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Testing entanglement and Bell inequalities in H — ZZ
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We discuss quantum entanglement and violation of Bell inequalities in the H — ZZ decay, in particular
when the two Z-bosons decay into light leptons. Although such process implies an important suppression
of the statistics, this is traded by clean signals from a “quasi maximally entangled” system, which makes it
very promising to check these crucial phenomena at high energy. In this paper we devise a novel framework
to extract from H — ZZ data all significant information related to this goal, in particular spin correlation
observables. In this context we derive sufficient and necessary conditions for entanglement in terms of only
two parameters. Likewise, we obtain a sufficient and improved condition for the violation of Bell-type
inequalities. The numerical analysis shows that with a luminosity of L = 300 fb~! entanglement can be
probed at > 3¢ level. For L = 3 ab~! (HL-LHC) entanglement can be probed beyond the 5¢ level, while
the sensitivity to a violation of the Bell inequalities is at the 4.5¢ level.
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I. INTRODUCTION

Entanglement is possibly the aspect of quantum mechan-
ics that shows the greatest departure from classical con-
ceptions [1]. Such departure is evidenced by the violation
of Bell inequalities [2] by quantum mechanics, something
unfeasible in any theory consistent with the classical
notions of locality and realism. Let us recall here that
entanglement is a necessary but not sufficient condition for
the violation of the Bell inequalities. In consequence, it is
highly relevant to test both phenomena at different scales,
in particular at the highest possible energies [3.4].

This objective has recently been explored in several
articles [5-10], on the top-antitop system (¢7) at the LHC.
On the other hand, a natural arena for these tests is provided
by the Higgs boson decays in various channels. Certainly,
the statistics is much smaller than for #7 production, but the
physical system is much closer to a maximally entangled
state. A first investigation in this sense was carried out in
Ref. [11], considering the decay of the Higgs boson (H)
into WHWw-.
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In this paper we will mainly focus on the H — ZZ decay,
in particular when the two Z-bosons decay into light
leptons. Admittedly, this amounts to an important suppres-
sion of the statistics, which is traded by clean signals from a
“quasi maximally entangled” system. On the other hand, an
important aspect in this kind of challenge is to devise a
framework to easily extract from H — ZZ data all significant
information related to entanglement and the violation of Bell
inequalities, in particular the 80 spin and spin correlation
observables. Then we study necessary and sufficient con-
ditions for entanglement and violation of Bell inequalities in
terms of observable quantities and analyze the feasibility of
these checks by using actual experimental data. This repre-
sents the main goal of the paper.

In Sec. II we review the definition and conditions for
quantum entanglement and Bell inequalities, focusing on a
system with two dimension-3 subsystems. In Sec. III we
formulate the spin density matrix p associated to the ZZ
system that arises from Higgs decays. We describe there the
constraints on p from symmetry considerations and express
the matrix in an appropriate basis for Hermitian operators,
with coefficients that can be determined from experimental
data. In Sec. IV we give sufficient and necessary conditions
for entanglement in the p matrix, expressing them in terms
of the above coefficients. In Sec. V we perform a similar
task for the conditions for the violation of Bell inequalities,
introducing also a new Bell operator which is a more
powerful indicator of that violation than other proposals in
the literature. In Sec. VI we investigate the statistical
sensitivity of future experimental measurements to the
above described entanglement and violation of Bell
inequalities. We will show that there are good prospects
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to probe entanglement at the 3¢ level at the LHC with the
Run 2 + 3 combined luminosities. At the HL-LHC, that
significance would be well above 5o, and the violation of
Bell inequalities would be probed at the 4.5¢ level. Finally,
in Sec. VII we summarize this work and present our
conclusions. The Appendix is devoted to expound the
general construction of the Bell operator for the CGLMP
inequality.

II. CONDITIONS FOR ENTANGLEMENT AND
VIOLATION OF BELL INEQUALITIES

By definition, a state of two subsystems (Alice and Bob)
is entangled if it is not separable, i.e., if its density matrix
cannot be expressed as

Psep = anﬂ;;‘ ® pg? (1)
n

where p, > 0 are classical probabilities, with > p, =1,
and p?, pB are density matrices acting in the Alice and Bob
Hilbert spaces. A general test for a density matrix to
determine whether it corresponds to a separable or an
entangled state is not known. The most popular one is the
Peres-Horodecki criterion [12,13], which provides a suffi-
cient condition for entanglement: denoting |i), |u) two
orthonormal bases of the H,, H Hilbert spaces, and p;, j,

|

I,=P(A

where P(B; = A; + a) denotes the probability that the
measurement of the observable B; gives the same result as
the one of A; plus a (mod. 3).

