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We compute to high post-Newtonian accuracy the 4-momentum (linear momentum and energy), radiated
as gravitational waves in a two-body system undergoing gravitational scattering. We include, for the first
time, all the relevant time-asymmetric effects that arise when consistently going three post-Newtonian
orders beyond the leading post-Newtonian order. We find that the inclusion of time-asymmetric radiative
effects (both in tails and in the radiation-reacted hyperbolic motion) is crucial to ensure the mass
polynomiality of the post-Minkowskian expansion (G expansion) of the radiated 4-momentum. Imposing
the mass polynomiality of the corresponding individual impulses determines the conservativelike
radiative contributions at the fourth post-Minkowskian order and strongly constrains them at the fifth
post-Minkowskian order.
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I. INTRODUCTION

Gravitational scattering has attracted a renewed interest
in recent years, both for conservative and dissipative
(i.e., gravitational-radiation-related) effects. Various appro-
ximation methods (post-Newtonian, post-Minkowskian,
quantum perturbation theory, effective field theory, string
theory) have been applied to this problem. For a sample of
results on (classical or quantum) post-Minkowskian (PM)
gravitational scattering, see, e.g., Refs. [1–19]. For recent
PM results on radiative losses during gravitational scatter-
ing and related results, see, e.g., Refs. [20–25].
The state of the art for the PM scattering of spinless bodies

is OðG3Þ for radiation-reacted scattering [23,26–28], and
OðG4Þ for the conservative case [10,14]. The state of the art
for radiative losses during gravitational scattering is OðG3Þ
for radiated angular momentum [24] andOðG3Þ for radiated
4-momentum [9,20,21,23]. While finalizing this work, a
OðG4Þ-accurate computation of the (radiation-reacted)
individual 4-momentum changes (or “impulses”) Δpaμ

and of the loss of 4-momentum of the system appeared
on arXiv [25].
The relation between radiative losses of energy, linear

momentum, and angular momentum and the radiation-
reaction contribution to scattering has been worked out, to
linear order in radiation reaction, in Refs. [29,30]. One of
the aims of the present work is to go beyond the purely
linear-in-radiation-reaction treatment of Refs. [29,30]. This
will be done by focusing on the various “time-asymmetric”
effects arising in the radiative losses of energy and linear
momentum during hyperbolic encounters.

The post-Newtonian (PN) approximationmethod has also
recently played a useful role in tackling gravitational
scattering. The state of the art for PN scattering (of spinless
bodies) in the conservative case is the fourth post-Newtonian
(4PN) accuracy [31]. This was generalized in Refs. [32–34]
to the 5PN and 6PN accuracies (modulo the knowledge of a
few, yet undetermined, Hamiltonian coefficients). The state
of the art for the PN-expanded computation of the radiative
losses (to gravitational waves) of energy, angular momen-
tum, and linear momentum1 is as follows: the radiated
energy and angular momentum (for spinless bodies) have
been computed at the absolute 4.5PN order (corresponding
to a 2PN fractional accuracy) in Refs. [30,35,36]. Higher-
order terms (corresponding to, at least, the 3PN fractional
accuracy) have been computed in Refs. [37–39]. The
radiated linear momentum is currently known to the
(absolute) 5.5PN order [30,40] (corresponding to a 2PN
fractional accuracy). The state of the art for the PN-expanded
computation of the scattering of spinless bodies is the 5PN
level, at which an inconsistencywith themass polynomiality
of the conservative G4 (4PM) contribution was highlighted
in [30], and remains puzzling despite recent work on the
additional radiative contributions [41].
The aims of the present paper are:
(1) to complete the PN knowledge of the radiated

energy by including both the fractional 2.5PN
contribution (linked to the 2.5PN radiation-reaction

1We recall that the leading PN orders of radiative losses is the
2.5PN order for energy and angular momentum, while it is the
3.5PN order for linear momentum.
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modification of the hyperbolic motion), which was
incorrectly argued to vanish in Ref. [37], and the
“instantaneous” 3PN-level contribution first derived
in Ref. [37] and rederived here;

(2) to improve the knowledge of the radiated angular
momentum by including both the fractional 2.5PN
contribution (computed here for the first time) and the
3PN-level contribution (obtained here by adding in-
stantaneous3PN terms [37] andhigher-order tails [36]);

(3) to raise the knowledge of the radiated linear mo-
mentum to the fractional 3PN accuracy (correspond-
ing to the absolute 6.5PN order);

(4) to bring new light on the mass-polynomiality struc-
ture of the scattering at the 4PM and 5PM orders.

The accuracy increase (from 2PN to 3PN fractional
accuracy) in the radiated linear momentum requires that
many new physical effects be taken into account; indeed, we
will need to take into account: (i) 2.5PN radiation-reaction
effects in the hyperbolic motion, (ii) 2.5PN instantaneous
contributions to the radiative multipole moments [42,43],
(iii) the 1PN fractional correction to the leading-order tail
contribution2 to the radiated linear momentum (which was
first computed in Ref. [30]), (iv) 3PN accuracy in several
multipoles and in the hyperboliclike motion, and (v) higher-
order tails in the momentum loss [40].
To complete the so-obtained increased PN-expanded

knowledge of the radiated 4-momentum Pμ
rad ¼ ðErad; Pi

radÞ
we will reexpress it in terms of Lorentz-invariant form
factors by decomposing it on the basis uμ1−, u

μ
2−, b̂

μ
12, defined

by the initial four velocities of the bodies and the direction of
the vectorial impact parameter b̂μ12 ¼ bμ12=b, with bμ12 ¼
bμ1 − bμ2. More precisely, it will be useful to decompose it as

Pμ
rad ¼ Prad

1þ2ðuμ1− þ uμ2−Þ þ Prad
1−2ðuμ1− − uμ2−Þ þ Prad

b12
b̂μ12:

ð1:1Þ

Wewill showbelow (generalizing considerations introduced
in Refs. [30,45]) that, at each order in G, the PM expansion
of the form factors Prad

1þ2; P
rad
1−2, P

rad
b12

(expressed as functions
of b and of the relative Lorentz factor γ ≡ −uμ1−u2−μ),

3 have
a polynomial structure in the two masses m1, m2, e.g.,

Prad
1þ2 ¼

G3

b3
m2

1m
2
2P̂

rad
1þ2; ð1:2Þ

with

P̂rad
1þ2 ¼

X
n≥3

Gn−3

bn−3
SP1þ2

n−3ðm1; m2; γÞ: ð1:3Þ

Here and in the following, the notation SP1þ2
N ðm1; m2; γÞ

denotes a homogeneous “symmetric polynomial” of orderN
in the two masses, with coefficients depending on the
Lorentz factor γ.
At the 3PM level [OðG3Þ], only one form factor of Pμ

rad is
nonvanishing, namely, PradG3

1þ2 , with

PradG3

1þ2 ¼ G3

b3
m2

1m
2
2

EðγÞ
γ þ 1

: ð1:4Þ

The exact value of the function EðγÞ has been computed in
Refs. [9,23,24,46,47], while its PN expansion was com-
puted to order v15 included in [30], see Eq. (5.19) there. For
illustration, let us display the beginning of the PN expan-
sion of EðγÞ, when expressed in terms of p∞ ≡ ffiffiffiffiffiffiffiffiffiffiffiffi

γ2 − 1
p

,

EðγÞ ¼ π

�
37

15
p∞ þ 1357

840
p3
∞ þ 27953

10080
p5
∞

−
676273

354816
p7
∞ þOðp9

∞Þ
�
: ð1:5Þ

Using our newly acquired PN-expanded knowledge on the
values of Erad and Pi

rad (computed in the c.m. frame), we
will be able both to check the mass-polynomiality structure
of the form factors Prad

1þ2; P
rad
1−2, P

rad
b12

entering the decom-
position (1.1) and to compute their expansions in powers of
p∞ at the fractional 3PN accuracy.
Finally, we will use the so-acquired improved knowledge

of Pμ
rad to constrain the radiation-reaction-induced contri-

butions to the individual changes Δpμ
a (also called

impulses) of the 4-momenta of the two bodies. As we
will recall in more detail below, Refs. [29,30] have derived
the effect of radiation reaction on the individual momentum
changes Δpμ

a only to linear order in radiation reaction and
within a restricted set of assumptions. Namely, writing the
equations of motion of each particle as a perturbed
“conservative” (Hamiltonian) system involving an addi-
tional “radiation-reaction force” F μ

rr, Refs. [29,30] worked
only to linear order inF μ

rr, and, furthermore, often assumed
that the latter radiation-reaction force was time antisym-
metric.4 Under these assumptions, Refs. [29,30] derived an
expression for Δpμ

a of the form

Δpaμ ¼ Δpcons
aμ þ Δprr lin

aμ þ Δprr nonlin
aμ : ð1:6Þ

Here the term Δprr lin
aμ denotes the contribution linear in the

radiation reaction derived in [30], while the term Δprr nonlin
aμ

denotes the missing remainder, due to nonlinear effects in
F μ

rr. Reference [30] had illustrated the existence of

2We recall that tail contributions to gravitational radiation start
at the fractional 1.5PN order [42,44].

3We use a mostly plus signature.

4The time-reversal operation is taken around the moment of
closest approach of the time-symmetric unperturbed conservative
dynamics, considered in the center-of-mass frame.
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nonlinear effects in F μ
rr by computing (within the standard

PN approach) a contribution toΔpaμ quadratic inF
μ
rr. It has

been known for a long time [48,49] that there are
hereditary, tail-related contributions to the equations of
motion. These contributions are time asymmetric, i.e.,
neither time even, nor time odd. At the 4PN level, they
can be uniquely decomposed in a time-even conservative
piece (contributing to the Hamiltonian) and a time-odd
piece, giving a nonlocal-in-time contribution to F μ

rr (see
Sec. VI of [49]). However, this simple decomposition
becomes more tricky at the 5PN level. This is indeed
the PN level where quadratic effects in F μ

rr enter and where
past-related tail effects contribute to the linear-response
results of [30] [via the presence of a “conservativelike,”
5PN-level, past-tail contribution to Pμ

rad; see Eq. (H3)
there]. [These 5PN-level subtleties arise at the 4PM level
(OðG4Þ).] The new results presented here will complete the
results of [30] by fully taking into account time-asymmetric
effects in various observables. First, in Pμ

rad (which we
compute here with higher PN accuracy than before,
including all needed hereditary tail effects), and second,
in the radiative contributions to the impulses Δprr

aμ. We will
improve below the results of [30] by completing the linear-
response term Δprr lin

aμ with the effect of the time-even part
of F μ

rr on the relative scattering angle. In addition, our
strategy to scrutinize the mass polynomiality of the
impulses will allow us to obtain valuable information on
the remainder term Δprr nonlin

aμ in Eq. (1.6). This information
is enough to uniquely determine Δprr nonlin

aμ at order G4 to
strongly constrain its value at order G5.

II. FRAMEWORK

To set the stage for our computations below, let us
recall that the general expressions for the radiative fluxes
(at infinity) of energy, linear momentum, and angular

momentum in terms of the radiative multipole moments
UL and VL (defined at future null infinity) read [48,50–54]

dErad

dtret
≡ FE ¼

X∞
l¼2

G
c2lþ1

� ðlþ 1Þðlþ 2Þ
ðl − 1Þll!ð2lþ 1Þ!!U

ð1Þ
L Uð1Þ

L

þ 4lðlþ 2Þ
c2ðl − 1Þðlþ 1Þ!ð2lþ 1Þ!!V

ð1Þ
L Vð1Þ

L

�
; ð2:1Þ

dPrad
i

dtret
≡FPi¼

X∞
l¼2

�
G

c2lþ3

2ðlþ2Þðlþ3Þ
lðlþ1Þ!ð2lþ3Þ!!U

ð2Þ
iL Uð1Þ

L

þ G
c2lþ5

8ðlþ3Þ
ðlþ1Þ!ð2lþ3Þ!!V

ð2Þ
iL V

ð1Þ
L

þ G
c2lþ3

8ðlþ2Þ
ðl−1Þðlþ1Þ!ð2lþ1Þ!!ϵiabU

ð1Þ
aL−1V

ð1Þ
bL−1

�
;

ð2:2Þ

and

dJradi

dtret
≡ F Ji

¼ ϵiab
G

c2lþ1

X∞
l¼2

� ðlþ 1Þðlþ 2Þ
ðl − 1Þl!ð2lþ 1Þ!!UaL−1U

ð1Þ
bL−1

þ 4l2ðlþ 2Þ
c2ðl − 1Þðlþ 1Þ!ð2lþ 1Þ!!VaL−1V

ð1Þ
bL−1

�
: ð2:3Þ

Here, tret ¼ t − r
c −

2GM
c3 lnð rr0Þ þOðG2Þ is the retarded

time [with M denoting the total Arnowitt-Deser-Misner
(ADM) mass of the spacetime, and r0 a constant length
scale], while UL and VL are the mass- and current-type
radiative multipole moments, respectively (with L ¼
i1i2 � � � il being a multi-index consisting of l spatial
indices). They are related to the source multipole moments
IL and JL by relations having the structure5 [42]

ULðtÞ ¼ IðlÞL ðtÞ þ G
c3

ðtailþ semiheredþ instantaneousÞ þ G
c5

ðsemiheredþ instantaneousÞ þ higher-order tails;

VLðtÞ ¼ JðlÞL ðtÞ þ G
c3

ðtailþ instantaneousÞ þ G
c5

ðinstantaneousÞ þ higher-order tails: ð2:4Þ

Here the “tail terms” are given by integrals extending over
the full past history of the source of the type

þ 2GM
c3

Z
∞

0

dτIðlþ2Þ
L ðt − τÞ

�
ln

τ

τ0
þ const

�
; ð2:5Þ

with τ0 ¼ r0=c. The semihereditary (semihered.) terms
(also known as memory terms) are time antiderivatives
of products of multipole moments, whereas the instanta-
neous terms are polynomials in (time derivatives of) the
source multipole moments. Notice that there are no semi-
hereditary contributions to the radiative current moments.
In the case of radiative mass moments, instead, the OðGc3Þ
semihereditary terms first appear for l ¼ 4, while at the next
orderOðG

c5
Þ they are already present for l ¼ 2. Furthermore,

both the energy and the linear-momentum fluxes (2.2) only

5Henceforth, we replace the argument tret of the radiative
multipole moments simply by the dynamical time variable
t ¼ tret þ cst describing the binary motion (in the center-of-mass
system).
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contain time derivatives of the radiative moments (2.4), so
that all the semihereditary terms give instantaneous con-
tributions to both FEðtÞ and FPiðtÞ.
The higher-order tail contributions (tail-squared, tails-

of-tails, etc.) start at fractional order ð2GMc3 Þ2, i.e., 3PN.
We will take into account these fractional 3PN contri-
butions in all radiated quantities: energy, angular
momentum, and linear momentum. To reach the 3PN
accuracy, we also need to take into account all semi-
hereditary and instantaneous terms that contribute at the
fractional 2.5PN level. Among the 2.5PN effects, an
important, and subtle, one comes from the 2.5PN-level
correction to the hyperbolic motion induced by the
leading-order radiation-reaction force. It is the subject
of the next section.

III. 2.5PN CORRECTION TO THE
QUASI-KEPLERIAN PARAMETRIZATION FOR

HYPERBOLICLIKE ORBITS

In order to explicitly compute the 2.5PN correction to
hyperbolic motion6 caused by the leading-order radiation-
reaction force (considered as a first-order perturbation of
the 2PN equations of motion), it is convenient to follow
Ref. [55] in using Lagrange’s method of variation of
constants. This is done by rewriting the hyperbolic version7

[56] of the solution of the 2PN-level equations of motion
[57–59] (which depends on four integration constants, say,
c1; c2; cl, cϕ) in terms of four time-dependent versions of
the integration constants, say, c1ðtÞ; c2ðtÞ; clðtÞ, cϕðtÞ.
Namely, one writes

r ¼ Sðl; c1ðtÞ; c2ðtÞÞ;

_r ¼ n̄ðc1ðtÞ; c2ðtÞÞ
∂Sðl; c1ðtÞ; c2ðtÞÞ

∂l
;

ϕ ¼ cϕðtÞ þ W̄ðl; c1ðtÞ; c2ðtÞÞ;
_ϕ ¼ n̄ðc1ðtÞ; c2ðtÞÞ

∂W̄ðl; c1ðtÞ; c2ðtÞÞ
∂l

: ð3:1Þ

Here the functions Sðl; c1; c2Þ and W̄ðl; c1; c2Þ are defined
by eliminating the auxiliary variables v and V (by express-
ing them as functions of l, c1 and c2) from the four
equations

S ¼ ārðer cosh v − 1Þ;
W̄ ¼ K½V þ fϕ sin 2V þ gϕ sin 3V�;
l ¼ et sinh v − vþ ftV þ gt sinV;

V ¼ 2 arctan

� ffiffiffiffiffiffiffiffiffiffiffiffiffi
eϕ þ 1

eϕ − 1

s
tanh

v
2

�
: ð3:2Þ

In these equations, the quasi-Keplerian orbital parameters
ar; er; et; eϕ; K ≡ 1þ k; fϕ; gϕ; ft; gt are functions of the
two (2PN) integrals of motion c1, c2. Similar to S and W̄,
the auxiliary variable v can be considered as a function of
l; c1; c2: v ¼ vðl; c1; c2Þ. One could choose as basic 2PN
constants, c1, c2, the energy E of the system [or the specific
binding energy Ē≡ ðE −Mc2Þ=ðμc2Þ] and the angular
momentum J of the system [or the dimensionless angular
momentum j ¼ cJ=ðGMμÞ; see, e.g., Table VIII of
Ref. [33] for the harmonic-coordinates-case expressions
of the orbital parameters]. In the following, we find more
convenient to use c1 ¼ ār and c2 ¼ er. The harmonic-
coordinates expressions of the quasi-Keplerian orbital
parameters, as functions of ār and er, will be presented
below when discussing the generalization of this represen-
tation at the 3PN level. The auxiliary variable8 v is then
considered as a function of the form v ¼ vðl; ār; erÞ, with
the dependence on ār entering only beyond the leading
order (LO).
The perturbed motion is then expressed, besides

allowing c1, c2, cϕ to be functions of time, by describing
the time dependence of the basic angle l of the hyper-
boliclike planar motion in the following way:

lðtÞ ¼
Z

t

t0

n̄ðc1ðtÞ; c2ðtÞÞdtþ clðtÞ: ð3:3Þ

Here, t0 is an arbitrary reference time, and the four former
“constants” c1ðtÞ; c2ðtÞ; clðtÞ, and cϕðtÞ are now time
varying. Inserting Eqs. (3.1) and (3.3) in the perturbed
equations of motion determines the system of four first-
order evolution equations that must be satisfied by the four
quantities c1ðtÞ; c2ðtÞ; clðtÞ, cϕðtÞ, say,

dcα
dt

¼ Fαðl; cβÞ; α; β ¼ 1; 2; l;ϕ; ð3:4Þ

where the functions Fα are linear in the perturbing (relative)
acceleration. They generally read

6For our present purpose, it is enough to study the relative two-
body planar motion, considered in the center-of-mass system, and
in harmonic coordinates.

7A straightforward analytic continuation to positive binding
energies of the ellipticlike 2PN quasi-Keplerian parametrization
would involve complex parameters.

8The variable v is the hyperbolic analog of the usual
Kepler eccentric anomaly u [solution of Kepler’s equation
l ¼ u − et sin uþOð 1c2Þ] used in the description of elliptic
motions. See Appendix B for a discussion of the complex
analytic continuation relating elliptic and hyperbolic motions.
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dc1
dt

¼ ∂c1ðx; vÞ
∂v

·Arr;

dc2
dt

¼ ∂c2ðx; vÞ
∂v

·Arr;

dcl
dt

¼ −
�
∂S
∂l

�
−1
�
∂S
∂c1

dc1
dt

þ ∂S
∂c2

dc2
dt

�
;

dcϕ
dt

¼ −
∂W̄
∂l

dcl
dt

−
∂W̄
∂c1

dc1
dt

−
∂W̄
∂c2

dc2
dt

; ð3:5Þ

where Arr denotes the (relative) radiation-reaction accel-
eration (which starts at 2.5 PN). When choosing c1 ¼ E
and c2 ¼ J, and when working in the Hamiltonian for-
malism, the first two varying-constant equations read

dE
dt

¼ ∂H
∂pi

F rr
i ;

dJ
dt

¼ F rr
ϕ; ð3:6Þ

where F rr
i denotes the relative radiation-reaction force.

