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We consider the effects of strong gravitational lensing by galaxy-scale deflectors on the observations of
high-energy (E > GeV) neutrinos (HENs). For HENs at cosmological distances, the optical depth for
multiple imaging is ~1073, implying that while we do not expect any multiply imaged HENs with present
samples, next-generation experiments should be able to detect the first such event. We then present the
distribution of expected time delays to aid in the identification of such events, in combination with
directional and energy information. In order to assist in the evaluation of HEN production mechanisms, we
illustrate how lensing affects the observed number counts for a variety of intrinsic luminosity functions of
the source population. Finally, we see that the lensing effects on the cosmic neutrino background flux

calculation would be negligible by taking kiloparsec-scale jets as an example.
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I. INTRODUCTION

The IceCube Neutrino Observatory [1] has been suc-
cessful in detecting extraterrestrial high-energy (E 2 TeV)
neutrinos (HENs) over the past decade [2]. In general, the
all-sky distribution of HENS is consistent with isotropy [3].
There have been efforts to pinpoint the sources of these
neutrinos; a potential population is blazars, which are
expected to create HEN during gamma-ray flares [4]. An
outstanding example of this is TXS 0506 + 056, a blazar
that was linked to the neutrino event IceCube-170922A
during its flaring period [5]. However, efforts to associate
the two individual events are still ongoing [6-8]. In
addition, there is some controversy as to whether the
neutrinos are correlated with potential sources in general
[9,10]. It is also possible that some of the neutrinos
observed by IceCube are produced by cosmic rays accel-
erated in jets and interacting with photon backgrounds
along the line of sight [11-14]. Thus, the origin of
extraterrestrial neutrinos remains unclear.

One reason for this uncertainty is the lack of multiplet
event detections. The angular resolution of state-of-the-art
neutrino telescopes is too large (~1 deg), which encumbers
the determination of the neutrino sources. Multiple detec-
tions from the same source will allow us to better constrain
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the source position. Unfortunately, with the sensitivity of
current or future neutrino telescopes, multiplets are not
expected to be frequently detected, especially for sources at
high redshifts (z > 2) [15].

Gravitational lensing occurs when spacetime becomes
warped around a massive object, and light traveling through
this spacetime follows suit. When the source and the
deflector are aligned well enough, the resulting images
are significantly distorted and multiple images may mani-
fest; this phenomenon is called strong gravitational lensing.
Neutrinos are capable of being lensed if the particle speed is
relativistic, which allows them to be regarded as photons.

Strong lensing of distant HENS is a possible explanation
for the issues discussed above. Assuming that HENs
originate from sources at cosmological distances, if the
lensed HEN population dominates over HENs from nearby
sources, this can solve both the isotropy enigma and the
noncorrelation with other object types, such as active
galactic nuclei, simultaneously. On subarcminute scales,
lensed neutrinos will increase the number of detections for
certain regions, degrading isotropy. However, the opposite
is true for larger scales: distant sources will more or less be
isotropic compared to nearby sources, so if the distant
neutrinos are boosted by strong lensing, the fraction of
neutrinos originating from sources of an isotropic distri-
bution will increase, which in turn enhances isotropy. In
addition, lensed HENs allows the detection of multiple
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neutrinos from the same source, which will assist in
constraining the source position and determine the source
population of HENs. Unfortunately this is unlikely to be the
sole explanation, due to the low strong lensing probability,
as we will show below.

There have been previous studies discussing strong
lensing of neutrinos. Escribano et al. [16] discuss the
possibility of observing lensed neutrinos that pass through
the deflector due to their lack of interactions with matter, but
since the central image is usually demagnified, the odds of
observing such a phenomenon are unrealistic. The prospect
of using interferometry for lensed neutrinos due to the
different paths is demonstrated in [17], but this is also strictly
theoretical at this time. Mena et al. [18] consider neutrinos
emitted by supernovae that are lensed by objects within the
Milky Way, but due to their low masses and consequently
small FEinstein radii, expectations are tenuous at best.
Luo [19] examines strong lensing of neutrinos in general,
while focusing on the deviation from geodesics due to the
nonzero neutrino mass. Adrian-Martinez et al. [20] examine
the effect of magnifications to better constrain the luminos-
ities of several lensed flat-spectrum radio quasars (FSRQs).

