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Primordial black holes (PBHs) could be formed if large perturbations are generated on small scales in
inflation. We study a toy inflation model with a local minimum. The curvature perturbations are enhanced
when the inflaton passes through the local minimum, with more efficient amplification rate than that of
quasi-inflection point inflation, leading to the production of PBHs on small scales. The PBHs could
comprise the total dark matter in the mass window 1016–1020 g.
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I. INTRODUCTION

Primordial black holes (PBHs) are hypothetical objects
formed in early Universe, proposed by Zel’dovich and
Novikov [1], and developed by Hawking and Carr [2–4]. It
is believed that they could be formed in regions with large
density perturbations. The most important motivation to
study PBHs is that they are a natural dark matter candidate.
Although latest observations imposed tight constraints
on the abundance of PBHs [5–12], the PBHs that have
not evaporated could contribute a fraction of dark matter in
wide mass ranges. In particular, there are still windows,
e.g., 1016 g < MPBH < 1020 g, in which the PBHs could
constitute a significant fraction of dark matter. In addition
to dark matter, PBHs are also the possible origin of black
holes that cannot be formed in standard gravitational
collapse processes, for example, the intermediate mass
black holes. According to the supernova explosion theory
[13–17], black holes with mass around 50M⊙ − 140M⊙
cannot be formed due to the pair instability. However, in
GW190521 [18,19] at least one of the black holes falls in
the predicted mass gap, bringing a serious challenge to the
theory of astrophysical black hole formation. PBHs provide
a possible explanation for the black holes in GW190521, as
long as the PBHs accrete efficiently [20,21].

To produce PBHs with observationally interesting abun-
dance in inflation, the primordial curvature perturbations
and the power spectrum should be large enough. Roughly
speaking, one needs a power spectrum as large as Oð10−2Þ
on scales that are much smaller than that of a cosmic
microwave background (CMB). Therefore, even the non-
detection of PBHs imposes constraints on the early
Universe. In slow roll inflationary models, PBHs cannot
be formed because the power spectrum is nearly scale
invariant and keeps small on all scales. It was considered
in [22–25] that inflation models with a quasi-inflection
point, known as the “ultra slow roll” (USR) inflation, could
amplify the curvature perturbations and generate PBHs on
small scales. This kind of potential includes a rather flat
region in which the slope V 0ðϕÞ ≃ 0. When inflaton passes
though the plateau, the slow roll parameter ϵ decreases
exponentially and η ≃ −6. This makes the curvature per-
turbations and the power spectrum grow exponentially. The
success of this kind of model relies on fine-tuning the
theory parameters so that the potential is flat enough to
produce PBHs on small scales and be consistent with
the CMB observations on large scales. Nevertheless, one
should note that the “deceleration” of inflaton is not
necessary to amplify the curvature perturbations. Instead,
“acceleration” of the inflaton may also amplify the pertur-
bations. In Refs. [26–31], the authors provide some
examples of inflation with step features that seem to
accelerate the inflaton and suppress the power spectrum.
However, the perturbations can still be amplified due to the
USR phase right after the acceleration, provided that the
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width and height of the steps are appropriate. Reference [29]
also pointed out that steps of smooth functions would lead to
strong coupling of the perturbations during transition, thus
only piecewise functions could generate PBHs successfully.
Another mechanism of interesting is the sound speed
resonance [32,33], in which the sound speed oscillates so
that the perturbations possess resonance effect and the power
spectrum is enhanced on certain scales. Besides, one may
also consider inflation with bumps [34,35], nonstandard
theories like modified gravity [36–39], inflation driven by
noncanonical field [40–46], inflation with intermediate
noninflationary phase [47], etc.
In this work, however, we study a nonmonotonous

potential with a local minimum. The inflaton starts in a
slow roll phase and then passes through the local minimum.
The inflaton could “climb out” the potential valley clas-
sically as long as the valley is not too deep. The ampli-
fication mechanism of this work is similar to that of USR
inflation but with a more efficient amplification rate. This
idea has been considered in previous literature [40,48–52].
In this work we give a concrete realization without the use
of piecewise functions and approximation.
The paper is organized as follows. In Sec. II we review

the conditions of enhancing the power spectrum. In Sec. III,
we present our model and the setup. In Sec. IV we give the
main results of this paper and show that our model could
amplify the curvature perturbations sufficiently and pro-
duce PBHs. Finally, we conclude in Sec. V with a short
discussion on this work.