When choosing c1 ¼ ār and c2 ¼ er, and when working
at the leading PN order, these two equations read

dār
dt

¼ −2ā2rv ·Arr;

der
dt

¼ e2r − 1

er
ārv ·Arr þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
e2r − 1

p
er

ffiffiffiffiffi
ār

p ½x ×Arr�z: ð3:7Þ

As we need to compute the time dependence of the source
multipole moments expressed in harmonic coordinates, we
shall use here the (leading order) value of Arr in harmonic
coordinates, namely (denoting ν≡ μ=M),

Arr ¼ −
8

5
ν
G2

c5
M2

r3

�
−
�
3v2 þ 17

3

GM
r

�
_rn

þ
�
v2 þ 3

GM
r

�
v

�
: ð3:8Þ

Working at the leading 2.5PN order, denoting

X ≡ er cosh v − 1; ð3:9Þ

[where the auxiliary variable v is the same as in
Eq. (3.2)] and decomposing the four varying constants
cαðtÞ as

cαðtÞ ¼ c0α þ δrrcαðtÞ; ð3:10Þ

with constants c0α,
9 one finds the following explicit

(2.5 PN-accurate) evolution system10 for the four δrrcαðtÞ’s:

dδrrār
dt

¼ ν

ā3r

�
−

32

5X 3
−

512

15X4
þ 16ð−49þ 9e2rÞ

15X 5
þ 112ðe2r − 1Þ

3X6

�
;

dδrrer
dt

¼ νðe2r − 1Þ
ā4rer

�
−
56ðe2r − 1Þ

3X6
−
8ð9e2r − 49Þ

15X5
þ 136

15X4
þ 8

5X3

�
;

dδrrcl
dt

¼ ν sinh v
ā4rer

�
−
56ðe2r − 1Þ2

3X6
−
8ðe2r − 1Þð9e2r − 14Þ

15X5
þ 8ð43e2r − 3Þ

15X4
þ 32

5

e2r
X3

�
;

dδrrcϕ
dt

¼ ν sinh v
ā4r

ffiffiffiffiffiffiffiffiffiffiffiffiffi
e2r − 1

p
er

�
8

5X4
−

8

15

9e2r − 14

X5
−
56

3

e2r − 1

X6

�
: ð3:11Þ

Let us note in passing that we have checked these results on
the 2.5PN-level variation of the 2PN quasi-Keplerian
parameters of hyperboliclike motions by relating them to
the results of Ref. [55] on the 2.5PN-level, radiation-
reaction correction to the quasi-Keplerian parametrization
of ellipticlike motions. In order to relate the two types
of results, we used the fact that the latter 2.5PN-level,
radiation-reaction correction only depends on the
Newtonian-level Keplerian parametrization (which admits

a smooth analytic continuation when changing the sign of
the binding energy). We then had to go through two
different steps: (i) to relate the elliptic and hyperbolic
quasi-Keplerian parametrizations by a simple analytic
continuation (as used, e.g., at the 1PN level in Ref. [60])
and (ii) to take into account the fact that Ref. [55] worked
in a different coordinate system (namely, ADM coordi-
nates), corresponding to a different explicit expression for
the radiation-reaction force. Some partial results on the
comparison to the results of Ref. [55] are given in
Appendix B.
It is convenient to integrate perturbed quantities with

respect to the auxiliary variable v by using the unperturbed
relation dt

dv ¼ ā3=2r X . The explicit solution of the above-
evolution system then reads

9Below, we ease the notation by denoting c0α simply as cα, while
the full quantity cαðtÞ is always indicatedwith its time dependence.

10Following usual practice, we often use scaled variables
(factoring out some appropriate powers ofM or μ) when studying
the relative motion.
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δrrārðtÞ ¼
ν

ā3=2r

�
4ð37e4r þ 292e2r þ 96Þ

15ðe2r − 1Þ7=2 AtðvÞ þ sinh v

�
28er
3X4

þ 4erð36e2r þ 49Þ
45ðe2r − 1ÞX3

þ 2erð111e2r þ 314Þ
45ðe2r − 1Þ2X2

þ 2erð673e2r þ 602Þ
45ðe2r − 1Þ3X

�
þ 2ð673e2r þ 602Þ

45ðe2r − 1Þ3
�
;

δrrerðtÞ ¼
ν

ā5=2r

�
−
2erð121e2r þ 304Þ
15ðe2r − 1Þ5=2 AtðvÞ þ sinh v

�
−
14ðe2r − 1Þ

3X4
−
2ð36e2r þ 49Þ

45X 3
−
ð291e2r þ 134Þ
45X2ðe2r − 1Þ

−
ð72e4r þ 1069e2r þ 134Þ

45ðe2r − 1Þ2X
�
−
ð72e4r þ 1069e2r þ 134Þ

45ðe2r − 1Þ2er

�
;

δrrclðtÞ ¼
ν

ā5=2r

�
14ðe2r − 1Þ2

3e2rX4
þ 8ðe2r − 1Þð9e2r − 14Þ

45e2rX3
−
4ð−3þ 43e2rÞ

15e2rX 2
−

32

5X

�
;

δrrcϕðtÞ ¼
ν

ffiffiffiffiffiffiffiffiffiffiffiffiffi
e2r − 1

p
ā5=2r e2r

�
14ðe2r − 1Þ

3X4
þ 8

45

9e2r − 14

X3
−

4

5X2

�
; ð3:12Þ

where

AtðvÞ≡ arctan

�
α tanh

�
v
2

��
þ arctanα; ð3:13Þ

with

α≡
ffiffiffiffiffiffiffiffiffiffiffiffiffi
er þ 1

er − 1

s
; ð3:14Þ

and where the dependence of v on t is the unperturbed one. Here we have assumed the boundary condi-
tions limt→−∞ δcαðtÞ ¼ 0.
By looking at this solution, one sees that δrrclðtÞ and δrrcϕðtÞ are even functions of t, so that they tend to the same value

(here chosen to be zero both at t ¼ −∞ and at t ¼ þ∞). By contrast, the two other quantities δrrārðtÞ and δrrerðtÞ vary
between t ¼ −∞ and t ¼ þ∞. More precisely, one gets total variations ½f�≡ fðþ∞Þ − fð−∞Þ given by

½δrrār� ¼
4

15

ν

ā3=2r ðe2r − 1Þ3
�
673e2r þ 602

3
þ 37e4r þ 292e2r þ 96

ðe2r − 1Þ1=2 arccos

�
−

1

er

��
;

½δrrer� ¼ −
2

15

ν

ā5=2r ðe2r − 1Þ2er

�
72e4r þ 1069e2r þ 134

3
þ e2rð121e2r þ 304Þ

ðe2r − 1Þ1=2 arccos

�
−

1

er

��
; ð3:15Þ

with ½δrrār� ¼ ð2ā2r=νÞδrrEN, as from Eqs. (C7)–(C9) of Ref. [30]. These total variations agree with the total scattering
changes in ār and er obtained in Eqs. (6.1) and (6.2) of Ref. [39] by assuming (to leading PN order) balance equations for
energy and angular momentum, between the system and radiation.
To complete the solution of the radiation-reacted motion, one needs to inject the results, Eqs. (3.12), in the definitions of

lðtÞ and ϕðtÞ. In other words, one must now evaluate the functions lðtÞ ¼ l0ðtÞ þ δrrlðtÞ and ϕðtÞ ¼ ϕ0ðtÞ þ δrrϕðtÞ, where
l0ðtÞ ¼ n̄0ðt − t0Þ, ϕ0ðtÞ ¼ c0ϕ þ W̄ðl0ðtÞ; c01; c02Þ, and where

δrrlðtÞ ¼
Z

t

t0

δrrn̄ðtÞdtþ δrrclðtÞ;

δrrϕðtÞ ¼ δrrcϕðtÞ þ
∂W̄
∂l

δrrlðtÞ þ ∂W̄
∂c1

δrrc1ðtÞ þ
∂W̄
∂c2

δrrc2ðtÞ: ð3:16Þ

If we work only to the leading PN order (i.e., the 2.5PN order) we can (in the radiation-reacted contributions) use the
Newtonian-level approximation [notably n̄ ≈ ðārÞ−3=2, K ≈ 1] so as to get
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δrrlðtÞ ¼ ν

15ā5=2r ðe2r − 1Þ3
½−ð673e2r þ 602Þ½X þ 1þ er sinhv− v�− ð111e2r þ 314Þðe2r − 1Þ lnX þ 2ð36e2r þ 49Þðe2r − 1Þ2

X

þ 105ðe2r − 1Þ3
X2

−
6ð37e4r þ 292e2r þ 96Þffiffiffiffiffiffiffiffiffiffiffiffi

e2r − 1
p ½Lþ ðer sinhv− vÞarctanα�� þ const; ð3:17Þ

where

L≡
Z

v
dvXðvÞ arctan

�
α tanh

�
v
2

��
; ð3:18Þ

and where the integration constant can be chosen at will
[e.g., to make δrrlðtÞ vanish when v ¼ 0, i.e., at the moment
of closest approach in the hyperbolic motion]. Changing
the integration variable as v ¼ 2arctanhT in the above
integral yields

L ¼
Z

dT

�
−

1

1þ T
−

1

1 − T

þ er

�
1

ð1þ TÞ2 þ
1

ð1 − TÞ2
��

arctan ðαTÞ; ð3:19Þ

which can be solved in terms of dilogarithms. Explicitly,

Z
dT

arctan ðαTÞ
ð1� TÞ2 ¼∓ arctan ðαTÞ

1� T
þ α

2ð1þ α2Þ
× ½2 lnð1� TÞ− ð1� iαÞ
× lnð1þ iαTÞ− ð1∓ iαÞ lnð1− iαTÞ�;

ð3:20Þ

and

Z
dT

arctan ðαTÞ
1� T

¼ � i
2

�
ln

�
αð1� TÞ
∓ iþ α

�
lnð1 − iαTÞ

− ln

�
αð1� TÞ
�iþ α

�
lnð1þ iαTÞ

− Li2

�
i − αT
i� α

�
þ Li2

�
iþ αT
i ∓ α

��
:

ð3:21Þ

Finally, the solution for the orbit xiðtÞ ¼ xi≤2PNðtÞþ
δrrxiðtÞ, obtained by varying l; c1; c2, cϕ in the functions
rðl; c1; c2Þ and ϕðl; c1; c2; cϕÞ defined by Eqs. (3.1) and
(3.2), reads

δrrrðtÞ ¼ 1

X
ārer sinh vδrrlðtÞ þ XδrrārðtÞ

þ ār
er

�
−1þ e2r − 1

X

�
δrrerðtÞ;

δrrϕðtÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
e2r − 1

p
X2

δrrlðtÞ þ δrrcϕðtÞ

−
sinh v
X

� ffiffiffiffiffiffiffiffiffiffiffiffiffi
e2r − 1

p
X

þ 1ffiffiffiffiffiffiffiffiffiffiffiffiffi
e2r − 1

p �
δrrerðtÞ: ð3:22Þ

Taking into account the time-even character of δrrclðtÞ and
δrrcϕðtÞ, the total change ½δrrϕ� between −∞ andþ∞ of the
value of δrrϕðtÞ is then easily seen11 to be

½δrrϕ� ¼ −
½δrrer�

er
ffiffiffiffiffiffiffiffiffiffiffiffiffi
e2r − 1

p : ð3:23Þ

This agrees with the leading-PN-order result obtained in
Ref. [29] for the radiation-reaction contribution to the
(relative) scattering angle: χ2.5PNrr ¼ ½δrrϕ�. As already
mentioned in Ref. [29], the general linear-response for-
mula, Eq. (5.99) there, for χrrðE; jÞ is generally valid (to
linear order in radiation reaction) beyond the leading PN
order, under the two conditions that the unperturbed
conservative motion be time symmetric and that the
radiation-reaction force be time antisymmetric. (These
two conditions generally ensure that dδrrār

dt and dδrrer
dt will

be time symmetric, while dδrrcl
dt and dδrrcϕ

dt will be time
antisymmetric, so that ½cl� ¼ 0 and ½cϕ� ¼ 0.) For com-
pleteness, we present in Appendix A the explicit expres-
sions of the 2.5PN, 3.5PN, and 4.5PN contributions to the
function χrrðE; jÞ.

IV. CONTRIBUTION TO THE RADIATED LINEAR
MOMENTUM COMING FROM THE

RADIATION-REACTION CORRECTION TO
HYPERBOLIC MOTION

Having in hand the radiation-reaction correction to
hyperbolic motion, we can now come back to the analytical
determination of the linear-momentum loss at the fractional
3PN accuracy.

11The term proportional to δrrlðtÞ in δrrϕðtÞ vanishes at infinity.
Furthermore, ½δrrcϕ� ¼ 0 as from Eq. (3.12).
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Inserting in Eq. (2.2) the expressions (2.4) for the
radiative moments in terms of the source moments and
taking into account all instantaneous, semihereditary, and
hereditary terms contributing at the 3PN level, we get a
radiative linear-momentum flux of the form

FPi¼FPi
instI;J≤3PNþΔFPinstI;J

i
þFPtail

i
þFPi

higher-order tails:

ð4:1Þ

Here, the “leading-order instantaneous” term FPi
inst I;J≤3PN

is defined by replacing in Eq. (2.2) the radiative moments
UL and VL by the source ones, IL and JL; the “supple-
mentary instantaneous” contribution ΔFPinst I;J

i
combines

contributions bilinear in (the derivatives of) IL and JL
coming both from the instantaneous terms and the semi-
hereditary ones in Eq. (2.4); finally the tail terms (both
linear tails and higher-order tails) FPtail

i
þ FPi

higher-order tails

denote the contribution bilinear in IL and JL and in the
various hereditary contributions to UL and VL.
The complete expression for the linear-momentum flux

at the 2.5PN fractional accuracy level is given in Eqs. (2.3)–
(2.5) of Ref. [43]. The notation used there is

ðF i
PÞinst ¼ FPi

inst I;J þ ΔFPinst I;J
i

;

ðF i
PÞhered ¼ FPtail

i
: ð4:2Þ

In order to reach the 3PN accuracy, we need (i) to insert in
these expressions the 3PN-accurate expressions of the
source moments ILðtÞ; JLðtÞ considered as functions of
dynamical time t and (ii) to add the higher-order tail
contribution to the hereditary term ðF i

PÞhered. When evalu-
ating 3PN-accurate values of the relevant kth time deriv-

atives, I
ðkÞ≤3PN
L ðtÞ; JðkÞ≤3PNL ðtÞ, of the source moments, one

needs to use the 3PN-level equations of motion (including
the 2.5PN radiation-reaction contribution), and then to
express these time-differentiated moments along radia-
tion-reacted hyperboliclike solutions of the equations of
motion. The latter are obtained by adding the 2.5PN-level,
radiation-reaction effects discussed in the previous section
to the conservative 3PN hyperboliclike solutions (which
will be discussed below).
Let us symbolically write the motions as

x≤3PNðtÞ ¼ x3PN;consðtÞ þ δrrxðtÞ;
v≤3PNðtÞ ¼ v3PN;consðtÞ þ δrrvðtÞ: ð4:3Þ

As a consequence, the first contribution, FPi
inst I;J≤3PNðtÞ,

to the linear-momentum flux is naturally decomposed as a
sum of two terms,

FPi
inst I;J≤3PNðtÞ ¼ FPi

inst I;J 3PN;consðtÞ þ δrrFPi
inst I;JðtÞ:

ð4:4Þ

In these expressions, and below, the symbol δrr will
be used to denote the 2.5PN-level radiation-reaction-
generated contribution to some physical quantity, QðtÞ ¼
QðxðtÞ; vðtÞÞ, considered as a function of dynamical
time t. In the previous section, we obtained (at leading
order) the various needed radiation-reaction contributions
δrrxðtÞ; δrrvðtÞ; δrrQðtÞ by using Lagrange’s method of
variation of constants.
Finally, integrating FPi over t (from −∞ to þ∞) we get

the total linear momentum radiated in gravitational waves
during a full hyperbolic encounter,

Prad
i ¼

Z þ∞

−∞
dtFPiðtÞ: ð4:5Þ

The 6.5PN-accurate value of Prad
i is then obtained as a sum

of various contributions, say,

Prad
i ¼ Prad inst I;J3PN;cons

i þ δrrPrad inst I;J
i

þ ΔPrad inst I;J
i þ Prad tail

i þ Prad higher-order tails
i : ð4:6Þ

The resulting vectorial contributions will be projected on an
orthonormal basis ex, ey defined in terms of the vectorial
impact parameter bμ12 ¼ bb̂μ12, the initial four velocities u

μ
1−

and uμ2− of the two bodies, and the conservative12 part of the
scattering angle, χcons [see, e.g., Table X of Ref. [30], also
recalled at 2PN in Eqs. (C5) and (C6) below for conven-
ience]. The basis ex, ey was already used in Ref. [30] [see
Eq. (3.49) there]. Its definition is recalled in Appendix A.
Let us only mention here that ex is in the direction of the
major axis of the hyperboliclike relative orbit (direction of
closest approach).
The 2PN-accurate value of the instantaneous contribu-

tion to linear-momentum loss has been evaluated in
Ref. [30], see Eqs. (G6)–(G9) there. We have extended
this result by including both the higher-order tail effects
(which were computed in Ref. [40]) and the 3PN-level
conservative effects. The technology (including a 3PN-
accurate quasi-Keplerian representation of hyperboliclike
motions) needed for computing 3PN-level conservative
instantaneous contribution will be discussed below.
Let us discuss here the evaluation of the radiation-

reaction-related contribution δrrFPi
inst;I;J. To obtain it, it

is enough to evaluate the Newtonian flux

FPi
inst;I;JN ¼ −

64

105

G3M4

r4c7
m2 −m1

M
ν2ðANni þ BNviÞ;

ð4:7Þ

with

12In our treatment below, the coordinate basis ex, ey, ez enters
via the 2PN-accurate quasi-Keplerian representation of the
scattering motion.
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AN ¼ _r

�
55

8
v2 −

45

8
_r2 þ 3

2

GM
r

�
;

BN ¼ −
�
25

4
v2 −

19

4
_r2 þ GM

r

�
; ð4:8Þ

along the radiation-reaction-perturbed orbit, i.e., by sub-
stituting in it

rðtÞ¼ rNðtÞþδrrrðtÞ; _rðtÞ¼ _rNðtÞþδrr _rðtÞ;
ϕðtÞ¼ϕNðtÞþδrrϕðtÞ; _ϕðtÞ¼ _ϕNðtÞþδrr _ϕðtÞ; ð4:9Þ

taking then the time integral, retaining only linear
corrections. [The magnitude of the relative velocity in
Eq. (4.8) above should not be confused with the auxiliary
variable used to parametrize the orbit, denoted by the same
letter v.]
The variations δrrrðtÞ and δrrϕðtÞ are given by Eq. (3.22).

