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A mutilated model is constructed to approximate the collision term of spin Boltzmann equation that
incorporates newly appearing collisional invariants, i.e., the total angular momentum. With recourse to
degenerate perturbation theory, the dispersion relations of hydrodynamic modes are formulated, among
which spin modes are responsible for spin equilibration. We find that the nonlocality does not change the
sound speed but slows down the propagation of spin channel waves. The damping rates of spin modes are
close to those of spinless modes over a reasonable parameter value range. The results reveal that both spin
and momentum should be treated simultaneously in a unified transport framework. In the nonrelativistic
limit, the short-wavelength behavior for normal modes is also explored and there exists a critical point for
every distinct discrete mode over which only quasiparticle modes contribute.
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I. INTRODUCTION

The experimental developments in measuring the spin-
related observables of Λ hyperons [1–4] have raised
extensive interests in global polarization [5–13] and local
polarization [14,15]. Theoretical calculations are not con-
sistent with experiment results in local polarization, which
is referred to as the “spin sign problem” and originates from
the fact that spin does not reach equilibrium as expected,
see Ref. [16] for a recent review. In the past few years,
different efforts are made to get insight into the spin puzzle
along the line of spin hydrodynamics [17–29], and quan-
tum kinetic theory [30–36], among which spin relaxation
becomes essential because the relaxation rate of the spin
density toward its equilibrium value is crucial in determin-
ing how the spin polarization evolves in time in theoretical
simulations of QCD plasma.
When we talk about spin equilibration of a spinful

system, there is a increase of degrees of freedom compared
to a spinless system. Considering a collection of quasi-
particles with nonzero spins, the dynamic variables are
necessarily enlarged to include another particle property
spin, i.e., the distribution function for describing the system
made of quasiparticles has dependence on spin. From a
more general view irrespective of the quasiparticle picture,
the evolution functions turn out to be conservation laws
∂μTμν ¼ 0, ∂λΣλμν ¼ 0 where T and Σ denote the energy

momentum tensor and total angular momentum tensor.
Canonically, we allow a division Σμαβ ≡ ðxαTμβ−
xβTμαÞ þ Sμαβ, where x is the space-time coordinate and
Sμαβ ¼ −Sμβα is newly defined spin tensor. In this context,
the local equilibrium state is defined as the state with
maximum local entropy or vanishing divergence of local
entropy four-current. For a spinful system, the entropy
current receives the contribution from the spin tensor,
which is exactly reflected in the form of statistical operator
[23,28,37].
Similar to the still unsettled question of how thermal

equilibrium in relativistic heavy-ion collisions is reached,
the questions of how the spin of quarks relaxes to
equilibrium and whether it equilibrates faster than momen-
tum or not remain under debate. Note that there have been
many efforts exploring the spin relaxation rate including
but not limited to perturbative QCD techniques [38–41],
the Nambu–Jona-Lasinio model [42], the AdS=CFT cor-
respondence [43], an effective vertex for the interaction
with the thermal vorticity [44,45] and a second-order spin
hydrodynamic calculation [29]. When spin is considered,
one must take into account the conservation of total angular
momentum in hydrodynamic description especially for a
system with considerable spin-orbit conversion due to
frequent interactions. Accompanied by newly introduced
degrees of freedom, there arises new the physical phenome-
non of the propagation of spin channel waves. Analogous to
soundpropagation in spinless (spin-averaged) fluids [46], the
propagation of spin channel waves should be also funda-
mental in spin hydrodynamic theory and deserve a compre-
hensive exploration,whichwe expect to provide in thiswork.
As with the recent studies [26,41,47], we focus on a

linear mode analysis in the current work and find that spin
relaxation couples to the attenuation of spin modes.
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Therefore, spin relaxation time is identified as the lifetime
of spin modes, based on which one can make a direct
comparison of two typical timescales in relation with spin
and momentum relaxation. On the other hand, the
researches on spin polarization directly promotes the
developments of spin kinetic theory. Once spin is consid-
ered, there also arises new physical phenomenon of the
propagation of spin channel waves. Analogous to sound
propagation in ordinary fluids, the propagation of spin
channel waves should be also fundamental in spin hydro-
dynamic theory.
This paper is organized as follows. In Sec. II we show

how to construct the mutilated collision term incorporating
six new collision invariants introduced by spin Boltzmann
equation [30]. In Sec. III we adopt the method of degen-
erate perturbation theory widely used in quantum mechan-
ics to derive the dispersion relations of discrete normal
modes up to second order in wave numbers where the
discussion of spin relaxation is also presented. After that,
the comparison with other associated research works is
given in Sec. IV. In Sec. V, we talk about the short
wavelength behavior of those normal modes. Summary
and outlook are given in Sec. VI. Natural units kB ¼ c ¼
ℏ ¼ 1 are used. The metric tensor is given by
gμν ¼ diagð1;−1;−1;−1Þ, while Δμν ≡ gμν − uμuν is the
projection tensor orthogonal to the four-vector fluid veloc-
ity uμ and ϵμναβ is Levicivita tensor. In addition, we employ
the antisymmetric shorthand, X½μν� ≡ ðXμν − XνμÞ=2.

