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The test masses in next-generation gravitational-wave interferometers may have a semiconductor
substrate, most likely silicon. The stochastic motion of charge carriers within the semiconductor will cause
random fluctuations in the material’s index of refraction, introducing a noise source called thermal charge
carrier refractive (TCCR) noise. TCCR noise was previously studied in 2020 by Bruns et al., using a
Langevin force approach. Here we compute the power spectral density of TCCR noise by both using the
fluctuation-dissipation theorem and accounting for previously neglected effects of the standing wave of
laser light produced by reflections along the direction of beam propagation. We quantify our results with
parameters from Einstein Telescope, and we show that at temperatures of 10 K the amplitude of TCCR
noise is up to a factor of v/2 times greater than what was previously claimed. From 77 K to 300 K the
amplitude is around 5 to 7 orders of magnitude lower than previously claimed when we choose to neglect
the standing wave, and is up to a factor of 6 times lower if the standing wave is included. Despite these
differences, we still conclude like Bruns et al. that TCCR noise should not be a limiting noise source for
next-generation gravitational-wave interferometers.
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I. INTRODUCTION

The current second generation of gravitational-wave
intereferometer experiments such as LIGO [1], Virgo
[2], and Kagra [3] has been highly successful in measuring
the gravitational effects of astrophysical compact object
mergers, and has thus ushered in a new and exciting age of
multimessenger astronomy. Proposed designs for next-
generation gravitational-wave interferometer experiments,
including LIGO Voyager [4], Einstein Telescope (ET) [5],
and Cosmic Explorer (CE) [6], aim to measure gravitational
strains with up to a full order of magnitude better sensitivity
than that of the current generation, and thus open the door
to observations of many more compact object mergers in
addition to other astrophysical phenomena whose signa-
tures are too weak to be detected by current experiments.
The next generation’s increase in precision will be achieved
by a variety of improvements such as longer interferometer
arms, new laser technologies, implementation of both
L-shaped (Voyager, CE) and triangular (ET) interferometer
geometries, and new test masses which may replace the
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currently used fused silica substrate with a semiconductor
material and may also be cooled to cryogenic temperatures.

The motivation for switching from fused silica to semi-
conductor test masses is the mitigation of thermal noise, a
prominent limiting noise source. The most likely choice of
semiconductor material is silicon, since the thermal proper-
ties of silicon compare favorably to those of fused silica in
many respects: silicon has lower Brownian noise than fused
silica when cooled to cryogenic temperatures; fused silica
mirrors undergo significant thermal deformation when
impurities in the test mass coatings absorb laser power,
whereas silicon suppresses these deformations due to its
high thermal conductivity; and at temperatures of approx-
imately 18 K and 125 K, silicon’s thermoelastic noise
vanishes because the thermal expansion coefficient goes to
zero [5-7].

However, semiconductor test masses will also give rise
to new noise sources. In particular, semiconductors, unlike
fused silica, possess a conduction band that allows free
charge carriers to move throughout the material, and this
introduces a new noise source known as thermal charge
carrier refractive (TCCR) noise, which will be the focus
of our paper. TCCR noise is produced by local time-
dependent thermal fluctuations of charge carrier density
within the semiconductor material: the charge carrier

© 2023 American Physical Society
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density fluctuations are coupled to the index of refraction
through the free carrier dispersion effect, and thus change
the overall phase of laser light passing through the input
test mass. TCCR noise was recently investigated by Bruns
et al. [8], and is similar to the thermochemical noise
described by Benthem and Levin for GEO600 [9].

