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Dynamical friction (DF) is the gravitational force experienced by a body moving in a medium as a
result of its density wake. In this work, we investigate the DF acting on circularly moving perturbers in
fuzzy dark matter (FDM) backgrounds. After condensation in the early Universe, FDM is described
by a single wave function satisfying a Schrodinger-Poisson equation. An equivalent, hydrodynamic
formulation can be obtained through the Madelung transform. Here, we consider both descriptions and
restrict our analysis to linear response theory. We take advantage of the hydrodynamic formulation to
derive a fully analytic solution to the DF in steady state and for a finite time perturbation (corresponding
to a perturber turned on at = 0). We compare our prediction to a numerical implementation of the wave
approach that includes a nonvanishing FDM velocity dispersion ¢. Our solution is valid for both a single
and a binary perturber in circular motion as long as ¢ does not significantly exceed the orbital speed v,y
While the short-distance Coulomb divergence of the (supersonic) gaseous DF is no longer present, DF in
the FDM case exhibits an infrared divergence which stems from the (also) diffusive nature of the
Schrodinger equation. Our analysis of the finite time perturbation case reveals that the density wake
produced by perturbers diffuses through the FDM medium until it reaches its outer boundary. Once this
transient diffusive regime is over, both the radial and tangential DF oscillate about the steady-state
solution with a decaying envelope. Steady state is never achieved. We discuss two astrophysical
applications of our results: we revisit the DF decay timescales of the five Fornax globular clusters and
point out that the inspiral of compact binary may stall because the DF torque about the binary center of

mass sometimes flips sign to become a thrust rather than a drag.
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I. INTRODUCTION

The lack of evidence for weakly interactive massive
particles at current collider experiments strongly advocates
the exploration of alternative dark matter scenarios. In the
fuzzy dark matter (FDM) scenario [1-3], dark matter is in
the form of ultralight bosons that are an extrapolation of the
QCD axion [4—-6] down to very small masses (see [7] for a
review). While QCD axions have masses in the range
1071 < m, <1073 eV, the FDM particles can have masses
as low as m, > 1072! eV without spoiling cosmic micro-
wave background and large-scale structure constraints
[8—10]. This lower limit is supplemented by observations
of a variety of astrophysical systems [11-13], which are
currently sensitive to axion masses as high as m, 2
1071°-10718 eV [14,15]. Higher axion masses can also
be probed with the superradiant instability of spinning
black holes [16].

Light bosons generically undergo Bose-Einstein con-
densation in the early Universe [17-19], after which their
spatial distribution is characterized by a (classical) wave
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function satisfying a nonlinear Schrodinger equation.
This condensate behaves like nonrelativistic, cold dark
matter (CDM) on scales larger than the de Broglie
wavelength of the particles (e.g., [20]). Therefore, gravi-
tationally bound structures form hierarchically like in
CDM cosmologies, though virialized FDM halos grow
solitonic cores at their center [21-26]. These dense
central cores are surrounded by a large atmosphere of
fluctuating granules [27-29].

The motion of extended or compact objects in a FDM
background generates a dynamical friction (DF) as in any
other ambient medium [30,31]. The gravitational field of a
perturber moving in a discrete or continuous medium
induces a density fluctuation or wake. DF is the gravitational
force exerted on the perturber by the density wake. The
studies of [30,32] considered a perturber linearly moving
in a collisionless medium, whereas [31,33-42] focused
on a gaseous medium. Dynamical friction in FDM and
Bose-Einstein condensates has been explored only recently
in, e.g., [28,29,43-49]. In particular, [50] considered DF
in a Bose-Einstein condensate (BEC) with weak self-
interactions, while [45,51] numerically investigated the
DF induced by linearly and circularly moving point masses
taking into account the self-gravity of the FDM background.

© 2023 American Physical Society
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In this work, we will investigate the DF acting on point
masses in circular motion using the analytical approach
outlined in [41]. While the validity of this approach is
restricted to linear response theory, it provides a versatile
tool to explore DF across a wide parameter range. Here,
we apply this methodology to point mass perturbers
circularly moving in FDM backgrounds. Starting from
the hydrodynamic (Madelung) formulation of the Gross-
Pitaevskii-Poisson (GPP) system, we will derive new
analytical predictions which we compare to the DF
computed in the wave (Lippmann-Schwinger) approach.
We will also consider finite time perturbations (i.e., the
perturber is turned on at ¢ = 0) and explore the conver-
gence to steady state.

Our paper is organized as follows. Section II introduces
the key scales and dimensionless parameters that control
DF for the systems of interest. Section III summarizes the
application of linear response theory to a FDM background
and presents numerical solutions for density wakes. In
Sec. IV, we briefly recapitulate the approach of [41] before
we spell out the derivation of DF for circularly moving
perturbers in FDM backgrounds and perform a number of
numerical tests. In Sec. V, we discuss some astrophysical
implications of our results pertaining, in particular, to the
infall times of globular clusters and the stagnation of binary
inspirals. We conclude in Sec. VI. Technical details of the
derivation of our analytic results are summarized in a few
appendixes.

II. CHARACTERISTIC SCALES

Our aim is to calculate the linear theory DF acting on
perturbers moving on circular orbits in a FDM background.
The results depend on a few characteristic scales and key
dimensionless parameters, which encode the relevant
physical effects. We spell them out here. For convenience,
we also introduce the notation of [44] to facilitate a
comparison with their results.

The pointlike perturber of mass M moves on circular
orbits of radius ry and frequency €. These physical
quantities will be used to define dimensionless variables
labeled with a tilde symbol such as a rescaled length and
wave number (7, k) = (r/ry, rok) and a rescaled time and
frequency coordinate (7, @) = (Qf, ©/Q).

Furthermore, the perturbers of mass M evolve on circular
orbits in a background of FDM particles which they perturb
through gravity. Following [28,44], we can identify three
characteristic velocities: the velocity dispersion ¢ of the
FDM nparticles, the orbital velocity v, = Qry of the
perturber, and a “quantum” velocity vy = GMm, / h, where
m, is the mass of the FDM particle. The latter can be
interpreted as the perturber’s escape velocity at a distance
equal to the gravitational Bohr radius (#/m,)*>/GM. The
velocities o, Qrj and v can be used to define three distinct
de Broglie wavelengths:

h
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m,o
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~1918 x 10 pcm18<100kms_l> . (D)
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where mg =m,/107'8 eV. %, and %y are the scales
associated with the FDM velocity dispersion and the
FDM-perturber relative velocity, respectively. A, can be
thought of as the gravitational Bohr radius of the perturber
[44]. Using the orbit size (2r() as reference, these wave-
lengths imply three dimensionless ratios
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They can be interpreted as a characteristic angular momen-
tum (in unit of %) associated with the FDM velocity
dispersion, the relative velocity Qr, and the perturber’s
gravity. The larger their value, the stronger the correspond-
ing effect. Their ratios lead to the Mach numbers
M, = Rq/R, and M, = Rq/R introduced in [44]:
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Our definition of M, recovers that of [44] in the linear
motion case.

Finally, our treatment assumes linear response theory.
Therefore, it is valid so long as fractional density pertur-
bations are smaller than unity. For the FDM considered
here, the scale Ay; below which nonlinearities are signifi-
cant is obtained upon equating the “escape” velocity v,
with the circular velocity Qr:

ZUQ
I = —2
N0

M Q N\ !
~ 4,589 x 10_9 pcm g <M—> <—_1> . (9)
o/ \¥

This scale naturally emerges from our calculations as the
distance (from the perturber) at which the wake overdensity
is of order unity (see Sec. III A 3). Ay, &« m, because an
increase in axion mass weakens the FDM ‘“quantum
pressure” that can oppose the gravitational pull.
Equation (9) should be contrasted to expression of
In. = GM/c? in a gaseous medium with sound speed
cg, which is the Bondi radius [52]. Our analysis will be
robust to nonlinear corrections provided that ry > Ayp,
that is, My > 1.

In order to gain insight into these parameters, let us
assume m ;g = 1 and a FDM root-mean-square (rms) veloc-
ity dispersion ¢ = 100 kms~! appropriate to a Milky-Way-
size halo. m;g = 1 will be our fiducial axion mass. This
choice is motivated by recent astrophysical constraints (see
Sec. I). Furthermore, we shall consider the following two
configurations throughout this paper:

(1) A single perturber of mass 1M on a circular orbit of

radius 7, = 1073 pc around a supermassive black
hole of mass M. = 10°M,. The key parameters are

R, ~0.104,
Rg ~3.95,
It = 2.19 x 10~ pe, (10)

whereas Ry ~ 1076, M ~2 x 10% and M,, ~ 40.

(i) A compact, equal-mass binary of total mass 20M
on a circular orbit of semimajor axis r, = 1073 pc,
in which case

R, ~0.104,

Ro~1.77 x 1072,

lNL ~ 490 X 10_6 pC. (1 1)
For this system, we have Ry~ 107, M, ~400
and M, ~0.2.

Note that, while r > Ay, in both cases, a globular cluster of
mass 10°M, on a circular orbit of radius 1 Kpc in a dwarf
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FIG. 1. The orbital radius r, for which Ay, = 0.1r¢ [i.e.,
defined in Eq. (25) is ay = 0.1] is shown as a function of the total
binary mass M and the axion mass mg. The nonlinear scale Ay,
is calculated assuming circular Keplerian motion. The contour
levels indicate the value of r, above which higher-order con-
tributions to the linear response approach considered here
become larger than 210%.

galaxy halo of mass 103M, implies a nonlinearity scale of
ANt ~ 20 Kpc much larger than the orbital radius.