The related variations δrr _rðtÞ and δrr _ϕðtÞ are obtained either
by taking the time derivatives of δrrrðtÞ and δrrϕðtÞ or by
varying the functions _rðl; c1; c2Þ and _ϕðl; c1; c2; cϕÞ in
Eqs. (3.1) and (3.2). This yields

δrr _rðtÞ¼ er
ā1=2r X3

ðer−coshvÞδrrlðtÞ−1

2

er sinhv

ā3=2r X
δrrārðtÞ−

ðe2r−1Þsinhv
ā1=2r X3

δrrerðtÞ;

δrr _ϕðtÞ¼−2
er

ffiffiffiffiffiffiffiffiffiffiffi
e2r−1

p
ā3=2r X4

sinhvδrrlðtÞ−3

2

ffiffiffiffiffiffiffiffiffiffiffi
e2r−1

p
ā5=2r X2

δrrārðtÞþ
er

ā3=2r X 2
ffiffiffiffiffiffiffiffiffiffiffi
e2r−1

p �
1þ2ðe2r−1Þ

e2rX

�
1−

e2r−1

X

��
δrrerðtÞ: ð4:10Þ

We have checked that they satisfy dδrrrðtÞ
dt ¼ δrr _rðtÞ and dδrrϕðtÞ

dt ¼ δrr _ϕðtÞ.
We finally get the 2.5PN correction to the Newtonian flux

FPi
inst;I;JNjxμ¼xμN

þ δrrFPi
inst;I;J; ð4:11Þ

which has to be integrated along the orbit to yield

δrrPrad inst;I;J
i ¼

Z
dtδrrFPi

inst;I;J: ð4:12Þ

The final exact results are given by the following functions of ār and er (here and below, η is a place holder to indicate a half
PN order 1

c):

δrrPrad inst;I;J
x ¼ −ðMcÞm2 −m1

M
ν3η5

1

er½ārðe2r − 1Þ�13=2

×

�
arccos

�
−

1

er

��
110416

675
þ 132304

135
e2r þ

5134544

4725
e4r þ

1365802

4725
e6r þ

30331

1800
e8r

�

þðe2r − 1Þ1=2
e2r

�
8576

2025
þ 11644714

33075
e2r þ

22762729

18375
e4r þ

1623094259

1984500
e6r þ

159585499

1323000
e8r þ

15872

6125
e10r

��
;

δrrPrad inst;I;J
y ¼ ðMcÞm2 −m1

M
ν3η5

1

½ārðe2r − 1Þ�13=2
�
erarccos2

�
−

1

er

��
2479

225
e6r þ

22616

45
e4r þ

35416

75
e2r þ

48256

75

�

þ ðe2r − 1Þ1=2
er

arccos

�
−

1

er

��
296

25
e8r þ

277966

675
e6r þ

752812

675
e4r þ

75592

45
e2r þ

1072

27

�

þ e2r − 1

e3r

�
9352

75
e8r þ

8027

45
e6r þ

2686964

2025
e4r −

10084

2025
e2r þ

8576

2025

��
: ð4:13Þ

The first terms of their expansions in inverse powers of j (equivalent, remembering j ∝ G−1 to a PM expansion) read

δrrPrad inst;I;J
x ¼ −ðMcÞm2 −m1

M
ν3η5

�
15872

6125

p8
∞

j5
þ 30331

360
π
p7
∞

j6
þ 24234752

165375

p6
∞

j7
þO

�
1

j8

��
;

δrrPrad inst;I;J
y ¼ ðMcÞm2 −m1

M
ν3η5

�
148

25
π
p8
∞

j5
þ
�
2048

15
þ 2479

900
π2
�
p7
∞

j6
þ 160406

675
π
p6
∞

j7
þO

�
1

j8

��
: ð4:14Þ
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V. 2.5PN INSTANTANEOUS CONTRIBUTIONS TO
THE RADIATED LINEAR MOMENTUM

Let us now evaluate the third contribution to Prad
i denoted

ΔPrad inst
i in Eq. (4.6). This contribution is obtained by

integrating over time the (2.5PN level) instantaneous part of
the linear-momentum flux in terms of the source multipole
moments. Using the results of Ref. [61], Ref. [43] has
explicated this instantaneous part as the Oð 1

c5
Þ term in

Eq. (2.3) there. Recently, Ref. [62] has provided an
explicit expression for this 2.5PN instantaneous part of

the linear-momentum flux as a function of the (relative)
position and velocity along the orbit, see Eq. (4.1)
there. For clarity, we reproduce here this explicit expres-
sion,

ΔFPinst I;J
i

¼ −
64

105

G3M4

r4c7
m2 −m1

M
ν2ðA2.5PNni þ B2.5PNviÞ;

ð5:1Þ

where

A2.5PN ¼ GM
rc5

ν

�
701

90
v6 −

51137

96
v4 _r2 þ 41611

40
v2 _r4 −

49219

96
_r6 −

4

15

G3M3

r3
þG2M2

r2

�
1237

90
v2 −

6607

180
_r2
�

−
GM
r

�
4261

120
v4 þ 8397

40
v2 _r2 −

3778

15
_r4
��

;

B2.5PN ¼ GM
rc5

ν_r

�
157787

480
v4 −

39869

60
v2 _r2 þ 31913

96
_r4 þ GM

r

�
10773

40
v2 −

99277

360
_r2
�
þ 737

36

G2M2

r2

�
: ð5:2Þ

The integral along a hyperboliclike orbit of ΔFPi
inst I;J can be explicitly evaluated. After projection on the x and y axes

defined in Eq. (A3), one finds

ΔPrad inst I;J
x ¼ ðMcÞm2 −m1

M
ν3η5

er
½ārðe2r − 1Þ�13=2

×

�
arccos

�
−

1

er

��
491447

33600
e8r þ

123798

175
e6r þ

30800977

9450
e4r þ

13714844

4725
e2r þ

2125082

4725

�

þðe2r − 1Þ1=2
e2r

�
797859313

3528000
e8r þ

7556008631

3175200
e6r þ

4935155857

1323000
e4r þ

652923197

661500
e2r þ

5266216

496125

��

¼ ðMcÞm2 −m1

M
ν3η5

�
491447

67200

πp9
∞

j4
þ 13272832

55125

p8
∞

j5
þ 494871

1280

πp7
∞

j6
þ 1954525568

496125

p6
∞

j7
þO

�
1

j8

��
;

ΔPrad inst I;J
y ¼ 0: ð5:3Þ

In the last line of the first equation, we have also given the
first few terms of its large-j expansion. Let us note that this
contribution is (contrary to the other 2.5PN contribution
discussed in the previous section) purely oriented along the
x axis, i.e., along the vectorial distance of closest approach.

VI. NEW CONTRIBUTIONS TO THE
RADIATED ENERGY

Let us repeat for the radiated energy the above treatment
for the radiated linear momentum, namely,

Erad ¼ Erad inst I;J≤3PN;cons þ δrrErad inst I;J

þ ΔErad inst I;J þ Erad tail þ Erad higher-order tails: ð6:1Þ

Here, we have indicated the (fractional) 3PN level of
accuracy for the instantaneous term Erad inst I;J 3PN;cons. The

2PN-accurate instantaneous energy loss Erad inst I;J 2PN;cons

was first obtained in [30] [see Eqs. (C7)–(C13)]; its
extension at the 3PN level was obtained in [37].
We have redone an independent 3PN-accurate computation
of the energy loss and found agreement with the final
results of Ref. [37] (after correcting several typos in the 3PN
quasi-Keplerian expressions of Ref. [56], see Appendix D).
The leading-PN-order contribution to the linear-tail
Erad tail has been obtained in [30] [see Eq. (D26)],
while its 1PN correction is given in Eq. (5.20) of
Ref. [39]; see also Ref. [35] for a Fourier space analysis.
The higher-order tail contributionErad higher-order tails has been
derived in Refs. [36,38]. As discussed in the text
below Eq. (3.1) of Ref. [39], the last contribution
ΔErad inst I;J vanishes (because of the time-odd character of
its integrand),

BINI, DAMOUR, and GERALICO PHYS. REV. D 107, 024012 (2023)

024012-10



ΔErad inst I;J ¼ 0: ð6:2Þ

Reference [37] claimed [see below Eq. (42) there] that,
because of the time-odd character of radiation reaction, the
term δrrErad inst I;J was similarly vanishing.We found that this
was not correct because of the time-asymmetric character of
the motion perturbation δrrxðtÞ; δrrvðtÞ. We got a nonzero

result for δrrErad inst I;J. We further found that this nonvanish-
ing contribution plays a crucial role in obtaining a correct
mass-polynomiality behavior for the radiated (four)
momentum.
The exact expression of δrrErad inst I;J in terms of ār and

er reads

δrrErad inst I;J ¼ ðMc2Þν3η5 1

½ārðe2r − 1Þ�6
�
arccos2

�
−

1

er

��
7696

225
e6r þ

53936

75
e4r þ

150272

225
e2r þ

14336

25

�

þ ðe2r − 1Þ1=2 arccos
�
−

1

er

��
592

25
e6r þ

465952

675
e4r þ

44176

27
e2r þ

1106464

675

�

þ e2r − 1

e2r

�
44848

225
e6r þ

11056

25
e4r þ

313024

225
e2r −

8576

225

��
: ð6:3Þ

The beginning of its expansion in 1
j (i.e., of its PM expansion in powers of G) reads

δrrErad inst I;J ¼ ðMc2Þν3η5
�
296

25
π
p7
∞

j5
þ
�
50176

225
þ 1924

225
π2
�
p6
∞

j6
þ 56008

135
π
p5
∞

j7
þO

�
p4
∞

j8

��
: ð6:4Þ

Adding this term to the 1PN corrections to the LO tails [36,38,39] then gives the following complete expression for the
2.5PN radiated energy:

Erad
2.5PN ¼ ðMc2Þν2η5

��
1216

105
−
2848ν

15

�
p8
∞

j4
þ
��

296

25
−
15291π2

280

�
ν −

24993π2

1120
þ 9216

35

�
π
p7
∞

j5

þ
��

−
71488

75
−
2974508π2

4725

�
νþ 2898ζð3Þ

5
þ 1024π2

135
þ 56708

105

�
p6
∞

j6

þ
��

56008

135
−
23514π2

7
þ 30285π4

112

�
νþ 689985π4

3584
−
13138915π2

7392
þ 210176

225

�
π
p5
∞

j7
þO

�
p4
∞

j8

��
: ð6:5Þ

Let us also exhibit the 1
j expansion of the full 3PN-level contribution to the energy loss, which combines terms from several

sources: the (exact) instantaneous contribution linked to 3PN-level multipole moments [37] and the higher-order tails (tails-
of-tails and tail-squared) [36,38,39]

Erad
3PN ¼ ðMc2Þν2η6

��
−
148ν3

15
þ 321ν2

280
−
2699ν

504
−
676273

354816

�
π
p10
∞

j3
þ
�
−
2366ν3

9
þ 164ν2

3
−
1223594ν

33075
−
151854

13475

�
p9
∞

j4

þ
�
−
1823ν3

5
þ 12269ν2

80
þ
�
76897

480
−
4059π2

640

�
ν −

10593

350
ln

�
p∞

2

�
þ 99π2

10
þ 29573617463

310464000

�
π
p8
∞

j5

þ
�
−
150892ν3

45
þ 4201976ν2

1575
þ
�
875976284

297675
−
212216π2

1575

�
ν −

18955264

23625
lnð2p∞Þ

þ 177152π2

675
þ 36589282372

11694375

�
p7
∞

j6

þ
�
−
13955ν3

6
þ 1419153ν2

448
þ
�
68898691

36288
−
51947π2

384

�
ν −

337906

315
ln
�
p∞

2

�

−
58957ζð3Þ

32
þ 3158π2

9
þ 37546579757

8467200

�
π
p6
∞

j7
þO

�
p5
∞

j8

��
: ð6:6Þ

An equivalent expression (and extended up to 1=j15), can be found in Ref. [38]. [Note that Eq. (B3) of the published version
(and of the arXiv version 1) uses a different parametrization, p ≠ p∞, while Eq. (C3) of the arXiv version 2 has been
updated with the notation p ¼ p∞.]
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VII. NEW CONTRIBUTIONS TO THE RADIATED ANGULAR MOMENTUM

Similarly, for the angular momentum, we have

Jrad ¼ Jrad inst I;J≤3PN;cons þ δrrJrad inst I;J þ JradmemI;J þ ΔJrad inst I;J þ Jrad tail þ Jrad higher-order tails: ð7:1Þ

The 2.5PN instantaneous term is also vanishing in this case [39]. Therefore, the only contributions at that order come from
the 1PN corrections to the LO tails, a memory term [36,39], and the radiation-reaction correction to hyperbolic motion. The
latter turns out to be

δrrJrad inst I;J ¼ GM2

c
ν3η5

1

½ārðe2r − 1Þ�9=2
�
arccos2

�
−

1

er

��
5264

75
e4r þ

1792

15
e2r þ

8192

25

�

þ ðe2r − 1Þ1=2 arccos
�
−

1

er

��
752

25
e4r þ

59792

225
e2r þ

33248

45

�

þ e2r − 1

e2r

�
128

25
e6r þ

1328

75
e4r þ

23968

45
e2r −

8576

225

��
; ð7:2Þ

as an exact expression in terms of ār and er. The beginning of its 1
j expansion is

δrrJrad inst I;J ¼ GM2

c
ν3η5

�
128

25

p6
∞

j3
þ 376

25
π
p5
∞

j4
þ
�
4352

75
þ 1316

75
π2
�
p4
∞

j5
þ 52456

225
π
p3
∞

j6
þO

�
p2
∞

j7

��
: ð7:3Þ

Adding all terms leads to the final result,

Jrad2.5PN ¼ GM2

c
ν2η5

��
1184

21
−
431936ν

1575

�
p6
∞

j3
þ
��

7816

525
−
2232π2

35

�
ν −

1305π2

112
þ 7488

25

�
π
p5
∞

j4

þ
��

−
225536

525
−
201724π2

33075

�
νþ 4116ζð3Þ

5
−
130688π2

6615
þ 147064

315

�
p4
∞

j5

þ
��

365392

1575
−
57037π2

21
þ 102619π4

448

�
νþ 163083π4

1792
−
18227π2

28
þ 32

15

�
π
p3
∞

j6
þO

�
p2
∞

j7

��
: ð7:4Þ

New with this work is also the computation of the full 3PN-level contribution to the angular momentum loss. It is obtained
by combining the (exact) instantaneous contribution of Ref. [37] (which we independently recomputed) and higher-order
tails [36]. We got

Jrad3PN ¼ GM2

c
ν2η6

��
−
16ν3

5
þ 24ν2

7
þ 878ν

315
þ 3712

3465

�
p9
∞

j
þ
�
−
553ν3

24
þ 9235ν2
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þ 1469ν

504
þ 115769
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�
π
p8
∞

j2

þ
�
−
6224ν3

15
þ 67432ν2
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þ 1459694ν

11025
−
4955072

121275

�
p7
∞

j3

þ
�
−
861ν3

2
þ 74693ν2

280
þ
�
2048629

7560
−
123π2

32

�
ν −

4922

175
ln

�
p∞

2

�
þ 46π2

5
−
561803611

10584000

�
π
p6
∞

j4

þ
�
−
136976ν3

45
þ 13320808ν2

4725
þ
�
85939786

42525
−
3362π2

75

�
ν −

931328

1575
lnð2p∞Þ þ

8704π2

45
þ 7781823776

16372125

�
p5
∞

j5

þ
�
−
6517ν3

4
þ 794749ν2

336
þ
�
46277

432
−
861π2

64

�
ν −

21614

35
ln

�
p∞

2

�
−
45261ζð3Þ

40
þ 202π2 þ 5288341351

4233600

�
π
p4
∞

j6

þO

�
p3
∞

j7

��
: ð7:5Þ

VIII. 1PN-ACCURATE TAIL CONTRIBUTION TO THE RADIATED LINEAR MOMENTUM

Let us now tackle the technically challenging (fractionally 1PN) tail contribution to the radiated linear momentum, namely,
the termPrad tail

i in Eq. (4.6). It is the time integral of the following linear-momentum-flux integrand (seeEq. (2.5) ofRef. [43]):
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F i
P
tail ¼ G2M

c10

�
4

63

	
Fi
Ið4Þ
3
Ið5Þ
2

þ Fi
Ið3Þ
2
Ið6Þ
3



þ 32

45

	
�Fi

Ið3Þ
2
Jð5Þ
2

þ �Fi
Jð3Þ
2
Ið5Þ
2



þ 1

c2

�
1

567

	
Fi
Ið5Þ
4
Ið6Þ
3

þ Fi
Ið4Þ
3
Ið7Þ
4




þ 1

63

	
�Fi

Ið4Þ
3
Jð6Þ
3

þ �Fi
Jð4Þ
3
Ið6Þ
3



þ 8

63

	
Fi
Jð4Þ
3
Jð5Þ
2

þ Fi
Jð3Þ
2
Jð6Þ
3


��
; ð8:1Þ

where M ¼ Mð1þ νĒÞ is the total ADM mass of the
system, and the definitions of the quantities Fi

XðnÞ
L YðmÞ

M

in

terms of the source multipole moments are given in
Table I.
Introducing the shorthand notation

hfi ¼
Z

∞

−∞
dtfðtÞ; ð8:2Þ

for the total time integral of an arbitrary function fðtÞ over
the full scattering process, we need to evaluate

Prad tail
i ≡ hF i

P
taili: ð8:3Þ

We found useful to evaluate this integral in the frequency
domain by using a quasi-Keplerian parametrization
of the motion in harmonic coordinates. We refer to
previous works for a review of all necessary tools (see,
e.g., Ref. [35]).

Expanding the various multipole moments as Fourier
integrals

XLðtÞ≡
Z

∞

−∞

dω
2π

e−iωtX̂LðωÞ;

X̂LðωÞ≡
Z

∞

−∞
dteiωtXLðtÞ; ð8:4Þ

leads to (denoting
R
ω ≡

R∞
0

dω
2π)

D
Fi
Ið4Þ
3
Ið5Þ
2

þ Fi
Ið3Þ
2
Ið6Þ
3

E
¼

Z
ω
ω8

�
iπS−

i −
7

10
Sþ
i



;

D
�Fi

Ið3Þ
2
Jð5Þ
2

þ �Fi
Jð3Þ
2
Ið5Þ
2

E
¼

Z
ω
ω7

	
πRþ

i −
i
4
R−

i



;

D
Fi
Ið5Þ
4
Ið6Þ
3

þ Fi
Ið4Þ
3
Ið7Þ
4

E
¼

Z
ω
ω10

	
iπU−

i −
7

20
Uþ
i



;

D
�Fi

Ið4Þ
3
Jð6Þ
3

þ �Fi
Jð4Þ
3
Ið6Þ
3

E
¼

Z
ω
ω9

	
πVþ

i −
i
20

V−
i



;

D
Fi
Jð4Þ
3
Jð5Þ
2

þ Fi
Jð3Þ
2
Jð6Þ
3

E
¼

Z
ω
ω8

	
iπZ−

i −
1

2
Zþ

i



; ð8:5Þ

where

S�
i ðωÞ ¼ Îijkð−ωÞÎjkðωÞ � ÎijkðωÞÎjkð−ωÞ;

R�
i ðωÞ ¼ ϵijk½ÎjaðωÞĴkað−ωÞ � Îjað−ωÞĴkaðωÞ�;

U�
i ðωÞ ¼ Îijklð−ωÞÎjklðωÞ � ÎijklðωÞÎjklð−ωÞ;

V�
i ðωÞ ¼ ϵijk½ÎjabðωÞĴkabð−ωÞ � Îjabð−ωÞĴkabðωÞ�;

Z�
i ðωÞ ¼ Ĵijkð−ωÞĴjkðωÞ � ĴijkðωÞĴjkð−ωÞ: ð8:6Þ

The leading-PN-order tail contribution (8.3) [i.e., the
first two lines in Eq. (8.5)] has been already computed in
Ref. [30]; see also Ref. [40] ]. We focus here on the next-to-
leading order (fractionally 1PN) tail contribution. We need
to take into account the fractional 1PN corrections to the
first two lines in Eqs. (8.5), whereas the leading PN order is
enough for the remaining three lines in Eqs. (8.5). The final
results for the large-j expansions of the (nonvanishing)
components Prad tail

x and Prad tail
y are

TABLE I. Definition of the various terms Fi
XðnÞ
L YðmÞ

M

entering the

tail part of the linear-momentum flux. Here we have introduced
the following set of multipolar tail timescales: CI2 ¼ 2τ0e−11=12,
CI3 ¼ 2τ0e−97=60, CJ2 ¼ 2τ0e−7=6, CJ3 ¼ 2τ0e−5=3, and
CI4 ¼ 2τ0e−59=30.

Fi
Ið4Þ
3
Ið5Þ
2

Ið4ÞijkðtÞ
R
∞
0 dτIð5Þjk ðt − τÞ lnð τ

CI2
Þ

Fi
Ið3Þ
2
Ið6Þ
3

Ið3Þjk ðtÞ
R
∞
0 dτIð6Þijkðt − τÞ lnð τ

CI3
Þ

�Fi
Ið3Þ
2
Jð5Þ
2

ϵijkI
ð3Þ
ja ðtÞ

R
∞
0 dτJð5Þka ðt − τÞ lnð τ

CJ2
Þ

�Fi
Jð3Þ
2
Ið5Þ
2

ϵijkJ
ð3Þ
ka ðtÞ

R
∞
0 dτIð5Þja ðt − τÞ lnð τ

CI2
Þ

Fi
Ið5Þ
4
Ið6Þ
3

Ið5ÞijklðtÞ
R
∞
0 dτIð6Þjklðt − τÞ lnð τ

CI3
Þ

Fi
Ið4Þ
3
Ið7Þ
4

Ið4ÞjklðtÞ
R
∞
0 dτIð7Þijklðt − τÞ lnð τ

CI4
Þ

�Fi
Ið4Þ
3
Jð6Þ
3

ϵijkI
ð4Þ
jabðtÞ

R
∞
0 dτJð6Þkabðt − τÞ lnð τ

CJ3
Þ

�Fi
Jð4Þ
3
Ið6Þ
3

ϵijkJ
ð4Þ
kabðtÞ

R
∞
0 dτIð6Þjabðt − τÞ lnð τ

CI3
Þ

Fi
Jð4Þ
3
Jð5Þ
2

Jð4ÞijkðtÞ
R
∞
0 dτJð5Þjk ðt − τÞ lnð τ

CJ2
Þ

Fi
Jð3Þ
2
Jð6Þ
3

Jð3Þjk ðtÞ
R
∞
0 dτJð6Þijkðt − τÞ lnð τ

CJ3
Þ
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Prad tail
x ¼ −ðMcÞm2 −m1

M
ν2η3

�
π

1491
400

p7
∞ þ η2

	
− 9529

67200
ν − 26757

5600



p9
∞

j4
þ

20608
225

p6
∞ þ η2

	
72512
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7875



p8
∞

j5

þ π
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2400

p5
∞ þ η2
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67200



p7
∞

j6
þ

64576
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p4
∞ þ η2

	
29244128
70875

ν − 9920672
7875



p6
∞

j7
þO

�
1

j8

��
;

Prad tail
y ¼ −ðMcÞm2 −m1

M
ν2η3

�− 128
3
p7
∞ þ η2

	
320
3
ν − 192

175



p9
∞

j4
þ π

− 1509π2

140
p6
∞ þ η2

	
2721
80

π2ν − 2432
15

þ 75661
4480

π2


p8
∞

j5

þ

	
− 8768

45
− 521216π2

4725



p5
∞ þ η2

�	
43457024
99225

π2 þ 37792
45



ν − 77389

1050
þ 42827264

1091475
π2 − 9489

20
ζð3Þ

�
p7
∞

j6

þ π

	
36885
896

π4 − 142391
280

π2


p4
∞ þ η2

�	
− 208525

1024
π4 þ 8537719

3360
π2


ν − 44900896

55125
− 328765

1792
π4 þ 989879573

549120
π2
�
p6
∞

j7

þO

�
1

j8

��
: ð8:7Þ

These tail contributions take into account the physical retarded-tail interaction between the bodies, so that they are
asymmetric under time reversal (they were called “past tails” in Refs. [30,36]). Let us note in passing that replacing the
retarded kernel in the time-domain tail integral by its time-symmetric projection would lead to the following integral:

Prad sym tail
i ¼ G2M

c10

�
32

45
π

Z
∞

0

dω
2π

ω7Rþ
i ðωÞ þ

4

63
iπ

Z
∞

0

dω
2π

ω8S−
i ðωÞ þ

1

c2

�
1

567
iπ

Z
∞

0

dω
2π

ω10U−
i ðωÞ

þ 1

63
π

Z
∞

0

dω
2π

ω9Vþ
i ðωÞ þ

8

63
iπ

Z
∞

0

dω
2π

ω8Z−
i ðωÞ

��
; ð8:8Þ

implying

Prad sym tail
x ¼ 0; Prad sym tail

y ¼ Prad tail
y : ð8:9Þ

The complete 2.5PN radiated linear momentum is then obtained by summing up all contributions, Eqs. (4.14), (5.3),
and (8.7). The final result is listed in Tables II and III as a double PM-PN expansion [see Eq. (10.1) below].