The previous TCCR noise computation performed by
Bruns et al. makes use of Langevin forces to model
Brownian motion of the charge carriers. It assumes that
the Langevin force F,(7,7) is an uncorrelated white
Gaussian noise process described in Fourier space by

(FL(kw)Fy (K W) = 22)* F3(k> + 1)
x 8(k— K)5(w— '), (1)

where F, is a constant constrained by a requirement that
charge carrier density fluctuations are a Poisson process
and [ is the Debye length. The previous work also uses a
laser beam form factor (an expression that is determined
by the beam’s intensity profile and written in Cartesian
coordinates where z is the direction of beam propagation)
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where r is the beam waist radius. This form factor notably
only considers transverse components of the beam, ignor-
ing the standing wave of laser light which is produced
along the z direction by reflections.

We argue that a better approach than the Langevin
method is a more general computation that uses the
fluctuation-dissipation theorem (FDT) as was done in
Benthem and Levin’s thermochemical noise analysis,
and we also claim that the standing wave in the form
factor is significant and must be included. We find that our
approach produces a different result than that of Bruns
et al., and this is to be expected for the following reasons.
The assumption that the Langevin forces have a Poisson
process constraint may not be valid in the context of charge
carrier density fluctuations, since a Poisson process con-
sists of random probability throws which are independent,
whereas charge carrier motions are dependent on each other
due to electrical repulsion and/or attraction. As for the
neglected standing wave, its field gradient is much steeper
than that of the transverse beam component since the length
scales of both are set respectively by the laser light’s
wavelength and the comparatively large beam waist radius
ro- Because of the steeper field gradient, diffusion of
charged particles over the standing wave should contribute
much more to TCCR noise at higher temperatures where
the Debye length starts to shrink to scales below the light’s
wavelength. It is also reasonable to expect suppression of
the transverse noise contribution at these same temper-
atures, since the Debye length becomes so much smaller

than ry that the spatial extent of any given density
fluctuation essentially does not overlap with different
regions of transverse beam intensity.

In this paper we derive the power spectral density of
TCCR noise by using the FDT and considering a wide range
of temperatures and semiconductor doping concentrations.
We quantify our results using parameters from the ET low-
frequency detector. Our results differ from those of Bruns
et al. at both low and high temperatures. At temperatures
around 10 K, the FDT-derived noise amplitude is up to a
factor of roughly v/2 times greater than what is obtained
by using the Langevin method. Between 77 K and 300 K,
the standing wave becomes extremely significant. When
neglecting the standing wave at these temperatures, depend-
ing on the doping concentration the noise amplitude is 5 to 7
orders of magnitude lower than what was previously
claimed, and when including the standing wave the ampli-
tude is up to 6 times smaller than previous claims.

II. FDT FOR TCCR NOISE: THEORY

Here we broadly follow [9], which is based on the FDT
as formulated in [10,11]. The FDT gives an expression for
the power spectral density S, of any generalized coordinate
Q of a linear dissipative system. In particular, if Q is being
acted on by a generalized driving force F = Fexp(iwr),
then S, can conveniently be written in terms of W, the
power dissipation from F' time averaged over one period, as
follows:

8kpT W giss
So(f) = —2——

w* F} (3)
where T is the temperature of the system, f = w/(27) is
the frequency, and kp is the Boltzmann constant. Note that
the above expression is obtained by taking the classical
limit, k3T > hw. Importantly, in the above F is written as a
phasor, and therefore we implicitly take the real part of all
measurable quantities linearly related to F throughout
this paper.

We can use the FDT to compute the power spectral
density of TCCR noise by defining our generalized
coordinate to be the experimental readout variable oz,
the optical path length change resulting from time-
dependent fluctuations of free charge carrier density along
the path of the laser light as it passes through the input test
mass. This readout variable can be expressed as

6z(1) :[/cﬁ?a&N(?, 1)q(7), (4)

where V is the input test mass volume, @ = dn/dN where n
is the index of refraction and N is the number density of
charge carriers, SN(7, 1) is the relative change in number
density of charge carriers along the light’s path, and ¢(7) is
the beam form factor. We note that as in [8],
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a=— (5)
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where e is the electric charge of a carrier (throughout this
paper, without loss of generality we consider a semi-
conductor with majority charge carriers that are electrons),
€p 1s the vacuum permittivity, o, is the laser light frequency,
and m, is the effective mass of majority charge carriers.

