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Motivated by recent experimental LHC measurements on the forward inclusive jet productions and
based on our previous calculations on forward hadron productions, we calculate a single inclusive jet cross
section in pA collisions at forward rapidity within the color glass condensate framework up to the next-to-
leading order. Moreover, with the application of a jet algorithm and proper subtraction of the rapidity and
collinear divergences, we further demonstrate that the resulting next-to-leading-order hard coefficients are
finite. In addition, in order to deal with the large logarithms that can potentially spoil the convergence of the
perturbative expansion and improve the reliability of the numerical predictions, we introduce the collinear
jet function and the threshold jet function and resum these large logarithms hidden in the hard coefficients.
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I. INTRODUCTION

Due to Bremsstrahlung radiation, the gluon field
strength and density inside a hadron rise rapidly with
hadron energy. Generally, large-x quarks and gluons
inside fast moving hadrons can be viewed as color sources
from which small-x gluons [1,2] are emitted, where x is
the longitudinal momentum fraction of the gluon with
respect to the parent hadron. The increase in gluon density
can be described by the well-known Balitsky-Fadin-
Kuraev-Lipatov (BFKL) evolution equation [2], which
resums large logarithms in the form of αs ln 1

x. When more
and more gluons are packed in a confined hadron, these
gluons start to overlap and recombine [3,4]. This can lead to
the nonlinear QCD evolution well described by the
Balitsky-Kovchegov (BK) and Jalilian-Marian-Iancu-
McLerran-Weigert-Leonidov-Kovner (JIMWLK) equa-
tion [5–13]. Eventually, the radiation and reabsorption

of gluons tend to balance, which leads to so-called gluon
saturation [3,4,14–17]. As is common practice, one usually
introduces the saturation momentumQsðxÞ to characterize
the typical size of the soft gluons and separate the nonlinear
dynamics from the linear BFKL evolution.
One of the major goals of high energy QCD studies is to

search for the compelling evidence for the gluon saturation
phenomenon. In the past few years, tremendous contribu-
tions [18–27] have been made to the search for such an
intriguing phenomenon. The Relativistic Heavy Ion col-
lider (RHIC) [28–31] and the Large Hadron Collider (LHC)
[32–34] have provided us with a large amount of exper-
imental data [28–37]. Quantitative and precise phenom-
enological tests of saturation physics in heavy-ion
collisions have been a hot topic for the past decades.
Early attempts include the measurement of structure-
function at HERA and the measurement of the production
of a forward single inclusive jet (or hadron) in pA collisions
at RHIC and LHC. Also, studying the onset of gluon
saturation is one of three physics pillars of the upcoming
Electron-Ion Collider (EIC) [38–41].
Forward inclusive hadron and jet productions in pA

collisions have attracted many theoretical interests in recent
years [42–67]. For example, since the projectile proton (or
deuteron) can be treated as a dilute probe in comparison
with the ultradense gluon fields in the nuclear target
[48,51,68,69], the forward hadron (or jet) productions have
been widely used to study the gluon saturation. Moreover,
the experimental studies of the evolution of the nuclear
modification factor RdAu [28,29] have provided strong hints
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for gluon saturation [53,70–73]. The forward inclusive
minijet cross section in pA collisions within the color
glass condensate (CGC) framework [14,15,74–84] was
first studied in Ref. [43]. Subsequently, thanks to the
abundant data made available by the RHIC and the LHC,
the research attention on the theoretical side was mostly
focused on hadron productions. In addition, a lot of
progress has been made on the calculation of the one-
loop diagrams and next-to-leading order (NLO) correc-
tions for hadron productions. In particular, the full NLO
contributions of single hadron productions include the
one-loop contributions computed in Refs. [51,68] and the
additional kinematic corrections [59].
The study of forward jet productions [85–94] provides

us with another channel besides the hadron probe.
Usually, one views the leading hadron in a jet as the
surrogate for the full jet. The theoretical calculation for the
inclusive jet production has many aspects in common with
hadron productions with a few notable differences.
Experimentally, the inclusive very forward jet production
in proton-lead collisions has been measured by the CMS
experiment at the LHC [95]. The comparison between the
CMS data and the LO CGC calculation is later carried out
in Ref. [96].
The main objective of this paper is to compute the NLO

corrections to the forward jet production in the CGC
framework based on the previous progress in the hadron
case. It is worth mentioning that the results presented in this
manuscript are akin to those in Ref. [67], while the detailed
computation and the resummation approach employed in
this paper are different.
In forward pA collisions, the active partons with longi-

tudinal momentum fraction x ¼ q⊥ffiffi
s

p ey in the proton pro-

jectile can be treated as dilute probes. Here q⊥ and
ffiffiffi
s

p
are

the measured final state parton transverse momentum and
he center-of-mass energy per nucleon pair in proton-
nucleus collisions, respectively.1 Meanwhile, the active
partons in the target nucleus with longitudinal momentum
fraction xA ¼ q⊥ffiffi

s
p e−y formed a dense gluon background.

When these partons traverse the ultradense gluonic medium
of the target, they can accumulate a typical transverse
momentum of the order of the saturation momentum
QsðxÞ through multiple interactions with the nuclear
target.2 For positive and sufficiently large rapidity y,
the active parton from the proton projectile is from the
large x region while the active parton from the nucleus
target is deeply in the low x region. In pA collisions, since
the target nucleus is large enough we can integrate over
the impact parameter to get the transverse area of the

target. Therefore, we can neglect the impact parameter
dependence and greatly simplify the calculations in pA
collisions. Compared with other physical processes such
as pp collisions, the production of the forward single jet in
pA collisions is an ideal process for observing the
saturation phenomena. Compared with hadron produc-
tions, the advantage of measuring jet productions is that
jets provide more direct transverse momentum q⊥ infor-
mation without involving fragmentation functions (FFs).
However, the saturation effects are expected to be small
for high pT jets. It may be challenging to measurement
jets with relatively low transverse momenta around a few
times of QsðxÞ.
The physical picture of the forward single inclusive jet

production in pA collisions can be understood as follows,

pþ A → jetþ X; ð1Þ

where a parton from the right-moving proton (with
momentum q) scatters off the nucleus target (with momen-
tum PA) and becomes a final sate jet with momentum PJ
and rapidity η. The kinematics at NLO are similar to that in
Refs. [51,68]. One needs to resum multiple interactions as
the gluon density of the target becomes high. In this paper,
we follow the factorization formalism (color-dipole or
CGC) as in Refs. [51,68] to evaluate this process up to
one-loop order.
The leading order (LO) calculation is straight-

forward, and it has been studied extensively in
Refs. [46,47,50,52,55,56,96,101–103]. We first outline
the LO results in the following section. Then, to evaluate
NLO corrections, we calculate the gluon radiation con-
tributions, including both real and virtual diagrams at the
one-loop order. When one integrates over the phase space
of the additional gluon, one finds various divergences in
both real and virtual contributions [51,68]. For example,
there are collinear divergences associated with the incom-
ing parton distribution. With a proper jet definition, final
state collinear singularities cancel between real and virtual
diagrams. When the final state partons form a jet, there are
no collinear singularities anymore after summing real
diagrams and virtual diagrams. To tackle the calculation
more efficiently, we use the narrow jet approximation
(NJA) [104–107] (also known as the small cone approxi-
mation) to simplify the calculation. NJA allows one to
simplify calculations and neglect small contributions of
order R2 with R defined as the jet cone size. In addition,
there are also rapidity divergences associated with the
small-x multiple-point correlation function [69,102,108–
111]. These rapidity divergences allow one to reproduce
the BK equation [5,9]. After solving BK evolution
equations, one resums ln 1

xA
type logarithms automatically.

Furthermore, there are additional large logarithms from
the one-loop corrections which require further theoretical
treatments. In forward jet productions, one enters an

1Note that the notations for the kinematic variables x and q⊥
in this work are xp and k⊥, respectively, in the forward
hadron paper [68].

2As pointed out recently in [97–100], the saturation effect may
also manifest itself in terms of twist corrections as well.
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extremely asymmetric kinematic region. In this region,
one finds x → 1 and xA → 0, which can maximize the
saturation effect to the greatest extent. Meanwhile, the
longitudinal momentum fraction of active partons in
the proton goes to 1, indicating that this process has
reached the kinematic boundary of the phase space.
Therefore, the logarithm, such as αs lnð1 − xÞ, can become
large and cause an issue for the perturbative expansion. As
shown in Ref. [54], the NLO corrections for hadron
productions start to become large and negative. This
indicates that an additional theoretical technique is
required to ensure the reliability of the NLO calculation.
Early attempts have been devoted to solving this issue
[57–65,112–115]. We believe that the origin of the
negativity issue stems from the threshold logarithms
due to soft gluon radiations near the threshold region.
The resummation of such logarithms is known as the
threshold resummation, which is also called Sudakov
resummation in some literature. To deal with the remain-
ing final state collinear logarithms, we introduce
the collinear jet functions (CJFs) J iðzÞ which is similar
to the usual FFs Dh=iðzÞ with z the longitudinal momen-
tum fraction of the parton carried by the final state
measured hadron or jet. The CJFs J iðzÞ satisfy the
well-known Dokshitzer–Gribov–Lipatov–Altarelli–Parisi
(DGLAP) evolution equations equivalently.
In addition, we introduce the jet threshold resumma-

tion for the threshold logarithms, which arise from
integrating over the soft and collinear regions of soft
gluon emissions near the kinematic boundary. By
identifying the soft (and collinear) part of the phase
space, one can develop the corresponding counting rule
for the threshold logarithms and resum them in terms of
Sudakov factors. The threshold resummation can help
restore the predictive power of the CGC NLO calcu-
lation and extend its applicable window to larger trans-
verse momentum regions. Two different formulations of
the threshold resummation within the CGC framework
have been proposed in Refs. [66,114] and Refs. [64,65],
respectively. After choosing the appropriate initial con-
dition and semihard scales, it was shown in Ref. [66]
that the resummed NLO results can describe the
experimental data from both RHIC and the LHC well.
In this study, we follow the similar framework devel-
oped in Refs. [66,114] by introducing the CJFs for the
collinear logarithms and the jet threshold resummation
for Sudakov type single and double logarithms, while
we put the rest of the NLO contributions into the
NLO hard factor. By choosing proper scales, we ensure
that large logarithms are taken care of by various
evolution (or renormalization) equations and the NLO
hard factors only bring small corrections numerically. It
appears to us that the threshold and collinear resumma-
tions are universal and indispensable to many high
energy processes.

At last, we have been assuming the eikonal approxi-
mation for the interaction between the quark or gluon
from the projectile proton and the target nucleus. Lately,
there have also been efforts made beyond the eikonal
approximation for pA collisions [116–119]. Recently,
there have been many other NLO CGC calculations
[19,22–26,120–131] for various processes. This resum-
mation technique may be applied to other small-x calcu-
lations as well.
The rest of this paper is organized as follows. To be self-

contained, we briefly present the leading order results for
inclusive jet production in pA collision in Sec. II.
Section III is devoted to the NLO calculations which
are divided into four parts. In Sec. III A, we first evaluate
the q → q and set up the framework of the calculation for
the NLO forward jet cross section, present the cross
section in the coordinate space, then transform the results
into the momentum space to extract the large threshold
logarithms. Following the same strategy, we compute the
g → g, q → g, and g → q channels in Secs. III B–III D,
respectively. In Sec. IV, various kinds of large logarithms
extracted from Sec. III are identified and resummed.
Firstly, we discuss the special plus function contributions
which stems from the final state gluon radiations. We
show that the resummation of collinear logarithms can be
achieved with two slightly different methods, i.e., the
DGLAP evolution and renormalization-group equation in
Secs. IVA and IV B, respectively. In Sec. IVA, we resum
lnR2 and collinear logarithms with the help of the DGLAP
evolution by setting scale μJ to the scale Λ. In Sec. IV C,
we take care of the threshold logarithms and derive the
final resummation results. The summary and further
discussions are given in Sec. V.

II. THE LEADING-ORDER SINGLE INCLUSIVE
JET CROSS SECTION

In this section, we present the LO results for the forward
single inclusive jet productions in pA collisions. Figure 1
illustrates the LO jet production. It can be used to probe
the gluon saturation phenomenon. In this process, a
collinear parton (either a quark or a gluon) with momen-
tum fraction x from the proton projectile scatters off the
dense nuclear target A and subsequently fragments into a

FIG. 1. A schematic diagram for the quark jet production at LO.
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final state jet which is measured at forward pseudorapidity
η with transverse momentum PJ ¼ zq⊥. At LO, the
outgoing parton is identified as the measured jet, thus
one finds z ¼ 1. The LO results for the forward quark jet
cross section in pA collisions was first derived in
Ref. [43]. The LO calculation for jet productions is the
same as the hadron production case at the parton level. We
first take the quark channel in pA collisions as an
example, then the gluon channel can be done similarly.
The leading-order cross section for producing a quark
with transverse momentum q⊥ at rapidity η can be
expressed as follows:

dσLOpþA→qþX

dηd2q⊥
¼

X
f

xqfðxÞ
Z

d2x⊥d2y⊥
ð2πÞ2 e−iq⊥·ðx⊥−y⊥Þ

×
1

Nc
hTrUðx⊥ÞU†ðy⊥ÞiY; ð2Þ

where qfðxÞ is the quark distribution function with the
longitudinal momentum fraction x and the flavor f. Uðx⊥Þ
is the Wilson line in the fundamental representation which
contains the multiple interaction between the quark and
the dense gluon field of the target nucleus. The notation
h…iY represents the CGC average of the color charges
over the nuclear wave function with Y ≃ ln 1=xg. As to the
gluon initiated channel, one finds

dσLOpþA→gþX

dηd2q⊥
¼ xgðxÞ

Z
d2x⊥d2y⊥
ð2πÞ2 e−iq⊥·ðx⊥−y⊥Þ

×
1

N2
c − 1

hTrWðx⊥ÞW†ðy⊥ÞiY; ð3Þ

whereWðx⊥Þ is theWilson line in the adjoint representation.
By using the usual convention, one can rewrite the cross
section in a compact form with the Fourier transform
of the dipole scattering amplitude F ðq⊥Þ and F̃ ðq⊥Þ in
the fundamental and adjoint representations, respectively.
Therefore, the full LO cross section for jet productions reads

dσLOpþA→jetþX

dηd2PJ
¼

Z
1

τ

dz
z2

�X
f

xqfðxÞF ðq⊥ÞJ qðzÞ

þ xgðxÞF̃ ðq⊥ÞJ gðzÞ
�
; ð4Þ

where τ ¼ PJeη=
ffiffiffi
s

p
is the longitudinal fraction of the final

state jet with PJ ¼ zq⊥ the transverse momentum
of the jet. Notewe introduce the CJFsJ fðzÞwhich represent
the probability of final state partons becoming a jet with the
momentum fraction z, where the label f ¼ q, g for quark and
gluon jets, respectively. In particular, the leading-order CJFs

J ð0Þ
q ðzÞ andJ ð0Þ

g ðzÞ are trivial since partons are identified as
jets at LO

J ð0Þ
q ðzÞ ¼ δð1 − zÞ; J ð0Þ

g ðzÞ ¼ δð1 − zÞ: ð5Þ

The dipole gluon distributions follow the definitions

F ðq⊥Þ ¼
Z

d2x⊥d2y⊥
ð2πÞ2 e−iq⊥·ðx⊥−y⊥ÞSð2ÞY ðx⊥; y⊥Þ; ð6Þ

F̃ ðq⊥Þ ¼
Z

d2x⊥d2y⊥
ð2πÞ2 e−iq⊥·ðx⊥−y⊥ÞS̃ð2ÞY ðx⊥; y⊥Þ; ð7Þ

with Sð2ÞY ðx⊥;y⊥Þ¼ 1
Nc
hTrUðx⊥ÞU†ðy⊥ÞiY and S̃ð2ÞY ðx⊥;y⊥Þ¼

1
N2

c−1
hTrWðx⊥ÞW†ðy⊥ÞiY are the quark and the gluon dipole

amplitude, respectively. By utilizing the Fierz identity and
the large-Nc limit, one can rewrite the scattering amplitude

S̃ð2ÞY ðx⊥; y⊥Þ as Sð2ÞY ðx⊥; y⊥ÞSð2ÞY ðy⊥; x⊥Þ. As shown in pre-
vious studies [51,66,68], the large Nc limit can greatly
simplify both the analytic and numerical computations.
Thus, we will take large Nc limit throughout this paper
for simplicity and only keep the leading Nc contributions.

