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Dilatons [¢(x)] are a class of bosonic scalar particles associated with scaling symmetry and its
compensation (under the violations of the same). They are capable of interacting gravitationally with other
massive bodies. As they have coupling to two photons (), they are (also) capable of decaying to the two
photons. However, the decay time is long and that makes them a good candidate for dark matter. Furthermore
due to two photon coupling, they can produce optical signatures in a magnetic field. In a vacuum or plain
matter they couple to one of the transversely polarized states of the photon. But in magnetized matter, they
couple to both the transversely polarized state of photons (due to the emergence of a parity violating part of
the photon self-energy contribution from magnetized matter). Being spin zero scalar, they could mix with
spin zero longitudinal part of photons but they do not. A part of this work is directed towards understanding
this issue of mixing the scalar with various polarization states of photons in a medium (magnetized or
unmagnetized) due to the constraints from different discrete symmetries, e.g., charge conjugation (C),
parity (P) and time reversal (T) associated with the interaction. Based on these symmetry aided arguments,
the structure of the mixing matrix is found to be 3 x 3, as in the case of neutrino flavor mixing matrix. Thus
there exists nonzero finite probabilities of oscillation between different polarization states of photon to
dilaton. Our analytical and numerical analysis show no existence of periodic oscillation length either in
temporal or spatial direction for the most general values of the parameters in the theory. Possible

astrophysical consequences of these results can be detected through the discussed observations.
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I. INTRODUCTION

The issue of unification of four fundamental forces of
nature by the introduction of an additional scalar (field)
(¢(x)) is probably one issue that may hold a key to the
solution of the dark energy/matter puzzle. These postulated
fields are found to make their appearance in two kinds of
theories, one is in quantum theories of unification and other
is in higher dimensional theories of cosmology/gravity. In
theories beyond the standard model (of particle physics),
these additional scalar fields often appear in theories of
unification [1-15], like in five-dimensional Kaluza-Klien
theory, in super-string theory, and also in theories of
extended super gravity [1] etc. In higher dimensional
theories, like the string theory, the scalar fields—termed
moduli (fields) [2—12]—are necessary to produce a four-
dimensional effective theory from the original higher
dimensional theory by compactifing the extra dimensions.
On the other hand, scalar fields (both interacting and
massive) had also been postulated independently in
models of cosmology to shed light on the aspects of
dark matter. Those whose presence remains imprinted
in the cosmological observations of cosmic microwave
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background radiations are called “chameleon” [16-28].
Also, the compelling observational aspects of dark matter
physics has motivated the particle-astrophysics community
to construct a particle physics models with similar fields
[29-34] and verify their suitability in explaining the
experimental data. A detailed description of the possible
candidates of dark matter can be found in [34]. Other
possible applications can be found in [7-35]. It is not so
often that the solution of an unresolved issue in one area of
physics holds the key to another unresolved issue in other
area of the same. The issues of unification of four forces of
nature and the missing mass and energy (dark matter and
dark energy) problem of cosmology might turn out to
represent such an event of rarity. The notable feature that
this field ¢(x) exhibits in these theories lie in the structure
of their interaction with photons. This is given by an
interaction Lagrangian of the form ﬁ GF*F,,, where M is
the energy scale of the physics. In this place we may write
Iy = ﬁ, where g,,, is the dimension full coupling
constant. This interaction term has most of the desirable
properties of an ideal Lagrangian except one. Although it is
local, it remains invariant under Lorentz, gauge, and CPT
symmetry transformations; however, it is nonrenormaliz-
able and compromised for having an interaction term of
mass dimension five. Incidentally, similar interaction
terms are also possible for a loop induced Higgs photon

© 2023 American Physical Society


https://orcid.org/0000-0002-1813-9559
https://orcid.org/0000-0002-9834-3145
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.107.023008&domain=pdf&date_stamp=2023-01-13
https://doi.org/10.1103/PhysRevD.107.023008
https://doi.org/10.1103/PhysRevD.107.023008
https://doi.org/10.1103/PhysRevD.107.023008
https://doi.org/10.1103/PhysRevD.107.023008

CHAUBEY, JAISWAL, and GANGULY

PHYS. REV. D 107, 023008 (2023)

interaction, given by ¢ HF*F,,, where ¢ is the effective
coupling constant, obtained after integrating out the heavy
degrees of freedom (d.o.f.), H is the Higgs field, and the
rest of the pieces have their usual meaning. Many of these
fields can have a coupling (very weak though, since j; < 1)
to standard model particles, thereby, they may be detected
indirectly through collider or astrophysical observations.
Some of their possible signatures are (i) the existence of a
fifth force distinguishable from gravity, (ii) the violation of
a Lorentz invariance [36], and (iii) the spectropolarimetric
signals discussed in the phenomenal papers like [37—40]
among many others of similar quality. A comprehensive list
of other possible signatures can be found in [41-49]. A
notable and important issue related to this kind of inter-
action that is capable of distinguishing similar looking
scalar fields from each other (owing their origin to various
symmetries) is related to the magnitude of their mass (m).
The same is not fixed by any symmetry argument. However
the lower limit to the same (m) is fixed by the torsion-
balance fifth force experiment, which is estimated to be
greater than 1072 eV [50-54]. And the upper limit on the
same (i.e., m) can go up to a few TeV [55] depending on the
type of model (moduli) one is interested in. In cosmology
for example, a limit to the mass m and energy scale M is set
from the estimate of their lifetime to two photon decay,
given by 7 = 16::’—13”2 [56-59], so that the produced photons
do not interfere with the big bang nucleosynthesis con-
straints [60]. Although lately there are proposals of a new
kind of dark matter termed as “fuzzy” dark matter [61]
available in the literature, for which torsion balance bounds
are not applicable. The bounds on their masses are obtained
from the Sachs-Wolfe effect [62,63]. The laboratory based
experimental search for these particles were initially
suggested in [39,40] and some of the variants of the same
were in [64—68]. Many of these lab based experiments have
provided some bounds on the axion coupling constant with
other fundamental particles like electron, photon, etc.
These two experiments [67,68] happen to be one of those.
However the launch of the satellite missions—EUVE [69],
ROSAT [70], BeppoSAX [71], XMM-Newton [72],
Chandra [71,73,74], and Suzaku [75]—sensitive to soft
x-ray emissions around 5-10 KeV from the galaxy clusters
have opened up another possibility of their astrophysical
confirmation. Interestingly enough, ever since their launch,
evidence of 0.5-1.0 MeV lines [76], 3.5 KeV lines [77],
and 511 keV lines [78-80]) have been reported in the
literature. Some of these signals are believed to be due to
dark matter. Though many of the laboratory and astro-
physical electromagnetic (EM) signals are complementary
to each other however, for few of the astrophysical ones are
better than the laboratory ones. The presence of strong
coherent magnetic field over a large length scale, an
ambient plasma and abundance of highly energetic photons
make it convenient to look for EM signals from astro-
physical sources to test many types of interactions. For the

same reason, the EM signatures from astrophysical sources
for the %qﬁF #F,, interaction are arguably better than the
ones from the laboratory. Although a large volume of
literature [10,37,38,81-83] is already available on many
aspects of the relevant issues.

One of the notable aspects of these studies had been the
incorporation of magnetized vacuum effects by considering
the Euler-Heisenberg Lagrangian. This incorporation lifts
the degeneracy between the two transversely polarized
photons and makes only one of the polarized states of
photon mix with Axion like particles (ALP)-like particles
leaving the other one free. This turns the vacuum dichroic
and birefringent that in principle can be detected if ALPs
exist in nature.

However, in this work we would like to point out another
aspect that has rarely been considered important in such
investigations: that is, the background dependence of the
dynamics of scalar or pseudoscalar photon interaction.

Photons propagating in a magnetized vacuum with a
¢F"F,, interaction have two transverse polarization states.
One of them (|y ; }) is orthogonal to B and the other one
(|7y)) lies on the k — B plane. Following the reasoning of
[38] (performed originally for axion photon system), the
two polarization states of the photon, for this case too,
would transform differently under parity P and charge
conjugation C symmetry transformations. Since, under CP
transformation, the scalar and the CP even polarization
state of photon would remain even, only these two would
couple during propagation; the CP odd polarized state of
the photon would propagate freely.

When medium induced corrections are considered, the
contribution from the in-medium polarization tensor IT,,, (k)
need to be taken into account. The same, in absence of any
parity violating interaction or ambient external magnetic
field B, would be CP symmetric. Hence even in an
unmagnetized medium, the propagating modes of the scalar
(¢p) photon (y), system with five-dimensional scalar photon
interaction, would remain same as in magnetized vacuum.'

This picture, however, changes with the introduction of a
new parity violating interaction term to the effective
Lagrangian (L.y) that originates from the magnetized
medium induced corrections to the photon self energy
tensor (PSET), II,,(k,T.u,eB) (sometimes called the
Faraday term) in the system. This tensor (PSET) in a
magnetized medium has a part that is even in ¢B and a part
that is odd in the same. It is the part that is odd in ¢B that is
also odd in u (chemical potential) and is parity violating.
This part was originally evaluated in [84].

An effective Lagrangian of the form A#(—k) x
[0, (k,T,u,eB)A”(k) constructed with the same would
change the mixing dynamics. The leading order magnetic

lHowever, that consideration of the ambient plasma effects
brings changes in the size of the contribution to the oscillation
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field effects in a magnetized plasma for m> > eB can be
obtained by retaining the O(eB) piece from A#(—k) x
I, (k. T, u,eB)A”(k), in the interaction Lagrangian (L. ).
We perform the same in this study. This formalism was
developed earlier in [38,81,85] to study the axion-photon
interaction dynamics. We have extended this formalism to
the case of scalar photon interaction dynamics by incor-
porating the correction mentioned above. This causes
further mixing between the two transverse polarization
states of the photon; therefore, the scalar and the two
transversely polarized states of the photon mix with each
other. As a result, the |y | ) part of a photon beam, unlike a
vacuum, would evolve with propagation due to the pres-
ence of PSET, and longitudinal d.o.f. would propagate
freely. The effect of the same on polarimetric signatures of
scalar photon mixing case has been discussed in [86].
Though a similar approach for polarimetric studies had
been considered in [85] for an axion photon system also,
but the conversion probabilities of parallel or perpen-
dicular polarized photons to pseudoscalar axions remained
unexplored.

We complement the same in this work by calculating
these conversion probabilities for dilaton-photon system.
With the introduction of PSET, the probability of con-
version of perpendicularly polarized photon to dilaton and
vice versa turns out to be finite. Till so far this aspect
remained unreported in the literature. We explore the same
here and its consequences.

We demonstrate here in this note that the inclusion of
PSET causes the y — ¢» mixing matrix to be 3 x 3 instead of
2 x 2, usually encountered for a similar process taking
place in magnetized vacuum, or unmagnetized plasma.2
Now, as a result of scalar photon mixing, the two transverse
degrees of freedom of photon, the || and the L can now
oscillate into and out of scalar (dilaton) mode in addition to
the oscillations among themselves, i.e., || < L. Under
favorable circumstances signals of the same may be within
the future detector sensitivity.

The organization of the document is as follows: in the
next section, we have elaborated on the form of the action
and propagators in flat and curved space-time. We have
provided the logic behind sticking to the description in flat
space-time because of pathological problems encountered
in curved space-time results. Followed by that the tensorial
structure of the polarization tensor for photons in an
unmagnetized medium is discussed. This is followed by
the description of the fermion propagator in coordinate
space. The parity violating part of the photon polarization

*The situation is also different from axion photon system when
PSET is considered, where there is mixing between all four
degrees of freedom (three degrees of freedom of a photon in
medium and a single degree of freedom of axion). Thus one has to
deal with a 4 x 4 mixing matrix to study the evolution of the
axion-photon system.

tensor is discussed and its tensorial structure is dis-
cussed next.

Section III contains a discussion of the effective
Lagrangian. This is followed by a brief discussion on
the discrete symmetry transformation properties of the
gauge potentials and the terms of the equations of motion
of the y¢ system obtained from the effective Lagrangian
under consideration. In Sec. IV, we establish the unitary
transformation matrix that diagonalizes the mixing matrix.
In Sec. V, using the same unitary matrix obtained in Sec. IV,
we diagonalize the equations of motion and identify its
similarity with the Klein-Gordon equation in the diagonal
form. We take this equation and, following the procedure of
[38], we estimates the conversion probabilities of various
modes into each other. In Sec. VI we discuss the physics of
appropriate astrophysical environments where the mixing
of the photons with the scalar can take place. We identify
some possible signatures of this mixing from the EM
signals coming out of these astrophysical environments.
The implications of this modified system is discussed in
Sec. VIL In Sec. VIII we provide possible implications of
our work for some of the DM signatures existing in the
literatures followed by Appendices where some technical
details are elaborated.

II. THE POLARIZATOIN TENSOR

Considering the form of coordinate space dilaton-
photon interaction term presented in [56] the effective
action for scalar photon interaction including medium
corrections [84-99] in configuration space can be
expressed as

5= [ axyma(~ g Fulor

_ % G(x)F,, (x)F* (x)
1 4 v / /
_2/d XA, ()T (x, x")A, (x)

+%0,,¢(x)6”¢(x) —%miqﬁz(x)). (2.1)

In Eq. (2.1) g is the determinant of the space-time metric
that assumes the value —1 in Minkowski space. The same
(factor \/=g) is multiplied by d*x to maintain a Lorentz
invariance of the measure. In the same [i.e., Eq. (2.1)]
IT*(x, x') stands for the in-medium polarization tensor in
configuration space. The polarization tensor can be
expressed, following [90], as

W (x, ) = etr / FY (S (e, ) Se ()

x §*(x' =), (2.2)
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where the trace is defined over Dirac matrices. The in-

medium propagator in coordinate space is defined, in terms

of a vacuum propagator Sy (x', x") = (x| ﬁ |x"), as
—m-l€e

Sp(¥ ) = Sp( ") = F(pon) [Sp(¥ ") = S (')
(2.3)

where f(p.u) happens to be the Fermi-distribution func-
tion in a frame moving with four velocity u*. The curved
space-time Fermion propagator S, can also be represented
as [100]

(i = m)Spe(x,x') = \/%5()@ X). (24)
The reason behind using this alternative representation is
the inability of expressing the asymptotic vacuum states
uniquely curved space-time. Here D stands for the covar-
iant derivative in curved space-time. It can further be
written in terms of the scalar green function

R
<02 +io"F,, —4+m2> Glx.x) =—6(x.x). (2.5)

Finally, the Fermion propagator in curved space-time in a
magnetic field is as follows from Eq. (2.5):

Spe(x,x') = (iD 4+ m)G(x,x), (2.6)
where R happens to be the Ricci scalar. One can express the

above expressions in momentum space by taking the
Fourier transform using two point transforms [101,102]:

flx) = /%g(‘lm(x’) exp(—iky o (x,.x)) f (k;x').

