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On the prompt contribution to the atmospheric neutrino flux
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The prompt contribution to the atmospheric neutrino flux is analyzed. We demonstrate that the
corresponding theoretical uncertainties related to perturbative treatment of charm production, notably, the
ones stemming from the low- and high-x behavior of parton distribution functions, can be conveniently
studied at the level of charm quark production. Additionally, we discuss the nonperturbative contribution to
the prompt neutrino flux, related to the intrinsic charm content of the proton and analyze its main features.
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I. INTRODUCTION

The detection of astrophysical neutrino fluxes by the
IceCube experiment [1,2] paves the way for establishing
neutrino astronomy as a viable method for studying the
remote Universe. Among the relevant research activities
are ones aiming at a reliable estimation of the background
for such measurements, produced by cosmic ray (CR)
interactions in the atmosphere of Earth [3-6]. Particular
attention is paid to calculations of the so-called prompt
neutrino flux resulting from decays of charmed hadrons
produced in such interactions, which dominates the
atmospheric neutrino background for neutrino energies
E, =1 PeV [7-9].

A number of analyses have been devoted to studies of
prompt neutrino production, comparing different approaches
to the problem, investigating the impact of present uncer-
tainties regarding parton distribution functions (PDFs) of
protons and nuclei, and studying the dependence of the
results on the employed parametrizations of the primary CR
fluxes [10-14].

In this work, we choose to address the problem at the
level of the production cross sections for charm (anti)
quarks, using the collinear factorization framework of the
perturbative quantum chromodynamics (pQCD). We dem-
onstrate that the relevant fragmentation functions for charm
(anti)quarks, as well as the decay distributions for charmed
hadrons, can be factorized out, such that the relevant input
from pQCD is described by CR spectrum-weighted
moments (“Z factors”) of production spectra for charm
(anti)quarks. This proves to be convenient for studying the
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relevant uncertainties, notably, regarding the PDFs
involved, and for specifying the kinematic regions relevant
for such calculations.

Additionally, we discuss the nonperturbative contribu-
tion to the prompt neutrino flux, related to the intrinsic
charm content of the proton and demonstrate that the
corresponding Z factors take a particularly simple form.
However, our approach may be inapplicable to the case of
nonperturbative charm production because of potentially
different hadronization mechanisms in such a case.

The outline of the paper is as follows. In Sec. II, we
present our formalism and derive a relation between the
perturbative contribution to the prompt atmospheric neu-
trino flux and the respective Z factor for charm production.
In Sec. III, we present the corresponding numerical results
and analyze their dependence on the gluon PDFs in use.
Section IV is devoted to a discussion of the intrinsic charm
contribution. Finally, we conclude in Sec. V.

II. FORMALISM

The main contribution to prompt atmospheric neutrinos
is generated by the proton component of the primary
CR flux. Concentrating, for definiteness, on the muonic
(anti)neutrinos, the relevant range of neutrino energies
extends from few hundred TeV to ~10 PeV, since for
higher neutrino energies interactions of their would-be
parent charmed hadrons start to prevail over their decays. In
turn, this involves interactions of primary protons at
energies above the so-called “knee” of the CR spectrum
at Ey.. ~3—4 PeV [15] and below the proton “ankle” at
E ~ 100 PeV [16]. In that energy range, the CR proton
spectrum can be approximated by a power law behavior,

[p (EO) = Ip (Eknee)(EO/Eknee)_yp’ (1)

with y, ~3.1-3.3 [16-20].
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For the corresponding prompt neutrino flux, one obtains
[3,4,7]

(p) ~ ﬂ
(prompt)
« dnl;:—air (Eov Ev) (2)
dE, ’
where dn;”_g?rmmpt)/ dE, is the inclusive spectrum of muon

(anti)neutrinos resulting from decays of charmed hadrons
produced in p-air interactions, and Z” p-air 18 the spectrum-

weighted moment for proton ‘“regeneration,”

(E )dnp alr(EO’ E)
o O

Zﬁalr(E) _/dEO Vi

with dn” peir /
protons in proton-air collisions.