In quantum mechanics the above probabilities are
expressed in terms of expectation values of the appropriate
projectors; e.g., P(A; =0)= (P} )=Tr{pP} ® 13},
where Pgl is the projector associated to the eigenvalue 0
of A;. Consequently, the value of /3 can be expressed as the
expectation value of a certain operator, I3 = (Og,), and
the CGLMP inequality reads

I3 = (Open) = Tr{pOpa} < 2. (4)

The general expression of the “Bell operator” Og, in
terms of the four chosen observables, A, A,, B, B,, is
given in detail in the Appendix. Of course, in order to
optimize the violation of the CGLMP-inequality (4) in
quantum mechanics, a smart choice of the A, A,, By, B,
has to be made depending on the state p at hand. This issue
will be examined in detail in Sec. V below.

the density matrix of the global system, then a new matrix is
constructed by transposing only the indices of Bob (or
Alice),

plr = Piv,ju- (2)

If p”2 has at least one negative eigenvalue, then the p matrix
describes an entangled state. This sufficient condition is also
necessary in two general cases: dimH, = dimHp = 2
(qubits) and dimH, =2, dimHgz =3 (and vice-versa),
but not for dimH, = dim’H = 3 (qutrits) or larger. This
is the case of the spin states of the massive vector bosons.
However, as we will see soon, for the ZZ system stemming
from a Higgs decay, the Peres-Horodecki is a necessary
condition as well.

Concerning the Bell inequalities, for subsystems of
dimension 3, as the case at hand, several Bell-like relations
have been explored. Typically, when the system is not very
far from a maximally entangled state the popular CHSH
inequality [14], which is optimal for qubits, does not
provide the maximal departure from local realism predic-
tions [15]. A much more powerful relation is given by the
so-called CGLMP inequality [15]. Namely, if A;, A, and
By, B, are observables in H,, Hp that take (or are assigned
to take) three possible values, 1, O then the following
inequality should hold in any local-realistic theory

1 =B)+P(Bi=A,+ 1)+ P(A, =B,y) + P(B, = A))
—[P(A; =B, — 1)+ P(B, = A,)) + P(Ay = B, — 1) + P(B, = A, - 1)] < 2. (3)

III. THE H — ZZ SYSTEM

A. Expected form of the density matrix

The general spin state of the ZZ system is described by a
density operator, p, acting on the (dim 9) Hilbert space
defined by the three spin states of each Z. It is important to
note that the propagator of the off-shell Z boson also has a
scalar component, whose contribution cancels when
coupled to massless final state fermions, as is our case;
therefore, we can safely consider the off-shell Z boson as a
spin-1 particle too [16].

We will work in the conventional basis of eigenstates
of the third component of the spin for each boson,
|+),10),]|-), and in the center of mass (CM) reference

system, defining the z-axis along the 3-momentum, k, of
one of the Z’s. Furthermore, to avoid ambiguities, we will
choose the latter as the Z-boson with the largest invariant
mass, which is always well defined in the H — ZZ process.
Note that with this choice of reference system, the sign of
third component of spin coincides with the helicity for one
of the bosons (and minus the helicity for the other).
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It is interesting to discuss how far one can go to in
determining the texture of the p matrix, just based on the
symmetries of the system. First of all, since in this case the
two Z bosons arise from the Higgs decay, the spin
component along the momentum direction, i.e., J_, is
conserved and vanishing for the joint system. This means
that only the 9 entries of the p operator corresponding to
(wilplus), with [uy) = [+ =), [uz) = [00), luz) = | —+),
can be different from zero. In general, the p operator will
be a convex combination

Z pr=1 (5)

p=> pe)e

and

, with p,>0,

) =]+ =) +@)00) +as - +). with 3 ey = 1.
=123

(6)

Since in the H — ZZ process parity is conserved, for a
particular event the ZZ state must be necessarily of the form

(I+-)=p100) +[=+). (7)

1
lwzz) = \/T——_ﬁj

with f real. Note that the a; = a3 =0 case in (6) is
recovered for || — oco. In its rest frame the decay of the
Higgs boson obviously has spherical symmetry, so the
value of f just depends on the nontrivial kinematical
variables, namely the two invariant masses of the vector
bosons, mz, ,mg,, and the modulus of the corresponding

3-momentum |k|, which is related to the former by
\/|l_<'|2 + m%l + \/|k|2 + m%z = my. We can get an accu-
rate expression for f using the Lorentz structure of the

interaction term o« 7, HZ*Z" in the SM. Then the scalar
state of the ZZ system in the CM frame is given by [17]

k. o)ul~k. )5 (8)

lwzz) = Hﬂyeﬁ(mz, ) k)e’/{(mzz, —k)

where o, A represent spin states and

0 Ko

-1 0 L
AmB=| " v )