As in [9,12], to find a generalized time-periodic force F
that drives the canonically conjugate momentum of oz, we
introduce an interaction Hamiltonian H:

H;, = —Fyexp(iwr)sz. (6)

Under the action of H;,, each charge carrier would
experience a force F(7;, t) at its position 7;:

-

F(7F; 1) = =V;Hiy
= Foexp(iot)aVq(r)|z_z. (7)

To compute the noise power spectral density S;,, we need to
find the time-averaged power Wy that would be dissipated
under the action of the force field in Eq. (7). In the rest of
this section we explain how to obtain W .

First, we note that thg force field in Eq. (7) would induce
an oscillating current j(7,7) of charge carriers within the
semiconductor substrate of the input test mass, along with
charge density perturbations 8p(7, ) and associated electric

fields E (7, t). For small charge density perturbations, the
current ; satisfies the following equation:

-

J = pou(F + eE) — DVép, (8)

where p is the generalized mobility, p, is the background
charge density, and D is the diffusion -coefficient.

Additionally, 7, E, and Jp are related by the continuity
equation and Gauss’ law,

= 0p/(ecy). ©)

Here € = n’. By taking the divergence of Eq. (8) and
using Egs. (7) and (9), we get

0 D .
(()t + T DV2> Sp = —pouaFyexp(int)Vq.  (10)
D

Here [, is the Debye length, the characteristic length over
which free charges are screened inside the medium:

D
Iy = 4|07 (11)
Poke

Equation (10) has the general solution

op(F, 1) = 8py(7) exp(iwt). (12)

We can obtain an expression for 8p,(7) in the Fourier
domain, which we will use later:

- - Fok?
5ﬂo(k) o PoHAL

= G(k). 13
i+ DJB + D2 1) (13)

We shall be using the following convention for Fourier
transforms:

oL [ Q) eik T
o) = s [ A0

(k) = / q(F)e* . (14)

We now have everything we need to compute W.
First, we will find the instantaneously dissipated power

Winst:/d3rﬁ'.7/e

_Fy exp(ia)t)a/d%vq'};

e
Foexp(ia)t)a/ 5 00p
=—— | d’rg—. 15
5 rq— (15)

The last step used Vg - j = V- (gj) + q(08p/or) and the
assumption that q} = 0 at the boundary of the integration
domain. After applying the Plancherel theorem to Eq. (15)
to convert the integral into an expression in the Fourier
domain and substituting in Eq. (13), and then time
averaging [note that for any two phasors A and B, taking
1/2 Re(AB*) gives the time average], we get

diss 1673 @? + (D/I3 + Dk*)?’

where N, is the background number density of charge
carriers. Substituting Eq. (16) into Eq. (3), we obtain

2
%mzmMjfk

273

12|g (k)
®* + (D/I} + DK*)*’

(17)

where we used the FEinstein relation D = pkgT. This is
the general expression for the power spectral density of
TCCR noise.

As in [8], to relate the change in optical path length to
measured changes in gravitational strain within a given
interferometer, we must multiply S5, by #?/(2F%.L3),
where Fpp is the finesse of the Fabry-Perot cavity and
L, is the length of the interferometer arm.
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A. Approximation when using large-scale beam
form factors

The denominator in Eq. (17) motivates the definition of
two characteristic scales for k. These are the Debye scale,

kp=—, (18)

and the thermal diffusion scale,

ki

(19)

1 0]
Iy VD
where [, is the characteristic distance of thermal diffusion
over the time 1/w.

If the characteristic length scale of ¢(7) is much greater
than either /p or [y, then the integrand of Eq. (17) will be
significant only for small values of k, so that the term Dk?
can be neglected in the denominator. In this approximation,
the noise is then given by

4Da’N,,

Saz(f)ﬁm

/d3r|Vq|2. (20)

In the case of test masses with silicon substrates, the
conditions for this approximation are satisfied at higher
temperatures where the Debye length decreases significantly.