For the power law primary flux (1), Eq. (2) can be
transformed to

dE being the energy distribution of secondary

(E /Eknee) T
1 - ZZ alr(El/’ 7/]7)

x 24 (E, ), (4)

II(/fgprompt)(E ) 1 (Eknee)

where we used the weak energy dependence of the
factor (1 —2%_.)7! [7] to take it out of the integral,

p-air
while the spectrum-weighted moments (Z factors) ZX p-air’

X = p.v, (prompt), are now defined as

dn? . (E/x, x)
o - p-air
ZhalEpy) = [ et rlE 5
Here dn;f_air /dx is the distribution of the produced particles

X, with respect to the energy fraction x = Ey/E, taken
from the parent proton. For the prompt neutrino production,
it is expressed via convolutions of the respective distribu-

tions of charmed hadrons dn' /dxj,, with the correspond-

a1r

dec

ing decay distributions summed over the hadron

he=v,
species,
Mﬁmmm_zf@ﬁ
dxl/ h, /% Xh
dn < (E, xh)
x o i, (x,/x). (6)

dx h he=v,

In the high-energy limit we are interested in, one can neglect
the dependence of fd oy, ON the hadron energy, while the

neutrino energy fraction x,/x,, is indistinguishable from the

respective  light-cone plus (LCT) momentum fraction
(E, + p.,)/(Ey + p2,) [21].

In the collinear factorization framework, dn” poain/ X, can
be expressed via the 1nclus1ve cross section for charm (anti)

quark production do*C / dx, as follows:

p-air
dn Pdlr(E Xp) Z/l dx,
dxj, }’feallr
do o (E.x.)
X piDc(E)—»h[ (xh/xc)' (7)

dx,

Here we neglected the dependence of the charm (anti)quark
fragmentation functions D, ()_, on the factorization scale
for hard parton scattering; a;‘jir is the inelastic proton-air
cross section.

Making use of Eq. (7) in Eq. (6), inserting the result into
Eq. (5), and changing to integration variables z, = x,/x,,
7 = X3/x,., we obtain

(prompt) ! .
Zpﬂa?rmmp (Eyovp) = A dz,H(z,,7,) X Zp—air(Eu/ZwVp)-

(8)

Here Z¢

p-air

H(ZU,V,, — ZZP Zz/l th
(Zh) h —w (ZD/Zh)' (9)

is defined by Eq. (5), for X = ¢, and

X DC(E)

Finally, noting that small values of z, in the integrand on
the right- hand side (rhs) of Eq. (8) are suppressed by the

[cf. Eq. (9)] and assuming that Z{, air (Eu/ 2027 p)
changes weakly in the relevant range of z,, we get

factor Zy”

Zvﬂ(prompt) ( E y )
- v p

p-air

= Z;—air(Ew yp)

|:Z Z Ztragm yl’ Zh ez (7/17)
(10)

with

agm 1 —_
ZEn, () = /0 dzZv ' Doy (2), (1)

1
z<,, (rp) = A dzz/v7' fie,, (2). (12)

We can see that all the pQCD input in Egs. (8) and (10)

are contained in the CR spectrum-weighted moments Z7 ..
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of the energy distributions of charm quarks produced in
proton-air interactions, which allows one to study the
respective uncertainties at the level of c-quark production.