Vi 0

0 _ k|2 +m? 0

Comparing Eqgs. (7), (8) we finally get
2 2
— (mg, +

f=1 +mH (mz, +mz,) ' (10)

ZmZI m22

Typically, the largest Z-mass, say my , is close to on-shell
my. From Eq. (10) we see that f#>1, with f=1

corresponding to the decay into two at-rest Z’s. In the
latter case the spin-state of the ZZ system is the singlet one,
which is maximally entangled, see Eq. (7). Likewise, as
my, decreases, and so |Z| approaches its maximal value, the
state goes to |00). In consequence, the larger the mass of the
off-shell Z, the larger the entanglement and the opportu-
nities to experimentally show both entanglement and
violation of Bell inequalities.

For a given value of f the final spin state is pure and the p
matrix, say pg, is completely determined. However, when
one gathers data from different kinematical configurations,
the state becomes a mixture

o= [ PGy (1)

Once the probability P(f) is known, the final p becomes
also well determined. Figure 1 shows P(ff) when no cuts
are imposed on the kinematical variables.

In general, the form of P(f3) depends on the possible cuts
in the kinematical variables. Still, due to the symmetric
form of the possible final states, Eq. (7), the density matrix
has a well defined structure, namely

00 0 0 0 0 o0 00O
00 0 0 0 0 o0 00O
00 I 0 -y O 1 00O
| 00 0 0O 0 0 o0 00O
= 00 —y O 20 -y 00 12
P=30 y w y (12)
00 0 O 0 0 o0 00O
00 I 0 -y O 1 0O
Ooo0 0 O O o 0o 00O
00 0 0O O o 0 00O
g
&«
FIG. 1. Probability distribution of f3, see Eq. (10), obtained with

a Monte Carlo simulation when no cuts are implemented.
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with y real. When one only considers final states with the
same my , and mz, and thus the same f, the spin state is
pure and the density matrix, p; has the form (12) with
w =y = f. Otherwise w and y are averages over the
kinematical variables, as expressed in Eq. (11). Of course,
when the p matrix is extracted from experimental data, it
does not present the exact form (12) due to systematic and
statistical errors, and the existence of (small) background.

B. The irreducible tensor operator parametrization

A convenient way to parametrize the 9 x 9 spin density-
operator of the two vector bosons is to use the basis of

irreducible tensor operators {Tﬁ,}l ® Tﬁ,}z} [18], where

L gL
T Th € (LTl TL T T TR T, T (1)
Here T%, are normalized such that Tr{T%(T%)"} =3,

where (T%)" = (=1)MTL,,. More precisely, defining J,,
Jy and J, as the spin-1 component operators, we have

Th, =F V3/2(J, £ iJ,) and T} = \@J ie.

Explicitly,
00 1 000
T3=v3l0 0 0|, T%,=V3[0 0 0],
000 1 00
0 -1 0 0 0 0
2 3 2 3
Ti=y/3[0 0 1], Th=45[1 0 0],
0 0 0 0 -1 0
1 0 0
r-21lo 2o (16)
V2
0 0 1

Hence, the spin density matrix of the two vector bosons can
be parametrized as

1
p :§[ﬂ3 QU +A;,TH @13 +A7, 1, ® T},

3 0 -1 0 3 1 0 0
1 _ _ — 1 _ — 2
T = 5 0 0 e Ty = \/; 00 01, + CL,MILZMZTZIQI ® TLM'Z]’ (17)
0 0 O 0 0 -1
3 000
T', = 7 1 0 0. (14)  where we are summing in L = 1,2 and —L < M < L (like-
010 wise with L, , and M ,). In order for p to be Hermitian, and
taking into account that (T%,)" = (—=1)MT%,,, the coeffi-
On the other hand, cients of the expansion must fulfill A}y, = (=1)(A;%,,)*
2 a.nd CL1M1L2M2 - (—1)M1+M2 (CLI,—MI,Lz,—M2>*‘ Altogether
T2, == (T.,)? these are the 80 independent real parameters of the
T2 +1)7 .
V3 9 x 9 p matrix.
B The great advance of this parametrization over e.g., the
T%, = \/;[TlilT(l) + 1T, one given by the Gell-Mann matrices, is that it allows to
easily extract the values of the A and C coefficients from
T2 — Q [TlTl LT T 4 2(T1)2] ( 1 5) angular distributions of the final leptons. The decay density
0 3 S - 0 matrix of a Z boson into charged leptons is given by [19]
|
1 + cos?0 — 25, cos O % (sin 20 — 21, sin ) e’ (1 = cos?@)e>®
r= 5 (sin260 — 21, sin 0)e ™" 2sin’0 — 5 (sin20 + 20, sin 0)e'” |, (18)
(1 = cos*@)ei2¢ - \/LE (sin20 + 25, sin @) e~ 1 + cos?d + 25, cos O