II. THE CONDITIONS OF ENHANCING THE
CURVATURE PERTURBATIONS

We start from the linearized Friedmann–Lemaître–
Robertson–Walker background spacetime,

ds2 ¼ −ð1þ 2ΨÞdt2 þ 2aðtÞ∂iξdtdxi
þ a2ðtÞ½δijð1 − 2ΦÞ þ ∂i∂jE�dxidxj: ð1Þ

The inflaton field is decomposed into a homogeneous
background field and a small inhomogeneous fluctuation,
i.e., ϕðt;xÞ ¼ ϕðtÞ þ δϕðt;xÞ. The background evolution
of the inflaton is governed by

ϕ̈þ 3H _ϕþ V;ϕ ¼ 0: ð2Þ

It is usually more convenient to work with the e-folding
number N in numerical calculations. Using the trans-
formation relation between t and N

Hdt ¼ dN; ð3Þ

the evolution equation becomes

ϕ;NN þ 3ϕ;N −
1

2
ϕ3
;N þ

�
3 −

1

2
ϕ2
;N

�
V;ϕ

V
¼ 0; ð4Þ

where ϕ;N ¼ ∂ϕ
∂N and ϕ;NN ¼ ∂

2ϕ
∂N2, and the Planck mass is set

to be 1 in this equation.
The primordial fluctuations can be characterized by the

gauge invariant curvature perturbation,

R ¼ ΦþH
_ϕ
δϕ: ð5Þ

In terms of the e-folding number N, the evolution equation
of the curvature perturbation in momentum space can be
written as

Rk;NN þ ð3 − ϵþ ηÞRk;N þ k2

a2H2
Rk ¼ 0; ð6Þ

where the slow roll parameters are defined by

ϵ≡ −
_H
H2

¼ 1

2
ϕ2
;N; ð7Þ

η≡ _ϵ

Hϵ
¼ 2

ϕ;NN

ϕ;N
: ð8Þ

Therefore, the evolution of the curvature perturbation Rk
can be principally determined by Eqs. (4) and (6). In the
slow roll phase, the slow roll parameters are tiny and the
curvature perturbationRk is frozen on super-Hubble scales,
i.e., k ≪ aH. Using the solution of Rk, the scalar power
spectrum can be expressed as

PsðkÞ ¼
k3

2π2
jRkj2: ð9Þ

For slow roll inflation, the power spectrum can be well
approximated as

PsðkÞ ¼
H2

8π2ϵ

����
k¼aH

: ð10Þ

It is calculated at the time when the CMB pivot scale exits
the horizon (k ¼ aH). But this approximation breaks down
if the slow roll conditions are violated.
For more general cases this approximation may not

be accurate. In USR inflation, the potential is adjusted
to be extremely flat, i.e., V;ϕ ≃ 0 in a short range, so that
the potential has a quasi-inflection point. When the inflaton
rolls through this region, the slow roll parameter ϵ
decreases exponentially and η ≃ −6. Hence the coefficient
3 − ϵþ η ≃ −3. In the USR phase, curvature perturbations
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would oscillate with increasing amplitude before horizon
exit and evolve approximately as