III. THE NEXT-TO-LEADING ORDER
CROSS SECTION

In this section, we aim to present the detailed evaluations
for the NLO corrections. In principle, there are four
partonic channels that need to be considered: q → qg,
g → gg, q → gq, g → qq̄. We first take q → qg as an
example to illustrate our calculation strategy and set up the
framework for the NLO calculations of jet production. We
mainly concentrate on the final state radiation since this is
the most difficult part compared to hadron productions.
Meanwhile, the initial state radiations, interference con-
tributions, and virtual contributions are akin to the calcu-
lations of the hadron production case once we take the
small cone limit. In the end, we list the final results in order
to be self-contained.

A. The q → q channel

For the q → q channel, the NLO real diagrams of this
channel have additional gluon radiation. This process
includes both initial state gluon radiation and final state
gluon radiation. One measures the final state quark jet after
the multiple scattering with the nucleus target. The q → q
channel has been studied widely in Refs. [48,51,68,69,132].
We take Eq. (11) of Ref. [68] as our starting point since the
partonic cross section is the same. According to the previous
studies [68,69], the partonic cross section reads as follows:
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dσqA→qgX

d3ld3k
¼ αSCFδðqþ − lþ − kþÞ

Z
d2x⊥
ð2πÞ2

d2x0⊥
ð2πÞ2

d2b⊥
ð2πÞ2

d2b0⊥
ð2πÞ2 e

−il⊥·ðx⊥−x0⊥Þe−ik⊥·ðb⊥−b0⊥Þ
X
λαβ

ψλ�
αβðu0⊥Þψλ

αβðu⊥Þ

× ½Sð6ÞY ðb⊥; x⊥; b0⊥; x0⊥Þ þ Sð2ÞY ðv⊥; v0⊥Þ − Sð3ÞY ðb⊥; x⊥; v0⊥Þ − Sð3ÞY ðv⊥; x0⊥; b0⊥Þ�; ð8Þ

with l and k being the momenta of the final state gluon and
quark, respectively. ξ ¼ kþ

qþ is the longitudinal momentum
fraction carried by the final state quark with q being the
momentum of the incoming quark. x⊥ and b⊥ are the
transverse coordinates of gluon and quark in the ampli-
tude, respectively. x0⊥ and b0⊥ are the transverse coordi-
nates of gluon and quark in the conjugate amplitude,
respectively. For convenience, we have also defined
u⊥ ¼ x⊥ − b⊥, u0⊥ ¼ x0⊥ − b0⊥, v⊥ ¼ ð1 − ξÞx⊥ þ ξb⊥,
v0⊥ ¼ ð1 − ξÞx0⊥ þ ξb0⊥. The correlators are

Sð6ÞY ðb⊥;x⊥;b0⊥;x0⊥Þ

¼ 1

CFNc
hTrðUðb⊥ÞU†ðb0⊥ÞTdTcÞ½Wðx⊥ÞW†ðx0⊥Þ�cdiY;

ð9Þ

Sð3ÞY ðb⊥; x⊥; v0⊥Þ

¼ 1

CFNc
hTrðUðb⊥ÞTdU†ðv0⊥ÞTcÞWcdðx⊥ÞiY: ð10Þ

In addition, we also include virtual diagrams. The calcu-
lations of virtual diagrams are straightforward in the
dipole picture. It eventually leads to

dσvirt
d3k

¼ −2αsCF

Z
d2v⊥
ð2πÞ2

d2v0⊥
ð2πÞ2

d2u⊥
ð2πÞ2 e

−iq⊥·ðv⊥−v0⊥Þ

×
X
λαβ

ψλ�
αβðu⊥Þψλ

αβðu⊥Þ½Sð2ÞY ðv⊥; v0⊥Þ

− Sð3ÞY ðb⊥; x⊥; v0⊥Þ�: ð11Þ

The square sum of the splitting wave function (splitting
kernel) can be written as follows:

X
λαβ

ψλ�
αβðξ; u0⊥Þψλ

αβðξ; u⊥Þ

¼ 2ð2πÞ2 1

pþ

�
1þ ξ2

1 − ξ
− ϵð1 − ξÞ

�
u0⊥ · u⊥
u02⊥u2⊥

; ð12Þ

which is consistent with the splitting function in D ¼
4 − 2ϵ dimension given by Ref. [133]. In the above
function, the contribution from the second correction
term −ϵð1 − ξÞ is expected to be small. This correction
term only affects the contributions of the initial state
radiation, since the corresponding contribution has the
collinear divergence. In contrast, the final results of the jet
production are free of the collinear singularity, thus there
are no finite contributions from the −ϵð1 − ξÞ term when
final state gluon radiations are considered.

1. The final state radiation

In this calculation, we use the narrow jet approximation
[104,105] together with the kt-type jet algorithm. Since we
are doing the NLO calculation at the partonic level, there
are maximum two partons in the final state. When the final
state quark and the gluon are close to each other, then these
two final state partons are deemed to be in the same jet. As
shown in Ref. [105], this is equivalent to requiring Δη2 þ
Δϕ2 ≤ R2 in the small-cone approximation with Δη being
the pseudorapidity difference and Δϕ the azimuthal angle
difference. This requirement is universal for all kt-type jet
algorithms.
In this subsection, let us elaborate the calculation on the

final state gluon radiation since this is the part which differs
the most from the hadron production case. The Sð2ÞY ðv⊥; v0⊥Þ
term in Eq. (8) corresponds to the final state gluon radiation
contribution. It resums only the multiple interactions with

FIG. 2. The definition of the jet cross section from partonic cross section where the symbol × indicates the measured jet with
transverse momentum PJ . These three graphs correspond to two contributions. (a) represents in-cone contribution. In this case, the jet
momentum is equal to the total momentum of the quark-gluon pair. The second scenario corresponds to the out-of-cone contribution. By
subtracting (b) from (c), we remove the cone from the total phase space and thus obtain the out-of-cone contribution. In this case,
because the gluon is outside the jet cone, the total jet momentum is identified as the momentum of the quark. The cross × symbols in (b)
and (c) imply that the quark is the measured jet in these two figures when we compute the out-of-cone contribution.
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nucleus target before the quark splitting. We use the narrow
jet approximation as described in Refs. [104–107]. Let us
explain the procedure and the results by using the Feynman
diagrams as depicted in Fig. 2. Depending on whether the
radiated gluon is inside the jet cone or not, there are three
different cases. Firstly, Fig. 2(a) represents the so-called in-
cone contribution which indicates the radiated gluon and its
parent quark are almost collinear. In this case, the final state
quark and gluon are combined together and treated as a
single jet. Therefore, the momentum of the measured quark
jet is equal to the sum of the momenta of these two
particles. Secondly, Fig. 2(b) stands for the false identi-
fication of the jet as the final state quark when the radiated
gluon is inside the quark jet cone. This part should be
subtracted from the total contribution. In addition, Fig. 2(c)
denotes the quark plus the gluon radiation without any
constraint. Therefore, σc − σb yields the out-cone contri-
bution. Therefore, the corresponding quark jet cross section
can be expressed as follows:

σfinalqq ¼ σa þ ðσc − σbÞ þ σvirtðjetÞqq ; ð13Þ

where σvirtðjetÞqq is the virtual contribution. It is straightfor-
ward to determine the momentum constraints for the above
three cases via the light cone perturbation formalism. To
proceed, we need to define the jet cone. Firstly, we define
the momenta of the radiated gluon and the final state quark
as lμ ≡ ðlþ ¼ 1ffiffi

2
p l⊥eη1 ; l− ¼ 1ffiffi

2
p l⊥e−η1 ; l⊥Þ and kμ ≡ ðkþ ¼

1ffiffi
2

p k⊥eη2 ; k− ¼ 1ffiffi
2

p k⊥e−η2 ; k⊥Þ, respectively. Then, the rel-

ative distance between the quark and the radiated gluon is
characterized by their invariant mass

ðlþ kÞ2 ¼ l⊥k⊥ðeη1−η2 þ eη2−η1Þ − 2l⊥k⊥ cosðϕ1 − ϕ2Þ
≡ l⊥k⊥R2

qg; ð14Þ

where Rqg ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Δη2 þ Δϕ2

p
when their pseudorapidity

difference Δη≡ η1 − η2 and azimuthal angle difference
Δϕ≡ ϕ1 − ϕ2 are very small. Furthermore, the virtuality of
the quark-gluon pair can also be expressed as

ðlþ kÞ2 ¼ ðξl⊥ − ð1 − ξÞk⊥Þ2
ξð1 − ξÞ : ð15Þ

Here ξ is the longitudinal momentum carried by the
final state quark, and p⊥ ¼ ξl⊥ − ð1 − ξÞk⊥ stands for the
relative transverse momentum of the quark-gluon pair.
Once we define the jet cone size as R, then the requirement
Rqg ≤ R indicates that the final state quark and the radiated
gluon are located within one jet cone.
In the following, we derive the momentum constraints

for the above three cases. First, the radiated gluon and the
final state quark are put inside the same jet cone. Therefore,
the momentum of the measured jet is equal to the

momentum summation of the quark-gluon pair that is PJ ¼
zq⊥ ¼ zðl⊥ þ k⊥Þ with z ¼ 1. In order to get the differ-
ential cross section of the transverse momentum of jet, we
need to integrate the relative momentum p⊥. By requiring
that both the quark and gluon are inside the same jet cone,
we have the kinematic constraint as follows:

p2⊥
ξð1−ξÞ≤ l⊥k⊥R2≃

ξð1−ξÞ
z2

P2
JR

2¼ ξð1−ξÞq2⊥R2; ð16Þ

where in the last step we approximately write zl⊥¼
ð1−ξÞPJ and zk⊥ ¼ ξPJ. Taking all considerations
into account, the kinematic constraint becomes p2⊥ ≤
ξ2ð1 − ξÞ2q⊥2R2.
The second diagram indicates the contribution from

the false identification of a tagged quark when the emitted
gluon is also inside the jet cone. In this case, the transverse
momentum of the measured final state quark jet is PJ ¼
zk⊥ ¼ zq⊥. Note that the in-cone constraint is slightly
different from the constraint of σa. We still have the
approximate relation l⊥

k⊥ ¼ 1−ξ
ξ . Therefore, the constraint

becomes

p2⊥
ξð1 − ξÞ ¼ l⊥k⊥R2

qg ≤ l⊥k⊥R2 ¼ 1 − ξ

ξz2
P2
JR

2: ð17Þ

In this case, the kinematic constraint changes to
p2⊥ ≤ ð1 − ξÞ2q⊥2R2. This contribution should be sub-
tracted since it comes from the false tagging of an
individual parton inside a jet cone. Here we emphasize
that the above constraints are consistent with kt-type jet
algorithms [105].
For the last part, we do not impose any jet cone

constraints, and then integrate the momentum of radiated
gluon over the full phase space. In this case, the calculation
is identical to that of the hadron production.
To proceed, we apply the dimensional regularization

[134] and the modified minimal subtraction scheme (MS)
to evaluate the remaining part of the integral. Thus, we can
write σa, σb, and σc as follows:

σa¼
αsCF

2π

�
1

ϵ2
þ 3

2ϵ
−
1

ϵ
ln
q2⊥R2

μ2
−
3

2
ln
q2⊥R2

μ2
þ1

2
ln2

q2⊥R2

μ2

þ6−
3

4
π2þ1

2

�
σLOðx;q⊥Þ; ð18Þ

σb¼
αsCF

2π

Z
1

x
dξσLO

�
x
ξ
;
q⊥
ξ

�
1þξ2

ð1−ξÞþ
1

ξ2

�
−
1

ϵ
− ln

ξ2μ2

q2⊥R2

�

þαsCF

2π

Z
1

x
dξσLO

�
x
ξ
;
q⊥
ξ

��
lnð1−ξÞ2
ð1−ξÞ

�
þ

1þξ2

ξ2

þαsCF

2π

�
1

ϵ2
−
1

ϵ
ln
q2⊥R2

μ2
−
π2

12
þ1

2
ln2

q2⊥R2

μ2

�
σLOðx;q⊥Þ

þαsCF

2π

Z
1

x
dξσLO

�
x
ξ
;
q⊥
ξ

�
1−ξ

ξ2
; ð19Þ
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σc¼
αsCF

2π

Z
1

x
dξσLO

�
x
ξ
;
q⊥
ξ

�
1þξ2

ð1−ξÞþ
1

ξ2

�
−
1

ϵ
þ ln

c20
μ2r2⊥

�

þαsCF

2π

Z
1

x
dξσLO

�
x
ξ
;
q⊥
ξ

�
1−ξ

ξ2
; ð20Þ

where c0 ¼ 2e−γE with the Euler’s constant γE ≃ 0.577.
The splitting function PqqðξÞ is defined as

PqqðξÞ ¼
�
1þ ξ2

1 − ξ

�
þ
¼ 1þ ξ2

ð1 − ξÞþ
þ 3

2
δð1 − ξÞ: ð21Þ

In arriving at the above result, we have defined

σLO

�
x
ξ
;
q⊥
ξ

�

¼ S⊥
Z

1

τ

dz
z2
J ð0Þ

q ðzÞ
Z

d2r⊥
ð2πÞ2S

ð2Þðr⊥Þ
x
ξ
q

�
x
ξ

�
e−i

q⊥ ·r⊥
ξ ;

ð22Þ

with r⊥ ¼ x⊥ − y⊥ and S⊥ being the transverse area of the
target nucleus. We can see that the cone-size dependence
comes from σa and σb. Meanwhile, the rapidity divergence
only comes from σc when the radiated gluon almost is
back-to-back with the parent quark. In addition, Fig. 3
contains all virtual contributions of the q → qg channel. To
illustrate the cancellation of final state singularities, we
single out part of the final virtual contributions asso-
ciated with the jet, and demonstrate the complete cancel-
lation. Comparing to the hadron production, this case is
new since there is a residual collinear divergence associated
with the hadron fragmentation function. The remaining
virtual contributions will also be taken into account later
and they are combined with other real contributions in the

following sections. The virtual jet contribution σvirtðjetÞqq is
given as

σvirtðjetÞqq ¼S⊥
3

2

αsCF

2π

Z
1

τ

dz
z2
J ð0Þ

q ðzÞ

×
Z

d2r⊥
ð2πÞ2e

−iq⊥·r⊥Sð2Þðr⊥Þ
�
−
1

ϵ
þ ln

q2⊥
μ2

−
1

2

�
: ð23Þ

By combining all these contributions together as indicated
in Eq. (13), we find that all the divergences cancel. The
final results read as

dσfinalqq

dηd2PJ
¼−

αsCF

2π

Z
1

x
dξ

1

ξ2
σLO

�
x
ξ
;
q⊥
ξ

��
−

1þξ2

ð1−ξÞþ
ln

c20
q2⊥r2⊥

−PqqðξÞ ln
1

R2
þð1þξ2Þ

�ln ð1−ξÞ2
ξ2

1−ξ

�
þ

−
�
6−

4

3
π2
�
δð1−ξÞ

�
: ð24Þ

Note here we have terms proportional to ðlnð1−ξÞ2
1−ξ Þþ

and ðln ξ2
1−ξÞþ in σb. By implementing the definition

of the plus function
R
1
a dξðfðξÞÞþgðξÞ ¼

R
1
a dξfðξÞgðξÞ −

gð1Þ R 1
0 dξfðξÞ with gðξÞ being a nonsingular function and

fðξÞ being singular at ξ ¼ 1, we can combine these two
terms as follows:

−
Z

1

x
dξ

�
lnð1 − ξÞ2
1 − ξ

�
þ

1þ ξ2

ξ2
þ
Z

1

x
dξ

�
ln ξ2

1 − ξ

�
þ

1þ ξ2

ξ2

¼ −
Z

1

x
dξ

�ln ð1−ξÞ2
ξ2

1 − ξ

�
þ

1þ ξ2

ξ2
−
2

3
π2; ð25Þ

which gives rise to an additional constant factor of − 2π2

3
. In

comparison with the hadron production case, there are
several terms which are unique to the jet production. First,
the terms in the second line of Eq. (24) are new. Moreover,
the cone-size dependent term is akin to the collinear
divergence in the hadron production. Only the first term
inside the square brackets in Eq. (24) is identical to the
corresponding one in the hadron production.