Let us now briefly comment on the contributions of
primary nuclear species to the prompt atmospheric neutrino
flux. While partial spectra for various nuclear mass groups
of the primary CRs are not well determined at the energies
of our interest, there are strong experimental indications
that those contain spectral breaks (knees) at energies Z;
times higher than the one of the proton knee, Z; being the
characteristic charge for the ith group, and the respective
spectral slopes y; above the breaks are not too different
from the proton slope y, [16-20,22,23]. To some extent,
this is indeed expected, if all the primary species come from
the same kind of astrophysical sources. Adopting such a
picture, partial fluxes of various nuclear mass groups of the
primary CRs can also be described by the corresponding

power laws,
E ~7i

14, (Eo) 2 14,(ZiExnee) (ZIE—EW) : (13)
E, being here the energy per nucleus. Further, since the
prompt neutrino yield is intimately related to forward (high
x.) charm (anti)quark production, the so-called super-
position model (see, e.g., Ref. [24]) is fully applicable
here: the neutrino yield from a primary nucleus of mass
number A; and energy E(, can be approximated by A; times
the yield from a primary proton of energy E,/A;. This leads
us to [cf. Eq. (4)]

A2_7[1A (ZiEknee)
- Zi alr(Ew yi)

E ~7i ¢
() 2 e, 9
1 nee

Thus, also in that case, the problem is reduced to a
calculation of the CR spectrum-weighted moments
Z
for a primary nuclear mass group of interest. Second, let us
recall that the relative abundances of the main primary mass
groups are of the same order of magnitude at the proton
knee energy (see, e.g., Refs. [17,20]). Therefore, if the
primary spectral slopes for these groups are indeed similar
to the one for primary protons, y; ~ y,,, Eq. (14) tells us that
significant contributions to the prompt atmospheric neu-
trino flux come from CR protons and helium nuclei only,
with the summary contribution of heavier primaries being a
~10% correction.

](Ai) )(E ) ~

v, (prompt

—this time, using the corresponding slope ¥;

III. NUMERICAL RESULTS

As the dominant contribution to charm (anti)quark
production comes from the gluon-gluon fusion process

(see, e.g., [25]) and the gluon PDF of a nucleus can be
approximated by a superposition of the ones of its nucle-
ons.,l we have

Aw)  doS$(E/x,.x.)
7Z¢ E, ~ dx. A -1 < air pp crXe ’
pal) [ e B/ dx

(15)

. . .2
where <Aalr) is the average mass number for air nuclei” and

dap / dx, is defined by the usual collinear factorization
ansatz as follows:

c(gg)
dopp” (Ep xe) _ / ditdre / Pk, dy:
o
645 (8,yi k. pp, pR)
x — TR 9p(x", pp)
dy;dk? b

X gp(x_vﬂF) 5[)60 - x+mj_peyi/\/§]'
(16)

Here d3&gg_>c /dy:/ dki is the differential short distance

cross section for c-quark production in the gg-fusion
process, for which we use the next-to-leading order
(NLO) result from Ref. [27]. g,(x, Q) is the gluon PDF

of the proton, x* are the LC* momentum fractions for the,
respectively, projectile and target gluons, and k, and y;
are, correspondingly, the transverse momentum and the
rapidity of the produced c-quark in the gluon-gluon c.m.
frame. § = xTx7s is the c.m. energy squared for the gg
scattering, while s~2F,m, is the one for the proton-
proton collision, m,, being the proton mass. In the follow-
ing, unless specified otherwise, we set the factorization pg
and renormalization uy scales equal to c-quark transverse

mass m; = W/ m?+ K _» while using m, = 1.3 GeV for

the charm quark mass. In the argument of the ¢ function in
Eq. (16), we neglected the difference between the energy
fraction x, of the c-quark and its LC* momentum fraction.

In Fig. 1, we plot the CR spectrum-weighted moment
for charm productlon z;, . (E.7), calculated for y =3,

using gluon PDFs from three-flavor NLO PDF sets
CT14nlo_NF3  [28], ABMP16_3 _nlo [29], and
NNPDF31_nlo_pch_as_0118_nf_3 [30], as implemented
in the LHAPDF package [31]. For all the gluon PDFs
employed we observe a similar energy dependence of
A slightly stronger energy rise of the Z factor based