Rk ∝ eð−3þϵ−ηÞN ≃ e3N ð11Þ

on super horizon scales. The amplification lasts until the
slow roll conditions are recovered and the perturbations
become frozen. In this case the power spectrum should not
be evaluated at horizon exit. Instead, it should be calculated
at the time after which the curvature perturbation is frozen.
Thus the approximation (10) would give incorrect predic-
tions. The amplification of curvature perturbation leads to
an enhancement of the power spectrum. Generally, as long
as the coefficient 3 − ϵþ η < 0, the curvature perturbation
Rk would have exponentially growing mode. This is
certainly not enough to produce PBHs, since the formation
of PBHs requires an enhancement of power spectrum at
least seven orders of magnitude. Therefore, the amplifica-
tion of curvature perturbation should be rapid and long
enough. Usually, the USR inflation models require fine-
tuning of parameters.
In the following, we propose a toy inflation model with a

small valley. Generally, inflation would end if the potential
has a local minimum. However, we show that this is not the
case if the potential is carefully constructed.

III. THE MODEL

The model we considered in this paper is constructed by
a combination of potentials,

VðϕÞ ¼ α
V1ðϕÞ

1þ V1ðϕÞ
þ ξV2ðϕÞ; ð12Þ

where V1¼ 1
4
λϕ2ððϕ−υ1Þ2þυ22Þ with λ ¼ 4.0 × 106M−4

p .
The first part αV1ðϕÞ=ð1þ V1ðϕÞÞ is tuned such that it has
a local minimum apart from the global minimum, see
Fig. 1. The second part ξV2ðϕÞ provides slow roll inflation
and behaves as the base potential. The depth of the local
minimum should be small enough so that the inflaton has
enough kinetic energy to “climb out.” When the inflaton
rolls down to the local minimum from slow roll phase, the
slow roll parameter ϵ increases by several magnitudes
and then decreases exponentially like that of USR phase.
After it passes through the minimum, the slope V;ϕ changes
its sign and ϵ continues decreasing exponentially, with
η < −6. In such a way, the coefficient 3 − ϵþ η < −3,
which makes the curvature perturbations grow faster than
e3N , and the power spectrum grows as

Ps ∼ e2ð−3−ηÞΔN; ð13Þ

where ΔN is the duration of the extremely slow roll phase,
and we neglected the slow roll parameter ϵ since it is small.
For USR inflation, η ≃ −6 and Ps ∼ e6ΔN . One needs at

least ΔN ≃ 2.7 to get seven orders of amplification. In our
model, η ≃ −7 and Ps ∼ e8ΔN for parameter set P4 in
Table I, thus one needs only ΔN ∼ 2.1 to produce PBHs.
We see that our model provides a more efficient way to
enhance the power spectrum and may reduce the fine
tuning of parameters. For a more detailed analysis of
the power spectrum, see Refs. [53–56]. This extremely
slow roll phase lasts until the inflaton “climbs out” the
potential valley.
As a concrete example, we consider

V2ðϕÞ ¼
ðϕ=υ3Þ4

1þ ðϕ=υ3Þ4
: ð14Þ

We have another five parameters, α, β, υ1, υ2, υ3. First, we
fix the ratio α=β to be 0.0125. Note that this ratio is not
unique and other choices are also allowed. Next, to be
consistent with CMB observations [57], we parametrize the
potential with

Psð0.05 Mpc−1Þ ≃ VðϕCMBÞ
24π2ϵðϕCMBÞ

¼ 2.1 × 10−9; ð15Þ

where ϕCMB is the value of ϕ at which the CMB pivot
scale (k ¼ 0.05 Mpc−1) crosses the horizon. The value of
ϕCMB is determined by requiring at least 50 e-folding
numbers before the end of inflation. Using the fact that
VðϕCMBÞ ≃ αþ ξ, the parameters α and ξ are constrained.