Figure 1 displays the orbital radius ry, for which
Ant, = 0.17, as a function of the total binary mass M and
the axion mass m;g. Contour levels indicate the ry above
which higher-order contributions to the linear response
theory considered here roughly exceeds 10%. This character-
istic radius decreases with increasing axion mass because the
“smoothing” from quantum pressure becomes weaker.

III. PERTURBING THE GPP SYSTEM

Fuzzy dark matter is in the form of a BEC and is thus
described by a single wave function y(r, r). Neglecting any
possible self-interaction, the latter satisfies the (nonlinear)
Schrodinger equation

n m
Ay + =2 Dy, 12
o, WOy (12)

0y = —
where @ is the gravitational potential and A, = V2 is the
Laplacian. This notation makes clear that quantum mechani-
cal effects appear only through the nonzero Compton length
f/m, of the particle (see, e.g., [28,53,54] for a discussion).
Equation (12) is supplemented by the Poisson equation
A =47Gp,  p=lyl, (13)
to form the Gross-Pitaevskii-Poisson (GPP) system.
The presence of a pointlike perturber is included in the
gravitational potential ® = @, + ®,,, which is the sum of
the self-gravity @ of the BEC and the potential @, of the
perturber. Namely,
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AD, = 42GMA(1)3" (r, (1) — 1), (14)

where h(t) = 1 if the perturber is “turned on” and zero
otherwise and r,(r) = (rocos(Qr), rosin(Qr),0)" is the
perturber’s position.

Two different routes can be taken to compute the linear
response of the GPP system to a gravitational perturber:
(i) a wave scattering approach based on the Lippmann-
Schwinger equation and (ii) a sound propagation approach
based on the Madelung form of GPP. Both are equivalent
(so long as fully destructive interferences are absent). The
former can easily incorporate interference effects present in
the atmosphere of FDM halos. However, it has a major
drawback: the analytic calculation of DF is more challeng-
ing than in the hydrodynamic treatment.

A. Madelung hydrodynamic approach

To obtain the hydrodynamic form of the GPP system,
we apply the Madelung transform [55]

v = e, (15)

where the phase € is the velocity potential of a pure
gradient flow

v=—1V,0. (16)

Substituting Eq. (15) into the Schrdédinger equation and
extracting the real and imaginary part eventually leads to a
continuity and momentum conservation equations remi-
niscent of ideal (nonviscous) hydrodynamics:

0ip + Ve(pv) =0,

ov+ (V- Vy)v= _vr(Q+(D0+q)p)' (17)
Here,
R A
Q = _2m§ \/ﬁ (18)

is the “quantum pressure” arising from the delocalization of
the FDM particles.

1. Linear “wave” equation

On splitting the fluid variables into a (homogeneous)
mean and a perturbation, p — p + 8p and v — v + v, and
linearizing Eqs (17) in the velocity perturbation 6v and the
fractional overdensity

a(r,y =200 g, (19)

we obtain

o, a=—(V-Vy)a—V.,év,

2
0,6v=—(v-V,)év-V (CDO +®, + 4h 2 ) (20)

Moving to the fluid rest frame (Vv = 0) and ignoring its self-
gravity @, these equations reduce to a wavelike equation
with a source term:

a+ Aza =

ros —AD,. (21)

Green’s method can now be applied to compute the density
contrast a and, thereby, the DF in linear response theory.

2. Green’s function

Transforming to the dimensionless variables K, @, the
retarded Green’s function for the wave equation (21) can be
expressed as the Fourier transform

k - 7)
G G
rer(F, 7) Qroe—>0+/ / k4/R2 (@ + ic)? (22)

This makes clear that G, has dimensions of [TL73] as
it should Our shorthand notation is [, =3- [ dw and

[0}

L= (2”) Zrdey [, deos(8y) [¢° dkk* in the spherical
coordmates used here [so that k = (k, ¢, 9;)]. The con-
dition € > 0 (i.e., the poles lie in the lower half of the
imaginary o plane) enforces causality.

This integral can be solved analytically upon applying
Cauchy’s integral formula to the @ integration before
performing the k integral. We find

(g VRG] e

where 7 = |F|, H(t) is the Heaviside function, Im(z) is the
imaginary part of z and erf(z) is the error function.

The Green’s function is displayed in Fig. 2 as a function
of 7 and 7 assuming Ry = 4. In addition to the overall 1/7
decrease of its amplitude, G, oscillates around zero for
large values of 7. The onset of oscillations follows the

Gret(r’ t)

relation 7/ /1~ const encoded in the functional dependence
Eq. (23). This is very different from the gaseous case, for
which the Green’s function G(r,t) =16t —r/c) is
nonvanishing on the line r = ¢t solely and cannot be
negative. This forbids @ <0 and also leads to sharp
discontinuities in the recovered density contrast unlike
what is found in the FDM case (see for example Fig. 3). In
the latter case, the oscillations and the absence of sharp
features and high-density caustics can be seen as a
manifestation of the delocalized nature of FDM.
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FIG. 2. The retarded Green’s function Eq. (23) assuming
Rq = 4. For convenience, G, (F,) is normalized to and

4z sz o
both 7 and 7 axes are logarithmic. The white contours 1ndlcate the
locus for which G, vanishes.

3. Density contrast
Setting 7=7—7 and @(7) =% —-1,(7) to be the
dimensionless time difference and separation vector,

respectively, the retarded Green’s function (23) yields
the density contrast

oo [l )
(24)

where, again, h(7) = 1 only when the perturber is turned
on. The normalization amplitude « is given by

26M 2
= = =—. 25
(AL Mo 1o )

It is identical to the normalization obtained in the case of a
classical gas with negligible sound speed, for which the
Bondi radius also is GM/(Qry)?, except for 1/r, being

ats/ (¢}

y/ro
AN LA o 2N ow A
y/ro
A b N LA o o v ow s

x/rg X/rg

FIG. 3.

are normalized by «a, (see text for details). The right panel shows the difference o> — aM

aM/ dp

replaced by 1/%q. Assuming Q independent of r, we have
ay « 1/ry. The value of ry for which ay = 1 matches the
nonlinearity scale Eq. (9).

Our results readily extend to a binary with component
masses M| = ggM and M, = g,M, where M = M| + M,
is the total binary mass. The overdensity produced by the j
component (j = 1, 2) can be expressed as

o © h(i_%>
a;(F,7) = qj“OA dfm

(g} e

where it (7') = ¥ — ¢oF, () and 0, (7) =¥ — ¢, %,(7 + 7).
The total overdensity is the sum of these two contributions:
a(f,7) = o (F,7) + an (¥, 7). (27)

Results for both the single-perturber and binary case are
presented in Sec. III C.

B. Lippmann-Schwinger approach

The Schrodinger equation (12) can also be recast into
the form

(E - H)W = ma@l/, (28)

ihd, and H =
can be treated as a (long-range) scattering potential.

N 2
where E = —2”— A2 are operators and m,®
m, —r

1. Born approximation

The Lippmann-Schwinger approach reformulates the
solution y of this scattering problem as an integral
equation. In plain words, one writes

(alS-aMy/aq

0.008
0.006
0.004
0.002

-0.002
-0.004
-0.006
-0.008
-0.01

y/to
AN LA o 2N ow A
\
73 =

X/t

Density wake in the single-perturber case computed after 1.25 rotations. The Born approximation to the Lippmann-Schwinger
equation (left panel) and the linearized hydrodynamic approach (middle panel) are used. The corresponding overdensities a5

and oM

LS , which is at the few percent level. The

parameter values Ro =4 and R, = 0.1 adopted here match our single-perturber configuration.
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V= ot 5, 29)
-H

where v is the homogeneous solution (free particle) to the
Schrodinger equation. The Born series offers a recursive
solution to this equation whereby, instead of searching for
the full solution directly, (finite) successive approximations
are produced iteratively starting from y:

Since we work in linear response theory throughout,
we limit ourselves to the Born approximation (first-order
solution)

1
— 7 MaPwo = v+ by (30)

+ ==
Y1 =¥ E

We write the homogeneous solution as a superposition of
plane waves (e.g., [29])

walr.t) = [ plkgperorion (31)
ko
which fulfill the dispersion relation
hk}
= - 5 32
@o 2m, (32)

while ¢(k) is a distribution to be determined later. In the
first part of the following calculation, we will restrict
ourselves to a monochromatic wave of arbitrary wave
mode k, and normalized such that |y |*> = p for simplicity.
The distribution ¢ (k) will be reintroduced below.

Our next focus is the (retarded) Green’s function
(E — H)~" which can be expressed as

G (1, 1) —hm//
e—=0"t

upon a Fourier transformation. Finally, the last ingredient is
the external potential ® of the perturber:

—lu)t+lk r

33
h(w + ie) 2k2 (33)

GM

D(r, 1) = —h(t)m.

(34)

The self-gravity of the FDM component is, as before,
neglected (see, e.g., [45,51] for treatments with the FDM
self-gravity).

2. Density contrast

Substituting G, and @ into the Born approximation
yields

Sy (r. 1)

—m, / dr? / AV G (r =1, 1 — 1), £ )y (¥, 7).
(35)

This integral can be carried out with aid of the convolution
theorem (further details are presented in Appendix A). In
short, the Fourier transforms of ® and y, can be combined
with that of the Green’s function [Eq. (33)] and, after
performing all possible integrals, yields

Sy (E,7) = i%y/o(ro?, 7/Q) / T dzh(i-7)

0
erf (151 R—‘;|ﬁ(?—r) )
X . (36)

which is expressed in terms of the dimensionless variables.