FIG. 3. The virtual contributions to the quark jet from the q → q channel.

FIG. 4. The real contribution to the quark jet due to initial state
gluon radiations.
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2. Other contributions

This section is devoted to the discussion of the remaining
contributions. As seen in the following, the computations
for these contributions are almost the same as those for the
hadron production case.
The Feynman diagram of the initial state gluon radi-

ation is illustrated in Fig. 4, where the multiple interactions
occur not only in the amplitude but also in the con-
jugate amplitude. Both the multiple scattering of the quark
and gluon with the target nucleus should be resummed,

which corresponds to the Sð6ÞY ðb⊥; x⊥; b0⊥; x0⊥Þ term
in Eq. (8).
Figure 4 shows the initial state radiation. In principle,

the radiated gluon has a finite probability that it goes into
the jet cone of the final state quark. However, it is expected
that this probability is proportional to R2, and thus it is

negligible in the narrow jet approximation. Therefore, we
can approximately integrate the momentum of the
initial state radiated gluon over the entire phase space.
In this sense, the calculation is similar to the one in the
hadron production. By integrating over the unobserved
gluon momentum, we identify the transverse coordi-
nate of the gluon from x⊥ to x0⊥, which simplifies

the correlator Sð6ÞY ðb⊥; x⊥; b0⊥; x0⊥Þ and reduces it to

Sð2ÞY ðb⊥; b0⊥Þ.
The next step is to use dimensional regularization and the

MS subtraction scheme again together with the above
momentum constraints to evaluate the integration of

Sð2ÞY ðv⊥; v0⊥Þ. The details can be found in Ref. [68]. We
list the final results here for completeness

dσinitial

dηd2PJ
¼ S⊥

αsCF

2π

Z
1

τ

dz
z2

J ð0Þ
q ðzÞ

Z
d2r⊥
ð2πÞ2 e

−iq⊥·r⊥Sðr⊥Þ
Z

1

x
dξ

1þ ξ2

ð1 − ξÞþ
x
ξ
q

�
x
ξ

��
−
1

ϵ
þ ln

c20
μ2r2⊥

�

þ S⊥
αsCF

2π

Z
1

τ

dz
z2

J ð0Þ
q ðzÞ

Z
d2r⊥
ð2πÞ2 e

−iq⊥·r⊥Sðr⊥Þ
Z

1

x
dξ

x
ξ
q

�
x
ξ

�
½1 − ξ�: ð26Þ

Note here in Eq. (26) we have used the usual subtraction
scheme of the rapidity divergence which changes the
splitting function

R
dξ 1þξ2

1−ξ into
R
dξ 1þξ2

ð1−ξÞþ. In addition, as

mentioned before, by considering the full four-momentum
conservation before and after scattering, additional exact
kinematical constraints will occur, which is equivalent to
modifying the dipole splitting function. Therefore, for the
full rapidity subtraction, several new terms emerge [59].

In Eq. (8), Sð3ÞY ðb⊥; x⊥; v0⊥Þ and Sð3ÞY ðv⊥; x0⊥; b0⊥Þ are the
interference contributions. By taking the narrow jet
approximation, we can simplify the evaluation of interfer-
ence diagrams. We will list the final results in the next
subsection. By combining the collinear singularities in
Eqs. (26) and (23), the coefficient of the collinear singu-
larities becomes

− CF
1

2π

1

ϵ

�
3

2
xqðxÞ þ

Z
1

x
dξ

1þ ξ2

ð1 − ξÞþ
x
ξ
q

�
x
ξ

��

¼ −CF
1

2π

1

ϵ

Z
1

x
dξPqqðξÞ

x
ξ
q

�
x
ξ

�
: ð27Þ

In arriving at Eq. (27), we have rewritten 3
2
¼ R

1
x dξ

3
2
δð1 −

ξÞ to change the first term in the left-hand side. At the end
of the day, by redefining the quark distribution function we
can remove the collinear singularities as follows:

qðx; μÞ ¼ qð0ÞðxÞ − 1

ϵ

αs
2π

Z
1

x

dξ
ξ
CFPqqðξÞq

�
x
ξ

�
; ð28Þ

where qð0ÞðxÞ is the bare quark distribution.

3. The complete one-loop cross section in the
coordinate space

After removing all the divergences by renormalizing the
quark distribution functions and the subtraction of the
rapidity divergences, the final contributions should be
finite. To proceed, we assemble all the finite terms together.
For the quark channel, qA → jetþ X, we have the differ-
ential cross section in the coordinate space as the following
two parts:

dσqq
dηd2PJ

¼ dσLOqq
dηd2PJ

þ dσNLOqq

dηd2PJ
¼ dσLOqq
dηd2PJ

þ
Xm
i¼a

dσiqq
dηd2PJ

; ð29Þ

where the LO and NLO parts read

dσLOqq
dηd2PJ

¼ S⊥
Z

1

τ

dz
z2

J ð0Þ
q ðzÞxqðx; μ2Þ

×
Z

d2r⊥
ð2πÞ2 e

−iq⊥·r⊥Sð2Þðr⊥Þ; ð30Þ
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dσaqq
dηd2PJ

¼ αs
2π

S⊥CF

Z
1

τ

dz
z2

J ð0Þ
q ðzÞ

Z
1

x
dξ

x
ξ
q

�
x
ξ
; μ2

�Z
d2r⊥
ð2πÞ2 e

−iq⊥·r⊥Sð2Þðr⊥Þ
�
PqqðξÞ ln

c20
r2⊥μ2

þ ð1 − ξÞ
�
; ð31Þ

dσbqq
dηd2PJ

¼ −
αs
2π

S⊥CF

Z
1

τ

dz
z2

J ð0Þ
q ðzÞxqðx; μ2Þ

Z
d2r⊥
ð2πÞ2 e

−iq⊥·r⊥Sð2Þðr⊥Þ
�
3

2
ln

c20
r2⊥q2⊥

þ 1

2

�
; ð32Þ

dσcqq
dηd2PJ

¼ −8π
αs
2π

S⊥CF

Z
1

τ

dz
z2

J ð0Þ
q ðzÞ

Z
1

x
dξ

x
ξ
q

�
x
ξ
; μ2

�Z
d2u⊥d2v⊥
ð2πÞ4 e−iq⊥·ðu⊥−v⊥Þe−i

1−ξ
ξ q⊥·u⊥

×
1þ ξ2

ð1 − ξÞþ
1

ξ

u⊥ · v⊥
u2⊥v2⊥

Sð2Þðu⊥ÞSð2Þðv⊥Þ; ð33Þ

dσdqq
dηd2PJ

¼ 8π
αs
2π

S⊥CF

Z
1

τ

dz
z2

J ð0Þ
q ðzÞxqðx; μ2Þ

Z
d2u⊥d2v⊥
ð2πÞ4 e−iq⊥·ðu⊥−v⊥ÞSð2Þðu⊥ÞSð2Þðv⊥Þ

×
Z

1

0

dξ0
1þ ξ02

ð1 − ξ0Þþ

�
e−ið1−ξ0Þq⊥·v⊥

1

v2⊥
− δ2ðv⊥Þ

Z
d2r0⊥eiq⊥·r

0⊥
1

r2⊥0

�
; ð34Þ

dσeqq
dηd2PJ

¼ αs
π2

S⊥CF

Z
1

τ

dz
z2

J ð0Þ
q ðzÞxqðx; μ2Þ

Z
d2u⊥d2v⊥
ð2πÞ2 e−iq⊥·ðu⊥−v⊥Þ½Sð2Þðu⊥ÞSð2Þðv⊥Þ − Sð2Þðu⊥ − v⊥Þ�

×

�
1

u2⊥
ln
q2⊥u2⊥
c20

þ 1

v2⊥
ln
q2⊥v2⊥
c20

−
2u⊥ · v⊥
u2⊥v2⊥

ln
q2⊥ju⊥jjv⊥j

c20

�
; ð35Þ

dσfqq
dηd2PJ

¼ αs
2π

S⊥CF

�
6 −

4

3
π2
�Z

1

τ

dz
z2

J ð0Þ
q ðzÞxqðxÞ

Z
d2r⊥
ð2πÞ2 e

−iq⊥·r⊥Sð2Þðr⊥Þ; ð36Þ

dσgqq
dηd2PJ

¼ −
αs
2π

S⊥CF

Z
1

τ

dz
z2

J ð0Þ
q ðzÞ

Z
1

x
dξ

x
ξ
q

�
x
ξ

��ln ð1−ξÞ2
ξ2

1 − ξ

�
þ

1þ ξ2

ξ2

Z
d2r⊥
ð2πÞ2 e

−iq⊥ ·r⊥
ξ Sð2Þðr⊥Þ; ð37Þ

dσhqq
dηd2PJ

¼ αs
2π

S⊥CF

Z
1

τ

dz
z2

J ð0Þ
q ðzÞ

Z
1

x
dξ

x
ξ
q
�
x
ξ

�
1þ ξ2

ð1 − ξÞþ
1

ξ2

Z
d2r⊥
ð2πÞ2 e

−iq⊥ ·r⊥
ξ Sð2Þðr⊥Þ ln

c20
r2⊥q2⊥

; ð38Þ

dσmqq
dηd2PJ

¼ αs
2π

S⊥CF

Z
1

τ

dz
z2

J ð0Þ
q ðzÞ

Z
1

x
dξ

x
ξ
q

�
x
ξ

�
1

ξ2
PqqðξÞ

Z
d2r⊥
ð2πÞ2 e

−iq⊥ ·r⊥
ξ Sð2Þðr⊥Þ ln

1

R2
: ð39Þ

To compare our one-loop results with those in Ref. [67], we need to set q⊥ to pJ⊥. Firstly, the LO results dσð0Þ in Ref. [67]
are the same as our σLOqq . Secondly, our results from the initial state gluon radiations agree with Eqs. (40) and (41) in
Ref. [67]. The η-pole induced BK logarithmic term Hq;BK in their calculation is subtracted and put into the BK evolution
equation. The remaining unresolved term dσun−resolv:RþV;soft orHq;kin. coincides with our σeqq term which arises from the kinematic
constraint. Therefore, our one-loop results are consistent with those in Ref. [67]. Nevertheless, as we will present in a later
discussion, our resummation strategy is different.
Since the splitting function reads as PqqðξÞ ¼ 1þξ2

ð1−ξÞþ þ
3
2
δð1 − ξÞ, we rewrite σh as

dσhqq
dηd2PJ

¼ αs
2π

S⊥CF

Z
1

τ

dz
z2

J ð0Þ
q ðzÞxqðxÞ

Z
1

x
dξ

x
ξ
q

�
x
ξ

�
1

ξ2
PqqðξÞ

Z
d2r⊥
ð2πÞ2 e

−iq⊥ ·r⊥
ξ Sð2Þðr⊥Þ ln

c20
r2⊥q2⊥

−
3

2

αs
2π

S⊥CF

Z
1

τ

dz
z2

J ð0Þ
q ðzÞxqðxÞ

Z
d2r⊥
ð2πÞ2 e

−iq⊥·r⊥Sð2Þðr⊥Þ ln
c20

r2⊥q2⊥
: ð40Þ

Note here the first term of the above equation should be combined with σm; therefore σm becomes

dσm
0

qq

dηd2PJ
¼ αs

2π
S⊥CF

Z
1

τ

dz
z2

J ð0Þ
q ðzÞ

Z
1

x
dξ

x
ξ
q
�
x
ξ

�
1

ξ2
PqqðξÞ

Z
d2r⊥
ð2πÞ2 e

−iq⊥ ·r⊥
ξ Sð2Þðr⊥Þ ln

c20
r2⊥q2⊥R2

: ð41Þ
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To summarize what we have done so far, let us compare
our calculations to the cross section of the hadron pro-
duction but without the FFs [68]. By comparison, we find
an interesting relation between the cone size logarithm of
the forward jet production and the collinear singularity in
the hadron production

ln
1

R2
⇔ −

1

ϵ
þ ln

q2⊥
μ2

: ð42Þ

The above replacement can be understood as follows: by
taking the R → 0 limit, and replacing the transverse
momentum q⊥ by the transverse momentum of the pro-
duced parton k⊥ for inclusive hadron productions, one can
reproduce the collinear singularity associated with the final
state gluon radiation. As a common practice in forward
hadron production calculations, one usually removes such
collinear singularities by redefining FFs. Therefore, we find
the corresponding relationship between the inclusive jet
production and the hadron production given by Eq. (42).
Moreover, note here our σa and σh originate from the initial
state gluon radiation and the final state gluon radiation,
respectively. Also, the sum of σa and σh corresponds to σa
in the supplemental material of Ref. [66]. σb is the virtual
contribution. σc and σd are the interference contributions.
σe is the additional term that comes from kinematic
constraint correction [59]. σb, σc, σd, and σe are the same
as those in Ref. [66]. Note here that σf and σg are unique
which are from jet productions; there are no such
corresponding terms in the hadron production case.
Therefore, Eq. (42) can also be the consistency check of

our results. By using the same procedure above one can do
the calculation of the other three channels accordingly. As
we will see in the following calculation, the relation
Eq. (42) holds for other channels too. The above relation
can help us to compare our jet calculation to the previous
calculation for hadron productions.