FIG. 1. The configuration of the potential VðϕÞ (upper panel)
with parameters given by the P4 set in Table I, and the numeri-
cally calculated slow roll parameter η (lower panel). The inset in
the upper panel shows the slope of the potential around the local
minimum.
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Furthermore, there is a constraint on the remaining param-
eters υi (i ¼ 1; 2; 3) from the spectral index,

ns − 1 ¼ −6ϵV þ 2ηV ≃ 2ηV; ð16Þ

where the approximately equal sign results from the
hierarchy between the slow roll parameters. One may
use the other slow roll parameters to give further restric-
tions on the model parameters, but there are always free
parameters if we abandon the assumptions on (λ, α, ξ),
hence the parameter space cannot be severely constrained.
We give some parameter sets and the corresponding
spectral index and tensor-to-scalar ratio predicted in
Table I as examples.

IV. PBH FORMATION

The formation of PBHs requires the power spectrum to
be at leastOð0.01Þ. This condition can be easily satisfied in
our model, as can be seen from Fig. 2. Note that the power
spectrum has broad peak and without oscillations. The
curvature perturbation is related to the density contrast by

δðt; kÞ ¼ 2ð1þ ωÞ
5þ 3ω

�
k
aH

�
Rk: ð17Þ

Due to the amplification of the curvature perturbations,
the overdense region (δ > δc) of the Universe would
collapse to be PBHs when the perturbations reenter the

horizon during radiation dominated era, with ω ¼ 1
3
and

δðt; kÞ ¼ 4
9
Rk. The exact value of the threshold δc is

uncertain since the details of the PBH formation process
are not clear [58,59]. Assuming a Gaussian probability
distribution function of perturbations, the PBH mass
fraction β at formation time can be calculated as

βðMPBHÞ ¼ 2γ

Z
∞

δc

dδffiffiffiffiffiffi
2π

p
σMPBH

exp

�
−

δ2

2σ2MPBH

�
;

≃
ffiffiffi
2

π

r
γ

νc
exp

�
−
ν2c
2

�
; ð18Þ

where the constant γ is the fraction of mass transformed to
be PBHs that has δ > δc, and we use γ ¼ 0.2 [4] in this
paper. νc ¼ δc=σMPBH

with the variance σMPBH
defined by

σ2MPBH
¼

Z
∞

0

dk
k
16

81
ðkRÞ4W2ðkRÞPsðkÞ; ð19Þ

where WðkRÞ is the window function used to smooth the
density contrast on comoving scale R. We use the Gaussian
type window function in this work,

WgðkRÞ ¼ exp

�
−
k2R2

2

�
: ð20Þ

One can also choose the top-hat type [60], which would
lead to slightly different mass fraction [61]. Finally, the
mass fraction is obtained [62],

βðMPBHÞ ≃ γ

ffiffiffi
2

π

r
4

ffiffiffiffiffiffiffiffiffiffiffiffi
PsðkÞ

p
9δc

exp

�
−

81δ2c
32PsðkÞ

�
: ð21Þ

Regarding the PBHs as a fraction of dark matter, the
mass fraction can be related to the abundance fPBH by

βðMPBHÞ ≃ 3.7 × 10−9
�

γ

0.2

�
−1=2

×

�
g�;form
10.75

�
1=4

�
MPBH

M⊙

�
1=2

fPBH; ð22Þ

where g�;form is the relativistic degrees of freedom at
formation and M⊙ is the solar mass. Using the power

TABLE I. Some model parameter sets and the predicted spectral index and tensor-to-scalar ratio.