Our calculation is thus far limited to a monochromatic
wave, but it can be readily extended to any superposition of
plane waves with arbitrary amplitudes ¢(k,) along the
lines of [28,29,44]. Incoherent superposition of FDM
granules or wave packets occurs, for instance, inside
virialized halos [23,24,27]. Interpreting the group velocity
of (almost monochromatic) wave packets v = ak,/mr, as
the velocity of FDM quasiparticles, we draw the amplitudes
p(k,) from a Maxwell-Boltzmann distribution

k2

F(Ky) = <3)3/2%e"7§ (37)

4 c

normalized such that
(ol = [ #(ke)=p. (38)
0

Assuming that the amplitudes ¢(k,) are statistically
independent, we require

= f(kg)5® (ko — k). (39)

The ensemble average is performed over realizations of
FDM backgrounds with prescribed velocity dispersion o
and spatial average density p.

Introducing &y’ = Sy /y,, the ensemble average density
contrast is now calculated as
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(@) =—(jwl*) -1

_1
P
N % - (ko)(2Re(8y") + [oy']).  (40)

Here again, the result for the single-perturber case easily
extends to a compact binary upon defining

5/ (F.7) :iqj%Awd%ﬁ(f—%)

) erf (151 /A2l ( - 7) - 2. 7K, ) "
8;(7 - 7) — -7k ’

This allows us to express the average density wake
produced by a compact binary as

L[
(@) =" | f(ko)(2Re(0y/;) +2Re(yr2) + [0y [* + o]
0

+ 8y Sy + 0w oy). (42)

A Maxwell-Boltzmann distribution for f(k,) will be
assumed like in the single-perturber case.

C. Density wakes

1. Numerical implementation

The density wakes a(r, ) presented in this section are
produced by numerically solving the initial value problem
in the Madelung and Lippmann-Schwinger approach on a
regular, two-dimensional mesh of 64 x 64 grid points
covering the domain [—4rq, +4rg| X [=4rg, +4ry).

In the hydrodynamic approach, we use an initially
homogeneous density distribution which we evolve accord-
ing to Eq. (24) (single perturber) and to Egs. (26) and (27)
(compact binary). In the wave approach, we solve Eq. (40)
(single perturber) and Eq. (42) (compact binary) after the
substitution of Eq. (36).

These numerical results thus correspond to the “finite
time perturbation” case and, as we will see below, never
achieve steady state. We discuss the convergence to steady
state further in Secs. IV B 2 and IV D when we explore DF.
For the latter, sampling along the z axis is also needed. We
consider a 64° cubical grid of size 8r, although, in practice,
we take advantage of the planar symmetry and add 32
evenly distributed points in the interval [-4r, 0] along the z
direction. The comparison between DF computed from
these numerical results and from our analytical expressions
can be found in Sec. IV D.

All our simulations have absorbing boundary conditions
to prevent the artificial reflection of the density wake.

2. Results

Figure 3 displays the density wake created by our fiducial
single perturber after it is turned on at 7 = 0. Results are
shown both in the Lippmann-Schwinger approach (a5, left
panel) and in the Madelung approach (a™, middle panel).
The density contrast a(r, 7) is plotted in the orbital plane
after the completion of 1.25 rotations. The white symbol
indicates the perturber’s position on its circular orbit. The
wake produced by the perturber’s gravitational disturbance is
a deformed ellipsoid in the vicinity of the circular orbit. The
inner overdense wake is surrounded by an underdense,
outwardly spiraling whose tip slightly lags behind the
perturber. The main differences with the wake pattern in
the gaseous case (see for instance [38,41,56]) are the
existence of underdense regions together with the absence
of sharp discontinuities and caustics (the latter arise in the
gaseous case when the motion is supersonic). In the FDM
case, small-scale density features are smoothed out by the
“quantum pressure” Eq. (18), reflecting the delocalized
nature of the FDM particles.

Likewise, the density wake for the compact binary case
shown in Fig. 4 is smoothly distributed around the binary
center of mass, with a slight elliptic asymmetry aligned with
the position of the bodies. The outer, underdense spiraling
region visible in the single-perturber case is not present for
the equal-mass binary considered here because the two
bodies produce a spiral of equal size in a symmetric fashion,
which adds up to a circular distribution. Increasing Rq away
from the fiducial value R = 0.0177 lessens the smoothing
due to Ag and produces (weak) deformations of the wake’s
circular shape, albeit nothing comparable to the spirals seen
in the single-perturber case. As expected, unequal-mass
binaries produce more asymmetric distributions.

The prefactor ay = Anp./ro controls the convergence of
the perturbative solution both in the Madelung and in the
Lippmann-Schwinger approach. As a result, the contribu-
tion proportional to |8y’|> in Eq. (40) formally is second
order. For our choice of fiducial parameters that ensures
ag < 1, it is negligible relative to the first-order term.
Therefore, we have discarded these second-order terms in
the calculation of a*S.

The right panel of Figs. 3 and 4 shows the difference
between the overdensity a5 and @™ computed in the wave
and hydrodynamic approach, respectively. Our Madelung
prediction @M is equal to 2Re(dy’) evaluated at k, = 0.
Therefore, it misses the contribution R%z kot = ml k7 to the

separation vector in Eq. (36). This additional term is the
distance traveled by a FDM quasiparticle with group
velocity miako in the time interval z. The Maxwell-
Boltzmann distribution implies that the relevant wave
numbers satisfy k, < R,/2. This defines a characteristic
scale (R,/Ro)%T = 7/ M, over which the FDM quasipar-
ticles are redistributed and the wake density contrast is
smoothed.
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FIG. 4. Similar to Fig. 3 but for our fiducial compact binary with mass ratios ¢; = g, = 0.5, Rq = 0.0177 and R, = 0.1. The
predicted wavelike and fluidlike overdensities a5 and o™ are normalized to a (see text for details). The right panel shows the difference
oS — oM. The current position of the binary components are indicated by white filled symbols, while the binary orbit is shown as a thin

white circle.

The impact of the FDM velocity dispersion is small in
the single-perturber case because M, > 1 for our fiducial
choice of parameters. The density wake a5 computed with
a Maxwell-Boltzmann distribution has an amplitude lower
by about 0.2% in overdense regions relative to a™ and
larger by at most 3% in underdense regions. By contrast,
the difference between a5 and o™ is markedly stronger in
the binary case since we now have M, < 1. In the center
where the overdensity is highest, the FDM velocity
dispersion lowers the wake amplitude by roughly 38%.
This suppression reaches up to 42% in the outer region of
lower (but still positive) overdensity.

IV. DYNAMICAL FRICTION

In this section, we present details of the calculation of
the dynamical friction. Our methodology and key results
are as follows.

(i) We express the complex friction coefficient / as a
multiple expansion [Eq. (45)], which sums over a
scattering amplitude S [Eq. (46)]. The real and
imaginary parts of / encode the radial and tangential
parts of the DF force.

(i1) The multipole expansion converges quickly and can
be truncated at some [, < 100 (see Fig. 6) for a
wide range of parameter choices.

For a single perturber, the friction coefficient / for
FDM background does not show the features seen
in the gaseous case (see Fig. 5). This is due to the
FDM quantum pressure, which smoothes the trailing
density wake.

The (also) diffusive nature of the Schrodinger
equation implies that the DF force never reaches
steady state, although the finite time perturbation
result oscillates around the steady-state solution
as soon as the density perturbation has diffused
throughout the system (see Figs. 8 and 10).

(iii)

(iv)

(v) For a binary perturber, there exist configurations for
which the tangential and radial parts of the force can
be a thrust and a lift rather than a drag and a weight
(see Fig. 9).

The reader interested mainly in the astrophysical implica-
tions can skip this section and jump to Sec. V.

Our calculation of DF follows the approach outlined

in [41] which we shall briefly summarize to begin with.

3 T T T T T
Gas S‘E(I(Mg))//\/lg
1 Gas %(I(Mg))/MQQ T
2.5 = FDM R(I(Rq))/RE ——
" FDM S(I(Rq))/Ra ——

My or VRo

FIG. 5. The real and imaginary parts of the function I(Rgq)
(solid curves) in FDM backgrounds calculated from Eq. (45) with
(48)—(50) with l}min = 0.3. For comparison, we also show the
corresponding gaseous /(M) (dashed curves) computed in [41].
Although the quantity Rq plays a role similar to the gas Mach
number M, we show I(Rq) as a function of \/Rq for
convenience. Furthermore, we have rescaled the real and imagi-
nary parts of / such that they all asymptote to a constant in the
limit of large Rg or M. For the imaginary part of I(Rg), this
rescaling leads to an artificial divergence at R = 0. The multi-
poles have been summed up to /,,, = 100 in both the gas and
FDM cases.
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A. Multipole expansion

The dynamical friction can be expressed as

Fpp(7) = GMp / d3u%a<u,t), (43)

where u is the separation vector between the current
position r, = r,(¢) of the perturber and the wave front
produced by it from an earlier position r), = r, (') at the
retarded time 7 < r. For the FDM medium considered
here, the overdensity a(u,r) is computed either in the
Madelung or in the Lippmann-Schwinger approach as
discussed above.