4. The complete one-loop cross section
in momentum space

This subsection is devoted to improving the accuracy of
the numerical calculations. Since the phase factor e−iq⊥·r⊥
results in an oscillatory integral, it is well known that
numerical calculations are easier to carry out in the
momentum space [66]. Therefore, we perform the Fourier
transform and convert the cross section into momentum
space in order to make it more suitable for numerical
calculations. More detailed discussions of this problem
and Fourier transform tricks can be found in Ref. [66].
After Fourier transformation, we get the cross section in the
momentum space as follows:

dσqq
dηd2PJ

¼ dσLOqq
dηd2PJ

þ dσNLOqq

dηd2PJ
¼ dσLOqq
dηd2PJ

þ
X11
i¼1

dσiqq
dηd2PJ

: ð43Þ

The corresponding LO and NLO contributions are

dσLOqq
dηd2PJ

¼ S⊥
Z

1

τ

dz
z2

J ð0Þ
q ðzÞxqðx; μ2ÞFðq⊥Þ; ð44Þ

dσ1qq
dηd2PJ

¼ αs
2π

CFS⊥
Z

1

τ

dz
z2

J ð0Þ
q ðzÞ

Z
1

x
dξ

x
ξ
q

�
x
ξ
; μ2

�
PqqðξÞ ln

Λ2

μ2
Fðq⊥Þ; ð45Þ

dσ2qq
dηd2PJ

¼ 3

2

αs
2π

CFS⊥
Z

1

τ

dz
z2

J ð0Þ
q ðzÞxqðx; μ2Þ ln q

2⊥
Λ2

Fðq⊥Þ; ð46Þ

dσ3qq
dηd2PJ

¼ αs
2π2

CFS⊥
Z

1

τ

dz
z2

J ð0Þ
q ðzÞ

Z
1

x
dξ

Z
d2q1⊥d2q2⊥

x
ξ
q

�
x
ξ
; μ2

�
1þ ξ2

ð1 − ξÞþ
T ð1Þ

qq ðξ; q1⊥; q2⊥; q⊥Þ; ð47Þ

dσ4qq
dηd2PJ

¼ −
αs
π
CFS⊥

Z
1

τ

dz
z2

J ð0Þ
q ðzÞ

Z
1

0

dξ0
Z

d2q1⊥xqðx; μ2Þ
1þ ξ02

ð1 − ξ0Þþ
ln
ðq1⊥ − ξ0q⊥Þ2

q2⊥
Fðq1⊥ÞFðq⊥Þ; ð48Þ

dσ5qq
dηd2PJ

¼ 2αs
π2

CFS⊥
Z

1

τ

dz
z2

J ð0Þ
q ðzÞ

Z
d2q1⊥xqðx; μ2Þ

1

q21⊥
ln

q2⊥
q21⊥

½Fðq⊥ − q1⊥Þ − θðq2⊥ − q21⊥ÞFðq⊥Þ�

þ αs
π
CFS⊥

Z
1

τ

dz
z2

J ð0Þ
q ðzÞ

Z
d2q1⊥xqðx; μ2ÞFðq1⊥ÞFðq⊥Þ ln2

q2⊥
ðq⊥ − q1⊥Þ2

−
2αs
π2

CFS⊥
Z

1

τ

dz
z2

J ð0Þ
q ðzÞ

Z
d2q1⊥

Z
d2q2⊥xqðx; μ2ÞFðq1⊥ÞFðq2⊥Þ ln

q2⊥
ðq⊥ − q1⊥Þ2

×
ðq⊥ − q1⊥Þ · ðq⊥ − q2⊥Þ
ðq⊥ − q1⊥Þ2ðq⊥ − q2⊥Þ2

; ð49Þ
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dσ6qq
dηd2PJ

¼ αs
2π

S⊥CF

�
6 −

4

3
π2
�Z

1

τ

dz
z2

J qðzÞxqðx; μ2ÞFðq⊥Þ; ð50Þ

dσ7qq
dηd2PJ

¼ −
αs
2π

S⊥CF

Z
1

τ

dz
z2

J ð0Þ
q ðzÞ

Z
1

x
dξ

x
ξ
q

�
x
ξ

��ln ð1−ξÞ2
ξ2

1 − ξ

�
þ
Fðq⊥=ξÞ; ð51Þ

dσ8qq
dηd2PJ

¼ 3

2

αs
2π

CFS⊥
Z

1

τ

dz
z2

J ð0Þ
q ðzÞxqðx; μ2Þ ln q

2⊥
Λ2

Fðq⊥Þ; ð52Þ

dσ9qq
dηd2PJ

¼ αs
2π

S⊥CF

Z
1

τ

dz
z2

J ð0Þ
q ðzÞ

Z
1

x
dξ

x
ξ
q

�
x
ξ
; μ2

�
1

ξ2
PqqðξÞ ln

Λ2

q2⊥R2
Fðq⊥=ξÞ; ð53Þ

dσ10qq
dηd2PJ

¼ αs
2π

CFS⊥
Z

1

τ

dz
z2

J ð0Þ
q ðzÞ

Z
1

x
dξ

x
ξ
q

�
x
ξ
; μ2

�
ð1 − ξÞFðq⊥Þ; ð54Þ

dσ11qq
dηd2PJ

¼ −
1

2

αs
2π

CFS⊥
Z

1

τ

dz
z2

J ð0Þ
q ðzÞxqðx; μ2ÞFðq⊥Þ; ð55Þ

where T ð1Þ
qq ðξ; q1⊥; q2⊥; q⊥Þ can be found in Ref. [66]. It is given by

T ð1Þ
qq ðξ; q1⊥; q2⊥; q⊥Þ ¼

ðq2⊥ − q1⊥=ξÞ2
ðq⊥ þ q1⊥Þ2ðq⊥=ξþ q2⊥Þ2

Fðq1⊥ÞFðq2⊥Þ −
1

ðq⊥ þ q1⊥Þ2
Λ2

Λ2 þ ðq⊥ þ q1⊥Þ2
Fðq2⊥ÞFðq⊥Þ

−
1

ðq⊥ þ ξq2⊥Þ2
Λ2

Λ2 þ ðq⊥=ξþ q2⊥Þ2
Fðq⊥=ξÞFðq1⊥Þ: ð56Þ

By splitting the θ-function inside σ5qq into two terms, we can rewrite it as

dσ5qq
dηd2PJ

¼ dσ5aqq
dηd2PJ

þ dσ5bqq
dηd2PJ

; ð57Þ

where

dσ5aqq
dηd2PJ

¼ −
αs
2π

CFS⊥
Z

1

τ

dz
z2

J ð0Þ
q ðzÞxqðx; μ2ÞFðq⊥Þ ln2

q2⊥
Λ2

; ð58Þ

dσ5bqq
dηd2PJ

¼ 2αs
π2

CFS⊥
Z

1

τ

dz
z2

J ð0Þ
q ðzÞ

Z
d2q1⊥xqðx; μ2Þ

1

q21⊥
ln

q2⊥
q21⊥

½Fðq⊥ − q1⊥Þ − θðΛ2 − q21⊥ÞFðq⊥Þ�

−
αs
2π

CFS⊥
Z

1

τ

dz
z2

J ð0Þ
q ðzÞxqðx; μ2ÞFðq⊥Þ ln2

q2⊥
Λ2

þ αs
π
CFS⊥

Z
1

τ

dz
z2

J ð0Þ
q ðzÞ

Z
d2q1⊥xqðx; μ2ÞFðq1⊥ÞFðq⊥Þ ln2

q2⊥
ðq⊥ − q1⊥Þ2

−
2αs
π2

CFS⊥
Z

1

τ

dz
z2

J ð0Þ
q ðzÞ

Z
d2q1⊥

Z
d2q2⊥xqðx; μ2ÞFðq1⊥ÞFðq2⊥Þ ln

q2⊥
ðq⊥ − q1⊥Þ2

ðq⊥ − q1⊥Þ · ðq⊥ − q2⊥Þ
ðq⊥ − q1⊥Þ2ðq⊥ − q2⊥Þ2

:

ð59Þ

This trick [66,114] allows us to extract the Sudakov double logarithm from σ5qq.
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B. The g → g channel

Since we have done the calculations for the q → q
channel in the previous section and established the pro-
cedure for the jet calculation in CGC formalism, the
computation for the g → g channel then becomes straight-
forward. The momentum constraints in Eqs. (16) and (17)
remain the same, and the NJA can also be applied
throughout the following calculations. Notice that ξ here
represents the longitudinal momentum fraction of the
parent gluon carried by the observed gluon. The partonic

cross section of the g → gg channel has been studied in
Ref. [69]. It can be written as

dσgA→ggX

d3ld3k
¼ αsNcδðqþ − lþ − kþÞ

Z
d2x⊥
ð2πÞ2

d2x0⊥
ð2πÞ2

d2b⊥
ð2πÞ2

d2b0⊥
ð2πÞ2 e

−ik⊥·ðx⊥−x0⊥Þe−il⊥·ðb⊥−b0⊥Þ
X
λαβ

ψλ�
ggαβðu0⊥Þψλ

ggαβðu⊥Þ

×
1

NcðN2
c − 1Þ ½hfade½Wðx⊥ÞW†ðx0⊥Þ�db½Wðb⊥ÞW†ðb0⊥Þ�ecfabciY − hfadeWdbðx⊥ÞWecðb⊥ÞffbcWfaðv0⊥ÞiY

− hfadeWdbðx0⊥ÞWecðb0⊥ÞffbcWfaðv⊥ÞiYþNchTrWðv⊥ÞW†ðv0⊥ÞiY �; ð60Þ

with fabc being the antisymmetric structure constant. k
and l are the momenta of the final state observed
and unobserved gluons, respectively. The initial
state gluon radiation of the g → gg channel is depi-
cted in Fig. 5. The contribution which is proporti-
onal to hfade½Wðx⊥ÞW†ðx0⊥Þ�db½Wðb⊥ÞW†ðb0⊥Þ�ecfabciY
in Eq. (60) stands for the initial state radiation. One
can greatly simplify the multiple interaction factor when
taking the large Nc limit. Meanwhile, since we measure
the jet which is initiated by the observed state gluon, one

needs to integrate over the phase space of the unob-
served gluon which leads to b⊥ ¼ b0⊥. Here b⊥ and
b0⊥ are the transverse coordinates of the unobserved gluon
in the amplitude and complex conjugate amplitude,
respectively. Therefore, the multiple scattering factor
hfade½Wðx⊥ÞW†ðx0⊥Þ�db½Wðb⊥ÞW†ðb0⊥Þ�ecfabciY is simpli-

fied to N2
cS

ð2Þ
Y ðx0⊥; x⊥ÞSð2ÞY ðx⊥; x0⊥Þ. Then the contribution

of the multiple interaction after the gluon splitting
becomes

αsNc

Z
1

x
dξ

x
ξ
g

�
x
ξ

�Z
d2x⊥
ð2πÞ2

d2x0⊥
ð2πÞ2

d2b⊥
ð2πÞ2 e

−ik⊥·ðx⊥−x0⊥Þ
X
λαβ

ψλ�
ggαβðu0⊥Þψλ

ggαβðu⊥ÞSð2ÞY ðx⊥; x0⊥ÞSð2ÞY ðx0⊥; x⊥Þ: ð61Þ

Note here the g → gg splitting kernel is found to be

X
λαβ

ψλ�
ggαβðξ; u0⊥Þψλ

ggαβðξ; u⊥Þ ¼ 4ð2πÞ2
�

ξ

1 − ξ
þ 1 − ξ

ξ
þ ξð1 − ξÞ

�
1

qþ
u0⊥ · u⊥
u02⊥u2⊥

: ð62Þ

Figure 6 shows the final state gluon radiation of the g → gg channel. The correlator hTrWðv⊥ÞW†ðv0⊥ÞiY in Eq. (60) arises
from the fact that the multiple interaction takes place before the gluon splitting, and it can be simplified as

N2
cS

ð2Þ
Y ðv⊥; v0⊥ÞSð2ÞY ðv0⊥; v⊥Þ in the large Nc limit. Finally, we get σa, σb, and σc as follows:

FIG. 5. The Feynman diagram of the initial state gluon
radiation for gluon jets.

FIG. 6. The three real diagrams of gluon splittings contributing to the gluon jet.
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σa ¼
αs
2π

NcxgðxÞ
Z

d2v⊥d2v0⊥
ð2πÞ2 e−iq⊥·ðv⊥−v0⊥Þ½Sð2ÞY ðv⊥; v0⊥Þ�2

×

�
1

ϵ2
þ 11

6ϵ
−
1

ϵ
ln
q2⊥R2

μ2
−
11

6
ln
q2⊥R2

μ2
þ 1

2
ln2

q2⊥R2

μ2
þ 67

9
−
3

4
π2
�
; ð63Þ

σb ¼
αsNc

π
S⊥

Z
d2r⊥
ð2πÞ2 ½S

ð2Þðr⊥Þ�2
Z

1

x
dξ

½1 − ξð1 − ξÞ�2
ξð1 − ξÞþ

1

ξ2
x
ξ
g

�
x
ξ

�
e−i

q⊥ ·r⊥
ξ

�
−
1

ϵ
− ln

ξ2μ2

q2⊥R2

�

þ 2αsNc

π
S⊥

Z
d2r⊥
ð2πÞ2 ½Sðr⊥Þ�

2

Z
1

x
dξ

�
lnð1 − ξÞ
ð1 − ξÞ

�
þ

½1 − ξð1 − ξÞ�2
ξ3

x
ξ
g

�
x
ξ

�
e−i

q⊥ ·r⊥
ξ

þ αsNc

2π
S⊥xgðxÞ

Z
d2r⊥
ð2πÞ2 ½S

ð2Þðr⊥Þ�2e−iq⊥·r⊥
�
1

ϵ2
−
1

ϵ
ln
q2⊥R2

μ2
−
π2

12
þ 1

2
ln2

q2⊥R2

μ2

�
; ð64Þ

σc ¼
αsNC

π
S⊥

Z
d2r⊥
ð2πÞ2 e

−iq⊥ ·r⊥
ξ ½Sðr⊥Þ�2

Z
1

x
dξ

½1 − ξð1 − ξÞ�2
ξ3ð1 − ξÞþ

x
ξ
g

�
x
ξ

��
−
1

ϵ
þ ln

c20
μ2r2⊥

�
: ð65Þ

Furthermore, we should also consider the g → qq̄
splitting when the final state particles are in the same jet
cone. The in-cone contribution from the g → qq̄ channel is
shown in Fig. 7 and we label it as σd. The partonic
cross section of the g → q channel can be found in
Sec. III D. The second term in the brackets of the
Eq. (120) is the corresponding final state radiation con-
tribution. Under the large Nc limit approximation, the
correlators of the multiple interaction before the gluon
splitting can be expressed entirely in terms of 2-point

functions SAYðv⊥; v0⊥Þ ≃ Sð2ÞY ðv⊥; v0⊥ÞSð2ÞY ðv0⊥; v⊥Þ. Then the
cross section as shown in Fig. 7 becomes

σd¼ αsTRδðqþ− lþ−kþÞxgðxÞ

×
Z

d2x⊥
ð2πÞ2

d2x0⊥
ð2πÞ2

d2b⊥
ð2πÞ2

d2b0⊥
ð2πÞ2 e

−ik⊥·ðx⊥−x0⊥Þe−il⊥·ðb⊥−b0⊥Þ

×
X
λαβ

ψλ�
αβðu0⊥Þψλ

αβðu⊥ÞSð2ÞY ðv⊥;v0⊥ÞSð2ÞY ðv0⊥;v⊥Þ; ð66Þ

where TR ¼ 1
2
, and k and l are the momenta of quark

and antiquark, respectively. We have adopted the D-
dimensional splitting function of the g → qq̄ channel from

Ref. [133], and modified it to the splitting kernel shown
below X

λαβ

ψλ�
qq̄αβðqþ; ξ; u⊥Þψλ

qq̄αβðqþ; ξ; u⊥Þ

¼ 2ð2πÞ2½ξ2 þ ð1 − ξÞ2 − 2ϵξð1 − ξÞ� 1
u2⊥

: ð67Þ

This gives

σd¼
αs
2π

NfTRxgðxÞ
Z

d2v⊥d2v0⊥
ð2πÞ2 e−iq⊥·ðv⊥−v0⊥Þ½Sð2ÞY ðv⊥;v0⊥Þ�2

×

�
−
2

3ϵ
−
26

9
−
2

3
ln

μ2

q2⊥R2
þ1

3

�
: ð68Þ

The last constant term ð1
3
Þ inside the square brackets in the

above equation originates from the product of the ϵ term in
the splitting kernel and the 1

ϵ pole due to collinear
divergence. There is a similar term from the virtual
contribution of the g → qq̄ channel. These two terms will
cancel each other.
For the virtual contributions, we consider the virtual

gluon loop diagrams in Fig. 8. The partonic cross section is
given by

− αsNcxgðxÞ
Z

1

0

dξ
Z

d2v⊥
ð2πÞ2

d2v0⊥
ð2πÞ2

d2u⊥
ð2πÞ2 e

−ik⊥·ðv⊥−v0⊥Þ

×
X
λαβ

ψλ�
ggαβðqþ; ξ; u⊥Þψλ

ggαβðqþ; ξ; u⊥Þ

× ½Sð2ÞY ðv⊥; v0⊥ÞSð2ÞY ðv0⊥; v⊥Þ
− Sð2ÞY ðb⊥; x⊥ÞSð2ÞY ðx⊥; v0⊥ÞSð2ÞY ðv0⊥; b⊥Þ�: ð69Þ

With dimensional regularization and the MS scheme, we
can perform the rest of the calculation directly and get

FIG. 7. The real diagram of the g → qq̄ splitting with q and q̄
being inside the jet cone. According to the jet definition and
measurement, we categorize this contribution as a part of the
gluon jet production.
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σvirtðjetÞgg ¼ 11Nc