Sets α½M4
p� ξ½M4

p� υ1½Mp� υ2½Mp� υ3½Mp� ϕCMB½Mp� ns r

P1 3.98793 × 10−15 3.19035 × 10−13 0.098 0.02753647 0.0098 0.193 0.9591 1.0 × 10−5

P2 2.66951 × 10−15 2.13561 × 10−13 0.097 0.02733370 0.0097 0.198 0.9680 6.9 × 10−6

P3 2.37415 × 10−15 1.89932 × 10−13 0.096 0.02711904 0.0096 0.199 0.9700 6.2 × 10−6

P4 1.88514 × 10−15 1.50833 × 10−13 0.094 0.02665191 0.0094 0.201 0.9739 4.9 × 10−6

P5 1.44931 × 10−15 1.44931 × 10−13 0.094 0.02446018 0.0099 0.192 0.9731 4.7 × 10−6

FIG. 2. Numerically calculated power spectrum by Bingo [63],
for parameter sets P1 (blue), P2 (orange), P3 (red), P4 (purple),
and P5 (black) given in Table I. The bounds are from Planck [57],
COBE FIRAS data (FIRAS) [64], and a pulsar timing array
(PTA) [53].
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spectrum and the relation between the mass of the formed
PBH and the wave number,

MPBH ≃ 30M⊙

�
γ

0.2

��
g�;form
10.75

�
−1=6

×

�
k

2.9 × 105 Mpc−1

�
−2
; ð23Þ

we get the abundance of PBHs as dark matter fPBH.
For δc ¼ 0.51 [61], the results are shown in Fig. 3.
The predicted abundances of PBHs are safely below the
constraints from observations for the parameter sets given
in Table I.
We see that the mass of produced PBHs increases for

larger values of υ1. This is because the position of the local
minimum depends linearly on υ1, and longer wave length
modes are amplified for large υ1, thus the power spectrum
peaks at smaller k, producing heavier PBHs. According to
Table I, the parameter set P4 produces the lightest PBHs,
with the spectral index ns on the edge of the allowed values
from CMB observations [57]. Indeed, for parameters
producing lighter PBHs, the predicted spectral index ns
has increasing tension with observations. This is mainly
because of our parameter setup, α ¼ 0.0125ξ and
λ ¼ 4.0 × 106M−4

p . But the tension could be reduced if
we relax the constraints on α, ξ, and λ, since there are
always free parameters. We give a parameter set P5 with

λ ¼ 5.0 × 106M−4
p and α ¼ 0.01ξ. This set produces the

PBHs that could contribute 100% of the dark matter.
At last, it should be noted that for some parameter spaces

the peak of the power spectrum would beOð0.1Þ due to the
rapid amplification. One needs to avoid these cases since it
would make the linear theory break down and the above
predictions untrustable. In fact, it is noticed that the
nonlinear effects of perturbations may be important for
the PBH abundance because of the exponential dependence
of the mass fraction on the power spectrum [77–79]. In this
work the nonlinear effects are not included since this issue
is outside the scope of this paper.

V. CONCLUSION

To summarize, we studied the possibility of amplifying
the curvature perturbations on small scales and at the same
time satisfying the CMB observations on large scales, by
introducing a potential with local minimum. The amplifi-
cation mechanism is similar to that of USR inflation but
with a period η < −6. We show that this type of inflation
could produce PBHs successfully. As a toy model, it has
some shortcomings. For example, the potential (12) intro-
duces six parameters. To some extent this makes our theory
seem not elegant since the large parameter space can not be
severely constrained. In addition, the formalism of the
potential is lack of explanation from fundamental physics.
In spite of these shortcomings, this work mainly confirmed
the idea of inflation with local minimum. We expect to look
for more elegant theory with less parameters, and with
more natural formalism that can be derived from funda-
mental theory, so that the theory could be constrained by
observations, for example the second order gravitational
waves induced by the large perturbations [80–86]. We leave
these considerations for future work.
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FIG. 3. The fraction of PBHs as dark matter for parameter sets
P1 (blue), P2 (orange), P3 (red), P4 (purple), and P5 (black) in
Table I. The upper bounds are from evaporation of PBHs due to
Hawking radiation (EVAP) [6,65–70], microlensing of stars in
M31 by Subaru Hyper Suprime-Cam (HSC) [71], Optical
Gravitational Lensing Experiment (OGLE) [72], North American
Nanohertz Observatory for Gravitational waves (NANOGrav)
[73], LIGO/Virgo’s search for subsolar mass ultracompact objects
[74,75], and CMB [76].
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