II. MUTILATED COLLISION OPERATOR

When it comes to spin-induced phenomena, the frame-
work of transport theory must be extended to incorporate
the information of spin evolution. To that end, the spin
Boltzmann equation for massive spin-1=2 fermions with
nonlocal collision effects was proposed, where the con-
sistent interpretation for equilibrium state and collision
invariants is elaborated [30].
Here we choose to work out the propagation of hydro-

dynamic modes by constructing a mutilated collision
operator based on the collision invariants appearing in
[30] instead of directly solving the complicated linearized
integral equation derived in [26]. Note that the collision
invariants are exactly eigenfunctions of linearized collision
operator with zero as eigenvalues. If insisting on semi-
positive definiteness and self-adjointness of a linearized
collision operator, we are led to treat it as an evolution
Hamiltonian operator [26]

p · ∂χðx; p; sÞ ¼ −Lχðx; p; sÞ; ð1Þ

where we assume that there is no external field in the above
linearized transport equation. In addition, χðx; p; sÞ repre-
sents the deviation function from equilibrium distribu-
tion dependent on space-time coordination x, particle
momentum p and spin s, and L denotes the linearized

collision operator with its explicit form temporarily
uncovered.
Under homogeneous circumstance, Eq. (1) can be

formally solved and the resulting solution is

χðt; p; sÞ ¼ exp

�
−

L
u · p

t

�
χðp; sÞ; ð2Þ

with the initial condition χðt ¼ 0; p; sÞ ¼ χðp; sÞ.
According to Hamiltonian formalism, we can always

expand the deviation function as a sum of linear super-
position of the eigenstates of linearized collision operator
L. As time goes by, zero modes can survive long time while
positive ones become damped exponentially and less
dominant. Hereafter, we concentrate on the zero modes
and see how they respond to the perturbation of nonun-
iformity, namely, the space coordination dependence of
deviation function χðx; p; sÞ is recovered.
The linearized collision operator L is now approximated

by a mutilated operator

−L ∼
�
−γ þ γ

X11
n¼1

jλnihλnj
�

ð3Þ

with jλni being orthonormal eigenfunctions of L and γ
being a representative positive eigenvalue. One can easily
verify that L inherit basic properties of what we require for
a linearized collision operator such as semipositive defi-
niteness, self-adjointness and Ljλni ¼ 0; n ¼ 1; � � � 11 and
Ljλni ¼ γjλni; n > 11. Here the “mutilated” means all
positive eigenvalues collapse into one chosen positive
eigenvalue (it is suggestive to take the smallest one).
The zero modes with eleven-fold degeneracy exactly
correspond to collision invariants 1; pμ and Jμν, where
the identification of Jμν ≡ 2Δ½μpν� þ 1

2
Σμν
s as total angular

momentum is seen in [30,31] with

Δμ ≡ −
1

2mðp · t̂þmÞ ϵ
μναβpν t̂αsβ ð4Þ

characterizing the nonlocality in a collision, where t̂μ is the
timelike unit vector which is (1,0) in the frame where pμ is
measured.
It may be observed that this is exactly a kind of

relaxation time approximation (RTA) by identifying γ with
the reciprocal of relaxation time τ−1R . Compared to tradi-
tional RTA, the novel RTA or mutilated operator is proved
to reconcile the momentum dependence of the relaxation
time with the macroscopic conservation laws. When the
relaxation time has no momentum dependence, one can
always argue that RTA is consistent with the conservation
laws by imposing matching conditions but this is not the
general case. Without elaboration, we refer to a recent letter
[48]. From now on, γ is parametrized as energy dependent
γ ≡ γR=τλ with an energy-independent constant γR.
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In order to seek a solution of the form, χ ∼ χ̃e−ik·x, we
substitute it into Eq. (1),

τωχ̃ þ p̂μlμκχ̃ ¼ −iLχ̃; ð5Þ

where the linearized collision operator is put less abstract
with the specified form shown as

Lχ̃ ≡ γτ

�
χ̃ −

X11
n¼1

ðψ̃n; τχ̃Þψ̃n

�
; ð6Þ

with notations τ≡ p·u
T , p̂≡ p

T. Here we introduce dimen-
sionless frequency and wave vector

ω≡ u · k
nσ

; κα ≡ Δαβkβ
nσ

; ð7Þ

and one unit vector

lα ≡ κα

κ
; κ ≡ ffiffiffiffiffiffiffiffiffiffiffiffi

−κ · κ
p

; ð8Þ

where n is density, T is temperature and σ is an arbitrary
constant with the dimension of cross sections. Additionally,
the inner product is defined as