6

αs
2π

S⊥xgðxÞ
Z

1

τ

dz
z2

J ð0Þ
g ðzÞ

Z
d2r⊥
ð2πÞ2 e

−iq⊥·r⊥ ½Sðr⊥Þ�2
�
−
1

ϵ
þ ln

q2⊥
μ2

�
: ð70Þ

Furthermore, we also compute the quark loop virtual contributions depicted in Fig. 9; its contribution is given by

− 2αsNfTRxgðxÞ
Z

1

0

dξ
Z

d2u⊥
ð2πÞ2

d2v⊥
ð2πÞ2

d2v0⊥
ð2πÞ2 e

−ik⊥·ðv⊥−v0⊥Þ

×
X
λαβ

ψλ�
qq̄αβðu⊥Þψλ

qq̄αβðu⊥Þ½Sð2ÞY ðv⊥; v0⊥ÞSð2ÞY ðv0⊥; v⊥Þ − Sð2ÞY ðx⊥; v0⊥ÞSð2ÞY ðv0⊥; b⊥Þ�: ð71Þ

After the evaluation, we arrive at

σvirtðjetÞqq̄ ¼ −
2NfTR

3

αs
2π

S⊥xgðxÞ
Z

1

τ

dz
z2

J ð0Þ
g ðzÞ

Z
d2r⊥
ð2πÞ2 e

−iq⊥·r⊥ ½Sðr⊥Þ�2
�
−
1

ϵ
þ ln

q2⊥
μ2

þ 1

2

�
: ð72Þ

Similar to the q → q channel, we only pick out part of the virtual contributions to cancel the collinear singularities. The rest
of the virtual contributions would be combined with other real diagrams. The final state contribution σfinalgg can be obtained

by adding σa, σb, σc, σd, σ
virtðjetÞ
gg , and σvirtðjetÞqq̄ together,

σfinalgg ¼ σa þ ðσc − σbÞ þ σd þ σvirtðjetÞgg þ σvirtðjetÞqq̄ : ð73Þ

In the end, all the divergences cancel. With the CJF J gðzÞ, we get

d3σfinalgg

dηd2PJ
¼ −

αsNc

2π

Z
1

x
dξ

1

ξ2
σLO

�
x
ξ
;
q⊥
ξ

��
2

�ln ð1−ξÞ2
ξ2

ð1 − ξÞ
�

þ

½1 − ξð1 − ξÞ�2
ξ

− 2
½1 − ξð1 − ξÞ�2
ξð1 − ξÞþ

ln
c20

q2⊥r2⊥
− PggðξÞ ln

1

R2

�

þ αs
2π

��
67

9
−
4

3
π2
�
Nc −

26

9
NfTR

�
σðx; q⊥Þ: ð74Þ

Note here we have defined σLOðxξ ; q⊥ξ Þ ¼ S⊥
R
1
τ

dz
z2 J

ð0Þ
g ðzÞ xξ gðxξÞ

R d2r⊥
ð2πÞ2 e

−iq⊥ ·r⊥
ξ Sð2Þðr⊥ÞSð2Þðr⊥Þ. By combining the collinear

singularities from both real and virtual diagrams of the initial state radiation, we find the coefficient of the collinear
singularities becomes

−Nc
1

2π

1

ϵ

Z
1

x
dξ

�
2
½1 − ξð1 − ξÞ�2
ξð1 − ξÞþ

þ
�
11

6
−
2NfTR

3Nc

�
δð1 − ξÞ

�
x
ξ
g

�
x
ξ

�
¼ −Nc

1

2π

1

ϵ

Z
1

x
dξPggðξÞ

x
ξ
g

�
x
ξ

�
; ð75Þ

FIG. 8. The virtual gluon loop diagrams of the g → g channel.

FIG. 9. The virtual quark loop diagrams in the g → g channel.
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where we have used the delta function again to change the second term in the left-hand side. PggðξÞ is defined as

PggðξÞ ¼ 2
½1 − ξð1 − ξÞ�2
ξð1 − ξÞþ

þ 2β0δð1 − ξÞ; ð76Þ

where β0 ¼ 11
12
− NfTR

3Nc
. As usual, we remove the collinear singularities by redefining the gluon distribution as follows:

gðx; μÞ ¼ gð0ÞðxÞ − 1

ϵ

αsðμÞ
2π

Z
1

x

dξ
ξ
NcPggðξÞg

�
x
ξ

�
: ð77Þ

Once we remove all the divergences, the final cross section is finite. Similarly, the next-to-leading order cross section for the
g → g channel in the coordinate space can be expressed as

dσgg
dηd2PJ

¼ dσLOgg
dηd2PJ

þ dσNLOgg

dηd2PJ
¼ dσLOgg

dηd2PJ
þ
Xn
i¼a

dσigg
dηd2PJ

; ð78Þ

where the LO and NLO cross section are given by

dσLOgg
dηd2PJ

¼ S⊥
Z

1

τ

dz
z2

J ð0Þ
g ðzÞxgðx; μ2Þ

Z
d2r⊥
ð2πÞ2 e

−iq⊥·r⊥Sð2Þðr⊥ÞSð2Þðr⊥Þ; ð79Þ

dσagg
dηd2PJ

¼ αs
2π

S⊥Nc

Z
1

τ

dz
z2

J ð0Þ
g ðzÞ

Z
1

x
dξ

x
ξ
g

�
x
ξ
; μ2

�
PggðξÞ

Z
d2r⊥
ð2πÞ2 S

ð2Þðr⊥ÞSð2Þðr⊥Þe−iq⊥·r⊥ ln
c20

r2⊥μ2
; ð80Þ

dσbgg
dηd2PJ

¼ −2β0
αs
2π

S⊥Nc

Z
1

τ

dz
z2

J ð0Þ
g ðzÞxgðx; μ2Þ

Z
d2r⊥
ð2πÞ2 e

−iq⊥·r⊥Sð2Þðr⊥ÞSð2Þðr⊥Þ ln
c20

r2⊥q2⊥
; ð81Þ

dσcgg
dηd2PJ

¼ 8πS⊥NfTR
αs
2π

Z
1

τ

dz
z2

J ð0Þ
g ðzÞxgðx; μ2Þ

Z
d2u⊥d2v⊥
ð2πÞ4 e−iq⊥·v⊥Sð2Þðu⊥ÞSð2Þðv⊥Þ

×
Z

1

0

dξ0½ξ02 þ ð1 − ξ0Þ2�
�
e−iξ

0q⊥·ðu⊥−v⊥Þ

ðu⊥ − v⊥Þ2
− δ2ðu⊥ − v⊥Þ

Z
d2r0⊥

eiq⊥·r
0⊥

r2⊥0

�
; ð82Þ

dσdgg
dηd2PJ

¼ −16πS⊥Nc
αs
2π

Z
1

τ

dz
z2

J ð0Þ
g ðzÞ

Z
1

x
dξ

x
ξ
g

�
x
ξ
; μ2

�Z
d2u⊥d2v⊥
ð2πÞ4 e−iq⊥·ðu⊥−v⊥Þe−i

q⊥ ·v⊥
ξ

× Sð2Þðu⊥ÞSð2Þðv⊥ÞSð2Þðu⊥ − v⊥Þ
½1 − ξð1 − ξÞ�2

ð1 − ξÞþ
1

ξ2
ðu⊥ − v⊥Þ · v⊥
ðu⊥ − v⊥Þ2v2⊥

; ð83Þ

dσegg
dηd2PJ

¼ 16πS⊥Nc
αs
2π

Z
1

τ

dz
z2

J ð0Þ
g ðzÞxgðx; μ2Þ

Z
d2u⊥d2v⊥
ð2πÞ4 Sð2Þðu⊥ÞSð2Þðv⊥ÞSð2Þðu⊥ − v⊥Þ

× e−iq⊥·ðu⊥−v⊥Þ
Z

1

0

dξ0
�

ξ0

ð1 − ξ0Þþ
þ ξ0ð1 − ξ0Þ

2

��
e−iξ

0q⊥·v⊥

v2⊥
− δ2ðv⊥Þ

Z
d2r0⊥

eiq⊥·r
0⊥

r2⊥0

�
; ð84Þ

dσfgg
dηd2PJ

¼ αs
π2

S⊥Nc

Z
1

τ

dz
z2

J ð0Þ
g ðzÞxgðxÞ

Z
d2u⊥d2v⊥
ð2πÞ2 e−iq⊥·ðu⊥−v⊥Þ½Sð2Þðu⊥ÞSð2Þðv⊥Þ − Sð2Þðu⊥ − v⊥Þ�

× Sð2Þðu⊥ − v⊥Þ
�
1

u2⊥
ln
q2⊥u2⊥
c20

þ 1

v2⊥
ln
q2⊥v2⊥
c20

−
2u⊥ · v⊥
u2⊥v2⊥

ln
q2⊥ju⊥jjv⊥j

c20

�
; ð85Þ
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dσggg
dηd2PJ

¼ αs
2π

S⊥Nc

�
67

9
−
4

3
π2
�Z

1

τ

dz
z2

J gðzÞxgðxÞ
Z

d2r⊥
ð2πÞ2 e

−iq⊥·r⊥Sð2Þðr⊥ÞSð2Þðr⊥Þ

−
αs
2π

S⊥NfTR
26

9

Z
1

τ

dz
z2

J ð0Þ
g ðzÞxgðxÞ

Z
d2r⊥
ð2πÞ2 e

−iq⊥·r⊥Sð2Þðr⊥ÞSð2Þðr⊥Þ; ð86Þ

dσhgg
dηd2PJ

¼ −
αs
2π

S⊥Nc

Z
1

τ

dz
z2

J ð0Þ
g ðzÞ

Z
1

x
dξ

x
ξ
g

�
x
ξ

��ln ð1−ξÞ2
ξ2

1 − ξ

�
þ

2½1 − ξð1 − ξÞ�2
ξ

1

ξ2

Z
d2r⊥
ð2πÞ2 S

ð2Þðr⊥ÞSð2Þðr⊥Þe−i
q⊥ ·r⊥

ξ ; ð87Þ

dσmgg
dηd2PJ

¼ −2β0
αs
2π

S⊥Nc

Z
1

τ

dz
z2

J ð0Þ
g ðzÞxgðxÞ

Z
d2r⊥
ð2πÞ2 e

−iq⊥·r⊥Sð2Þðr⊥ÞSð2Þðr⊥Þ ln
c20

r2⊥q2⊥
; ð88Þ

dσngg
dηd2q⊥

¼ αs
2π

S⊥Nc

Z
1

τ

dz
z2

J ð0Þ
g ðzÞ

Z
1

x
dξ

x
ξ
g

�
x
ξ

�
PggðξÞ

Z
d2r⊥
ð2πÞ2 S

ð2Þðr⊥ÞSð2Þðr⊥Þ
1

ξ2
e−i

q⊥ ·r⊥
ξ ln

c20
r2⊥q2⊥R2

; ð89Þ

dσogg
dηd2PJ

¼ −
1

3

αs
2π

NfTRS⊥
Z

1

τ

dz
z2

J ð0Þ
g ðzÞxgðx; μ2Þ

Z
d2r⊥
ð2πÞ2 e

−iq⊥·r⊥Sð2Þðr⊥ÞSð2Þðr⊥Þ: ð90Þ

Due to the reasons discussed in the last subsection, we also need to Fourier transform the above equations to the momentum
space analytically. The cross section in the momentum space is given by