The hydrodynamic formulation has the advantage that,
in linear response theory, a is given by the convolution
Eq. (23) of the source with the Green’s function like in the
gaseous case explored in [41]. On expanding part of the

complex exponential e’*T [here, F = %(rp -1, +uw)] in
plane waves, decomposing the force into a helicity basis

and performing the integral over the orientation of k, the
DF can be reexpressed as

GM

For(1) = ~4x(Gor ) P(Re(DE(0) + Im(p(0). (44

where ©(7) and @(¢) are unit vectors in the radial and
tangential direction, respectively. Re(7) and Im(7) are the
real and imaginary parts, respectively, of a dimensionless
function I = I(Rg) which, on exploiting symmetry rela-
tions of Wigner 3 symbols, can be recast into the form

— l—m 2)'
Sz,z—l(m,Rg, 1) = Sj_i(m+1,Rq.1)

X .
I—'(l—lz—m)r<1 4 lzm)r('i 12+m)r(1 4 I-Em)

(45)

Here, I'(z) is the usual Gamma function while the “scatter-
ing amplitude”

Si-1(m, Rq, 1) = hm // dzh(i — 7)e!m=®)F

e B (®
/0 dkk4/RQ (@ + ie)? (46)

involves products of radial standing waves (spherical
Bessel functions) j;(z). The sign of Re(I) and Im(7)
determines whether the radial DF force is a weight
[Re(7) > 0] or a lift [Re(I) < 0] and the tangential DF
force a drag [Im(7) > 0] or a thrust [Im(7) < 0].

A comparison with [28,44] shows that their friction
coefficient C is equivalent to our Im(7). In the circular case,
I is a “complex friction” which encodes also the lift or
weight in the radial direction.

B. Single perturber

1. Steady state

For a perturber in steady state (labeled with “Sty”),
h(t) =1 and the integral of 7z in Eq. (46) returns
276P (mQ — w) independently of ¢. This can be used to
simplify the scattering amplitude further to

Ji(k)ji (k)

s
S;L(m.Rg) = lim dkkk4/R2 (m i

e—=0" Jo

This integral can be solved upon expressing the spherical
Bessel functions in terms of the Hankel functions hg”(z)

and h§2) (z) and applying Cauchy’s integral formula. Details
of the calculation can be found in Appendix B. The result
can be compressed further with the aid of several identities
of spherical Bessel functions and eventually recast into

izR . 1
= 4m9 Ji(v mRQ)hE—)l(\/mRQ)

i
+ \/TRQIIH/Z(V MmRq)K_1/5(\/mRg)

S
Sl,t1y—1(m» Rq)

(48)

This expression is strictly valid for azimuthal numbers
m # 0 only. When m = 0, the integrand of Eq. (47) exhibits
a single pole at k=0 and a very different behavior
depending on the value of . When [ # 1, the scattering

amplitude S 11.1(0,Rg) is finite and equal to

3ﬂRé

St
Sui10-Ra) = g o 4 35

(49)
When [ = 1, the purely real amplitude S?%(O, Rg) has an
infrared divergence which we regularize by introducing a
lower cutoff k;,:

odk . oo -
S13(0.Ra) = R [ 55 (Bl
R2 min
YL [4 - 47Zkﬁnn <4k?nm 2k12nm - )
40kmln
X COS(2kmm) 7( (2kr2mn - 3) Sin(zl;min)
8RS i) (50)

Here, Si(z) is the sine integral. The previous expressions
are all that we need in order to compute the complex
friction /(Rq) in the steady-state regime.

In Fig. 5, we compare the steady-state FDM I(Rg)
predicted by the Madelung approach with the correspond-
ing gaseous solution /(M,) given in [41]. The FDM
parameter R plays a role similar to the gas Mach number
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M, at least in the way it appears in the scattering
amplitude [compare the k integrand of Eq. (47) with that
of Eq. (17) in [41]]. Nevertheless, we have plotted /(Rg) as
a function of \/Rg so that Im(/(Rqg)) approximately
reaches its maximum where Im(/(M,)) does. In the
gaseous case, we normalize the real part Re(/(M,)) such
as to emphasize that it asymptotes to /\/lg2 in the limit of

large Mach numbers. We use the same normalization for
Im(1(M,)). In the FDM case, Im(/(Rg,)) is fully deter-
mined by Sitly_l (m, Rg) with m # 0, which depends linearly
on Rg. However, Re(I(Rg,)) also depends on S)% | (0, R),
which is quadratic in Rq. This leads to a linear dependence
at small Ry and a quadratic one at large Rg. Showing
Re(I(Rq))/R% as done in the figure filters out the large-Rq,
asymptotic and leads to the artificial divergence seen at
small Rq.

The quantity Im(/(Rqg)) reaches a maximum for
Ro ~O(1) around which the synchronization between
the perturber and its wake is most efficient. In the gaseous
case, this occurs at M, = 1. However, I(Rq) exhibits less
features relative to /(M) owing to the quantum pressure.
Another important difference can be spotted upon compar-
ing our Fig. 6 to Fig. 3 of Ref. [41]. Both of them display
the dependence of the imaginary part Im(7) (for a few
different values of Rg and M, respectively) on the upper
limit [, of the sum defining / in Eq. (45). While the gas
case exhibits a logarithmic divergence for supersonic Mach
number, there is no such behavior for FDM. The k* scaling
of the (Fourier space) Greens’ function ensures the
convergence of the multipole expansion regardless of the
value of Rq. In Fig. 6, the series convergence is achieved
for /. = 100. We also checked the real part assuming

10

rRo =05 —
[ Rao=

[ Ro =25
R = 100 -

S(I)

L MR | L MR |
0'011 10 100

lmax

FIG. 6. The imaginary part Im(/) of the complex friction (Rq)
is shown for different values or R, as a function of the upper limit
[ nax Of the (truncated) multipole expansion Eq. (45). Unlike the
gaseous case, Im(/) converges to any desired accuracy for finite
values of [, ,y.

kmin = 0.3 and found even faster convergence. For Rg =
100 for instance, Re(7) has already converged by [,,,,, =~ 20.

The different behavior of the gaseous /(M) and FDM
I(Rg) is related to the features seen in Figs. 2 and 3 and
discussed at the end of Sec. III A. The quantum pressure
prevents the FDM density wake to form jump disconti-
nuities whereas, in a gaseous medium, there are sharp
discontinuities at which the density increases toward the
perturber. They lead to the short-distance (ultraviolet)
divergence of Im(I(M,)) for pointlike perturbers
(see [38,41)).

2. Finite time perturbation

The finite time perturbation (labeled with “Ftp”) corre-
sponds to a perturber “turned on” at time # = 0 and can
be straightforwardly explored with numerical simulations.
Details of the derivation are given in Appendix C. In short,
h(t —7) = 0 for z > t such that the integral over 7 becomes

i o eli(m—o)i
/ dze! "7 = lim —————. (51)
o n—0+i(m—@ — in)

The resulting scattering amplitude can be written as
Sﬁtlp_l(m,RQ, 1) = S?E{l(m,RQ) + Sﬁil (m,Rq, ), where
the transient amplitude (labeled with “Tra”) is obtained
upon taking the limit ¢ — 0" of

2
< e~ i /Ro—ic)i N ei(fcz/RQ+ie)7 )
kK*/Rqg—m—ic K /Ro+m+ic)
(52)

Ro .. [odk . . -
ST (m. Rau ) = =2 [0 B

Notice that we have ST, (m,Rq.0) = —S?E{l(m,RQ) at
t = 0, which ensures that the DF initially vanishes.

For (I,m) = (1,0), Eq. (52) is purely real. Like the
corresponding steady-state S?f(y) , the transient ST exhibits
an infrared divergence which can be again remedied by
introducing a lower cutoff k., in the k integration.
However, we have not been able to find an analytic
expression for 7 > 0.

For (I,m) # (1,0), we can apply Cauchy’s integral
formula and rewrite Eq. (52) as

stk = = e [ i1+ )i (14 )
o X
e~27/Ro
2i7*/Rq +m + ie’
(53)

— Ji((L=)p)ji— (1 = i)7)]
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which makes clear that the transient contributions S},

decay so long as (I,m) # (1,0).

Numerical evaluations of SlTja_l are shown in Fig. 7 as a
function of the dimensionless time 7 for a fixed azimuthal
number m = 1 but different choices of multipole /. A value
of Rg = 41is assumed. The transient amplitudes shown here
are normalized to their steady-state counterpart Sitly_l to
facilitate the comparison. Their envelope decays with
time according to (the empirical law) ST oc =71/,
Consequently, with the notable exception of
S{‘S(O, Rg, 1), essentially all the transient contributions
dr()p below the steady-state result after a rotation at
most, regardless of the value of [. Consequently,
SiP~ Sls’tly_1 at better than a percent level after a few
rotations solely.

Nonetheless, neither the radial nor the tangential com-
ponent of the finite perturbation time DF ever reaches the
steady-state regime. In the radial direction, the convergence
depends on Re(7) and, therefore, is slowed down by the
infrared divergence present for (/,m) = (1,0). This is
emphasized in Fig. 8, in which we plot the purely real
S15(0, Rq. t) (in unit of R3) as a function of the number of
rotations 7/2z (in unit of Rg). All the curves assume the
same Rq = 4 but a different &, as labeled on the figure.
The empty symbols show results for Rop =1 in the
particular case Ky, = 0.3, while the horizontal lines

indicate the steady-state solution. For a cutoff wave

number as small as k,,;, = 0.1, Sffg(o, Rq,t) does not

(even) reach the magnitude of the steady-state solution after

10
10" g Ty

10° &

10° k

S /S8 )

10°F | =

-0l i Ll CE il e
0.1 1 10 100

t/2m

FIG. 7. The imaginary part of the transient amplitude SlTji L

normalized to its steady-state counterpart as a function of the
(dimensionless) time 7. Results are shown for a few choices of
multipole /. The azimuthal number is fixed to m =1 and a
parameter value Ro = 4 is assumed. All the transient amplitudes
shown here fall below the steady-state result after completing one
rotation. Their envelope approximately decays as S75 | o r=/+1/2,

20 rotations. For larger kpio = 0.3, however, convergence to
steady state occurs faster.