IX. 3PN-LEVEL CONTRIBUTION TO THE RADIATED LINEAR MOMENTUM

The radiated instantaneous linear momentum at the fractional 3PN accuracy can be obtained by integrating the 3PN
instantaneous linear-momentum flux,

FPi
inst I;J≤3PN ¼ G

c7

�
f0i þ

1

c2
f1i þ

1

c4
f2iþ

1

c5
f2.5i þ 1

c6
f3i

�
; ð9:1Þ

where

f0i ¼
2

63
Ið4ÞijkI

ð3Þ
jk þ 16

45
ϵijkI

ð3Þ
jc J

ð3Þ
kc ;

f1i ¼
4

63
Jð4ÞijkJ

ð3Þ
jk þ 1

1134
Ið5ÞijklI

ð4Þ
jkl þ

1

126
ϵijkI

ð4Þ
jabJ

ð4Þ
kab;

f2i ¼
2

945
Jð5ÞijklJ

ð4Þ
jkl þ

1

59400
Ið6ÞijklmI

ð5Þ
jklm þ 2

14175
ϵijkI

ð5Þ
jabcJ

ð5Þ
kabc;

f3i ¼
1

22275
Jð6ÞijklmI

ð5Þ
jklm þ 1

4343625
Ið7ÞijklmnI

ð6Þ
jklmn þ

1

534600
ϵijkI

ð6Þ
jabcdJ

ð6Þ
kabcd; ð9:2Þ
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TABLE II. New terms at the 2.5PN and 3PN level of fractional accuracy improving the PN expansion given in Table IX of Ref. [30] of
the coefficients En, Jn, and Pyn, entering the PM expansion (10.1) of the radiated energy, angular momentum, and y component of the
linear momentum, respectively.

E>2PN
3 π

�
ð− 676273

354816
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504
νþ 321

280
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15
ν3Þp10

∞ þOðp11
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TABLE III. PN expansion of the coefficients Pxn of the x component of the radiated linear momentum through the
3PN fractional accuracy.
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with f0i (namely, Iij, Iijk, and Jij) to be evaluated at the 3PN level of accuracy, f1i at 2PN, etc. The 2.5PN contribution f2.5i
has already been discussed in the previous sections.
Moreover, all multipoles are needed in modified harmonic coordinates and several of them already exist in the literature

(mainly from Ref. [63]), while for the others only the expression in harmonic coordinates is known, and one has to
transform their expression to modified harmonic coordinates, following Ref. [64], Sec. IV B. More precisely,
(1) Iij, needed at 3PN, see Eqs. (3.1) and (3.2c) of Ref. [64]; see also Eqs. (3.19) and (3.20) of Ref. [63];
(2) Iijk, needed at 3PN, see Eqs. (4.9) and (4.10) of Ref. [65] for the expression in standard harmonic coordinates;
(3) Iijkl, needed at 2PN, see Eq. (3.23a) of Ref. [63];
(4) Iijklm, needed at 1PN, see Eq. (3.23b) of Ref. [63];
(5) Iijklmn, needed at N, see Eq. (3.23c) of Ref. [63];
(6) Jij, needed at 3PN, see Eqs. (3.6) and (3.7) of Ref. [66] for the expression in standard harmonic coordinates;
(7) Jijk, needed at 2PN, see Eq. (3.26a) of Ref. [63];
(8) Jijkl, needed at 1PN, see Eq. (3.26b) of Ref. [63];
(9) Jijklm, needed at N, see Eq. (3.26c) of Ref. [63].

The final 3PN instantaneous term for a generic orbit reads

FPi
inst I;J 3PN ¼ G3M3ν2

r4c7
ðm2 −m1Þη6ðA3PN _rni þ B3PNviÞ; ð9:3Þ

with
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and
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The integration along hyperboliclike orbits (see Appendix D) can be carried on exactly and the sought for 3PN
contribution reads

Prad inst;I;J 3PN
x ¼ 0;

Prad inst;I;J 3PN
y ¼ ðMcÞm2 −m1

M
ν2η6

1

er½ārðe2r − 1Þ�7 ðQ
A0

y þQA1

y AþQA2

y A2 þQA3

y A3Þ; ð9:6Þ

with A ¼ arccosð−1=erÞ and
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where

Cl2ðxÞ ¼
i
2
½Li2ðe−ixÞ − Li2ðeixÞ�; ð9:8Þ

is the Clausen function of order 2.
As expected, these terms involve the arbitrary length scale r0 (entering the retarded time as well as the relation connecting

harmonic to modified harmonic coordinates), which disappears in the complete expression when all 3PN hereditary terms
are included, i.e.,
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Prad 3PN
i ¼ Prad inst I;J 3PN

i þ Prad higher-order tails
i : ð9:9Þ

Indeed, this is exactly the case when using the results of Ref. [40] for the higher-order tail contributions. We list below the
final large-j expansion (including terms from 1=j3 up to terms 1=j7) of both Prad

x and Prad
y ,
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X. SUMMARY OF RESULTS FOR THE ENERGY,
ANGULAR MOMENTUM AND LINEAR-

MOMENTUM LOSSES IN THE C.M. FRAME

For the convenience of the reader, let us summarize here
the new results derived in this work concerning the losses
of energy, angular momentum, and linear momentum
(radiated as gravitational waves), as recorded in the (initial)
c.m. frame. In this section, we use the notation of our
previous work [30] for parametrizing the PM expansions of
the radiative losses by the coefficients of their power
expansion in 1

j, namely,

Erad

M
¼ þν2

X∞
n¼3

En

jn
;

Jrad

Jc:m:
¼ þν1

X∞
n¼2

Jn
jn

;

Prad
x

M
¼ þm2 −m1

M
ν2

X∞
n¼4

Pxn

jn
;

Prad
y

M
¼ þm2 −m1

M
ν2

X∞
n¼3

Pyn

jn
: ð10:1Þ

Here the left-hand sides have been adimensionalized, and
we pulled out some powers of ν on the right-hand sides, to
ensure that the expansion coefficients En, Jn, Pxn, Pyn are
dimensionless and that their LO PN contribution is ν
independent. (We recall that Jc:m: ¼ bμp∞=h ¼ GM2νj.)

Note that in Ref. [30] we focused on the PM expansion of
Prad
y , because Prad

x was subdominant and linked to time-
asymmetric hereditary tail effects. See Eq. (H3) there,
giving the LO contribution to Prad

x .

A. Energy loss in the c.m. frame

The radiated c.m. energy Erad has been evaluated at the
2PN fractional accuracy in our previous work Ref. [30].
The corresponding 1

j-expansion PM coefficients were given

(up to 1
j7) in the first five lines of Table IX there. In the

present work, we have computed the heretofore uneval-
uated fractional 2.5PN instantaneous contribution due the
radiation-reaction correction to hyperbolic motion (incor-
rectly argued to vanish in [37]), and we have used the
results of [36–38] when computing the fractional 3PN
contribution in the form of a 1

j expansion [see Eqs. (6.5) and
(6.6)]. In order to confirm the value of the fractional 3PN
contribution to the radiated energy, we have done an
independent computation of the instantaneous, 3PN-level
contribution. The technically most challenging part of the
latter computation comes from inserting the 3PN-accurate
hyperbolic motion in the 3PN-accurate quadrupole
moment. Following Ref. [56], the computation uses a
3PN-level, hyperbolic version of the quasi-Keplerian rep-
resentation of binary motion. In redoing the computation of
the latter hyperbolic quasi-Keplerian representation, we
found that there were several typos in the results displayed
in Ref. [56]. For the convenience of the reader, we give the
corresponding corrected results in Appendix D.
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Our results are displayed in Table II. Many of the
ν-dependent terms can be directly checked by using the
polynomiality rule satisfied by the coefficients En, namely,

hnþ1En ¼ Pγ
½ðn−2Þ=2�ðνÞ; ð10:2Þ

where Pγ
NðνÞ denotes a polynomial of order N in ν, having

γ-dependent coefficients. This rule was pointed out in
Ref. [33] [see also Eq. (7.7) in Ref. [30] ]. We shall give
below another simple proof of this polynomiality rule. Our
results on the coefficients En satisfy this polynomiality rule
after adding all separate contributions. For instance, at the
4PM order (n ¼ 4), if one would consider separately the
3PN contribution [ 1j4 term on the second line of Eq. (6.6)], it

would violate the polynomiality rule (10.2) because of the
terms ð− 2366ν3

9
þ 164ν2

3
Þ. In fact, these terms precisely cancel

the rule-violating terms in h5E4 coming from lower PN
contributions in E4.
While writing up our results, a PN-exact computation of

the G4 energy coefficient E4 was made public [25]. Our
(fractionally 3PN-accurate) PN-expanded result listed in
Eq. (D27) of Ref. [30], and in Table II here, agrees (when
expressed in terms of Ẽ4 ≡ h5E4) with the 3PN expansion
of the curly bracket on the right-hand side of Eq. (8)
in Ref. [25].
Let us also note that we have included in Table II the

PN-acquired knowledge of the 3PM-level contribution E3,
though E3 has been determined as an exact function of p∞
[9,23]. It agrees with the corresponding term in Refs. [9,23]
and thereby provides an additional check of our PN
calculations.

B. Angular momentum loss in the c.m. frame

The fractionally 2PN-accurate expansion of the PM
coefficients Jn of the radiated c.m. angular momentum
Jrad can also be found in Table IX of Ref. [30], up to n ¼ 7.
In the present work, we have raised their accuracy to the
3PN order by computing the missing term in the instanta-
neous part of the radiated angular momentum at the 2.5PN
level due the radiation-reaction correction to hyperbolic
motion, thereby completing partial results available in the
literature for the various contributions through 3PN order
[36–39]. The final result is given by Eqs. (7.4) and (7.5) as
an expansion in inverse angular momentum. The post-2PN
coefficients are listed in Table II. The 2PM and 3PM
coefficients J2 and J3 are known exactly (see Refs. [28,24],
respectively), but are also shown in their PN-expanded
form for completeness.
Concerning the ν structure of the coefficients Jn, they

satisfy the polynomiality rule [30]

hnJn þ hn−1νEn ¼ Pγ
½ðn−2Þ=2�ðνÞ; ð10:3Þ

with n ≥ 3, whereas h2J2 is independent of ν.

C. Linear-momentum loss in the c.m. frame

Table IX of Ref. [30] listed the PN expansion of the
coefficients Pyn of the PM expansion of the y component of
the radiated linear momentum Jrad in the c.m. frame,
accurate to 2PN fractional order. The corresponding
post-2PN contributions up to 3PN order are listed in
Table II.
As pointed out in [30] (and as is further discussed

below), the coefficients Pyn must satisfy the polynomiality
property

hnþ1Pyn ¼ Pγ
½ðn−3Þ=2�ðνÞ: ð10:4Þ

Our results on the coefficients Pyn satisfy this polynomial-
ity rule after adding all separate contributions. For instance,

at order n ¼ 4 the term proportional to þη2 320
3

p9
∞
j4 in the

fractionally 1PN tail term (8.7) would separately violate the
rule (10.4), but is needed to cancel corresponding rule-
violating terms in h5Py4.
We recall that Py3 is exactly known in PM sense, being

related to E3 by

Py3 ¼
ffiffiffiffiffiffiffiffiffiffiffi
γ − 1

γ þ 1

s
E3: ð10:5Þ

The PN expansion of the coefficients Pxn are instead
listed in Table III. These expansions include the leading-
order (past-tail) contribution computed in [30] and com-
plete them by two further terms in the PN expansion
(fractionally 2.5PN and 3PN).
The coefficients Pxn satisfy (see below) the polynomial-

ity property

hnPxn ¼ Pγ
½ðn−4Þ=2�ðνÞ: ð10:6Þ

Our results on the coefficients Pxn were found to satisfy
this polynomiality rule after adding all separate contribu-
tions and, notably, the one linked to radiation-reaction
modifications of the orbital motion. For example, at order

G4 the term proportional to −η2 9529
67200

p9
∞
j4 in the fractionally

1PN tail term (8.7) would separately violate the rule (10.6),
but is needed to cancel corresponding rule-violating
terms in h4Px4, while, at order G5, the term

−ðMcÞ m2−m1

M ν3η5 15872
6125

p8
∞
j5

in δrrPrad inst;I;J
x , Eq. (4.14), is

nonpolynomial by itself, but corrects the nonpolynomiality
of other contributions.

XI. LORENTZ-INVARIANT FORM FACTORS FOR
P μ
rad AND MASS-POLYNOMIALITY RULES

In the sections above, we have discussed the values of the
losses of energy, angular momentum, and linear momen-
tum in the c.m. frame. This was motivated by the fact that
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the multipolar-post-Minkowskian approach [50–52] to
gravitational radiation is conveniently applied within the
c.m. frame of the binary system. Let us now reexpress these
c.m.-based and PN-expanded results in a Lorentz-
invariant way.
As was pointed out in previous works (e.g., [30,45]), if

one expresses the individual momentum changes (or
impulses) Δpμ

1;Δp
μ
2 during gravitational scattering, and

therefore also the radiated 4-momentum Pμ
rad ¼ −ðΔpμ

1þ
Δpμ

2Þ, in terms of the incoming 4-velocities uμ1−; u
μ
2− and of

the vectorial impact parameter bμ12 ≡ bμ1 − bμ2, their expan-
sion coefficients in powers of Gmust be polynomials in the
two masses m1 and m2. Let us show here what information
we can thereby get from such mass polynomiality.
We can decompose Pμ

rad as follows:

Pμ
rad ¼ Prad

1þ2ðm1; m2; γ; bÞðuμ1− þ uμ2−Þ
þ Prad

1−2ðm1; m2; γ; bÞðuμ1− − uμ2−Þ
þ Prad

b12
ðm1; m2; γ; bÞb̂μ12: ð11:1Þ

The basis uμ1− þ uμ2−, u
μ
1− − uμ2−, b̂

μ
12 is orthogonal, though

not orthonormal. While ðb̂12Þ2 ¼ þ1 we have

ðuμ1− þ uμ2−Þ2 ¼ −2ðγþ 1Þ; ðuμ1− − uμ2−Þ2 ¼þ2ðγ − 1Þ:
ð11:2Þ

Taking into account the symmetry of Pμ
rad under the 1 ↔

2 exchange, and the (anti)symmetry of uμ1− þ uμ2−
(uμ1− − uμ2−; b̂

μ
12), we see that the first form factor

Prad
1þ2ðm1; m2; γ; bÞ must be 1 ↔ 2 symmetric, while

Prad
1−2ðm1; m2; γ; bÞ and Prad

b12
ðm1; m2; γ; bÞ must be 1 ↔ 2

antisymmetric. We can then use the further facts that
(i) radiative losses of energy and linear momentum being
quadratic in the retarded-time derivative of the waveform
must contain a factor ðm1m2Þ2; and (ii) Prad

1þ2ðm1; m2; γ; bÞ
starts at order G3, while Prad

1−2ðm1; m2; γ; bÞ and
Prad
b12
ðm1; m2; γ; bÞ start at orderG4. The mass polynomiality

of the PM expansion coefficients of Pμ
rad then allows us to

write

Prad
1þ2ðm1; m2; γ; bÞ ¼

G3

b3
m2

1m
2
2P̂

rad
1þ2;

Prad
1−2ðm1; m2; γ; bÞ ¼

G4

b4
m2

1m
2
2ðm2 −m1ÞP̂rad

1−2;

Prad
b12
ðm1; m2; γ; bÞ ¼

G4

b4
m2

1m
2
2ðm2 −m1ÞP̂rad

b12 ; ð11:3Þ

where the dimensionless factors P̂rad
1þ2, P̂

rad
1−2, P̂

rad
b12 have PM

expansions of the form

P̂rad
1þ2 ¼

X
n≥3

Gn−3

bn−3
SP1þ2

n−3ðm1; m2Þ

¼
X
n≥3

Gn−3Mn−3

bn−3
p1þ2;Gn

½n−3
2
� ðγ; νÞ;

P̂rad
1−2 ¼

X
n≥4

Gn−4

bn−4
SP1−2

n−4ðm1; m2Þ

¼
X
n≥4

Gn−4Mn−4

bn−4
p1−2;Gn

½n−4
2
� ðγ; νÞ;

P̂rad
b12 ¼

X
n≥4

Gn−4

bn−4
SPb12

n−4ðm1; m2Þ

¼
X
n≥4

Gn−3Mn−3

bn−3
pb12;Gn

½n−4
2
� ðγ; νÞ: ð11:4Þ

Here, SPX
Nðm1; m2Þ denotes a symmetric polynomial of

order N in the two masses. By scaling out the total mass
M ¼ m1 þm2, each such polynomial can be rewritten as

SPX
Nðm1; m2Þ ¼ MNpX;Gn

½N
2
� ðγ; νÞ; ð11:5Þ

where pX;Gn

½N
2
� ðγ; νÞ is a polynomial in ν of order ½N

2
� (the

integer part of N
2
), with γ-dependent coefficients. In order to

keep track of the PM order n, we add a label Gn, and we
also sometimes keep the notation ½N

2
�, with N ¼ n − 3 or

N ¼ n − 4 (e.g., we write ½1
2
� instead replacing it by its

numerical value 0).
We thereby see that, while at order G3 (3PM order), Pμ

rad
was described by only one function of γ, namely [see
Eq. (1.4)],

SP1þ2
0 ðm1; m2Þ ¼ p1þ2;G3

½0
2
� ðγÞ ¼ EðγÞ

γ þ 1
; ð11:6Þ

it will involve three functions of γ at order G4, namely,

Prad;G4

1þ2 ¼ G4

b4
m2

1m
2
2SP

1þ2
1 ðm1; m2Þ

¼ G4

b4
m2

1m
2
2ðm1 þm2Þp1þ2;G4

½1
2
� ðγÞ;

Prad;G4

1−2 ¼ G4

b4
m2

1m
2
2ðm2 −m1ÞSP1−2

0 ðm1; m2Þ

¼ G4

b4
m2

1m
2
2ðm2 −m1Þp1−2;G4

½0
2
� ðγÞ;

Prad;G4

b12
¼ G4

b4
m2

1m
2
2ðm2 −m1ÞSPb12

0 ðm1; m2Þ

¼ G4

b4
m2

1m
2
2ðm2 −m1Þpb12;G4

½0
2
� ðγÞ: ð11:7Þ

At order G5, we have four functions of γ,

RADIATED MOMENTUM AND RADIATION REACTION IN … PHYS. REV. D 107, 024012 (2023)

024012-21



Prad;G5

1þ2 ¼ G5

b5
m2

1m
2
2SP

1þ2
2 ðm1; m2Þ

¼ G5

b5
m2

1m
2
2ðm1 þm2Þ2p1þ2;G5

½2
2
� ðγ; νÞ;

Prad;G5

1−2 ¼ G5

b5
m2

1m
2
2ðm2 −m1ÞSP1−2

1 ðm1; m2Þ

¼ G5

b5
m2

1m
2
2ðm2 −m1Þðm1 þm2Þp1−2;G5

½1
2
� ðγÞ;

Prad;G5

b12
¼ G5

b5
m2

1m
2
2ðm2 −m1ÞSPb12

1 ðm1; m2Þ

¼ G5

b5
m2

1m
2
2ðm2 −m1Þðm1 þm2Þpb12;G5

½1
2
� ðγÞ; ð11:8Þ

where p1þ2;G5

½2
2
� ðγ; νÞ, being linear in ν, involves two inde-

pendent functions of γ. At orderGn, Pμ
rad generally involves

NGn

Prad
¼

�
n − 1

2

�
þ 2 ×

�
n − 2

2

�
ð11:9Þ

functions of γ.
Let us now discuss how to relate the Lorentz-invariant

building blocks p1þ2;Gn

½n−3
2
� ðγ; νÞ, p1−2;Gn

½n−4
2
� ðγ; νÞ, pb12;Gn

½n−4
2
� ðγ; νÞ

parametrizing the PM expansion of Pμ
rad to our previous

c.m.-frame, PN-expanded results on Erad; Prad
x ; Prad

y .
A first step in this direction consists in computing the

projections of Pμ
rad on the three unit vectorsU

μ, nμ−, and b̂12,
where Uμ is the c.m. time axis, such that

MhUμ ¼ m1u
μ
1− þm2u

μ
2−; ð11:10Þ

and where nμ− is the unit vector in the c.m.-frame direction
of uμ1−, such that

Mhp∞nμ− ¼ ðm2 þ γm1Þuμ1− − ðm1 þ γm2Þuμ2−: ð11:11Þ

The definition of Erad, namely, Erad ¼ −UμPrad
μ then yields

MhErad ¼ ðm1u
μ
1− þm2u

μ
2−ÞPrad

μ : ð11:12Þ

From the definition (A3) of ex and ey, we deduce that

Prad
n ≡ nμ−Prad

μ ¼ sin
χcons
2

Prad
x þ cos

χcons
2

Prad
y ; ð11:13Þ

while

Prad
b ≡ b̂μ12P

rad
μ ¼ cos

χcons
2

Prad
x − sin

χcons
2

Prad
y : ð11:14Þ

Inserting the parametrization (12.24) into these results then
yields the following links between Erad; Prad

x ; Prad
y [remem-

bering the definitions (11.13) and (11.14)] and the form
factors of Prad

μ :

MhErad ¼ Mðγ þ 1ÞPrad
1þ2 þ ðm2 −m1Þðγ − 1ÞPrad

1−2;

MhPrad
n ¼ ðm2 −m1Þp∞Prad

1þ2 þMp∞Prad
1−2;

Prad
b ¼ Prad

b12
: ð11:15Þ

These simple links can be easily inverted to express Prad
1þ2

and Prad
1−2 as linear combinations of hErad and hPrad

n , and we
have used them to extract the values of Prad

1þ2 and Prad
1−2.