dσgg
dηd2PJ

¼ dσLOgg
dηd2PJ

þ dσNLOgg

dηd2PJ
¼ dσLOgg

dηd2PJ
þ
X11
i¼1

dσigg
dηd2PJ

; ð91Þ

with

dσLOgg
dηd2PJ

¼ S⊥
Z

1

τ

dz
z2

J ð0Þ
g ðzÞxgðx; μ2Þ

Z
d2q1⊥Fðq1⊥ÞFðq⊥ − q1⊥Þ; ð92Þ

dσ1gg
dηd2PJ

¼ αs
2π

NcS⊥
Z

1

τ

dz
z2

J ð0Þ
g ðzÞ

Z
1

x
dξ

Z
d2q1⊥

x
ξ
g

�
x
ξ
; μ2

�
PggðξÞ ln

Λ2

μ2
Fðq⊥ − q1⊥ÞFðq1⊥Þ; ð93Þ

dσ2gg
dηd2PJ

¼ 2β0
αs
2π

NcS⊥
Z

1

τ

dz
z2

J ð0Þ
g ðzÞxgðx; μ2Þ

Z
d2q1⊥Fðq⊥ − q1⊥ÞFðq1⊥Þ ln

q2⊥
Λ2

; ð94Þ

dσ3gg
dηd2PJ

¼ −
1

3

αs
2π

NfTRS⊥
Z

1

τ

dz
z2

J ð0Þ
g ðzÞxgðx; μ2Þ

Z
d2q1⊥Fðq⊥ − q1⊥ÞFðq1⊥Þ; ð95Þ

dσ4gg
dηd2PJ

¼ αs
π2

NcS⊥
Z

1

τ

dz
z2
J ð0Þ

g ðzÞ
Z

1

x
dξ

x
ξ
g

�
x
ξ
;μ2

� ½1−ξð1−ξÞ�2
ξð1−ξÞþ

Z
d2q1⊥d2q2⊥d2q3⊥T

ð1Þ
gg ðξ;q1⊥;q2⊥;q3⊥;q⊥Þ; ð96Þ

dσ5gg
dηd2PJ

¼−2NfTR
αs
2π

S⊥
Z

1

τ

dz
z2
J ð0Þ

g ðzÞxgðx;μ2Þ
Z

1

0

dξ0d2q1⊥½ξ02þð1−ξ0Þ2�Fðq1⊥ÞFðq⊥−q1⊥Þ ln
ðq1⊥−ξ0q⊥Þ2

q2⊥
; ð97Þ

dσ6gg
dηd2PJ

¼ −4Nc
αs
2π

S⊥
Z

1

τ

dz
z2

J ð0Þ
g ðzÞxgðx; μ2Þ

Z
1

0

dξ0d2q1⊥d2q2⊥
�

ξ0

ð1 − ξ0Þþ
þ 1

2
ξ0ð1 − ξ0Þ

�

× Fðq1⊥ÞFðq2⊥ÞFðq⊥ − q1⊥Þ ln
ðq1⊥ þ q2⊥ − ξ0q⊥Þ2

q2⊥
; ð98Þ
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dσ7gg
dηd2PJ

¼ 2αs
π2

NcS⊥
Z

1

τ

dz
z2

J ð0Þ
g ðzÞxgðx; μ2Þ

Z
d2q1⊥d2q2⊥

1

q22⊥
ln

q2⊥
q22⊥

Fðq⊥ − q1⊥Þ½Fðq1⊥ þ q2⊥Þ − θðq2⊥ − q22⊥ÞFðq1⊥Þ�

þ αs
π
NcS⊥

Z
1

τ

dz
z2

J ð0Þ
g ðzÞxgðx; μ2Þ

Z
d2q1⊥d2q2⊥Fðq1⊥ÞFðq2⊥ÞFðq⊥ − q2⊥Þ ln2

q2⊥
ðq1⊥ þ q2⊥ − q⊥Þ2

−
2αs
π2

NcS⊥
Z

1

τ

dz
z2

J ð0Þ
g ðzÞxgðx; μ2Þ

Z
d2q1⊥d2q2⊥d2q3⊥Fðq1⊥ÞFðq2⊥ÞFðq3⊥Þ

×
ðq⊥ − q1⊥ þ q3⊥Þ · ðq⊥ − q2⊥ þ q3⊥Þ
ðq⊥ − q1⊥ þ q3⊥Þ2ðq⊥ − q2⊥ þ q3⊥Þ2

ln
q2⊥

ðq⊥ − q1⊥ þ q3⊥Þ2
; ð99Þ

dσ8gg
dηd2PJ

¼ αs
2π

S⊥Nc

�
67

9
−
4

3
π2
�Z

1

τ

dz
z2

J gðzÞxgðxÞ
Z

d2q1⊥Fðq1⊥ÞFðq⊥ − q1⊥Þ

−
αs
2π

S⊥NfTR
26

9

Z
1

τ

dz
z2

J ð0Þ
g ðzÞxgðxÞ

Z
d2q1⊥Fðq1⊥ÞFðq⊥ − q1⊥Þ; ð100Þ

dσ9gg
dηd2PJ

¼ −
αs
2π

S⊥Nc

Z
1

τ

dz
z2

J ð0Þ
g ðzÞ

Z
1

x
dξ

x
ξ
g

�
x
ξ

��ln ð1−ξÞ2
ξ2

1 − ξ

�
þ

2½1 − ξð1 − ξÞ�2
ξ3

Z
d2q1⊥Fðq1⊥ÞFðq⊥=ξ − q1⊥Þ; ð101Þ

dσ10gg
dηd2PJ

¼ 2β0
αs
2π

NcS⊥
Z

1

τ

dz
z2

J ð0Þ
g ðzÞ

Z
d2q1⊥xgðxÞFðq⊥ − q1⊥ÞFðq1⊥Þ ln

q2⊥
Λ2

; ð102Þ

dσ11gg
dηd2PJ

¼ αs
2π

NcS⊥
Z

1

τ

dz
z2

J ð0Þ
g ðzÞ

Z
1

x
dξ

x
ξ
g

�
x
ξ

�
1

ξ2
PggðξÞ

Z
d2q1⊥Fðq⊥=ξ − q1⊥ÞFðq1⊥Þ ln

Λ2

q2⊥R2
: ð103Þ

Again T ð1Þ
gg ðξ; q1⊥; q2⊥; q3⊥; q⊥Þ can also be found in Ref. [66] which is

T ð1Þ
gg ðξ;q1⊥;q2⊥;q3⊥;q⊥Þ¼

1

ξ2
½ð1−ξÞq1⊥þq3⊥−ξq2⊥�2

ðq1⊥þq3⊥−q⊥Þ2ðq1⊥þq2⊥−q⊥=ξÞ2
Fðq1⊥ÞFðq2⊥ÞFðq3⊥Þ

−
1

ðq1⊥þq3⊥−q⊥Þ2
Λ2

Λ2þðq1⊥þq3⊥−q⊥Þ2
Fðq⊥−q1⊥ÞFðq2⊥ÞFðq3⊥Þ

−
1

ξ2
1

ðq1⊥þq2⊥−q⊥=ξÞ2
Λ2

Λ2þðq1⊥þq2⊥−q⊥=ξÞ2
Fðq⊥=ξ−q2⊥ÞFðq2⊥ÞFðq3⊥Þ: ð104Þ

Similarly, we can extract the Sudakov double logarithm from σ7gg [66,114]. Then we get

dσ7gg
dηd2PJ

¼ dσ7agg
dηd2PJ

þ dσ7bgg
dηd2PJ

; ð105Þ

where

dσ7agg
dηd2PJ

¼ −
αs
2π

NcS⊥
Z

1

τ

dz
z2

J ð0Þ
g ðzÞxgðx; μ2Þ ln2 q

2⊥
Λ2

Z
d2q1⊥Fðq⊥ − q1⊥ÞFðq1⊥Þ; ð106Þ
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dσ7bgg
dηd2PJ

¼ 2αs
π2

NcS⊥
Z

1

τ

dz
z2

J ð0Þ
g ðzÞxgðx; μ2Þ

Z
d2q1⊥d2q2⊥

1

q22⊥
ln

q2⊥
q22⊥

Fðq⊥ − q1⊥Þ

× ½Fðq1⊥ þ q2⊥Þ − θðΛ2 − q22⊥ÞFðq1⊥Þ�

−
αs
2π

NcS⊥
Z

1

τ

dz
z2

J ð0Þ
g ðzÞxgðx; μ2Þ ln2 q

2⊥
Λ2

Z
d2q1⊥Fðq⊥ − q1⊥ÞFðq1⊥Þ

þ αs
π
NcS⊥

Z
1

τ

dz
z2

J ð0Þ
g ðzÞxgðx; μ2Þ

Z
d2q1⊥d2q2⊥Fðq1⊥ÞFðq2⊥ÞFðq⊥ − q2⊥Þ ln2

q2⊥
ðq1⊥ þ q2⊥ − q⊥Þ2

−
2αs
π2

NcS⊥
Z

1

τ

dz
z2

J ð0Þ
g ðzÞxgðx; μ2Þ

Z
d2q1⊥d2q2⊥d2q3⊥Fðq1⊥ÞFðq2⊥ÞFðq3⊥Þ

×
ðq⊥ − q1⊥ þ q3⊥Þ · ðq⊥ − q2⊥ þ q3⊥Þ
ðq⊥ − q1⊥ þ q3⊥Þ2ðq⊥ − q2⊥ þ q3⊥Þ2

ln
q2⊥

ðq⊥ − q1⊥ þ q3⊥Þ2
: ð107Þ

C. The q → g channel

Before we start the calculation for the off-diagonal
channels, let us comment on the similarity and difference
as compared to that for the diagonal ones. Note that the
partonic cross section of this channel is the same as
the q → q channel [69], which is given by Eq. (8). For the
splitting after the multiple scattering case, we have
already computed the in-cone contribution in which
the final state quark and the radiated gluon are within
the same jet cone. Therefore, it is not necessary to
consider the in-cone contribution anymore. We do not
have virtual contribution either since we observe the
gluon jet in this channel. Here, the variable ξ is defined as
the longitudinal momentum fraction of the initial state
quark carried by the radiated gluon, and this ξ is different
from what was defined in the q → q channel. In fact, we
always use ξ to denote the momentum fraction of the
produced particle. Note that the transverse momentum of
the measured jet is equal to the momentum of the radiated
gluon which is l⊥ ¼ PJ, while in the q → q channel we
have k⊥ ¼ PJ.
To compute the jet cross section in the q → g channel, let

us consider the diagrams shown in Fig. 10. Figure 10(a)
stands for the false identification of a gluon jet, while the
final state gluon and quark reside in the same jet cone. This
is similar to the case shown in Fig. 2(b), where the quark is
falsely identified as the jet. Figure 10(b) represents the
q → g contribution without any constraint. Hence the

correct out-cone contribution for the q → g channel can
be obtained by taking the difference of the contributions
from these two diagrams.
For the multiple interactions that take place before

the gluon emission, as shown in Fig. 11, the corresponding

correlator is Sð6ÞY ðb⊥; x⊥; b0⊥; x0⊥Þ. Once we integrate
over the momentum of the final state quark, we set

b⊥ ¼ b0⊥. Therefore, we simplify Sð6ÞY ðb⊥; x⊥; b0⊥; x0⊥Þ to

Sð2ÞY ðx0⊥; x⊥ÞSð2ÞY ðx⊥; x0⊥Þ. Then the following evaluation is
straightforward. Again, the usual dimensional regulariza-
tion and MS subtraction scheme are applied to perform the
rest of the calculations. Following the same calculation as
that in the q → q channel, we remove the collinear
singularity by redefining the gluon distribution as follows:

gðx; μÞ ¼ gð0ÞðxÞ − 1

ϵ

αsðμÞ
2π

Z
1

x

dξ
ξ
CFPgqðξÞq

�
x
ξ

�
; ð108Þ

where PgqðξÞ ¼ 1þð1−ξÞ2
ξ . At the end of the day, the final

cross section is found to be finite. In the q → g channel,
there is no LO contribution. We write the cross section in
the coordinate space as

dσgq
dηd2PJ

¼ dσNLOgq

dηd2PJ
¼

Xc
i¼a

dσigq
dηd2PJ

; ð109Þ

where

FIG. 10. The final state radiation contribution from the q → g
channel.

FIG. 11. The initial state radiation contribution from the q → g
channel.
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dσagq
dηd2PJ

¼ αs
2π

S⊥CF

Z
1

τ

dz
z2

J ð0Þ
g ðzÞ

Z
1

x
dξ

x
ξ
q

�
x
ξ
; μ2

�Z
d2r⊥
ð2πÞ2 e

−iq⊥·r⊥Sð2Þðr⊥ÞSð2Þðr⊥Þ
�
PgqðξÞ ln

c20
r2⊥μ2

þ ξ

�
; ð110Þ

dσbgq
dηd2PJ

¼ 8πS⊥CF
αs
2π

Z
1

τ

dz
z2

J ð0Þ
g ðzÞ

Z
1

x
dξ

x
ξ
q

�
x
ξ
; μ2

�Z
d2u⊥d2v⊥
ð2πÞ4 e−i

q⊥
ξ ·ðu⊥−v⊥Þe−iq⊥·v⊥

× Sð2Þðu⊥ÞSð2Þðv⊥ÞPgqðξÞ
1

ξ

ðu⊥ − v⊥Þ · v⊥
ðu⊥ − v⊥Þ2v2⊥

; ð111Þ

dσcgq
dηd2PJ

¼ αs
2π

S⊥CF

Z
1

τ

dz
z2
J ð0Þ

g ðzÞ
Z

1

x
dξ

x
ξ
q

�
x
ξ

�Z
d2r⊥
ð2πÞ2 e

−iq⊥ξ ·r⊥Sð2Þðr⊥Þ
1

ξ2
PgqðξÞ

�
ln

c20
r2⊥q2⊥R2

− ln
ð1−ξÞ2

ξ2

�
: ð112Þ

Similar to the q → q channel, the extra ξ term inside the square brackets of Eq. (110) arises from the additional −ϵξ
correction in the q → g splitting function in 4 − 2ϵ dimension. After the Fourier transform, we obtain the cross section in the
momentum space as follows:

dσgq
dηd2PJ

¼ dσNLOgq

dηd2PJ
¼

X5
i¼1

dσigq
dηd2PJ

; ð113Þ

where

dσ1gq
dηd2PJ

¼ αs
2π

CFS⊥
Z

1

τ

dz
z2

J ð0Þ
g ðzÞ

Z
1

x
dξ

Z
d2q1⊥

x
ξ
q

�
x
ξ
; μ2

�
PgqðξÞ ln

Λ2

μ2
Fðq1⊥ÞFðq⊥ − q1⊥Þ; ð114Þ

dσ2gq
dηd2PJ

¼ αs
2π

CFS⊥
Z

1

τ

dz
z2

J ð0Þ
g ðzÞ

Z
1

x
dξ

Z
d2q1⊥

x
ξ
q

�
x
ξ
; μ2

�
ξFðq1⊥ÞFðq⊥ − q1⊥Þ; ð115Þ

dσ3gq
dηd2PJ

¼ αs
2π2

CFS⊥
Z

1

τ

dz
z2

J ð0Þ
g ðzÞ

Z
1

x
dξ

Z
d2q1⊥

Z
d2q2⊥xqðx; μ2ÞPgqðξÞT ð1Þ

gq ðξ; q1⊥; q2⊥; q⊥Þ; ð116Þ

dσ4gq
dηd2PJ

¼ αs
2π

CFS⊥
Z

1

τ

dz
z2

J ð0Þ
g ðzÞ

Z
1

x
dξ

x
ξ
q

�
x
ξ

�
1

ξ2
PgqðξÞ ln

Λ2

q2⊥R2
Fðq⊥=ξÞ; ð117Þ

dσ5gq
dηd2PJ

¼ −
αs
2π

CFS⊥
Z

1

τ

dz
z2

J ð0Þ
g ðzÞ

Z
1

x
dξ

x
ξ
q

�
x
ξ

�
PgqðξÞ

1

ξ2
Fðq⊥=ξÞ ln

ð1 − ξÞ2
ξ2

; ð118Þ

with

T ð1Þ
gq ðξ; q1⊥; q2⊥; q⊥Þ ¼

�
q⊥ − q1⊥ − q2⊥

ðq⊥ − q1⊥ − q2⊥Þ2
−

q⊥ − ξq2⊥
ðq⊥ − ξq2⊥Þ2

�
2

Fðq1⊥ÞFðq2⊥Þ

−
Λ2

Λ2 þ ðq⊥ − q1⊥ − q2⊥Þ2
1

ðq⊥ − q1⊥ − q2⊥Þ2
Fðq2⊥ÞFðq⊥ − q2⊥Þ

−
Λ2

Λ2 þ ðq⊥=ξ − q2⊥Þ2
1

ðq⊥ − ξq2⊥Þ2
Fðq1⊥ÞFðq⊥=ξÞ: ð119Þ

D. The g → q channel

The partonic cross section for the gluon splitting into a quark (with the momentum l) and an antiquark (with the
momentum k) can be written as [69]
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dσgA→qq̄X

d3ld3k
¼ αSδðqþ − lþ − kþÞTR

Z
d2x⊥
ð2πÞ2

d2x0⊥
ð2πÞ2

d2b⊥
ð2πÞ2

d2b0⊥
ð2πÞ2 e

−ik⊥·ðx⊥−x0⊥Þe−il⊥·ðb⊥−b0⊥Þ
X
λαβ

ψTλ�
αβ ðu0⊥ÞψTλ

αβðu⊥Þ

× ½CYðx⊥; b⊥; x0⊥; b⊥Þ þ SAYðξx⊥ þ ð1 − ξÞb⊥; ξx0⊥ þ ð1 − ξÞb0⊥Þ
− Sð3ÞY ðx⊥; ξx0⊥ þ ð1 − ξÞb0⊥; b⊥Þ − Sð3ÞY ðb0⊥; ξx⊥ þ ð1 − ξÞb⊥; x0⊥Þ�; ð120Þ

with

X
λαβ

ψTλ�
αβ ðu0⊥ÞψTλ

αβðu⊥Þ

¼ 2ð2π2Þ
pþ

u0⊥ · u⊥
u02⊥u2⊥

½ξ2ð1 − ξÞ2 − 2ϵξð1 − ξÞ�: ð121Þ

The correlator Sð3ÞY is given in the previous section and the
other two correlators read

CYðx⊥; b⊥; x0⊥; b0⊥Þ

¼ 1

CFNc
hTrðU†ðb⊥ÞTcUðx⊥ÞU†ðx0⊥ÞTcUðb0⊥ÞÞiY;

ð122Þ

SAYðv⊥; v0⊥Þ ¼
1

N2
c − 1

hTrWðv⊥ÞW†ðv0⊥ÞiY: ð123Þ

Figure 12 indicates that the multiple scatterings take
place before the pair production. For the interaction before
the gluon splitting, we only need to consider the out-cone
contribution since we have already considered in-cone
contribution in Sec. III B. Once we take the large-Nc limit
approximation, the correlator SAYðv⊥; v0⊥Þ in Eq. (120) can
be expressed entirely in terms of the two-point func-

tion Sð2ÞY ðv⊥; v0⊥ÞSð2ÞY ðv0⊥; v⊥Þ.
For the interaction after the gluon splitting as shown in

Fig. 13, it is easy to write down the cross section after
integrating the momentum of the final state quark in
Eq. (120). Similarly, the multiple interaction correlator
CYðx⊥; b⊥; x0⊥; b0⊥Þ can be expressed in terms of

Sð2ÞY ðx⊥; x0⊥ÞSð2ÞY ðb0⊥; b⊥Þ in the large-Nc limit. After inte-
grating the momentum of the antiquark, we identify

b⊥ ¼ b0⊥, which gives CYðx⊥; b⊥; x0⊥; b0⊥Þ ≃ Sð2ÞY ðx⊥; x0⊥Þ.
Following the same calculation as previous channels, we
remove the collinear singularities by redefining the quark
distribution as follows:

qðx; μÞ ¼ qð0ÞðxÞ − 1

ϵ

αsðμÞ
2π

Z
1

x

dξ
ξ
CFPqgðξÞg

�
x
ξ

�
; ð124Þ

where PqgðξÞ ¼ ð1 − ξÞ2 þ ξ2. In addition, we also have
interference contribution which is the same as hadron
production. At the end of the day, we get the cross section
of the g → q channel in the coordinate space as

dσqg
dηd2PJ

¼
Xc
i¼a

dσiqg
dηd2PJ

; ð125Þ

where

dσaqg
dηd2PJ

¼ αs
2π

S⊥TR

Z
1

τ

dz
z2

J ð0Þ
q ðzÞ

Z
1

x
dξ

x
ξ
g

�
x
ξ
; μ2

�

×
Z

d2r⊥
ð2πÞ2 e

−iq⊥·r⊥Sð2Þðr⊥Þ

×

�
PqgðξÞ ln

c20
r2⊥μ2

þ 2ξð1 − ξÞ
�
; ð126Þ

dσbqg
dηd2PJ

¼ 8πS⊥TR
αs
2π

Z
1

τ

dz
z2

J ð0Þ
q ðzÞ

Z
1

x
dξ

x
ξ
g

�
x
ξ
; μ2

�

×
Z

d2u⊥d2v⊥
ð2πÞ4 e−iq⊥·ðu⊥−v⊥Þ−i

q⊥ ·v⊥
ξ

×
1

ξ
PqgðξÞSð2Þðu⊥ÞSð2Þðv⊥Þ

ðu⊥ − v⊥Þ · v⊥
ðu⊥ − v⊥Þ2v2⊥

;

ð127Þ

FIG. 12. The contribution of the pair production after the
multiple scattering of the g → q channel.