The aim of this paper is to investigate how strong lensing
by galaxy deflectors affects observed HENs, and discuss
the prospect of detecting lensed HENs. We describe the
methodology for calculating lensing effects in Sec. II, and
demonstrate the effects on the observed source luminosity
functions in Sec. III. We present our conclusions in Sec. I'V.
The standard A cold dark matter cosmological model with
Hy =70 kms~! Mpc~!, Qy = 0.3, and Q, = 0.7 is used
throughout this paper.

II. LENSED HIGH-ENERGY NEUTRINOS

For the lensing analyses in this paper, we can treat HENs
as photons. The upper limit for the neutrino mass is about
0.1 eV, so neutrinos with 1 GeV energy have velocities of

1 —y72>1-10"%°, and their deviation from paths
taken by photons is A@/0g;, = 1/2y*> < 1072° [21] (note
that A6 is defined differently from the reference), so the
angle difference is insignificant. The presumed energy of
1 GeV is much smaller than the energy regime that is
probed in this work, so the paths taken by HENs do not
deviate from geodesics to the order of less than 1072%, and
thus our approximation of HENs taking photonlike paths is
justified.

A. Deflector population

Galaxies are the predominant deflector population for
extragalactic sources. We adopt the formulation for the
redshift-dependent galaxy velocity dispersion function
(VDF) introduced by Mason et al. [22], which is summa-
rized here. The local galaxy VDF measured by observing
Sloan Digital Sky Survey (SDSS) galaxies [23] takes the
form of a modified Schechter function as follows:

a, B,
©6(67 = O) do = C[)j; <£*> exp |:_ (%) :|
o o

d
«_ Po do. ()
U(ag/b,) o
where o is the velocity dispersion, @} = 8.0 x

1073 h* Mpc™ with h = H,/(100 kms~! Mpc™') = 0.7,
o =161 kms™!, a, =232, f, =267, and T is the
gamma function. Previous studies [24] have used this
constant galaxy VDF with respect to redshift because it
does not appear to evolve up to z ~ 1, where a significant
portion of the deflector population lies. However, we intend
to investigate the lensing effects for sources potentially at
high redshift, so such an evolution is required for an
accurate analysis.

We start with the stellar mass function from [25], which
is a Schechter function in the following form:

@, (M)dM = @, (AA;) T e {— <£;>] dﬁM, (2)

where M is the stellar mass, @3, is the normalization, M* =
10'10677 is the characteristic stellar mass, and ay =
—0.54 is the low-mass-end slope. As is shown by Mason
et al. [22], the evolution of the three parameters can be
linearly parametrized with sufficient approximation.
Nonetheless, the evolution for M* is ignored since its
effect on the resulting luminosity function (LF) is negli-
gible, and likewise for a;; because the low-mass end is
mostly irrelevant to lensing arguments, so only a linear
evolution of ®%,(z) = 3.75 x 1073 x (1 + z)724® Mpc~? is
applied.

It is well known that M and o follow a linear correlation
in the form of log(c/kms™') = pllog(M/My) —11] + g
with p =0.24 and g =2.32 (e.g., [26]), so M «x o'/P.
However, at higher redshifts, massive galaxies have larger
velocity dispersions when compared to their local counter-
parts at fixed stellar mass, and we can model the evolution
as 6 = oo(1 + z)*, where o is the velocity dispersion
expected from the M — o correlation at z ~0, and k, =
0.20 is the strength of the evolution from [22]. Therefore
we can expect an evolution of the M — ¢ correlation as
M  [6/(1 + z)*]'/7, and the evolving VDF becomes

@l o=y o) (o Tc)
-\0,2)d0 = I\ V7
M\ op(1+2)

col ) 1

where oj, = 216 kms™! is the conversion from M* using
the local M — o correlation.