]) air*

'Regarding the prompt neutrino fluxes, nuclear corrections to
thls approximation have been studied in Ref. [13].
’In the following, we approximate the air composition by its

most abundant element, nitrogen: (A;,) /o', ~ 14 /%5, and use

the predictions of the QGSJET-II model [26] for aip“ﬁ,'.
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10° 107
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FIG. 1.
moment of c-quark production spectrum Z

Energy dependence of the CR spectrum-weighted
;_ajr(E, y) for pro-
ton-air interactions, calculated using y = 3 and employing gluon
PDFs from CT14nlo_NF3 (solid), ABMP16_3_nlo (dashed), and

NNPDF31_nlo_pch_as_0118_nf_3 (dash-dotted) PDF sets.

on the NNPDF3.1 parametrization is due to a somewhat
steeper low-x rise of the respective gluon PDF (see Fig. 2).

In Fig. 3, we illustrate the range of the LC momentum
fractions x* of the projectile and target gluons, correspond-
ing to maximal contributions to Z ., for the considered
PDF sets. To this end, we plot, for E =1 PeV and y = 3,
the corresponding distributions dZ;, ;. /dx*, as defined by

Eq. (15), with do%?) /dx, being replaced by the respective
integrands from the rhs of Eq. (16). Clearly, the main
contribution to Z7, . comes from relatively high values of

. . 1
xT ~x,, since low x, is suppressed by the factor x/

[cf. Egs. (15) and (16)]. On the other hand, the target
gluon PDF is mostly probed at very small values of
x~ ~m?/(x*s) ~m,/E, with E being the charm quark
energy, as already stressed in previous studies (e.g., [13]).
Therefore, the energy rise of Z¢ , (E,y) is intimately
related to the low-x rise of the gluon PDF g, (x~, ug), as
discussed above.

To estimate the impact of uncertainties related to the
primary proton spectral slope, we plot in Fig. 4 the energy
dependence of the ratio Z; , (E,y = 3.3)/Z; , (E.y = 3),
for the considered PDF sets. It is easy to see that a change
of the slope of the primary spectrum gives rise to a
practically energy-independent rescaling of Z ;.. This is
due to the fact that such a change has a negligible effect on
the range of relevant x~ values in Eqgs. (15) and (16), while
causing an additional suppression of small x™ values, as
illustrated in Fig. 5 for the CT14nlo_NF3 PDF set. It is
noteworthy that the obtained dependence of Z ,; on the
primary spectrum slope is substantially weaker, compared
to the corresponding dependence for prompt neutrino

fluxes (see, e.g., [10]), since an additional (and stronger)

effect comes in the latter case from the y dependence of

the fragmentation and decay moments,’ Z™™
c(e)—=he

Zdee [cf. Egs. (10)=(12)]. Interestingly, Fig. 4 shows

he—v,
that there are only minor differences between the values of
the ratio Z§ ; (E,y=3.3)/Z; ;,(E,y =3) that are obtained
for the considered PDF sets; the differences regarding the
high-x behavior of the respective gluon PDFs do not make
any important impact on the y dependence of the Z factors
for charm production.

Finally, in Fig. 6, we investigate the sensitivity of
calculated CR spectrum-weighted moments Z; _; to var-
iations of the factorization up and renormalization pug
scales: by comparing the respective results obtained with
up = pr = m _ to the ones calculated using twice larger
values for pp, or for ug, or for both. Clearly, the sensitivity
to higher order pQCD corrections, reflected by the strong
dependence of the results on the scale choices, represents
the largest uncertainty regarding the perturbative input for
calculations of prompt neutrino fluxes, as already stressed
in previous studies [32]. It is noteworthy that the uncer-
tainty regarding the low-x extrapolation of the gluon PDF
had been greatly reduced by taking into consideration
LHCb data on forward charm production [12,33-35].