(2.7)

A strong gravitational background is known to introduce
some pathological problem in the external electromagnetic
field. For example the photon velocity estimated for the
Euler-Heisenberg Lagrangian system predicts a superlumi-
nal velocity of photon [103]. Therefore the search for
particles like dilatonlike particles should be restricted to
space where space-time curvature is negligible or flat.
Usually the space-time curvature at a distance r from a
body of mass M is given by the Kretschmann scalar [104],

 48M?

R 6

(2.8)

7

For a body with mass close to solar mass or less, the
curvature is negligible for most of the regions close to its
surface. Moreover our region of interest happens to be
close to the light cylinder of the star, hence we have not

considered the curvature of the space-time for our
estimates.

Coming back to flat space-time picture, I1,, (k, u, T, eB)
has a contribution coming from (a) a magnetized vacuum,
(b) an unmagnetized medium, and (c) a magnetized
medium. The contribution from (c) can further be divided
in two pieces: those having an algebraic structure that can
be written as a polynomial, the first (c;) that is even eB
even u and the second (c,) that is a polynomial odd in eB
and odd in p. The even ¢B odd y and odd ¢B even u parts
make vanishing contribution to IL,,. In a parameter region
where eB <« m? and momentum k < m contributions from
(a) and (c;) are suppressed compared to (c,) [105,106].

Though the contribution from (a) and (c;) have their
special significance in the mixing dynamics for charge
symmetric medium (u = 0), the inclusion of (c,) makes a
paradigm shift in structure of mixing. So to initiate a
discussion on effective Lagrangian we start with a dis-
cussion on the structure of polarization tensor in an
unmagnetized media in momentum space in the following
subsection.

A. Polarization tensor: Structure

The linear response to EM excitations of a medium at
finite density, temperature, and an external field can studied
by evaluating the in-medium photon polarization tensor
I1,, (k) by the techniques of quantum statistical field theory
[87-90]. This tensor is supposed to have few essential
properties [87], e.g., it possesses a symmetry, i.e.,

Hﬂu(k)

= Hvﬂ<_k)’ (29)

called Bose symmetry. It should obey the Ward identity,

k1, (k) = 0, (2.10)
ensuring gauge invariance (also called charge conservation
law). The requirement of unitarity demands that the polari-
zation tensor should have the property I, (k) = IT;, (k).
This, when combined with Bose symmetry [Eq. (2.9)],
yields

I, (k) = I, (k). (2.11)
Therefore, in four dimensions, the tensor IT,, (k) now needs
to be constructed from the available four-vectors and

tensors with the system; namely the medium center-of-
mass velocity four-vector u#, the photon four-momentum
vector k* = (w, /2), the metric tensor ¢**, Levi-Civita tensor
€upi» and the Lorentz scalar form factors such that
Egs. (2.9)—(2.10) are satisfied.

The tensorial structure of the in-medium photon self
energy tensor in absence of any external field is given by
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H/w(k) = HTR;w + HLQMD

Rﬂl/ = gm/ - Q/w
k,k,

where gﬂl/ = (g;w TR ) (212)
Q,, ="
i, = g,wu”

The dispersive part of I1,, (k) satisfies (2.11) in a charge
(C) symmetric (u7 = puy) or asymmetric (u7 # p7) medium
automatically. This in turn dictates the functional form of
the form factors I1; and I1; on the scalars made out of k>
(k.u.) etc. The scalar form factor I1; (k), corresponding to
the longitudinal degree of freedom, is given by [91]

kZ
HL(k) = I1

~ e

KPR T

where wu'Il,, (k) = |— 3—— . 2.13

uu’Il,, (k) wl’<w2+ ot m ( )
Similarly the transverse form factor I1; is given by the

expressions

p 2

k2T
I (k) = R*T1,, (k) and RAIL,, (k) = w3 (1 +||>
w

(2.14)

In the expressions above w,, denotes the plasma frequency.
In the classical limit, to leading order in %, it is given by

4rzan, 1 5T
Pr = m ( 2m>’
where n, is the number density of electrons. A detailed
structure of photon polarization tensor IT,, (k) in vacuum,
in medium, and in magnetized medium has been discussed
in [92]. For more insight into it, one can consult to this
reference.

Recalling the transformation properties of the background
EM field F*¥, and the four-vectors u* and k* under C
conjugation and P reversal operations [84], it is easy to figure
out that under parity transformation the two orthogonal
polarization eigenstates of a photon, described in the notation
of [931by [(F, f* (k))&| L )land [(F . f* (k)= |[)], are at
odds with each other.

Now in the light of Eq. (2.13) I, (k) is C and P even,
when the respective transformations are considered indi-
vidually or together, i.e.,

(2.15)

P~'T1, (k)P =TI, (k), (2.16)

C ', (k)C =11, (k). (2.17)

(CP)~'10,, (k)(CP) =11, (k). (2.18)
Hence, recalling the issue of coupling of degrees of
freedom in a unmagnetized material medium that was
initiated in the introduction, it is easy to realize that in an
unmagnetized medium the parity violating state (i.e., | L))
would propagate freely but not the parity preserving
state (|||)). This one would couple to ¢(k) because of
Eq. (2.16). Thereby, in a material medium, the dynamics
of the system remains as the same as it was in a magnetized
vacuum. The kinematics, however, changes. In a plain
material medium, the magnitude of the oscillation proba-
bility undergoes modification vis-d-vis the same in a
magnetized vacuum.

In the presence of an external EM field, the photon
polarization tensor in a magnetized media can be expressed
in terms of the rank two basis tensors constructed out of the
field strength tensor F**, the Levi-Civita tensor €040 along
with the other four-vectors and tensors mentioned before
and the form factors those are Lorentz scalars constructed
using these four-vectors and tensors. We deliberate on this
in the next subsection.

B. Photon polarization tensor in a magnetized
medium: All orders in (eB)

Photon polarization tensor in a magnetized media in
configuration space would follow from Eq. (2.2), where
one needs to use the corresponding expressions for in-
medium Fermion propagators in an external magnetic field
(2.3). The expression for the same is provided below. The
Fermionic propagator in magnetized vacuum is [95]

iSh(x',x")
(I) /’ 1 ) B
_! (X);)/ ds_e
(4r)*  Jo sin(eBs)
P
X exp {—is (— ea”; +m2—ie>]

X exp {—2((% —x")*(eF coth(eFs)) (' —x”)ﬂ)]

A
X [%(choth(er)+eF),1p(x’—x”)”+mI}. (2.19)

In Eq. (2.19), above the phase factor, ®(x',x") is
given by

X 1
O(x', x") = exp [ie / | dx” (A,, +5 P - x”)”)] ,
(2.20)

*The CP invariant background medium cannot compensate for
the parity odd property of | L) so that it can couple to ¢ (k).
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The symbol F in Eq. (2.20) stands for the field strength
tensor F* (suitably contracted when they appear in
combination with functions of the same or Dirac gamma
matrices), and quantity I in Eq. (2.19) stands for a 4 x 4
unit matrix. Finally the in-medium propagator in a mag-
netized medium can be obtained by using the propagator
(2.19) for S%.(x',x") in Eq. (2.3).

C. Contribution to photon self-energy from a
magnetized medium: All odd orders in (e¢B)

In a magnetized medium, magnetic field (¢B) dependent
extra contributions appear in the expression for the
photon polarization tensor. They are of two types:
One of them is even the other one is odd in powers of
the field strength ¢B. The one odd in ¢B turns out to be
also odd in p (the chemical potential), so that this term
remains even under the operation of charge conjugation C.
When apart, this term satisfies the conditions given by
Egs. (2.9)—(2.11). This odd eB odd u contribution to the
polarization tensor violates parity. The exact expression of
the same is given by

1, (k,u, T, eB)

4 [s]
— 4ile kP dp (p) dse®()
wva) (271’)4 n-\p ~

(Se]

X / ds'e®'s) [p& tan eBs + p'% tan eBs’
0

] (p+p)" (2.21)

tan eBs tan eBs’
tan eB(s + s '

Here e is the coupling constant for the U(1) gauge theory,
n-(p) =np(p) —np(—p) [with nz(p) being the statistical
factor involving Fermions and their antiparticles [84]], and
B, as mentioned before, is the background magnetic field.
The functions ®(p,s) and ®(p', s) are the contributions
from Schwinger propagator [96], having loop momentum p
and external momentum k, Fermion mass m and parametric
integrating variable s and s’. The symbol p’ on the right-
hand side stands for (p + k), and the loop momentum four-
vector p®, appearing in (2.21), happens to be components
of momentum p, which take only the values 0 and 3 (called
the || components) but with a difference. When ¢ and &
appear together in any term and are summed up, then, for a;
equal to zero, & would take the value of 3 and for a| equal
to 3, &“ would take the value 0. In the same equation, the

symbol &,,4 4 is the completely antisymmetric Levi-Civita

tensor that takes the values 1 and —1, for even and odd
permutations of the indices and vanishes when any two
indices are the same:

tan(eBs) ,

D(p,s)=is (pﬁ ~—p, P1- m2> —els|, (2.22)

_ tan(eBs’)
¢>(p’,s’)zzs’<p’ﬁ—Wp’i—m2 —els’|. (2.23)

This expression is exact to all odd orders in ¢B; however,
performing the integrals and arriving at compact form from
this expression is very difficult.*

1. In-medium contribution to photon
self energy to O (eB)

The integral in Eq. (2.21) describing parity violating
PSET is a little difficult to evaluate exactly using
analytical techniques. But a perturbative evaluation, to
leading order in eB, is possible [84]. The perturbative
expression can be expressed in terms of a scalar form
factor 117 (k,u, T, eB) and a projection operator P,,, so
[0, (k,u, T, eB) to order (eB) can be expressed in the
following form [84,85]:

: K
I, (k) = 117 (k) (leﬂmﬂmu“) =1IP(k)P,,. (2.24)

where

a

P

w o ieﬂvaﬂu m i (225)

The tensor P,, given by (2.25) is Hermitian but it is
odd under parity transformation. The superscripts with ||
means that they can take only values between 0 and 3.
Furthermore, in our notation,

3 1/2
K| = (Z k%) .
i=1

The limit £ — 0 in Eq. (2.24) should be taken in such a

way that
ki
Iim|(— | = 1.
kﬁo<lkl>

The scalar form factor I17 (k) appearing in Eq. (2.24) is
given by

(2.26)

(2.27)

2

B
17 (k) = %, where wp = % (2.28)
B

is the gyration frequency.

*One can perform the integration with the following substi-
tution: Express the four-vector P* as p* = au! + apn, -
(k.F)* 4+ a@ny - B* + agyns - ¢*, when ¢* = e F,,u, and
n;s are normalization constants, so as to make the basis vectors
orthonormal.
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III. EFFECTIVE LAGRANGIAN WITH
MAGNETIZED MEDIUM EFFECTS

To summarize the observations of the last section, we
note that the effects of a medium to the propagation of
excitations of interest can be considered by evaluating the
polarization tensor IT,, (k), following the methods of finite
temperature quantum field theory [85]. This takes into
account the correction arising out of temperature and
density effects due to the interactions amongst the particles
fields that constitute the media.

The action in momentum space, as the quantum correc-
tions due to ambient medium and an external magnetic field
to O(eB) are taken into account, can be obtained upon
taking the Fourier transform of Eq. (2.1). The same turns
out to be

I ]
S— / d“k[EA”(—k)(—kzgﬂy + 10, (k i, T)
T (k.. T €B))AR(K) -+ iy b (—R) KA (K)

+ 301 = lp(0)] 3.

Here T1,,(k,p,T) is an in-medium polarization tensor
and I1),(k,u, T, eB) is the correction due to magnetized
medium effects PSET as explained before. For the sake of
compactness we would be denoting I1,,, (k. u, T) as IT,,, (k)
and 1}, (k, u, T, eB) as I1}, (k) in subsequent sections. We
can find the equations of motion in momentum space by
standard variational principle. The equation of motion for
photons is

[_kz.aau + Hav(k> + Hgb(k)]Ay(k) = _ig¢nyﬂakﬂ¢(k)‘
(3.2)

It can be simplified further in Lorentz gauge to

k2Aa(k) - H(w(k)Ay(k) + Hgl/(k)AD(k) = ig(/)yypﬂakﬂ¢(k)7
(3.3)

and other equation of motion for ¢(k) is given by
(kK> = m?)p(k) = igg,, F k" A% (k). (3.4)

A. Expanding the gauge potential A, (k)
in orthogonal basis vectors

In order to capture the dynamics of the available degrees
of freedom in a medium, in this subsection, we need to
expand the four-vector potential A,(k) in terms of the
available four-vectors at our disposal. The available four-
vectors as was noted in Sec. IT A are k#, the four-momentum
of the particles and u* = (1,0) the center-of-mass four

velocity of the medium and ¢*#. Using these two and the
constant external field strength tensor F** (where the only
nonzero component being F'? # 0), two other vectors b(1)#
and b®* can be constructed. They are given by

bW =k Fr (3.5)
and

b =k, F*, (3.6)

where F* = 1e"PF 5. The four-vector defining the longi-
tudinal degree of freedom is usually given by

(3.7)

Furthermore, the vector that is orthogonal to the vectors
given in Egs. (3.5) and (3.7) is

01 (2)
= (bm _ b, )”>

- (3.8)

It should be noted that since the vectors given by
Egs. (3.5)—(3.7) are spacelike, they have to be normalized
without compromising the Hermitian character of the gauge
fields. The explicit form of the normalization constants are
given by

1 1
N, = = , (3.9)
: _b/(tl)b(l)# K,B

1 K

N, = = , andlastly 3.10

* /-ILF wK,B (3.10)
N, = L. kfk”. (3.11)

—i, i k]

With these definitions, the gauge potential A#(k) can be
expressed in terms of these basis vectors and associated
form factors as [93,107]

A¥(k) = N1 Ay (k)b + NoA | (k)Y + Ny AL (k)i
kl/

+ Ay (k)

(3.12)

In order to get rid of the redundant degree of freedom of
the gauge field, we choose A /(k) = 0. The form factors
Ay (k), A | (k), and A (k) in Eq. (3.12) are Lorentz scalars
made out of linear or nonlinear combinations of the tensor
and the four-vectors discussed above, ie., o = k.u.,

K| = Va? =2, kyF%uy, kyFPF ke etc. Tt is important
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to note that the magnetic field B, = Je,,;,u”F¥ is actually

orthogonal to b,(,l), that is to say B” - b£l> = 0, implying that

the direction of the polarization vector bil) is orthogonal to
the external magnetic field. Similar consideration would
show that the direction of the polarization vector /,, is along
the external magnetic field. However, to maintain consis-
tency with our previous work [93], we have denoted the
associated form factors for the corresponding polarization
directions as A (k), A | (k).