ðB;CÞ ¼ 1

ð2πÞ3
Z

dΓ expð−β · pÞBðp; sÞCðp; sÞ; ð9Þ

with the measure defined as dΓ≡ d4pδðp2 −

m2Þ
ffiffiffiffiffi
p2

3π2

q
d4sδðs · sþ 3Þδðp · sÞ [20], and the eigenfunc-

tions jλni are also replaced by less-abstract functions ψ̃n
given by

ψ̃1 ¼
1ffiffiffiffiffiffiffiffi
Vð0Þ
1;1

q ; ψ̃2 ¼ β
u · p − I20

I10ffiffiffiffiffiffiffiffi
Vð0Þ
2;2

q ; ψ̃3 ¼
βl · pffiffiffiffiffiffiffiffi
Vð0Þ
3;3

q ;

ψ̃4 ¼
βj · pffiffiffiffiffiffiffiffi
Vð0Þ
3;3

q ; ψ̃5 ¼
βv · pffiffiffiffiffiffiffiffi
Vð0Þ
3;3

q ; ψ̃6 ¼
uμJμνlνffiffiffiffiffiffiffiffi

Vð0Þ
6;6

q ;

ψ̃7 ¼
uμJμνjνffiffiffiffiffiffiffiffi

Vð0Þ
6;6

q ; ψ̃8 ¼
uμJμνhνffiffiffiffiffiffiffiffi

Vð0Þ
6;6

q ; ψ̃9 ¼
lμJμνjνffiffiffiffiffiffiffiffi

Vð0Þ
9;9

q ;

ψ̃10 ¼
lμJμνhνffiffiffiffiffiffiffiffi

Vð0Þ
9;9

q ; ψ̃11 ¼
jμJμνhνffiffiffiffiffiffiffiffi

Vð0Þ
9;9

q ; ð10Þ

where

Inq ≡ 2

ð2qþ 1Þ!!
Z

d4p
ð2πÞ3 δðp

2 −m2Þðu · pÞn−2q; ð11Þ

VðλÞ
i;j ≡ β

Z
dΓ

ð2πÞ3 τ
λψ̃ iκ · pψ̃ j expð−β · pÞ: ð12Þ

Here βμ ≡ βuμ ¼ uμ
T and we introduced two auxiliary unit

vectors j, h to form an orthonormal triad with u and l. In the
remainder of this work, a quiescent background fluid, i.e.,
uμ ¼ ð1; 0; 0; 0Þ is chosen, then the triad ðu; j; h; lÞ stands
for the projection to the directions of ðt; x; y; zÞ. Last but not
the least, note the eigenfunctions Eq. (10) has been defined
to fulfill the orthonormal condition

ðψ̃α; τψ̃βÞ ¼ δαβ: ð13Þ

III. DEGENERATE PERTURBATION THEORY

As a familiar problem in the perturbation theory, the
solutions to Eq. (5) can be sought in the fashion as used in
quantum mechanics by treating the spatial term p̂μκμχ̃ as a
perturbation with respect to −iLχ̃, then the eigenfunctions
and eigenvalues can be routinely expanded into

χ̃ ¼ χ̃ð0Þ þ χ̃ð1Þ þ � � � ;
ω ¼ ωð0Þ þ ωð1Þ þ ωð2Þ þ � � � : ð14Þ

The dispersion relations, which are obtained from the
secular equation for Eq. (5), are formulated up to first order
in κ [26]

ωð1Þ
1 ¼ −ωð1Þ

2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Hð0Þ2

2;3 þHð0Þ2
1;3

q
ωð1Þ
3 ¼ ωð1Þ

4 ¼ ωð1Þ
5 ¼ ωð1Þ

6 ¼ ωð1Þ
11 ¼ 0;

ωð1Þ
7 ¼ ωð1Þ

8 ¼ Hð0Þ
7;9; ωð1Þ

9 ¼ ωð1Þ
10 ¼ −Hð0Þ

7;9; ð15Þ
where

HðλÞ
i;j ≡ β

Z
dΓ

ð2πÞ3 τ
λψ̃ iκ · pψ̃ j expð−β · pÞ: ð16Þ

One can readily verify that the results of the first five
spinless modes are the same as those in [46] independent of
the details of interactions involved. At the meantime, we
find that only four transverse spin modes (ω7, ω8, ω9, ω10)

are propagating with the same speed of propagation cspin ¼
ωð1Þ
7 =κ where the minus sign represents the opposite

traveling direction. The dependence of propagating veloc-
ity of discrete normal modes on the reduced mass z
(z≡ βm) is exhibited in Fig. 1. As a comparison, we also

exhibit the sound speed cs ¼ ωð1Þ
1 =κ, which is larger than

cspin. In addition, cspin under the condition of spin angular
momentum conservation (SAC) is shown by the solid black
line. When setting the nonlocality Δ zero, cspin returns to
cspinjSAC that is also presented in [49].
It can be seen clearly from Fig. 1 that the propagating

speeds of sound modes and transverse spin modes are
monotonically decreasing functions of z and the inclusion
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of nonlocality in collisions will slow down the propagation
of spin channel waves (we call them spin channel waves in
analogy with sound waves), while the propagation of sound
wave is immune to that change. The nonlocality does not
alter the equation of state (EOS) in contrast to Enskog-type
nonlocality with hard-sphere exclusion potential. A quick
inspection shows that 1 and pμ are not collision invariants
of Enskog collision term any more and the redefinition or
modification to the static pressure is needed to retain the
form of conservation laws [50].
Up to the second order in κ, the dispersion relations or

frequencies are summarized as

ω1 ¼ csκ − iΓ1; ω2 ¼ −csκ − iΓ1;