The evolving VDF is shown in Fig. 1, along with the
local VDE. The VDF continuously shifts toward larger
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FIG. 1. VDFs for various redshifts. Red, yellow, green, blue, and
violet solid lines correspond to the VDFs at z = 0, 1, 3, 6, and 10,
respectively, following the evolution discussed in Sec. II A. The
gray dashed line is for the local VDF from SDSS [23].

velocity dispersions following the evolution of the M — ¢
correlation, but simultaneously the normalization decreases
due to the evolution of @},. The local VDF lies somewhere
between the VDFs for z = 0 and 1, as expected.

B. Optical depth

The optical depth (z) can be roughly interpreted as the
probability of a source at redshift z, to be multiply imaged,
which is equivalent to the probability of a light ray passing
through the lensing cross section of any deflector. In
equation form, this is

T(Zs) = /Z‘ dzy
0

where z4 is the deflector redshift, V is the comoving
volume, N is the number of deflectors, and Q = 76, is
the solid angle corresponding to the cross section for strong
lensing by a singular isothermal spherical mass distribu-
tion, with fg;, being the Einstein radius. From [27], the
comoving volume is expressed as

dV dN

_4y ar 4
dQdzadv " )

¢ (1+2)%d}

dV(z) = Ho E(2)

dQdz. (5)

where d, is the angular diameter distance, and E(z) =
[Qu (1 + z)? + ©,]'/? is the dimensionless Hubble param-
eter. Rearranging for the deflector VDF ®, = dN/dVdo,
the optical depth becomes

7(zs) / dzd/dad) o, zd)HO( +(Z;j) od

x 70%, (6,24, 2), (6)
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FIG. 2. Redshift dependence of optical depths for various
scenarios. The green solid line denotes the optical depth for a
nonevolving VDEF, and the blue solid and orange dashed lines
correspond to the optical depths for the VDF evolution described
in Sec. Il A applied to the full redshift range and up to 7z =4,
respectively.

where @ (o, z4) is the galaxy VDF at zq, dq is the angular
diameter distance from the observer to the deflector, and
Okin(0, 24, 2,) is the Einstein radius for a deflector with
velocity dispersion ¢ at zg and source at z,.

Figure 2 shows the redshift dependence of the optical
depth for several evolution scenarios. The first scenario
assumes no evolution of the local VDF from [23]. The
second one employs the VDF evolution shown in Sec. I A,
and the final model follows the evolution only up to z = 4,
which is the redshift range probed by [25]. We can see that
the optical depths are similar for all three scenarios.
Delving into details, compared to the no-evolution sce-
nario, the evolution models have larger 7 at lower redshifts
and smaller z at higher redshifts, with the transition
occurring around z ~ 5. Also, the latter two scenarios yield
almost identical results beyond z = 4; this is because the
number density of galaxies at z 24 is insignificant to
strong lensing compared to those at lower redshifts, and
thus verifies that galaxies at lower redshifts are the
dominant deflector population for even the most distant
sources. We use the second scenario (full evolution) for
future discussions.

C. Time delay distributions

Time delays between multiple lensed images are crucial
information for determining whether a source is strong
lensed. The time delay of a system depends on the source
redshift as At « d,,/dy,, where d,, and d, are the angular
diameter distances from the observer/deflector to the
source, respectively [28]. As long as the source is not
too close to the deflector, this ratio does not vary signifi-
cantly. Therefore, we assume that time delays of lensed
neutrinos are comparable to those of other sources with the
same deflector population, and resort to exploiting time
delay distributions from simulations and observations of
galaxy-scale lenses in the literature.
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The time delays shown in Fig. 8 of [29] are for simulated
lensed quasars and supernovae. They use the SDSS VDF
from [23], so the deflector population is very similar to the
one used in this work. For two-image systems, time delays
range from day-to-year scales; for quads, the delay between
the first and last images are of the same scale, although
shorter timescales are expected for the images in between.
About 70% of the systems display time delays between
10 and 120 days [30]. Another mock catalog of lensed
quasars [31] also presents a similar distribution.