and

IV. INTRINSIC CHARM

Let us now discuss the nonperturbative contribution of
the so-called intrinsic charm [36,37], which can potentially
enhance prompt neutrino fluxes [38]. In some approaches,
the corresponding charm production is linked to interactions
of constituent charm (anti)quarks from the respective Fock
states of the proton (e.g., |uudcc)) with a target gluon, via
the cg — cg hard scattering process (see, e.g., [39,40]). The
picture one has in mind corresponds to a dense gluon cloud
originating from the target and incoming on the projectile
proton, with some of these gluons hitting the constituent
charm (anti)quarks. In such a case, the corresponding
contribution to prompt neutrino fluxes is essentially propor-
tional to the gluon PDF of air nuclei, g, (x7, Q)=
(Agir)9,(x~, Q), probed at very small values of the LC~
momentum fraction x~ ~ m?2/(x"s) and relatively low Q.
Consequently, one obtains the same A enhancement of
charm production (ex(A,;,)) as for the perturbative generation
of charm [cf. Egs. (15) and (16)] and, more importantly, the
same kind of energy rise: « g,(x~, Q)|x-~m§/(x+s)'

What is missed in the above-discussed approaches
is that, at the very high energies we are interested in, the
basic valence quark configuration is surrounded by an
extensive “coat” formed by gluons and sea quarks and,
more importantly, that this coat covers a substantially
larger transverse area than the compact valence quark
“core” [41]. As a consequence, high-energy proton-proton

3See, e.g., Table 3 in Ref. [7].
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FIG. 2. Left: x dependence of the gluon PDF g, (x, Q), for Q =2 GeV, for the considered PDF sets; the meaning of the lines is
the same as in Fig. 1. Right: the ratios of the gluon PDFs, for Q =2 GeV, from the ABMP16_3_nlo and NNPDF31_nlo_
pch_as_0118_nf 3 sets to the one of the CT14nlo_NF3 PDF set—dashed and dash-dotted lines, respectively.
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FIG. 3.

(proton-nucleus) collisions are dominated by multiple
scattering processes between such nonvalence partons
and it is this multiple scattering that unitarizes the respec-
tive interaction cross sections.

The above reasoning applies also to the case when the
incoming proton is represented by a constituent parton
Fock state containing charm (anti)quarks, like |uudcc): at
sufficiently high energies, these are gluons and sea quarks
from the projectile proton, which typically interact with
their counterparts from the target. On the other hand,
valence quarks usually stay as “spectators” and participate
in secondary particle production at the hadronization stage
only. Here the crucial point is that an interaction with a
nonvalence constituent of the incoming proton is sufficient

Distributions of the LC momentum fractions x* for, respectively, projectile (left) and target (right) gluons, dZ¢
E =1 PeV and y = 3. The meaning of the lines is the same as in Fig. 1.

3 —
I S
8+

1

0 l \\\HH‘ l L1 1111l b L

10 107 10
-
p_air/dxi, for

to destroy the coherence of its original partonic fluctuation
and thereby to “free” the charm quark-antiquark pair from
its virtual state [42,43].

Thus, at the energies of our interest, interactions of
proton Fock states containing intrinsic charm constitute a
constant fraction w{, . of the inelastic cross section,” with

.

wi . being the overall weight of such states, as suggested
already in Ref. [7] (their model 1 for intrinsic charm).

“In contrast, in the low-energy limit, the contribution of such
states to the inelastic cross section is much suppressed, compared
to the basic |uud) configuration. Indeed, since their parton coat
remains undeveloped, such states appear to be much more
compact than the |uud) state [42].
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FIG. 4. Energy dependence of the ratio of the CR spectrum-
weighted moments Z{ , (E,y), for y =3.3 and y=3. The
meaning of the lines is the same as in Fig. 1.

Consequently, the corresponding contribution to charm
(anti)quark production can be formally written as

do_c(intr) (E, xc)

e 200 g () (), (17)

c
with f {intr) (x.) being the (normalized to unity) distribution
of the constituent c-quark LC momentum fraction in the
proton. The corresponding CR spectrum-weighted moment
is thus neither energy nor target mass dependent [cf. Eq. (5)],

Zya (1) = 2" (1)

p-air
= Wi / dxxl7 M ). (18)

10
. i
S 107
N -
o

]0_6 = ‘o‘.