The physical origin of this behavior stems from the wave
and diffusive nature of the free Schrodinger equation,
in which = f#/2m, can also be regarded as a diffusion
coefficient [see [57,58]]. Diffusion (of the condensate
wave function) in three-dimensional space then implies
(r*) = 6pt. Therefore, the timescale corresponding to a
diffusion length ~7/kgnin 1S taisr = (7/kmin)?/6f of,

equivalently,
Taifr _ (= Rq
2n 12) k2,

min

(54)

In Fig. 8, this characteristic time is indicated as vertical
arrows. Equation (54) reasonably captures the Rq and Koo
dependence of the timescale marking the transition from a
(radially) diffusive regime to damped oscillations around
the steady-state result.

C. Compact circular binary

The same techniques can be used to derive analytic
results in the compact binary case. Let M denote the total
mass of the binary system and g¢;M and ¢g,M (with
q1 + g» = 1) the mass of the individual components. To
account for their different distance to the binary center of

. \ T T T
Fmin = 0.1 —
kmin = 0.2 -~
Kmin = 0.3 -
L5 kmin =05 - T -
kmin = 1.0 == P
ac ,f’/
% -
= 1k / i
[ -
2y s
05 - B .
et - B
0l e e S
0 1 2 5

FIG. 8. The finite time perturbation amplitude Szt,p_l in the
special case [ = 1 and m = 0. Results are shown as a function of
the number of rotations 7/2x (in unit of Rg) for different lower
cutoff wave numbers k., as indicated on the figure. All the
curves assume Ro = 4, while the empty symbols represent the
particular case (Kkmin. Ro) = (0.3,1). The (also) diffusive nature
of the Schrodinger equation leads to the square root behavior
Sftg « V1 at early time. Arrows mark the estimated timescale at
which the initial (¢ = 0) perturbation has diffused throughout the
medium (see text). The horizontal lines indicate the steady-state
limit which the finite time perturbation result converges to.
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mass, we must also change the argument of the spherical Bessel function in Eq. (46). As a result, the denominator of

Eq. (45) is replaced by

aISiLy (m. Ro. 1) = ST (m + 1. Ro. 1)] + (=1)"q,q,[S7 (m. Ro. 1) + ST (m + 1. Rg. 1)].

The steady-state solution reads

i [0 . i K VMRQ)_1 /(g5 /MR oo
n [h§ )(QavaQ)Jl—l(vamRQ) R +%\m2|;eg} (qa > qp) Am#0,

V4.q,mRq

Rq (q_b ) =1 4(3+4(2+1)) g4 +2(9-41*) 2 g7 +(3+41(1-2))q],
qa

S5 (m, Ry) = 7Rg (9—40P+160%)¢2 (44 > gp) A m =0,
1i-1\m, Rq) = —— :
' 4 i 1 i 11 2(qa/mRg)K V/mR

m [Jz(qu\/ng)hE_)l (g)v/mRg) + eldel o Byalan 9’} (qa < ap) Am#0,

R (@)/ (21-3)g2—(21+3)q?
Qg, 9—402+161*

with (q,, q,) equal to (¢», q;) [respectively, (g, g»)] if the
DF acting on object 1 (respectively, object 2) is desired.
Like in the single-perturber case, this expression is not
valid for / = 1 and m = 0 and a lower cutoff k,,;, must be
introduced to regularize the infrared divergence. An ana-
lytic solution can still be found in this case, but it is lengthy
and, therefore, presented in Appendix D solely.

The resulting function /(Rg,) is shown in Fig. 9 assuming
kpi, = 0.3 for illustration. The top and bottom panels
display contour levels of the real and imaginary parts
Re(/) and Im(/) as a function of Ry and the mass
0 <g¢g; <1 of the first binary component. There are
combinations of Rg and ¢, for which the radial and
tangential components of DF change sign. When g; > 0.5,
the radial DF force is mostly directed inward [Re(7) > 0]
while the tangential component points forward along the
direction of motion [Im(/) < 0] for 0.5 < Ry < 20. When
q1 < 0.5, DF pushes the point mass outward [Re(/) < 0]
for Ro < 0.2 while it generally slows it down in the
tangential direction [Im(/) > O].

D. Comparison between Lippmann-Schwinger
and Madelung DF

As discussed above, both treatments have their advan-
tages. While the Lippmann-Schwinger approach can easily
incorporate wave superposition and interference effects, the
Madelung approach allows for the fully analytical solution
to DF presented in Sec. IV B 1 owing to its convenient
hydrodynamic form. More specifically, wave interference
in the atmosphere of virialized halos creates a haze of
fluctuating granules or wave packets with a distribution of
velocities [23,24,27]. Such an interference pattern can be
easily accounted for in the Lippmann-Schwinger formu-
lation. However, this inclusion is less straightforward in the
Madelung approach, and our implementation of the latter

assumes zero velocity dispersion. Therefore, it is instructive
to compare the DF obtained in both implementations.

To compute DF in the Lippmann-Schwinger approach,
we calculate the overdensity a directly from Egs. (36)
and (40) over the simulation box before integrating Eq. (43)
numerically. Namely, on rewriting Eq. (43) in terms of
dimensionless variables, we arrive at

Forl) = (G ) ke [ @1(3) 20 (56

where « is the characteristic amplitude of the overdensity
wake, Eq. (25). The field a(i,7) is then computed on a
regular cubical of size 8r, with 64° mesh points (see
Sec. IIC 1 for the details of the numerical implementa-
tion). Splines are used to interpolate this data and numeri-
cally evaluate Eq. (56).

The resulting DF is shown in the top panel of Fig. 10 as
the cross symbols for our fiducial single perturber (i.e.,
Ro =4 and R, = 0.1) turned on at r = 0. It is compared to
the steady-state solution Egs. (48)—(50) obtained from the
Madelung approach (dashed curves) and to the finite
perturbation time result Eq. (53) (solid curves) assuming
a lower cutoff k., = 1/8. This wave number value
corresponds to a scale equal to the side length 8r; of
the cubical box. This choice is motivated by the absence of
power on scales larger than the simulation box. The bottom
panel of Fig. 10 displays the fractional difference between
the numerical prediction of the Lippmann-Schwinger
approach and the analytic prediction of the Madelung
formulation.

As expected, the radial DF strongly depends on the

behavior of the purely real amplitude S]ffg . At early times,

S]ffg is not very sensitive to the exact choice of &, ~ 0.1

(see Fig. 8). Notwithstanding, a low cutoff wave number
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FIG. 9. Contour levels of Re(/)/R (top panel) and Im(I)/Rg, in the plane (Rg, ¢,), where g, is the (normalized) mass of the first
binary component. A value of k,;, = 0.3 is assumed for the computation of I(Rg). The green contours indicate the zero level. The
increase in the magnitude of Re(/) toward smaller Rg, is artificially caused by the normalization Re(1)/R2 adopted here. Re(I) linearly

depends on R, for Ry < 1 but exhibits a quadratic dependence o R2, for R, > 1. Both Re(/) and Im(7) can be positive or negative
depending on (Rg, q,).

implies that the radial DF grows through diffusion for a  not appear on it. As a result, the radial, steady-state solution
longer time before oscillating around the steady-state  isa poor approximation to the finite time perturbation result
solution. For k;, = 1/8, the steady-state radial DF is  so long as 7 < O(10-100) rotations. By contrast, the
~ —76.6 in the scales of the figure and, therefore, does  tangential part rapidly initiates damped oscillation around
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the steady-state solution. One should however bear in mind
that neither the radial nor the tangential DF attain the
equilibrium steady-state regime in a finite time.

The finite time perturbation results agree very well for
both the tangential and radial DF components. Although
our Lippmann-Schwinger implementation of DF is more
complete from a modeling point of view (it includes the
granularity of the FDM background), it is matched by
the Madelung analytical prediction to a high degree. In the
radial direction, the relative difference between the wave-
like and fluidlike predictions never exceeds 3%. In the
tangential direction, the agreement is equally good during
the first rotation, yet the relative difference between the
wave and hydrodynamic predictions increases with time.
This reflects the fact that, in the Lippmann-Schwinger
approach, the tangential component converges significantly
faster to steady state.

We emphasize that the comparison carried out here
is somewhat limited since the regime M, > 1 (our
fiducial single perturber) solely was tested. A more
exhaustive comparison is beyond the scope of this paper.
Notwithstanding, the differences in the a predictions seen
in the binary case with M, <1 (Fig. 4) suggest that
the agreement between the Lippmann-Schwinger and
Madelung DF shall worsen in the single-perturber case
as the FDM velocity dispersion ¢ or, equivalently, the
Mach number M, decreases. While a nonvanishing o
likely changes the convergence rate to steady state (i.e., the
decay timescale of the oscillatory envelope), it is unclear
whether the steady-state solution is also affected.

V. ASTROPHYSICAL IMPLICATIONS

In this section, we present two astrophysical applications
of our results. We also speculate on the behavior of DF for
self-interacting axions.

A. Orbital decay of globular clusters

Massive satellites orbiting around a galaxy are affected
by the dynamical friction caused by the dark matter halo.
This leads to their orbital decay if the dark matter density
is high enough and its velocity dispersion is low [30].
Following [28], let L = MQr} be the angular momentum
of, say, a globular cluster of mass M. The corresponding
DF timescale is given by

L

T=""—" 0
ro|¢'FDF

’

where ry|@ - Fpg| is the torque produced by DF. For the
slow orbital decay of circular orbits, this timescale can be
expressed as

o M(< r0)3/2
4ﬂGl/2Mpr(3)/2Im(I)

, (57)

with M(< ry) being the total (dark matter and baryons)
mass enclosed within the orbital radius.