III. TCCR NOISE COMPUTATION

In this section we will compute S5, in two distinct cases:

(A) Neglecting the standing wave by using the same
beam form factor as was used in Bruns et al. [8],
and considering the dominant contribution to TCCR
noise to come from diffusion of charge carriers in
the transverse plane along the field gradient of the
Gaussian beam. This will allow us to make a direct
comparison of our results with those of [8].

(B) Including the standing wave, and separately consid-
ering the contributions to TCCR noise from diffu-
sion of charge carriers along the field gradient of the
standing wave and diffusion in the transverse plane.

The noise power spectral density as derived by Bruns et al.

will be denoted by Sf;zang, and our own results will be
similarly labeled with superscripts.

A. TCCR noise from transverse diffusion, neglecting
standing wave

Following [8], we will first consider the case where
TCCR noise is created exclusively by charge carriers’
random walks in directions transverse to the laser beam.
The resulting noise power spectral density will be denoted
by SéTZr. The beam form factor is given by

al7) = exp (). o)

ry o

where in Cartesian coordinates r;, = /x> + y*> and the
direction of propagation of the beam is along the z axis. The
form factor is normalized such that when integrating over
the full volume of the input test mass, we obtain

[/d3r q(¥) =L, (22)

where L is the length of the input test mass along the
direction of beam propagation. Using this form factor and
substituting it into Eq. (20), we get

L _4DaN,L 1
S =2 o) @

in the limit where ry > [p, ly,. Using Eq. (17) and perform-
ing some algebra, one can show that in the most general
case the noise can be expressed as

4Da2N()L 1 r2 r2
P 0 01 (24
5 (f) 7} L)Z I (D/Z%)z] §<2l%) 2lt2h> 24

zrg
where the function £ is given by

o (12 2 xexn(—x
wat) E/o ( (j J]: 3)26+pz§2 L (25)
2
= % [zexp(z)T(0,z) — zexp(2)[(0,2)],  (26)

where z =a + ib and I'(s, z) is the incomplete Gamma
function. One can see that £ ~ 1 when either of its argu-
ments is much greater than 1, thus recovering the approxi-
mated form of Eq. (23).

B. TCCR noise with inclusion of standing wave

Now we will compute TCCR noise with the correction of
including a standing wave in the beam form factor. We will
derive and compare two separate components of the noise:
the first, S5 %, will only consider diffusion in the propa-
gation direction along the standing wave, while the second,
SSWVTr, will exclusively consider diffusion in the transverse
plane. Examining the diffusion directions separately will
allow us to see that the dependence of TCCR noise on both
types of diffusion is strongly temperature and frequency
dependent, and that the standing wave effects dominate at
higher temperatures. The beam form factor is

— 2 _ri )
q(F) = —exp|— | sin (k.2), (27)
nrg rS
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where k, is the angular wave number corresponding to the
wavelength of the laser light.

In the case of S§V7, it is straightforward to get an
analytical expression for the noise by solving for dp using
Eq. (10) and then substituting dp into the last line of
Eq. (15) and time averaging. We consider diffusion along
the standing wave and can thus use V ~2d/dz. From
Eq. (7) we obtain a generalized force in the z direction,

N 2F0ak,

2
. 5 = exp(iwt) exp <%) sin(2k.z). (28)
71"'0 }’0

F

The continuity equation can then be written as

0 D 0? oF
— D \8p = —pou—=. 29
(ar B az2> P TP, (29)
By inspection of the functional form of F, in Eq. (28)
and using Eq. (29), we consider solutions for dp of the form