where 0, ¢ are the polar angles of the momentum of the negative charged lepton in the reference system in which the Z is at

rest, and

O 1-4sy,
1 —4s}, + 8sy,

Ne

+~0.13, (19)
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with sy the sine of the electroweak mixing angle [18]. The differential cross section ZZ — £ £7£5¢5 is given by

a,b=1

1 do 3 3 2 ,
EdQldQZ - ( > z]Z Pia.jb F] ij Fz) <E> Tl’{p(rl ® Fz) }, (2())
where I'; = re - 0.0 — (pj) for j = 1,2. Using

2
T} = 2VaV0. ). THTLIT) = Ve 0.0),  THTRIT) =\ [T e.e)  21)

the fully differential distribution, cf. (20) can be writen in a very compact form (the sum in the L and M indices is implicit):

1 do

0 d0,d0, ~ ()2 [ HALBLYL (01 01) + ALy BLYE (0, 02) (22)
+CL M LzMzBLlBLz L, (91,§01) (5’2 (Pz)} (23)
with
A 2
—V2mny, B, = ? (24)

Now, using the appropriate spherical harmonics as integration kernels, one can derive the values of the various coefficients
in Eq. (17) from the differential cross section, namely

1 d B

1 do B, B .
| Sy Y O T s = T o (25)

where we have applied the orthonormality properties of spherical harmonics.
Notice that the theoretical form of the density matrix (12) imposes strong constraints on the various Al 00 CLomyom,
coefficients. At the end of the day it simply reads

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

00 ¢ (\/EA%,O +2) 0 TR 0 1Cr2n 0 0 0

0 0 0 0 0 0 0 0 0
p=10 0 1Cyi, 0 1(1-v24L)) 0  1Cyin 0 0 (26)

0 0 0 0 0 0 0 0 0

00 1Canr s 0 HETE 0 §(vV245,+2) 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

with
LY

7§A2,0 +1=0Cy0 . (27)
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We do not replace the latter relation in (26). It could be
used, for example, as a way to estimate the uncertainties in
the experimental determination of the density matrix, or to
improve the determination of the independent coefficients
and thereby improve the precision in the measurement of
the entanglement observables. An investigation of the
optimal way to extract the latter from data is beyond the
scope of the present work.

IV. CONDITIONS FOR ENTANGLEMENT

Intuitively, a “classical” system of two vector bosons
with vanishing spin-third-component can only be in three
states: |+ —),|00) or | —+). Any superposition of these
possibilities implies an entangled quantum state. Hence,
one can expect that if the p-matrix is nonentangled, it can
contain just three nonvanishing entries, namely the diago-
nal ones: p,_ ., poooo and p_, _.. Thus, if any of the six
remaining entries is different from zero, that would be a
signal of entanglement. It is interesting to show that this is
indeed the case, by using the above-mentioned Peres-
Horodecki criterion, see Eq. (2) and below. For a generic
spin-density matrix with vanishing third-component,

00 00O O0O0O0O0
00 000 O0O0O0 O
00 a 0 b 0 c 00
00 000 O0O0O0O

p=|0 0 b 0 4 0 f 0 0] (28
00 000 O0O0O0 O
00 ¢ 0 f 0 g 00
00 000 O0O0O0O0
00 000 O0O0O0O0

the corresponding partially transposed matrix reads

0 000 O0O0O0O0 c
0 00 0 0b OO O
0 0 a 0 00O0TO0O
0 00 0 0O0GO0f O
p=0 0 0 0 4000 0| (29
0 b 0 0 00000
000 0 O0O0ggoO0O0
0 0 0 f 00000
¢ 0 0 0 000 0 0

which has eigenvalues a, d, g, £|b|, +|c|, | f|. Therefore if
b #0, ¢ # 0 or f # 0 the density matrix is entangled. Note
that the reverse is also true: if b = ¢ = f = 0 the state is
obviously separable, as p is diagonal in the separable basis.

This represents a noteworthy example beyond a two-qubit
system, where, thanks to an underlying symmetry, the
Peres-Horodecki condition for entanglement is not just
sufficient, but also necessary.