ω3 ¼ −iΓ3; ω4 ¼ ω5 ¼ −iΓ4;

ω6 ¼ −iΓ6; ω7 ¼ ω8 ¼ cspinκ − iΓ7;

ω9 ¼ ω10 ¼ −cspinκ − iΓ7; ω11 ¼ −iΓ11; ð17Þ

with the damping coefficients defined as

Γ1 ≡ 1

γR

"
QðλÞ

1;1 þ
1

2
ωð1Þ2
1

 
Hð0Þ2

1;3

ωð1Þ2
1

VðλÞ
1;1

Vð0Þ
1;1

þHð0Þ2
2;3

ωð1Þ2
1

VðλÞ
2;2

Vð0Þ
2;2

þVðλÞ
3;3

Vð0Þ
3;3

þ 2Hð0Þ
1;3H

ð0Þ
2;3V

ðλÞ
1;2

ωð1Þ2
1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Vð0Þ
11 V

ð0Þ
2;2

q
!
− 2ωð1Þ

1

�
Hð0Þ

1;3

ωð1Þ
1

HðλÞ
1;3 þ

Hð0Þ
2;3

ωð1Þ
1

HðλÞ
2;3

�#
;

Γ3 ≡ 1

γR
QðλÞ

3;3; Γ4 ≡ 1

γR
QðλÞ

4;4; Γ6 ≡ 1

γR
QðλÞ

6;6; Γ7 ≡ 1

γR

�
QðλÞ

7;7 þ
1

2
Hð0Þ2

7;9

�
VðλÞ
6;6

Vð0Þ
6;6

þVðλÞ
9;9

Vð0Þ
9;9

�
− 2Hð0Þ

7;9H
ðλÞ
7;9

�
; Γ11 ≡ 1

γR
QðλÞ

11;11;

ð18Þ

where

QðλÞ
i;j ¼ β

Z
dΓ

ð2πÞ3 χ̃i
τλðp · κÞ2
p · u

χ̃j expð−β · pÞ; ð19Þ

and χ̃i’s are given in Eq. (52) of [26].
Then all the damping rates are shown in Fig. 2 as

functions of reduced mass z, which are crucial because the
attenuation of spin modes couples to the dissipation of
spin density [26] while other spinless modes are not
responsible for it. Among the spin modes four propagating
transverse modes are degenerate in the damping rates Γ7,
while the other two are nonpropagating longitudinal
modes which are purely decaying at their respective
decaying rates Γ6 and Γ11. One can clearly see that the
choice of λ dramatically affects the attenuation of these
discrete normal modes both in magnitude and in their
dependence on reduced mass z.
The specific value of λ relies on the dynamic details and

corresponds to various physical scenarios. For example,
λ ¼ 0 corresponds to traditional RTA proposed first by
Anderson and Witting (AW) [51], while λ ¼ 0.5 is argued

to well approximate the effective kinetic descriptions of
quantum chromodynamics [48,52–54].1 When λ is big
enough (see λ ¼ 1.5) and may be out of realistic range
0≲ λ≲ 1, the tendency even flips compared to AW case,
all damping coefficients are monotonically increasing
functions of z, and the spin modes are separated from
spinless ones forming the hierarchy of Γspin ≲ Γnonspin. On
the other hand, when λ is comparatively small λ ¼ 0 or
corresponds to relevant QCD scenario λ ¼ 0.5, the damp-
ing is almost as slow as spinless ones, namely, the dynamic
evolution of spin and momentum are twisted in this
scenario over a wide range of z. As a short summary,
we find that there is no obvious separation of two different

FIG. 1. The propagating speed of discrete normal modes as a
function of βm.

1Strictly speaking, λ ¼ 0.38 is the best fit for QCD scenario
but here we take a comparatively close value 0.5. Besides, λ ¼ 0
and λ ¼ 1 are thought to be two extreme limits between which
most theories lie. There are also exceptional cases such as four
fermions interaction in the electroweak sector where the energy
scale is far below the masses of gauge bosons. In that case, σ is
shown to be proportional to energy square E2 which gives an
estimation of λ ≈ −1 and is not within our range of consideration
see Refs. [52,53] for more details.
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relaxation timescales for discrete normal modes over a
relevant value range of 0≲ λ≲ 1, which reveals the
necessity of unified transport of spin and momentum.
Therefore, we should treat the evolution of both spin
and momentum on the same footing.

IV. COMPARE WITH OTHER
THEORETIC RESULTS

In this section, we provide a detailed comparison of
current work with other related researches [21,47,49]. They
have something in common and also many differences,
which can be elaborated in three aspects.