_7 “‘\ 111 \H\‘ l l \\\\\d l 111 \H\‘ l L1111l
10
10 10° 107 10"

+
X

FIG. 5.

Distributions of the LC momentum fractions x* for, respectively, projectile (left) and target (right) gluons, dZ¢

c(intr)

TABLE I. Calculated CR spectrum-weighted moments Z),,
for the BHPS and Regge models of intrinsic charm, using
different primary spectral slopes.

v 3 33

BHPS model 0.0018 0.0014
Regge model 0.0020 0.0016

For the particular case of y = 3, it is thus proportional to the
second moment of the constituent c-quark momentum
distribution. An important consequence of the energy
intr)

independence of Z:'f_air is that the corresponding contribu-

tion to the prompt neutrino flux is characterized by the same
energy slope as the primary proton flux.

In Table I, we compare the calculated moments Z5o

for two different distributions fo™ and for the primary

proton spectral slopes y = 3 and y = 3.3. Our first choice
corresponds to the original Brodsky-Hoyer-Peterson-Sakai
(BHPS) intrinsic charm model [36,37],

intr 1
£ () o x2 §(1 —x)(1+ 10x + x?) +2x(1 + x) In x|.
(19)
Alternatively, we consider a Regge ansatz,
£ () o x (1 — x)a+2(1-a), (20)

Here the factor x™* corresponds to the probability to
slow down the constituent ¢ quark, with &, ~ —2 being the
intercept of the c¢ Regge trajectory [44]. On the other hand,
the limit x — 1 is defined by the probability to slow down
the remaining (“dressed”) valence quark configuration

I E
» ,..'
3 . 1|k
T 10 Hf
'S u
N i
10_2§
_3 l l l \\\H\‘ l l \\\\H‘ l \\\\\H‘ \“\ L1l
10
6 5 4 3
10 10 10 10
-

/dx*, for

p-air

E =1 PeV, using gluon PDF from the CT14nlo_NF3 set. Solid lines correspond to y = 3 and dashed ones to y = 3.3.
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FIG. 6. CR spectrum-weighted moments of c-quark production spectrum Z¢

(E,y), for y =3, calculated using different

p-air

combinations of the factorization and renormalization scales: (g, pug) = (1, 1)m _(solid), (up, pr) = (2. 1)m,_ (dashed), (up,pur) =
(1,2)m_(dot-dashed), and (ug, ug) = (2,2)m, _(dotted). The graphs in the left, middle, and right panels are based on gluon PDFs
from ABMP16_3_nlo, CT14nlo_NF3, and NNPDF31_nlo_pch_as_0118_nf_3 PDF sets, respectively.

(uude), which contributes the factor (1 — x)=%+2(1=av),
with ay ~ —0.5 [45].

In both cases, we choose w{ . such that the total LC
momentum fraction of the proton, carried by ¢ and ¢,
equals 1%, as suggested by the global analyses of the

proton PDFs by the CTEQ Collaboration [46],

we = 0.01/(x3T )y =0.01/ [2 / oo i) (x)} (21)

As we can see in Table I, the calculated moments Zf,(,i,““)

depend weaker on the primary slope y than Z7 , for
perturbative charm production (cf. Fig. 4). This is not
surprising since for both our choices for the intrinsic charm

model, the distributions f {intr) (x.), shown in Fig. 7, peak at
larger values of x, compared to dZ;_air /dx™" shown in Fig. 3
(left). Further, despite the fact that the fraction of proton LC
momentum, carried by charm (anti)quarks, is the same for
both our models of intrinsic charm, we obtained somewhat
larger Z;(,l,m) when using the Regge ansatz, Eq. (20). This is
because that distribution is shifted toward higher x values,
compared to the one of the BHPS model, while the CR
spectrum-weighted moments are proportional to the second

moment of £i™ for y = 3 or to an even higher moment for

a steeper CR spectrum.