When applied this condition to our density matrix (26), it
turns out that the ZZ system is entangled if and only if

Coio1 70 or Cypnn #0. (30)

V. CONDITIONS FOR VIOLATION OF BELL
INEQUALITIES

As mentioned in Sec. II, the explicit form of the CGLMP
inequality depends on the specific choice of the four
observables, A, A,, B;, B, associated to the Alice and
Bob Hilbert spaces. The optimal choice, i.e., the one that
leads to a larger violation of the inequality, depends on the
state at hand (in our case the density operator, p).

This issue was considered in Ref. [15] in a more abstract
context. Namely, denoting by |i) 4, |/)g (i,j = 1,2,3) two
orthonormal bases of H,, Hp, if the state at hand is the
maximally entangled state of the form

W)=
BRVE

where |ij) = |i)4|j)p, then a particular choice of the four
observables A, A,, By, B, was argued to maximize the
violation of the CGLMP inequality. A compact way to
express this optimal choice is by building the correspond-
ing Bell operator, say Of,; [20]. In terms of the T%
matrices of Egs. (14) and (16) O, reads

(J11) +|22) +133)), (31)

4
;Bell = —3\/§(T% ® T{ + T1—1 ® Tl—l)
2
e nITLer). ()

Coming back to the H — ZZ decay, and working in the
usual spin basis

{):10), [=)}a @ {14).10). [=) } 5, (33)

for a particular event, the spin state of the ZZ system is
given by Eq. (7), which in general does not have the form
(31). However, in the nonrelativistic limit, which corre-
sponds to f = 1 in Eq. (7), the state is a pure singlet,

W) = —=
Vi =5

which can be written in the form (31) by a change of basis
defined by the unitary transformation

(I+ =) =100) + | =+)), (34)

016012-6



TESTING ENTANGLEMENT AND BELL INEQUALITIES IN ...

PHYS. REV. D 107, 016012 (2023)

|l//s> - UOA ® U*|WS>’ (35)
where
0O 0 1
o,=|0 -1 0 (36)
1 0 O

and U is an arbitrary 3 x 3 unitary matrix, U € U(3).
Hence, the operator

Open = (U0, ® U*)' Oy (U0, @ U*)  (37)

represents the optimal choice for the Bell operator when the
spin state is the singlet (34) and one is working in the usual
physical spin basis (33). Note that in this limit all the
choices of U give equivalent results for the violation of the
CGLMP inequality,

I3 = Tr{pOpa } > 2. (38)

Of course, in general # # 1, so the spin state |y, ) (7)isnota
singlet and not all choices of U are equivalent. Thus, one
should in principle explore all the possible Bell operators in
order to find the optimal one. This represents a huge
parameter space. However, since f is typically not far from
1, see Fig. 1, a reasonable strategy is to consider Bell
operators of the form (37), exploring the space of U-matrices.

This exploration is greatly simplified by noting that the
lwzz) state (7) is still invariant under transformations
UO, ® U*, where U is a unitary matrix acting only in
the subspace spanned by {|+),|—)}, as well as under a
redefinition via a global phase. Hence, the nonequivalent
choices of U are those belonging to the U(3)/
(UR2) @ U(1)) coset. For each one of them we get a
different Opy; operator (37) and a prediction for
I3 = (Ogan), say I3(f, U). We have explored the form of
U that maximizes I5(f3, U) and found that, in the region of
|

T —
28

2.6

13(BU)

| —13(8,1)
13(8,Uo)

24

22

2.0 eeeeenennnees SRR S

FIG. 2. Functions (I53(f,1),15(8, Uy)) defined in Eq. (40). We
have also displayed the local-realistic upper bound for the Bell
inequality (gray dashed horizontal line) as well as the mean value
of f with respect to the probability distribution P(8) shown in
Fig. 1 (red dashed vertical line).

interest, a choice that is nearly optimal for all values of f is
given by:

1 1L 1
2 N

1 1
1 € 1
2 22

This is illustrated in Fig. 2, where we compare the perfor-
mance of the simplest choice, U = 1, with that of U = U,,.
The corresponding CGLMP quantities

13(ﬂ’ ]]) :W,
B(p.vg) =17 ijfﬂ{)“ P o)

are displayed, showing the improvement provided by this
nontrivial choice.