(i) Framework. In mentioned researched works, the
authors all first construct a first-order hydrodynam-
ics based on thermodynamic second-law [21,47] and
AW relaxation time approximation [49]. After that, a
linearization around the ideal fluids is made to give
the analysis on the hydrodynamic modes. Whereas,
one can make it directly via transport equation
without recourse to hydrodynamics. Here we take
spin Boltzmann equation as the start point and
concentrate on the analysis on zero kinetic modes,
which forms one-to-one correspondence to hydro-
dynamic modes in the limit of long wavelength [55].
In this sense, they are commonly called discrete
normal modes. However, we have to admit that the
current formalism only concerns with what is con-
served, i.e., hydrodynamic modes.

(ii) Degrees of freedom. This aspect closely concerns
the definition of total angular momentum tensor
Jλ;μν. Note that almost all spin hydrodynamics on the
market take the same definition of Jλ;μν as what we
employ in this paper. Because of the antisymmetry

of last two indices, the independent degrees of
freedom are six, two longitudinal ones and four
transverse ones, which holds no matter what pseu-
dogauge specifying the energy-momentum tensor
and spin tensor is taken. However, recently in [47],
the authors recommend a new definition for Jλ;μν:
Jλ;μν is now totally antisymmetric in all indices.
Other than widely used traditional definitions, the
degrees of freedom reduce to only three, which
excludes three degrees of freedom related to boost
symmetry.

(iii) The existence of propagating degrees of freedom.
The calculations in [49] exactly correspond to the
case of λ ¼ 0 where the conservation of spin angular
momentum is assumed. If turning off the nonlocal-
ity, namely, setting the nonlocal collision shift Δμ to
zero, our results will return to that of [49]. Protected
by the conservation laws, these two works all report
that only transverse spin modes propagate similar to
the behavior of electromagnetic wave but contrary to
longitudinal sound modes. While in related studies
[21,47], the authors concentrate on nonconserved
spin density, which is inherently relaxation-type.
Therefore, there are no propagating degrees of
freedom in spin sector therein. As a supplement,
we note that if we naively construct first order theory
of spin hydrodynamics via gradients expansion, spin
angular momentum is still conserved even if the
nonlocality of collisions is taken into account [25],
then the linear mode analysis based on hydrody-
namic equations does not alter compared with [49].
One should expect something new emanates at the
second order.

FIG. 2. The damping coefficients of discrete normal modes as functions of βm. The spin modes are denoted by solid lines while the
spinless modes are denoted by dashed lines.
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V. THE BEHAVIOR OF HYDRODYNAMIC MODES
IN NONRELATIVISTIC LIMIT

In this section, the existence of spin modes and their
behavior outside the range of perturbation are explored. For
simplicity, we take the nonrelativistic limit and neglect the
energy dependence of γ. In the nonrelativistic limit pμ →
mð1; vÞ with the particle three velocity v, which implies
dΓ → m2

2
ffiffi
3

p
π

R
d3vd3sδðs2 − 3Þ, and

ffiffiffi
z
2

r
ð−iωχ̃ þ iκ · vχ̃Þ ¼ −γ

�
χ̃ −

X11
n¼1

ðψ̃n; χ̃Þψ̃n

�
; ð20Þ

where a factor
ffiffi
z
2

p
has been absorbed into γ and κ ¼

ð0; 0; κÞ without losing generality, then define fluctuation
amplitudes

ρnðω; κÞ≡ ðψ̃n; χ̃ðω; κ; p; sÞÞ: ð21Þ
Note that the weight function in Eq. (9) is replaced by the
equilibrium distribution f0 ¼ ð z

2πÞ
3
2 expð− 1

2
zv2Þ. Introduce

c≡ ffiffi
z
2

p
v, c̄≡

ffiffi
z
2

p
ωþiγ
κ , γ̂ ≡ iγ

κ , and if c̄ is not real, we get

χ̃ ¼ γ̂
P

11
n¼1 ρnψn

c̄ − cz
; ð22Þ

then these amplitudes can be cast into

ρ6 ¼ γ̂Zðc̄Þρ6;

ρ7 ¼
γ̂z2

2

�
Zðc̄Þ
z2

ð1þ 2c̄2Þ − 2c̄
z2

�
ρ7 þ

γ̂m

4
ffiffiffiffiffiffiffiffi
V9;9

p ×

��
2c̄ −

2c̄
z
−
2c̄3

z

�
Zðc̄Þ þ 3

z
þ 2c̄2

z
− 2

�
ρ9;

ρ9 ¼
γ̂m

4
ffiffiffiffiffiffiffiffi
V9;9

p ��
2c̄ −

2c̄
z
−
2c̄3

z

�
Zðc̄Þ þ 3

z
þ 2c̄2

z
− 2

�
ρ7

þ γ̂m2

4V9;9

��
c̄4

z2
þ 3c̄2

2z2
−
2c̄2

z
þ 1

z2
−
1

z
þ 1

�
Zðc̄Þ − c̄3

z2
−

3c̄
2z2

−
c̄
2z2

þ 2c̄
z

�
ρ9;