In order to gain an insight of the equations of motions, it
is instructive to know the transformation properties of the
vectors, tensors, and the form factors used for Eq. (3.12),
under C, P, and T transformations. We briefly discuss
them next.

B. Properties of the basis vectors under C, P,
and T transformations

The nonzero components of the four vectors under deli-
beration are by = (0,\", (", 0), b = (b§".0,0.5),
and I, = (Iy.1;) when i = 1,2,3. In order to find out the
transformation properties of the same, we need to first
identify the C, P, and T transformations of the four-vectors
k*, u* and the tensor F**. For the sake of brevity we do not
show the momentum dependence of the form factors here.

The transformation properties of time (k°) and space
components (k’, for i =1,2,3) of wave propagation
vector k¥ = (ko,ki) under C, P, and T transformations
are given by

CK'C~! = k0, CK'C™ = +k, (3.13)

PP~ = &O, Pk'P~! = -k, (3.14)

TOT-! = &9, TET' = k. (3.15)

The center-of-mass four velocity of the medium, defined
as u¥ =% (when dr is the differential proper time

interval), has the following transformation properties
under time reversal, parity, and charge conjugation trans-
formation:

Cu’C! = =0, Cu'C!'=—-u', (3.16)
Pu'P~! = +u°, Pu'P~' = —u',  (3.17)
Tu’T! = —u°, Tu'T!' = +u'.  (3.18)

The first property (3.16) follows from the observation
that the statistical part of the thermal propagator in real time
thermal quantum field theory should remain invariant under
the operation of charge conjugation, as explained in [84].
The same (#) in the rest frame of the medium is given by

u = (1,0,0,0); for the remaining part of this paper we
shall assume this to be true.

The background field strength tensor F/, transforms in
the following way under CPT separately as

CFYC-! = _F0i, CFiC-! = —F, (3.19)
PEOP-1 — _F0i PFiiP-! = +Fii, (3.20)
TFOT-! — _F0i, TFIT-! = —Fii, (3.21)

With this information we can look into the C, P and T
transformation properties of the basis vectors. To begin
with, we start with vector b,(,l). It has only two nonzero
components, and their transformation properties are

CpOC-1 = —p(1o, cpic-! = —pi (3.22)
PH(OP-1 — 4 (10, Pr(Dip-1 = —p(Di - (3.23)
ToOT-1 = +p(10,  TpiT-1 = 4pMi (3.24)

Similarly, one can write the transformation properties of

bftz) that has one timelike and one spacelike nonzero

component. The timelike component of b,(,2) under C, P,
and T operations transform as

CHDOC-1 = _p@)0, CoPic! = —p@i  (3.25)
PLOP-1 = 4p@0  pp@ip-l = _p@i  (3.26)
To2O0T-! = —p@0 Tp@iT-1 = _p@i  (3.27)

Now using above equations, it is easy to establish that

P(ii- b)P~! = (i1 - b?), (3.28)
Recalling, the four-vector /¥ to be given by

o (pon @B

I = <b(2> - ﬁz" i ); (3.29)

the timelike and spacelike components of the same are
found to be given by

~up(2)
10 = (b(2>0 - (u”b; )120> and

7]
~up(2)
I = <b(2)i _ (@b )ﬁ’> (for i = 1,2,3). (3.30)

ﬁZ

Using the C, P, and T transformation properties of the
individual components of 7#, I°, and I’ would transform
under the same as
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TABLE I. Transformation properties for the vectors, tensors, and the EM form factors used to construct all the vectors, tensors, and
form factors used in this work to expand A*(k), under C, P, and T.
. 1 2 . =
k, u, ii, b b 1, A Al A i Cpupe F,

C Ky Uy —ity —b/(ll) _b/(lz) —1, 4 AL +AL +i F€po _I? I
P +k* +ut +it# +bDr +b@r +1* +4, +A +AL +i —€po +Fr
T +kH —ut —u# —_pu —p@k —I* —AH A —Ap —i ~Cupo —Fr

CcioCc! = -1°, Crc™'=-r', (331) PAP'=+A, PA,P'=+4A,, PAP'=+A,

PIOP~! = +/°, PI'P! =-T, (3.32) (3.40)

TA“T_1 = _AH’ TAlT_l =-A, TALT_1 =-A;.
0op—1 _ __70 im—1 _ o gi
TIPT = -1, TI'rt— = +1. (3.33) (3'41)

Since the timelike components of the gauge field under
time reversal transformation, remains the same, i.e.,
TAT-! = A, (3.34)

therefore when the time reversal transformation is imposed
on A%, following the definition of A? one should get

T-'A'T™! = T(NI°A| + N, i°A,)T!

that is, the right-hand side remains invariant. Now under
time reversal transformation /° and i°, picks up a —ve sign.
So to maintain overall neutrality, A and A; must change
sign under T transformation. Hence,
(TA”T") =-A; and (TA,T")=-A,. (3.36)
We recall that the spacelike component of A* can be
expressed as
Ar=NbVA + NJLAL + NpiA,. (3.37)
The same, that is A’, under T transformation pickup a —ve
sign, i.e.,
(TA[T_I) — _Ai' (338)
It then follows that the right-hand side of Eq. (3.37)
should respect the transformation Eq. (3.38). Since bl(l), I;,
and #; remain invariant under time reversal symmetry
transformation, therefore A, A, and A; should change
sign under time reversal transformation symmetry. The
transformation rules of the form factors can now be
summarized as

(:AL(:_l :+AL, CALC_I :+AL7

(3.39)

CAHC_1 :+AH,

So the C, P, and T transformations properties of the
vectors, tensors and the form factors can further be put in
tabular form (see Table [I]).

It can be shown that each term appearing in the equations
of motion of this article when subjected to these trans-
formations, transforms identically. We will demonstrate the
same later.

C. Dynamics of the degrees of freedom

In this section, we discuss the dynamics of the independent
degrees of freedom of the system. Recalling the fact that in a
medium photon acquire an extra degree of freedom in
addition to the two transverse degrees of freedom, therefore
for the photon scalar interacting system, there should be four
degrees of freedom. Moreover, out of the three degrees of
freedom of the photon, the longitudinal degree of freedom
has spin zero, and the other two would be having spin one and
minus one, respectively. Therefore though naively one may
expect that, the longitudinal mode of photon would couple
with the scalar degree of freedom, because they both have
same spin assignments; however, we would demonstrate in
this subsection, by analyzing the equations of motion, that
this naive expectation does not hold good.

Now we begin with Eq. (3.3), and substitute the expression
for the gauge potential from Eq. (3.12) in the same. The
resulting equation [considering the Faraday contribution to
be IT}, (k) = =II,(k)P,,, when the projection operator is

defined as P, = iem,/;(;H % uSH]5 turns out to be

(K2 = T (k)[Ay (K)N1 b + A | (kK)NoI, + Ay (k)N i)
+ Iy (k)AL (k)N ity — T (k)AL (k)N it

) Koo
- lnp(k)emzﬂﬁm W [Ay (k)N bYY + A | (k)N I

+ AL (KN @] = igy,,bY) (k) (3.42)

SWhere 5” can takes the value 0 or 3. When 6” = 0 then SH =3
and vice versa.
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Next as we multiply Eq. (3.42) by the normalized basis
vectors, we get the equations of motion for different
components of the form factors. For example, if we multiply
Eq. (3.42) by bV then we find the following equation:

(k> = T (k) Ay (k)N i b
Ko
- al(k)Nz €m,ﬂ5H muﬁ\\b(l)alv AJ_ (k)

D) Jagp(k). (3.43)

’9(/)r7

Using the expression of the normalization constants, the
same becomes

(k* =TIz (k))A| (k) + 1P (k)N N,

K iy P (K)
M BpWap| A (k) = e\ 3.44
€al/ﬁ5H |k| u L( ) Nl ( )
Similarly, multiplying Eq. (3.42) by /¥ and &%, respectively,
we get the following two equations:
(k* = Ty (k)A 1 (k) = ilI” (k)N N,
i
€a’/ﬂ5H |k| u ”b a]y AH( ) = O, (345)
(k* =TI (k)AL (k) = 0, (3.46)

those describe the dynamics of the three degrees of freedom
of the photon. Last, the equation of motion for the scalar field
turns out to be

194, A) (k)
N, ’

(k> —=m?)pp(k) = — (3.47)

Equations (3.44)—(3.47) describe the dynamics of the y¢
interaction in a magnetized medium. The correctness of the
above equations of motion can be established by performing
PT transformation on these equations.

To demonstrate it, let us choose Eq. (3.45) and operate
(PT) from left and (PT)~! from right sides of the equation.
Following the transformation rules of table [1], under PT,
the first term of the equation will pick up a negative sign
due to presence of A | (k), which is odd under the same. In

the second term, the factors i, uSH, pMe v and AH(k) are
PT odd and rest are PT even as shown below:

(PT)A (PT)™' = -4,  (PT)A,(PT)' =-A,,
(PT)i(PT)"! =—i,  (PT)(PT)"! = +&*,
(PT)u’ (PT)™' = —u®,  (PT)bH(PT)! = —p(r,
(PT)I*(PT)~! = -1, (PT)eW;ﬁ(PT)‘l =t
(3.48)

The transformation properties of form factor T17(k)
under C, P and T can be figured out from the following
expression:

17 (k) =

(k) (eBy/me) <) (3.49)

@* — (eBy/m,)* \m,
It can be seen from Eq. (3.49) that I17 (k) is invariant
under the PT transformation, i.e.,
(PT)IT? (k)(PT)~! = 117 (k); (3.50)
so collectively, the second term of Eq. (3.45) will also pick
up a negative sign. Therefore this equation remains
invariant under PT transformation. The same can be
established for other equations also using similar logic.

The PT symmetric part of PSET, when included in the
effective Lagrangian, can in principle compensate for the P
violation of |A | ), when both appear as a product, as they
do in the equations of motion. Thus resulting product of the
two becomes P even, making mixing between ¢(k) and
| L) possible.

Now looking at the problem of mixing, we note that the
initial mixing between ¢ (k) and |||}, due to ¢FF coupling,
remains intact, but the introduction of the PSET term
causes further mixing between the two orthogonal trans-
verse states, i.e., |||) and | L ). Lastly the combination of the
product of PSET term and | L), as noted in the last
paragraph, causes mixing between | L > and ¢ (k). Thus
the system reduces to a system of three mutually coupled
degrees of freedom, which evolves following their respec-
tive equations of motion.

It may not be quite out of place, to mention here that,
instead of ¢(k)F*F*, if the a(k)F* F* interaction is
considered in a magnetized vacuum or an unmagnetized
medium, then the role of scalar ¢p(k) gets interchanged with
that of the pseudoscalar [97]; consequently, the role of |||)
would get interchanged with | L) so that the symmetry
remains intact. So the prediction from one can be obtained
from the prediction of the other.

This simple interrelation between the two, as noted
already, however gets modified as one includes the effect
of PSET to axion photon or scalar photon systems.

Introducing, F = H”(k)NlNz[e(w/}(;%uSHb(l)”I’“] and

G = %l”(k) for the sake of brevity, the coupled set of

equations (of motion) can be presented in matrix form as
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(k* —T1;(k)) iF 0 —iG Ay (k)
—iF (k* =Ty (k)) 0 0 A (k) (3.51)
0 0 (k> =TI, (k)) 0 Ay (k) '
iG 0 0 (K =m3) 1 L p(k)
The longitudinal degree of freedom of photon [A; (k)] as Hp(k) iF -G
can be seen, has decoupled from the rest of the degrees of —iF  Tzk) 0 =M, (3.53)
freedom. . 2
iG 0 ny

D. Background dependent mixing pattern

In this section we try to understand the background’s
influence on the mixing dynamics of the transverse and
longitudinal degrees of freedom of photon with scalar or
pseudoscalar as the interaction term in the Lagrangian
changes from g, @¢FF for scalar-photon system to
ga},yaFF for pseudoscalar-photon system. As was noted
in the introduction, that dynamics of the degrees of freedom
of photon in terms of the form factors A (k) and A | (k) ina
magnetized vacuum with g, ¢FF interaction can be
anticipated from the evolution of these two form factors
in pseudoscalar photon system (ayy), with the identification
of the role of A (k) with A | (k) and A | with A when the
interaction Lagrangian is gaﬂ,aF F.

So one can conclude that these systems seem to have a
symmetry that remains invariant under the exchange of the
scalar field with pseudoscalar and parallel polarized state
A| with the perpendicular polarized state A | of the photon.
Even in material medium, this symmetry behavior remains
the same.

In presence of a magnetized medium, however, contri-
butions from the PSET I1,,(k,u, T, eB), which is odd in
powers of eB, lifts this apparent degeneracy. Like the
discrete symmetries of nature, like charge C, T, and P,
transformations play a major role in removing this apparent
degeneracy. We would like to come back to this issue in
future publications.

Since the longitudinal degree of freedom A; (k) (with
dimension-five scalar-photon interaction) in a magnetized
medium is decoupled from the rest of the degrees of freedom,
we will not be considering it any further. Therefore, the
resulting matrix Eq. (3.51) can be cast in the following form:

y(k) iF —iG Ay (k)
KRi-| —iF Tyk) 0 A (k)| =0.
iG 0 mg, o(k)
(3.52)

Here I is 3 x 3 identity matrix. For the sake of compactness,
we would further like to denote the matrix, inside bracket, on
the left-hand side in Eq. (3.52) as

and would like to discuss about the elements of the matrix M
for the physical situation under consideration in next
few lines.

In the long wavelength limit, one can take Il; = a)f,,
where @), is the plasma frequency. With this identification,

w?eB cos O
wm,

the other two parameters F and G are given by F =
and G = —g,,,Bsin Ow. The angle 6 here corresponds to the

angle between the photon propagation vector k and the
magnetic field B. Lastly the parameter m, is the electron
mass. Now identifying B cos 6 = B and B sin 0 =B, ,the
equation of motion can further be written as

2 s @By

wy, [ Comy) =gy, B L@
KT~ —i% W, 0
i9pyyB L@ 0 mé
Ay (k)
x | A (k)| =0. (3.54)
b (k)

Although, in this work, we will assume angle 0, to be
n/4, however depending on spatial geometry of the
emission region this angle can vary between zero to 2.