For completeness, we give the expression of the Bell
operator (37) for U = Uy:

2 1
Openy = <—M(T1 QT -Ti®Ty+ T ®TL)+5(TI®T3+T3 @ T2)
1 1 1
+W6(T§®T§+T§®T§)—§(T%®T%+T%®Tﬁl)+ZT(Q)®T§> + H.c. (41)

In general, the state of the ZZ system is given by the density operator p shown in Eq. (26) and the corresponding prediction

for I3 = Tr{pOg } reads

1
I; = % (18 + 16V3 = v2(9 = 8v/3)A} ) — 8(3 +2V3)Ca 101 + 6Cr0a2). (42)
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In other words, the ZZ system violates the GCLMP
inequality whenever this expression for /5 is larger than
2. Notice that the Aé.o parameter is related to Cy,, _, by
Eq. (27). However, we will keep it as an independent
parameter when extracting its value from data, as a possible
handle to estimate the involved uncertainties.' This may not
be convenient, however, in the presence of systematic
uncertainties, but such a study is beyond the scope of
the present work.

VI. NUMERICAL RESULTS

We investigate now the statistical sensitivity of future
experimental measurements to the above described entan-
glement and violation of Bell inequalities. For this goal we
generate pp — H — ZZ* — 4¢ using MadGraph [21], with
on-shell H. The gg — H one-loop process is implemented
by a contact interaction, but otherwise the Monte Carlo
calculation is performed at the leading order. On the other
hand, for the calculation of the expected number of events
we use state-of-the art values of the Higgs production cross
section and branching ratio into four electrons or muons.
The cross section at next-to-next-to-next-to-leading order is
48.61 pb at a center-of-mass energy of 13 TeV [22], and the
Higgs branching ratio decay into four leptons (electrons or
muons) is 1.24 x 10~* [22]. Overall, the cross section times
branching ratio for the final state considered is 6.02 fb at
13 TeV. We implement our analysis using the eTe™pu"u~
final state for simplicity, but note that in final states with
four electrons or four muons the two Z bosons can still be
cleanly identified, since one is nearly on-shell and gives
two leptons with invariant mass close to m , while the
remaining two leptons have a much lower invariant mass.
The (very close to real) Z boson with largest invariant mass
is labeled as Z, and its four-momentum reconstructed from
its decay products ¢ #7. The off-shell Z boson is labeled as
Z,, and its momentum is determined summing up the
momenta of its decay products £ 5.

The reference system used to determine spin observables
has a construction similar to the helicity basis used for top
pair production [23], and is defined as follows:

(1) The Z axis is taken in the direction of the Z; three-

momentum in the Higgs boson rest frame.

(i) The X axis is in the production plane and defined

as & = sign(cos)(p, —cos6z)/sinf, with p, =

(0,0, 1) the direction of one proton in the laboratory

frame, cos® = Z- p,. The definition for X is the

same if we use the direction of the other proton —p,.

(iii) The ¥ axis is taken such that § = Z x X, orthogonal
to the production plane.

The angles (0, ¢,) in the differential distribution (23) are

the polar coordinates of the three-momentum of the

lActually, in this way the statistical uncertainty in /3 becomes
5% smaller in the simulations discussed in Sec. VI.

negative charged lepton #7 from the Z; decay, in the Z;
rest frame. Likewise, the angles (6,, ¢,) correspond to the
three-momentum of ¢ in the Z, rest frame. As mentioned
in Sec. III B, the coefficients of the expansion of the ZZ
density operator (17) are obtained by integration with
spherical harmonics, cf. (25).

We estimate the potential of future measurements by
calculating the statistical uncertainty of the relevant observ-
ables for entanglement and Bell inequality violation, see
Egs. (30) and (42). For the LHC Runs 2 + 3 and the HL-
LHC the luminosities assumed are of 300 fb~! and 3 ab~!,
respectively. For simplicity, a CM energy of 13 TeV is used
in all cases; note however that the cross section for gg - H
increases to 54.7 pb at 14 TeV. In order to have a more
realistic estimate of the number of events in each case a
lepton detection efficiency of 0.7 is assumed, yielding an
overall detection efficiency of 0.25.2

The statistical uncertainty in the observables is deter-
mined by performing 1000 pseudoexperiments. In each
one, we select a random set of N events, with a size
corresponding to the assumed luminosity, and calculate the
observables from the differential distribution, as aforemen-
tioned. Repeating this procedure, we obtain the mean and
standard deviation for each observable. The mean value
resulting from the pseudoexperiments is quite close to the
theoretical value calculated with the full Monte Carlo
sample, and the standard deviation corresponds to the
expected statistical uncertainty. Systematic uncertainties
are not included in our analysis. Given the clean final state
and the good experimental resolution for charged leptons,
these uncertainties are expected to be small. In any case,
they must be addressed within an experimental analysis
using a full detector simulation.