ρ11 ¼
γ̂m2

4V9;9

��
c̄2

z2
þ 2

z2
−
2

z
þ 1

�
Zðc̄Þ − c̄

z2

�
ρ11; ð23Þ

with V9;9 ≡ m2

4
ð1 − 2

z þ 5
2z2Þ, Zðc̄Þ≡ 1ffiffi

π
p
R∞
−∞ dt expð− z

2
t2Þ 1ffiffi

2
z

p
c̄−t

and ðρ8; ρ10Þ is just a copy of ðρ7; ρ9Þ.
The determination of dispersion relations is equivalent to finding roots of

Φ1ðc̄Þ ¼ γ̂Zðc̄Þ− 1;

Φ2ðc̄; zÞ ¼
γ̂m2

4V9;9

��
c̄2

z2
þ 2

z2
−
2

z
þ 1

�
Zðc̄Þ− c̄

z2

�
− 1;

Φ3ðc̄; zÞ ¼
�
γ̂z2

2

�
Zðc̄Þ
z2

ð1þ 2c̄2Þ− 2c̄
z2

�
− 1

��
γ̂m2

4V9;9
×

��
c̄4

z2
þ 3c̄2

2z2
−
2c̄2

z
þ 1

z2
−
1

z
þ 1

�
Zðc̄Þ− c̄3

z2
−

3c̄
2z2

−
c̄
2z2

þ 2c̄
z

�
− 1

�

−
γ̂2m2

16V9;9
×

��
2c̄−

2c̄
z
−
2c̄3

z

�
Zðc̄Þ þ 3

z
þ 2c̄2

z
− 2

�
2

: ð24Þ

For illustration we only display how to extract the encoding
information from ðρ7; ρ9Þ, which can be safely extended to
other fluctuation amplitudes. it is convenient to invoke the
residue theorem that the number of zeros of Φ3 in a region

of the complex c̄-plane in which Φ3 is an analytic function
is equal to the times of the representative point Φ3 in the
Φ3-plane encircles the origin. With the asymptotic behavior
of Zðc̄Þ for large jc̄j and along the real axis detailedly given
in Appendix A, it is easy to verify that there is a critical
value for κ below which zeros exist, i.e., the dispersion
relations of discrete normal modes hold, which is also
known as an onset of hydrodynamic description [56].
When κ exceeds the critical value κo, there are no discrete
modes anymore. The critical value κo for various spin
modes are numerically solved and displayed in Table I. The
results are exact in the nonrelativistic limit.

TABLE I. The critical value κo for longitudinal (L) and trans-
verse (T) spin modes. In the last two columns, a� b represents
that a is formulated with z ¼ 10 and b is the maximum
discrepancy from a when z ranges from 5 to 20.

L(6th) L(11th) T

κo=nσγ 1.772 1.762� 0.040 1.754� 0.079
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Several comments are followed in order.
(i) The present calculation is limited to the nonrelativ-

istic situation, but the qualitative behavior of the
normal mode should be independent of whether we
take this limit. As the concept of long or short
wavelength concerns only the dynamics, it is thus
irrelevant to kinematics. We expect the qualitative
behavior of criticality is identical for both relativistic
and nonrelativistic cases.

(ii) The existence of the critical behavior of discrete
normal modes reflects the transition from the colli-
sion-dominated region to the Knudsen region,
though the realistic distinction may not be that clear.
In the simplified mutilated model, the transition
region collapses into a critical point and the short or
long wavelength dynamics can be uniformly de-
scribed without extra changes.

(iii) Discrete normal modes including spin modes are
exactly the ways of ordered particle collective
motion organized by collisions. In long wavelength
limit, they return to zero modes. In free-flow
dominated region, the initial fluctuation is carried
away by disordered particles. Thus no discrete
modes and dispersion relations are found, which
happens while κ exceeds κo. There is an exception
that c̄ is real. The behavior of normal modes when c̄
is real is alike to that in the Knudsen region. The two
cases are deeply connected with each other by
verifying that the fluctuation χ̃ in both situations
takes the form of single particle continuum spectrum
see Appendix B for details. It makes sense that in the
case of long wavelength there are hydrodynamic
modes and quasiparticle modes and only quasipar-
ticle modes are left in Knudsen region.

(iv) As a supplement, the critical κo’s for two sound
modes, two shear modes, and one heat mode are
1.853,1.772 and 1.918 respectively [57]. Thus there
exists an another hierarchy κo;spin ≲ κo;non, which
manifests that discrete spinless modes are more
resistant to the “destruction” of nonuniformity.
Nevertheless, this discrepancy is negligible.