Schmidt et al. [32] have predicted time delays for 30
observed quad quasars using lens modeling. Their Table 8
shows that 19/30 = 63.3% of the systems are expected to
have time delays between 10 and 120 days, and this fraction
becomes 11/16 = 68.8% if we only consider systems with
confirmed deflector redshifts. Based on this agreement
between the time delay distributions of simulations and
observations, we conclude that lensed neutrinos will exhibit
time delays on day-to-year scales, with most of them lying
between 10 and 120 days.

D. Future detection of lensed neutrinos

As is seen from Fig. 2, the optical depth of galaxies for
sources at z ~ 1-3 is 7(z = 2) ~ 1073, and that for more
distant sources increases to the order of 3 x 1073, indi-
cating that roughly 1 in 300-1000 HENs should be
lensed. Considering that the number of currently detected
HENSs is ~100 [33], it is unlikely that lensed neutrinos
with these energies would have been detected with
current instrumentation.

The next-generation detectors, IceCube-Gen2 [34] and
KM3NeT [35], are expected to increase the number of
neutrinos by an order of magnitude. Thus, it is natural to
postulate the detection of at least one lensed neutrino in the
near future, and contemplate what such a detection may
look like. Since lensing does not alter the neutrino energy
and only bends the particle path slightly, two or more
detections at the same neutrino energy and almost identical
direction in the sky with time delays of days to years will be
a strong candidate for a lensed neutrino. However, the
expected angular resolution is still at the (sub)degree
level [3], which is much larger than arcsecond-scale
Einstein radii, so it will be impossible to resolve the
multiple images. Therefore, confirmation of its lensed
nature will have to rely on spatial and energy coincidence
and a small delay in arrival time.

We note that multiplet events originating from a single
source may act as contaminants. Sources such as core-
collapse supernovae and tidal disruption events may emit
several neutrinos within timescales comparable to the
day-to-year time delays discussed above [15]. Thus, the
rejection of these contaminants will depend on the energy
resolution of the experiments; if the difference in energies
of multiple neutrinos is larger than the instrumental
resolution, then lensing can be excluded.

When predicting the number of observed neutrinos, it is
important to consider the detection efficiency of neutrino
detectors, i.e., the fraction of neutrinos entering the detector
that are perceived by it. We can estimate this by comparing
the number of HENs emitted by sources to those detected
by IceCube, using simple order-of-magnitude calculations.
The number of HEN emitted by a blazar flare can be
approximated by f, x A x At, where f, is the neutrino
number flux, A is the effective area of the detector, and Az is
the duration of the blazar flare. According to [36], based on
a sample of bright blazars, the typical blazar flare is
observed with IceCube with an effective area of 10° cm?
and has a duration of 10° s. So for the blazar flare to emit at
least one neutrino, the threshold neutrino number flux is
10~'2 neutrinos cm~2 s~!, which corresponds to a neutrino
flux of 2 x 10~ erg cm™2 s~! for PeV-scale neutrinos. With
an optimistic assumption that the PeV neutrino flux is
similar to the GeV gamma-ray flux, the threshold event rate
is 1077 eventscm™2s~! at 10 GeV. The number of flares
satisfying this criterion is of the order of 100 [37], which is
equivalent to the number of neutrinos detected by IceCube;
this implies that the detection efficiency is approximately 1.

