic symmetry algebras
and their physical realizations, Ph.D. thesis, IPM, Tehran,
2020.

[37] M. Enriquez-Rojo, T. Prochdzka, and I. Sachs, J. High
Energy Phys. 10 (2021) 133.

[38] L. Donnay, G. Giribet, H. A. Gonzélez, and M. Pino, J. High
Energy Phys. 09 (2016) 100.

[39] C. Duval, G. W. Gibbons, and P. A. Horvathy, J. Phys. A 47,
335204 (2014).

[40] E.E. Flanagan and D. A. Nichols, Phys. Rev. D 95, 044002
(2017).

[41] G. Barnich and C. Troessaert, J. High Energy Phys. 12
(2011) 105.

[42] G. Barnich and F. Brandt, Nucl. Phys. B633, 3 (2002).

[43] M. Enriquez-Rojo and H. R. Safari, J. High Energy Phys. 03
(2022) 089.

[44] G. Compere, A. Fiorucci, and R. Ruzziconi, J. High Energy
Phys. 11 (2018) 200; 04 (2020) 172(E).

024039-17


https://arXiv.org/abs/1602.05196
https://doi.org/10.1088/1475-7516/2018/03/013
https://doi.org/10.1088/1475-7516/2018/03/013
https://doi.org/10.1103/PhysRevLett.120.201601
https://doi.org/10.1103/PhysRevLett.120.201601
https://doi.org/10.1103/PhysRevD.94.064040
https://doi.org/10.1103/PhysRevD.94.064040
https://doi.org/10.1103/PhysRevD.94.044009
https://doi.org/10.1088/1361-6382/34/3/035009
https://doi.org/10.1088/1361-6382/aa8392
https://doi.org/10.1088/1361-6382/aa8b52
https://doi.org/10.1088/1361-6382/aa8b52
https://doi.org/10.1103/PhysRevD.96.023509
https://doi.org/10.1103/PhysRevD.96.023509
https://doi.org/10.1103/PhysRevD.104.104038
https://doi.org/10.1103/PhysRevD.104.104038
https://doi.org/10.1007/JHEP07(2021)170
https://doi.org/10.1007/JHEP07(2021)170
https://doi.org/10.1088/1361-6382/aab99f
https://doi.org/10.1088/1361-6382/aab99f
https://doi.org/10.1007/JHEP05(2010)062
https://doi.org/10.1007/JHEP05(2010)062
https://doi.org/10.1007/JHEP03(2016)167
https://doi.org/10.1007/JHEP03(2016)167
https://doi.org/10.1007/JHEP04(2015)076
https://doi.org/10.1007/JHEP04(2015)076
https://doi.org/10.1103/PhysRevD.90.124028
https://doi.org/10.1103/PhysRevD.90.124028
https://doi.org/10.1007/JHEP04(2019)068
https://doi.org/10.1007/JHEP04(2019)068
https://doi.org/10.1007/JHEP10(2021)133
https://doi.org/10.1007/JHEP10(2021)133
https://doi.org/10.1007/JHEP09(2016)100
https://doi.org/10.1007/JHEP09(2016)100
https://doi.org/10.1088/1751-8113/47/33/335204
https://doi.org/10.1088/1751-8113/47/33/335204
https://doi.org/10.1103/PhysRevD.95.044002
https://doi.org/10.1103/PhysRevD.95.044002
https://doi.org/10.1007/JHEP12(2011)105
https://doi.org/10.1007/JHEP12(2011)105
https://doi.org/10.1016/S0550-3213(02)00251-1
https://doi.org/10.1007/JHEP03(2022)089
https://doi.org/10.1007/JHEP03(2022)089
https://doi.org/10.1007/JHEP11(2018)200
https://doi.org/10.1007/JHEP11(2018)200
https://doi.org/10.1007/JHEP04(2020)172