VI. SUMMARY AND OUTLOOK

In this paper, we constructed a mutilated model incor-
porating the collisional invariants in spin Boltzmann
equation, where six new zero modes associated with total
angular momentum arise from nontrivial dynamics of
nonlocal collisions. The dispersion relations of all discrete
normal modes, namely, the propagating speeds and attenu-
ation rates are all computed up to second order perturba-
tion. At the first order perturbation in spatial nonuniformity,
the nonlocality contributes nothing to sound speed but
slows down the propagation of spin channel waves. At the
second order perturbation, the damping rates of spin modes
are close to those of spinless modes for various relevant
energy dependence of γ. The results reveal that spin and

momentum relax at comparable damping rates parame-
trized for modeling realistic physical scenarios and a
unified transportation of both spin and momentum is
necessary. In the nonrelativistic limit, we investigate the
existence conditions for discrete normal modes and find
there exists a critical point for every distinct discrete mode
over which only quasiparticle modes contribute.
There are possible extensions to the currentwork. The first

extension lies in a more accurate extraction of parameter γ or
the reciprocal of relaxation time inRTA.Generally speaking,
γ is not a free parameter and can be in principle solved from
spin Boltzmann equation consistently though it might be
complicated to evaluate nonzero eigenvalues and corre-
sponding eigenfunctions of the full linearized collision
operator. Second, our analysis bases itself on the spin
Boltzmann equation specialized to the collisions between
massive spin-1=2 fermions. Therefore, our estimation of the
relaxation timescales for both spin and momentum transport
overlooks other relevant processes such as the collisions
between massive quark and gluons or massless u and d
quarks. It is likely that these scatterings shall play a big role
because the rotating media should carry a large amount of
orbital angular momentum yielded by noncentral nuclear
collisions and thus the components, massless u and d quarks
and gluons inevitably polarize or possess considerable orbital
angular momentum. Consequently, gluons and light u, d
quarks are important sources of the polarization of strange
quarks as a result of their mutual interactions.
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APPENDIX A: THE ASYMPTOTIC
BEHAVIOR OF Zðc̄Þ

In Sec. V, we have introduced an auxiliary function Zðc̄Þ
and its asymptotic behavior is crucial to the discussion
therein. First we note

Zðc̄Þ≡ 1ffiffiffi
π

p
Z

∞

−∞
dt exp

�
−
z
2
t2
�

1ffiffi
2
z

q
c̄ − t

¼ 1ffiffiffi
π

p
Z

∞

−∞
d

� ffiffiffi
z
2

r
t

�
exp

�
−
z
2
t2
�

1

c̄ −
ffiffi
z
2

p
t

¼ 1ffiffiffi
π

p
Z

∞

−∞
dt expð−t2Þ 1

c̄ − t
: ðA1Þ

For large jc̄j, the asymptotic behavior of Zðc̄Þ is

Zðc̄Þ ∼
X∞
n¼0

Γ
�
nþ 1

2

�
Γ
�
1
2

� ðc̄Þ−2n−1; ðA2Þ
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which can be derived by expanding Eq. (A1) in powers of c̄
and the behavior of Z along the real axis is given by

lim
ϵ→0

Zðx� iϵÞ ¼ YðxÞ ∓ i
ffiffiffi
π

p
expð−x2Þ ðA3Þ

with YðxÞ shown as a Dawson integral

YðxÞ ¼ 1ffiffiffi
π

p P
Z

∞

−∞
dte−t

2 1

x − t
¼ 2e−x

2

Z
x

0

dtet
2

; ðA4Þ

where P denotes the Cauchy principal value.

APPENDIX B: CONTINUUM SPECTRUM

When c̄ is real, Eq. (22) cannot naively be obtained by
division. The formal solution should take the form by
noticing xδðxÞ ¼ 0,

χ̃ðω; kÞ ¼ 1

m
Aðω; kÞδðc̄ − czÞ þ γ̂P

P
11
n¼6 ρnψn

c̄ − cz
; ðB1Þ

where P denotes the Cauchy principal value.
Defining Āβðω; kÞ≡ 1

2
ffiffi
3

p
π

R
d3sδðs2 − 3ÞAðω; k; sÞsβ and

various fluctuation amplitudes can be expressed in terms of

two parts, i.e., ρi ¼ ρð0Þi þ ρð1Þi ,

ρð1Þ6 ¼ 1

m
ffiffiffiffiffiffiffiffi
V6;6

p �
z
2π

�3
2

Z
dΓ exp

�
−
z
2
v2
�
J0zAðω; k; sÞδðc̄ − czÞ ¼ 0;

ρð1Þ7 ¼ 1

m
ffiffiffiffiffiffiffiffi
V6;6

p �
z
2π

�3
2

Z
dΓ exp

�
−
z
2
v2
�
J0xAðω; k; sÞδðc̄ − czÞ

¼ 1

8
ffiffiffi
π

p Āyc̄ expð−c̄2Þ;