FIG. 13. The contribution of the gluon splitting after the
multiple scattering of the g → q channel.
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dσcqg
dηd2PJ

¼ αs
2π

S⊥TR

Z
1

τ

dz
z2
J ð0Þ

q ðzÞ
Z

1

x
dξ

x
ξ
g

�
x
ξ
;μ2

�Z
d2r⊥
ð2πÞ2 e

−iq⊥ξ ·r⊥Sð2Þðr⊥ÞSð2Þðr⊥Þ
1

ξ2
PqgðξÞ

�
ln

c20
r2⊥q2⊥R2

− ln
ð1−ξÞ2

ξ2

�
:

ð128Þ

The cross section in the momentum space reads

dσqg
dηd2PJ

¼
X5
i¼1

dσiqg
dηd2PJ

; ð129Þ

with

dσ1qg
dηd2PJ

¼ αs
2π

S⊥TR

Z
1

τ

dz
z2

J ð0Þ
q ðzÞ

Z
1

x
dξ

x
ξ
g

�
x
ξ
; μ2

�
PqgðξÞ ln

Λ2

μ2
Fðq⊥Þ; ð130Þ

dσ2qg
dηd2PJ

¼ 2
αs
2π

S⊥TR

Z
1

τ

dz
z2

J ð0Þ
q ðzÞ

Z
1

x
dξ

x
ξ
g

�
x
ξ
; μ2

�
ξð1 − ξÞFðq⊥Þ; ð131Þ

dσ3qg
dηd2PJ

¼ αs
2π2

S⊥TR

Z
1

τ

dz
z2

J ð0Þ
q ðzÞ

Z
1

x
dξ

Z
d2q1⊥

Z
d2q2⊥

x
ξ
g

�
x
ξ
; μ2

�
PqgðξÞT ð1Þ

qg ðξ; q1⊥; q2⊥; q⊥Þ; ð132Þ

dσ4qg
dηd2PJ

¼ αs
2π

S⊥TR

Z
1

τ

dz
z2

J ð0Þ
q ðzÞ

Z
1

x
dξ

Z
d2q1⊥

x
ξ
g
�
x
ξ
; μ2

�
1

ξ2
PqgðξÞ ln

Λ2

q2⊥R2
Fðq1⊥ÞFðq⊥=ξ − q1⊥Þ; ð133Þ

dσ5qg
dηd2PJ

¼ −
αs
2π

S⊥TR

Z
1

τ

dz
z2

J ð0Þ
q ðzÞ

Z
1

x
dξ

Z
d2q1⊥

x
ξ
g

�
x
ξ
; μ2

�
1

ξ2
PqgðξÞFðq1⊥ÞFðq⊥=ξ − q1⊥Þ ln

ð1 − ξÞ2
ξ2

; ð134Þ

where

T ð1Þ
qg ðξ; q1⊥; q2⊥; q⊥Þ ¼

�
q⊥ − ξq1⊥ − ξq2⊥

ðq⊥ − ξq1⊥ − ξq2⊥Þ2
−

q⊥ − q2⊥
ðq⊥ − q2⊥Þ2

�
2

Fðq1⊥ÞFðq2⊥Þ

−
1

ðq⊥ − ξq1⊥ − ξq2⊥Þ2
Λ2

Λ2 þ ðq⊥=ξ − q1⊥ − q2⊥Þ2
Fðq2⊥ÞFðq⊥=ξ − q2⊥Þ

−
1

ðq⊥ − q2⊥Þ2
Λ2

Λ2 þ ðq⊥ − q2⊥Þ2
Fðq1⊥ÞFðq⊥Þ: ð135Þ

So far, we have achieved the full NLO results of single
inclusive jet productions in pA collisions. And the cross
section is consistent with Refs. [66,68]. Furthermore, we
have also extracted all the large logarithms in the momen-
tum space. In the next section, we focus on how to deal with
these large logarithms in detail.

IV. RESUMMATION OF LARGE LOGARITHMS

As discussed before, to improve the accuracy of the
theoretical prediction and numerical implementation we
need to resum all of the large logarithms arising near the
threshold boundary. Therefore, this section is devoted to
resum such large logarithms in the previous calculations.

The resummation strategy is similar to that used in the
hadron productions.
Before providing the details of the threshold resumma-

tion, let us comment on one technical issue. The resum-
mation strategy used here is analogous to that in Ref. [66]

except the terms which are proportional to ðlnnð1−ξÞ
1−ξ Þþ (e.g.,

dσgqq and dσhgg). As a matter of fact, those terms which are

proportional to ðlnnð1−ξÞ
1−ξ Þþ stem from the final state gluon

radiations. When ξ → 1 (τ → 1) near the threshold limit,
these terms would give us ln2 N contribution in the Mellin
space. Indeed, this term has a sign difference comparing
with the result from Cantani and Trentadue for the Drell-
Yan process [135]. It is well known that these kinds of
double logs is notoriously difficult to deal with when one
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performs inverse Mellin transform because of the so-called
Landau pole problem.
We first note that there are two kinds of sources that

contribute to these double logs: one originates from dσgqq
and dσhgg, the other from part of the kinematic constraint
correction. From Eqs. (18) and (19), we can show that these
double logs from the jet contribution cancel. It means that
there is no Sudakov factor associated with the final state
radiation. This case is different from the hadron production
case where the double logs can contribute from both initial
and final states.
Another intuitive way to think about this question is from

the physical point of view. By tracing the source, we found
that the plus function ðlnnð1−ξÞ

1−ξ Þþ comes from false identi-

fication, where we treat the final state quark as a jet when
the radiated gluon is inside the jet cone. Once the radiated
gluon is inside the jet cone, it cannot be real soft since the
phase space of the gluon emission is small but not zero. As
long as the jet cone R is large enough, there is no soft
divergence anymore. This means that there are no double
logs for the final state radiations in the end.
With the above arguments in mind, we believe that there

are no double logarithmic divergences in the final state
gluon radiations of forward single inclusive jet production
in pA collisions. Therefore, we expect that there is a
cancellation between the terms proportional to the plus
function ðlnnð1−ξÞ

1−ξ Þþ and the double logs from final state
kinematic constraint corrections. The combined results are
expected to be small. Thus we do not resum them, and put
them together with other terms in the NLO hard factor. The
remaining double log terms that we need to resum now
come from initial state radiation and the left over (initial)
part of the kinematic constraint correction. Furthermore,
there are no single logarithmic divergences for the final
state gluon radiation either. We put those log terms in the
NLO hard factor.
Before we resum all the large logarithmic terms, let us

specify these logarithms. As can be seen from previous
calculation results, there are collinear logarithms (ln Λ2

μ2

and ln Λ2

μ2J
) and Sudakov logarithms (ln q2⊥

Λ2, ln2 q2⊥
Λ2). More

discussions of the collinear logarithms can be found in the
Sec. IVA. We list all the large logarithms in Table I.
In Secs. IVA and IV B, we demonstrate two different

approaches developed by Ref. [66] to resum the collinear
logarithms. The resummation of soft logarithms is shown in
Sec. IV C. Because the resummation of the collinear and
soft logarithms for jet productions differ only slightly from
hadron production, we will show only the main results in
the latter subsections, and more detailed discussions can be
found in the supplemental material of Ref. [66].

A. Resummation via the DGLAP evolution equation

As discussed previously, there are two types of collinear
logarithms. One originates from the initial state radiation,
and the other one from the final state emission. Their
resummation corresponds to the scale evolution of parton
distribution functions (PDFs) and CJFs, respectively. For
the diagonal channels, we know that the differential cross
section is proportional to the plus functions as follows:

Z
1

τ
dξ

fðξÞ
ð1 − ξÞþ

∝ lnð1 − τÞ: ð136Þ

When the gluon emission is near the boundary of the
allowed phase space, the integration over the plus function
then becomes divergent in the limit τ → 1. More discussion
can be found in Ref. [66]. Therefore, one needs to resum
such collinear logarithms associated with the plus function.
Basically, there are two approaches to resum the collinear
logarithms. Motivated by the works in Ref. [66,114], the
collinear logarithms [136–138] can intuitively be resumed
with the help of the DGLAP evolution equations. This
method is called the reverse-evolution method in Ref. [66].
For the collinear logarithms ln Λ2

μ2
associated with initial

state gluon emissions as in Eqs. (45), (93), (114), and (130),
once we evolve the factorization scale μ to the auxiliary
scale Λ, the resummation of the collinear part can be
achieved automatically. As demonstrated in Ref. [66], we
can apply the following replacement:

TABLE I. List of collinear and Sudakov logarithms in different channels.

Process Collinear log (initial) Single log Double log Collinear log (final)

q → q PqqðξÞ ln Λ2

μ2 ln q2⊥
Λ2 ln2 q2⊥

Λ2

1
ξ2
PqqðξÞ ln Λ2

μ2J

g → g PggðξÞ ln Λ2

μ2 ln q2⊥
Λ2 ln2 q2⊥

Λ2

1
ξ2
PggðξÞ ln Λ2

μ2J

q → g PgqðξÞ ln Λ2

μ2
� � � � � � 1

ξ2
PgqðξÞ ln Λ2

μ2J

g → q PqgðξÞ ln Λ2

μ2
� � � � � � 1

ξ2
PqgðξÞ ln Λ2

μ2J

WANG, CHEN, GAO, SHI, WEI, and XIAO PHYS. REV. D 107, 016016 (2023)

016016-22



�
qðx; μÞ
gðx; μÞ

�
þ αs
2π

ln
Λ2

μ2

Z
1

x

dξ
ξ

�
CFPqqðξÞ TRPqgðξÞ
CFPgqðξÞ NCPggðξÞ

��
qðx=ξ; μÞ
gðx=ξ; μÞ

�
⇒

�
qðx;ΛÞ
gðx;ΛÞ

�
: ð137Þ

In order to resum the collinear logarithm (ln Λ2

μ2J
with μJ ¼ PJR) arising from the final state radiations, our strategy is to

redefine the CJFs. Similar to the FFs in the hadron production case [68], we take the q → q channel as an example and start
with Eq. (53), which can be cast into

αs
2π

Z
1

τ

dz
z2

J ð0Þ
q ðzÞ ln Λ2z2

P2
JR

2

Z
1

τ=z
dξCFPqqðξÞ

x
ξ
q

�
x
ξ

�
1

ξ2
F

�
PJ

zξ

�����
x¼τ

z

¼ αs
2π

Z
1

τ

dz0

z02
xqðxÞF

�
PJ

z0

�
ln

Λ2z02

P2
JR

2ξ2

Z
1

z0

dξ
ξ
CFPqqðξÞJ ð0Þ

q

�
z0

ξ

�����
x¼ τ

z0;z
0¼zξ

¼ αs
2π

Z
1

τ

dz
z2

xqðxÞF
�
PJ

z

�
ln

Λ2

P2
JR

2

Z
1

z

dξ
ξ
CFPqqðξÞJ ð0Þ

q

�
z
ξ

�
; ð138Þ

where we have used
R 01
z dz0 ln z02

ξ2
J ð0Þ

q ðz0ξÞ ¼
R 01
z dz0 ln z02

ξ2
δð1 − z0

ξÞ ¼ 0 in the last line, and changed the integration variable

z0 → z. By combining the LO, q → q channel and q → g channel contributions together, we redefine the collinear quark jet
function as follows:

J qðz;ΛÞ ¼ J ð0Þ
q ðzÞ þ αs

2π
ln

Λ2

P2
JR

2

Z
1

z

dξ
ξ

�
CFPqqðξÞJ ð0Þ

q

�
z
ξ

�
þ CFPgqðξÞJ ð0Þ

g

�
z
ξ

��
: ð139Þ

By differentiating Eq. (139) with respect to lnΛ2, we can obtain

∂J qðz;ΛÞ
∂ lnΛ2

¼ αs
2π

Z
1

z

dξ
ξ

�
CFPqqðξÞJ ð0Þ

q

�
z
ξ

�
þ CFPgqðξÞJ ð0Þ

g

�
z
ξ

��
: ð140Þ

At first, Eq. (140) is not a closed equation. However, by taking higher loop contributions into account, we can promote

J ð0Þ
q ðzÞ to J qðz;ΛÞ and thus arrive at the closed evolution equation as follows:

∂J qðz;ΛÞ
∂ lnΛ2

¼ αs
2π

Z
1

z

dξ
ξ

�
CFPqqðξÞJ q

�
z
ξ
;Λ

�
þ CFPgqðξÞJ g

�
z
ξ
;Λ

��
: ð141Þ

It is obvious that the differential equation for the collinear quark jet function is identical to the DGLAP evolution equation.

The initial condition for this equation is given by the J ð0Þ
q ðzÞ ¼ δð1 − zÞ at scale μJ ¼ PJR. We should also consider

running coupling solution when we perform the numerical calculations. Following the same procedure, we can obtain the
evolution equation of the collinear gluon jet function

∂J gðz;ΛÞ
∂ lnΛ2

¼ αs
2π

Z
1

z

dξ
ξ

�
TRPqgðξÞJ q

�
z
ξ
;Λ

�
þ NCPggðξÞJ g

�
z
ξ
;Λ

��
; ð142Þ

with initial condition J ð0Þ
g ðzÞ ¼ δð1 − zÞ at scale μJ ¼ PJR. Now we can resum the final state collinear logarithms ln Λ2

μ2J
as

in Eqs. (53), (103), (117), and (133) through the DGLAP equation with the following replacement:

�
J qðz; μJÞ
J gðz; μJÞ

�
þ αs
2π

ln
Λ2

μ2J

Z
1

z

dξ
ξ

�
CFPqqðξÞ CFPgqðξÞ
TRPqgðξÞ NCPggðξÞ

��
J qðz=ξ; μJÞ
J gðz=ξ; μJÞ

�
⇒

�
J qðz;ΛÞ
J gðz;ΛÞ

�
: ð143Þ

In practice, we require μJ ≫ ΛQCD. This requirement allows us to perform perturbative QCD calculations.
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The quantitative prescription for the choice of Λ2 is the
same as the hadron production case. The detailed derivation
which determines the proper value of the auxiliary scale Λ2

can be found in Ref. [66]. Particularly, we can identify the
dominant contribution for the NLO correction via the
saddle point approximation and we find the natural choice
for the semihard scale Λ2 in the q → q channel

Λ2 ≈max

�
Λ2
QCD

�
q2⊥ð1 − ξÞ
Λ2
QCD

� CF
CFþNcβ0

; Q2
s

	
: ð144Þ

Once we replace the color factor CF with Nc in the above
equation and change Qs to the adjoint representation, we
can get the result for the g → g channel.