As discussed in Sec. IIT A, the larger the mass m, of the
off-shell Z boson, the more entangled the ZZ state is.
However, requiring a lower cut on my, also decreases the
statistics, increasing the uncertainty in the measurements.
We give results without any cut and also with lower cuts
mz, > 10, 20, 30 GeV.

Table I gives the results for L = 300 fb~!. The entan-
glement can be probed at the 3¢ level using C, 1, _;, and
below the 20 level using C,,,_,, see Eq. (30). A
combination of both observables, which is beyond the
scope of this work, would improve the sensitivity. On the
other hand, the sensitivity to the violation of the Bell
inequalities, see Eq. (42), is below the 2¢ level.

Table II gives the results for L = 3 ab~!. In this case, the
entanglement can be probed beyond the 5¢ level using both

*This efficiency accounts for the minimum transverse mo-
mentum (p7) thresholds required for lepton detection. We do not
include any trigger requirement. The presence of four leptons
from the Higgs decay, some of them with significant pr, is
expected to fulfill one or many of the trigger conditions for one,
two, or three leptons, see, e.g., Ref. [24].
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TABLE 1. Values of the spin correlation coefficients C, ;, _; and C,,, _, signaling quantum entanglement, and
the Bell operator /5 signaling violation of the Bell inequalities, obtained from 1000 pseudoexperiments with
L =300 fb~!.
Min my,
0 10 GeV 20 GeV 30 GeV
N 450 418 312 129
Crin-i —0.98 £ 0.31 —0.97 £0.33 —1.05 £ 0.38 —1.06 £0.61
Cron2 0.60 £ 0.37 0.64 £0.38 0.74 £0.43 0.82 £0.63
I3 2.66 £+ 0.46 2.67 +0.49 2.82 +£0.57 2.88 +£0.89
TABLE II. The same as Table I, for L = 3 ab™L.
Min mg,
0 10 GeV 20 GeV 30 GeV
N 4500 4180 3120 1290
Cri21 —0.95 £0.10 —1.00 £0.10 —-1.04 £0.12 —-1.04 £0.19
Crr0.2 0.60 +0.12 0.64 £0.12 0.74 £0.14 0.83 £0.20
15 2.63 £0.15 2.71 £0.16 2.81 £0.18 2.84 +£0.28

coefficients, reaching a 10% precision in the case of
C,.12.—1- The sensitivity to a violation of the Bell inequal-
ities is at the 4.5¢ level.

VII. SUMMARY AND CONCLUSIONS

In this paper we have studied the quantum properties of
the ZZ pair produced in the Higgs boson decay, focusing on
entanglement and violation of Bell inequalities. Because
the Higgs boson is a scalar and m is not far from my, the
ZZ pair is produced nearly in a spin-singlet state, where the
quantum entanglement is maximal, and turns the study of
its quantum properties quite interesting.

The spin state of a ZZ pair, and the joint decay angular
distribution, are parametrized by 80 (polarization and spin
correlation) observables. We have introduced a novel,
compact parametrization that makes the description strik-
ingly simple. For the specific case of H — ZZ, angular
momentum, and P and CP conservation, greatly reduce the
number of parameters to only two independent parameters,
namely the spin correlation coefficients C,;,_; and
Cyr00.-2, see Eq. (20).

In terms of these parameters we have first formulated the
conditions for quantum entanglement of the ZZ pair. There
are two sufficient Peres-Horodecki conditions for entangle-
ment, namely that any of the coefficients, C,;,_; or
Cs2.-2, is different from zero. We have shown that, due
to the underlying symmetry of the process, these are also
necessary conditions, which represents a noteworthy excep-
tion to the general situation for the Peres-Horodecki criterion.
Second, we have found a Bell operator which is a much more
powerful indicator of the violation of Bell inequalities than

other proposals in the literature when ZZ is not exactly in a
spin-singlet state (as it is the actual case).

Finally, we have investigated the experimental prospects
to measure the entanglement and violation of Bell inequal-
ities, focusing on the gluon-fusion process gg - H —
ZZ — 4¢ at the LHC. Our study has been performed at
the parton level, without a detector simulation and without
considering the background. Concerning the former, we do
not expect a great impact of the detector resolution, which
is quite good for charged leptons at the ATLAS and CMS
detectors. By the same token, systematic uncertainties are
expected to be small. The experimental precision is then
expected to be dominated by the available statistics: the
decay H — 4¢ has a branching ratio of only 1.24 x 107,

Regarding the backgrounds, the H — ZZ — 4¢ signal is
quite clean, its main background being the electroweak
process pp — ZZ/Zy — 4¢ which is about 4 times smaller
at the Higgs peak [25] Yet, a background subtraction will
be necessary before computing the entanglement observ-
ables. This non-negligible background will slightly
increase the statistical uncertainty of the measurement.