Before exhibiting our results, several remarks are in
order.
Let us first note that, while the mass polynomiality of the

form factor Prad
b12

immediately implies the mass polyno-
miality of Prad

b ≡ b̂μ12P
rad
μ , the mass polynomiality of the

two other form factors, Prad
1þ2 and Prad

1−2, implies the mass
polynomiality of the combinations MhErad and MhPrad

n . In
these combinations, it is crucial to include the factor
Mh ¼ M

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2νðγ − 1Þp ¼ Ec:m

− . (including the extra
mass factor M, which cannot be, generally, factored out
on the right-hand sides).
In more detail, we have

MhErad ¼ G3

b3
m2

1m
2
2Mðγ þ 1ÞP̂rad

1þ2

þG4

b4
m2

1m
2
2ðm2 −m1Þ2ðγ − 1ÞP̂rad

1−2;

MhPrad
n ¼ G3

b3
ðm2 −m1Þp∞P̂

rad
1þ2

þG4

b4
m2

1m
2
2ðm2 −m1ÞMp∞P̂

rad
1−2; ð11:16Þ

where we recall that the various dimensionless factors P̂rad
X

have the more explicit structure

P̂rad
X ¼

X
N≥0

GN

bN
SPX

Nðm1; m2Þ ¼
X
N≥0

�
GM
b

�
N
PX
½N
2
�ðνÞ:

ð11:17Þ

These expressions give a direct proof of the ν structures
pointed out in our previous works, notably,13

�
hErad

M

�Gn

bn ¼
�
GM
b

�
n
ν2Pγ

½ðn−2Þ=2�ðνÞ; ð11:18Þ

and also

�
hPrad

n

M

�Gn

bn ¼
�
GM
b

�
n
ν2

m2 −m1

M
Pγ
½ðn−3Þ=2�ðνÞ: ð11:19Þ

13Here we use the expansion in powers of G
b. When using the

expansion in 1
j ¼ GMh

bp∞
one must add an extra factor hn at order 1

jn,
as used in Eq. (10.2).
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Note also that, while in MhErad the dimensionless form
factor P̂rad

1−2 is multiplied by the small PN factor
γ − 1 ¼ Oðp2

∞Þ, in MhPrad
n the two form factors P̂rad

1þ2

and P̂rad
1−2 contribute with the same PN weight (at any given

order in G).
Inserting the mass-polynomiality structures of Prad

b and
MhPrad

n in the expressions of Prad
x and Prad

y in terms of Prad
b

and Prad
n , and using the mass polynomiality of the magni-

tude of the conservative momentum transfer,

Q
2
¼ Pc:m: sin

χcons
2

¼ Gm1m2

b

�
2γ2 − 1

γ2 − 1
þ G

b
SP1ðm1; m2Þ

þG2

b2
SP2ðm1; m2Þ þ � � �

�
; ð11:20Þ

which yields

sin
χcons
2

¼ GMh
b

�
2γ2 − 1

γ2 − 1
þG

b
SP1ðm1; m2Þ

þG2

b2
SP2ðm1; m2Þ þ � � �

�
; ð11:21Þ

one can easily derive the following mass-polynomiality
structures:

Prad
x ¼ G4

b4
m2

1m
2
2ðm2 −m1Þ

�
SP0ðm1;m2Þ þ

G
b
SP1ðm1;m2Þ

þG2

b2
SP2ðm1;m2Þ þ � � �

�
; ð11:22Þ

and

MhPrad
y ¼G3

b3
m2

1m
2
2ðm2−m1Þ

�
SP0ðm1;m2Þþ

G
b
SP1ðm1;m2Þ

þG2

b2
SP2ðm1;m2Þþ���

�
: ð11:23Þ

As above, each such mass-polynomiality structure leads,
after scaling out the appropriate power of GM

b , a polynomial
structure in the symmetric mass ratio ν (with γ-dependent
coefficients), namely,

GN

bN
SPX

Nðm1; m2Þ ¼
�
GM
b

�
N
PX
½N
2
�ðνÞ: ð11:24Þ

One then easily checks that relations such as Eq. (7.27) in
Ref. [30] and its G5 generalization indicated in the caption
of Table II there, follow from Eqs. (11.18) and
(11.19) above.
We have already mentioned above that our c.m.-based

and PN-based results on Erad, Prad
x , and Prad

y were all in
agreement (after adding all separate contributions and,
notably, the one linked to radiation-reaction modifications
of the orbital motion) with the ν-polynomiality rules
rederived here. We can therefore encapsulate the full,
current PN-expanded information on Pμ

rad in the values
of the γ-dependent ν polynomials pX

½N
2
�ðγ; νÞ parametrizing

the form factors, see Eqs. (11.3)–(11.8).
At order G3 our results yield

p1þ2;G3

½0
2
� ðγÞ ¼ π

�
37

30
p∞ þ 839

1680
p3
∞ þ 2699

2016
p5
∞

−
1531643

1182720
p7
∞ þOðp9

∞Þ
�
; ð11:25Þ

which agrees with the fractionally 3PN-level expansion of
the exact result

p1þ2;G3

½0
2
� ðγÞ ¼ π

ÊðγÞ
γ þ 1

: ð11:26Þ

At order G4 we find

p1þ2;G4

½1
2
� ðγÞ ¼ 784

45p∞
þ 2168

175
p∞ þ 1568

45
p2
∞ þ 98666

11025
p3
∞ −

512

105
p4
∞ −

2702747

363825
p5
∞ þOðp6

∞Þ;

p1−2;G4

½0
2
� ðγÞ ¼ 176

45p∞
−
72

25
p∞ þ 352

45
p2
∞ −

9746

4725
p3
∞ þ 448

75
p4
∞ −

484019

51975
p5
∞ þOðp6

∞Þ;

pb12;G4

½0
2
� ¼ −π

�
37

30
þ 1661

560
p2
∞ þ 1491

400
p3
∞ þ 23563

10080
p4
∞ −

26757

5600
p5
∞ þ 700793

506880
p6
∞ þOðp7

∞Þ
�
: ð11:27Þ

While writing up our results, a PN-exact computation of the 4PM contribution to Prad
μ , and notably, its b̂μ12

projection, appeared on arXiv [25]. Our (fractionally 3PN-accurate) results, Eq. (11.27), are compatible with those given
in Ref. [25].
Similarly, at OðG5Þ we have
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p1þ2;G5

½2
2
� ðγ; νÞ ¼ π

�
61

5p3
∞
þ 34073

1680p∞
þ 297

40
π2 −

23923

2880
p∞ þ

�
−
31029

2240
π2 þ 1484997

11200

�
p2
∞

þ
�
99

20
π2 þ 34695068413

620928000
−
10593

700
ln

�
p∞

2

��
p3
∞

�

þ νπ

�
−

55

12p∞
þ 6427

10080
p∞ þ

�
877

400
−
939

560
π2
�
p2
∞ þ

�
255491

10080
−
4059

1280
π2
�
p3
∞ þOðp4

∞Þ
�
;

p1−2;G5

½1
2
� ðγÞ ¼ π

�
82

15p3
∞
−

5207

630p∞
−
1491

400
þ 939

280
π2 −

963239

40320
p∞ þ

�
902743

33600
−
13603

4480
π2
�
p2
∞

þ
�
−
4809573323

434649600
−
1591

980
ln

�
p∞

2

�
þ 313

140
π2
�
p3
∞ þOðp4

∞Þ
�
;

pb12;G5

½1
2
� ðγÞ ¼ −

64

3p2
∞
−
37

20
π2 −

27392

525
−
30208

225
p∞ þ

�
−
856768

33075
−
3429

1120
π2
�
p2
∞ þ 462592

7875
p3
∞

þ
�
−
74417152

363825
−
7915

2688
π2
�
p4
∞ þOðp5

∞Þ: ð11:28Þ

XII. INFORMATION ON THE INDIVIDUAL
IMPULSES Δpμa DERIVABLE FROM P μ

rad

Let us now discuss what information on the individual
momentum changes (or impulses), Δpμ

1;Δp
μ
2, can be

extracted from our results on Pμ
rad by combining six

different facts:
First, the coefficients of the PM expansion of Δpμ

1;Δp
μ
2

in terms of the incoming 4-velocities uμ1−; u
μ
2− and of the

vectorial impact parameter bμ ≡ bμ1 − bμ2 must be polyno-
mials in the two massesm1 andm2. More precisely, one has
(for the first particle)

Δp1μ ¼ −2Gm1m2

2γ2 − 1ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

p b12μ
b2

þ
X
n≥2

ΔpnPM
1μ ; ð12:1Þ

where each term ΔpnPM
1μ is a combination of the three

vectors bμ12=b, u
μ
1−, and uμ2−, with coefficients that are, at

each order in G, homogeneous polynomials in m1 and m2,
containing the product m1m2 as an overall factor.
Symbolically,

ΔpnPM
1μ ∼

Gm1m2

bn
½ðGm1Þn−1

þ ðGm1Þn−2Gm2 þ � � � þ ðGm2Þn−1�; ð12:2Þ

where each term is a combination of the three vectors bμ=b,
uμ1−, and u

μ
2−, with coefficients that are functions of γ. (Note

that, contrary to the case of Pμ
rad, ΔpnPM

1μ is not symmetric
under particle exchange.)
Second, linear-momentum conservation implies that the

radiated momentum is equal to

Δpμ
1 þ Δpμ

2 ¼ −Pμ
rad: ð12:3Þ

Third, we have the decomposition

Δpaμ ¼ Δpcons
aμ þ Δprr lin

aμ þ Δprr nonlin
aμ : ð12:4Þ

Here, (i) the conservative part Δpcons
aμ is known up to

the sixth PN order (modulo six still unknown parameters
[32–34,67]), while its G expansion is known exactly up to
order G4 included [10,25]; (ii) the linear-response contri-
bution Δprr lin

aμ is known (modulo some linear, time-even
radiation-reaction effects discussed below) from our pre-
vious work [30]; while (iii) the remainder term Δprr nonlin

aμ

can be described as containing the contributions that are
higher-order in radiation reaction [starting with the quad-
ratic order OðF μ

rr
2Þ].

Fourth, as we are going to show, the linear-response
contribution happens to satisfy, by itself, the momentum
conservation law (12.3), namely,

Δprr lin
1μ þ Δprr lin

2μ ¼ −Pμ
rad: ð12:5Þ

Fifth, the linear-response contribution satisfies a linear-
ized version of the mass-shell condition that must hold for
the outgoing momenta, namely,

pþcons
aμ Δpμ rr lin

a ¼ 0: ð12:6Þ

Sixth, the nonlinear contribution Δprr nonlin
aμ to the

impulse of the ath particle (as well as the additional

contribution ΔprrΔcϕ
aμ to Δprr lin

aμ linked to the time-even
part of F μ

rr discussed below) must involve a factor m3
a.
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In the following, we explain the origin of these facts and
then show how they determine the conservativelike radi-
ative contributions ΔprrΔcϕ

aμ þ Δprr nonlin
aμ at the fourth post-

Minkowskian order [OðG4Þ] and strongly constrain them at
the fifth post-Minkowskian order [OðG5Þ].

A. Proof of the identity (12.5) and
antisymmetry property of Δprr nonlinaμ

The linear-response contribution Δprr lin
aμ was obtained in

[30] as the sum of two terms: a “relative motion” term
Δprr rel

aμ and a “recoil” term Δprr rec
aμ ,

Δprr lin
aμ ¼ Δprr rel

aμ þ Δprr rec
aμ : ð12:7Þ

From Eqs. (3.32) and (3.33) in [30], we have

Δprr rel
aμ ¼ χrr rel

d
dχcons

Δpcons
aμ þ ΔPc:m:

Pc:m:
pþ
aμ −

m2
a

Ea

ΔPc:m:

Pc:m:
Uμ;

ð12:8Þ

and

Δprr rec
aμ ¼ −

Ea

Ec:m:
Prad
μ −

ðpþ
aνPν

radÞ
Ec:m:

Uμ: ð12:9Þ

Here,

ΔPc:m: ¼ −
E1E2

Ec:m:Pc:m:
Erad; ð12:10Þ

and the quantities Ea, Ec:m: ¼ E1 þ E2 ¼ Mh,
Pc:m: ¼ m1m2p∞

Ec:m
., pþ

aν (outgoing momenta), and Uμ ≡
ðp−

1ν þ p−
2νÞ=Ec:m: are all taken along the unperturbed,

conservative motion.
When summing over the particle label a, taking into

account the fact that
P

a Δpcons
aμ ¼ 0 and

P
a p

þ
aν ¼P

a p
−
aν ¼ Ec:m:Uμ, one easily finds that Eq. (12.5) is

(exactly) satisfied. This identity (together with the fact
that

P
a Δpcons

aμ ¼ 0) implies the somewhat remarkable
identity that the remainder (nonlinear) term in the linear-
response formula (12.4) must separately satisfy the
identity

Δprr nonlin
1μ þ Δprr nonlin

2μ ¼ 0: ð12:11Þ

In other words, the nonlinear contribution Δprr nonlin
aμ must

be antisymmetric under particle exchange.
Another constraint on Δprr nonlin

aμ is the mass-shell con-
dition

pþtot
aμ pμþtot

a ¼ −m2
a; ð12:12Þ

where the total outgoing momentum is

pþtot
aμ ¼ pþcons

aμ þ Δprr lin
aμ þ Δprr nonlin

aμ : ð12:13Þ

Using the fact that Δprr lin
aμ satisfies (independent of the

value of χrel) Eq. (12.6), we get the following additional
constraint on Δprr nonlin

aμ :

2pþcons
aμ Δpμrr nonlin

a þ ðΔprr lin
aμ þ Δprr nonlin

aμ Þ2 ¼ 0: ð12:14Þ

B. Completing the linear-response formula when F rr
a is

time asymmetric, without being time antisymmetric

At this point, we need to complete one result derived in
Ref. [30], namely, Eq. (3.25) there, giving the value of the
radiation-reaction contribution χrr rel to the relative scatter-
ing angle. Note first that the actual value of χrr rel did not
matter in the proof of the validity of Eq. (12.5) we have just
given. Indeed, after summing over a, the coefficient
of χrr rel is

d
dχcons

�X
a

Δpcons
aμ

�
; ð12:15Þ

which vanishes because
P

a Δpcons
aμ vanishes, independent

of the value of χcons.
The only place were the assumption of time antisym-

metry of the radiation reaction force was crucial in the
derivation of the linear-response formula in Ref. [30] was in
the derivation of the value of χrr rel [leading to Eq. (3.25)
there]. Going back to the previous derivation of χrr rel in
Ref. [29], it was explained, around Eq. (5.98) there, that
one could (when using Lagrange’s method of variation of
constants) directly relate χrr rel to the radiative losses of
(c.m.) energy and angular momentum if the time deriva-

tives of dclðtÞ
dt and dcϕðtÞ

dt were odd functions of time (around
the moment of closest approach in the conservative

motion). As dclðtÞ
dt and dcϕðtÞ

dt are linear expressions in the
radiation-reaction force, their time-odd character is directly
linked to the time-odd character of F rr (as was discussed at
the end of Sec. III above, when working with the LO,
2.5PN radiation-reaction force). As we were aware of this
limitation in Ref. [30], we limited our study of radiation-
reaction effects to the 4.5PN level, because we had shown
there [see Eq. (H3) there] that at the 5PN level there arose a
nonzero value of Prad

x (while a time-odd F rr implies a
vanishing value for Prad

x ).
When staying at the level of linear effects in F rr, a

reexamination of the proof of the linear-response formula in
Ref. [30] shows that the only OðF rrÞ modification to take
into account is the presence of an extra contribution in
Eq. (3.25) there. One gets an explicit expression for the
latter extra contribution by using the varying-constant
version of the quasi-Keplerian representation, Eq. (3.1).
From the equation parametrizing ϕðtÞ, and the link
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χ ¼ ½ϕ�þ∞
−∞ − π between the total scattering angle χ and the

variation of ϕ, we get (using c1 ¼ E and c2 ¼ J)

χ ¼ ½W̄ðl; EðtÞ; JðtÞÞ� − π þ ½cϕðtÞ�: ð12:16Þ

The first term yields (when separating out the conservative
contribution and linearly expanding in the radiative losses
of energy and angular momentum) our usual linear-
response formula for the radiative contribution to the
c.m. relative scattering angle. The second contribution is
new [and exists only whenF rrðtÞ is time asymmetric, rather
than time odd]. This yields the result

χrr rel ¼ −
�
1

2

∂χcons

∂E
Erad þ

1

2

∂χcons

∂J
Jrad

�
þ Δcϕ

≡ χ̄rr rel þ Δcϕ; ð12:17Þ

where the first contribution χ̄rr rel has been evaluated
at the OðF rrÞ accuracy and where a formal, but explicit,

expression for the additional contribution Δcϕ ¼ ½cϕ� ¼Rþ∞
−∞ dt dcϕðtÞdt is obtained from the last equation in Eq. (3.5)
and reads

Δcϕ ¼
Z þ∞

−∞
dt

�
∂W̄
∂l

�
∂S
∂l

�
−1
�
∂S
∂E

dE
dt

þ ∂S
∂J

dJ
dt

�

−
∂W̄
∂E

dE
dt

−
∂W̄
∂J

dJ
dt

�
: ð12:18Þ

Here dE
dt and

dJ
dt are linear expressions in F rrðtÞ, defined by

the first two equations in Eq. (3.5) [or, explicitly, Eq. (3.6)
in the Hamiltonian formalism].
We leave to future work the use of this result to directly

estimate the additional term (starting at the 5PN level) Δcϕ,
in χrr rel, linked to time-asymmetric radiation-reaction
effects.

C. Proof that time-asymmetric radiation-reaction
contributions to Δpaμ involve m3

a

One of the aims of the present paper is to go beyond the
limitations of Ref. [30] and to discuss the physical effects
present in Prad

aμ and in Δpaμ that are related to time-
asymmetric (rather than simply time-odd) radiative proc-
esses. Time-asymmetric effects in the equations of motion
first enter at the 4PN (and 4PM) level via tail-transported
hereditary processes [48]. However, at the 4PN level one
can still uniquely decompose these contributions to the
dynamics into a nonlocal-in-time conservative (time-
symmetric) contribution and a nonlocal-in-time dissipative
(time-antisymmetric) one [49]. This postpones the presence
of genuinely time-asymmetric effects to the 5PN level (still
being at the 4PM level).
Additional information on the structure of time-

asymmetric contributions to, say, the impulse of particle

1, is obtained by considering the small mass-ratio limit
(say, m1 ≪ m2). This limit is usefully tackled by using the
gravitational self-force approximation method (i.e., pertur-
bations around the probe limit in which a test particle of
infinitesimal massm1 moves around a Schwarzschild black
hole of mass m2). It was shown in Ref. [68] that, if one
works at the first-order self-force approximation, i.e., if one
keeps only terms of order m1 in the acceleration of particle
1, i.e., terms of order m2

1 in the force acting on particle 1,
one can uniquely decompose the dynamics in a
conservative (time-symmetric) contribution and a non-
local-in-time dissipative (time-antisymmetric) one. This
proves that the level where the separation time even versus
time odd becomes ambiguous is the second-order self-force
approximation, corresponding to terms of order m3

1 in the
force acting on particle 1. The corresponding contributions
to Δp1μ will therefore also involve a factor m3

1. (When
scaling out the total mass, such terms contain a factor ν3.)