A well-known example of application is the Fornax
dwarf spheroidal, which contains five widely spread
globular clusters. These should have already spiraled
toward the center and merged with the nucleus [59]. To
resolve this issue, various explanations have been put
forward, including the presence of a constant-density core
that can stall the inspiral [60]. However, this might not be
sufficient to explain the Fornax observations [61,62].
Reference [28] assessed how the DF timescale is modified
if the dark matter in Fornax and, more generally, in dwarf
galaxies is comprised of FDM rather than CDM. For this
purpose, they derived an expression for the DF produced by
a FDM medium on a perturber in linear motion (see their
Sec. III. J).

To compare our circular motion prediction with their
result, we use the fact that their drag coefficient C
corresponds to our Im(/) (the radial DF is irrelevant
here) and, moreover, their choice of kr is equivalent to our
R /2. Assuming likewise an axion mass m;g = 3 x 1074,
the nonlinearity scale is Ax; ~ 1073 pc, much smaller than
the orbital radius of the globular clusters (o=~ 1 Kpc)
considered here. Therefore, our linear response theory
can be safely applied here. Furthermore, our analysis of
the finite time perturbation indicates that our steady-state
solution provides a reasonable approximation to the
tangential DF at all time (see Fig. 10). Therefore, we
shall use it to compute the orbital decay timescales
determined by Eq. (57).

To illustrate how the DF decay timescale changes
quantitatively when our circular motion result is used
instead of the linear motion expression of [28], we have
extended their Table I into a new Table I, in which we
quote 7 obtained from our “FDM circular” and their
“FDM linear,” respectively. Using our circular motion
DF increases or decreases 7 by up to ~70% depending
on the value of Rg. To understand this, recall that the
(tangential) FDM friction coefficient Im(7) peaks for values
of Rg ~ O(1) (see Fig. 5). This corresponds to a configu-
ration in which the perturber’s motion is best synchronized
with the gravitational wake it generates, thereby increasing
the strength of the tangential DF. At large Rg > 1, the
weaker synchronization between the perturber’s motion
and the induced density wake reduces the tangential DF.
Overall, there is no dramatic change from the linear motion
calculation.

B. Stagnation of binary inspiral

Dynamical friction generally leads to the dissipation of
energy and angular momentum. We will now demonstrate
that, in a FDM background, DF can stall the orbital
evolution. In what follows, M is the total binary mass
and ¢;M and ¢,M are the masses of the components.
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FIG. 10. Top panel: radial (&) and tangential (¢) components of the DF force in the finite time perturbation case for our fiducial single
perturber. The DF force is normalized to pRQ(g—M)z. The cross symbols are the outcome of a numerical implementation of the Lippmann-

o

Schwinger approach on a three-dimensional grid, whereas the solid and dashed curves show the analytic predictions obtained from the
Madelung approach (see text for details). We have adopted a cutoff wave number min = 1/8 which matches the size of our simulation
boxes. The steady-state tangential DF is shown as the horizontal dashed line. In the radial direction, the steady-state DF is ~ — 76.6 for

knin = 1/8. Hence, it is not visible on the figure. Bottom panel: fractional difference between our wave and hydrodynamic predictions

of the radial and tangential DF.

Consider first the motion of the binary center of mass of
position rcy. If the binary is not of equal mass, a net force
accelerates the center of mass according to

where () and @(¢) are unit vectors in the x —y plane
directed along the component separation vector r(r)
r,(t) — ri(¢) and perpendicular to it. Decomposing the total
force into this radial and tangential direction,

derM
M? = Fpr,1 + Fpra GM\ 2
e F, = amp (o) Relty) - Rel()]
——amp(gor ) [Rel1y) = Re(1)i(0 0
! (o) ) -mr). (59
~ F =4r m —Im ,
+ (Im(1,) = 1m(1)) (1) (58) o =47\ gy, ) )~ il
TABLE L. A comparison between the orbital decay timescale obtained for a perturber moving linearly in a CDM

medium (“CDM?”), in a FDM background (“FDM linear”), and for a circularly moving perturber in FDM (“FDM
circular”). Results are shown for the five globular clusters of the Fornax dwarf spheroidal. This table is adapted from

Table I of [28] from which the CDM and FDM linear predictions are taken.

CDM FDM linear FDM circular
n ro [Kpc] M [10°M ) C 7 [Gyr] C 7 [Gyr] Ro Im(7) 7 [Gyr]
1 7.60 0.37 4.29 112 2.46 215 17.8 1.46 362
2 1.05 1.82 3.32 9.7 1.88 12 10.08 1.64 14
3 0.43 3.63 2.45 0.62 0.29 22 1.94 0.39 1.63
4 0.24 1.32 2.50 0.37 0.033 10 0.62 0.078 423
5 7.79 1.76 3.46 213 2.32 31 15.58 1.41 51
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and rewriting the equation of motion in Cartesian x —y
coordinates (we omit the z component as it is irrelevant),
we get

Prey < F,cos(Qt) — F,sin(Qt1) > 60)
d? \ F,sin(Qt) + F, cos(Q1) (

Assuming the steady-state solution for /; and /, makes F,
and F, independent of time and the differential equation
straightforward to solve. For a binary system initially at rest
at rey(0) = (F,/MQ* F,/MQ*)T, the motion of the
center of mass describes a circle about the origin r =0
at a frequency Q. The radius of this circular orbit is

| 2
rDF:W Fr+F(p
~2.5% 10728 pc —F
P (MGPC_3

(o) G) ()

x \/ (Re(l}) = Re(L,)? + (Im(1;) — Im(1))>.
(61)

Therefore, rpg reassuringly is orders of magnitude smaller
than the orbital radius even for ky,;, < 1. More precisely,
parameter values as extreme as k;, = 0.001 and R = 100
are required such that the difference between I, and I,
reaches O(10°). Even in this case would the radius rpg be
of the order of 10723 solely, that is, orders of magnitude
below Ay;.. There seems to be no realistic scenario in which
the motion of the center of mass caused by DF can have any
significant impact on the motion of the perturber.

Turning now to the center-of-mass frame, the energy
E = 1 pi? — “¥ and angular momentum L = yr x ¥ of the
binary, where y = q,¢q,M 1is the reduced mass, evolve
according to

dE

= —t-(q,F - g, F ,

i r (611 DF2 — 42 DFJ)

dL

=X (¢1Fpe2 = ¢2FpE1)- (62)

For the homogeneous medium and circular motions con-
sidered here, we have L = LZ with

dL

==t ) (@it + (1) (6

Assuming an adiabatic sequence of circular orbits, we have
L? = GM?ur, and, therefore,

dr() Gl"g

T —8mp T(qllm(lz) + qIm(1y)).  (64)

The radial part of DF is irrelevant here as it mainly affects
the eccentricity [38,63]. Note also that the right-hand side
of Eq. (64) is invariant under the exchange of indices
1 < 2. Since the DF acting on the binary depends on r,
m, and M through the parameter R, it is convenient to
introduce a characteristic orbital radius rq. For simplicity,

we set
1 no\?2
rQ=——
GM \2m,

M\ -1
©

which corresponds to the orbital radius such that Rg = 1.

Furthermore, we take into account the energy or angular
momentum loss by radiation of gravitational waves (GWs).
The orbit average change of r, reads [64]

<@> _ MMy

- 5,3
dt 5 ¢n

Adding this loss term to Eq. (64) yields

() @) + g (66)

The relative strength of the loss by gravitational waves is
given by

G5M4M3
dgw = 10,117
32/ M\ 2 ~11/2
~5.03 x 10~ <L> (—) (r—g)
Mg Mg pc

()

For our fiducial binary system [see (11)] and a FDM
density of p = 0.01 Mypc~ comparable to that of the solar
neighborhood, this gives

ro ~ 8.56 pc,
agw =~ 1.67 x 10733,
For a given choice of ¢; and ¢,, the friction coefficient

Im(/, ) can change sign as R, is varied (seen in Fig. 9).
Friction becomes a thrust (rather than a drag) when the
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binary extracts angular momentum from the FDM medium.
Furthermore, at fixed m, and M, the value of Rq depends
only on ry (through Kepler’s third law). Therefore, the
right-hand side of Eq. (66) should be regarded as a function
of ry only, say, g(rq). This one-dimensional dynamical
system can exhibit stable fixed points for r, = r{; whenever
g(rg) =0 and ¢(ry) <O.

When there is no loss from GW emission, there is exactly
one stable orbit for each choice of ¢; except ¢; = 0.5. In
Fig. 11, the solid (black) curve shows the stable orbital
radius rj as a function of g, for our fiducial binary system.
At small g, the stable radius is r; = 400 (in unit of rg) and
varies slowly until ¢, = 0.2, beyond which the stable orbit
quickly drops toward smaller radii. Adding the GW
emission affects the stable orbital radius only marginally
at low g¢;: the change never exceeds 1% even for
agw = 1.0. The most notable effect of a nonvanishing
agw 1s to prevent stable fixed points in the ¢, range
[@min» 0-3]. In Fig. 11, vertical lines mark g, for different
values of agw. The g, range for which there are no stable
orbits grows from 0.5 downward with increasing values
of agw. This follows from the rj* dependence of the GW
loss, which becomes relevant only when the stable orbit
wanders to the small radii obtained for ¢; < 0.5. A larger
agw increases the orbital radius below which GW emission
dominates over DF. Note that, since the DF only depends
on m, via Rq solely, any change in the axion mass can be

10° T \ \
102 \
100
= 1072F
P
1074+ agw
L.OX10716 -~ -
LOX10712 oo
1070 - 1OX10-8 o
1.0x104 ———-
1.0
10—8 1 1 1
0 0.1 0.2 0.3 0.4
a
FIG. 11. Stable fixed points r; of the one-dimensional dynami-

cal system Eq. (66) as a function of g, (g, = 1 — ¢g;). When
agw = 0, there is one stable orbital radius for each g, shown as
the solid (black) curve. When agw # 0, there are no stable orbits
for g, in the range [¢min.0.5]. Vertical lines mark ¢, for the
different values of agyw indicated on the figure. For each ¢; in the
range [0, gpin[, there is, again, a unique stable orbit. Whenever
they exist, the stable orbital radii r; change by at most 1% as agw
is varied in the range 0 < agw < 1. Therefore, the solid (black)
curve computed for agy = 0 accurately characterizes the fixed
point also for 0 < agw <1 (leftward of the corresponding
vertical line).

absorbed by a rescaling of ro according to Eq. (65). In
other words, changing m, leaves Fig. 11 unchanged.