ρð1Þ9 ¼ 1

m
ffiffiffiffiffiffiffiffi
Vð0Þ
9;9

q �
z
2π

�3
2

Z
dΓ exp

�
−
z
2
v2
�
JzxAðω; k; sÞδðc̄ − czÞ

¼ m

2π
1
2

ffiffiffiffiffiffiffiffi
Vð0Þ
9;9

q �
1 −

c̄2

z
−
1

z

�
expð−c̄2ÞĀy

ρð1Þ11 ¼ 1

m
ffiffiffiffiffiffiffiffi
Vð0Þ
9;9

q �
z
2π

�3
2

Z
dΓ exp

�
−
z
2
v2
�
JxyAðω; k; sÞδðc̄ − czÞ

¼ m

2π
1
2

ffiffiffiffiffiffiffiffi
Vð0Þ
9;9

q �
1 −

1

z

�
expð−c̄2ÞĀz ðB2Þ

and

ρð0Þ6 ¼ γ̂Yðc̄Þρ6;

ρð0Þ7 ¼ γ̂z2

2

�
Yðc̄Þ
z2

ð1þ 2c̄2Þ − 2c̄
z2

�
ρ7 þ

γ̂m

4

ffiffiffiffiffiffiffiffi
Vð0Þ
9;9

q ��
2c̄ −

2c̄
z
−
2c̄3

z

�
Yðc̄Þ þ 3

z
þ 2c̄2

z
− 2

�
ρ9;

ρð0Þ9 ¼ γ̂m

4

ffiffiffiffiffiffiffiffi
Vð0Þ
9;9

q ��
2c̄ −

2c̄
z
−
2c̄3

z

�
Yðc̄Þ þ 3

z
þ 2c̄2

z
− 2

�
ρ7 þ

γ̂m2

4Vð0Þ
9;9

��
c̄4

z2
þ 3c̄2

2z2
−
2c̄2

z
þ 1

z2
−
1

z
þ 1

�

× Yðc̄Þ − c̄3

z2
−

3c̄
2z2

−
c̄
2z2

þ 2c̄
z

�
ρ9;

ρð0Þ11 ¼ γ̂m2

4Vð0Þ
9;9

��
c̄2

z2
þ 2

z2
−
2

z
þ 1

�
Yðc̄Þ − c̄

z2

�
ρ11: ðB3Þ
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The equation for ρ6 has no roots, which implies that ρ6
is ill-defined in the case of real c̄. To fix this problem,
we recombine two longitudinal amplitudes such that
ρ06 ≡ 1ffiffi

2
p ðρ6 þ ρ11Þ, ρ011 ≡ 1ffiffi

2
p ðρ6 − ρ11Þ. Therefore, we

get a set of inhomogeneous equations for determining
distinct fluctuation amplitudes, while we obtain a set of
homogeneous equations in the case of nonreal c̄. There
won’t be a condition requiring vanishing determinant any
more. All relevant fluctuation amplitudes are then shown as

ρ7 ¼ ρ8 ¼
−a4ρ

ð1Þ
7 þ a2ρ

ð1Þ
9

a2a3 − a1a4
;

ρ9 ¼ ρ10 ¼
−a3ρ

ð1Þ
7 þ a1ρ

ð1Þ
9

a2a3 − a1a4
; ðB4Þ

ρ06 ¼ −ρ011 ¼ −
ρð1Þ11ffiffiffi
2

p 1

b − 1
; ðB5Þ

with

a1 ≡ γ̂z2

2

�
Yðc̄Þ
z2

ð1þ 2c̄2Þ − 2c̄
z2

�
− 1; ðB6Þ

a2¼ a3≡ γ̂m

4

ffiffiffiffiffiffiffiffi
Vð0Þ
9;9

q ��
2c̄−

2c̄
z
−
2c̄3

z

�
Yðc̄Þþ3

z
þ2c̄2

z
−2

�
;

ðB7Þ

a4 ≡ γ̂m2

4Vð0Þ
9;9

��
c̄4

z2
þ 3c̄2

2z2
−
2c̄2

z
þ 1

z2
−
1

z
þ 1

�
Yðc̄Þ

−
c̄3

z2
−

3c̄
2z2

−
c̄
2z2

þ 2c̄
z

�
− 1; ðB8Þ

b≡ γ̂m2

4Vð0Þ
9;9

��
c̄2

z2
þ 2

z2
−
2

z
þ 1

�
Yðc̄Þ − c̄

z2

�
: ðB9Þ

From Eqs. (B4) and (B5), we can conclude that six
fluctuation amplitudes degenerate into three. Unlike the
case of nonreal c̄ where only discrete spectrum is allowed
(only limited solutions obeying dispersion relations are
allowed), almost every ω and k is allowed without further
constraint relations. Moreover, all continuous normal
modes are now possessing finite damping rate γ. The
continuum spectrum represented by Eq. (B1) bears resem-
blance with that in the Knudsen region. To show this, one
memorizes that free flow effect predominates the effect of
the collisions in that region. As a result, the collision term
can be safely removed. The eigenspectrum of Eq. (20) then
turns into continuum one-particle spectrum and all eigen-
functions are just shown as delta functions. It seems that
discrete normal modes (c̄ is not real) are like some islands
surrounded by a sea of continuum modes (c̄ is real). When
the inhomogeneity (k) keeps growing to cross over one
after another critical ko, then the islands are engulfed one
by one and eventually there is only a sea left.
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