D. Contribution to the impulses proportional to
Prad
x and its nonpolynomiality in the masses

As recalled above, Ref. [30] generalized the linear-
response formula of Ref. [29] by including recoil14 effects.
However, while the effects proportional to the ey compo-
nent Prad

y of the recoil were kept (and analyzed) in all the
formulas derived in Ref. [30], in some of the formulas there
the contributions proportional to the ex component Prad

x
were set to zero. Here we explicitly include (and analyze)
the contribution to the impulses proportional to Prad

x .
Accordingly, it is henceforth useful to decompose the

radiation-reaction contribution Δprr
aμ to the impulses in the

following new way:

Δprr
aμ ¼ Δprr lin−odd

aμ þ Δprr Pradx
aμ þ Δprr remain

aμ : ð12:19Þ

Here, Δprr lin−odd
aμ denotes the part of our linear-response

formula obtained when assuming that F rr is time odd
(keeping the full15 Erad, Jrad, and Prad

y contributions, but
setting Δcϕ ¼ 0, and Prad

x ¼ 0),

Δprr Pradx
aμ ≡ −

Ea

Ec:m:
Prad
x exμ −

ðpþ
axPrad

x Þ
Ec:m:

Uμ ð12:20Þ

is the contribution linked to a nonzero value of Prad
x

contained in Eq. (3.33) of Ref. [30], and finally,

Δprr remain
aμ ≡ ΔprrΔcϕ

aμ þ Δprr nonlin
aμ ; ð12:21Þ

where

14As Prad
μ ¼ OðG3Þ, it is enough to work linearly in recoil to

reach the OðG6Þ accuracy.
15The adjective “full” means here that we keep all the time-

asymmetric (tail) contributions to the radiative losses.
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ΔprrΔcϕ
aμ ¼ Δcϕ

d
dχcons

Δpcons
aμ ð12:22Þ

is the additional term linked to a nonzero Δcϕ and where
Δprr nonlin

aμ is the same remainder term as in our previous
decomposition [nonlinear in radiation reaction and satisfy-
ing the antisymmetry constraint Eq. (12.11)].
An important fact for the following reasonings is that,

as Δcϕ is symmetric under particle exchange, whileP
a

d
dχcons

Δpcons
aμ ¼ 0, the contribution ΔprrΔcϕ

aμ is antisym-
metric under particle exchange. As the same was proven to
be true for Δprr nonlin

aμ [see Eq. (12.11)], we conclude that
Δprr remain

aμ also satisfies the antisymmetry constraint

Δprr remain
1μ þ Δprr remain

2μ ¼ 0: ð12:23Þ

From our previous work, and from the considerations
above, we know that both Δcϕ and Prad

x start at order G4

c10,
i.e., at 4PM and 5PN. Therefore, Δprr remain

aμ starts also at

order G4

c10.
One useful source of information on the various con-

tributions to Δprr
aμ in the decomposition (12.19) is that they

should combine to ensure the mass polynomiality of Δprr
aμ.

(We assume here, consistent with previous works, that
Δpcons

aμ has been defined so as to be mass polynomial.)
It was shown in Ref. [30] that Δprr lin−odd

aμ (in the precise
sense defined above) is polynomial in the masses under
some constraints on the mass structure of Erad, Jrad,
and Prad

y . It is easily checked that the constraints discussed
in Ref. [30] are all implied by the more general con-
straints on the mass structure of Erad, Jrad, and Prad

y ,
which have been deduced above from the mass polyno-
miality of Prad

μ , considered as a function of b (see Sec. XI
above). Therefore, the contribution Δprr lin−odd

aμ to Δprr
aμ

in the decomposition (12.19) is separately polynomial in
masses.
By contrast, we see that the presence of denominators

Ec:m. in Δprr Pradx
aμ , Eq. (12.20), implies that the Prad

x con-
tribution to Δprr

aμ is nonpolynomial in the masses. We are
going to see that the need to cancel the nonpolynomiality of
Prad
x by the remaining contribution Δprr remain

aμ , together with
the antisymmetric character, Eq. (12.23), and the second-
self-force character (∝ m3

a) of the remaining contribution,
uniquely determines Δprr remain

aμ (and therefore Δprr
aμ) at

order G4 and determines it nearly completely at order G5.

E. Uniqueness of Δprr remain
aμ and Δprraμ at 4PM and

strong constraints on them at 5PM

To discuss the uniqueness of Δprr remain
aμ , it is useful to

consider its form factors on the same basis as the one used
in Sec. XI, namely, uμ1− þ uμ2−, u

μ
1− − uμ2−, and b̂

μ
12. Namely,

for a ¼ 1, and for any label X ¼ rr remain, rr Pradx , rr lin-
odd, etc., we write

Δpμ;X
1 ¼ c1X1þ2ðm1; m2; γ; bÞðuμ1− þ uμ2−Þ

þ c1X1−2ðm1; m2; γ; bÞðuμ1− − uμ2−Þ
þ c1Xb ðm1; m2; γ; bÞb̂μ12: ð12:24Þ

For a ¼ 2, one should exchange 1 ↔ 2, including in the
basis vectors.
Among the basis vectors, the first one is symmetric under

particle exchange, while the other two are antisymmetric.
The exchange antisymmetry of Δprr remain

1μ then implies that
its component c1 remain

1þ2 along uμ1− þ uμ2− will be antisym-
metric, while its components, c1 remain

1−2 ; c1 remain
b along

uμ1− − uμ2−, and b̂μ12 will be symmetric. Let us assume that
we can construct (as we will do next) one particular
Δprr remain

aμ that satisfies the needed conditions of canceling

the nonpolynomiality of Δprr Pradx
aμ (so as to lead to a mass-

polynomial Δprr
aμ) and of being ∝ m3

a. The most general
Δprr remain

aμ satisfying the latter condition will then be
obtained by adding to this particular solution a general
additional term, say, Δprr remain add

aμ that must satisfy several
conditions. Namely, (i) it must be antisymmetric; (ii) it
must be mass polynomial; and (iii) it must contain a factor
m3

a (in addition to containing the factor m2
1m

2
2 which is a

common factor of all contributions to Δprr
aμ).

Let us prove that there cannot exist such aΔprr remain add
aμ at

order G4. Indeed, at order G4, mass polynomiality of an
impulse means that it must be quintic in masses. After
factoring the universal factor m2

1m
2
2, we find that the mass

dependence of the (antisymmetric) component of
Δprr remain add

aμ along uμ1− þ uμ1− must be proportional to
m2

1m
2
2ðm1 −m2Þ, while the (symmetric) components of

Δprr remain add
aμ along uμa− − uμa0− and b̂μaa0 (with a0 ≠ a) must

be proportional to m2
1m

2
2ðm1 þm2Þ. Neither of these types

of components can also satisfy the last condition of
containing a factor m3

a.
When going at orderG5, we must discuss antisymmetric,

or symmetric, sextic polynomials in masses. In the anti-
symmetric case (uμ1− þ uμ2− component), such polynomials
must be proportional to m2

1m
2
2ðm1 −m2Þðm1 þm2Þ, and

the m3
a condition does not allow such terms. By contrast, in

the symmetric case (uμ1− − uμ2− and bμ12 components), such
polynomials must be proportional to a combination
m2

1m
2
2ðcM2ðm1 þm2Þ2 þ cm1m2

m1m2Þ. The first combina-
tion (with coefficient cM2) is forbidden by them3

a condition.
However, the second combination, namely, cm1m2

m3
1m

3
2 is

compatible with the m3
a condition. The conclusion is that at

order G5 there are two different types of contributions that
can be added to any specific solution of all the conditions,
namely,

RADIATED MOMENTUM AND RADIATION REACTION IN … PHYS. REV. D 107, 024012 (2023)

024012-27



Δpμ
1
rr remain add ¼ G5m3

1m
3
2

b5
ðfG5

1−2ðγÞðuμ1 − uμ2Þ þ fG
5

b ðγÞb̂μ12Þ;
ð12:25Þ

involving two a priori unconstrained functions of γ:
fG

5

1−2ðγÞ and fG
5

b ðγÞ.
We show below how to construct a particular solution of

all the constraints. The general solution at order G5 is then
obtained by adding the specific (∝ m3

1m
3
2) additional terms

displayed in Eq. (12.25).

F. Determining the unique transverse components
Δprr remain

ab and Δprrab at 4PM

For definiteness, we henceforth consider the impulse of
the first particle, a ¼ 1. It is easily seen from its definition
in Eq. (12.20) that, at order G4, the only nonzero compo-

nent of Δprr Pradx
1μ is the one along b̂μ12, say,

Δprr Pradx
1b ≡ Δprr Pradx

1μ b̂μ12; ð12:26Þ

which is equal to

Δprr Pradx
1b ¼ −

E1

Ec:m:
Prad
xG4 : ð12:27Þ

The problem to be solved is the following: given the
nonpolynomial term in the b̂μ12 component of Δprr Pradx

1μ ,

ΔprrPradx
1b ¼−

E1

Ec:m:
Prad
xG4 ¼−

m1ðm1þ γm2Þ
M2h2

Prad
xG4 ; ð12:28Þ

where Prad
xG4 is mass polynomial and of the type [see

Eq. (11.22)]

Prad
xG4 ¼ G4

b4
m2

1m
2
2ðm2 −m1ÞpG4

x ðγÞ; ð12:29Þ

what type of extra contribution Δprr remain
1b ≡ Δprr remain

1μ b̂μ12
(satisfying the constraints discussed above) can be added to
it to guarantee that the sum becomes polynomial in the
masses.
It is easily seen that

Δprr remain
1bG4 ¼ G4

b4
m2

1m
2
2

m1E2 þm2E1

E
pG4

x ðγÞ

¼ G4

b4
m2

1m
2
2

m1m2ðγ þ 1Þ
Mh2

pG4

x ðγÞ ð12:30Þ

satisfies the needed constraints (symmetry, ∝ m3
1) and

solves the problem at hand. Indeed,

−
E1

Ec:m:
Prad
xG4 þ Δprr remain

1bG4 ¼ þG4

b4
m3

1m
2
2p

G4

x ðγÞ: ð12:31Þ

As proven above, this solution is unique.
Therefore, we have proven that the full radiation-reaction

contribution to the impulse (including the time-even con-
tribution ΔprrΔcϕ

1 μG4 and the nonlinear one Δprr nonlin
1 μG4 ) is given

by

Δprr
1 μG4 ¼ Δprr lin−odd

1 μG4 þ G4

b4
m3

1m
2
2p

G4

x ðγÞb̂μ12; ð12:32Þ

or, equivalently [using the definition Eq. (11.22) of pG4

x ðγÞ],

Δprr
1 μG4 ¼ Δprr lin−odd

1 μG4 þ m1

m2 −m1

Prad
xG4 b̂

μ
12: ð12:33Þ

In other words, the full, 4PM-level, transverse impulse of
the first particle reads

Δp1bG4 ¼ Δpcons
1bG4 þΔprr lin−odd

1bG4 þG4

b4
m3

1m
2
2p

G4

x ðγÞ

¼ Δpcons
1bG4 þΔprr lin−odd

1bG4 þ m1

m2 −m1

Prad
xG4 : ð12:34Þ

The latter equation corresponds to Eq. (18) in Ref. [24],
with the value G4

b4 m
3
1m

2
2p

G4

x ðγÞ for the (undefined) term

denoted G4

b4 νM
5crr;evenb;4 there. Note that our reasoning has

given a direct relation between this term and the value of
Prad
xG4 , namely,

G4

b4
m3

1m
2
2p

G4

x ðγÞ ¼ m1

m2 −m1

Prad
xG4 : ð12:35Þ

Our results above yield only the beginning of the PN
expansion of the function pG4

x ðγÞ, namely,

pG4

x ðγÞ¼ h4Px4

ðγ2−1Þ2

¼ π

�
−
1491

400
p3
∞þ26757

5600
p5
∞þOðp7

∞Þ
�
: ð12:36Þ

Concerning the first term, Δprr lin−odd
1bG4 , its general expres-

sion as a function of Erad
G3 , JradG2 , and JradG3 was derived in

Eq. (7.16) of Ref. [30]. At the time, only Erad
G3 [9,23] and

JradG2 [28] were known (in a PN-exact sense). Since then, the
exact value of JradG3 has been obtained in Ref. [24]. This
leads to the following exact value of Δprr lin−odd

1bG4 :

Δprr lin−odd
1bG4 ¼ G4

b4
m2

1m
2
2½C4PM

bM ðγÞM þ C4PM
bm1

ðγÞm1�;
ð12:37Þ
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with coefficients [see Eq. (7.31) of Ref. [30] and Eq. (19) of
Ref. [24] ]

C4PM
bM ðγÞ ¼ πÊ

γð6γ2− 5Þ
ðγ2− 1Þ3=2− π

3

4
Ĵ2

ð5γ2− 1Þ
ðγ2− 1Þ3=2 − Ĵ3

ð2γ2− 1Þ
ðγ2 −1Þ2 ;

C4PM
bm1

ðγÞ ¼−πÊ
2γ2− 1

ðγþ 1Þ
ffiffiffiffiffiffiffiffiffiffiffiffi
γ2− 1

p : ð12:38Þ

Here, Ê ¼ E=π, Ĵ2 ¼ 2ð2γ2 − 1Þðγ2 − 1Þ1=2I (with I
defined in [28]), and Ĵ3 ¼ ðγ2 − 1ÞðC þ 2DÞ (with C and
D defined in [24]).
When separating out the 4PM conservative contribution

Δpcons
1bG4 [10,25] from the b̂μ12-projected impulse in our

Eq. (12.34), the term Δprr lin−odd
1bG4 coincides with the term

cð4Þdiss1b;1 rad in Eq. (15) of [25], while the remaining term
G4

b4 m
3
1m

2
2p

G4

x ðγÞ has the same mass structure as the term

cð4Þdiss1 b;2 rad in Eq. (16) of [25]. Moreover, not only the first two

terms in the PN expansion of cð4Þdiss1 b;2 rad given in Eq. (16) of
[25] agree with those given by inserting our PN-derived
result Eq. (12.36) in the last term in Eq. (12.34), but the PN-

exact value of cð4Þdiss1 b;2 rad [25] satisfies the exact relation

cð4Þdiss1 b;2 rad ¼ m1

m2−m1
Prad
xG4 derived here between this remaining

term and the x component of the radiated momentum.

G. High-energy behavior of ΔpG4

1b

Let us remark in passing that, if one considers the result
Eq. (12.34), the mass scaling of the term G4

b4 m
3
1m

2
2p

G4

x ðγÞ
makes it impossible to tame the high-energy behavior
of ΔpG4

1b .
When considering the high-energy (HE) limit γ → ∞ for

a fixed value of the scattering angle χ1 ∼
GEc:m:

b , with

Ec:m: ¼ Mh ∝ γ
1
2, one would expect, in this limit (suitably

scaled16) scattering observables to admit a finite limit.
If the formal G → 0 limit commuted with the HE limit,
this would imply, in particular, that each term in the
PM expansion of the impulse would admit a finite HE
limit (at fixed χ1 ∼

GEc:m:
b ). This is the case at orders

G1 and G2. At the G3 level, the conservative contribution

Δpcons;G3

1b =Pc:m: [5] is logarithmically larger than its
expected contribution ∼χ31. However, it was found
[27,28] that this logarithmic divergence is tamed when
completing the conservative impulse by the radiative

correction Δprr;G3

1b . This raises the hope that a similar
taming might occur at order G4.
At order G4 the ratio Δpcons;G4

1b =ðPc:m:χ
4
1Þ is power-law

divergent, being proportional to γ
1
2. In terms of the

unrescaled impulse, this divergence is Δpcons;G4

1b ∝ γ3.

Parametrizing the various contributions to the HE limit
of the impulse according to

ΔpX;G4

1b ≈
G4m2

1m
2
2

b4
πCX;G4

γ3; ð12:39Þ

the coefficient entering the conservative contribution

Δpcons;G4

1b is

Ccons;G4 ¼ −
105

8
ð4 lnð2Þ − 1þ 4 lnð2Þ2Þðm1 þm2Þ:

ð12:40Þ

As pointed out in [24], the linear-response radiative
contribution Δprr lin−odd

1bG4 is similarly ∝ γ3. However, the
corresponding coefficient is

Crr;lin;G4 ¼ 35

4
½m1ð1þ 8 lnð2ÞÞ þ 2m2ð1þ 5 lnð2ÞÞ�;

ð12:41Þ

which has the correct sign, but not the correct value to
cancel the “bad” high-energy behavior of the conservative
contribution. If we assume that the function pG4

x ðγÞ entering
our additional contribution has a HE behavior of the type
pG4

x ðγÞ ≈ πcxγ3, it will contribute another term of order γ3,
with a coefficient

Crr;px;G
4 ¼ cxm1: ð12:42Þ

It is, however, easy to see that, whatever the value
of cx, such an additional term (proportional only to m1)
cannot tame the contribution proportional to m2, i.e.,
cannot yield a vanishing total coefficient Ctot;G4 ¼
Ccons;G4 þ Crr;lin;G4 þ Crr;px;G

4

. Indeed, the latter turns out
to be17

Ctot;G4 ¼
�
35

2
lnð2Þ þ 175

8
−
105

2
lnð2Þ2 þ cx

�
m1

þ
�
35 lnð2Þ þ 245

8
−
105

2
lnð2Þ2

�
m2: ð12:43Þ

In order to tame the HE behavior of Δptot;G4

1b , i.e., to reduce
it from γ3 to, say, γ2 or γ2 ln γ,18 one would need to add a
suitable extra contribution of the (disallowed) symmetric
type G4

b4 m
2
1m

2
2ðm1 þm2ÞfsymðγÞ.

16For example, one should consider the ratio Δp1b=Pc:m:.

17The recent result of Ref. [25] happens to lead to a coefficient
cx which precisely annuls the coefficient of m1 in Ctot;G4

.
18Such a reduction would ensure the HE vanishing of the ratio

Δptot;G4

1b =ðPc:m:χ
4
1Þ, as expected from the structure of the massless

scattering discussed in Ref. [19].
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We do not view the inability of the additional term to
tame the HE behavior of the G-expanded impulse as a
blemish. It seems indeed probable that the G → 0 limit
does not commute with the HE limit γ → ∞. This is
notably indicated by the studies of the HE limit of the
total gravitational-wave energy emitted during the collision
of massless particles [69–71]. While the HE limit of
the OðG3Þ leading-order radiative energy loss exceeds
the energy Ec:m: available in the system by a factor ∝ γ

1
2,

the works [69–71] suggest that (due to coherence effects in
the beamed radiation) the HE limit of radiative losses is
finite and of order χ21 ln

1
χ1
.

H. Longitudinal components of Δprr1μ at 4PM

To end our discussion of the radiative contributions to the
impulse of the first particle Δprr

1μ, let us also consider its
longitudinal components, i.e., the components along u1−
and u2−. We have shown above that the only source of
nonpolynomiality (namely, the Px-related contribution

Δprr Pradx
1μ ) does not contribute to the longitudinal compo-

nents. In addition, we have shown that there was, at the
4PM level, a unique value of Δprr

1μ satisfying all the needed
constraints. Namely, the one given by Eq. (12.32)
or (12.33).
In view of Eq. (12.32), at order G4, the longitudinal

components of Δprr
1μ are fully described by the time-odd-

linear-response formula of Ref. [30], i.e., the term denoted
Δpμrr lin−odd

1 above. Using the notation of Ref. [30], its
longitudinal components are defined as follows:

Δpμrr longit
1 ¼ Δpμrr lin-odd longit

1

¼ c1 rru1 u
μ
1− þ c1 rru2 u

μ
2−

¼ c1 rr;lin-oddu1 uμ1− þ c1rr;lin-oddu2 uμ2−: ð12:44Þ

Using the expressions given in Table II of Ref. [30],19 we
find that the coefficients c1 rru1 and c1 rru2 are given by

c1 rr;4PMu1 ¼ −
G4m2

1m
2
2

b4ðγ2 − 1Þ3
�
γMẼ0

4 þ
1

2
γm1Ẽ1

4 þ 2ð2γ2 − 1Þ2ðm1γ þm2ÞĴ2
�
;

c1 rr;4PMu2 ¼ G4m2
1m

2
2

b4ðγ2 − 1Þ3
�
MẼ0

4 þ
1

2
m1Ẽ1

4 þ 2ð2γ2 − 1Þ2ðm2γ þm1ÞĴ2
�
; ð12:45Þ

where Ẽ0
4 and Ẽ

1
4 (defined by h

5E4 ¼ Ẽ0
4 þ νẼ1

4), as well as
Ĵ2 ≡ h2J2 are all functions only of γ. [See Eq. (8) of [25]
for the exact value of h5E4.]
The combination

b4ðc1 rr;4PMu1 þ γc1 rr;4 PMu2 Þ ¼ m2
1m

3
2

2Ĵ2ð2γ2 − 1Þ2
ðγ2 − 1Þ2 ; ð12:46Þ

coincides with the impulse coefficient cð4Þdiss1ǔ1;1 rad
given in

Eq. (15) of Ref. [25]. The other combination

b4ðc1 rr;4PMu2 þ γc1 rr;4 PMu1 Þ
¼ − m2

1
m2

2

ðγ2−1Þ2 ½m1ðẼ0
4þ 1

2
Ẽ1
4 þ 2ð2γ2 − 1Þ2Ĵ2Þ þm2Ẽ0

4�;
ð12:47Þ

coincides with the sum cð4Þdiss1ǔ1;1 rad
þ cð4Þdiss1ǔ2;2 rad

of the two ǔ2-
type impulse coefficients given in Eqs. (15) and (16) in

Ref. [25]. More precisely, the part called cð4Þdiss1ǔ1;1 rad
corre-

sponds to the part of the right-hand side of Eq. (12.47)
featuring odd powers of p∞ in its PN expansion, while the

part called cð4Þdiss1ǔ2;2 rad
corresponds to the part of the right-hand

side of Eq. (12.47) featuring even powers of p∞ in its PN
expansion (the latter part is the one generated by the tail
contribution to the radiated energy).