When 6 = nz, for any integer n, the dilatons decouples
from the system and the resulting equation describe
electrodynamics of magnetized medium. This can be used
to study the propagation of EM wave in magnetosphere of
pulsars, as was done in [98]. In the other limit, when
0 = r/2, the situation reduces to that of the y — ¢ inter-
action in an unmagnetized medium.

To obtain the solutions of Eq. (3.54), first we need to
have the knowledge of the eigenvalues of the matrix on the
left-hand side of Eq. (3.54) inside the square bracket. Once
that is done, one can find the corresponding eigenvectors
and from there obtain the unitary matrix, which can reduce
the matrix M, to diagonal form.

The eigenvalues of matrix M can be obtained from the
following cubic equation, which follows from the charac-
teristic equation

CIE? + CQE% + C3Ei + Cqp = 0. (355)
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The variables ¢,, ¢z, and ¢, appearing in (3.55) are further
related to the elements of the mixing matrix M, through the
following relations:

=1, =—Qw; + mi), (3.56)
eBj?)\?
e = a2 = (DU~ (g B P, (357

4,2 eBiwp\* , o, 2
cy = —wymy + P mgy + @3,(94,B L @) (3.58)

More details about the roots and their properties are
provided in the Appendices. Here we just state the result.
The roots are

E, = 2R cos(a — x/3) —?2, (3.59)
E, = 2R cos(a + n/3) —%, (3.60)
)
E; = 2R cos(a) — 3 (3.61)
Where the variables a=jcos™!(%) and R=
(=P)sgn(Q), when P= 3”_02 and Q= (——%+C4)

This completes our knowledge of the roots.

(@5 —E1)(

m}—ENW (@) —Ey)(m
eB

IV. THE UNITARY DIAGONALIZING
MATRIX U

Before we go on to discuss the oscillation between y
and ¢, we need to evaluate the phase space evolu-
tion of the individual fields. To achieve that, we need to
have the solutions for each one of them. In order to
obtain the same, the mixing matrix M (3.53) has to be
transformed to its diagonal form M, by unitary matrices
U,ie., UMU = M, having eigenvalues E;, E,, and E;
as the diagonal elements. The construction of the
unitary matrix U had been outlined in the Appendices.

Therefore we provide the final result here. Introducing the

quantities u; = (05 — E;)(m3 —E;), v; = lﬂ&(mf/) E,)
and w; = ig,,, B La)(a)f, — E;) related to the eigenvectors

of matrix M, the unitary matrix U can be written as

U U Uz

2,2, .2 2 21,2 2,22

\/u1+1)1+w1 \/u2+1,2+w2 \/u3+1)3+w3
U - =~ - 4.1
= 2, 2,2 2, .2, 2 2, .2, .2 ( . )

wiw? S ud+oi4w? u+vi+w?

1 W W3
21,2 2 2 2002 21,212
Vid+owl (St Jd e+l

; (i) _ 1
Introducmg, Nyn = W
constant for the ith eigenvector, we can further express
Eq. (4.1) in the following form:

as the normalization

2 3
F-E)NG (0 — Es)(m) — E)NG

eBj w? w, . eB| o’

U= | %3 —E )N D% (3~ BN i () — BN (4.2)

; 2) . 3

lg¢},yB J_a)(w - E])NSJ lg¢},yB 1 a)(w% - Ez)/\/’sn) lg¢},yB 1 w(wf, - E3>N£/n)

The explicit expression for the A/ \(,112 is given by
(0 1
N = —— , (4.3)
V(@ —E2(m3 — B2+ (8 (3 — B, + (g,B L 0)* (@} — E,)?

where E; stands for the corresponding eigenvalue. The
Hermitian conjugate matrix U™ would follow from (4.2).
The unitarity relations, U'U =1, have been verified
numerically as well as analytically, UUT = 1. Analytical
verification of UUT = 1 is cumbersome, so we have taken
recourse to numerical verification, and checked that they
are satisfied.

There are few relations those are satisfied by the
elements of U, and use of them makes it convenient to
express the probability amplitudes in compact notation. In
order to derive them we first, rewrite Eq. (4.2) with
respective identifications of the elements, as follows:

1 (%) @3 . (44)

The condition U'U = 1 now implies, for i, j = 1,2, 3,
1, i=j

. 4.
0, i#j (4:3)

Wit + 0,07 +wwj = {
A similar exercise for UUT = 1, further establishes the
following relations amongst the elements of U. The off-
diagonal terms of UU" will give
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3 3 3
> vy =Y ar; =Y |allo| =0, (4.6)
i=1 i=1 i=1
3 3 3
D v = b=y Bl =0, (4.7)
i=1 i=1 i=1
3 3 3
D Wi =Y Wiy =Y Wil =0, (4.8
i=1 i=1 i=1
and the diagonal entries of the same will yield
3 3 3
Do lailled = olled =) [widlwil =1 (4.9)

The variables @7, 97, and W, appearing in above

expressions, represent the conjugates of the corresponding
elements of U.

V. CONVERSION PROBABILITY

The conversion probability, of a photon of a particular
polarization state to the same of a different polarization
state or scalars can be estimated from the evolution
(quantum evolution) equation of the corresponding polar-
ized states of the photon and the scalars. One can perform
the same by promoting the momentum variables to corre-
sponding operators and components of the vector potential
A¥(k) and ¢(k) to the corresponding quantum states,
following [38,108]. In order to follow the evolution of
individual quantum states, one needs to decouple them
from each other by the following way. One can multiply
Eq. (3.54) by U from the left® to reduce it to the following
form:

A7 (k)
[K*1-UMU] | |4’ (k)) | =0,
¢/ (k)

(5.1)

when U'MU is a diagonal matrix. In the diagonal repre-
sentation, the propagating states are the diagonal states and
they allow principle of superposition. The matrix U is given
in Eq. (4.2), and UT is the Hermitian conjugate of the same.
Here we have denoted’

%Since U~! = U".

"The set of unprimed and primed column vectors, at places,
may be defined collectively as [A(k)] = (A (k),A | (k). ¢p(k))"
and [A(k)] = (Ah(k),A’L (k), p(k))T, here the superscript T
stands for transpose.

A} (k) Ay (k)
A" (k) | = U AL (k) (5.2)
|#' (k) (k)

The primed states corresponds to the propagating states
and unprimed ones are the physical states; they are related
to each other by the unitary transformation by U introduced
earlier. For a beam of photon, propagating in the z
direction, following the principles stated already, one can
promote the momentum k3 to the corresponding operator in
z space and write (using natural units 7 =c=1)
k> ~ 2w (w — id.). With these manipulations, the resulting
equations get transformed from Klien-Gordon to the form
used by [38]. Recalling that U'MU = M), where M, is
the diagonal matrix, Eq. (5.2) can further be cast in the form

2 0 017714
(—io,)I-|0 £ o A" (2)) | =0. (5.3)
00 5 |#'(2))

The matrix evolution Eq. (5.3) is now easy to solve.
Introducing the variables, Q| = (-5, Q| = (0 —2),

2w 2w
and Q, = (a)—g—S) we can now directly write down
0]

the solutions for the states vector [|A(z))] [where
A(z) = A(w, k1 ,z)] in the following form:
|4y (2)) e 0 0 14, (0))
AL (2)) | =U| 0 ez 0 |[U[]AL(0)].
|#(2)) 0 0 e |#(0))
(5.4)

The elements of column vector [|A(0))] in (5.4) and
[[AL(0))] are normalized such that (A;(0)|A;(0)) =

(A1 (0)]AL(0)) = (#(0)[¢(0)) = (AL(0)|AL(0)) = 1.
With the help of Eq. (5.4), one can write down the
solutions. And they are as follows:

A, 2))

= (€7 iy + et i + e i) |A) (o, 0))
(e, B 4 o150, 85 + e 0393)|A | (@,0))
(e 4 o3 4 o053 | (@, 0)),

(5.5)

the perpendicular |A | (w,z)) component is given by
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AL (0,2))

= (e7U%, it + eT Iy 15 + e W75 ) |A ) (@, 0))
+ (e7 D D7 + e 71Dy D5 + e D303)|A | (w,0))
+ (e7 D WY + eTLID W + e ) (@, 0)),

(5.6)

and lastly the evolution of the state |¢(w, z)) is given by

p(@,2))

= (e i 4 e R 5 + e M5 05)|A) (0. 0))
+ (e7 N D% + eI, DY + e T % 33)|A | (w,0))
(€7 W+ e + e i) (. 0).

(5.7)

The ways to arrive at these results can be found in [86].
We would like to end this subsection with the following
observation, that the states defined by [A | (@, 0)), |A | (@, 0))
and |¢p(w,0)) are pure states. The corresponding states
denoted by |A|(w,z2)), |A| (».2)), and |$(w,z)) are the
mixed states those evolve from the pure ones through
propagation in phase space through mixing. Even if any
one of them is absent at the beginning, it can be generated
later through mixing much like the neutrinos.

A. Oscillation probability Pm—nﬁ
The amplitude for the transition of a photon of energy w
in state |A| (@, 0)) to |¢(@, z)) after traversing a distance z
is given by (A (@, 0)|¢p(w, z)). The probability of the same,
P, 4(®.z), can be estimated from the evolution equa-
tions obtained above by using the formula PyH_,qg (w,2) =
[(A|(@,0)|¢(w. 2))|*. The same turns out to be

Py g = (720w} 4 e7 120 + e Mty ) .
(5.8)

After performing some lengthy algebra, one can observe
that the resulting expression for Eq. (5.8) contains a sum
of three quadratic pieces, i.e., [(|i|[W,])* + (|itz||W2])* +
(|2t3]W3])?], plus three other pieces involving the distance
parameter z. Upon converting these quadratic pieces into a
square of their sum and rearranging the resultant expres-
sion, Eq. (5.8) reduces to the following form:

Py = (it [[Wr |+ i [ [Wor | + |15 | 5] ]2

= 2|dty [[Wy [t |[Wo[[1 — cos (€ —Q))z)]
= 2|y |y |[a3|[Ws][1 = cos (2 — Q4)2)]
= 213 W3] ta ||| [1 —COS((Q(;S -Q.)z)]. (5.9

At this stage, it is convenient to consider defining,
A= |£[1||W1 5 B = |ﬁ2||W2 5 and C = |l,/\t3||1;1\/3| The con-
straint, |t ||Wq| + |&||Wn| + |@3|3] = 0, that follows
from Eq. (4.8) can now be recasted as

A+B+C=0. (5.10)

Now we can make use of Eq. (5.10) in (5.9), to verify that
the perfect square term vanishes owing to the constraint
equation (5.10); and the remaining z dependent pieces can
be manipulated further to provide

Q. ; Q)Z>

P,y =4A(A + C)sin2<

2

+4C(C + B)sin? <w>

+ 4B(B + A)sin? (7@4’ mas )Z)
(5.11)

For the sake of completeness, we provide the expres-
sions for the new variables, A, B, and C, introduced
earlier, in terms of the parameters of the matrix M. And
they are

A = NWNG (94,8 L0) (@} — Ey)(@F — E)(m] — Ey),
(5.12)

B=N? ./\/'S,%l)(gw},BJ_a))(w%, — E;)(0 — Ey)(m}, - E,),
(5.13)

Cc=NINB (9gyB L @) (@2 — E3) (@} — Es)(m3, — Es).
(5.14)

The fact that Egs. (5.12)—(5.14)) follow Eq. (5.10) to a good
accuracy has been verified numerically.

B. Oscillation probability P, _,

The oscillation probability for the A | component of a
photon to scalar ¢ can be derived similarly. Therefore,
instead of going through the same set of arguments,
we would provide the final result. Before we go to the
final expression, like before, we introduce the new set
of variables, L, M, and N; defined as L = |d||W,],
M = |D,]|W,]|, and N = |d3||W3]|. Their actual form, in terms
of the elements of the mixing matrix, will be provided
shortly. The expression for P, _, is

Q, — Q)z>

(5.15)

P, _,=4L(L+N) sin2< 5

+ AM(M + L) sin (W) (5.16)
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5 (5.17)

Q —Q,)z
+AN(N + M) sin? (M)
The values of the parameters L, M, and N are in terms of the
parameters of the theory are given by

L= NOND 0 B o) (B (2 —E ) (m2 — E
= /NynJ/Vvn (g(m J_w) . (wp 1)(m¢ 1)’

e

(5.18)

eBH 0)2

P 2 2
L) (0}~ ) - o).

M:N%M%%ﬁLm<

(5.19)

M iN(3>N(3) B BBH w% 2 E 2 E
=N vn(g¢yy L o) P (wp_ 3)(’"(/)_ 3)-

e

(5.20)

As before, following Eq. (4.7), Egs. (5.18)—(5.20) too have
to satisfy the constraint L. + M + N = 0. We have tested the
same numerically to a good accuracy during the corre-
sponding probability evaluation.

C. Oscillation probability Py, .,

Lastly, we provide the conversion probability for parallel
component of photon to perpendicular component of
photon here, i.e., Pm-wr We introduce here, as before,

the quantities to be defined later below: P = |i||9,],

Q = |@t,||D,], and R = |i13]|93]. The corresponding prob-
ability for conversion, PVH_’7 |, turns out to be
. QL -z
P, _, =4P(P+R)sin’ <f (5.21)
Q,—Q
+4Q(Q + P) sin? (W) (5.22)
Q) —€Q
+AR(R + Q) sin? <(—2¢)Z> (5.23)
where
eB
P NN () 0}~ B - B (520
IVOY A 2 R
Q:anan - ( p_E2><m(/;_E2> ’ (525)
m,
DIV O AT > oy
R:anan m—; (a),,—E3)(m¢—E3) . (526)

Like before we have verified that the condition,
P+ Q@+ R =0, is maintained to a good accuracy all
along during the course of the computation.

There is one important observation that follows from the
probabilities derived above: that is, the probability PVH—’V R
is the only probability out of the three discussed above that
survives in the limit g,,, — 0 and my — 0. This can be
related to the “rotation measure,” which is usually encoun-
tered in studies of optical activity relating the angle of
rotation of the plane of polarization of a beam of plane
polarized light, after traveling some distance L. The
rotation measure in this case can be defined by z/1 when
J is the minimum distance that a plane polarized light beam

needs to travel to have P, ., (o, 2) = 1. The nonlinear

dependence of 1 on the parameters of the theory indicates
that it is difficult to separate the contributions to Pm_)y N
into parts originating from (i) the magnetized plasma and
(i) the one originating from magnetic field induced
dilatonic interactions. Thus it should be considered as a
total of the two contributions mentioned above.

Last, the other important aspect of this analysis is that

the other probabilities, i.e., P and Pt/'—mw P and
Py, along with P

7=
turn out to be same

T~
oy, and Py

as they should be even otherwise.