It is possible to expand this argument to IceCube-Gen2,
which is expected to have an increase of the effective area
by a factor of 10 [38], so the threshold event rate for
10 GeV should be lowered by the same factor to
1078 eventscm™?s~!. Nearly all of the 1994 flares in [37]
are above this flux, so our previous assumption of the
number of neutrinos to be increased by a factor of 10 is
valid, and we expect several lensed neutrinos to be found
with detectors in the next generation.

A potential candidate of lensed neutrinos worthy of
note is PKS 1830-211, which is a lensed FSRQ [39-41]
with one of the highest neutrino fluxes across the sky [4].
HENS from this source will be detectable with KM3Net or
IceCube and its upgrade.

III. OBSERVED SOURCE
LUMINOSITY FUNCTIONS

In this section, we discuss the effects of strong lensing on
the observed source luminosity functions.

A. Magnification bias and its effects on the observed LF

As discussed in Sec. II B, the optical depth is equivalent
to the probability of a source to be strongly lensed.
However, lensing affects number counts (e.g., LFs) in a
more complicated mechanism; the luminosity and solid
angle of the source are both boosted also. These two effects
indicate that for a single value of the magnification y, the
purely lensed portion of a source LF can be expressed as

N(L) _tNo(L/p) 74 (L
Q ﬂq)o(ﬂ)’ )

(Dlensed &
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where L is the source luminosity and @ is the intrinsic
source LF. Thus, the observed total LF is the sum of the
unlensed and purely lensed portions of the source LF, or

By, = (1= )Dy(L) + /;@0 (%) (8)

In reality, u depends on the angular position of the source
from the deflector, so the latter term is modified to take the
probability distribution of y, or p(u), into account. Finally,
a demagnification pgemqe = (1 — fi7) /(1 — 7) is introduced,
with 72 being the mean magnification for the multiply
imaged region, so that the mean magnification of the full
sky is unity, and the observed LF becomes

1 L d L
q>0< )+r/—p®0<—>. 9)
Hdemag Hdemag H H

For singular isothermal spherical deflectors, when consid-
ering only the brighter image, dp(u)/du=2/(u—1)>,
SO ji = fzooﬂdp =3 and Hdemag — (1 - 37)/(] _T)'

q)obs:(] _T)

B. Observed LFs for several models

In Fig. 3, we plot the observed LFs for z; = 20 while
varying two parameters: the optical depth and the bright-
end slope of the LF. First, we can see that increasing
the optical depth generates a larger boost to the bright end
of the LF. This is as expected, since more deflectors
will enhance the lensing probability, and thus create a
more significant effect. Unfortunately, the optical depth at

1074
— |Intrinsic —— Slope=-1.5
— T=Torg Slope=-2.0
10> —— T=3Torg —— Slope=-2.5
10Teig —— Slope=-3.6
I —— Slope=-5.0
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FIG. 3. Observed LFs at z; = 20 for various optical depths and
S

bright-end slopes. LFs with bright-end slopes of a = —1.5, =2,
—2.5,-3.6,-5.0, and a Schechter function are shown in red,
yellow, green, blue, indigo, and violet, respectively. The curves
are shifted in the x direction for each of the slopes for clarity, and
the choice of ®*, L*, and f are arbitrary. The intrinsic LFs are
shown with thick lines, and the three observed LFs with different
optical depths (with 7,4, indicating the optical depth at z; = 20
from Sec. II B) are shown with three corresponding lines for each
intrinsic LF with increasing transparency.

z, = 20 for the galaxy deflector population from Sec. II A
(Torig) does not augment the LF substantially, and as was
seen in Fig. 2, the optical depth continuously increases with
redshift, indicating that for nearer, more realistic sources,
the effect is even smaller. In addition, different evolution
scenarios do not increase the optical depth by more than a
factor of several.