Another issue to be taken into account is the fact that in
four-electron and four-muon final states, LO interference
diagrams from the interchange of identical particles give
non-negligible contributions that are up to order 10% in
some distributions [26]. These contributions may be
reduced when a kinematical cut on the on-shell Z mass
is imposed, for example, and do not invalidate the inter-
pretation of the measurements as corresponding to entan-
glement or violation of Bell inequalities.

The decay H - WW — £vfv considered in [11] shares
quite the same properties of H — ZZ and enjoys higher
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statistics; however, on the other hand, a unique kinematical
reconstruction of the final state is not possible due to the
two unobserved neutrinos.

With these caveats in mind, there are good prospects for
the measurements at the LHC. With the Run 2+ 3
combined luminosities, the quantum entanglement might
be measured at the 3¢ level. At the HL-LHC, the signifi-
cance would be well above 50, and the violation of Bell
inequalities would be probed at the 4.5¢ level.
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APPENDIX: GENERAL CONSTRUCTION
OF THE BELL OPERATOR
FOR THE CGLMP INEQUALITY

The CGLMP inequality [15] is a testable consequence of
local realism, which is more powerful than the well-known
CHSH inequalities [14]. Suppose that the quantum system
consists of two two subsystems (Alice and Bob), both with
dim-d Hilbert space. Let us denote A, and B,, with a,
b = 1,2, the operators measured respectively by Alice and
Bob. They are assumed to have nondegenerate eigenvalues
0,1,...,d — 1. Then the CGLMP inequality reads

[d/2)-1
2k
Iy = Z <1_—>(P(A1=B1+k)+P(Bl =Ay+k+1)+P(A; =B, +k)

= d—1

+P(A,=B,—k—1)+P(B,=A, —k—-1))),

where P(B; = A; + a) denotes the probability that the
measurement of the observable B; gives the same result as
the one of A; plus a (mod. d).

The A, and B, observables can be defined by their
respective normalized eigenstates, |k), and [l)p , which
can in turn be specified by their components in certain
bases (computational bases), say {|a),} and {|$)z}, with
a,f=1,...,d. Those components can be arranged as the
columns of four unitary matrices, Uy , Ug,. Thus, speci-
fying the unitary matrices (U, , Ug,) is equivalent to give
the Hermitian operators (A,, B}).

Now, in quantum mechanics the probability of measur-
ing a certain outcome is given by the expectation value of
the projector associated to that eigenvalue. Hence, the
quantum prediction for /,; is given by the expectation value
of an certain operator,

1; = (Opa), (A3)

which is a cumbersome combination of the projectors
involved in the probabilities of Eq. (A2). After some
algebra, the Bell operator can be expressed as

;<2 (A1)
with
(A2)
|
2 .
OBell:ﬂ{_[UA] ® U |P\[1,®J |P|[Uy, ® U]
+[Us, ® Ug,|Po[1, Q@ JP{[Us, ® Ug,|'
+[Ua, ® Ug, P, [“d®1z]PHUA2 QUp, I’
_[UAZ®UBZ]P1[]]d®Jz]PHUA2®UBZ]T}7 (Ad)

where 1, is the d x d identity matrix. The d x d matrix J is
the spin-J third component operator, where we have
identified J = %:

J 0 0
0 J-1 0

J, = . (AS)
0 0 -J

The d?> xd*> matrices P,, n=0, 1 (in general
n=0,...,d—1) are block-diagonal permutation matrices
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O crbo. O
P, = , (A6)
O o) O Cn+(d—l)

where O is the d x d null matrix and C is the d x d cyclic
permutation

0 0 0 1
10 0 0
c=1|o0 1 (A7)
00
0 0 0

For the case examined in this paper, d = 3, we have
chosen A,, B, such that their associated U, p, matrices
are:

Usy, = 04Uy Uyga,»

Us, = 04Uy Unyga,»

UB1 = Uy UME,BI,

Up,=Uy  Ungp, (A8)

where Upyga, and Uy p, are the unitary matrices asso-
ciated with the Bell operator that is supposed to be optimal
for the maximally entangled state [15,20]. In particular:

Upea, = U} Urr,
Umea, = D Urr,
Uwes, = Up Urr,
UME.32 - UDi Ugr. (A9)
with
1 1 1 1 0 0
Ur=|1 o |, Up=10 o* 0
1 &* o 0 0 o>
(A10)
and @ = ¢'3. Finally,
1 _1 1
0 O 2 N
O,=10 -1 0], Uy=|-5 0 5
1 0 O 1 11
2 N
(Al1)
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