2

op(F,t) = C'exp(iwt) exp <_—2l> cos(2k,z), (30)
o

with C" being a prefactor that we can solve for to find

- dpouF gak? —r?
Sp(F.1) = —%exp (r—zl) cos(2k,z)
0 0

. exp(iot — i) 31)
[0 + (4DK2 + D/13)4'/?°

where the phase shift ¢ is given by

¢ = tan™! (L> (32)

4Dk? 4+ D/ 13

Substituting Eq. (31) into the last line of Eq. (15), time
averaging, and using Eq. (3) along with the identity
sin(tan™! (x)) = |x|/(1 4 x?)!/? gives us

4Dk2aPNyL 1
nr} w* + (4DK? + D/ 13)?

SW-Z _
Séz -

}. (33)

Note that Eq. (33) is valid at all temperatures.

Next, it is important to note that, somewhat surprisingly,
the presence of the standing wave also enhances the noise
due to diffusion in the direction transverse to the beam. This
can be seen as follows: for the derivation of S35\ we are
considering diffusion only in the transverse direction,
meaning V ~ %d/dx + $9/dy. The computation is essen-
tially identical to that in Sec. III A, except that we now
integrate over an additional factor of 4 sin*(k.z) in Eq. (15):

3
sger = 25T (34)

IV. COMPARISON OF TCCR NOISE AMPLITUDES

In this section we will compare expressions for
the amplitude spectral density of TCCR noise derived
using the Langevin and FDT methods, and we will quantify
our results with parameters from the ET low-frequency
detector. All of the different expressions for TCCR
noise are also plotted in Fig. 1 at temperatures of 10 K
and 300 K. As described below, the 300 K plot is largely
representative of a range of temperatures from 77 K to
300 K, for both lightly and heavily doped silicon. All
numerical quantities used in the figure and in this section
have been taken from Tables I and II and of [8] unless
otherwise noted.

At 10 K, the FDT-derived (S5V"7")!/2 is up to a factor of
roughly /2 times greater than (S5""¢)!/2, which has been
numerically integrated. At higher temperatures, we can
compare closed-form expressions of the noise. Remember
that any comparison regarding ST* will also apply to S3VT"
up to a factor of 3/2. To highlight the significance of our
FDT method, we can compare approximated closed-form
expressions for (S5"¢)!/2 and (SI)'/2, both of which
entirely neglect the standing wave:

Sy 1
KNP S (35)
Séz ¢ "o

The beam waist radius r, for ET is expected to be 0.09 m.
At room temperature of 300 K and for moderately doped
silicon with a donor concentration n;, of 10" cm™, the
Debye length [}, is 4.33 x 10~ m. Under these conditions,
(SIr)1/2 is roughly 5 orders of magnitude smaller than
(S]gf“g)'/z. At 300 K and with a high np, of 10'® cm™3, [,
decreases to 2.26 x 1078 m. This increases the difference
in the amplitudes to almost 7 orders of magnitude. The
maximum and minimum values of the Debye length at
other temperatures down to 77 K are within an order of
magnitude of those at 300 K, meaning the disagreement
shown in Eq. (35) is relatively consistent over the afore-
mentioned temperature and doping ranges.

Next, we can extend our comparisons to (S3"7)1/2. At
low temperatures around 10 K, the effects of diffusion
along the standing wave are negligible. However, from
77 K to 300 K they are significant. We can compare closed
form expressions in this temperature regime, and we can
ignore @ since the noise at these temperatures is constant
over the whole operating frequency range of third-
generation interferometers:

Syt Akl +1 3
AL LY (36)
Séz kzr() 2
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FIG. 1. Amplitude spectral densities of TCCR noise are plotted above, using parameters from the ET low-frequency detector. Left:

T =10 K, np = 5 x 10" cm~3, the lowest temperature and donor concentration proposed for ET. The noise from transverse diffusion
dominates over that of propagation-direction diffusion along the standing wave. The FDT noise amplitude proportional to 4/ SEXJ'T’ isup
to a factor of /2 higher than the Langevin expression. Right: T = 300 K, np = 10" cm™3. Plot is reasonably representative of all
temperatures from 77 K to 300 K and n, from 10'* to 10'® ¢m=3; see Sec. IV. The standing wave FDT noise amplitude proportional to

SW-Z
S oz

dominates over the transverse component and is an order of magnitude below the Langevin result, and the Langevin and FDT

methods disagree by several orders of magnitude when considering identical beam form factors.