Second, steeper LFs are more susceptible to lensing, and
a Schechter function is affected the most. The bright-end
slope of the LF is critical in determining whether strong
lensing boosts the LF, in that it needs to be steeper than —2
for the boost to occur [42]. This is demonstrated in Fig. 3;
the LFs with bright-end slopes of —1.5 and —2 exhibit no
visible change due to lensing, while for steeper slopes the
effects of lensing begin to take place. We emphasize that
the results shown in this section are applicable not just to
neutrinos, but to all types of sources of relativistic particles
or photons.

C. Kiloparsec-scale jets as neutrino sources

In this section, we focus on a specific population for
neutrino generation, namely kiloparsec-scale jets, and
discuss the possibility of these being neutrino sources.

As discussed in Sec. I, the identity of HEN sources is
ambiguous. They are likely to be located at large distances
to explain the isotropic distribution, so potential popula-
tions of HEN sources include quasars and gamma-ray
bursts (see [43,44] for reviews).

Recent observations suggest that high-energy (i.e., TeV)
y-rays are emitted from the kiloparsec-scale jets of blazars
[45]. This discovery indicates the existence of high-energy
cosmic rays in the kiloparsec-scale jets. The interaction of
particles from relativistic jets and the interstellar medium is
a conceivable mechanism of neutrino generation. Thus, we
can postulate that p p interactions caused by the collision of
jet protons with interstellar gas particles generate neutrinos,
and this is a potential source population of distant HENs.

1. Source population

The sources of interest are neutrinos, so we need the
intrinsic (i.e., unlensed) neutrino LF (vLF) as a function
of redshift. Unfortunately the number density of neutrino
sources is not well understood. Therefore we illustrate our
lensing formalism by making a series of assumptions to
estimate the vLLF. We stress that our purpose is to elucidate
the formalism, not identify the source of HENS.

As an example, we consider protons from active galactic
nuclei (AGN) jets colliding with ambient gas particles as
the major source of neutrinos. So the neutrino luminosity
can be obtained from the jet power, which in turn can be
deduced from the radio luminosity.

Thus, we begin with the AGN radio LF at 325 MHz,
which is provided by the Galaxy And Mass Assembly
survey [46] as a double power-law function in the form of
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o7 d
(Lf, /Ly, )™ + (L, /Ly, )P

q)rl (Lr] L= O)dLrl = Lrl ) (10)

where L, is the 325 MHz luminosity, Ly, is the break
luminosity, @y, is the normalization at the break, and a,
and f, are the bright-end and faint-end slopes, respectively.
Two evolutionary scenarios, the pure luminosity and pure
density evolutions, were considered; the former postulates
that galaxies have undergone a constant decrease in their
luminosities without changing their number densities
(e.g., mergers), whereas the latter presumes a continuous
decrease in their number densities with no change in the
break luminosity. For the pure luminosity evolution (PLE)
scenario, the LF evolution is parametrized as

®, (L, .z2) =D, (L, /(1 +2)5.2=0),  (11)

whereas the parametrization for the pure density evolution
(PDE) case is

&, (L, 2) = D, (L, 2 =0)(1 + 2)k, (12)

with k, representing the evolution strength. The redshift-
dependent functional forms for both scenarios are shown in
Table I. Although this LF evolution is derived only for radio
AGNSs at z < 0.5, we extrapolate this to higher redshifts for
lack of better data.

Next we translate the 325 MHz luminosity to the neutrino
luminosity (L,) using several relations. First, assuming a
radio spectralindex ofay = 0.8, Ly o f~%,s0L,, = 1.7L,,
where L., is the radio luminosity at 151 MHz.

The second relation is an empirical one between the
151 MHz luminosity and the time-averaged jet power
[47,48] expressed as

£\3/2 L, 6/7 B

P =9.5x10% (L 2 '
et = 70 <10 drx 108 WHz ') 8

(13)

where f is a factor accounting for various errors in the
modeling procedure, and assumed to be 10 in this work.