For our fiducial choice of parameters, the characteristic
radius rq ~ 10 pc is about 3 orders of magnitude larger
than any viable upper limit on galactic binary separations
[65,66]. Consequently, binaries of mass M ~ O(10) Mg
and viable separations will not inspiral through the fixed
point unless g, is very close to 0.5. However, as the axion
mass is increased, the characteristic radius drops according
to ro o mz? so that stable orbits with realistic r{, appear for
a larger range of ¢, . In the absence of external perturbations
(see, e.g., [67] for a discussion), binaries would eventually
stagnate around this stable orbit (provided they started with
a larger orbital radius). This could have an impact on
merger rates.

C. Axion self-interactions

Axion self-interactions will change the structure of
the Green’s function. For axions which acquired a mass
through nonperturbative effects (such as the QCD axion),
this self-interaction is attractive and, owing to the
enormous phase space density, can counteract the quan-
tum pressure. This leads to an instability which has been
explored in, e.g., [22,68-78].

At the level of the Green’s function of the linearized
theory, a self-interaction manifests itself as a pressure
with an (effective) sound speed ¢z > 0 or (c2 < 0) if the
self-interaction is repulsive (attractive). In plain words,
G is of the form

- n2k* -1
Gk, w) = (o%kz L w) (68)

in Fourier space. Our present work, together with the
analysis of [41], suggests that the resulting DF should be
free of any infrared and ultraviolet divergence since, for
o = 0, the divergence of G in the limit £ — 0 is only
quadratic whereas its high-k limit is regularized by the k*
term. We defer a thorough exploration of this case to
future work.

VI. CONCLUSION

We investigated the DF acting on circularly moving
perturbers in a background of FDM particles. Starting
from the Gross-Pitaevskii-Poisson system which describes
a self-gravitating FDM medium, we considered two differ-
ent routes to solve for the density wake and DF: the
Madelung (hydrodynamic) and Lippmann-Schwinger
(wave) approach. Although the latter can more straight-
forwardly account for the fluctuating nature of FDM halo
atmospheres, the former is more amenable to an analytic
treatment of DF. For this reason, our hydrodynamic
implementation assumes a perfectly uniform FDM back-
ground, whereas our wave implementation describes the
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medium as a superposition of FDM quasiparticles.
Furthermore, we restricted our analysis to linear response
theory. The astrophysical systems considered here are well
within the validity range of this linear approximation.

We derived a fully analytical solution to the dynamical
friction using the Madelung formulation. Our circular-orbit
solution, based on the approach outlined in [41], covers
steady-state as well as the finite time perturbation case (the
perturber is turned on at ¢t = (). Although it does not
include the velocity dispersion of FDM quasiparticles, it
provides a versatile tool to explore DF for a wide range of
parameters. We compared the two approaches at the level of
the density wake and the DF produced by single and binary
compact perturbers in circular motion. The velocity
dispersion ¢ of FDM quasiparticles generally lowers the
overall density contrast, the effect increasing with smaller
values of the Mach number M, = v./6. Moreover,
for the finite time perturbation, our analytical solution to
DF agrees very well with that extracted from our limited
numerical investigations of the wave formulation.

The distinctive form of the FDM and gaseous Green’s
functions considered here and in [41], respectively, leads to
critical differences in the behavior of the dynamical
friction. While the ultraviolet divergence (seen for super-
sonic motion in the gaseous medium) is no longer present
in the FDM case, the latter exhibits instead an infrared
divergence which originates from the (also) diffusive nature
of the free Schrodinger equation. Our analysis of the finite
time perturbation case reveals that the density wake
produced by the perturber(s) diffuses through the medium
with a diffusion coefficient f = #/2m, (m, is the axion
mass). Only when the characteristic diffusion length
reaches the size of the system does DF stabilize around
the steady-state result. This diffusive process affects the
radial component of DF solely. Once the initial perturbation
has diffused through the whole medium, both the radial and
tangential DF oscillate about the steady-state solution with
a decaying envelope. Strictly speaking, steady state is thus
never attained within a finite time. Our numerical imple-
mentation of the wave approach, which includes a non-
vanishing FDM velocity dispersion, indicates that the
convergence rate is somewhat sensitive to the value of o.
Although we have not determined the extent to which the
steady-state solution depends on ¢ # 0, we speculate (in
light of our single-perturber test case) that the Madelung
prediction remains valid so long as M, > 1. Notice also
that the damped oscillations seen in the tangential DF only
arise from multipoles with (I,m) # (1,0), which are
insensitive to the outer boundary conditions. These oscil-
lations thus have a physical origin different from those
studied in [40].

We applied our results to two different astrophysical
scenarios. Firstly, we revisited the DF decay timescale of
the five Fornax globular clusters using our circular-motion
prediction and compared them to the linear-motion

estimates of [28]. In the circular setting, the imaginary
part Im(7) of the complex friction 7 encodes the drag in the
direction parallel to the instantaneous perturber’s velocity.
At fixed axion mass, our circular-motion result increases
the decay time relative to the linear-motion prediction when
Rg o« /1y > 1, i.e., for large orbital radii, and decreases it
for small ry. This follows from the fact the interaction
between the perturber and its wake is maximized for
R ~ O(1). While the relative change can be as large as
70%, our revised DF decay timescales are still larger than
that obtained for a CDM medium. Secondly, we explored
the stagnation of compact binary inspirals assuming an
adiabatic sequence of circular orbits. The motivation is the
presence of a novel feature in the tangential DF acting on
binaries: it can change sign and act as a thrust (rather than a
drag) for some range of mass ratios. This effect could stall
binary inspirals and lead to their stagnation if there are
stable orbits (provided that external perturbations are
small). This might also impact binary merger rates.

Ignoring energy and angular momentum loss through
GW emission, a stable circular orbit exists for any compact
binary, except for equal-mass systems. The inclusion of
GW emission prevents the existence of stable orbits for
near-equal-mass binaries. A stronger GW loss implies a
smaller range of stable circular orbits but, for conservative
assumptions, this effect is small. For our fiducial axion
mass m, ~ 10718 ¢V, most of the stable orbits are far
outside the range of viable binary orbital radii. However,
larger axion masses would move them in the interesting
range ro < 0.01 pc. To conclude, we stress that this effect is
not restricted to FDM backgrounds. It can arise in any
medium as long as the tangential DF can change sign and
sometimes be a thrust rather than a drag. Note also that it is
physically different from the core stalling discussed in [79].
It would be interesting to explore this further taking into
account the orbital eccentricity.
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APPENDIX A: BORN APPROXIMATION
TO THE PERTURBED WAVE FUNCTION

In the (first-order) Born approximation, the Lippmann-
Schwinger approach returns
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Sy(r. 1) = m, / ar” / G (r =¥, 1 =)D, o (. 1), (A1)

where the building blocks of this expression are given by Eqgs. (31), (33), and (34). The convolution theorem can be apply
for the computation of this integral. This requires the combined Fourier transform of ® and y:

(Dyo)(k /dr /dte"‘” KrDd(r, t)y(r, 1)
_ d 3 dr iwt—ik~rh t —iwgt+ikyr A2
[ o [t 2o e 2
) ) e—i(k—ka)-u
— _GMp / drefo-oi-itk—kolr,(0) ) / Py
u
— -G i(w—wy)t—i(k—kg)-r, (1) 4n

where u = r —r,(7) and, in the last equality, the Fourier transform of the Coulomb potential is used. Together with the
Fourier transform of the retarded Green’s function, this leads to

wlr.t) =m, [ [ Gk, 0)(@0) k.0

. ) ) e—io (1= )+ik-(r=1, (1)) 1
= 4ﬂGMm“€1i%1+ dr’ ]’l(t ) e iool +ikory (1 / / a) n l€ hzkz |k k0‘2
' —lmf+lk u(?) 1
= 4nGMmaelir(§1+/dt’h(t’) (r, (1), // B+ 0 §_|k kP (A4)

Once again the Cauchy integration formula is used to solve the @ integral. There is only one pole at w = ﬁ k* — ie, which

is in the lower half of the complex plane. For the integral to be nonzero, a contour through the lower half plane has to be
chosen (similar to C2 in the left panel of Fig. 12), and the arc through the complex plane only gives vanishing contribution
when 7 > 0. This ensures causality. The solution to the w integral is given by

et i k2
U — H _”(Znta_lé) s AS
L h(w + ie) — —g;’f h (v)e (45)

at which point we can safely take the limit € — 0. Inserting this result into the expression for dy, the latter can be further
simplified to