S A2+ 1
SSWZ = ok 0y

(37)

ET plans to use a 1550 nm wavelength laser, and given this
fact we can see from Eq. (36) that the noise amplitude from
standing wave diffusion dominates over that of transverse
diffusion by around 4 to 6 orders of magnitude, depending
on doping. From Eq. (37) we can see that the noise
amplitude we derive for standing wave diffusion is roughly
2 to 6 times smaller than the original prediction of Bruns
et al. Again, these comparisons hold between 77 K and
300 K and for np, from 10'* to 10'® cm™.

Lastly, (S3#)!/2 scales in such a way that the amplitude
plotted in Fig. 1 at 300 K for n,, = 10'* cm™ is within an
order of magnitude of its amplitude at all other temper-
atures down to 77 K and np, up to 10'® cm™3. Since the ET
strain sensitivity goal is 3 x 1072° /y/Hz, this indicates that
TCCR noise should not be a limiting noise source at any
temperature from 10 K to 300 K and at any feasible
semiconductor doping concentration, and this finding
should apply to CE and LIGO Voyager as well.

V. CONCLUSION

Semiconductor optics will provide the next generation of
gravitational-wave interferometers with the potential for
significant noise reduction due to their desirable thermal
properties, as long as these new semiconductor materials do
not introduce any significant new forms of noise. In this
paper we have used the fluctuation-dissipation theorem to
compute the power spectral density of TCCR noise, a noise
source related to the thermal fluctuation of charge carriers
in semiconductor materials. TCCR noise was also inves-
tigated previously by Bruns et al. [8]; however, significant
differences in our approach compared with that of Bruns
et al. are (1) our use of the FDT instead of an assumption of
Langevin forces characterized by Poissonian charge carrier
density fluctuations, and (2) our inclusion of a standing
wave along the direction of propagation in the laser beam
form factor.

There are several important differences between our
results and those of Bruns et al., which we quantify using
parameters from Einstein Telescope. At temperatures
around 10 K and for charge carrier donor concentrations
of 10'> cm™3, the FDT approach predicts that the dominant
contribution to TCCR noise is diffusion along the
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transverse component of the beam, and that the transverse

noise amplitude is around V2 times greater than what
would be predicted using the Langevin approach, depend-
ing on the frequency range. The differences in our results
become more significant at higher temperatures: from 77 K
to 300 K and for doping concentrations from 10'* to
10'® ¢cm™3, the FDT method finds a noise amplitude that is
5 to 7 orders of magnitude below the Langevin prediction
when using the same laser beam form factor that neglects
the standing wave contribution; noise from diffusion of
charge carriers along the previously neglected standing
wave dominates over the noise from transverse diffusion by
4 to 6 orders of magnitude; and ultimately in this temper-
ature regime we derive an amplitude of TCCR noise that is
up to 6 times smaller than previous claims.

Despite the differences in our results and those of Bruns
et al., the amplitude spectral densities we derive for TCCR
noise are still several orders of magnitude below the strain

sensitivity of any next-generation ground-based experiments.
Thus we conclude that, at both cryogenic and room temper-
atures as well as for both lightly and heavily doped silicon,
TCCR noise should not be a limiting noise source for next-
generation gravitational-wave interferometers such as Cosmic
Explorer, Einstein Telescope, or LIGO Voyager. Additionally,
we strongly recommend that future noise studies make use
of the standing wave in the beam form factor, as it can
significantly enhance many different types of noise.
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