D. Conversion probability Pm—>¢

in an unmagnetized medium

In this subsection we provide the photon scalar con-
version rate without magnetized medium effects to compare
its size with the same due to magnetized medium induced
effects. The mixing matrix for the same is similar to that of
chameleon-photon mixing in an unmagnetized media:
2 x 2. The probability for the photon scalar transition
obtained in [28] turns out to be same as that of [38].
This probability of transition without any approximation is
given by

p N 4B 1 2(1)2
10 = (M2, + 4B %0

- \/(Mmﬁf)2 +4B | ’0?
x sin b4
4oM

(5.27)

In Eq. (5.27) m; = mj — w;, — BTL; and m,, is mass of
scalar field, as stated before. In this case only one degree of
freedom of photon (i.e., Ap) mix with the scalar, and the
other degrees of freedom (A | , A;) propagate freely. It has
two special features: One is that, in the limit when the angle
between B and k — zero or z, the probability in (5.27)
vanishes, indicating a decoupling of fields. The second one
is in a noninteracting limit, i.e., gy, — 0 or M — oo,

Pru—>¢ — 0O for , * my. But in the same limit if w, = my,
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then the oscillation length diverges. It is straightforward to
verify the same. In the magnetized plasma case, however
the PVH_’ 1 and P, _ remains finite even if the angle
between B and k — zero or z. These checks are useful to
prove the consistency of the results.

VI. ASTROPHYSICAL APPLICATIONS

The presence of a very strong magnetic field and an
ambient plasma in the environment of astrophysical com-
pact objects like white dwarves or neutron stars, gamma ray
bursters etc. provides an opportunity to look for astro-
physical signatures of the kind of particles we have been
studying in this article. In this work, we have focussed on
the EM signals from the compact objects that may bear
possible signatures of dimension-five ¢F**F,, interaction.

In this context we have tried to estimate the ratio of
parallel component of the electric flux with the
perpendicular component. The estimate of this ratio in
dipole magnetic field of an aligned rotor model is known.
We have found the same ratio in presence of the scalar field.
So with the difference between the two when compared
with observations, one might be able to draw some
conclusions about the existence of the field ¢.

Following this point of view, we have taken the plasma
frequency ), to be of the order 107% eV. We have further
considered the photon path length to be z = 1.2 km [109].
For these numbers of w,, and z, we have estimated various
oscillation probabilities in KeV energy range (20—100) KeV

18

16 |

14

12

10 |

PW—@

FIG. 1.

as shown in Figs. 1 and 2. The details that led to the choice
of these parameters have been provided in Appendix D.

A. Electric field

In this subsection we provide the expression for the
electric field in a frame of reference where the basis vectors
are orthogonal to the propagation direction k,. We begin by
noting that in the momentum space k, the electric field in
four-component notation can be written as

E, = wA, — k,(A.u). (6.1)
It should be noted that, in Eq. (6.1), the vector potential A "
refers to the gauge fields for dynamical photon (in absence
of scalar-photon mixing). Expressing the vector potential
using Eq. (3.12) in the basis where A.k = 0, the electric
field E, is

~ A ~

E, = olA (b)) + A, ()1, + AL (k)] - k,(A.u).

(6.2)

The components of the electric fields vector can be written
in terms of the form factors of the vector potentials by
contracting it with the corresponding polarization vectors as

Ey = bV Er = 0 (k), (6.3)

EJ_ = 7ﬂEM = COAJ_ (k), (64)

0.35

PW—*G’

Plot of conversion probability of a parallel polarized photon into a scalar dilaton in magnetic field B = 10'> Gauss (in the left

panel) and the same in magnetic field B = 10'' Gauss (in the right panel). The solid line is for conversion probability in presence of
magnetized media and the dashed curve is the same in absence of self energy correction I}, from magnetized medium effects. The
abscissa [energy of photon (@) in GeV] is in units of 107> and the ordinates are plotted in the units of 10~*. Here, the parameters used are
the mass of dilaton (scalar) particle ¢: (my) = 1.0 x 10712 GeV, coupling constant (g,,,) = 1.0 x 107'! GeV, photon path length

(z) = 1.2 km, and plasma frequency (w,) = 1.96 x 1072 eV.
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FIG. 2. Plot of conversion probability of perpendicularly polarized photon into scalar in magnetic field B = 10'> Gauss (in the left
panel) and the same in magnetic field B = 10'! Gauss (in the right panel). The abscissa [energy of photon () in units of 107 GeV] and
the ordinate are plotted in units of 107>, Here, the parameters used are mass of dilaton (scalar) particle ¢ (my) = 1.0 x 10712 GeV,
coupling constant (g,,,) = 1.0 x 107" GeV, photon path length (z) = 1.2 km, and plasma frequency (w,) = 1.96 x 1072 eV.

Er = A (k),

SO

E, = (6.5)

i

=0. (6.6)

SO

~ l A
kb = k1, = ki,
The magnetic field also can be written in terms of these three
components. Therefore the total energy stored in the form of
EM fields E, = ;- (E* + B?).

B. Intensities of polarization modes

For highly Lorentz boosted electrons, the opening angle
for the curvature photons follow the relation, I" ~ i, when
0, is the opening angle. Therefore in this approximation,
the amplitudes of the two orthogonal modes of curvature
photon in terms of modified Bessel functions K 3(¢) and

K,/3(&) would be given by [110]

A= Yk 0, 67)
|AJ_‘ = 2\(?1“ K33 (&) (6.8)

c

The argument (£) of the modified Bessel functions is

defined as
oR,. (1 32
=—°(=+6% .
¢ 3¢ <l"2+ e>

Using Eq. (D5) and the approximation considered above
(.e., erl,)’ the same in terms of w, (in the units of

(6.9

~—

h=c=1) turns out be { = 57— The modified Bessel

functions when o < ., i.e., for small arguments are

given by
w 2
K>3 <—) ~ 27131y <—> &3,
@, 3

0] 1
K3 (a)_) ~ 27237y (g) g3

(here I'; is the Euler gamma function); one can express the
square of the ratio of the amplitude of the two polarization
components as

AP (/3]
_ I~ S5/3 |\ ENT/T)T 2/3
i 50 [<FE<2/3>>] e

Since the emitted energy peaks at ., one considers
o ~0.7w,., the ratio of the two amplitudes for this energy

comes out as 27/ 3[%]2. It should be noted that this
ratio is independent of the path traversed by the radiation.
Ideally, for the kind of situation under consideration, this is
what one would expect for the ratio of the intensities of the
two polarization states. However in the presence of the
¢F"F,, interaction, the same will be modified. The square

of the modified amplitudes ratio turns out to be

o[ [1=Pumalor)
=2 [(FE(2/3))] : [1 —Pyﬁqa(a),z)}
(6.12)

(6.10)

(6.11)

I
i

A
Al
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Left panel: intensity of parallel and perpendicular polarized photons with scalar photon interaction in magnetized media vs

energy (). The dot curve represents |A |> and the dashed curve represents |A | |*. Right panel: difference between ratios of intensity
of parallel and perpendicular polarized photons (in absence and in presence of scalar photon interaction) AF. Parameters chosen
are I' (Lorentz boost factor) = 1.0 x 10°, @, ~5 x 107> GeV, B ~ 10'> Gauss. The abscissa (energy of photon () in GeV) is in

units of 1072,

The last term inside the square bracket in Eq. (6.12) is the
modification factor, where we have taken into account the
modifications to the intensities in the || ( L) direction due to
oscillation of the || (L) mode into ¢ after traveling a
distance z. It is to be noted that the denominator of the
modification factor in Eq. (6.12) would remain unified
unless the effect of the photon self-energy correction in a
magnetized media to order ¢B, is considered. In this work
we have retained this piece consistently in our formalism to
find its contribution to the ratio of the two polarization
states. And in absence of scalar-photon interaction, the ratio
would be the same for pure curvature radiation. In presence
of this interaction (dimension-five-scalar photon), the same
would be given by Eq. (6.12). The contribution of this
deviation in intensities can be observed when we take the
difference of the two, i.e.,

2

AF = 5‘“2_'/4 . (6.13)

AL

Ay

The same has been estimated numerically in the right panel
of Fig. 3.

In absence of PSET in magnetized media, the result
would be same as that of mixing with 2 x 2 mixing matrix.

VII. RESULT AND DISCUSSION

In this work we have explored the behavior of the
magnetized matter on the probabilities P},H_ ¢ for a
electrodynamic system and estimated their magnitudes
numerically. To perform that we need to compare the effects

of magnetized matter effects with unmagnetized matter
effects in different magnetic field environments. We have
numerically estimated various probabilities for the astro-
physical parameters given by the plasma frequency
of the stellar environment (w,) = 1.96 x 1072 eV, scalar
photon coupling constant (g,,,) = 1.0 x 107" GeV~', and
the photon path length considered here is z ~ 1.2 km. The
results are plotted in Figs. 1 and 2. There are three major
outcomes of our analysis. First, P, _, for magnetized

media, turns out to be different from P, _, , for unmagnetized

4
media, they admit frequency dependent modification over
each other’s contributions when the polarized photon has
propagated over the same distance. Qualitatively, P,
conversion probability was found to be the only nonzero
probability when the correction of I1}, (k) is absent. Second,
the numerical strength of the probabilities of conversion

Pru—vl) (or P, _,) increases with the increase in strength of
the magnetic field. Since an analytical estimate of the same is
difficult, we have estimated the same numerically and have
shown both of them in the same panel (Figs. 1 and 2). One
interesting feature of P7H—’¢ is that it shows excess enhance-

ment over PVH_’¢ estimated in an unmagnetized medium at

various energies. The third interesting feature is that the
intensity of the other orthogonally polarized mode of the
photon (denoted as A | ) no longer remains the same when
the effect of magnetized-self-energy correction to photon is
considered for studying (photon scalar) oscillation. In
the absence of magnetized-self-energy correction, the inten-
sity of an A| mode remains constant, provided that no
other absorption or enhancement mechanism is in operation.
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That is to say, the millicharge pair production processes in a
magnetic field (y +y — ¢}, + ¢;,) that modifies the A |
spectra is considered absent.

The x-ray sources for compact stars can be classified into
three categories: one is due to the bombardment of pair
produced flux on the polar cap region of the compact star,
the second one is due to the conduction heat coming out of
the surface of a star having the surface temperature
T < 10°K. And the last one is due to the curvature radiation
from the star.

The beams of EM radiations from first two sources follow
the blackbody radiation pattern and are unpolarized. However
due to the presence of the magnetic field, the isotropic beams
of radiation get resolved into two components, one of them
becomes polarized parallel and the other one becomes
polarized perpendicular to the magnetic field. Total intensity
of each of the components becomes equal to the other.

On the other hand the amplitudes of the two polarized
components of the curvature radiation that we have dis-
cussed in this paper, denoted by AH and A | , are different.
As a result, the spectra for their respective polarization
would look different from the usual blackbody spectrum.
The ratios of AH and A | would be given by Egs. (6.7) and

Ao (ﬁw[)l/3 for w, > w.

Once the scalar photon interaction is taken into account,
and the same ratios are estimated this pattern changes. If we
take the difference between the square of these ratios without

and with scalar photon modification, i.e., ,

H | |A
then the resulting plot looks entirely different The inten-
sities of both the polarization states (i.e., A and A | ) under
the circumstances mentioned above plotted separately can
be found in the left panel of Fig. 3. And the differences in
their ratios of intensities (without and with scalar photon
interaction) can be found in the right panel of Fig. 3. Such an
oscillating curve may bear the possible smoking gun
signature of dilaton-photon interaction from a compact star.

VIII. OUTLOOK

Existence of DM was postulated to explain some
astrophysical observations, such as (i) galaxy rotation
curve, (ii) observation of x rays from bullet cluster,
(iii) weak microlensing effect, (iv) structure formation
etc. The candidate particles proposed to explain the same
also predict few additional signatures stemming from ALP
photon interaction [38], like supernova dimming, modifi-
cation to distance duality relation, ALPs from supernova,
ALP photon conversion in magnetized domain etc.
[108,111-119], that happens to be some of them. So there
has been a surge for the search of ALP signals from the
magnetized environments of the compact stars [120-132]
for their identifications. Therefore to complement this
surge in the interest we have explored ALP signal from
magnetized media in this work. In the course of this

investigation we find that the formalism employed in this
analysis interpolates between two extreme ends: one being
the effective quantum statistical field theory of electrody-
namics in a magnetized environment when the angle
between B and k is zero or z; and the other being the
interacting theory of ALP with quantum statistical field
theory of electrodynamics at finite density when the angle
between B and k is z/2, which follows from Eq. (3.54).
These are the checks that can be employed to establish the
consistency of our formalism for magnetized media.

It has been found that, in addition to Pru—v/) there are two

more additional probabilities of conversion i.e., P, _4 and
P7H—’V | possible in a magnetized media according to the
number of possible in-medium polarization states of
photon. Our analysis showed the existence of normal
modes corresponding to the three orthogonal directions
of propagation of photon.

Furthermore, we have noted in the body of the text that
P7H—’¢ in a magnetized medium can be much larger than the
contribution of the same in an unmagnetized medium in some
energy range for suitable values of other parameters. Since the
produced ALPs would leave the production region (of the
star) fast because of its weak interaction with the medium, this
will lead to anomalous cooling of the star. The indication of

presence of ALP in the stellar environment comes from the

A2 |

estimate of AF (i.e., | 7 L |7y that becomes zero in the

|4
absence of an ALP, and it becomes nonzero when ALP
interaction is present. These are the novel signatures that a
magnetized compact star environment can offer for the
verification of ALP.

To conclude, we have shown in this work that the effect
of magnetized medium brings nontrivial modifications to
the ALP induced signals from compact objects. Though the
physics of these objects are complex, however it may be
possible to get a tell-tale signature of ALP-like objects from
the EM signals of the compact stars. Some of these studies
would be considered in separate publications.
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APPENDIX A: TECHNICAL DETAILS OF
CONSTRUCTING THE UNITARY MATRIX

In order to describe the dynamics of scalar-photon inter-
action in magnetized media in terms of different d.o.f. of
mixing, the Hermitian mixing matrix M obtained from the
equations of motion of scalar photon interaction, given by

(k) iF iG
—iF Tpk) 0
—iG 0 mi)

My = , (A1)
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needs to be diagonalized. Therefore, to do the same, we write
My as

a ib ic
My=|—ib d 0], (A2)
—ic 0 e

when a =T;(k), b=F, c=G, and e = mé It can be
shown that an unitary matrix Q and its Hermitian conjugate
Q" defined as

1 00 1 0 0
Q=10 i 0f, O'=10 —i 0 (A3)
0 0 i 0 0 —i

can transform My to real symmetric matrix Mzg by
OM ;QF = Mg, where Mg is given by

a b ¢
c 0 e

Now, if for a real symmetric matrix My, there exists a unitary
matrix U such that U'M U = M, where M, is a diagon-
alized matrix having the eigenvalues of matrix Mpg as
diagonal elements. Now, using this fact, we can subsequently
find out the unitary matrix U that would diagonalize M ;. The
argument goes as follows. Since

UM U = Mp, (A5)

then, using QM Q" = Mg in Eq. (A5), we get
U'oMu Q"0 = Mp, (A6)
U'MyU = Mp, (A7)

where we have defined Q"0 = U and (Q"U)" = U*. The
eigenvalues of the unitary related matrices My and Myg
remain same. To obtain M p,, we need the unitary matrix U that

follows from the unitary matrix fJ, constructed from the
eigenvectors of M.