The final equation is the combined result of several
assumptions. We assume that roughly 10% of the jet power
consists of protons, and the neutrino efficiency, f),, is
calculated as

TABLE 1. Parameters of AGN LF at 325 MHz.

Parameter PDE PLE
log,o(L:/WHz™") 26.26 25.96
log;o (®;/Mpc™3) —-6.40 —6.27
a, -3.08 -3.02
B -0.44 -0.44
k, 0.92 2.13

tdyn ljet/c

tyy  1/(NgasOppke)

= Ko li,  (14)

ppTigas

where « is the inelasticity, which is the efficiency of pion
production for pp interactions (i.e., the fraction of kinetic
energy transferred to the pion), 6, is the cross section for
pp interactions, n,, is the gas density of the interstellar
medium, and / is the distance from the AGN to the end of
the jet, which is the distance traveled by the protons [49].
Assuming typical values of k = 0.17 (for a single neutrino
flavor), ¢,,~30 mb, ng,~1cm™, and [ ~1 kpc,
fopR5X% 1073, so the luminosity for all three flavors is

er 6/7 |
4z x 1078 WHz—1> cres
(15)

The conclusive translation between L, and L, becomes

L,=0.1f,,Pie~5x 1041<

0.13L,,

Ly=5x 104 (2
v (1028 WHz!

6/
) ergs™!,  (16)

so using this relation, we can convert the 325 MHz LF to
the vLF. Note that due to the power dependence, the slopes
of the vLF should be 7/6 of the radio LF slopes, so the
bright-end slope of the vLF is about —3.6 in this case.

2. Observed vLLF

Figure 4 shows the observed vLF for the PDE scenario of
the radio LF described in Sec. III C 1. We can see that the
effects of strong lensing on the vLF exists, because the
bright-end slope is steeper than —2, but the differences
between the intrinsic and observed vLFs are virtually
indistinguishable. This result is compatible with what is
expected from Sec. III; the slope corresponds to the blue
lines in Fig. 3, but the sources are located at redshifts much
less than zy = 20, so their optical depths are smaller than
Torig»> and effects on the LF are minimal. A steeper slope of
the bright end of the intrinsic LF and/or a more distant
source population is required for a prominent boost to the
observed LF. The PLE model is expected to show near-
identical results, since the bright-end slopes are similar.

An issue for consideration is that the bright-end slope of
the radio LF is quite uncertain; many radio LFs in the
literature usually have bright-end slopes between —1 and
—2, which translates to bright-end slopes for the intrinsic
VULF between —1.17 and —2.33. This is shallower than the
bright-end slope used here, so even when using these
alternative radio LFs, the results will be minimally affected
by strong lensing, not only since the slopes are shallower
than what is used in the previous section, but also because
they are shallower than or marginally steeper than the
threshold of —2.
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magnified version.

Thus, we conclude that lensing effects on the observed
LF are negligible for the model taken as an example.

IV. CONCLUSION

In this paper, we discuss how the detection of extra-
galactic high-energy neutrinos are affected by strong
lensing. First, we show that the optical depth of galaxies
as a function of redshift is roughly consistent over
several evolution scenarios, and that 7(z,~2)~ 1073
and 7(z, 2 10) ~3 x 1073, Based on these calculations,
we predict that at least one lensed neutrino will be
discovered in the near future, and suggest several means
of identifying them, such as their expected time delays,
along with coincidence in energy and position in the sky.

In addition, we examine how source LFs are altered due
to strong lensing effects, and illustrate visually that bright-
end slopes steeper than —2 are required for the LFs to be
boosted by lensing, and that LFs with steeper slopes are
augmented more. Finally, kiloparsec-scale jets are inves-
tigated in detail as an example of potential neutrino sources,
and we demonstrate that changes to the observed vLFs are
insignificant.

To conclude, the detection of lensed neutrinos is at hand,
and this paper provides some tools and guidance on how to
identify and confirm them.
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