B. The resummation of the collinear logarithm
in Mellin space

Alternatively, we can resum the collinear logarithms
in Mellin space [135,139–141]. This type of threshold
resummation was first introduced for the DIS process [136–
138,142] within the soft collinear effective theory frame-
work. Our strategy used here is based on our previous work
[66]. Due to the plus functions and delta functions in
PqqðξÞ and PggðξÞ, there are endpoint singularities in the
ξ → 1 limit. This limit corresponds to the large N limit in
the Mellin moment space. Therefore, the dominant con-
tributions arise from these endpoint singularities and they
are from diagonal channels. In contrast, the off-diagonal
channels have no plus functions or delta functions.
Therefore, we expect that the threshold effects from the
off-diagonal terms are small. We simply deal with the
diagonal channels in this subsection and keep the off-
diagonal channels unchanged.
We first Mellin transform the cross section of the

diagonal channels into Mellin space. In Mellin space, the
convolution of the differential cross section can be
factorized into an independent integral product and
the integration over ξ. One can exponentiate the corre-
sponding large logarithms in Mellin space under the
large-N limit. At the end of the day, we need to
perform the cross section back to the momentum space
with the help of the inverse Mellin transform. Since the
calculation is straightforward, we only list the main
results here and more details can be found in our previous
work [66].
We first take the q → q channel as an example and show

what is going on, then the g → g channel can be done
similarly. Utilizing Mellin transform and inverse Mellin
transform, we resum the collinear logarithms associated
with PDFs and CJFs separately. For PDFs and CJFs, we
write

Z
1

0

dxxN−1
Z

1

x

dξ
ξ
q

�
x
ξ

�
PqqðξÞ ¼ PqqðNÞqðNÞ; ð145Þ

Z
1

0

dzzN−1
Z

1

z

dξ
ξ
J q

�
z
ξ

�
PqqðξÞ ¼ PqqðNÞJ qðNÞ;

ð146Þ

where qðNÞ ≡ R
1
0 dxxN−1qðxÞ and PqqðNÞ≡R

1
0 dξξN−1PqqðξÞ. The resummed quark distributions and
CJFs in Mellin space can be cast into

qresðNÞ¼ qðNÞexp
�
−
αs
π
CF ln

Λ2

μ2

�
γE−

3

4
þ lnN

��
;

ð147Þ

J res
q ðNÞ ¼ J qðNÞ exp

�
−
αs
π
CF ln

Λ2

μ2J

�
γE −

3

4
þ lnN

��
:

ð148Þ

In arriving at the above expressions, we have taken the
large N limit and exponentiated the collinear logarithms.
Next, we perform the inverse Mellin transform with respect
to qresðNÞ and obtain

qresðx;Λ2; μ2Þ ¼
Z
C

dN
2πi

x−NqðNÞ

× exp

�
−
αs
π
CF ln

Λ2

μ2

�
γE −

3

4
þ lnN

��

¼ exp

�
−
αs
π
CF ln

Λ2

μ2

�
γE −

3

4

��

×
Z

1

0

dx0

x0
qðx0; μ2Þ

Z
C

dN
2πi

�
x0

x

�
N

× exp

�
−
αs
π
CF ln

Λ2

μ2
lnN

�
: ð149Þ

After integrating over N, we arrive at the resummed
expression of quark distribution for the q → q channel.
It is given by

qresðx;Λ2; μ2Þ ¼ e−γ
q
Λ;μðγE−3

4
Þ

ΓðγqΛ;μÞ
Z

1

x

dx0

x0
qðx0; μ2Þ

�
ln
x0

x

�
γqΛ;μ−1

;

Re½γqΛ;μ� > 0; ð150Þ

where γqΛ;μ ¼ αs
π CF ln Λ2

μ2
. Similarly, with the same strategy,

for the quark jet function, we have

J res
q ðz;Λ2;μ2JÞ¼

e−γ
q
Λ;μJ

ðγE−3
4
Þ

ΓðγqΛ;μJÞ
Z

1

z

dz0

z0
J qðz0;μ2JÞ

�
ln
z0

z

�
γqΛ;μJ

−1
;

Re½γqΛ;μJ �> 0: ð151Þ
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Note that the above anomalous dimensions γqΛ;μ and γqΛ;μJ
are formulated in the fixed coupling case. In the running
coupling scenario, they read as

γqΛ;μ ¼ CF

Z
Λ2

μ2

dμ02

μ02
αsðμ02Þ

π
; ð152Þ

γqΛ;μJ ¼ CF

Z
Λ2

μ2J

dμ02

μ02
αsðμ02Þ

π
: ð153Þ

For the g → g channel, one just needs to replace
the splitting function PqqðξÞ to PggðξÞ and color factor
CF to Nc. The Mellin transform of PggðξÞ is given by
PggðNÞ≡ R

1
0 dξξN−1PggðξÞ. Therefore, for the gluon case,

we obtain the following expressions for the resummed
gluon PDFs and CJFs:

gresðx;Λ2;μ2Þ¼ e−γ
g
Λ;μðγE−β0Þ

ΓðγgΛ;μÞ
Z

1

x

dx0

x0
gðx0;μ2Þ

�
ln
x0

x

�
γgΛ;μ−1

; Re½γgΛ;μ�> 0; ð154Þ

J res
g ðz;Λ2; μ2JÞ ¼

e−γ
g
Λ;μJ

ðγE−β0Þ

ΓðγgΛ;μJÞ
Z

1

z

dz0

z0
J gðz0; μ2JÞ

�
ln
z0

z

�
γgΛ;μJ

−1
; Re½γgΛ;μJ � > 0; ð155Þ

where the gluon channel anomalous dimensions read

γgΛ;μ ¼ Nc

Z
Λ2

μ2

dμ02

μ02
αsðμ02Þ

π
; ð156Þ

γgΛ;μJ ¼ Nc

Z
Λ2

μ2J

dμ02

μ02
αsðμ02Þ

π
: ð157Þ

One should note that the above resummed results are only applicable in the region Re½γq=gΛ;μ=μJ � > 0. Therefore, we need to do
the analytic continuation to extend to the whole space. Inspired by the analytic continuation of the gamma function, the
resummed PDFs and CJFs can be rewritten with the help of the star distribution [137,138,142]. With the star distribution,
they are given by

qresðx;Λ2; μ2Þ ¼ e−γ
q
Λ;μðγE−3

4
Þ

ΓðγqΛ;μÞ
Z

1

x

dx0

x0
qðx0; μ2Þ

�
ln
x0

x

�
γqΛ;μ−1

�
; ð158Þ

gresðx;Λ2; μ2Þ ¼ e−γ
g
Λ;μðγE−β0Þ

ΓðγgΛ;μÞ
Z

1

x

dx0

x0
gðx0; μ2Þ

�
ln
x0

x

�
γgΛ;μ−1

�
; ð159Þ

J res
q ðz;Λ2; μ2JÞ ¼

e−γ
q
Λ;μJ

ðγE−3
4
Þ

ΓðγqΛ;μJÞ
Z

1

z

dz0

z0
J qðz0; μ2JÞ

�
ln
z0

z

�
γqΛ;μJ

−1

�
; ð160Þ

J res
g ðz;Λ2; μ2JÞ ¼

e−γ
g
Λ;μJ

ðγE−β0Þ

ΓðγgΛ;μJÞ
Z

1

z

dz0

z0
J gðz0; μ2JÞ

�
ln
z0

z

�
γgΛ;μJ

−1

�
; ð161Þ

where the detailed prescription of the star distribution can
also be found in Sec. III 3 in the supplemental material
of Ref. [66].

C. Resummation of the soft logarithms

The resummation procedures for both single and double
Sudakov logarithms are almost the same as those in the

hadron production case, except for the final state radiation.
As we have discussed at the beginning of this section, the
counting rule for the double logarithmic contribution is
different between hadron and jet production. We have only
initial state contribution for the jet production. Therefore,
we identify the following Sudakov logarithms for the
q → q channel and similarly for the g → g channel
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−
αs
2π

CF

2
ln2

q2⊥
Λ2

þ αs
2π

3

2
CF ln

q2⊥
Λ2

; ð162Þ

−
αs
2π

Nc

2
ln2

q2⊥
Λ2

þ αs
2π

2β0NC ln
q2⊥
Λ2

: ð163Þ

In addition, we can extend the above expression by
considering the running of the coupling as follows:

SqqSud ¼
CF

2

Z
q2⊥

Λ2

dμ2

μ2
αsðμ2Þ

π
ln
q2⊥
μ2

−
3

2
CF

Z
q2⊥

Λ2

dμ2

μ2
αsðμ2Þ
2π

;

ð164Þ

SggSud ¼
Nc

2

Z
q2⊥

Λ2

dμ2

μ2
αsðμ2Þ

π
ln
q2⊥
μ2

− 2β0Nc

Z
q2⊥

Λ2

dμ2

μ2
αsðμ2Þ
2π

:

ð165Þ

The resummation of the soft logarithms can be
achieved by exponentiating the above Sudakov factor.
Following Ref. [66], to treat the NLO correction, the
Sudakov matching term is defined as follows:

dσSud matching

dηd2PJ
¼ S⊥

Z
1

τ

dz
z2

xqðx; μ2ÞJ qðz; μ2JÞFðq⊥Þ
�
SqqSud −

�
CF

αs
2π

�
1

2
ln2

q2⊥
Λ2

−
3

2
ln
q2⊥
Λ2

��	

þ S⊥
Z

1

τ

dz
z2

xgðx; μ2ÞJ gðz; μ2JÞ
Z

d2q1⊥Fðq1⊥ÞFðq⊥ − q1⊥Þ

×

�
SggSud −

�
Nc

αs
2π

�
1

2
ln2

q2⊥
Λ2

− 2β0 ln
q2⊥
Λ2

��	
: ð166Þ

D. The full resummation results

By using the DGLAP evolution equations, we resum the
initial state collinear logarithms in σ1qq, σ1gg, σ1gq, and σ1qg by
setting the factorization scale μ2 to Λ2 in Eq. (137), then
resum the final state collinear logarithms associated with
the jet in σ9qq, σ11gg , σ4gq, and σ4qg by replacing P2

JR
2 by Λ2

in Eq. (143).
As discussed previously, only initial state radiations

contain the genuine Sudakov logarithms, thus we extract
the corresponding initial state Sudakov logarithms in σ2qq,
1
2
σ5aqq, σ2gg, and

1
2
σ7agg and resum them by exponentiating the

Sudakov factor in Eqs. (164) and (165). In contrast, the
remaining logarithms 1

2
σ5aqq and 1

2
σ7agg are associated with

the final state gluon radiation from the jet. We treat them
as normal NLO corrections along with other NLO terms

in the hard factor. In the NLO hard matching term, there
are nine terms (σ3qq, σ4qq,

1
2
σ5aqq, σ5bqq, σ6qq, σ7qq, σ8qq, σ10qq, σ11qq)

in the q → q channel after removing the large logarithms
(σ1qq, σ2qq, 12 σ

5a
qq). In the g → g channel, there are also nine

terms (σ3gg, σ4gg, σ5gg, σ6gg, 12 σ
7a
gg , σ7bgg , σ8gg, σ9gg, σ10gg ) left after

removing (σ1gg, σ2gg, and
1
2
σ7agg ). Besides, there are three

terms (σ2gq, σ3gq, σ5gq) and (σ2qg, σ3qg, and σ5qg) in the q → g
and g → q channels, respectively. We put all of these
remaining small terms in the NLO hard factor which is
referred to as the “NLO matching” contribution.
The fully resummed result can be derived by collecting

Eqs. (137), (143), (164), and (165) together, the detailed
derivation can be found in Ref. [66], and we present the
final “resummed” result here

dσresummed

dηd2PJ
¼ S⊥

Z
1

τ

dz
z2
xqðx;Λ2ÞJ qðz;Λ2ÞFðq⊥Þe−S

qq
Sud þS⊥

Z
1

τ

dz
z2
xgðx;Λ2ÞJ gðz;Λ2Þ

Z
d2q1⊥Fðq1⊥ÞFðq⊥−q1⊥Þe−S

gg
Sud :

ð167Þ

At the end of the day, the resummation improved NLO cross section is then given by

dσ
dηd2PJ

¼ dσresummed

dηd2PJ
þ dσNLO matching

dηd2PJ
þ dσSud matching

dηd2PJ
; ð168Þ

where
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dσNLO matching

dηd2PJ
¼

X
i¼3;4;6;7;8;10;11

dσiqq
dηd2PJ

þ 1

2

dσ5aqq
dηd2PJ

þ dσ5bqq
dηd2PJ

þ
X

i¼2;3;5

dσiqg
dηd2PJ

þ
X

i¼3;4;5;6;8;9;10

dσigg
dηd2PJ

þ 1

2

dσ7agg
dηd2PJ

þ dσ7bgg
dηd2PJ

þ
X

i¼2;3;5

dσigq
dηd2PJ

; ð169Þ

and “Sud matching” is given by Eq. (166). Due to the
resummation of the threshold collinear logarithms, the
scale μ for PDFs (or μJ for CJFs) in σresummed becomes
Λ. Meanwhile, the scales remain unchanged in
σNLO matching. After all resummations, we believe that all
of the large logarithms have been taken care of and the
remaining NLO hard factors are numerically small. There-
fore, the resummation improved results allow us to obtain
reliable predictions for forward jet productions.

V. CONCLUSION

In summary, we have systematically calculated the
complete NLO cross section for single inclusive jet
production in pA collisions at a forward rapidity region
within the small-x framework. As shown above, the narrow
jet approximation allows us to neglect the small contribu-
tion from the kinematic region where the radiated gluon is
located inside the jet cone. Therefore, the calculation for the
initial state radiation becomes identical to the single hadron
production case. The collinear divergences associated with
the initial state gluon radiation can also be factorized into
the splittings of the PDFs of the incoming nucleon. Thanks
to the jet algorithm, complete cancellations occur for final
state gluon radiations as expected. The residual contribu-
tion after the cancellation is proportional to ln 1

R2, which is
only divergent in the small cone limit(R → 0). It is the
signature of final state collinear divergence, and corre-
sponds to the collinear singularity for FFs in the hadron
production case. By employing proper subtractions of both
rapidity and collinear divergences, we obtain the NLO hard
coefficients which can be numerically evaluated for future
phenomenological studies. The one-loop results obtained in
this study are consistent with the results in Ref. [67].
However, our resummation strategies for the collinear and
Sudakov logarithms from the initial state radiations and the
jet cone logarithms from the final state radiations are new.
The resummation strategy that we use is analogous to

that in our previous study, Ref. [66]. We first identify the
Sudakov type logarithms associated with the soft gluon
emissions near the threshold, then we perform the Sudakov
resummation in momentum space. The remaining single
logarithmic terms are resummed with the help of the

DGLAP equation. The procedure is also similar to the
practice in the Collins-Soper-Sterman formalism. In addition,
due to the introduction of jet cones which regularize the final
state divergence, we find that double logarithmic divergences
are absent in final state gluon radiations. Therefore, there are
no Sudakov double logs for final state radiations in the end.
We expect the numerical results of the jet cross sectionwill be
similar to the hadron case. Our approach for resummation is
different from that inRef. [67]where the threshold logarithms
are resummed in Mellin space.
Furthermore, by applying the threshold resummation

technique in the CGC formalism, we can improve the
theoretical calculation precision by resumming threshold
logarithms. In addition, the resummation of the collinear
logarithms can be achieved automatically through evolving
the scale μ for PDFs (or μJ for CJFs) to the auxiliary scale
Λ. The results provide another channel at the NLO level for
the study of the onset of the gluon saturation phenomenon
in high energy collisions. The numerical evaluation of the
NLO forward jet production is underway, and it will be
presented in a separate work.
At last, the calculation presented in this paper can be

extended to the NLO computation of the well-known
Mueller-Navelet jet [143] process in proton-proton colli-
sions in which two jets with a large rapidity gap are
produced. The Mueller-Navelet jet offers a unique channel
for us to understand the BFKL dynamics. By choosing the
Coulomb gauge for this process, one can separate the gluon
radiation off the upper jet from the gluon emission from the
bottom one. Thus, similar techniques used in this paper can
be applied to both the forward and backward rapidity
regions. We will leave this study for future work.
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