APPENDIX B: EIGENVECTORS OF Mg

1. The characteristics equation

In this section we denote the eigenvalues of Mpzg as
E;, i = 1,2, 3, then the characteristic equation for the same
can be written as

|Mgs — E;I| = 0. (B1)

Where I is a 3 x 3 identity matrix. Hence,

a—E; b c
b d—-E; 0 =0.
c 0 e—E,;

(B2)

The characteristics equation that follows from the deter-
minant is

(a—E;)(d—-E;)(e—E;)—b*(e—E;)—c*(d-E;) =0,

(B3)
which yields, upon simplification,

Elc; + E2c; + Eje; + ¢ =0. (B4)

Where the coefficients cs are defined as
c3 =1, (B5)
cy=—(a+d+e), (B6)
¢, =(ae +de + ad — b* — ¢?), (B7)
co =(b*e + c*d — aed). (B8)

The nature of the roots of the cubic equation (B4) must
satisfy the following properties:

E] +E2 +E3 = —Cy,
E1E2 + E2E3 + E3E1 =Cy,

E1E2E3 = —Cp. (B9)
The root of Eq. (B4) depends on the discriminant,
D = Q% + P3, where variables P and Q are related to
the elements of Eq. (B4) through the relations

(3¢ — 022)

=

3
Cym G Cp
=—=—-—-+—]. (Bl
and Q (27 z +2> (B10)

Furthermore, for Hermitian matrices, roots are real, and we
should have Q2 + P? < 0. Finally, following [133,134],
the roots turns out to be

E, = Rcosa+V3Rsina—c,/3,
E, = Rcosa— \/§Rsina—c2/3,

E; = 2R cosa —c,/3,

_1 -1/ 9
a=zcos (%)
with { ’ ®

R =/(-P)sgn(Q)

For having real roots, one should have P < 0 and | % | <1.

Although for analytic evaluation of the roots, this condition
may not pose any problem, however during numerical

(B11)
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evaluation of the same, maintaining this ratio may become
difficult if the magnitudes of elements of the matrix M are
close to the precision available for the machine in use.

One can scale the matrix M by a suitable numerical
factor to avoid this difficulty.

2. Eigenfunction and unitary matrix

The normalized eigenvector V, of the real symmetric
matrix Myg can be represented as

=

=

i

where N; is the normalization constant. Therefore, using
the eigenvalue equation, i.e., (Mgg — E,»I)Vi = 0. Hence,

a b ¢ l:ii l:ii
b d 0 ;| =E;| 7 (B13)
c 0 el |W W;
We get
(a —E;)i; + bv; + cw; =0, (B14)
bi; + (d—E;)v; =0, (B15)
Cﬁi + (e - E,-)Vvl- = O (B16)

Using the method discussed in [135], we can obtain
analytical expressions of the elements of the eigenvector
V;. They are

i (d-E;)(e—E;)
V.,=N;| 9 | =N; —b(e —E;) (B17)
W —c(d-E;)
Here, N; = 1 is a nor-

V(@=E))(e=E)*+(b(e=E))* +(c(d=E)))*
malization constant. We can now construct the unitary
matrix U, using (B17), as

Nty Nyity  Niiis
U= | N9, N,b, N, (B18)
Nywy  Nowy  N3ws

3. Orthonormality check of \Y
One can easily check that the vectors are normalized, i.e.,
Vi.vj =1 when i,j =1,2,3 and i = j. Furthermore, the
verification of the orthogonal properties of vectors are
provided below:

V] .VZ

NN, ity + By, + W17,).
=NiNy((d—E )(e —E;)(d - Ey)(e - E)
+b*(e—E )(e—Ey) + *(d—E))(d - Ey)).
(B19)
Now
(e—E|)(e—E;) = ¢’ —e(E; + E;) + E|E;. (B20)

We will convert the above equation having two functions
E, and E, into a single function E; by using the properties
of roots of cubic equation. In order to do that, we will try
the following substitutions:

E| +E;=[E, + E; + E3] - E3, (B21)

E\E, =[E\E, + E;E; + E;E | — E;(E, + E|). (B22)
Following the identities of Eq. (B9) and make substitu-
tions in Eq. (B19), we obtain

VI-VZ = NiNy(a—Ej)[(a — E3)(d — E;3)(e — E;)

—b%*(e — E3) — c*(d - E3)]. (B23)

The terms inside the square brackets on the rhs of Eq. (B23)
happens to be zero due to Eq. (B3), which follows from the
characteristic equation. Hence,

V..V, =0. (B24)

Following the same procedure one can verify
that VI'VZ = Vz.V3 = V3.V1 =0.

4. Analytical check of U'MpU=M,,

We have obtained the unitary matrix U, which is
supposed to diagonalize the matrix Myg. To check this
claim analytically, we first start the unitary transformation

of Mg by U, given as follows:
U MU = Mp, (B25)

which implies
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N]ﬁl Nli}] lel a b ¢ Nlﬁl szlz N3l’23
Ny, Noby Nowy | | b d O|| N3, Noby Nsbs | = Mp, (B26)
N3l:£3 N3173 N3W3 c O N]ﬂ/l NQWZ N3W3
Nl(fl]a+17]b+ﬂ/]C) Nl(ftlb+ﬂld) N](fl]C‘FWIE)
Nz(ljtza + 1~)2b + WzC) Nz(ljtzb + T]zd) N2(17l2€ + VNVQ€> (B27)
Ns(iiza + 3b + Wyc)  Ni(iish + T3d)  Ni(iisc + se)
Nyiy Nyt Nty
X N11~)1 N21~12 N3173 = MD' (B28)
Nywy Nypwy  N3w;
Using Eqs. (B14)-(B16) in (B28), we get
N,i,E;, N5 E; NywE,; ] [Nyii; Nyiiy Nsits ViViE; V. V,E, V,.V;E,
NzitzEz N27~)2E2 N21/~V2E2 Nlﬁl N21~]2 N31~)3 = VZ'VIEZ V2.\~72E2 Vz.V:;EZ = MD- (B29)

Now, if we use the orthonormality of the eigenvectors,
we get

E, 0 0
Mp=|0 E, 0 (B30)
0 0 E,

APPENDIX C: DATA AVAILABILITY

The data used for plotting Figs. 1 and 2 in this article will
be shared on request to the corresponding author.

APPENDIX D: STELLAR ENVIRONMENT AND
RADIATION PROCESS

In this appendix, we outline the essentials of emission
mechanism of compact objects common to most of the
models developed for that purpose. There are various models
those have been successful to some extent to describe the
emission mechanism from compact objects, like neutron
stars or white dwarfs. Some of the most used ones are polar-
cap [136], slotgap [137], outergap [138] models etc.

We will consider here a simple picture of the energetic-
emission physics from a typical compact object. The
specific details can be found in [139,140] and the refer-
ences provided therein. The basic picture according to these
models is that the electric field E | is produced due to the
rotating dipolar magnetic field B of the compact object and
is directed parallel to the ambient dipolar field. Due to the
action of electric field (E))), charged particles (et ore™)are
pulled out of the surface of the compact star. Their number

density is ng; (where ng; = zgjfe) [141]. The radiation is

|
emitted from the charged particles, those are accelerated by
the electric field E .

For a typical pulsar of period 0.5 sec. and magnetic field
B ~ 10'2 Gauss, the Goldreich-Juliean number density ng,
turns out to be 3.6 x 10'! /cm?. These charged particles on
their way along the curved magnetic field radiate EM
radiation that is called curvature radiation. The total energy
released in the process is given by

. 20'ROB?
E = § 3 . (Dl)
e

In the expression (D1) R is the radius, B, is the surface
magnetic field, and Q is the rotational frequency of the
compact star. The total observed energy or total luminosity
coming from these objects have been observed to lie between
10%-10* erg/ sec. That emitted energy can be as high as
107 MeV for a pulsar having magnetic field B ~ 10> Gauss
and rotational period P = 1 sec [142]. The radiated photons
of this energy may create a secondary plasma of et and e~
pairs through the process, y +y — et + e~. These secon-
dary particles alter the number density of charge particles in
the pulsar magnetosphere.

The energy of the emitted photons due to curvature
radiations of the charge particles in the magnetosphere of
the compact object can be expressed in terms of the
instantaneous Lorentz factor (I') of the radiating charged
particles. It is given by @ = %% when R, is the radius of
curvature of the dipolar magnetic field lines.

Evolution of I', taking radiation reaction into account
and energy gain due to the electric field is described
by [139]
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m-——=e [l 3R2 .
c

I (D2)

When the distance from the center of the star is given by
r = x + R (R is the radius of the compact object and x is
the distance from the surface of the star). This equation can
be derived from the Lorentz-Abhram-Diraction equation
discussed in [110]. When the energy-gain becomes equal to
energy loss in Eq. (D2), a quasisteady state is reached,
which gives the estimate of I' in terms of electric field.

This is given by
B 3ER? i
20 )

The electric field, E|| at a position r, (r > R) from the
center of the compact object is given by [142,143] in the
space charge limited flow in pulsar emission model:

(D3)

~o75 (D4)

In Eq. (D4), B is the surface magnetic field of the compact
object. Since E| is position dependent, it introduces
position dependence to I', and thereby to the emitted
radiation, . Once the emission region for the radiation
of energy w is determined, the distance it would travel in
the magnetosphere of the object can be estimated from the
knowledge of R, (when R, = 1/Q is a light cylinder
radius).

Though in principle one can solve Eq. (D2), to find out
position dependence of the Lorentz factor, but solving it
analytically is difficult. However it is possible to solve
Eq. (D2) numerically. A numerical solution is provided in
Fig. 4. The upward turning point (P) corresponds to the
quasistatic limit in Eq. (D2). Similar behavior for the
primary particles has also been reported in [144].

Since the peak emitted energy w,., of the curvature
photon is given by

3r:
W, ==—

IR (DS5)

Equations (D3)—(D5) can be used to estimate the
emission point of photons of a particular energy.8 The
relation between the angular speed €, the point of
emlssmnR , radius R, magnetic field B, and energy of
the ermtted photon @ can be expressed in dimensionless
quantities as

¥Here we have considered R, = \/r/Q, which is a good
approximation for dipole magnetic fields, close to the light
cylinder.

894660 — ‘
L i - i i /
894620 | ‘ ////////
[, 894580 / —

894540

894500 ‘ ‘ ‘
0.01 0.03 0.05 0.07 0.09
r/RrLc

FIG. 4. Evolution of T" (Lorentz factor) of primary charge
particle in the pulsar atmosphere with radiation reaction. The
lowest point (P) in the curve represents the situation when energy
gain by the charge particle is equal to energy loss due to radiation
reaction, i.e., when (D2) equals zero.

(K2 \/T( o >4 i
R) Rpc\m, '

In Eq. (D6), we have used a numerical parameter K,
defined as K = 471051—\?2 (3)3. One can estimate the path

length z = (R — r) for photons produced at point » with
energy o from Eq. (D6) for various values of neutron star
parameters like the radius, the magnetic field, and the
rotational time period. The estimation of the density of the
plasma is provided below.

The net number density of plasma produced in the
magnetosphere can be estimated by dividing the luminosity
of star by their estimated energy [139]. The combined effect
of pair produced plasma and the plasma ejected from the
surface of star can create a final plasma density, more than
ng,. Following this point of view, we have taken the plasma
frequency w,, to be of the order 1072 eV. We have further
considered the photon path length to be z = 1.2 km [109].
For these numbers of w,, and z, we have estimated various
oscillation probabilities in KeV energy range (20-100) KeV
as shown in Figs. 1 and 2.

The basic motivation for this choice of parameters was to
find out the imprints of ¢F*'F,, interaction on the non-
thermal spectropolarimetric signals from the star magneto-
sphere is realized in nature. In the presence of such an
interaction, some of these energetic photons may eventually
oscillate into scalars and go out of the magnetosphere of the
compact object and get detected by oscillating back into
the photon. Although the same could be pointed out with
the results available in the literature [10] and the references
therein; however, in this work, we have considered the
effect of magnetized medium to the oscillation probability.

(
(

1

K
=%t (D6)
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Our numerical estimates show that the emitted photon
energy is @ > w,,; therefore there is no self-absorption in
the medium.

However the main process of obstruction, to the propa-
gation of primary photons, comes in the form of absorption.
There are few processes those contribute to this phenome-
non. They are (i) y+B — ete™, (i) y+y—ete,
(iii) scattering with ambient electrons in the medium,
(iv) synchrotron self absorption etc.

For subthreshold photon energies (i.e., ® < 2m,) (as is
the kinematics considered here), process (i) is forbidden.
In order to have the second process viable, for photons
with ~100 KeV energy, the minimum energy required for
the second photon w,, > m2m, which is also above a pair
production threshold. It is unlikely that at r > 0.99R, ¢
the primary electrons will generate photons with energy
@ = 10m, or more. Therefore the second process also
seems unlikely.

For stellar objects of mass M, temperature T, the scale

height (defined as h = n’;”g;) is the quantity that deter-
P K

mines the density of the atmosphere of the stellar object.
Although the proton mass m,, is used in estimating the
same, however if one invokes local charge neutrality the
scale hight of electrons would also be similar. For a
compact object with about one solar mass and temperature
around 10° Kelvin the ambient atmosphere close to the
light cylinder would be extremely thin to contribute to
degradation of photon energy through Compton scattering.

Last, the synchrotron self-absorption coefficient follows
a power law behavior a, wi where the index s > 2.
Hence the same may also be neglected for consideration
towards absorption. Therefore for the kind of physical
situation we have considered so far, the main mechanism
towards photon depletion would essentially be due to
conversion to scalars.

[1] V. A. Kostelecky, R. Lehnert, and M. J. Perry, Phys. Rev. D
68, 123511 (2003).