I. Radiative contribution to the impulse coefficients
at 5PM: Transverse component

As in the above discussion of the impulse at 4PM, it is
convenient to project the various radiative contributions
(labeled by X ¼ rr lin-odd; rr Pradx ; rr remain) to the impulse,

Δprr
aμ ¼ Δprr lin-odd

aμ þ Δprr Pradx
aμ þ Δprr remain

aμ ; ð12:48Þ

on the basis given in Eq. (12.24). For instance, for a ¼ 1,
the transverse (b̂μ12) component is the sum of the following
contributions:

c1;rrb ¼ c1;rr lin-oddb þ c1;rr P
rad
x

b þ c1;rr remain
b : ð12:49Þ

Similar to what happened at 4PM, the nonpolynomial

contribution generated by c1;rr P
rad
x

b reads, at the 5PM level,

c1;rr P
rad
x G5

b ¼ −
E1

Ec:m:
Prad
xG5 : ð12:50Þ

19We also use Eq. (7.26) there to replace the original
expression in terms of the 4PM component P4 of the y
component Prad

y of the recoil in terms of the rescaled 4PM
component Ẽ4 of the energy loss.
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Again, the simplest solution (satisfying all the needed

constraints) for the remaining contribution c1;rr remainG5

b to

cancel the nonpolynomiality of c1;rr P
rad
x G5

b is

c1;rr remain simplest;G5

b ¼ þ m1E2 þm2E1

ðm2 −m1ÞEc:m:
Prad
xG5 : ð12:51Þ

Indeed, we have

c1;rr P
rad
x G5

b þ c1;rr remain simplest;G5;
b ¼ þ m1

ðm2 −m1Þ
Prad
xG5 ;

ð12:52Þ

which is polynomial in masses because Prad
xG5 contains a

factor ðm2 −m1Þ.
As was discussed above, the most general solution for

c1;rr remainG5

b is

c1;rr remain;G5

b ¼ þ m1E2 þm2E1

ðm2 −m1ÞEc:m:
Prad
xG5 þG5

b5
m3

1m
3
2f

G5

b ðγÞ:

ð12:53Þ

Writing Prad
xG5 as

Prad
xG5 ¼ G5

b5
m2

1m
2
2ðm2 −m1Þðm1 þm2ÞpxG5ðγÞ; ð12:54Þ

we finally get

c1;rr P
rad
x G5

b þ c1;rr remain;G5

b ¼ þG5

b5
m3

1m
2
2ðm1 þm2ÞpxG5ðγÞ

þ G5

b5
m3

1m
3
2f

G5

b ðγÞ: ð12:55Þ

In other words, the most general 5PM transverse radiative
impulse reads

c1;rrG
5

b ¼ c1;rr lin−oddG
5

b þ G5

b5
m3

1m
2
2ðm1 þm2ÞpxG5ðγÞ

þG5

b5
m3

1m
3
2f

G5

b ðγÞ: ð12:56Þ

Tables I and II of Ref. [30] gave exact expressions for

c1;rr lin−oddG
5

b in terms of En and Jn with n ≤ 4. However,
the PN-exact value of J4 is unknown so that our 5.5PN-
accurate determination of J4 currently limits the knowledge

of c1;rr lin−oddG
5

b to the 5.5PN level. We so find

c1;rr lin−oddG
5

b ¼ G5m2
1m

2
2

b5

�
416

45
ðm1 þm2Þ2

1

p4
∞
þ
��

169664

1575
−
47

5
π2
�
m2

1 þ
�
409888

1575
−
94

5
π2
�
m1m2

þ
�
203264

1575
−
47

5
π2
�
m2

2

�
1

p2
∞
−
896

45
ðm1 þm2Þ2

1

p∞
þ
�
159232

3675
−
1243

56
π2
�
m2

1

þ
�
2283544

11025
−
1489

35
π2
�
m1m2 þ

�
116992

1225
−
5697

280
π2
�
m2

2 þ
�
8384

45
m2

1 þ
694016

1575
m1m2 þ

10304

45
m2

2

�
p∞

þ
��

241

120
π2 −

22294592

363825

�
m2

1 þ
�
67876972

363825
þ 23783

3360
π2
�
m1m2 þ

�
−
9728

275
þ 3407

672
π2
�
m2

2

�
p2
∞

þOðp3
∞Þ

�
: ð12:57Þ

The second contribution in c1;rrG
5

b is known to 6.5PN absolute accuracy, because our results above give the following
6.5PN-accurate value of pxG5ðγÞ:

pxG5ðγÞ ¼ −
20608

225
p∞ þ 1143232

7875
p3
∞ −

196096

945
p4
∞ þOðp5

∞Þ: ð12:58Þ

By contrast, the only thing we know at this stage concerning the additional contribution ∝ fG
5

b ðγÞ in Eq. (12.56) is that it
could start at the 5PN level and be fG

5

b ðγÞ ¼ Oðp∞Þ.
The latter result limits the PN accuracy of c1;rrG

5

b . However, more is known about the sum20 c1;rrG
5

b12
þ c2;rrG

5

b12
, in which the

fb term cancels. Indeed, the linear-odd contribution to this only depends on E3 and E4 (see Table II of Ref. [30]), which are
exactly known [9,25]. The beginning of its PN expansion reads

20Note that the sum becomes a difference if one exchanges b̂12 into b̂21.
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c1;rr lin−oddG
5

b þ c2;rr lin−oddG
5

b ¼ G5

b5
m2

1m
2
2ðm1 þm2Þðm1 −m2Þ

�
−

64

3p2
∞
−
�
37

20
π2 þ 27392

525

�
−
128

3
p∞

−
�
856768

33075
þ 3429

1120
π2
�
p2
∞ þOðp3

∞Þ
�
: ð12:59Þ

The second contribution is known to 6.5PN accuracy by using Eq. (12.58) and reads

G5

b5
m2

1m
2
2ðm1 þm2Þðm1 −m2ÞpxG5ðγÞ; ð12:60Þ

where the 6.5PN value of pxG5ðγÞ is given in Eq. (12.58) above.

J. Radiative contribution to the impulse coefficients at 5PM: Longitudinal components

Let us finally consider the nonpolynomial contributions to the u1− � u2− components of Δprr Pradx
1 ,

c1 rr;PxG
5

1þ2 ¼ G5

2

m3
1m

2
2

b5
ðm1 −m2Þ

ð2γ2 − 1Þðγ − 1Þ
ðγ2 − 1Þ3=2

−2m2
2γ þm2

1 − 2m1m2 −m2
2

ðm2
1 þ 2γm1m2 þm2

2Þ
pG4

x ðγÞ;

c1 rr;PxG
5

1−2 ¼ G5

2

m3
1m

2
2

b5
ðm1 −m2Þ

ð2γ2 − 1Þðγ þ 1Þ
ðγ2 − 1Þ3=2

2m2
2γ −m2

2 þ 2m1m2 þm2
1

ðm2
1 þ 2γm1m2 þm2

2Þ
pG4

x ðγÞ; ð12:61Þ

where pG4

x ðγÞ is the same function of γ as defined above,
Eq. (12.36).
As before, we look for corresponding components of

Δprr remain
aμ that will cancel the nonpolynomiality of the

above longitudinal components. As discussed above, there
is a unique way to do so for the u1− þ u2− component,
while the u1− − u2− component is nonunique and can be
augmented by a term of the form [see Eq. (12.25)]

Δc1 rr;remain
1−2 ¼ G5m3

1m
3
2

b5
fG

5

1−2ðγÞ: ð12:62Þ

Let us start by considering the u1− þ u2− component

c1 rr;PxG
5

1þ2 and look for an additional mass-antisymmetric
contribution c1 rr;remain

1þ2 able to cancel the nonpolynomiality

of c1 rr;PxG
5

1þ2 . After scaling out

G5m2
1m

2
2

2b5
ð2γ2 − 1Þðγ − 1Þðγ2 − 1Þ−3=2pG4

x ðγÞ; ð12:63Þ

and multiplying by m2
1 þ 2γm1m2 þm2

2, the problem to be
solved involves quartic polynomials in the masses. Namely,
we look for a rescaled

ĉ1 rr;remain
1þ2 ¼ cþðm1 −m2Þðm1 þm2Þm1m2; ð12:64Þ

and two coefficients x, y, such that cþ; x; y satisfy the mass-
polynomial equation

m1ðm1 −m2Þðm2
1 − 2m1m2 − ð2γ þ 1Þm2

2Þ
þ cþðm1 −m2Þðm1 þm2Þm1m2

− ðm2
1 þ 2γm1m2 þm2

2Þðxm2
1 þ ym1m2Þ ¼ 0: ð12:65Þ

Here, we imposed the constraint that the resulting con-
tribution to Δc1 rr1þ2 be ∝ m3

1.
It is easily found that the mass-polynomiality equa-

tion (12.65) admits a unique solution, namely,

cþ ¼ 2ðγ þ 1Þ; x ¼ 1; y ¼ −1: ð12:66Þ

This proves that

c1 rr;remain
1þ2 ¼ G5m2

1m
2
2

b5
m1m2ðm1 −m2Þðm1 þm2Þð2γ2 − 1Þ
ðγ2 − 1Þ1=2ðm2

1 þ 2m1m2γ þm2
2Þ

× pG4

x ðγÞ; ð12:67Þ

and therefore that
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c1 rrG
5

1þ2 ¼ c1 rr;lin-odd1þ2 þ G5m2
1m

2
2

b5
m1ðm1 −m2Þ

ðγ − 1Þð2γ2 − 1Þ
2ðγ2 − 1Þ3=2 pG4

x ðγÞ: ð12:68Þ

Proceeding in a similar way for the particle-symmetric u1− − u2− component, we find as a general solution for c1 rr;remain
1−2 ,

c1 rr;remain
1−2 ¼ −2

G5m2
1m

2
2

b5
m2

1m
2
2ð2γ2 − 1Þðγ þ 1Þ

ðm2
1 þ 2m1m2γ þm2

2Þ
ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

p pG4

x ðγÞ þ G5m3
1m

3
2

b5
fG

5

1−2ðγÞ; ð12:69Þ

and therefore that

c1 rrG
5

1−2 ¼ c1 rr;lin-odd1−2 þ G5m2
1m

2
2

b5
m1ðm1 þm2 − 2m2γÞð2γ2 − 1Þðγ þ 1Þ

2ðγ2 − 1Þ3=2 pG4

x ðγÞ þ G5m3
1m

3
2

b5
fG

5

1−2ðγÞ: ð12:70Þ

At this stage, the constraints we used above leave un-
determined the additional longitudinal term involving the
function fG

5

1−2ðγÞ [in addition to the function fG
5

b ðγÞ enter-
ing the transverse component].
However, we still have one more constraint that we can

use, namely, the mass-shell-related constraints, Eqs. (12.6)
and (12.14). When using our new decomposition, the
following analog of Eq. (12.6) holds (because the Δcϕ
contribution vanishes separately):

pþcons
aμ ðΔpμrr lin-odd

a þ ΔpμrrPradx
a Þ ¼ 0: ð12:71Þ

The analog of Eq. (12.14) then reads

pþcons
a · Δprr remain

a ¼ −
1

2
ðΔprr tot

a Þ2; ð12:72Þ

where Δprr tot
a is the full (nonlinear) radiative impulse, as

determined above at orders G4 and G5,

Δprr tot
a ¼ Δprr lin-odd

a þ Δprr Pradx
a þ Δprr remain

a : ð12:73Þ

Since Δprr tot
a starts at order G3, the right-hand side of

Eq. (12.73) starts at order G6. Inserting the decomposition
(for a ¼ 1)

Δprr remain
1 ¼ crr remain

b1 b̂þ c11þ2
rr remainðu1− þ u2−Þ

þ c11−2
rr remainðu1− − u2−Þ ð12:74Þ

in Eq. (12.71), we find

pþcons
1 ·Δprr remain

1 ¼ −crr remain
b1 p− sinðχconsÞ

þ p2
−

m1m2

cosðχconsÞ½c1 rr;remain
1þ2 ðm2 −m1Þ

þc1 rr;remain
1−2 ðm1 þm2Þ�: ð12:75Þ

Here we used

pþcons
1 · u1− ¼ p2

−

m1

cosðχconsÞ;

pþcons
1 · u2− ¼ −

p2
−

m2

cosðχconsÞ;

pþcons
1 · b̂ ¼ −p− sinðχconsÞ: ð12:76Þ

Working up to order G5 we find

0 ¼ −crr remainG4

b1
2χ1cons

j
þ p−

m1m2

× ½c1rr;remain;G5

1þ2 ðm2 −m1Þ þ c1rr;remain;G5

1−2 ðm1 þm2Þ�;
ð12:77Þ

which determines the value of fG
5

1−2ðγÞ, namely,

fG
5

1−2ðγÞ ¼
ð2γ2 − 1Þðγ þ 1Þ
ðγ − 1Þ

ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

p pxG4ðγÞ: ð12:78Þ

Consequently,

c1 rrG
5

1−2 ¼ c1 rr;lin-odd1−2

þ G5m3
1m

2
2ðm1 þ 3m2Þ
b5

ð2γ2 − 1Þðγ þ 1Þ
2ðγ2 − 1Þ3=2 pxG4ðγÞ:

ð12:79Þ

XIII. CONCLUDING REMARKS

In the present work, we improved the knowledge of
radiative contributions to scattering observables in several
directions.
We pushed the PN accuracy of the energy, angular

momentum, and linear-momentum radiated during a scat-
tering encounter to higher levels, namely, the fractional
3PN accuracy: for energy, we reached the absolute 5.5PN
accuracy [see Eqs. (6.3) and (6.4)]; for angular momentum,
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we reached the absolute 5.5PN accuracy [see Eqs. (7.2) and
(7.3)]; for linear momentum, we reached the absolute
6.5PN accuracy [see Eqs. (4.13), (5.3), (8.7), (9.6), and
(9.10)]. See the summary of our results in Sec. X and,
notably, in Tables II and III.
Our results have a limited PN accuracy, but are valid (at

least) at order G7.
We completed the linear-response computation of the

radiative contribution to the individual impulses [30] by
including two additional terms (see Sec. XII): (i) the
additional contribution Δcϕ in the relative scattering angle
linked to the time-asymmetric piece of the radiation-
reaction force [see Eq. (12.18)] and (ii) the additional
contribution Δprr nonlin

a linked to nonlinear radiation-reac-
tion effects. We then wrote the total radiative contribution
to the impulses in the following form:

Δprr tot
a ¼ Δprr lin-odd

a þ Δprr Pradx
a þ Δprr remain

a ; ð13:1Þ

with

Δprr lin-odd
a ¼ χ̄rr rel

d
dχcons

Δpcons
aμ þΔPc:m:

Pc:m:
pþ
aμ−

m2
a

Ea

ΔPc:m:

Pc:m:
Uμ

−
Ea

Ec:m:
P̄rad
μ −

ðpþ
aνP̄ν

radÞ
Ec:m:

Uμ; ð13:2Þ

where

ΔPc:m: ¼ −
E1E2

Ec:m:Pc:m:
Erad: ð13:3Þ

Here χ̄rr rel is defined as

χ̄rr rel ≡ −
�
1

2

∂χcons

∂E
Erad þ

1

2

∂χcons

∂J
Jrad

�
; ð13:4Þ

and P̄μ
rad denotes the part of Pμ

rad orthogonal to the x
direction, namely,

P̄μ
rad ≡ Pμ

rad − Px
rade

μ
x: ð13:5Þ

All the radiative losses (in Erad, Jrad, and P
μ
rad) entering here

include time-asymmetric (hereditary) effects. The second

term in Eq. (13.1), Δprr Pradx
a , is the contribution linked to the

x component of Pμ
rad, namely,

Δprr Pradx
aμ ≡ −

Ea

Ec:m:
Prad
x exμ −

ðpþ
axPrad

x Þ
Ec:m:

Uμ: ð13:6Þ

Finally, the remaining contribution in the decomposition
(13.1) is

Δprr remain
aμ ≡ Δcϕ

d
dχcons

Δpcons
aμ þ Δprr nonlin

aμ : ð13:7Þ

Within our approach, the two contributions to Δprr remain
aμ ,

Eq. (13.7), have different physical origins: the Δcϕ-related
one is linear in radiation reaction (but of time-asymmetric
origin), while Δprr nonlin

aμ is nonlinear in radiation reaction.
However, they share common mathematical properties
(antisymmetry under particle exchange, second-self-force
character), and our mass-polynomiality constraints do not
distinguish their origins.
We studied the consequences of the mass polynomiality of

the Lorentz-invariant form factors as defined in Eqs. (11.3)–
(11.8). The resulting structures were shown to imply the
ν-polynomiality rules introduced in [30]. The latter ν rules
ensure the mass polynomiality of the first contribution
Δprr lin-odd

a to the impulses (see Table II of [30]). Then we
showed how the nonpolynomiality of the Px-related con-

tribution Δprr Pradx
a could be cured by adding specific remain-

ing contributions Δprr remain
a . At order G4, the various

constraints to be satisfied by Δprr remain
a were shown to be

sufficient to fully determine Δprr remain
a in terms of Prad

x , see
Eq. (12.30). At orderG5,Δprr remain

a was determined up to the
addition of one extra term, see Eq. (12.69).
All our 4PM-level results are compatible with those of

Ref. [25] and provide an alternative way of understanding
4PM radiation reaction effects. Our 5PM-level results give
benchmarks for future 5PM computations and hopefully
will bring new light on the current puzzles concerning the
5PN dynamics of binary systems [41,72].
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APPENDIX A: NOTATION AND
USEFUL FORMULAS

We list below some useful formulas that one often
needs to have at hand. The incoming c.m. Lorentz factor
γ ¼ −u−1 · u−2 and its associated (dimensionless) momen-
tumlike variable p∞ are related by

p∞ ≡
ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

q
: ðA1Þ
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The dimensionless angular momentum j is related to the
original c.m. angular momentum J by

j≡ cJ
Gm1m2

: ðA2Þ

The vectorial impact parameter (orthogonal to u−1 and u−2 )
b12 ¼ b1 − b2 ¼ bb̂12 together with the conservative scat-
tering angle χcons enters the definition of the Cartesian-like
basis vectors ex and ey as follows [see Eq. (3.49) of
Ref. [30] ]:

ex ¼ cos
χcons
2

b̂þ sin
χcons
2

n−;

ey ¼ − sin
χcons
2

b̂þ cos
χcons
2

n−; ðA3Þ

where n− is the direction of the incoming momenta,

n− ¼ m1m2

P−
c:m:E−

c:m:

�
E−
2

m2

u−1 −
E−
1

m1

u−2

�
; ðA4Þ

and [see Eqs. (A4) and (A5) of Ref. [30] ]

P−
c:m: ¼

m1m2

E−
c:m:

ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

q
;

E−
c:m: ¼ Mc2h ¼ Mc2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2νðγ − 1Þ

p
: ðA5Þ

An equivalent expression for n− is the following:

n− ¼ ðu2− ∧ u1−Þ ·U−ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

p ; ðA6Þ

where the wedge product of two vectors A and B is
standardly defined as

A ∧ B ¼ A ⊗ B − B ⊗ A; ðA7Þ

so that the contraction with a third vector C is given
by ðA ∧ BÞ · C ¼ AðB · CÞ − BðA · CÞ.
Boldface vectors denote spatial vectors in the c.m. frame

with time axisU−: p−
a ¼ mau−a ¼ EaU− þ p−

a (where p−
a is

orthogonal to U−, and p−
1 ¼ −p−

2 ¼ p−), with

U− ¼ p−
1 þ p−

2

jp−
1 þ p−

2 j
¼ 1

E−
c:m:

ðm1u−1 þm2u−2 Þ; ðA8Þ

and E−
c:m: ¼ E−

1 þ E−
2 .