If we formally compared the magnitudes of the Z factors
from Table I to the ones corresponding to perturbative
charm production, plotted in Fig. 1, we would come to the
conclusion that even a subpercent contribution of intrinsic
charm would be sufficient to dominate the prompt

f (intr)

0 0.2 04 0.6 0.8 1
XC
FIG. 7. Distribution of the constituent c-quark LC momentum
fraction in the proton, for the BHPS model (solid line) and for the
Regge ansatz (dashed line).

atmospheric flux of neutrinos. However, such a comparison
may be misleading since the hadronization of constituent
charm (anti)quarks can proceed differently, compared to
the perturbatively generated ones; hence, our reasoning in
Sec. I may be inapplicable to the case of intrinsic charm.
Indeed, a constituent ¢ quark is likely to recombine with a
valence diquark of the proton to form a charmed baryon
(e.g., ¢ + ud —» A}), as suggested by measurements of the
A, production asymmetry by the SELEX experiment [47].
In particular, such a picture is implicit in the so-called
meson-baryon models of intrinsic charm [48]. Therefore, a
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quantitative comparison of the perturbative and nonpertur-
bative contributions to prompt neutrino fluxes can only be
performed at the level of neutrino production, taking into
consideration the differences between the hadronization
mechanisms for the two cases, as was done in previous
studies (see, e.g., [38]). Nevertheless, the relatively large
values of the Z factors listed in Table I indicate that
uncertainties regarding the potential nonperturbative con-
tribution to prompt neutrino fluxes may dominate the ones
corresponding to perturbative charm production.

V. CONCLUSIONS

In this work, we addressed the prompt contribution to the
atmospheric neutrino flux. Concentrating on the particular
case of muonic (anti)neutrinos, we demonstrated that in
the energy range of practical interest, the problem can
be studied at the level of charm (anti)quark production.
Indeed, using the collinear factorization framework of
pQCD, we were able to conveniently factorize out both
the fragmentation functions for charm (anti)quarks and the
decay distributions for charmed hadrons, thereby express-
ing the prompt flux of atmospheric neutrinos via CR
spectrum-weighted moments (Z factors) of production
spectra for charm (anti)quarks.

We illustrated the advantages of the method by studying
the dependence of our results on the choice of gluon PDFs
employed, on the value of the primary CR spectral slope,
and on the variations of the factorization and renormaliza-
tion scales involved in the perturbative evaluation of charm
(anti)quark production. We investigated also the range of
momentum fractions of both projectile and target gluons,
which correspond to maximal contributions to prompt
atmospheric neutrino fluxes.

Additionally, we discussed the nonperturbative contri-
bution to the prompt neutrino flux, related to the intrinsic
charm content of the proton, using two parametrizations for

momentum distributions of constituent charm (anti)quarks
in the proton. We demonstrated that the corresponding Z
factors take a particularly simple form, being neither energy
nor target mass number dependent in the energy range of
interest. Consequently, the corresponding contribution to
the prompt neutrino flux should be characterized by the
same energy slope as the primary CR flux.

However, our approach may be inapplicable for a
quantitative comparison of the perturbative and nonpertur-
bative contributions to prompt neutrino fluxes because of
potentially different hadronization mechanisms in the two
cases. Nevertheless, it is worth stressing that our observa-
tion regarding the energy dependence of the contribution of
the intrinsic charm to the atmospheric neutrino spectrum,
namely, that it is characterized by the same spectral slope
as the primary CR spectrum, remains valid, regardless the
hadronization mechanism. Since the corresponding pertur-
bative contribution is characterized by a flatter spectral
slope [cf. Fig. 1 and Eq. (4)], this offers one a possibility to
disentangle the two contributions, based on IceCube data,
once a sufficient experimental statistics becomes available
at the highest neutrino energies.
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