[2] S. Gukov, C. Vafa, and E. Witten, Nucl. Phys. B584, 69
(2000).

[3] A. Sen, Int. J. Mod. Phys. A 09, 3707 (1994).

[4] L. Anguelova, V. Calo, and M. Cicoli, J. Cosmol. As-
tropart. Phys. 10 (2009) 025.

[5] J. P. Conlon and F. Quevedo, J. Cosmol. Astropart. Phys.
08 (2007) 019.

[6] M. Cacciari, Phys. Lett. B 753, 476 (2016).

[7]1 A. Kusenko, K. Schmitz, and T. T. Yanagida, Phys. Rev.
Lett. 115, 011302 (2015).

[8] T. Asaka, J. Hashiba, M. Kawasaki, and T. Yanagida,
Phys. Rev. D 58, 023507 (1998).

[9] T. Higaki, K. Kamaga, and F. Takahashi, J. High Energy
Phys. 09 (2012) 043.

[10] J. P. Conlon and M. C. David Marsh, Phys. Rev. Lett. 111,
151301 (2013).

[11] K. Nakayama, F. Takahashi, and T.T. Yanagida, Phys.
Lett. B 735, 338 (2014).

[12] M. Dhuria, C. Hati, and U. Sarkar, Phys. Lett. B 756, 376
(2016).

[13] E. Schmutzer, Unified Field Theories of More Than 4
Dimensions, edited by E. Schmutzer and V. De Sabbata
(World Scientific, Singapore, 1983), p. 81.

[14] M.J. Duff, B. E. W. Nilsson, and C. N. Pope, Phys. Rep.
130, 01 (1986).

[15] J. Scherk, Supergravity, edited by P. van Nieuwenhuizen
and D.Z. Freedman (North-Holland, Amsterdam, 1979),
p- 43.

[16] J. Khoury and A. Weltman, Phys. Rev. Lett. 93, 171104
(2004).

[17] Narayan Banerjee, Sudipta Das, and Koyel Ganguly,
Pramana 74, 481 (2010).

[18] Nandan Roy and Narayan Banerjee, Ann.
(Amsterdam) 356, 452 (2015).

[19] Amit Das, Farook Rahaman, B. K. Guha, and Saibal Ray,
Eur. Phys. J. C 76, 654 (2016).

[20] E. Komatsu et al., Astrophys. J. Suppl. Ser. 180, 330
(2009).

[21] J. Dunkley et al., Astrophys. J. Suppl. Ser. 180, 306
(2009); and references therein.

[22] P.Brax, C. van de Bruck, Anne-Christine Davis, J. Khoury,
and A. Weltman, Phys. Rev. D 70, 123518 (2004).

[23] J. Khoury and A. Weltman, Phys. Rev. D 69, 044026 (2004).

[24] P. Brax, C. van de Bruck, and Anne-Christine Davis, Phys.
Rev. Lett. 99, 121103 (2007).

[25] A.C. Davis, C. A. O. Schelpe, and D.J. Shaw, Phys. Rev.
D 80, 064016 (2009); and references therein.

[26] P.G. Bergmann, Int. J. Theor. Phys. 1, 25 (1968).

[27] M. Gasperini, Gen. Relativ. Gravit. 16, 1031 (1984).

[28] C. Burrage, A. C. Davis, and D. J. Shaw, Phys. Rev. D 79,
044028 (2009).

[29] C. Bento, O. Bertolami, R. Rosenfeld, and L. Teodoro,
Phys. Rev. D 62, 041302(R) (2000).

[30] H. Davoudiasl and C. Zhang, Phys. Rev. D 93, 055006
(2016).

[31] P. Gondolo and L. Visinelli, Phys. Rev. Lett. 113, 011802
(2014).

[32] D.J.E. Marsh, D. Grin, R. Hlozek, and P.G. Ferreira,
Phys. Rev. Lett. 113, 011801 (2014).

[33] T. Higaki, K. S. Jeong, and F. Takahashi, Phys. Lett. B 734,
21 (2014).

[34] R. Essig, arXiv:1311.0029.

[35] S. Davidson and S. Sarkar, J. High Energy Phys. 11 (2000)
012.

[36] V. Baukh, A. Zhuk, and T. Kahniashvili, Phys. Rev. D 76,
027502 (2007).

Phys.

023008-24


https://doi.org/10.1103/PhysRevD.68.123511
https://doi.org/10.1103/PhysRevD.68.123511
https://doi.org/10.1016/S0550-3213(00)00373-4
https://doi.org/10.1016/S0550-3213(00)00373-4
https://doi.org/10.1142/S0217751X94001497
https://doi.org/10.1088/1475-7516/2009/10/025
https://doi.org/10.1088/1475-7516/2009/10/025
https://doi.org/10.1088/1475-7516/2007/08/019
https://doi.org/10.1088/1475-7516/2007/08/019
https://doi.org/10.1016/j.physletb.2015.12.053
https://doi.org/10.1103/PhysRevLett.115.011302
https://doi.org/10.1103/PhysRevLett.115.011302
https://doi.org/10.1103/PhysRevD.58.023507
https://doi.org/10.1007/JHEP09(2012)043
https://doi.org/10.1007/JHEP09(2012)043
https://doi.org/10.1103/PhysRevLett.111.151301
https://doi.org/10.1103/PhysRevLett.111.151301
https://doi.org/10.1016/j.physletb.2014.06.061
https://doi.org/10.1016/j.physletb.2014.06.061
https://doi.org/10.1016/j.physletb.2016.03.018
https://doi.org/10.1016/j.physletb.2016.03.018
https://doi.org/10.1016/0370-1573(86)90163-8
https://doi.org/10.1016/0370-1573(86)90163-8
https://doi.org/10.1103/PhysRevLett.93.171104
https://doi.org/10.1103/PhysRevLett.93.171104
https://doi.org/10.1007/s12043-010-0044-5
https://doi.org/10.1016/j.aop.2015.03.013
https://doi.org/10.1016/j.aop.2015.03.013
https://doi.org/10.1140/epjc/s10052-016-4503-0
https://doi.org/10.1088/0067-0049/180/2/330
https://doi.org/10.1088/0067-0049/180/2/330
https://doi.org/10.1088/0067-0049/180/2/306
https://doi.org/10.1088/0067-0049/180/2/306
https://doi.org/10.1103/PhysRevD.70.123518
https://doi.org/10.1103/PhysRevD.69.044026
https://doi.org/10.1103/PhysRevLett.99.121103
https://doi.org/10.1103/PhysRevLett.99.121103
https://doi.org/10.1103/PhysRevD.80.064016
https://doi.org/10.1103/PhysRevD.80.064016
https://doi.org/10.1007/BF00668828
https://doi.org/10.1007/BF00760641
https://doi.org/10.1103/PhysRevD.79.044028
https://doi.org/10.1103/PhysRevD.79.044028
https://doi.org/10.1103/PhysRevD.62.041302
https://doi.org/10.1103/PhysRevD.93.055006
https://doi.org/10.1103/PhysRevD.93.055006
https://doi.org/10.1103/PhysRevLett.113.011802
https://doi.org/10.1103/PhysRevLett.113.011802
https://doi.org/10.1103/PhysRevLett.113.011801
https://doi.org/10.1016/j.physletb.2014.05.014
https://doi.org/10.1016/j.physletb.2014.05.014
https://arXiv.org/abs/1311.0029
https://doi.org/10.1088/1126-6708/2000/11/012
https://doi.org/10.1088/1126-6708/2000/11/012
https://doi.org/10.1103/PhysRevD.76.027502
https://doi.org/10.1103/PhysRevD.76.027502

MAGNETIZED MATTER EFFECTS ON DILATON PHOTON ...

PHYS. REV. D 107, 023008 (2023)

[37] L. Maiani, R. Petronzio, and E. Zavattini, Phys. Lett. B
175, 359 (1986).

[38] G. Raffelt and L. Stodolsky, Phys. Rev. D 37, 1237 (1988).

[39] P. Sikivie, Phys. Rev. Lett. 51, 1415 (1983); 52, 695(E)
(1984).

[40] P. Sikivie, Phys. Rev. D 32, 2988 (1985); 36, 974(E)
(1987).

[41] V. Flambaum, S. Lambert, and M. Pospelov, Phys. Rev. D
80, 105021 (2009).

[42] E. Fischbach, D. Sudarsky, A. Szafer, C. Talmadge, and
S. H. Aronson, Phys. Rev. Lett. 56, 03 (1986).

[43] L.M. Cappparelli, G. Cavoto, J. Ferretti, F. Giazotto,
A.D. Polosa, and P. Spagnolo, Phys. Dark Universe 12,
37 (2016).

[44] 1. Brevik and M. M. Chaichian, Eur. Phys. J. C 82, 202
(2022).

[45] 1. Brevik and M. M. Chaichian, arXiv:2207.04807.

[46] F. Chen, J. M. Cline, A. Fradette, A.R. Frey, and C.
Rabideau, Phys. Rev. D 81, 043523 (2010).

[47] R. Bartels, S. Krishnamurthy, and C. Weniger, arXiv:1506
.0504v2.

[48] A. Boyarsky, J. Franse, D. Iakubovskyi, and O.
Ruchayskiy, Phys. Rev. Lett. 115, 161301 (2015).

[49] D. Hooper, I. Cholis, T. Linden, J. M. Siegal-Gaskins, and
T. R. Slatyer, Phys. Rev. D 88, 083009 (2013).

[50] E. Fishbach, D. Sudarsky, A. Szafer, C. Talmadge, and
S. H. Aronson, Phys. Rev. Lett. 56, 3 (1986).

[51] S.C. Holding, F. D. Stacey, and G.J. Tuck, Phys. Rev. D
33, 3487 (1986).

[52] C.D. Hoyle, U. Schmidt, B. R. Heckel, E. G. Adelberger,
J.H. Gundlach, D.J. Kapner, and H. E. Swanson, Phys.
Rev. Lett. 86, 1418 (2001).

[53] D.J. Kapner, T. S. Cook, E. G. Adelberger, J. H. Gundlach,
B. R. Heckel, C. D. Hoyle, and H. E. Swanson, Phys. Rev.
Lett. 98, 021101 (2007).

[54] E. G. Adelberger, B. R. Heckel, S. Hoedl, C. D. Hoyle, D. J.
Kapner, and A. Upadhye, Phys. Rev. Lett. 98, 131104
(2007).

[55] B. S. Acharya, G. Kane, and E. Kufflic, Int. J. Mod. Phys.
A 29, 1450073 (2014).

[56] Y. M. Cho and J. H. Kim, Phys. Rev. D 79, 023504 (2009).

[57] Y. M. Cho, Phys. Rev. D 41, 2462 (1990).

[58] Y. M. Cho and J. H. Yoon, Phys. Rev. D 47, 3465 (1993).

[59] Y.M. Cho, Proceedings of XXth Yamada Conference,
edited by S. Hayakawa and K. Sato (University Academy,
Tokyo, 1988).

[60] For a comprehensive details one can see: P. Salati, A
primer on primordial nucleosynthesis, ASP Conference
Series, edited by D. V. Gabaud, M. Hendry, P. Molaro, and
K. Chamcham (Astronomical Society of the Pacic (ASP),
Utah, USA, 1997), Vol. 126, p. 63.

[61] Hooman Davoudiasl and Christopher W. Murphy, Phys.
Rev. Lett. 118, 141801 (2017).

[62] Paulo Aguiar and Paulo Crawford, Gravitation Cosmol.
19, 19 (2013).

[63] Martin White and Wayne Hu, Astron. Astrophys. 321, 8
(1996).

[64] D. Budker, P. W. Graham, M. Ledbetter, S. Rajendran, and
A. O. Sushkov, Phys. Rev. X 4, 021030 (2014).

[65] N. Du, N. Force, R. Khatiwada, E. Lentz, R. Ottens, L. J
Rosenberg ef al. (ADMX collaborarion), Phys. Rev. Lett.
120, 151301 (2018).

[66] F. Hoogeveen and T. Ziegenhagen, Nucl. Phys. B358, 3
(1991).

[67] G. Bellini et al. (Borexino Collaboration), Phys. Rev. D 85,
092003 (2012).

[68] G. Bellini et al. (Borexino Collaboration), Eur. Phys. J. C
54, 61 (2008).

[69] R. Lieu, J.P.D. Mittaz, S. Bowyer, J.O. Breen, F.J.
Lockman, E.M. Murphy, and C.-y. Hwang, Science
274, 1335 (1996).

[70] M. Bonamente, R. Lieu, M. K. Joy, and J. H. Nevalainen,
Astrophys. J. 576, 688 (2002).

[71] M. Bonamente, R. Lieu, J. Nevalainen, and J. S. Kaastra,
Astrophys. J. 552, L7 (2002).

[72] J. Nevalainen, R. Lieu, M. Bonamente, and D. Lumb,
Astrophys. J. 584, 716 (2003).

[73] Daniel S. Hudson and Mark J. Henricksen, Astrophys. J.
595, L1 (2003).

[74] M. Bonamente, J. Nevalainen, and R. Lieu, Astrophys. J.
668, 796 (2007).

[75] T. Lehto, J. Nevalainen, M. Bonamente, N. Ota, and
J. Kaastra, Astron. Astrophys. 524, A70 (2010).

[76] R.C. Hicox and M. Markevitch, Astrophys. J. 645, 95
(2006).

[77] Esra Bulbul, M. Markevitch, A. Foster, R. K. Smith, M.
Loewenstein, and S. W. Randall, Astrophys. J. 789, 13
(2014).

[78] J. Knodlseder et al., Astrophys. J. 411, 1457 (2003).

[79] P. Jean et al., Astron. Astrophys. 407, L55 (2003).

[80] J. Knodlseder et al., Astron. Astrophys. 441, 513 (2003).

[81] S. Das, P. Jain, J.P. Ralston, and R. Saha, J. Cosmol.
Astropart. Phys. 06 (2005) 002.

[82] N.J. Craig and S. Raby, arXiv:0908.1842v2.

[83] P. Sikivie, Rev. Mod. Phys. 93, 015004 (2021).

[84] A.K. Ganguly, S. Konar, and P. B. Pal, Phys. Rev. D 60,
105014 (1999).

[85] A.K. Ganguly, P. Jain, and S. Mandal, Phys. Rev. D 79,
115014 (2009).

[86] Ankur Chaubey, Manoj K. Jaiswal, and Avijit K.
Ganguly, Phys. Rev. D 102, 123029 (2020).

[87] J.F. Nieves and P. B. Pal, Phys. Rev. D 39, 652 (1989).

[88] A. Das, Finite Temperature Field Theory (World Scien-
tific, Singapore, 1997).