4zGM ()i 1
51//(1" [) — IM/ d[/h([/)H(T)lllo(rp(l/), t/) / elk-u(z)—lrﬁkZ —
h k [k — Ko
ArGMm, ik Bk 1
= / A h(E) H (Do, (£). ) / et L
4 GM . J : e / ;. n 1
— T - mg / dt/h(l/)H(T)lllo(rp(f/), t/)ezkou(t)—lfﬁk(z) /, oK (u(f')—22pko)—itpk” ﬁ (A6)

upon substituting k’ = k — k and the diffusion coefficient f = #/2m,. The first part is independent of k’ and, with help of
the dispersion relation Eq. (32), simplifies to y (7, t) which is independent of the remaining integration over k’. Performing
the latter leads to
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FIG. 12. Left panel: poles and semicircular contours C; and C, used for the calculation of the steady-state amplitude Eq. (47). The
poles are located at ky = 0, k; 5 = +/mRq + i€ and ks, = +i/mRg + ie. We choose to shift the k = k, pole into the upper half
plane. The contour C; (C,) extends from —oo to oo on the real axis and is completed in the upper (lower) half plane. Right panel: the
contours C3 and C, used for the calculation of the transient amplitude Eq. (C3). For C5 (C,), the circular arc subtends an angle z/4 and
lies in the upper (lower) half plane. The two contours are closed by a diagonal line at an angle § = £% which can be parametrized by

k= (14 i)y with y in the range [0, oo

eik’-(u(t’)—Z‘L'ﬁkO)—i‘t',[ik’2 L
K k/2

1 .
— s [ Wik lu(r) = 268k
lu(®)=22pko[\ _ ;o ([u()—27pk|
s(a) - (e
u(?) = 22k, |
(A7)

where C(z) and S(z) are the Fresnel integrals. Using their
connection with the error function,

S() = L [erfC;Li\/?rz) —ierf(lgi\/;fzﬂ,

4
1—i 1+ 1—i
C(z) ) [erf( +l\/z?z> +ierf<—l\/z?z>},
4 2 2
(A8)
we eventually arrive at
.GMm,
Gy (r.1) = i— = wo(r.1)
1—i [u(#)=27fk,|
« / dr () H( )erf(T ) (A9)
Y u(r) = 2epk|

which gives Eq. (36) after substituting the dimensionless
variables.

APPENDIX B: SCATTERING AMPLITUDES
IN THE STEADY-STATE REGIME

In this appendix, we provide details of the calculation of
the scattering amplitudes SlStly_ , in the steady-state regime,
beginning with Eq. (47).

First, the spherical Bessel functions is split into a sum of

Hankel functions j;(z) = %(hgn (z) + h;z)(z)), and the inte-

gral acquires a factor of 1/2 while its limits are extended to
—o0 t0 00. Since A (z) «ei® and A\” (z) e, each of the
terms resulting from the product of the two spherical Bessel
functions is proportional to a complex exponential with a
positive, zero or negative phase which determines the
contour to be chosen.

Poles are found at ky =0, k;, = +/mRg + ie and
k34 = +i/mRg + ie as indicated in the left panel of

Fig. 12. ko, k, and k5 are enclosed in the contour C,
relevant for the terms with a positive phase. It is trivial to
show that the contour integral over the semicircle vanishes.
Similarly, the contour C,, which contains the poles at k,
and k,, must be selected for the terms with a negative phase.
The choice of C, is also more convenient when the phase
is zero.
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The residues are independent of the exact combination of hgl) (z) and h;z) (z). Therefore, we introduce below the generic
notation (x) or (y) to label the Hankel functions. Both (x) and (y) can be either (1) or (2). Furthermore. we use the shorthand

notation (X) to indicate that a h;l)(z) was transformed into a h;z)(z) or conversely through the relation
hgl)(—z) = (_1)1h52) (z). Taking the limit ¢ — 0", we have

AV NG ;
kh™ (R (k) - i
Res(“eig

Res (K1 () (R)
K RE — m?

KR —m?

Kk ()R (k) -
4 2 2 ’k
k*/RG —m

khi (k)b (k)
K /RE — m?

)

v (AR ) o ()2 ().
) (
)

Ro x /. 5
- ﬁhg >(h/mRQ) h?) (\/mRQ). (B1)

All of these contributions combine to give

mRQ

7 (Vnka) i) (Vinka) = (Vinka < iv/mka) | (52)

in R 4i
5.~ 8 A (R () 4 ()

where (y/mRg < iy/mRg) indicates that all the terms involving Hankel functions are repeated but with their argument
replaced by i\/mRq. Using hgl)(x) = ji(x) + iy, (x), hgz) (x) = ji(x) —iy;(x), as well as the Wronskian relation
G1(X)yi—1(x) = ji_1 (x)y;(x) = x72, the sum of terms with argument ¢ = \/mRg can be simplified to

2i
20" ()i () + 1 (@2 (@) + 1P (@i (@) +

=4j(q)ji-1(q) + 4iji(@)yiei (q) = 2i(Gi(q)yi_1(q) = ji—1(@)yi(q)) +§

=4j1(q)(ji-1(q) + iyi-1(q))
= 4ji(q)h"\ (q).

and likewise for the terms with argument ¢ = i\/mRq. These simplifications yield

S5, = 202 [ (/a1 (/Ra) i (1R i (/)| =

m

For the final step of the calculation, the identities j;(ix) = i’ i;l)(x) and hgl)(ix) = —2i'k;(x) are exploited and lead to

Eq. (48),

inRg | . 1
SIS’tly_l = 4—’119 |:_]l(\/ mRQ)hgl)l (1 /mRQ) +\/m——RQIl+1/2(\/ mRQ)K1_1/2<\/ mRQ)} s
(1

upon substituting i, J(x) = Va2 and ki(x) = /75K ,1/2(x) for numerical convenience.
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APPENDIX C: SCATTERING AMPLITUDES
FOR THE FINITE TIME PERTURBATION

For the finite time perturbation, we insert Eq. (51) into
Eq. (46) and obtain

tm w‘r / .]l l(k)
=0t Joi(m—a—in)

(0 + i€)?
(C1)

Ftp
Sy = lim

k4/R2

where it is understood that # > 0. In a first step, the integral
over @ is solved with the residue theorem. We choose
the contour C, as in the left panel of Fig. 12, with a
semicircular arc in the lower half of the complex plane.
There are three poles at @y = m — in, @; = K /Rq — ie and
@, = —k*/Rq — ie. They are all located in the lower half
plane and, therefore, all contribute as residues. Taking
n — 0 yields

imft

ST — tim [ dk k(R jy (R lmf[ S

1i-1 =0 Jo Jitk)ji-1 (ke (m+ie)> —F*/R}
Ro e—i(fcz/Rg—ie)? (—k*/Rg—ie)

+T = - = .
2k <k2/RQ—m—i€ —k2/RQ—m—i€>]

(€2)

Upon taking the limit 7 — 0, the first term in the square
brackets can be identified as the steady-state amplitude
Eq. (47). It is discussed in Appendix B and we shall thus
ignore it here. The second term defines the transient

amplitude S77;:

Re . - dk - N e—i(iz/RQ—ie)?
STra E——Q tml/ g k k _ _
1Li-1 26’ A sz( )Jll()<k2/RQ—m—ie
ol /R +ie)t
- ]. C3
kZ/RQ +m+ i€> (©3)

To compute this amplitude, we use the contours C; and C,
in the upper and lower half plane, respectively, as indicated
in the right panel of Fig. 12. The piece proportional to
¢'F'1/Rs i evaluated with C;. However, the relevant poles k5
and k, are not enclosed by C;. Cauchy’s integral formula
thus implies that its line integral is zero. Since the integral
over the circular arc vanishes when its radius tends to
infinity, this also implies that the integral over the positive
real axis k € [0, +-oo[ is minus the line integral over the
diagonal parametrized by k = (1 + i)y, y € [0, +co[. The
same reasoning applies to the contribution proportional to
¢=F1/Rathe contour C, and the relevant poles k; and k,.
Adding up the two contributions eventually gives Eq. (53):

Tra __
Sll 1 —

%eim;A (jf[ (M + D7) jim (1T +10)7)
—21;(~/R2
2i7*/Rg + m + ie’

(C4)

—Ji((L=)7) i (1= 0)7)]

This expression makes clear that §7}* | must tend to zero in
the limit 7 = oo so long as m # 0.

APPENDIX D: ANALYTIC EXPRESSION FOR S | (m.Rg) WITH (I.m) = (1,0)

They can be obtained with software such as Mathematica [80]. For ¢, > ¢,, we have

S11(0,R) = Wiﬂﬁ% {7k3ind2(=1541 = 10q743 + 43)

+ konin| 32 = 4)(1 = 242)*Si(kinin = 2King) + (4 = 5¢5)Si(kpin)]

+ kming1 €08 (kining 1) [2(Knin (247 + ¢3) = 12) sin(kming2) + Kkmind2 (kiyin (1147 + ¢3) = 6) c08(knying2)]

+ 251 (kping 1) Kimin@2 (kiyin (747 = 3) + 6) €08 (knying2)

+ (Knin (=441 = 94143 + 43) + kiyin (847 — 243) + 24) sin(kpings)]} (D1)
whereas, for ¢, > ¢;, we obtain
Si1(0,Rg)
= ﬁiq%fhm knin(42 = 1)7(643 = 242 + 1) + kin[(3g2 = 4)(1 = 242)*Si(kinin — 2kming2) + (4 = 5¢2)Si (k)]

+ 2kiin 08 (kining1) [4(—3kninG2 + Kinin + 642
+2 Sin<lzminLI1)[ (kr2n1n( m1n(4QZ - 1)
+ 2kr2n1nq2[(kr2nm( (17 - 6QZ>q2 - 33) + 6) Cos(kmin

- 6) Sin(l}min‘D) + icmin(l 1kxznm
4‘]2 =+ 2) + 6) SinU;minLh) + kmin(7kmin + 6>q2 COSU}minQZ)]
- 27{minq2) + 2icmin(SQZ - 7) Sin(i(min

6)Q2 COs<iémin QZ)]

- 27{minQ2)]}' (DZ)
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