To ease the notation, we often remove the “c.m.” label
from both energy and linear momentum, e.g., P−

c:m: → p−.
The label “−” (for incoming) is also frequently omit-
ted: E−

c:m: → E.
Let us also recall the following expressions [see

Eqs. (A9) of Ref. [30] ] for the incoming c.m. energy of
each particle:

E−
1 ¼ m1ðm2γ þm1Þ

E
; E−

2 ¼ m2ðm1γ þm2Þ
E

; ðA9Þ

as well as the relation between the dimensionless angular
momentum and the impact parameter,

1

j
¼ GMh

bp∞
¼ GE

bp∞
: ðA10Þ

When describing the conservative scattering, it is useful to
introduce the c.m. direction of the (conservative) outgoing
momenta nconsþ , as well as its associated orthogonal
direction B̂, namely,

B̂ ¼ cosðχconsÞb̂þ sinðχconsÞn−;

nconsþ ¼ − sinðχconsÞb̂þ cosðχconsÞn−: ðA11Þ

In the text we used the relation

B̂ ¼ −
d

dχcons
nconsþ : ðA12Þ

The dyad ðB̂;nconsþ ; Þ differs from the incoming dyad
ðb̂;n−Þ by a rotation of angle χcons. The dyad ðex; eyÞ is
midway between the latter two dyads, being obtained from
the incoming dyad by a rotation of angle 1

2
χcons.

The conservative scattering of the particle 1 corresponds
to the change p−

1 → pþcons
1 of its linear momentum

p−
1 ¼ E1Uþp−n−; pþcons

1 ¼ E1Uþp−nconsþ ; ðA13Þ

such that

Δpcons
1 ¼ pþcons

1 − p−
1 ¼ p−ðnconsþ − n−Þ: ðA14Þ

The following representation

Δpcons
1 ¼ c1consb b̂þ c1consu1 u1 þ c1consu2 u2; ðA15Þ

with

c1consb ¼ −p− sin χcons;

c1consu1 ¼ m1E2

E
ðcos χcons − 1Þ;

c1consu2 ¼ −
m2E1

E
ðcos χcons − 1Þ; ðA16Þ

is also used.
For particle 2 we have instead

p−
2 ¼ E1U −p−n−; pþcons

2 ¼ E1U −p−nconsþ ; ðA17Þ

with
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Δpcons
2 ¼ pþcons

2 − p−
2 ¼ −p−ðnconsþ − n−Þ: ðA18Þ

Therefore, Δpcons
1 þ Δpcons

2 ¼ 0, and then

d
dχcons

Δpcons
1 ¼ −p−B̂ ¼ −

d
dχcons

Δpcons
2 : ðA19Þ

APPENDIX B: RELATING HYPERBOLIC-
MOTION RESULTS TO ELLIPTIC-MOTION

ONES BY ANALYTIC CONTINUATION

As a check on our computation, in Sec. III, of the
2.5PN radiation-reaction correction to the quasi-Keplerian
parametrization of hyperboliclike motions, we have (suc-
cessfully) related it to the corresponding 2.5PN radiation-
reaction correction to the quasi-Keplerian parametrization
of ellipticlike motions derived in Ref. [55] (by using the
elliptic version of Lagrange’s method of variation of
constants). As already mentioned in the text, this compari-
son used two different ingredients: (i) analytic continuation
between elliptic and hyperbolic quasi-Keplerian paramet-
rizations (at the Newtonian order) and (ii) the use of a
different expression for the radiation-reaction force,
because of a difference in coordinates (ADM versus
harmonic).
Let us only mention a few technical steps of this

comparison. The analytic continuation relating the elliptic
eccentric anomaly u to the hyperbolic one v is simply
u → iv. This has to be taken together with the replacement

ar → −ār. Concerning the gauge dependence of the
radiation-reaction force, let us recall that, in a general
coordinate system, the 2.5PN-level radiation-reaction
acceleration depends on two gauge parameters, α and β,
and reads [73,74]

Arr ¼ −
8

5
ν
G2

c5
M2

r3
½−A2.5PN _rnþ B2.5PNv�; ðB1Þ

where

A2.5PN ¼ 3ð1þ βÞv2 þ 1

3
ð23þ 6α − 9βÞGM

r
− 5β_r2;

B2.5PN ¼ ð2þ αÞv2 þ ð2 − αÞGM
r

− 3ð1þ αÞ_r2: ðB2Þ

For example, in harmonic coordinates α ¼ −1 and β ¼ 0,

A2.5PN;h ¼ 3v2 þ 17

3

GM
r

;

B2.5PN;h ¼ v2 þ 3
GM
r

: ðB3Þ

Other useful gauge choices correspond to the Burke-
Thorne reactive potential (α ¼ 4, β ¼ 5) and to ADM
coordinates (α ¼ 5

3
, β ¼ 3).

One can then easily derive the variation of constants in a
general gauge. For example the ðα; βÞ-dependent equation
for δrret reads

dδrret
dt

¼ 8νð1 − e2t Þ
15a4ret

�
12α − 6β þ 15

χ3
þ −48αþ 33β − 65

χ4
þ 21ðe2t − 3Þβ − 9ð2αþ 3Þe2t þ 60αþ 109

χ5

þ 24ðe2t − 1Þðα − 17
8
β þ 59

24
Þ

χ6
−
15βðe2t − 1Þ2

χ7

�
: ðB4Þ

In the ADM case, this equation becomes

dδrret
dt

¼ 8νð1 − e2t Þ
15a4ret

�
17

χ3
−
46

χ4
þ 6e2t þ 20

χ5
− 54

e2t − 1

χ6
−
45ðe2t − 1Þ2

χ7

�
; ðB5Þ

as in Eq. (56.b) of Ref. [55], while in the harmonic case we find

dδrret
dt

¼ 8νð1 − e2t Þ
15a4ret

�
3

χ3
−
17

χ4
−
9e2t − 49

χ5
þ 35ðe2t − 1Þ

χ6

�
: ðB6Þ

APPENDIX C: RADIATION-REACTION
CONTRIBUTION TO THE RELATIVE

SCATTERING ANGLE UP TO 4.5 PN ACCURACY

Reference [29] [see Eq. (5.99) there] has shown that, to
linear order in radiation reaction and under the assumption
of a time-odd radiation-reaction force, the radiation-reaction

contribution to the relative scattering angle (in the c.m.
frame) χrr;rel can be computed through a linear-response
formula involving the radiative losses of energy and angular
momentum. We have generalized this linear-response for-
mula above, see Eq. (12.17), by including the term Δcϕ
that is nonzero when the radiation-reaction force contains a
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time-even piece. As discussed above, such a correction in
χrr;rel starts to contribute only at the 5PN (and 4PM) level. In
other words, the first two terms on the right-hand side of
Eq. (12.17) suffice to evaluate χrr;rel up to the 4.5PN level, by
using the known radiative losses at the 4.5PN accuracy (as
the radiative losses start at the 2.5PN level, this corresponds
to a fractional 2PN accuracy).
At the leading-order 2.5PN level, we have given in the

text a direct rederivation of the value of χrr;rel, see
Eq. (3.23). The explicit expression of χ2.5PNrr;rel ¼ ½δrrϕ�2.5PN
in terms of ar and er reads

χ2.5PNrr;rel ðar; erÞ ¼
2ν

15ā5=2r ðe2r − 1Þ5=2
�
72e4r þ 1069e2r þ 134

3e2r

þ 121e2r þ 304ffiffiffiffiffiffiffiffiffiffiffiffiffi
e2r − 1

p arccos

�
−

1

er

��
; ðC1Þ

which, when expressed in terms of the conserved energy
and angular momentum, becomes

χ2.5PNrr ðp∞; jÞ ¼
2ν

15j5

�
72p4

∞j4 þ 1213p2
∞j2 þ 1275

3ð1þ p2
∞j2Þ

þ 121p2
∞j2 þ 425

p∞j
Aðp∞; jÞ

�
; ðC2Þ

where

Aðp∞; jÞ≡ arccos

�
−

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ p2

∞j2
p �

: ðC3Þ

The large-j expansion of the latter expression reproduces
the leading PN order of the PM expansion of χrr, the first
terms of which [up to OðG7Þ] are listed in Table XI
of Ref. [30].
When going to higher PN levels in the radiative losses

(still keeping below the absolute 5PN level), we must take
into account that the radiative losses contain fractional

corrections at the following levels: 1PN, 1.5PN, and 2PN.
The 1.5PN correction to the losses is the leading-order tail
effect (which is still described by a time-odd radiation
reaction). Let us first discuss the 1PN and 2PN fractional
corrections, leading to contributions to χrr;rel at the 3.5PN
and 4.5PN levels.
The expressions of χrr;rel at the ðnþ 1

2
ÞPN levels (for

n ¼ 3, 4) have the general structure

χrrðp∞; jÞn:5PN ¼ An:5PN
2 ðp∞; j; νÞA2ðp∞; jÞ

þ An:5PN
1 ðp∞; j; νÞAðp∞; jÞ

þ An:5PN
0 ðp∞; j; νÞ: ðC4Þ

Using the 2PN conservative scattering angle, Eq. (45) of
Ref. [31],

χcons
2

¼ χNcons
2

þ χ1PNcons

2
η2 þ χ2PNcons

2
η4 þOðη6Þ; ðC5Þ

where

χNcons
2

¼ Aðp∞; jÞ −
π

2
;

χ1PNcons

2
¼ 3

j2
Aðp∞; jÞ þ

p∞ð3þ 2j2p2
∞Þ

jð1þ j2p2
∞Þ

;

χ2PNcons

2
¼ −

3½j2p2
∞ð2ν − 5Þ − 35þ 10ν�

4j4
Aðp∞; jÞ

−
p∞

4j3ð1þ j2p2
∞Þ2

½j4p4
∞ð−81þ 26νÞ

þ 2j2p2
∞ð−95þ 28νÞ þ 30ν − 105�; ðC6Þ

and the fractionally 2PN-accurate expressions (when
excluding tails) for the radiated energy and angular
momentum given in Ref. [30], Eqs. (C10)–(C13) and
(E4)–(E10), we get the following explicit results:

χ3.5PNrr ðp∞; jÞ ¼
2ν

j7

��
168ðp∞jÞ2

5
þ 72

�
A2ðp∞; jÞ

þ
�
ðp∞jÞ3

�
23111

840
−
437ν

30

�
þ ðp∞jÞ

�
11647

60
−
424ν

3

�
þ

13447
40

− 1127ν
6

ðp∞jÞ
�
Aðp∞; jÞ

þ 1

ððp∞jÞ2 þ 1Þ2
�
ðp∞jÞ8

�
40

7
−
8ν

5

�
þ ðp∞jÞ6

�
92639

1400
−
7681ν

90

�
þ ðp∞jÞ4

�
5049251

12600
−
3503ν

10

�

þ ðp∞jÞ2
�
81889

120
−
8179ν

18

�
−
1127ν

6
þ 13447

40

��
;
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χ4.5PNrr ðp∞; jÞ ¼
2ν

j9

��
ðp∞jÞ4

�
534

7
−
373ν

5

�
þ ðp∞jÞ2

�
816−

2898ν

5

�
− 745νþ 1586

�
A2ðp∞; jÞ

þ 1

ðp∞jÞððp∞jÞ2 þ 1Þ
�
ðp∞jÞ8

�
511ν2

24
−
75253ν

1680
þ 44759

1120

�
þ ðp∞jÞ6

�
366ν2 −

136789ν

168
þ 1020745

1512

�

þ ðp∞jÞ4
�
5237ν2

4
−
1579549ν

420
þ 16375901

5040

�
þ ðp∞jÞ2

�
4949ν2

3
−
149209ν

24
þ 6034507

1080

�

þ 5481ν2

8
−
258051ν

80
þ 5839651

2016

�
Aðp∞; jÞ

þ 1

ððp∞jÞ2 þ 1Þ3
�
ðp∞jÞ12

�
8ν2

5
−
186ν

35
þ 256

63

�
þ ðp∞jÞ10

�
19781ν2

120
−
105913ν

560
þ 45934963

352800

�

þ ðp∞jÞ8
�
439657ν2

360
−
47396053ν

25200
þ 3027711913

3175200

�
þ ðp∞jÞ6

�
607627ν2

180
−
95753533ν

12600
þ 7101025663

1587600

�

þ ðp∞jÞ4
�
796337ν2

180
−
170414669ν

12600
þ 434998411

45360

�
þ ðp∞jÞ2

�
66997ν2

24
−
520709ν

48
þ 266996831

30240

�

þ 5481ν2

8
−
258051ν

80
þ 5839651

2016

��
: ðC7Þ

For completeness, the corresponding PN-expansion coefficients when considering χrr as a function of ār and er are Eq. (C1)
(at the 2.5PN accuracy) together with

χ3.5PNrr ðar; erÞ ¼
ν

ā7=2r ðe2r − 1Þ7=2
�
C3.5PN
2 arccos2

�
−

1

er

�
þ C3.5PN

1ffiffiffiffiffiffiffiffiffiffiffiffiffi
e2r − 1

p arccos

�
−

1

er

�
þ C3.5PN

0

�
;

χ4.5PNrr ðar; erÞ ¼
ν

ā9=2r ðe2r − 1Þ9=2
�
C4.5PN
2 arccos2

�
−

1

er

�
þ C4.5PN

1ffiffiffiffiffiffiffiffiffiffiffiffiffi
e2r − 1

p arccos

�
−

1

er

�
þ C4.5PN

0

�
; ðC8Þ

where

C3.5PN
2 ¼ 336

5
e2r þ

384

5
;

C3.5PN
1 ¼

�
2783

420
þ 47

15
ν

�
e4r þ

�
−
260

3
ν −

1507

7

�
e2r −

1832

15
ν −

14594

105
;

C3.5PN
0 ¼

�
8

5
νþ 288

35

�
e4r þ

�
−
1253

45
ν −

1396049

6300

�
e2r −

7498

45
ν −

71683

450
þ
�
−
64

5
νþ 39394

1575

�
1

e2r
; ðC9Þ

and

C4.5PN
2 ¼

�
−
1716

35
þ 94

5
ν

�
e4r þ

�
−
10008

35
−
2624

5
ν

�
e2r − 480νþ 16904

35
;

C4.5PN
1 ¼

�
9

20
ν2 þ 7783

840
νþ 82489

1680

�
e6r þ

�
49

3
ν2 þ 48821

84
ν −

417001

3780

�
e4r þ

�
514

5
ν2 þ 427622

105
ν −

1607

63

�
e2r

þ 88ν2 þ 19066

15
ν −

19882

27
;

C4.5PN
0 ¼

�
−
2

5
ν2 þ 242

35
νþ 808

45

�
e6r þ

�
1367

180
ν2 þ 72587

2520
νþ 28987039

176400

�
e4r þ

�
365

6
ν2 þ 72257

18
ν −

147017953

793800

�
e2r

þ 5956

45
ν2 −

98228321

99225
þ 1299217

630
νþ

�
36

5
ν2 −

56108

315
νþ 16847071

99225

�
1

e2r
: ðC10Þ
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Let us finally discuss the tail-related contribution to χrr;rel. The leading-order 4PN tail contribution is obtained by
inserting in the linear-response formula the (j-expanded) Eqs. (D26) and (F2) of Ref. [30]. The result is the following:

χ4PNrr;relðp∞; jÞ ¼ ν

�
7168

45

p3
∞

j5
þ 573

20
π3

p2
∞

j6
þ
�
512

9
þ 153856

675
π2
�
p∞

j7
þO

�
1

j8

��
: ðC11Þ

If we formally insert also the fractional 1PN correction to the linear tail, we get [by using the 2.5PN-accurate expressions for
Erad and Jrad derived above in Eqs. (6.5) and (7.4), respectively] the following 5PN-level contribution to χrr;rel:

χ5PNfromtailinlosses
rr;rel ðp∞;jÞ¼ν

��
4992

35
−
676096

1575
ν

�
p5
∞

j5
þ
�
−
32079

1120
π2þ145536

175
−
7767

70
νπ2þ14032

525
ν

�
π
p4
∞

j6

þ
�
7014

5
ζð3Þ−515456

33075
π2þ206188

105
þ207

5
π4−

89216

105
ν−

18853168

33075
νπ2

�
p3
∞

j7
þO

�
p2
∞

j8

��
: ðC12Þ

Note, however, that at this level there are several other contributions that should be added to this result.

APPENDIX D: 3PN-ACCURATE QUASI-KEPLERIAN PARAMETRIZATION
OF THE HYPERBOLIC MOTION

The 3PN-accurate quasi-Keplerian parametrization of the hyperboliclike motion is

r ¼ ārðer cosh v − 1Þ;
n̄t ¼ et sinh v − vþ ftV þ gt sinV þ ht sin 2V þ it sin 3V;

ϕ ¼ K½V þ fϕ sin 2V þ gϕ sin 3V þ hϕ sin 4V þ iϕ sin 5V�; ðD1Þ

with

VðvÞ ¼ 2 arctan

� ffiffiffiffiffiffiffiffiffiffiffiffiffi
eϕ þ 1

eϕ − 1

s
tanh

v
2

�
: ðD2Þ

The 3PN orbital parameters in modified harmonic coordinates along hyperboliclike orbits were obtained in Ref. [56].
However, their expressions are affected by typos, which we discovered when rederiving the 3PN-accurate quasi-Keplerian
parametrization of hyperboliclike motions. We list below these typos.
(1) Eq. (2.36b), third line: the term 4η3, should be replaced by

2Ēj2
4η3 − 195η2 þ 1120η − 1488

430080
:

(2) Eq. (2.36c): The third term in parentheses should have an overall factor of 15 in front, and one should replace the
þ3η3 by −3η3.

(3) Eq. (2.36j): The prefactor η3 should instead be η.
(4) Eq. (2.36k): The þ− sign of the third term in parentheses is a −.
(5) Eq. (2.36m), second line: the term −30135η2 is −30135π2.
(6) Eq. (2.36o): There is a missing overall 3=35 in front.

It is convenient to express the orbital parameters in terms of ār and er through the relations

Ē ¼ 1

2ār
þ
�
7

8
−
1

8
ν

�
η2

ā2r
þ
�
25

16
−

7

16
νþ 1

16
ν2 þ ð2 − 7

2
νÞ

e2r − 1

�
η4

ā3r

þ
�
363

128
−
149

128
νþ 21

64
ν2 −

5

128
ν3 þ ð5þ ð 41

128
π2 − 17033

840
Þνþ 7

4
ν2Þ

ðe2r − 1Þ þ ð4þ ð− 12343
420

þ 41
32
π2Þνþ ν2Þ

ðe2r − 1Þ2
�
η6

ā4r
;
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j ¼ ffiffiffiffiffi
ār
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We find

n̄ ¼ 1
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The remaining 3PN orbital parameters still expressed as functions of ār and er are listed in Table IV.

TABLE IV. The orbital parameters of the 3PN quasi-Keplerian hyperbolic representation in modified harmonic coordinates, expressed
as functions of ār and er. The corresponding (equivalent) expressions in terms of Ē and j have been given in Ref. [56].

ft 3ð5−2νÞ
2ā2r

ffiffiffiffiffiffiffiffi
e2r−1

p η4 þ 144ð4ν2−19νþ40Þe2rþνð−8768þ576νþ123π2Þ
192ðe2r−1Þ3=2ā3r η6

fϕ e2r ð1þ19ν−3ν2Þ
8ā2r ðe2r−1Þ2 η4 − e2r ½−280νð9ν2−177νþ458Þe2r−26880þ26880ν3þ36960ν2þð−107104þ30135π2Þν�

26880ā3r ðe2r−1Þ3 η6

gt erνð15−νÞ
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L. Planté, and P. Vanhove, General Relativity from
Scattering Amplitudes, Phys. Rev. Lett. 121, 171601
(2018).

[3] D. A. Kosower, B. Maybee, and D. O’Connell, Amplitudes,
observables, and classical scattering, J. High Energy Phys.
02 (2019) 137.

[4] C. Cheung, I. Z. Rothstein, and M. P. Solon, From
Scattering Amplitudes to Classical Potentials in the Post-
Minkowskian Expansion, Phys. Rev. Lett. 121, 251101
(2018).

[5] Z. Bern, C. Cheung, R. Roiban, C. H. Shen, M. P. Solon,
and M. Zeng, Scattering Amplitudes and the Conservative
Hamiltonian for Binary Systems at Third Post-Minkowskian
Order, Phys. Rev. Lett. 122, 201603 (2019).

[6] Z. Bern, C. Cheung, R. Roiban, C. H. Shen, M. P. Solon,
and M. Zeng, Black hole binary dynamics from the double
copy and effective theory, J. High Energy Phys. 10
(2019) 206.

[7] N. E. J. Bjerrum-Bohr, A. Cristofoli, and P. H. Damgaard,
Post-Minkowskian scattering angle in Einstein gravity,
J. High Energy Phys. 08 (2020) 038.

[8] N. E. J. Bjerrum-Bohr, P. H. Damgaard, L. Planté, and P.
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