[89] J. Kapusta, Finite Temperature Field Theory (Cambridge
University Press, Cambridge, 1989); M. Le Bellac,
Thermal Field Theory (Cambridge University Press,
Cambridge, 1996).

[90] H. Perez Rojas and A. E. Shabad, Ann. Phys. (N.Y.) 121,
432 (1979).

[91] E. Braaten and D. Segel, Phys. Rev. D 48, 1478 (1993).

[92] Palash B. Pal, Phys. Rev. D 102, 036004 (2020).

[93] A.K. Ganguly and M. K. Jaiswal, Phys. Rev. D 90, 026002
(2014).

[94] S.N. Gupta, Proc. Phys. Soc. London Sect. A 63, 681
(1950).

[95] Per Elmfors, David Peersson, and Bo-Sture Skagerstam,
Nucl. Phys. B422, 521 (1994).

023008-25


https://doi.org/10.1016/0370-2693(86)90869-5
https://doi.org/10.1016/0370-2693(86)90869-5
https://doi.org/10.1103/PhysRevD.37.1237
https://doi.org/10.1103/PhysRevLett.51.1415
https://doi.org/10.1103/PhysRevLett.52.695.2
https://doi.org/10.1103/PhysRevLett.52.695.2
https://doi.org/10.1103/PhysRevD.32.2988
https://doi.org/10.1103/PhysRevD.36.974
https://doi.org/10.1103/PhysRevD.36.974
https://doi.org/10.1103/PhysRevD.80.105021
https://doi.org/10.1103/PhysRevD.80.105021
https://doi.org/10.1103/PhysRevLett.56.3
https://doi.org/10.1016/j.dark.2016.01.003
https://doi.org/10.1016/j.dark.2016.01.003
https://doi.org/10.1140/epjc/s10052-022-10150-1
https://doi.org/10.1140/epjc/s10052-022-10150-1
https://arXiv.org/abs/2207.04807
https://doi.org/10.1103/PhysRevD.81.043523
https://arXiv.org/abs/1506.0504v2
https://arXiv.org/abs/1506.0504v2
https://doi.org/10.1103/PhysRevLett.115.161301
https://doi.org/10.1103/PhysRevD.88.083009
https://doi.org/10.1103/PhysRevLett.56.3
https://doi.org/10.1103/PhysRevD.33.3487
https://doi.org/10.1103/PhysRevD.33.3487
https://doi.org/10.1103/PhysRevLett.86.1418
https://doi.org/10.1103/PhysRevLett.86.1418
https://doi.org/10.1103/PhysRevLett.98.021101
https://doi.org/10.1103/PhysRevLett.98.021101
https://doi.org/10.1103/PhysRevLett.98.131104
https://doi.org/10.1103/PhysRevLett.98.131104
https://doi.org/10.1142/S0217751X14500730
https://doi.org/10.1142/S0217751X14500730
https://doi.org/10.1103/PhysRevD.79.023504
https://doi.org/10.1103/PhysRevD.41.2462
https://doi.org/10.1103/PhysRevD.47.3465
https://doi.org/10.1103/PhysRevLett.118.141801
https://doi.org/10.1103/PhysRevLett.118.141801
https://doi.org/10.1134/S0202289313010027
https://doi.org/10.1134/S0202289313010027
https://doi.org/10.1103/PhysRevX.4.021030
https://doi.org/10.1103/PhysRevLett.120.151301
https://doi.org/10.1103/PhysRevLett.120.151301
https://doi.org/10.1016/0550-3213(91)90528-6
https://doi.org/10.1016/0550-3213(91)90528-6
https://doi.org/10.1103/PhysRevD.85.092003
https://doi.org/10.1103/PhysRevD.85.092003
https://doi.org/10.1140/epjc/s10052-008-0530-9
https://doi.org/10.1140/epjc/s10052-008-0530-9
https://doi.org/10.1126/science.274.5291.1335
https://doi.org/10.1126/science.274.5291.1335
https://doi.org/10.1086/341806
https://doi.org/10.1086/320259
https://doi.org/10.1086/345830
https://doi.org/10.1086/378844
https://doi.org/10.1086/378844
https://doi.org/10.1086/521381
https://doi.org/10.1086/521381
https://doi.org/10.1051/0004-6361/201014508
https://doi.org/10.1086/504070
https://doi.org/10.1086/504070
https://doi.org/10.1088/0004-637X/789/1/13
https://doi.org/10.1088/0004-637X/789/1/13
https://doi.org/10.1051/0004-6361:20031437
https://doi.org/10.1051/0004-6361:20031056
https://doi.org/10.1051/0004-6361:20042063
https://doi.org/10.1088/1475-7516/2005/06/002
https://doi.org/10.1088/1475-7516/2005/06/002
https://arXiv.org/abs/0908.1842v2
https://doi.org/10.1103/RevModPhys.93.015004
https://doi.org/10.1103/PhysRevD.60.105014
https://doi.org/10.1103/PhysRevD.60.105014
https://doi.org/10.1103/PhysRevD.79.115014
https://doi.org/10.1103/PhysRevD.79.115014
https://doi.org/10.1103/PhysRevD.102.123029
https://doi.org/10.1103/PhysRevD.39.652
https://doi.org/10.1016/0003-4916(79)90104-0
https://doi.org/10.1016/0003-4916(79)90104-0
https://doi.org/10.1103/PhysRevD.48.1478
https://doi.org/10.1103/PhysRevD.102.036004
https://doi.org/10.1103/PhysRevD.90.026002
https://doi.org/10.1103/PhysRevD.90.026002
https://doi.org/10.1088/0370-1298/63/7/301
https://doi.org/10.1088/0370-1298/63/7/301
https://doi.org/10.1016/0550-3213(94)90445-6

CHAUBEY, JAISWAL, and GANGULY

PHYS. REV. D 107, 023008 (2023)

[96] J. Schwinger, Phys. Rev. 82, 664 (1951).
[97] R.D. Peccei and H. R. Quinn, Phys. Rev. Lett. 38, 1440
(1977).
[98] A.G. Mikhaylenko, V.S. Beskin, and Ya.N. Istomin,
J. Plasma Phys. 87, 905870105 (2021).
[99] J. C. DOlivo, J. F. Nieves, and S. Sahu, Phys. Rev. D 67,
025018 (2003).
[100] G.M. Shore, Nucl. Phys. B633, 271 (2002).
[101] I. G. Avramidi, Nucl. Phys. B355, 712 (1991).
[102] Laurent Freidel and Trevor Rempel, arXiv:1312.3674.
[103] I. T. Drummond and S. Hathrell, Phys. Rev. D 22, 343
(1980).
[104] R. C. Henry, Astrophys. J. 535, 350 (2000).
[105] F. Karbstein, Phys. Rev. D 88, 085033 (2013).
[106] L.F. Urrutia, Phys. Rev. D 17, 1977 (1978).
[107] S. Mohanty, J. F. Nieves, and Palash B. Pal, Phys. Rev. D
58, 093007 (1998).
[108] A. Mirizzi, G.G. Raffelt, and Pasquale D. Serpico,
Phys. Rev. D 72, 023501 (2005).
[109] H. Lesh, A. Jessner, M. Kramer, and T. Kunzi, Astron.
Astrophys. 332, L21 (1988).
[110] J. D Jackson, Classical Electrodynamics, 3rd ed. (Wiley,
New York, 1998).
[111] A. Mirizzi, G. G. Raffelt, and Pasquale D. Serpico, Lect.
Notes Phys. 741, 115 (2008).
[112] P. Tiwari, Phys. Rev. D 95, 023005 (2017).
[113] M. Meyer, M. Giannotti, A. Mirizzi, J. Conrad, and M. A.
Sanchez-Conde, Phys. Rev. Lett. 118, 011103 (2017).
[114] E. Masaki, A. Aoki, and J. Soda, Phys. Rev. D 96, 043519
(2017).
[115] Y. Grossman, S. Roy, and J. Zupan, Phys. Lett. B 543, 23
(2002).
[116] B. A. Bassett and M. Kunz, Astrophys. J. 607, 661 (2004).
[117] J. C. Jackson, J. Cosmol. Astropart. Phys. 11 (2004) 007.
[118] C. Csaki, N. Kaloper, and J. Terning, Phys. Rev. Lett. 88,
161302 (2002).
[119] C. Csaki, N. Kaloper, and J. Terning, Ann. Phys.
(Amsterdam) 317, 410 (2005).
[120] M. S. Pshirkov and S. B. Popov, J. Exp. Theor. Phys. 108,
384 (2009).
[121] A.Hook, Y. Kahn, B. R. Safdi, and Z. Sun, Phys. Rev. Lett.
121, 241102 (2018).
[122] D. Lai and J. Heyl, Phys. Rev. D 74, 123003 (2006).

[123] F.P. Huang, K. Kadota, T. Sekiguchi, and H. Tashiro,
Phys. Rev. D 97, 123001 (2018).

[124] B.R. Safdi, Z. Sun, and A.Y. Chen, Phys. Rev. D 99,
123021 (2019).

[125] M. Leroy, M. Chianese, T. D. P. Edwards, and C. Weniger,
Phys. Rev. D 101, 123003 (2020).

[126] S.J. Witte, D. Noordhuis, T.D.P. Edwards, and C.
Weniger, Phys. Rev. D 104, 103030 (2021).

[127] R. A. Battye, B. Garbrecht, J.I. Mcdonald, and S.
Srinivasan, J. High Energy Phys. 09 (2021) 105.

[128] J. W. Foster, Y. Kahn, O. Macias, Z. Sun, R. P. Eatough,
V. I. Kondratiev, W. M. Peters, C. Weniger, and B. R. Safdi,
Phys. Rev. Lett. 125, 171301 (2020).

[129] J. Darling, Astrophys. J. Lett. 900, L28 (2020).

[130] J. Darling, Phys. Rev. Lett. 125, 121103 (2020).

[131] R. A. Battye, J. Darling, J. McDonald, and S. Srinivasan,
Phys. Rev. D 105, L021305 (2022).

[132] Alexander J. Millar, Sebastian Baum, Matthew Lawson,
and David M. C. Marsh, J. Cosmol. Astropart. Phys. 11
(2021) 013.

[133] G. Cardano, Ars Magna or The Rules of Algebra, Dover
(1993).

[134] J. Kopp, Int. J. Mod. Phys. C 19, 523 (2008).

[135] A. K. Ganguly, Introduction to Axion Photon Interaction
in Particle Physics and Photon Dispersion in Magnetized
Media, Particle Physics, edited by Eugene Kennedy
(InTech, London, 2012), ISBN: 978-953-51-0481-0.

[136] M. A. Ruderman and P. Sutherland, Astrophys. J. 196, 51
(1975).

[137] J. Arons and E.T. Scharlemann, Astrophys. J. 231, 854
(1979).

[138] J. K. Daugherty and A. K. Harding, Astrophys. J. 458, 278
(1996).

[139] V.S. Beskin, MHD Flows in Compact Astrophysical
Objects, Accretion, Winds and Jets (Springer-Verlag,
Berlin Heidelberg, 2010).

[140] P. Meszaros, High-Energy Radiation from Magnetized
Neutron Stars (University of Chicago Press, Chicago, 1992).

[141] V. V. Usov, Sov. Astron. Lett. 14, 258 (1988).

[142] V. V. Usov, Astrophys. J. 410, 761 (1993).

[143] E.T. Scharlemann, J. Arons, and W.M. Fawley,
Astrophys. J. 222, 297 (1978).

[144] D.F. Torres, Nat. Astron. 2, 247 (2018).

023008-26


https://doi.org/10.1103/PhysRev.82.664
https://doi.org/10.1103/PhysRevLett.38.1440
https://doi.org/10.1103/PhysRevLett.38.1440
https://doi.org/10.1017/S0022377820001579
https://doi.org/10.1103/PhysRevD.67.025018
https://doi.org/10.1103/PhysRevD.67.025018
https://doi.org/10.1016/S0550-3213(02)00240-7
https://doi.org/10.1016/0550-3213(91)90492-G
https://arXiv.org/abs/1312.3674
https://doi.org/10.1103/PhysRevD.22.343
https://doi.org/10.1103/PhysRevD.22.343
https://doi.org/10.1086/308819
https://doi.org/10.1103/PhysRevD.88.085033
https://doi.org/10.1103/PhysRevD.17.1977
https://doi.org/10.1103/PhysRevD.58.093007
https://doi.org/10.1103/PhysRevD.58.093007
https://doi.org/10.1103/PhysRevD.72.023501
https://doi.org/10.1007/978-3-540-73518-2
https://doi.org/10.1007/978-3-540-73518-2
https://doi.org/10.1103/PhysRevD.95.023005
https://doi.org/10.1103/PhysRevLett.118.011103
https://doi.org/10.1103/PhysRevD.96.043519
https://doi.org/10.1103/PhysRevD.96.043519
https://doi.org/10.1016/S0370-2693(02)02448-6
https://doi.org/10.1016/S0370-2693(02)02448-6
https://doi.org/10.1086/383520
https://doi.org/10.1088/1475-7516/2004/11/007
https://doi.org/10.1103/PhysRevLett.88.161302
https://doi.org/10.1103/PhysRevLett.88.161302
https://doi.org/10.1016/j.aop.2004.11.015
https://doi.org/10.1016/j.aop.2004.11.015
https://doi.org/10.1134/S1063776109030030
https://doi.org/10.1134/S1063776109030030
https://doi.org/10.1103/PhysRevLett.121.241102
https://doi.org/10.1103/PhysRevLett.121.241102
https://doi.org/10.1103/PhysRevD.74.123003
https://doi.org/10.1103/PhysRevD.97.123001
https://doi.org/10.1103/PhysRevD.99.123021
https://doi.org/10.1103/PhysRevD.99.123021
https://doi.org/10.1103/PhysRevD.101.123003
https://doi.org/10.1103/PhysRevD.104.103030
https://doi.org/10.1007/JHEP09(2021)105
https://doi.org/10.1103/PhysRevLett.125.171301
https://doi.org/10.3847/2041-8213/abb23f
https://doi.org/10.1103/PhysRevLett.125.121103
https://doi.org/10.1103/PhysRevD.105.L021305
https://doi.org/10.1088/1475-7516/2021/11/013
https://doi.org/10.1088/1475-7516/2021/11/013
https://doi.org/10.1142/S0129183108012303
https://doi.org/10.1086/153393
https://doi.org/10.1086/153393
https://doi.org/10.1086/157250
https://doi.org/10.1086/157250
https://doi.org/10.1086/176811
https://doi.org/10.1086/176811
https://doi.org/10.1086/172792
https://doi.org/10.1086/156144
https://doi.org/10.1038/s41550-018-0384-5

